CE 595: Finite Elements in Elasticity
HW#2 Solutions

Problem #2 
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Given: The governing equation and boundary conditions for the radial stress 
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 in an axisymmetric, steadily-rotating, thick-walled disk are
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Assume that this problem is nondimensionalized so that 
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. You wish to find an approximate solution for the nondimensional radial stress using the following:
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The constants 
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 and 
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 are unknowns that need to be determined. (Notice that the approximate solution satisfies both of the boundary conditions. Hence, there will be no residuals due to boundary conditions, just due to the governing equation!)
Required: (a) Determine the approximate solution for the nondimensional radial stress using the collocation method and the points 
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(b) Determine the approximate solution for the nondimensional radial stress using the subdomain method and the ranges 
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(c) Determine the approximate solution for the nondimensional radial stress using the least squares method.


(d) Determine the approximate solution for the nondimensional radial stress using Galerkin’s method.


(e) It can be shown that the exact solution to this problem is 
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. Compare your four approximate solutions to the exact solution in plots, and discuss the relative merits and problems of each approximate solution. 

Solution: Before looking at the individual methods, I will calculate the residual of the governing equation for the chosen approximate solution, as this quantity will be used in each method. I used Matlab to do these calculations: 
» syms r a1 a2

» sigr = a1*(r - 20/21 - r^3/21) + a2*(r^2 - 16/21 - 5*r^3/21)

sigr =

a1*(r-20/21-1/21*r^3)+a2*(r^2-16/21-5/21*r^3)

» resE = simplify(r*diff(sigr,r,2) + 3*diff(sigr,r) + 8*r)

resE =

-5/7*a1*r^2+8*a2*r-25/7*a2*r^2+3*a1+8*r

(a) The collocation method simply requires us to evaluate the above residual at the two requested points, set the results equal to zero, and then solve the resulting system of equations for the unknown constants:

» eqn1 = subs(resE,r,2)

eqn1 =

1/7*a1+12/7*a2+16

» eqn2 = subs(resE,r,3)

eqn2 =

-24/7*a1-57/7*a2+24

» consts = solve(eqn1,eqn2,a1,a2);
» consts.a1

ans =

400/11

» consts.a2

ans =

-136/11

Thus, the approximate solution is 
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(b) The subdomain method requires us to integrate the residual over each of the indicated intervals and set the results equal to zero, giving us a system of equations to solve for the two coefficients:

» eqn1 = int(resE,r,1,3)

eqn1 =

-4/21*a1+22/21*a2+32

» eqn2 = int(resE,r,3,4)

eqn2 =

-122/21*a1-337/21*a2+28

» consts = solve(eqn1,eqn2,a1,a2);
» consts.a1

ans =

475/8

» consts.a2

ans =

-79/4

Thus, the approximate solution is 
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(c) There are two equivalent approaches for performing the least squares method. The first is to integrate the square of the residual over the entire range, then obtain the coefficient equations by taking partial derivatives with respect to each coefficient in turn. The second is to take the partial derivatives of the residual with respect to each coefficient first and obtain the relevant equations to solve by integrating the product of each resulting derivative and the original residual over the entire interval. The only difference between the two approaches is that each term in the equations produced via the first approach is twice as large as the corresponding term in the equations found via the second approach – the solutions for the coefficients will be identical:
» intresEsquared = int(resE*resE,r,1,4)

intresEsquared =

15231/49*a2^2+11040/49*a2*a1+2028/49*a1^2-6684/7*a2-2580/7*a1+1344

» eqn1 = diff(intresEsquared,a1)

eqn1 =

11040/49*a2+4056/49*a1-2580/7

» eqn2 = diff(intresEsquared,a2)

eqn2 =

30462/49*a2+11040/49*a1-6684/7

EDU» consts = solve(eqn1,eqn2,a1,a2);
» consts.a1

ans =

3175/158

» consts.a2

ans =

-454/79

Thus, the approximate solution is 
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(d) Galerkin’s method produces the coefficient equations by integrating the product of the residual and the known function “corresponding” to each coefficient in 
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 (i.e., the “shape function”) over the interval. In this problem, the shape functions are 
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. The calculations are shown below. (Note: since there are only essential boundary conditions, and since the shape functions satisfy all of the essential boundary conditions, there is no need to integrate by parts.)
» n1 = diff(sigr,a1)

n1 =

r-20/21-1/21*r^3

» n2 = diff(sigr,a2)

n2 =

r^2-16/21-5/21*r^3

» eqn1 = int(n1*resE,r,1,4)

eqn1 =

-1017/140*a2-45/14*a1+1152/35

» eqn2 = int(n2*resE,r,1,4)

eqn2 =

-261/14*a2-225/28*a1+522/7

» consts = solve(eqn1,eqn2,a1,a2);
» consts.a1

ans =

232/5

» consts.a2

ans =

-16

Thus, the approximate solution is 
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(e) Plot of the four approximate solutions in comparison to the exact solution are shown below. Notice that all four methods more or less obtain the proper shape for the distribution of radial stress, with the locations of peak stress all close to the exact location 
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. Where they differ most is in the predicted values of the radial stress, particularly the predicted peak stress values. The collocation and least square methods uniformly underpredict the stress values, with the least squares method producing noticeably low estimates except near r = 4.0. On the other hand, the subdomain method produces significant overestimates across the entire range of r values, although it agrees well with the exact solution for r values near 1.0. Galerkin’s method, however, produces stress estimates that are generally “close” to the exact values – sometimes overestimating, sometimes underestimating, but typically not too far off of the real stresses. To quantify this “closeness”, I computed the mean value of the absolute error for each method (i.e., 
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); the results are summarized in Table 1. (Note that the stresses are nondimensional and thus have no units.) Galerkin’s method gives a significantly lower mean absolute error in comparison to the other methods, although collocation does surprisingly well and least squares does surprisingly poorly. Also of interest is the error in the maximum value of the radial stress (the exact value is 
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). The percent error results are summarized in Table 2. Once again, Galerkin’s method does the best, with the collocation method giving a reasonably good estimate as well. 

Of course, all of these errors can be improved by including more shape functions in the approximate solution, and the collocation and subdomain methods can be improved by a “better” choice of points or intervals to use in the respective methods (although finding the best choice for each method will require much trial and error). These results, however, support the general conclusion that Galerkin’s method is the best choice for obtaining accurate approximate solutions.
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	Approximation Method 
	Mean Absolute Error

	Collocation
	1.080

	Subdomain
	2.518

	Least Squares
	1.987

	Galerkin
	0.505


Table 1

	Approximation Method 
	Max Stress Error

	Collocation
	-12.6%

	Subdomain
	50.0%

	Least Squares
	-32.6%

	Galerkin
	7.8%


Table 2
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