


E.B.
CE 595
Homework No. 6
Solution

ORIGIN 1≡

Formulate shape functions:

ustari x y, a1, a2, a3, ( ) a1 a2 x⋅+ a3 y⋅+:=

vstari x y, a4, a5, a6, ( ) a4 a5 x⋅+ a6 y⋅+:=

Nbari x y, ( )
1
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y

0

0

1

0

x

0
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







:=

Element 1:

x11 0:= y11 1−:= x12 6:= y12 1−:= x13 0:= y13 1:= inches 
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
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
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

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





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



:=

N1 x y, ( ) Nbari x y, ( ) A1
1−

⋅:=

N1 x y, ( )
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−
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+
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











→

N11 x y, ( ) N1 x y, ( )
1 1, := N12 x y, ( ) N1 x y, ( )

1 3, := N13 x y, ( ) N1 x y, ( )
1 5, :=



Element 2:

x21 6:= y21 1:= x22 0:= y22 1:= x23 6:= y23 1−:= inches 
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

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

:=

N2 x y, ( ) Nbari x y, ( ) A2
1−

⋅:=

N2 x y, ( )
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−
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











→

N21 x y, ( ) N2 x y, ( )
1 1, := N22 x y, ( ) N2 x y, ( )

1 3, := N23 x y, ( ) N2 x y, ( )
1 5, :=

Element 3:

x31 6:= y31 1−:= x32 12:= y32 1−:= x33 6:= y33 1:= inches 
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


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
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










:=

N3 x y, ( ) Nbari x y, ( ) A3
1−

⋅:=



N3 x y, ( )
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0

0

x

6
1−

y

2

1

2
+

0

0

y

2

1

2
+













→

N31 x y, ( ) N3 x y, ( )
1 1, := N32 x y, ( ) N3 x y, ( )

1 3, := N33 x y, ( ) N3 x y, ( )
1 5, :=

Element 4:

x41 12:= y41 1:= x42 6:= y42 1:= x43 12:= y43 1−:= inches 
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


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
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

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






:=

N4 x y, ( ) Nbari x y, ( ) A4
1−

⋅:=

N4 x y, ( )
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−
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











→

N41 x y, ( ) N4 x y, ( )
1 1, := N42 x y, ( ) N4 x y, ( )

1 3, := N43 x y, ( ) N4 x y, ( )
1 5, :=

Element 5:

x51 12:= y51 1−:= x52 18:= y52 1−:= x53 12:= y53 1:= inches 
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
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:=



N5 x y, ( ) Nbari x y, ( ) A5
1−

⋅:=

N5 x y, ( )
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











→

N51 x y, ( ) N5 x y, ( )
1 1, := N52 x y, ( ) N5 x y, ( )

1 3, := N53 x y, ( ) N5 x y, ( )
1 5, :=

Element 6:

x61 18:= y61 1:= x62 12:= y62 1:= x63 18:= y63 1−:= inches 
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:=

N6 x y, ( ) Nbari x y, ( ) A6
1−

⋅:=

N6 x y, ( )
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
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
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





→

N61 x y, ( ) N6 x y, ( )
1 1, := N62 x y, ( ) N6 x y, ( )

1 3, := N63 x y, ( ) N6 x y, ( )
1 5, :=



Formulate B matrix for each element:

Elements 1,3,5:

Bodd x y, ( )

x
N11 x y, ( )

d

d









0 0⋅+

0 N11 x y, ( )⋅( )
y
0

d

d









+

y
N11 x y, ( )

d

d







 x

0
d

d









+

x
0

d

d









0 N11 x y, ( )⋅( )+

0 0⋅( )
y
N11 x y, ( )

d

d









+

y
0

d

d







 x

N11 x y, ( )
d

d









+

x
N12 x y, ( )

d

d









0 0⋅( )+

0 N12 x y, ( )⋅( )
y
0

d

d









+

y
N12 x y, ( )

d

d







 x

0
d

d









+

x
0

d

d









0 N12 x y, ( )⋅( )+

0 0⋅( )
y
N12 x y, ( )

d

d









+

y
0

d

d







 x

N12 x y, ( )
d

d









+

x
N13 x y, ( )

d

d









0 0⋅( )+

0 N13 x y, ( )⋅( )
y
0

d

d









+

y
N13 x y, ( )

d

d







 x

0
d

d









+

x
0

d

d









0 N13 x y, ( )⋅( )+

0 0⋅( )
y
N13 x y, ( )

d

d









+

y
0

d

d







 x

N13 x y, ( )
d

d









+



















:=

Bodd x y, ( )

1

6
−

0

1

2
−

0

1

2
−

1

6
−

1

6

0

0

0

0

1

6

0

0

1

2

0

1

2

0



















→ Bodd

1

6
−

0

1

2
−

0

1

2
−

1

6
−

1

6

0

0

0

0

1

6

0

0

1

2

0

1

2

0



















:=

Elements 2,4,6:

Beven x y, ( )

x
N21 x y, ( )

d

d









0 0⋅+

0 N21 x y, ( )⋅( )
y
0

d

d









+

y
N21 x y, ( )

d

d







 x

0
d

d









+

x
0

d

d









0 N21 x y, ( )⋅( )+

0 0⋅( )
y
N21 x y, ( )

d

d









+

y
0

d

d







 x

N21 x y, ( )
d

d









+

x
N22 x y, ( )

d

d









0 0⋅( )+

0 N22 x y, ( )⋅( )
y
0

d

d









+

y
N22 x y, ( )

d

d







 x

0
d

d









+

x
0

d

d









0 N22 x y, ( )⋅( )+

0 0⋅( )
y
N22 x y, ( )

d

d









+

y
0

d

d







 x

N22 x y, ( )
d

d









+

x
N23 x y, ( )

d

d









0 0⋅( )+

0 N23 x y, ( )⋅( )
y
0

d

d









+

y
N23 x y, ( )

d

d







 x

0
d

d









+

x
0

d

d









0 N23 x y, ( )⋅( )+

0 0⋅( )
y
N23 x y, ( )

d

d









+

y
0

d

d







 x

N23 x y, ( )
d

d









+



















:=

Beven x y, ( )

1

6

0

1

2

0

1

2

1

6

1

6
−

0

0

0

0

1

6
−

0

0

1

2
−

0

1

2
−

0



















→ Beven

1

6

0

1

2

0

1

2

1

6

1

6
−

0

0

0

0

1

6
−

0

0

1

2
−

0

1

2
−

0



















:=



Find the plane stress elasticity matrix: 

E 27000 10
3

⋅:= lb/in2  

ν 0.25:=

t 0.25:= in 

Aelem 0.5 6⋅ 2⋅ 6=:= in2 

For plane stress, σz = 0.

The elasticity matrix depends on Hooke's Law:

σxx = (E/1-ν2)*(εxx + νεyy)

σyy = (E/1-ν2)*(νεxx + εyy)

σxy = (E/1-ν2)*(1-ν)εxy

Therefore: 

C
E

1 ν
2

−









1

ν

0

ν

1

0

0

0

1 ν−( )

2











⋅:=

C

2.88 10
7

×

7.2 10
6

×

0

7.2 10
6

×

2.88 10
7

×

0

0

0

1.08 10
7

×













= lb/in2  

Find element stiffness matrices:

Odd Elements:

kodd t Aelem⋅( ) Bodd
T
C⋅ Bodd⋅( )⋅:=

kodd

5.25 10
6

×

2.25 10
6

×

1.2− 10
6

×

1.35− 10
6

×

4.05− 10
6

×

9− 10
5

×

2.25 10
6

×

1.13 10
7

×

9− 10
5

×

4.5− 10
5

×

1.35− 10
6

×

1.08− 10
7

×

1.2− 10
6

×

9− 10
5

×

1.2 10
6

×

0

0

9 10
5

×

1.35− 10
6

×

4.5− 10
5

×

0

4.5 10
5

×

1.35 10
6

×

0

4.05− 10
6

×

1.35− 10
6

×

0

1.35 10
6

×

4.05 10
6

×

0

9− 10
5

×

1.08− 10
7

×

9 10
5

×

0

0

1.08 10
7

×

























= lb/in 



Because Bodd = - Beven, and [k] = [B]T*[C]*[B]*t*Aelem 

[kodd] = [Bodd]T*[C]*[Bodd]*t*Aelem 

[keven] = [Beven]T*[C]*[Beven]*t*Aelem = -[Bodd]T*[C]*-[Bodd]*t*Aelem  

the negatives cancel and [kodd] = [keven], thus all elements have the same stiffness matrix.

Stiff kodd:=

Find element force vectors:

Body Forces:

Bx 0:= By 3−:= lb/in3  

Body

Bx

By







:=

Generalized body force vector Qbar:

Where the diagonal of element 1 is defined by the line y = -(1/3)x + 1 :

Q1bar x y, ( ) t

0

6

x

0

1
x

3
−

yNbari x y, ( )
T



 Body⋅

⌠


⌡

d

⌠


⌡

d⋅:=

Q1 x y, ( ) A1
1−( )T Q1bar x y, ( )⋅:=

Q1 x y, ( )

0

0.375−

0

0.75

0

0.375−



















→ lb 



Where the diagonal of element 2 is defined by the line y = -(1/3)x + 1 :

Q2bar x y, ( ) t

0

6

x

0

1
x

3
−

yNbari x y, ( )
T



 Body⋅

⌠


⌡

d

⌠


⌡

d⋅:=

Q2 x y, ( ) A2
1−( )T Q2bar x y, ( )⋅:=

Q2 x y, ( )

0

0.375

0

0.75−

0

0.375



















→ lb 

Where the diagonal of element 3 is defined by the line y = -(1/3)x + 3 :

Q3bar x y, ( ) t

6

12

x

0

3
x

3
−

yNbari x y, ( )
T



 Body⋅

⌠


⌡

d

⌠


⌡

d⋅:=

Q3 x y, ( ) A3
1−( )T Q3bar x y, ( )⋅:=

Q3 x y, ( )

0

0.375−

0

0.75

0

0.375−



















→ lb 

Where the diagonal of element 4 is defined by the line y = -(1/3)x + 3 :

Q4bar x y, ( ) t

6

12

x

0

3
x

3
−

yNbari x y, ( )
T



 Body⋅

⌠


⌡

d

⌠


⌡

d⋅:=



Q4 x y, ( ) A4
1−( )T Q4bar x y, ( )⋅:=

Q4 x y, ( )

0

0.375

0

0.75−

0

0.375



















→ lb 

Where the diagonal of element 5 is defined by the line y = -(1/3)x + 5 :

Q5bar x y, ( ) t

12

18

x

0

5
x

3
−

yNbari x y, ( )
T



 Body⋅

⌠


⌡

d

⌠


⌡

d⋅:=

Q5 x y, ( ) A5
1−( )T Q5bar x y, ( )⋅:=

Q5 x y, ( )

0

0.375−

0

0.75

0

0.375−



















→ lb 

Where the diagonal of element 6 is defined by the line y = -(1/3)x + 5 :

Q6bar x y, ( ) t

12

18

x

0

5
x

3
−

yNbari x y, ( )
T



 Body⋅

⌠


⌡

d

⌠


⌡

d⋅:=

Q6 x y, ( ) A6
1−( )T Q6bar x y, ( )⋅:=

Q6 x y, ( )

0

0.375

0

0.75−

0

0.375



















→ lb 



Qeodd

0

0.375−

0

0.75

0

0.375−



















:= lb Qeeven

0

0.375

0

0.75−

0

0.375



















:= lb 

Surface Traction:

Only on element 6.

Surface
0

2400−








:= lb/in2  

P6 x y, ( ) t

1−

1

yN6 18 y, ( )
T
Surface⋅

⌠

⌡

d⋅:=

P6 x y, ( )

0

600.0−

0

0

0

600.0−



















→ lb Pe6

0

600.0−

0

0

0

600.0−



















:= lb 

Combine force vectors for each element:

Fe
1

Qeodd:=

Fe
2

Qeeven:=

Fe
3

Qeodd:=
Fe
5

Qeodd:=

Fe
4

Qeeven:= Fe
6

Qeeven Pe6+:=



Assembly of Global Stiffness Matrix:

n_elements 6:= n_nodes 8:= n_free 2:= n_dof n_nodes n_free⋅:= nod_el 3:=

elem

2

3

4

5

6

7

4

1

6

3

8

5

1

4

3

6

5

8



















:=

ie 1 n_elements..:= j 1 nod_el..:= k 0 n_free 1−..:=

m 1 nod_el n_free⋅..:= n 1 nod_el n_free⋅..:=

top
ie n_free j⋅ k−, n_free elem

ie j, ⋅ k−:=

top

3

5

7

9

11

13

4

6

8

10

12

14

7

1

11

5

15

9

8

2

12

6

16

10

1

7

5

11

9

15

2

8

6

12

10

16



















=

K
n_dof n_dof, 0:=

K
topie m, topie n, , ( ) K

topie m, topie n, , ( ) Stiff
m n, +:=



K

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

5.25 0 -4.05 -1.35 -1.2 -0.9 0 2.25 0 0 0 0 0 0 0 0

0 11.25 -0.9 -10.8 -1.35 -0.45 2.25 0 0 0 0 0 0 0 0 0

-4.05 -0.9 5.25 2.25 0 0 -1.2 -1.35 0 0 0 0 0 0 0 0

-1.35 -10.8 2.25 11.25 0 0 -0.9 -0.45 0 0 0 0 0 0 0 0

-1.2 -1.35 0 0 10.5 2.25 -8.1 -2.25 -1.2 -0.9 0 2.25 0 0 0 0

-0.9 -0.45 0 0 2.25 22.5 -2.25 -21.6 -1.35 -0.45 2.25 0 0 0 0 0

0 2.25 -1.2 -0.9 -8.1 -2.25 10.5 2.25 0 0 -1.2 -1.35 0 0 0 0

2.25 0 -1.35 -0.45 -2.25 -21.6 2.25 22.5 0 0 -0.9 -0.45 0 0 0 0

0 0 0 0 -1.2 -1.35 0 0 10.5 2.25 -8.1 -2.25 -1.2 -0.9 0 2.25

0 0 0 0 -0.9 -0.45 0 0 2.25 22.5 -2.25 -21.6 -1.35 -0.45 2.25 0

0 0 0 0 0 2.25 -1.2 -0.9 -8.1 -2.25 10.5 2.25 0 0 -1.2 -1.35

0 0 0 0 2.25 0 -1.35 -0.45 -2.25 -21.6 2.25 22.5 0 0 -0.9 -0.45

0 0 0 0 0 0 0 0 -1.2 -1.35 0 0 5.25 2.25 -4.05 -0.9

0 0 0 0 0 0 0 0 -0.9 -0.45 0 0 2.25 11.25 -1.35 -10.8

0 0 0 0 0 0 0 0 0 2.25 -1.2 -0.9 -4.05 -1.35 5.25 0

0 0 0 0 0 0 0 0 2.25 0 -1.35 -0.45 -0.9 -10.8 0 11.25

10
6

⋅=

Unit =lb/in 



Assembly of Global Force Matrix:

F
n_dof 1, 0:=

F
topie m, 1, ( ) F

topie m, 1, ( ) Fe
ie( )
m 1, 

+:=

F

1

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

0

-1.13

0

-0.38

0

-0.75

0

0.75

0

-0.75

0

0.75

0

-599.63

0

-598.88

= lb 

Apply Boundary Conditions:

Fred submatrix F 5, 16, 1, 1, ( ):= Fred

1

1

2

3

4

5

6

7

8

9

10

11

12

0

-0.75

0

0.75

0

-0.75

0

0.75

0

-599.63

0

-598.88

= lb 



Kred submatrix K 5, 16, 5, 16, ( ):=

Kred

1 2 3 4 5 6 7 8 9 10 11 12

1

2

3

4

5

6

7

8

9

10

11

12

10.5 2.25 -8.1 -2.25 -1.2 -0.9 0 2.25 0 0 0 0

2.25 22.5 -2.25 -21.6 -1.35 -0.45 2.25 0 0 0 0 0

-8.1 -2.25 10.5 2.25 0 0 -1.2 -1.35 0 0 0 0

-2.25 -21.6 2.25 22.5 0 0 -0.9 -0.45 0 0 0 0

-1.2 -1.35 0 0 10.5 2.25 -8.1 -2.25 -1.2 -0.9 0 2.25

-0.9 -0.45 0 0 2.25 22.5 -2.25 -21.6 -1.35 -0.45 2.25 0

0 2.25 -1.2 -0.9 -8.1 -2.25 10.5 2.25 0 0 -1.2 -1.35

2.25 0 -1.35 -0.45 -2.25 -21.6 2.25 22.5 0 0 -0.9 -0.45

0 0 0 0 -1.2 -1.35 0 0 5.25 2.25 -4.05 -0.9

0 0 0 0 -0.9 -0.45 0 0 2.25 11.25 -1.35 -10.8

0 0 0 0 0 2.25 -1.2 -0.9 -4.05 -1.35 5.25 0

0 0 0 0 2.25 0 -1.35 -0.45 -0.9 -10.8 0 11.25

10
6

⋅= lb/in 

D Kred
1−
Fred⋅:=

D

1

1

2

3

4

5

6

7

8

9

10

11

12

-31.76�10

-3-6.55�10

-3-1.7�10

-3-6.48�10

-32.84�10

-0.02

-3-2.67�10

-0.02

-33.24�10

-0.04

-3-2.96�10

-0.04

= in 

Displacement at free end = -0.040 inches.


