Homework No. 6

Given: Cantilevered beam with dimensions shown; rigidly fixed at x = 0; applied

traction at x = 18. E = 27,000 ksi; v = 0.25. Additional loading due to self-weight of steel
= 0.003 k/in3.

Required: Using CST plane stress elements, find the approximate deflection of the
freeend at y = 0.



E.B.

CE 595
Homework No. 6
Solution

ORIGIN = 1
Formulate shape functions:

ustari(x,y,al,az,a3) =aptayx+ azy
vstari(x,y,a4,a5,a6) =ay+ az-x + ag'y

1 xy 00O
Nbarj(x,y) =

0001 xy
Element 1:
xl;:=0 yly=-1 xly =6
1 xl;y yl;y 0 0 0

S

00 0 1 xlyyl,

Al:

S

0 0 0 1 xl3yly

NI(x,y) = Nbar;(x,y)-Al "'

Y

Nl(x,y) —

N1y(x,y) = Nl(x,y)l’1

Y]

N <

N | =

N <

Nly(x,y) = Nl(x,y)1 3

N | =

X13 =0 y13 =1

Nl3(x,y) = Nl(x,y)l’5

inches



Element 2:

X2 =6 y2; =1 X2y =0 ¥25 =1 X23:=6 y23:= -1 inches
1 x2; y2; 0 0 0

A2 :=
0 0 0 1 x2y y29
0 0 0 1 x23 y23

N2(x,y) = Nbary(x,y)-A2 '

L A 0 -2 0 ==X o
6 2 2 6 2 2
N2(x,y) — | .
0 2yl - 0 122 0 =22
6 2 2 6 2 2
NZI(X, Y) = N2(XaY)1’1 N22(Xa Y) = N2(XaY)1’3 N23(Xa Y) = N2(XaY)1’5
Element 3:
x3:=6 y3y = -1 X3y:= 12 y35:= -1 X33 := 6 y33:=1 inches
1 x3; y3; 0 0 0
0 0 0 1 x3; y3
1 X3, 3, 0 0 0
A3 =
0 0 0 1 x3, y3,
1 x3; 330 0 0

0 0 0 1 x33 y3;

N3(x,y) = Nbary(x,y)-A3~ |



3 1
=Xz 0 210 0 4= o
2 6 2 2
N3(x,y) — 3 .
0 2_Y_ X o X2_ DA
2 2 6 6 2 2
N31(X7y) = N3(Xay)1 1 N32(X7y) = N3(Xay)1 3 N33(X7y) = N3(Xay)1 5
Element 4:
x4y=12  y4y=1 X4y =6 ydyi=1 Xd3:= 12 ydy:= -1 inches
1 x4 y4, 0 0 0
A4 =
00 0 1 x4y y4y
0 0 0 1 xd3 yds
N4(x,y) = Nbary(x,y)-A4” '
3 1
L A 0 -2 0 —-X
6 2 6 2 2
N4(x,y) — .
0 2y 2 o9 2-2 o -2
6 2 2 2
N4;(x,y) == N4(%,y), N4, (x,y) := N4(x%,y),| 4 N43(x,y) = N4(x%,y),
Element 5:
x5;:=12  y5;:=-1 X5, =18  y55:=-1 x5y:=12  y53:=1 inches

AS =

(=)

S

S




N5(x,y) = Nbari(x,y)-AS |

5 X
Sy x o,
2 6
N5(x,y) —
5.y
O —_ _ =
2 2

N51(Xa}’) = NS(Xay)l’l

Element 6:
X6y =18  y6;:=1

1 x6; y61 0 0 0
0 0 0 1 x6; y6
1 x65 y6, 0 0 0

A6 =

0 0 0 1 x6y y6,

1 x63 y63 0 0 0

0 0 0 1 x63 y63

N6(x,y) = Nbari(x,y)-A6 '

X,y 5
6 2 2
No6(x,y) —
o X.,¥
6 2

N6y (x,9) = N6(x.y),| |

N52(X7y) = NS(Xay)1’3 N53(X7y) = NS(Xay)l’S

X6y =12 y6,y:=1 X63:= 18  y65:= -1

N6y(x,y) = N6(x.y)| 5 N6j(x.y) = N6(x.y),

inches



Formulate

B matrix for each element:

Elements 1,3,5:

(d—Nll(x,y)j + 0-0 (d—Oj 0- Nll(x y)
dx dx

d d d
2(x,y)j +(0-0) (&oj + (O-le(x,y)> (&N13(x,y)j +(0-0) (&oj + (O-Nl3(x,y))

d d d d d
Bodd(x,y) = (O-Nll(x,y))+(d—yo) (O~0)+(d—yN11(x,y)j (o N1y(x, y)) ( oj (0- O)+(dyN12(x,y)j (O~N13(x,y))+(d—ij (0-0)+(d—yN13(x,y))
(d—Nll(x,y)j+(d—Oj (d—0j+(d—Nll(x,y)j le(x y)j ( j ( j (d—le(x,y)j (d—Nl3(x,y)j+(d—0j (d—0j+(d—Nl3(x,y)j
| \dy dx dy dx dx dy dx dy dx |
1 1
— 0 — 0 0 0 — 0 — 0 0 0
6 6 6 6
Bodd 0 -~ 00 04 Bd'—O—lOOOl
odd(x.y) = 2 2 Ro4= 2 2
1 1 1 1 1 1 1 1
— — 0 — =0 — — 0 — =0
2 6 6 2 2 6 6 2
Elements 2,4,6:
I (d—NZI(x,y)jJrO-O (d—0j+(0-N21(x,y)) (d—N22(x,y)j+(0~O) (d—0j+(0~N22(x,y)> (d—N23(x,y)j+(0~O) (d—0j+(O~N23(x,y)>
dx dx dx dx dx dx
Beven(x,y) = | (0-N2(x,y) ( oj (0 0)+(d Nzl(x,y)j (0-N22(x,y))+(d_0j (0.0)+(d—N22(x,y)j (0.N23(x,y))+(d_0) (0.0)+(d_N23(x,y)j
dy dy dy dy dy

)+
N2 (x, y)j

(50) (5e)- (o) (Srean) (o) (o) (roaen) (Grosen )+ (o)
dx dy dx dy dx dy dx

1 1
-0 — 0 0 O -0 — 0 0 O
6 6 6 6
Beven(x.y) >| 0 ~ 0 0 0 — B oLl o o o -
even(x,y) — —= > = = -
1 1 1 1 1 1 1
- = 0 -—= - 0 - = 0 — — 0
2 6 6 2 6 6 2

d

Oj + (d—N23(x,y)j
dy dx |




Find the plane stress elasticity matrix:

E = 27000-10° Ib/in2
v:=0.25
t:= 025 in

— _ in2
Ayl = 056:2=6  in

For plane stress, 0, = 0.

The elasticity matrix depends on Hooke's Law:
Oyx = (E/M-V2)* (g, + VE)

Oyy = (EM-V2)*(Vey + €yy)

O, = (EN ~v2)*(1 V)Exy

Therefore:
1 v 0
E Vvi o
Igvz .
1 UZ 0 0 (I -v)
288x 10" 7.2x 10° 0
in2
C=| 72x10% 288x10" 0 Ib/in
0 0 1.08x 10

Find element stiffness matrices:
Odd Elements:

Kodd = (t-Aelem)-(BoddTC-Bodd)

525x 10° 225 10° —12x 10% —1.35x 10° —4.05x 10° —9x 10°
225%10° 113x 10" —9x 100 —45x 10° -1.35x 10° —1.08 x 10’
“12x10% “9x10° 12x 10° 0 0 9x 10°
_135x 10° —45x 10° 0 45x 100 135x 10° 0
—4.05x 10° —135x10° 0 135x 10° 4.05x 10° 0
9x10° —-1.08x 10’ 9x 10° 0 0 1.08x 10’

Ib/in



Because Bodd = - Beven, and [Kk] = [B]T*[C]*[B]*t*Ae,em
[Kogql = [Bodd]™[CI*[Bodd]* t*Agiem
Keven] = [Beven]™[Cl*[Beven]*t*A er, = -[Bodd]™*[C]*-[Bodd]*t*Ag e
the negatives cancel and [Kyqgq] = [Kevenl, thus all elements have the same stiffness matrix.

Stiff = kodd

Find element force vectors:

Body Forces:

— — in3
B, := 0 By:=-3  Ibfin

ody :=
By

Generalized body force vector Qbar:

Where the diagonal of element 1 is defined by the liney = -(1/3)x + 1:

X
1-—

6
3
Qlbar(x,y) = t-J’ J (Nbari(x,y)T)Bodydydx
070

-1 T
Ql(x,y) = (A1 ) -Qlbar(x,y)

0
-0.375

1(x,y) > Ib
QlI(x,y) 0.75

-0.375



Where the diagonal of element 2 is defined by the liney = -(1/3)x + 1 :

X
1—

6
3
Q2bar(x,y) = t-J’ J (Nbari(x,y)T)Bodydydx
070

_lT
Q) = (A271) - Qabarce,y)

0
0.375
Q2(x,y) »> 0 Ib
-0.75

0

0.375

Where the diagonal of element 3 is defined by the liney = -(1/3)x + 3 :

X
33—

12
3
Q3bar(x,y) = t-J’ J (Nbari(x,y)T)Bodydydx
6 70

_lT
@y = (4371) -Q3vartx,y

0
~0.375
Q3(x,y) = " Ib
0.75
0

-0.375

Where the diagonal of element 4 is defined by the liney = -(1/3)x + 3 :

X
12 3—
3
mmmw:4‘J (Nbary(x.)" )-Body dydx
6 0



-1 T
Q4(x,y) = (A4 ) -Q4bar(x,y)

0
0.375
Q4(x,y) » 0 Ib
—0.75

0

0.375

Where the diagonal of element 5 is defined by the liney = -(1/3)x + 5 :

18 »5—
3
Q5bar(x,y) = t-J’ J (Nbari(x,y)T)Bodydydx
12 0

-1 T
Q50 = (4571) -Qsbartx,y

0
~0.375
Q5(x,y) = " Ib
0.75
0

-0.375

Where the diagonal of element 6 is defined by the liney = -(1/3)x + 5 :

18 ,5—
3
Q6bar(x.y) = t-J J (Nbary(x.)" )-Body dydx

12 “0 0
0.375
Q6(x,) == (A6 1)T-Qébr( ) 0
Y= Ay Q6(x,y) - Ib
-0.75
0

0.375



0 0
~0.375 0375
o 0 b o 0
[§) = [§) =
odd 0.75 even | 75
0 0
~0.375 0375

Surface Traction:

Only on element 6.

0 .
Surface := Ib/in2
2400

1
P6(x,y) = t-J N6(18,y)! -Surface dy
-1

0 0
—-600.0 —-600.0
Poy) >| | b beg=| | b
0 0
0 0
—-600.0 —-600.0

Combine force vectors for each element:

Fe1 = Qeyqd

Fe2 = Qeeven

Fe, = Qe .
3 odd Fe5 = QeOdd

Fe4 = Qeeven Fe6 = Qeeven+ Pe6



Assembly of Global Stiffness Matrix:

n_elements := 6 n_nodes := § n_free:= 2 n_dof := n_nodes-n_free nod el =3
2 41
314
4 6 3
elem :=
536
6 8 5
75 8
ie:= 1..n_elements j=1..nod el k:=0..n_free — 1
= 1..nod_eln_free n:= 1..nod el'n free
toPie,n_freej—k = n_free-elemie,j -k
34 7 8 1 2
5 6 1 2 7 8
7 8 11 12 5 6
top =
9 10 5 6 11 12

11 12 15 16 9 10
13 14 9 10 15 16

AIA(M_dof ,n_dof =0

s

K(topie,mat()pie,n) = K(topie,m,topie’n) + Stiffm a



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 5.25 0| -4.05| -1.35 -1.2 -0.9 0 2.25 0 0 0 0 0 0 0 0
2 0| 11.25 -0.9| -10.8| -1.35( -0.45 2.25 0 0 0 0 0 0 0 0 0
3 -4.05 -0.9 5.25 2.25 0 0 -1.2| -1.35 0 0 0 0 0 0 0 0
4 -1.35( -10.8 2.25( 11.25 0 0 -09( -0.45 0 0 0 0 0 0 0 0
5 -1.2| -1.35 0 0 10.5 2.25 -8.1 -2.25 -1.2 -0.9 0 2.25 0 0 0 0
6 -0.9| -0.45 0 0 2.25 22.,5| -2.25( -21.6] -1.35( -0.45 2.25 0 0 0 0 0
7 0 2.25 -1.2 -0.9 -8.1| -2.25 10.5 2.25 0 0 -1.2] -1.35 0 0 0 0
8 2.25 0| -1.35| -0.45| -2.25| -21.6 2.25 22.5 0 0 -09( -045 0 0 0 0
9 0 0 0 0 -1.2| -1.35 0 0 10.5 2.25 -8.1| -2.25 -1.2 -0.9 0 2.25
10 0 0 0 0 -09| -045 0 0 2.25 22.5| -2.25| -21.6| ~-1.35( -0.45 2.25 0
11 0 0 0 0 0 2.25 -1.2 -0.9 8.1 -2.25 10.5 2.25 0 0 -1.2| -1.35
12 0 0 0 0 2.25 0| -1.35| -045| -2.25( -21.6 2.25 22.5 0 0 -0.9| -0.45
13 0 0 0 0 0 0 0 0 -1.2| -1.35 0 0 5.25 2.25| -4.05 -0.9
14 0 0 0 0 0 0 0 0 -0.9( -0.45 0 0 2.25| 11.25| -1.35| -10.8
15 0 0 0 0 0 0 0 0 0 2.25 -1.2 -0.9| -4.05| -1.35 5.25 0
16 0 0 0 0 0 0 0 0 2.25 0 -1.35| -0.45 -09( -10.8 0| 11.25

Unit =Ib/in

-10



Assembly of Global Force Matrix:

F

Am dof, 170

F(tOPie,m’ 1) = F(t()pie,ms 1) " (Feie)m 1

s

1
1 0
2 -1.13
3 0
4 -0.38
5 0
6 -0.75
7 0
F=g 0.75 Ib
9 0
10 -0.75
11 0
12 0.75
13 0
14| -599.63
15 0
16| -598.88

Apply Boundary Conditions:

Fieq = submatrix(F,5,16,1,1)

Fred =

-0.75

0.75

-0.75

0.75

O[N]V | P W[IN ([

10

-599.63

12

-598.88




Kieq := submatrix(K,5,16,5,16)

Kied =

1 2 3 4 5 6 7 8 9 10 11 12
1 10.5 2.25 -8.1| -2.25 -1.2 -0.9 0 2.25 0 0 0 0
2 2.25 22.5( -2.25| -21.6| ~-1.35( -0.45 2.25 0 0 0 0 0
3 -8.1| -2.25 10.5 2.25 0 0 -1.2( -1.35 0 0 0 0
4 -2.25| -21.6 2.25 22.5 0 0 -0.9( -0.45 0 0 0 0
5 -1.2| -1.35 0 0 10.5 2.25 -8.1| -2.25 -1.2 -0.9 0 2.25
6 -0.9| -0.45 0 0 2.25 22.,5| -2.25| -21.6] -1.35( -0.45 2.25 0
7 0 2.25 -1.2 -0.9 -8.1| -2.25 10.5 2.25 0 0 -1.2] -1.35
8 2.25 0| -1.35| -045| -225| -21.6 2.25 22.5 0 0 -0.9| -0.45
9 0 0 0 0 -1.2| -1.35 0 0 5.25 2.25| -4.05 -0.9
10 0 0 0 0 -09| -045 0 0 2.25( 11.25( -1.35| -10.8
11 0 0 0 0 0 2.25 -1.2 -0.9| -4.05| -1.35 5.25 0
12 0 0 0 0 2.25 0| -1.35| -0.45 -09( -10.8 0| 11.25

-1
D:=Keq Fred

1

1 1.76°10°3
2 -6.55-10-3
3 -1.7-10°3
4 -6.48°10°3
5 2.84°103
6 -0.02
7 -2.67°10°3
8 -0.02
9 3.24'103
10 -0.04
11| -2.96°103
12 -0.04

Displacement at free end = -0.040 inches.

-10

Ib/in



