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Section 1: Review of Elasticity

1. Stress & Strain
2. Constitutive Theory
3. Energy Methods
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Section 1.1: Stress and Strain

e Stress at a point Q:

AF.

. AF, . Aar, . ;
o, =lim—=7 = lim —-;7 = lim —=.
T 4450 A4 - 4450 A4 = 7 440 A4

o X) Z—\:

Stress matrix [G(Q)]= Ty . 7, |; Stress vector (6(Q))=

z.\: yz U:
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1.1: Stress and Strain (cont.)

o Stresses must satisfy equilibrium equations in pointwise
manner:

"Strong Form”

Review of Elasticity




1.1: Stress and Strain (cont.)

e Stresses act on inclined surfaces as follows:

Review of Elasticity

1.1: Stress and Strain (cont.)

o Strain at a pt. Q related to displacements :
O:(x,y,z) = Q':(x,).2)
Displacement functions

u(x,,z),v(x,3,2),w(x,»,2)
defined by:

x'= x+u(x,y,z);

y'=y+v(x,y,2);
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1.1: Stress and Strain (cont.)

o Normal strain relates to changes in size:

o = OD'-0D QO'D'—dx
r oD dx

0D =x, —xy = (\.+d\~+u(,\'+d,\',y)—‘:,\‘+u(,\‘,)'):l=d_\'+ll(,\'+(l\’,.' —u(x,y).
_u(x+dx,y)-u(x,y)

* dx
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1.1: Stress and Strain (cont.)

o Shearing strain relates to changes in angle :

. IR )) (v )¢
: dx —
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1.1: Stress and Strain (cont.)

o Sometimes FEA programs use elasticity
shearing strains :

-1 — L — L
g.\}’ ) /4 xy° € = 2 Yz 8_\»*: ) Y yz*

o Strains must satisfy 6 compatibility equations:
0° 7. Oc. 0? g,
E.g. e
oxoy oy ox”

(usually automatic for most formulations)

Review of Elasticity

Section 1.2 : Constitutive Theory

o For linear elastic materials, stresses and strains are
related by the Generalized Hooke’s Law :

(o) =[Cl{(2)~(2),} +(a),.

‘12 63 G4 Gs

2 Gz Oy
23 G Cn - 5
S Elasticity matrix;
G Cay Cys
G5 Cis Css
J C3(v C4(w C56

(6)7 = residual stresses; (a)y = residual strains.
y y
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1.2 : Constitutive Theory (cont.)

o For isotropic linear elastic materials, elasticity matrix

takes special form:

E
[C]:(1—2v)(1+v‘) 0
1(1-2v) 0

0 0 0 11-2v)

E = Young's modulus, v = Poisson's ratio.

Review of Elasticity

1.2 : Constitutive Theory (cont.)

o Special cases of GHL:
— Plane Stress : all “out-of-plane” stresses assumed zero.

5 = —%(5\— +e, ) required.
—v s

— Plane Strain : all “out-of-plane” strains assumed zero.

.= V(cr\ +o"_) required.
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1.2 : Constitutive Theory (cont.)

o Other constitutive relations:
— Orthotropic : material has “less” symmetry than isotropic case.
FRP, wood, reinforced concrete, ...

— Viscoelastic : stresses in material depend on both strain and strain rate.
Asphalt, soils, concrete (creep), ...

— Nonlinear : stresses not proportional to strains.
Elastomers, ductile yielding, cracking, ...

Review of Elasticity

1.2 : Constitutive Theory (cont.)

o Strain Energy

— Energy stored in an elastic material during deformation; can be
recovered completely.
Work done during 1 —->1":
dW =(F +dF)(dL)~ FdL.
F=0.A4;dlL=deL,.

ndW =(o.de,)(4,L,).

=>W=(4

“o™o

L )L/.[ o de,.

If all external work is stored,

€ final
J. o de,.
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1.2 : Constitutive Theory (cont.)

o Strain Energy Density : strain energy per unit
volume.

gﬁnal
upw,= | ode,.

0

=U-= j udv

Volume

o In general,

€ final £ final € final Y final Y final Y final
U= I ode, + f o,de, + f o,ds, + f T,dy, + j 7,.dy, + 'f 7.4y,
£y £y £y Yo Yo

Review of Elasticity =ilg=

Section 1.3 : Energy Methods

o Energy methods are techniques for satisfying equilibrium
or compatibility on a global level rather than pointwise.

o Two general types can be identified:
— Methods that assume equilibrium and enforce displacement
compatibility.
(Virtual force principle, complementary strain energy theorem, ...)
— Methods that assume displacement compatibility and enforce
equilibrium.
(Virtual displacement principle, Castigliano’s 1st theorem, ...)

Review of Elasticity




1.3 : Energy Methods (cont.)

e Principle of Virtual Displacements (Elastic case):
(aka Principle of Virtual Work, Principle of Minimum Potential Energy)

= Elastic body under the action of body force b
and surface stresses T.

= Apply an admissible virtual displacement ou
— Infinitesimal in size and speed
— Consistent with constraints
— Has appropriate continuity
— Otherwise arbitrary

= PVD states that OW, = SW, for any admissible Ou
is equivalent to static equilibrium.

Review of Elasticity

1.3 : Energy Methods (cont.)

e External and Internal Work:
oW,= [ b-dudV+ [ T-dudd= [ b-dudV+ [ [o](h)-dudd.

volume surface volume surface

oW,=oU = [ U(du)dv

volume

= I {a\_ 06, +0, 06, +0_ 06+, 0y, +7, 0y, +7_"

volume

e So, PVD for an elastic body takes the form

'[ b-dudV + '[ [6](n)-dudd = '[ (6)-(8¢)dV.

volume surface volume
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1.3 : Energy Methods (cont.)

o Recall: Integration by Parts

b

/()8 (e 1 ()] - o) ()

a

e In 3D, the corresponding rule is:
J S (%, ):g(\ y,z)dV = J f(xy.2)g(x,y,z)ndA- j

ox

volume surfac volume
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1.3 : Energy Methods (cont.)

e Take a closer look at internal work:

(z)u

= J {o, S }dV =
ox

_ ool

5 = J' )‘o"pz)‘g\}fll"'zm;!jw(o'r"s")"\“m_w-[m i

volume
_0(ow)
FY

a(sv) o

Ox

= I {o.-0e.}dV = J (o, -6w)n.d4d— j Jlo‘w-d:'
volume

surface

I {r, -0, lav= (=, -6v)n,dA— J {D\ —Jdl +
volume e

[5

|

I : T, '(;;l/‘:} dv = " <(5u n dA— I
volume surface

J' {z -y tdV = . Ow)ndA— I {D‘\t“
volume surface volume

ox

Review of Elasticity
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1.3 : Energy Methods (cont.)

X ou
- it dA - _"
volume

| [ol(i)duds

surface

A

oW, =W, = | [o](h)-dudd~ [ A-sudV= [ b-dudV+ [ [o](h) dudA
surface volume volume surface

= _" {A +b}-dudV =0 for an arbitrary du

e : | By reversing the steps, can show that

=>A+b=0=> o s the equilibrium equations imply 5w, =5,

o OW,=0W, is called the weak form of
static equilibrium.

Review of Elasticity

1.3 : Energy Methods (cont.)

o Rayleigh-Ritz Method : a specific way of implementing
the Principle of Virtual Displacements.
— Define total potential energy /7 =W, —W, ; PVD is then stated
as o1 =W, - W, =0
Assume you can approximate the displacement functions as a
sum of known functions with unknown coefficients.

Write everything in PVD in terms of virtual displacements and
real displacements. (Note: stresses are real, not virtual!)

— Using algebra, rewrite PVD in the form

n

Z(unknown virtual coefﬁcient)l_ < (equation involving real coefficients). = 0.

i

i=1
— Each unknown virtual coefficient generates one equation to
solve for unknown real coefficients.

Review of Elasticity
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1.3 : Energy Methods (cont.)

« Rayleigh-Ritz ethod: Example

Given: An axial bar has a length L, constant modulus of elasticity £ and a
variable cross-sectional area given by the function A(x)= 4 (1+ Bsin(%)),
where B is a known parameter. Axial forces £, and F,act at x = 0 and x=
L, respectively, and the corresponding displacements are v; and v, .

Required: Using the Rayleigh-Ritz method and the assumed displacement
function u(x)=u, (1-%)+u,(+), determine the equation that relates the
axial forces to the axial displacements for this element.

Review of Elasticity

1.3 : Energy Methods (cont.)

Solution :
1) Treat v, and u, as unknown parameters. Thus, the virtual
displacement is given by
Su(x) = 6u, (1-%)+ ou, (%)
2) Calculate internal and external work:

oW, = F,ou, + F,ou, (no body force terms).
W, = [ 0.0e.dV = | o,0e A(x)dx.
bar bar

Uy —y

ou
: (+1)=%

& ZTzlll*(—%)+lrlz S

X

N Sity i =
=0, =" ando, =E *( = )

Review of Elasticity
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1.3 : Energy Methods (cont.)

(Cont) :
2) oW, = [ {Ex(tg)*2utu 4 {1+ Bsin ()} dx

3) Equate internal and external work:

Fou, + Fy0u, = 5u, *{E4, (47)(1+2)} - 5u, * {4, (472 )(1+ 2

For du, : F, = EA, (T)(1+—/)l A —1}[11
For éu, : F, = EA”(“Z’“‘ )(1 +l)J L v 1

u,
z U,

Review of Elasticity
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Section 2. Finite Element Analysis Theory

1. Method of Weighted Residuals

2. Calculus of Variations

Two distinct ways to develop the underlying
equations of FEA!

FEA Theory Sl

Section 2: FEA Theory

Some definitions:

*V = volume of object

*A = surface area
=A,tA,

*A, = surface of known
displacements

*A, = surface of known stresses
*b = body force

*t = surface stresses (tractions)

FEA Theory




Section 2.1: Weighted Residual Methods

A group of methods that take governing
equations in the strong form and turn them into
(related) statements in the weak form.

Applicable to a wide class of problems
(elasticity, heat conduction, mass flow, ...).

A “purely mathematical” concept.

FEA Theory 232

2.1: Weighted residual methods (cont.)

Need to write the equilibrium equations and boundary
conditions in an abstract form as follows:

0
oo, N (2 N or,. +h =0
ox Oy oz '
0 0 0
z'xy + O-y + 2-yz +bv =0} E(u(X)) = 0’
ox Oy Oz |
0
ot + b + 90, +b. =0
ox Oy Oz

u—-u,=0on4,
el ooy | Blu() =0

FEA Theory Solve these for u(x)! -




2.1: Weighted residual methods (cont.)

Let u,.(x)be the exact solution to the problem
(differential equation and boundary conditions)

~.E(u,,, (x))=0 everywhere in V!
B(u,,, (x))=0 everywhere on A!

Then, for any choice of vectors W and W’:
WEE(uem (X)) =0 everywhere in V!

WIB(u,,,(x))=0 everywhere on A!

FEA Theory

2.1: Weighted residual methods (cont.)

Integrate these “results” over the entire volume
and surface:[WE(u,,, (x))dV +[WB(u,,,(x))d4=0

Previous expression is still true if W and W’ are
functions of x (called weighting functions):

W, (x,,z2) w(x,y,z)

W(x)=| W, (x,»,2) |, W'(x)=| W(x,,2)

W, (x,.2) W (x,y.z)
:>iW(X)EE(uexac,(X))dV+£W’( x)B(u,,,(x))d4=0

FEA Theory -6-




2.1: Weighted residual methods (cont.)

Now, consider an approximate solution to the
same problem:

uappm(x’y’z) N“(x,y,z) N,z(x,y,z) N“,(x,y,Z) uum(‘!(x’y’z)
N, (x,9,2) |+, *| Ny (x,,2) [+...+a, *| Ny (%,0,2) |=] Ve (%,2,2) |-
(x,y,z) w,

:al*

Vappar (%,:2)
W approx (x,y,z) N31(x,y,z)

»
Q
R=

g

Known functions
Unknown constants

Matrix/vector form of this:

a,
Uy (5,52) | [N (5322) Na(x2,2) - N, (ep2) ||
V@,;/o\(x5y5z) = Nzl(x‘y’z) sz(x,y,z) Nzu(x’y’z) :2
wunnmv(x’y’z) ‘le(xvyvz) Nwz(xvyvz) NM(x,y,z)

- n
known functions ——
,,,,,,,,,,,,,

=>u,,. (x) = [N(x)](a) ~u,,, (x)

U (%,,7)
Vi (%,352) |-

S
o .
N~
{Q

FEA Theory

2.1: Weighted residual methods (cont.)

Plugging this approximate solution into the
differential equation and boundary conditions
results in some errors, called the residuals.

R, (x,a)= E(uappm (x)) #0in V!
R, (x,a)= B(uappmx (x)) #0 on A!

Repeating the previous process now gives us an
integral close to but not exactly equal to zero!

I(a)= ;[W(X)DRE (x,a)dV+£W’(x)DRB (x,a)dA#0.

FEA Theory -8-




2.1: Weighted residual methods (cont.)

Goal: Find the value of a that makes this integral
as close as possible to zero — “best approximation”
Idea: for n different choices of the weighting
functions, derive an equation for a by requiring
that the above integral equal zero:

Equation #1: 7, (a) = [W,(x)[R,(x,a)dV + [ W/(x) R, (x,a)d4=0.

Equation #2: 1, (a) = [W, (x) R, (x,a)dV + [ W, (x) R, (x,a)dA=0.
14 A

Equation #n: /, (a) = [W, (x) R, (x,a)dV + [ W/(x)R,(x,a)d4A=0.
A

v

Solve these equations for a!

FEA Theory

2.1: Weighted residual methods (cont.)

Notes on weighted residual methods:

It is typical (but not required) to assume that the
known functions satisfy the displacement boundary
conditions exactly on A,. (Essential conditions)

I.(a)=[W (x)R,(x,a)dV + [ W/(x)R,(x,a)dA=0,k=12,..,n
v A,

In some methods, one must integrate the volume

— integral by parts to get “appropriate” equations.

Different methods result from different ideas about
how to choose the weighting functions.

FEA Theory -10-




2.1: Weighted residual methods (cont.)

1. Collocation Method:

Assume only one PDE and one BC to solve!
R, (x,a)=R,(x,a);R,(x,a)=R,(x,a).

Idea: pick n points in object :

(at least one in V and one

on A) and require residual  *1,
to be zero at each point!

% na)

R,(x,a2)=0,i=12,....n,.
R,(x,.a)=0,j=12,....n,.

(n, +n,=n)

FEA Theory -11-

2.1: Weighted residual methods (cont.)

2. Subdomain Method:

Assume only one PDE and one BC to solve!
R, (x,a)=R,(x,a);R,(x,a)=R,(x,a).

Divide object up into n distinct regions (at Igast one

in V.and one on A). . :

Require integral over
each region to be zero. 4.

fi(a): [R,(x,2)dV =0,i=12,....n,
1%

fj(a):JRB(x,a)dA =0,j=1,2,...,n,.

(ny +n,=n.)

FEA Theory




2.1: Weighted residual methods (cont.)

Notes on collocation and subdomain methods:

Weighting functions for collocation method are the Dirac
delta functions:

W, (x)=6(x-x,), i:1,2,...,nV.W;(x):§(x—xi), j=12,...,n,.
Weighting functions for subdomain method are the
indicator functions:

o lifx. eV, L2 W lifx,ed, 19
(x)= OifxieV,.’l_ ,2,...,m, W (x) = OifxieA‘/.’j_ 325
Advantage: Simple to formulate.

Disadvantage: Used mostly for problems with only one
governing equation (axial bar, beam, heat,...).

FEA Theory -13-

2.1: Weighted residual methods (cont.)

3. Least Squares Method:
Considers magnitude of residual over the object.

I;(a)=[R,(x,a)R, (x,a)dV+a;[RB (x,a)R,(x,a)d4>0.

4

Finds minimum by setting derivatives to zero

ol,.(a OR. OR
Ik(a):%k):f 6a: (x,a DRE(x,a)dV+a/£ Gaj (x,a)R,(x,a)d4=0.
= W(x) =W'(x)

FEA Theory -14-




2.1: Weighted residual methods (cont.)

4. Galerkin’s Method:

Idea: Project residual of differential equation
onto original approximating functions!

W,

k

(x)=‘3“@a+t(")=Nk(x), k=12,..,n.
To get W’, must integrate any derivatives in
volume integral by parts!

Let RE (X’a) = RE,deriv (X’a) + RE,noderiv (X’a);

R, .. (x.a)=[R, . (x,a)dx. (Assume derivative involves x.)

FEA Theory -15-

2.1: Weighted residual methods (cont.)

x,a)n dA

E deriv (

S NG(X)R, (x,a)dV = {Nk(x)Eﬁ

Vv

Introduces the boundary conditions!
ON,(X) =
- _I[ak—)f)[RE,deriv (X’a)dV
+ ij (X)DRE,noderiv (X’a)dV
vV
s 1 (a)=[N, (x)R,(x,a)dV =0,k=12,..,n

Vv

Must use integrated-by-parts version of I,(a) !

FEA Theory -16-




2.1: Weighted residual methods (cont.)

Notes on least square and Galerkin methods:

More widely used than collocation and subdomain,
since they are truly global methods.
For least squares method:

Equations to solve for a are always symmetric but tend
to be ill-conditioned.

Approximate solution needs to be very smooth.
For Galerkin’s method:

Equations to solve for a are usually symmetric but much
more “robust”.

Integrating by parts produces “less smooth” version of
approximate solution; more useful for FEA!

FEA Theory -17-

2.1: Weighted residual methods (cont.)

Example: 1D Axial Rod “dynamics”

Given: Axial rod has constant density p, area A, length L, and spins at
constant rate w. It is pinned at x = 0 and has applied force -F at x = L. The
governing equation and boundary conditions for the steady-state rotation of

the rod are: du
E7+pa)zx:0 forO0<x<L;
1

du F

=0)=0,E—(x=L)=-—.

u(r=0)=0:FE T (x=L)=-=

Required: Using each of the four weighted residual methods and the

approximate solution u(x)=a,x+a,x; estimate the displacement of the rod.

fis]

"\
ki

Pjn—-+—-—x,u ] le=——F

FEA Theory I | -18-




2.1: Weighted residual methods (cont.)

Some preliminaries:
Problem has an exact solution given by

w() =, 1[40 -46) |- ()}, = L 2= £20L

Approximate solution satisfies essential boundary
condition u(x = 0) = 0.
Two unknown constants — n = 2.

Notation:
V={0<x<L};4, ={x=0};4 ={x=L}.
L d’u 2 _du F
E(u)—de2+pa)x,B(u)—de+A.

FEA Theory -19-

2.1: Weighted residual methods (cont.)

Solution:

Collocation Method --

Since n=2, have two collocation points. One must be at
x =L (must have one on A.). Assume other at x = L/3.

Equation #1: evaluate residual of E(u) at x = L/3:

RE(x,a)zE(u

approx)
.. Equation #1 is: 2Fa, + 1 pw’L =0.
Equation #2: evaluate residual of B(u) at x = L:

d F F
R,(x,a)= B(uappm_) = Ea[alw— azxz] == Ea, +2FEa,x t

. Equation #1 is: Ea, +2FEa,L +% =0.

FEA Theory -20-

2
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2.1: Weighted residual methods (cont.)

Solution:

Collocation Method --
Solve simultaneous equations:
F  pa’l’ po’L

T T e AU

PI ot resu ItS : s . Il\c'\ d-'lncn'.lol:al a-lal_dlsvl:\:_rmerl.". =10 )

W=
|
N—
|
o=
—
=
SN—"
0~
1
|
—_
(=
SN—
=

% 07 o0z 03 02 05 08 07 08 08 1
FEA Theory xiL ZHo

2.1: Weighted residual methods (cont.)

Solution:

Subdomain Method --
Since n=2, have two subdomains. One must be at
x=L(=A,). Othermustbe 0 <x <L (=V).

Equation #1: integrate residual of E(u) over V:
L

R,(x,a)=2Ea, + po’x=1 (a)= j{2Ea2 + pa)zx} dx=2ELa, +1pa’l’.

0

.. Equation #1 is: 2ELa, +1 pa’L’ = 0.

Equation #2: evaluate residual of B(u) at x = L:
d F F
R,(x,a)= B(uappmx) = Ea[alw— a2x2] t—= Ea, +2Ea,x t

. Equation #1 is: Ea, +2FEa,L +£ =0.

FEA Theory A 22
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2.1: Weighted residual methods (cont.)

Solution:

Subdomain Method --
Solve simultaneous equations:

F  po’l’ po’L . . .
8=t =P S (0) =0, A3 40 |- ()

Plot results:

FEA Theory 0 e — -23-

2.1: Weighted residual methods (cont.)

Solution:

Least Squares Method --

For dimensional equality, take a =1/L in I, ¢(a). Once again,
the “integral” over A, is just evaluation at x = L.

ol,s(a) .oR 1 6R
I1.(a) :%k) = {Ef(x,a)DRE(x,a)dVJrz aaf (x=L,a)R,(x=L,a)=0.

Equation #1: take derivative with respect to a;:
OR,
Oa

(x’a) =aial{2Eaz +pa)2x} = 0;%(}6,3) =6i{Ea1 +2Ea2x+§} =F.

1 1 a’l

. . E F E F
Equation #1 is: —q Ea, +2Fa,x+—, =—qFa +2Fa,L+—;=0.
L A}, L 4

FEA Theory -24-
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2.1: Weighted residual methods (cont.)

Solution:

Least Squares Method --
Equation #2: take derivative with respect to a,:

R, (x.a)= ai{Eal +2Fa,x+ %} =2Ex.
a,

L
_J;Nl: (X) *{Eutlipprax (x)} dx zero for k=1

+JL'N‘, (x)*{ porx}dx.

0

FEA Theory

R, d )
o (x.a)= 672{2]532 + pw x} =2E; o
I,(a)= jL'ZE{ZEa2 +pa)2x}dx Jr[&{Eal + 2Ea2x+§H =2F%, +8E%a,L+ Epa’’ +¥
So Equation #2 is 2E’a, +8E’a,L + Ep&’ L’ +% =0.
Solve equations:
F  po’l’ pa’L . . .
et r T g = e ()= 30 )
Same as subdomain method!
FEA Theory -25-
2.1: Weighted residual methods (cont.)
Solution:
Galerkin’s Method --
Weighting functions are
W, (X) =N, (x) =x; W, (X) =N, (x) =x’.
Integrate general expression for volume integral
by parts first:
IN, (X)R, (x,2)dV = [N, (x)*{Eul,, .. (x)+ porx}dx
14 0
= [Nk (x)Eu:wprvx (x):r(::
Set this equal to

2!

-26-
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2.1: Weighted residual methods (cont.)

Solution:

Galerkin’s Method --
Equation #1 uses N,(x)=x in previous:

1,(a) =[x *{ B, ()} ] —il*{E(al + 2a2x)}dx+jjx*{pa)2x} dx=0.
= Equation #1 is — Fa,L — Fa,I’ +1 po’’ —% =0.
Equation #2 uses N,(x)=x? in previous:
1,(a) =¥ *{ B, ()] - §2x *(E(a, +2a,x)} dx + ijz #{ po'x) dx = 0.

2
= Equation#2is —FEa [’ —4Ea,l’ +1pw’L' —% =0.

FEA Theory -27-

2.1: Weighted residual methods (cont.)

Solution:

Galerkin’s Method --
Solve simultaneous equations:

F  Tpa’l’ @’ L 2
a'1 =_a+ ;1)2E ’ a'2 =_p4E :uappmx(x)=ua*{l[%(%)_%(%) i|_(% N
P|0t reSU|tS - Narrdims displat A=10
Exact solion ——
= Galerkin's -
.//
: 7
.//
r/
1 __';/'r
/
0% . :y/
FEA Theory / -28-

ok L N M L L " L L "
o o1 02 03 04 05 08 07 0og 08 1
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Section 2. Finite Element Analysis Theory

1. Method of Weighted Residuals

2. Calculus of Variations

Two distinct ways to develop the underlying
equations of FEA!

FEA Theory Sl

Section 2.2: Calculus of Variations

A formal technique for associating minimum or
maximum principles with weak form equations
that can be solved approximately.

A more physically motivated approach than
weighted residuals.

Not all problems amenable to this technique.

FEA Theory -2-




2.2: Calculus of Variations (cont.)

Minimum/Maximum Principles (Variational
Principles) involve the following:

A set of equations E(u(x))=0 and boundary
conditions B(u(x))=0 to solve for u(x).
A scalar quantity J(u(x)) “related” to E and B (called
a functional).
A variational principle states that solving E(u(x))=0
andB(u(x)) = 0is equivalent to finding the function that
gives J(u(x)) a maximum or minimum value.
Requires 5/ (u(x))=0 -- “First variation of J(u(x))
must be zero (stationarity)”.

FEA Theory 232

2.2: Calculus of Variations (cont.)

What is a functional?

A function takes a point in space as input and returns
a scalar number as output.
E.g., u(x,y,z) =x+2y—-3z.
(Vector-valued function u(x) gives vector as output.)
A functional takes a function as input and returns a

scalar number as output. ? N
B, £(4(9) = 1e{ (=) Ji —

Arc-length of f(x) from —
x=0 to x=a. LS b W

FEA Theory -4-




2.2: Calculus of Variations (cont.)

A few examples:
(a,b)=(4.2); f;(x)=3x= L(4(x) = I 1+(%)2dx = 44721,

(a,b)=(4,2); f,(x)= +x* =6 = L(A(x) = [ JI+(x)dx = 9.2936.

0

Recall that straight line is shortest distance
between two points. How do we prove that?

Let o= scalar #, g(x) = any function such that g(0)=0=g(4).
. Should have £( f(x)+ag(x)) = £(£(x)) for all o and g(x).

FEA Theory

2.2: Calculus of Variations (cont.)

For a given functiong(x), consider a Taylor series
expansion of arc-length formula in terms of a:

0(f (x)+ag(x))=£(f, (x))+a*[£é(fl (x)+0:g(x))1l:0 +%a2 *[%é(fl (x)+ag(x))} ..

a=0

{ [(x)+ag'(x )}g (x)
L \/l+ fI x) ,
j g ) = some number f;
0 fl(x)} Assume 3 > 0.

FEA Theory




2.2: Calculus of Variations (cont.)

Suppose that a is small and negative:

€(f1 (x)+ag(x)) z[(fl (x))+a*{£[(fl (x)+ag(x))lzu+%az *{d{‘; f(f,(x)Jrag(x))} +..4

=0

Negligible!

cA(fi(x)rag(x)=L(f(x)+a*B<e(fi(x))! Can't happen!!!

Same problem if B <0 and o small and positive.
So, must have = 0!

pARE ()

o ()

FEA Theory a7

2.2: Calculus of Variations (cont.)

Integrate by parts:

e, [ aw *(X)I 4i{
Nu{mx»z bm{ﬂm}z 0] la 1+{f< ¥

Butg(x=0)=0 and g(x=4)=0.

4 i{ﬂ} € Must equal zeroll

- g (x)dx =0 for any choice of g (x).
“ A
f

\/7 = constant, or f = some other constant.
1+

= f;(x)=mx+b and must pass through (0,0) and (4,2)= £, (x)=1x!

FEA Theory -8-

}g(x)dx—o.
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2.2: Calculus of Variations (cont.)

Key ideas in this “proof”:
Considered an arbitrary increment of the input

function.
Derivative of the functional forced to be zero.

This implies a certain equation must equal zero.

Calculus of Variations gives you a “direct” way of

performing these calculations!

FEA Theory

2.2: Calculus of Variations (cont.)

Some definitions:
General form of a functional is

I (0(3) = [ £ 5000 2200, 2200 2 ) 2 ). 2 )

. ou, \ Ou, \ ou, , ou "u
B —(x),—(x),--- dA.
+:|; [X’u(x)a o (X)’ ay (X)’ Oz (X)’ ax2 (X)’ 2 oz" (X)}

e A variation of u(x)is du(x)=av(x),al 1.

Note: if u(x) must satisfy some boundary conditions,
so must u(x)+du(x).

FEA Theory

-10-




2.2: Calculus of Variations (cont.)

Original Function and Two Variations
T

i i i | i i i i i
o 02 04 0B D& 1 1214 16 18 2
X
FEA Theory -11-

2.2: Calculus of Variations (cont.)

Some properties of the variation of u(x):
Derivatives and variations can interchange.

g(5u(x)) :a—az(av(x)) =a () = 5[&1()‘)}.

Oz oz oz

Integrals and variations can interchange.
5J-u(x)dV = J-éu(x)dV.
Variation of sum is sum of variations.
5(u(x)+ﬁ(x)) = Su(x)+oua(x).
Variation of product obeys “product rule”.
5(u(x)Eﬁ(x)) =u(x)6u(x)+Su(x)i(x).

FEA Theory -12-




2.2: Calculus of Variations (cont.)

Some properties of the variation of u(x):
“Chain rule” applies to dependent variables only!

§E(x,u(x),g—;(x),---,$(xﬂ:%(x,u(x),g—;(x),---,Z%I:(x)]wu

+6?E )[x,u(x),g_z(x)""’%(X)jw(g_zJ

+ ...
OF

o(2)

ou

[x,u(x),a(x),m,g(x)]&?(g .

+

FEA Theory -13-

2.2: Calculus of Variations (cont.)

Let’s go back to arc-length example:

(1 (3) faz ) ~ (£ () | (1) g ()] [
= 541(x) - 50(£(x)).
M(fl(x)):5j/1+{fl’(x)}zdx:i51/1+{ﬁ’(x)}zdx
Thus, we see that JL*8 {fl'(x)}z
o A (ol 1 o
Just like before! :}%*21{"(")*’%‘01; #8/()

2
FEA Theory Il {fl, (X)} 14~




2.2: Calculus of Variations (cont.)

Minimum/Maximum Principles (Variational
Principles) involve the following:

A set of equations E(u(x))=0 and boundary
conditions B(u(x))=0 to solve for u(x).

A scalar quantity J(u(x)) “related” to E and B (called
a functional).

What is the relation?

FEA Theory -15-

2.2: Calculus of Variations (cont.)

Let’s consider a 1D version of this:

u(x)zu(x);E(u(x)):E( _[E xuu' u"
Want to m|n|m|ze J(u), so require dJ(u) = 0:
5] I5E X u,u’,u”)dx

j{aE —5 + 2 s "}a’x
ou”
I 2
= I a—E5u +6—E,i(5u)+ aElld—z(éu)}dx =0.
FEA Theo ou ou' dx ou” dx "
ry Xq




2.2: Calculus of Variations (cont.)

Integrate 2" term by parts:

aEi(é‘u)dx: a—E*é'u —I i 8—E ou pdx
Jou' dx ou' - dx\ ou'
OE

{;*&t} involves the boundary conditions!
u —

X=X,

Essential BC’s: E.g.,6u(x=x,)=0 or du(x=x,)=0.
Natural BC’s: E.g, oE )

!

, (x=x,)=0o0r %(x:xb)=0.
Other BC’s: E.g., oF
—(x =x,) = some number.
FEA Theory au _17_

2.2: Calculus of Variations (cont.)

Integrate 3™ term by parts twice:

(-] e %wﬂ - j{ (e s
{35,*%@)}:{%@5)*5{ (o

0E *i(é‘u) and i 65 *ou involve BC's!
ou" dx . dx | ou" .

X=X,

FEA Theory -18-




2.2: Calculus of Variations (cont.)

Pull all of this together:
§J(u(x)) =0= f{aa—Eéu}dx {%*54 - f{%[%}*&u}dx

u
x(l

~ x=x, ~ X=X, = N ~
+ o5 *i(é'u) — i o7 *ou +J- d—2 o5 *ou pdx.
ou" dx i dx\ ou" L dx”\ ou”

=X, =x,

+

Xp I - 2 -
:>§J(u(x)):0:j5u* G_E_i o +d— 6_E dx
M ou dx\ou' | dd*\ou”

+ boundary condition terms.

FEA Theory -19-

2.2: Calculus of Variations (cont.)

Assuming all boundary conditions are either essential
or natural, end up with:

0= féu*{a—E—i(aEJ d (a—EJ}dx for any choice of ou

+_
ou dx\ou' | dx*\ ou”

OF d(0E) d*( ok
e == = |-
ou dx\ ou dx”\ ou

The Euler equation for J (u(x))

FEA Theory -20-
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2.2: Calculus of Variations (cont.)

The “relation” between J(u(x)) being minimum and
E(u(x))=0is as follows:

If you can find an operator £ (x,u,u’,u") such that

- - , -
B(u(a) - - L] L 2,
ou dx\ou' ) dx \ou"

then solving 6 (u(x)) = 5fE(x,u,u',u")dx =0 is the

same as solving E(u(x))=0.

FEA Theory ZHo

2.2: Calculus of Variations (cont.)

Some notes:
If you have boundary conditions that neither essential nor natural,

then must explicitly include a “boundary term” in the functional.
J(u(x)) = fE(x’u,u,,u")dX'i' ':E(x’u’u"u"’um):lxj‘b .

(Seé Slide #10 for general statement of this idea.)

As number of dependent variables increases (e.g., 2D), one
functional will produce multiple Euler equations:

J(u(x,y),v(x,y)) = j E(x,y,u,v,%,%,g—;,%)dfl

Area

OF O0(O0E) o oE OFE O(0E)\ o[ oE
>—-—|—|-—|—|=0and ——— == =0
ou 0x\0%) oy(o% ov ox\o0%) oy\og

FEA Theory -22-




2.2: Calculus of Variations (cont.)

Notes:

There are no general procedures for finding the operator
E for a given set of equations E(u(x)) =0.

However,E is known for many of the more common finite
element analysis problems.

Special case for which E can always be found:

E(u(x)) = I:M(X)}U(X)+b =0;

[M(x)] = matrix of derivative operators such that[M(x)] satisfies
}[ul (X)E[M(x)]u2 (x)dV = _I[u2 (X)E[M(x)]u1 (x)dV +BC's

for all possible choices of u, (x) and u, (x). “Self-adjoint” equations
FEA Theory -23-

2.2: Calculus of Variations (cont.)

Notes:

For self-adjoint equations, £ and J(u) can be shown
to be:

E:%u(x)[[M(x)]u(x)-i-u(x)Eb;
J(u)=[ {%u(x)[[M(x)]u(x)+u(x)[b}dV.

4

(Depending on problem details, may be necessary to
integrate J(u) by parts before taking variation.)

FEA Theory -24-
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2.2: Calculus of Variations (cont.)

fiz) 3
=

— e

— X UX)
L

de, () _ o _du
n (x)+ = —O,g(x)— n
u(x:0)=0=u(x=L).
Can re-write governing equations as:

FEA Theory

-25-

Example: axial deformation of fixed rod with axial load —
%

2.2: Calculus of Variations (cont.)

Example:
Functional is then calculated as follows:
d flx
I 0 & 4 & =lyde _Llgduylg? W),
2 e % 1 e £ 0 2 x 2 dx 2 E >
L

J(u)=

Ly, de _ 1 pdu 102 W&
J.{Eud_j_igd_z_i_ig +— dx
0

Euler equations for this functional:

OF _d (0 —0=>dde /W _4
ou dx| 04 2

§l—4(-1e)=0, or 4+

W =0,
G2 _co| o =0=> -4
FEA Theory o dx a%

dx

1 — du
Eu)—O, or e —4-=0.

-26-
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2.2: Calculus of Variations (cont.)

So, what'’s all of this have to do with finite elements?

Have a set of equations E(u(x)) =0 and boundary
conditions B(u(x))= 0 to solve for u(x).

ou 0
Have a functional J J.E X,u, 9o, a‘z‘ dV

related to E and B via the Euler equations on E.

Finite element analysis attempts to find the best

approximate sqution to
5] _[5E xu,a—ﬁ,g“,a—)dlf 0.

Weak form of governing equations!
FEA Theory -27-

2.2: Calculus of Variations (cont.)

Look more closely at 1D version:

J.é'u {aE o) dx(aE(””))} dx +[boundary terms| = 0.

Z o)
Suppose we make usual” approximation —

Za Ne(
Z5a

A “space” of trial functions Must belong to same “space”

M(X

— = 5u(x)

E.g,if

uapprox ('x) = a0

2 2
,x7|,then ‘5uappm (x)=5a, +5a,x+5a,x’,

FEA Theory -28-
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2.2: Calculus of Variations (cont.)

Plug in approximations (ignoring boundary terms for
now) —

Xp

o O (=t 4 O =t 4 =10
JZ{é'aka(X)}*{ o Y )_%( e ugp(u")u o '))}dsz,

x, k=1

n Xp ~ -
6E(x,u:u u'=u ) 8E(x,u:u wu'=u )
* * approx approx ) i approx approx ~
or Y da, JNk (x) { = dx( o dx ~ 0.
k=1 3

Since each da, is arbitrary, best approximation

comes from

Nk(x)*{( o )—i(< e ))}dx:O,k=1,2,...,n

ou dx o(u")

&

FEATheory Functionofay, a,, ..., a, = Getn equations for n constants! 4.

2.2: Calculus of Variations (cont.)

Notice the following:

If 8_E_i[8_E] =E(u(x)), then
ou dx\ ou'

Ou dx o(u') — “approx

aEN‘(X’uzuappro.x ’ulzuc’lppmx) _ L( aE(X’u=Mapprux ’u,=uz')pprux) ) _ E(u =u ) _ R (x a)
=] =K , .

method!

- ka (x)*RE (x,a)dx — O,k =1,2,...,n. Galerkin’s

Galerkin’s Method and Calculus of Variations give
same equations when “proper” £ is used!

FEA Theory -30-
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2.2: Calculus of Variations (cont.)

Notice something else:
H(a) = J(u = uapprox ) - J(u = uexact)

Xp
— % — 0 — _ —
= J.E(x,u = Uy U = uappmx)dx J(u=u,,,).
xﬂ
Xp
. o r__
©tGa, J. Oa, (x u= uappmx’u - uapprox )d‘x
xa

ol —u * ou aprox 4 E(X U=U ppro; u':ut’lppmx) % au;rppr{)x dx
0Oay 3"' oay

1

X
J‘ X, U=,
X,

]‘ xu Uy, oll'= *N ( ) 8E(x,u=uappwx,u'=u£,pp,.ox) *NIZ (x)} d_x

ou'

FEA Theory X4 31

2.2: Calculus of Variations (cont.)

Integrate 2" term by parts (and ignore boundary
terms again):

Xp

%:j{ﬁE(){u uppau pmx)*N (X)—%{OEXM =, } }

X4

_ J.N { xu=u,, ’=u;pp,m_) _%{ xu=u,, o }}

6E(x,u:u wu'=ul ) OE(x,u:u BTSN )
. @ 17 _ approx approx) g approx approx _
2 o:jN { & dx{ = dx=0

Rayleigh-Ritz Method on I1 gives same equations as
8J=0!

FEA Theory -32-
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2.2: Calculus of Variations (cont.)

Example: 1D Axial Rod “dynamics”

Given: Axial rod has constant density p, area A, length L, and spins at
constant rate w. It is pinned at x = 0 and has applied force -F at x = L. The
governing equation and boundary conditions for the steady-state rotation of

the rod are: d’u
E—+pa’x=0for0<x<L;
dx
du F
=0)=0;E—(x=L)=——.
u(r=0)= 05 (x=1) ==
Required: Using the calculus of variations on an appropriate variational
principle along with the approximate solutionu(x)=ax+a,x*, estimate the
displacement of the rod.

o

~
\

Pin—-+—-—x,u ) =—F

FEA Theory | L | -33-

2.2: Calculus of Variations (cont.)

Solution:
Find appropriate variational principle:
2 2
E(u)=E d;; + pw’x is self-adjoint, with [M]= E% and b = pa’x

L
.'.E=%u*E%+upw2x:>J:H%M*E%%rupa)zx}dx.

0
Problem: there is a nonzero boundary condition —

— B=—1u (x = L) *L (Work done by applied force.)

.'.J:—%u(x:L)*gjL

{%u * E%Z + upa)zx} dx.

Needs to be integrated by parts!
FEA Theory -34-

© oy 1

17



2.2: Calculus of Variations (cont.)

Solution:
Doing this gives: B .
J=—tu(x=L)*L+[Lu*EL] H;E du }dx+J.{upa)2x}dx
0 0

—u(x=1L) ——I{‘E (dv) }dx+I upa)x}dx

Require the first variation to equal zero:

8J =—6u(x= L*‘Z+H5u PO x — Ed“*( }dx 0.

FEA Theory -35-

2.2: Calculus of Variations (cont.)

Solution:
Using the given approximate function:
u(x)=ax+a,x’ = du(x)=dax+05a,x’.

6J =—{da,L+0a,* | *L

+j {(5a1x +Ja,x’ ) *pw’x—E(a, +2a,x)*(5a, + 2§a2x)} dx =0.
0

After some integrating, resultis:
8J =(4pw’ L’ — £ —ELa, — EL’a, )5,

+‘(%pa)2L4—%—ELza —4Ela )‘53 =0.

FEA Theory -36-
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2.2: Calculus of Variations (cont.)

a =B e, =P S s (0) = 2[5 () 46 ] ()

Solution:
Solve the two equations to get:
F  Tpo’l’ po’L

Same as Galerkin’s method solution!

Noredimengional axial displacement, A= 10

FEA Theory . 37
] 1] nz2 03 [IF) 0s 0ne o7 08 ns 1

2.2: Calculus of Variations (cont.)

What if we had forgotten about the BC?
Functional becorrLles
J=[fu*E%] —I{IE () }dx+I Upw x}d

lu(x=L *F—j.{lE d“)} x+j{upco x}d

So the first varlatlon becomes:

8J=-6u(x=L) l+'[{5u P&’ x— E 4 (o )}dx 0.
Force is cut in half!

FEA Theory -38-
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2.2: Calculus of Variations (cont.)

Solution:

Solution becomes:
F  Tpa’l* _pa’L

Nondirmensiona | axial displacermen t, A=10

FEA Theory -39-

0 L L L L L L L L L
1} o1 02 03 04 05 06 07 08 09 1
wll

=g, == S () =u, A5 () -4 () ]- ()
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Section 3. Implementation of Finite Element
Analysis — the Constant Strain Triangle

Fundamental Concepts
Element Formulation
Assembly

Convergence and Other Issues
Examples

SURE SR

Will illustrate the details of these ideas in the
context of a specific “simple” finite element
called the Constant Strain Triangle (CST).

Implementation of FEA: the CST Sl

Section 3: Implementation of FEA — the CST

Overview: What is Finite Element Analysis?

m Assume a given problem is to be solved globally
over some object. FEA proceeds as follows:

1. Discretize the problem into a finite number of “local”
approximate problems on regions called elements.

2. Set up and solve each of the local approximate
problems.

3. Assemble the local solutions into a global solution.

4. Check convergence. (If not converged, repeat steps
#2 and #3.)

5. Once converged, evaluate the solution.
Implementation of FEA: the CST - Your responsibility! (Program does the rest.) i




Section 3.1: Fundamental Concepts

What is an element?

X An element is a small

\ piece of an overall object
characterized by:
N. 1. Its type (truss, beam, plate,
solid, ...)

2. Its geometry (1D, 2D, or 3D;
line, triangle, rectangle,
tetrahedron, “brick”, ...)

A 3. lts nodes (corner, interior, ...)

and degrees of freedom

(displacement, rotation, ...)

4. lts shape functions

38

3.1: Fundamental Concepts (cont.)

Nodes and Degrees of Freedom —
Elements are restricted in how they can behave.
E.g., beam element from HW #1:

A48
o ﬁ Py
f

i =
v | |
I ”

]

't
M_Q 9_!\’!.
Ag L.E 1
v v
. 1
Modal Loads

No left/right motion allowed; only certain types of bending possible.

— " Itis required that the complete range of possible behaviors be
determined by the locations of the nodes, the basic behaviors
allowed at each node (degrees of freedom), and the shape
functions used. v(x)=v,N,(x)+ON,(x)+ v.N; (x)+ O.N, (x).

Implementation of FEA: the CST -4-

MNodal Dizplacements




3.1: Fundamental Concepts (cont.)

Required Properties of the Approximate Solution:

Well-posedness: the number of shape functions used
in the approximate solution must equal the number of
degrees of freedom.

Degrees of freedom are the unknowns in the local problem;
need one equation per unknown to get unique solution.

E.g., Galerkin’s method:

I, (a)zj.Nk (xR, (x,a)dV =0,k=12,...,n
14

Implementation of FEA: the CST -5-

3.1: Fundamental Concepts (cont.)

Required Properties of the Approximate Solution:

Differentiability: The shape functions must be continuous
and have continuous derivatives up to an order consistent
with the variational principle used.

Defines behavior within element.

In general, if nth order derivative is in variational principle, then
shape functions must have continuous derivatives of order n-1.

Prevents integrals from “blowing up” or becoming undefined.

Implementation of FEA: the CST -6-




3.1: Fundamental Concepts (cont.)

e

/"\ﬁ\\ othing' zone
s / Rl P —~

Implementation of FEA: the CST

3.1: Fundamental Concepts (cont.)

o

oy
Example: 1D Axial Rod “dynamics” pma+ax,u ] |eF

! Lk |
I 1

Variational principle before integrating by parts was
L

J:—%u(x:L)*§+I{%u*E%+upa)2x}dx.

0
Requires continuous 15t derivatives for u(x).
Variational principle after integrating by parts was
/5 L
J=—u(x=L) *%—H%E(%)z} dx+j{upa)2x} dx.
0 0

Requires continuous u(x).
Implementation of FEA: the CST -8-




3.1: Fundamental Concepts (cont.)

Required Properties of the Approximate Solution:

Completeness: approximate solution must be able to
represent two special displacement states exactly —

Rigid body motion: all points in element have same values of
displacement.

Constant strain state: all normal strains and shearing strains
have a fixed value everywhere in the element.

Implementation of FEA: the CST -9-

3.1: Fundamental Concepts (cont.)

Required Properties of the Approximate Solution:

Rigid body motions cannot create strain energy, so no strains
present anywhere = constant displacement.

Implementation of FEA: the CST -10-




3.1: Fundamental Concepts (cont.)

Required Properties of the Approximate Solution:

As element size becomes very small, expect internal strains to
change very little at different points in element. If approximate
solution cannot support this, expect problems in convergence.

Implementation of FEA: the CST -11-

3.1: Fundamental Concepts (cont.)

Required Properties of the Approximate Solution:

Compatibility: If two elements share a boundary, the
shape functions must permit an appropriate level of
continuity across the boundary.

Prevents “gaps” or “kinks” from developing in global solution.
Elements with this property are called conforming.

For more complicated elements, compatibility may be required
only at selected points on the boundary. (Such elements are
called non-conforming.)

Implementation of FEA: the CST -12-




3.1: Fundamental Concepts (cont.)

Example: Two constant strain triangles

For element #1, displacements at P depend on coordinates of
point and the values (u1, v1, u2, v2, u3, v3).

2 (up, v, ) = function1(x,, y,,u,,v,,1,, vy, 15, v3).

For element #2, displacements at P depend on coordinates of
point and the values (u1, v1, u2, v2, u4, v4).

= (up, vy ) =function 2(x,, yp,u, vy, 1y, v,,1,, v, ).

Implementation of FEA: the CST -13-

3.1: Fundamental Concepts (cont.)

Displacement continuity then requires
functlonl(xP,yP,ul,vl,uz,vz,u3,v3)

= functlonZ(xP,yP,ul,vl,uz,vz,u4,v4).

at all points P and for all values of (u1, v1, u2, v2, u3, v3, u4, v4).

Can show that this requirement will be satisfied if
function1 = function1(x,, y,,u,,v,,u,,v,) only.

function 2 = function 2(x,, y,,u,,v,,u,,v, ) only.

(Displacements on a boundary depend only upon the nodes on
that boundary!)

Implementation of FEA: the CST -14-




Section 3.2: Element Formulation

The Constant Strain Triangle element:

v3

*2D element used in
plane stress and plane
strain problems

* Nominal thickness = h
(small; can be variable)

* Three corner nodes with
coordinates (x; y,)

» Two degrees of freedom
per node: (u;, v)

Implementation of FEA: the CST Sl

3.2: Element Formulation (cont.)

Two approaches for generating shape functions:
“Interpolation approach”:
Matrix-based method
Works best for small numbers of d.o.f.
“Direct approach”:
More geometric method
Works best for higher-order elements

(Other methods also exist; will not discuss these much.)

Implementation of FEA: the CST -2-




3.2: Element Formulation (cont.)

Some basic ideas (for both approaches):
6 d.o.f. total = 6 shape functions.

Fundamental unknowns are horizontal displacement u(x,y) and
vertical displacement v(x,y).

.. Each displacement expected to use 3 shape functions.

Rule of thumb: simple shape functions = better shape functions.
(easier to integrate, more widely applicable, ...)

For 2D elements, polynomials in x and y are most common choice

for shape functions.

If you have derivatives of order n in your variational principle, it is
best to choose your shape functions so that they can form a
complete polynomial of order n.

(Gives control over errors, faster convergence, ...)
Implementation of FEA: the CST 232

3.2: Element Formulation (cont.)

Pascal’s triangle

b s N g e order 1
xR reE gy ? 2

O 0o ARV AR E g 0
7Nk X NN
(Row n+1 based upon expansion of (x+y)". )

Implementation of FEA: the CST -4-




3.2: Element Formulation (cont.)

“Interpolation approach”:
Approximate u(x,y) and v(x,y) by complete 1st order polynomials:

u(x,y)=a1 tax+asy; V(x,y)=a4 +ax+agy.

At each node, require u(x;y,) = u;and v(x,y) = v;:
u, =a, +a,x, +a,y; v, =a,+ax +agy,.
u, =a,+a,x, +a,y,; v, =a, +ax, +agy,.

U, =8, +a,X;, +2,);; V3 =3, +ta,X; +a,);.

6 equations for the 6 unknowns!

Implementation of FEA: the CST -5-

3.2: Element Formulation (cont.)

“Interpolation approach”:
Write this in matrix form:

u) [1 x y 0 0 0]a
v, 0 0 0 1 x yla,
1 0 0 Ofja
Flo o © e @=[ca)
v, 0 0 0 1 x, y|a,
u, I x;, » 0 0 O] a;
vi) 10 0 0 1T x y|\ag

Implementation of FEA: the CST -6-




3.2: Element Formulation (cont.)

“Interpolation approach”:
Now, rewrite interpolation functions in matrix/vector form:

(ZEW)]:R ) ¢ (1) 0 0} | (u(x)=[P(x)](a):

x Yy

ag
Substitute previous result: (u(x)) = I:P(X):I[C]_l (d)
[N(x)]

Implementation of FEA: the CST Matrix of shape functions! -7-

3.2: Element Formulation (cont.)

“Interpolation approach”:
For CST, can show that

[u(x,y)) _ [N‘ (x,%) 0 N, (x,y) 0 Ny(x,y) 0 ,

0 N, (x,y) 0 N,(x,») 0 Ne(xp) || v, |

L (03)= N, (x,9) =[ (%05 =5, ) + X (3, = 35) + ¥ (3%, - x,) | /245
= N4 X y)=[(xgy1 —xly3)+x(y3 _y1)+y(x1 _XS):I/Q‘A;
Ny(x,9) = Ny (x,9) =[ (302 —2:2) + x(0~ 3) + ¥(x, _xl)]/ZA;

L x »
A= areaof triangle=1det| 1 x, ,|.

I x »
Implementation of FEA: the CST -8-




3.2: Element Formulation (cont.)

Notes on “Interpolation approach”:

This approach generalizes to different shapes, different node
locations, and different numbers of d.o.f. (See Prob. 3.1 and
3.2 in Schaum’s Outline.)

However, the matrix [C] is not always invertible for general
choices of nodal locations.

As number of d.o.f. increases, matrix inversion becomes
more difficult, and thus exact functions become harder to
determine.

Implementation of FEA: the CST -9-

3.2: Element Formulation (cont.)

“Direct approach”: Need two “facts” about shape functions —
u(x,y) and v(x,y) are complete 1st order polynomials:
u(x,y) =a,+a,x+a,y=uhN, (x,y) +u,N, (x,y)+u3N3 (x,y);
v(x,y) =a,+ax+ay=vN, (x,y)+ v, N, (x,y) + VN (x,y).

..Shape functions must be linear in both x and y.
Suppose | know the shape functions already:

u(x,y)=uN,(x,y)+u,N, (x,y)+u,N, (x,).
U :u(xi’yi) =uN, (‘xi’yi)+u2N2 (‘xi’yi)+u3N3 (xi’yi)

for any values of u,,u, ,u,.

lifi=j
J . Kronecker delta property

= Want to have N, (xnyl-):{

Implementation of FEA: the CST -10-




3.2: Element Formulation (cont.)

Visually, this looks like:

©)
V) i ‘ ]
/ ~ "
: | wwit
]‘\i\r._-i\ Ll:_i.. ‘_‘ e - l‘?__\
= £y
. 7 = (] , (x
.
| it % PR e \25 | unk
Y s = AL N
1 2 N
- - B
x Q,
Implementation of FEA: the CST -11-

3.2: Element Formulation (cont.)

Consider the shape function corresponding to u;, :
Linear inx and y = N, (x,y) =b, +b,x+b,y.
Kronecker delta = N, (x,,»,)=LN,(x,,»,)=0;N, (x;,»,)=0.
Therefore, get a set of equations to solve:
l1=b, +b,x, +b;y;
0=b,+b,x, +b,y,;
0=b,+b,x; +b,y,.
= N, (x,y) = [(x2y3 —)c3y2)—i-x(y2 —y3)+y(x3 =357 )]/2A.

Similar procedure to construct other shape functions.

Implementation of FEA: the CST -12-




3.2: Element Formulation (cont.)

Notes on “Direct approach”:

This approach is more commonly used as number of d.o.f.
and/or order of polynomials used increases.

Works best if shape functions are computed on “standard”
geometries — leads to so-called “isoparametric formulation”.

- T A
[ w3
\\ —_r PeT v Lz | *'\\;_'_
: X, =3 b
.,: - &l?‘ r"'.-,‘-.-v-\- ! i
[~ ¥ ' ! s
i ! \&
= = —_—— == T a » .,
.‘['. "~
9 Stawd F
Implementation of FEA: the CST -13-

3.2: Element Formulation (cont.)

Check the required properties:
Well-posedness: 6 d.o.f and 6 shape functions.v’

Differentiability: Will show that only 1st derivatives show up in
variational principle, so need continuous shape functions. v/
Completeness —

Rigid body motion: Suppose u =u, =u; =i;v, =v, =v,=0.

_(u(x,y)j:[f\’l(x,y) 0 N(xy) 0 N(xy) 0 }
v(x,y) 0 Ny(xy) 0 N(xy) 0 Ny(xy)
0

N, (x,9)+ Ny (x,9) + Ny (x,9) =[ (5,5 = 1,0, ) + (331 = x93 + (03, - 1,0, ) | 24=1. v

Implementation of FEA: the CST -14-

(@*(N,+ N, +Ny)
- 0

H O D O D




3.2: Element Formulation (cont.)

Check the required properties:
Completeness —
: ou
Constant strain: Can &, = constant?
X
£, =Z—Z=ul%+u2 6;12 +u3%=|:ul(y2 —yy)+u, (3= »)+us (3, —yz)]/2A=constant. v
In fact, strain must be a constant !

Continuity:
Neither N;(x,y) nor N(x,y) can
= = influence what happens on the
& _"_’."X: ] £ 1t line between pt. 1 and pt. 2.
I T N ~.Only d.o.f. at pt. 1 and pt. 2
. % T -y matter!
Wi Q
/ pL

]l

3.2: Element Formulation (cont.)

Next issue: deriving the approximate equations
Determine element (local) stiffness matrix
Relates forces (stresses) to displacements (strains)
Term is used for all elements, not just elastic ones
Determine element (local) force vector
Includes both body forces and surface tractions
Will change during the course of solving a problem

Implementation of FEA: the CST -16-




3.2: Element Formulation (cont.)

Goal: obtain approximate solution to 2D elasticity
equations — Py

- or,,
—=h— =0,
7&\ o o
t
i or,, N oo, o,
dv@\ ox ay ’
b u-u,=0on4,

v [6](R)-t=00n4,.

@)

Galerkin, Calculus of Variations, Rayleigh-Ritz, ...

Implementation of FEA: the CST -17-

3.2: Element Formulation (cont.)

Using Calculus of Variations (aka Principle of
Virtual Displacements):

[(0)-(32)ar - j (8u)dV - j )-(8u)da =0.

V O'
Key Idea: solve same problem locally —

[(0)-(82)dV - j (8u)dV - j (8u)da =0.

v,

V, = element Volume, A4, = element surface.

Implementation of FEA: the CST -18-




3.2: Element Formulation (cont.)

New Goal: obtain approximate solution to 2D
elasticity equations on each element —

0
%+ Ly +b, =0,
ox Oy
0 0
by +&+bv =0,
ox Oy
u-u,=0on4,

[6](A)-t=0o0n4, .

u(x)=(u(x’y)j.

v(xy)

-19-

Implementation of FEA: the CST

3.2: Element Formulation (cont.)

Strain-Displacement Relations —

Relate u to € as follows: Derivative operator matrix, [8]
0 0
&, o o 0 u (x )
= = v = 9 24
(g)=| ¢, |= = 0 :
y o (& v(x )
Qu 4 Ov o 9 24
7/xy %% Ox oy Ox

- (2) = [2](w) = (2) =[0] (5u).
Using shape functions:

()= [N(x)] (@)= (&)= [2I[N (x)](a).
shape functions 4-0-f. [B(x)]

-.(5)=[B(x)](a) = (52)=[B(x)](s4).

Implementation of FEA: the CST

-20-
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3.2: Element Formulation (cont.)

Stress-Strain Relations — Not the same as

Relate o to € as follows: used in interpolation
approach!

O, Ci Cp 0 e /
(6)=| 0o, {Clz C,, 0} g, |=[C](#).
o) lo 0 ¢l

elasticity matrix

Using previous results:

()=[CI[B(x)](a)

Implementation of FEA: the CST -21-

3.2: Element Formulation (cont.)

Element (Local) Stiffness Matrix —
Put these results into 1st term of PVD:

[(e)-(3e)av =n* [ {[C][B(x)]()}-{[B(x)](5d)}d4

v, triangle

=h* | (sa)-{[B()] [CI[B()](a)]

triangle

= (5(1).{;1 * [B(x)] [C][B(x)]dA}

triangle

Element stiffness matrix, [k].

Implementation of FEA: the CST -22-

dA

N

d).

11



3.2: Element Formulation (cont.)

Notes on Element (Local) Stiffness Matrix —

The element stiffness matrix for any elastic element will
follow the exact same process. (Details will change.)

Element stiffness matrix is symmetric.

[k]T={h* J [B@)T[c][B(x)JdA}:h* J (BT eI} @

triangle triangle

But {[M,J[M.][M. ]} =[M,] [M.] (M,

k) == [ BT[] [B(x)Jjda=n* | [B(x)][C][B(x)]dd=[k]

triangle triangle

Implementation of FEA: the CST -23-

3.2: Element Formulation (cont.)

Notes on Element (Local) Stiffness Matrix —
[k] for the CST element is:

b=y, =y33b, =y = yi3by = ¥, = 1256, =X, — X3¢, =X, — X336, = X, — X3¢ = h; A = area of triangle.
(See Probs. 3.14, 3.19, and 3.40 in Schaum’s.)

Implementation of FEA: the CST -24-

12



3.2: Element Formulation (cont.)

Element (Local) Force Vector —
Evaluate 2" and 3 terms of PVD:

j( )-(8u) dV+j du)dA
j )-[N(x)](8d)aV + j [N(x)](3d)d4

jad [N(x)] (b dV+j6d [N(x)] (t)a4

=(8d)- {j[N b)dV + j [N(x) )dA}

Element force vector (f)

Implementation of FEA: the CST

-25-

3.2: Element Formulation (cont.)

Notes on Element (Local) Force Vector —

In general, b and t can depend upon position, so they

are left inside of the integrals.
A “physical” interpretation of f:
Let (Ni (x)) = ith column of [N(x)]
(ie., shape function associated with d.o.f. #i.)

fi= j dV+j ) (t)d4

"average force" actlng on d.o.f. #i.

Called equivalent nodal force

Implementation of FEA: the CST

-26-
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3.2: Element Formulation (cont.)

A “truss analogy” for elements —

“ b(x,y)

k; ="direct stiffness" between d.o.f. # and #j.
(related to the various EA/L values).

f;="external force" acting parallel to d.o.f. #i.
Implementation of FEA: the CST -27-

3.2: Element Formulation (cont.)

Example —

Given: CST element shown has no body force and a
surface traction applied to edge 23 expressed as

o)

Required: Find (f). .
0,1) g @
txy)
Implementation of FEA: the CST (0,0) (1,0) x -28-
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3.2: Element Formulation (cont.)

Example —
Solution: (f)zh* I [N(x)]r(t)df, where

edge 23:{(x,y):y:1—x,0SxS1},

2
dl = dx 1+(d—yj = 2dkx.
dx

Can show that N, (x,y) =1-x—y; N, (x,y) =x; Ny (x,») = ».

.-.[N(x)]{l_);_y 0 x 0 y 0}

I-x-y 0 x 0 y

Implementation of FEA: the CST -29-

3.2: Element Formulation (cont.)

Example — lex—y 0 .
Solution: L H(c)fy ) —tax(lgx—y)
T X
N t)= -
meTo-| o [ L
y 0 0
0 y —t,xy
0
0
Onedge 23,y =1-x=[N()T (9= '
nedge23,y=1-x X — o
0
—t,x(1-x)
Implementation of FEA: the CST o

15



3.2: Element Formulation (cont.)

Example —
Solution: 0 0
0 0
1 0 0
(f)=~2h*| , |ax=—2m| " |.
0 _tox %
0 0
—t,x(1-x) |4

Implementation of FEA: the CST

-31-
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Section 3. Implementation of FEA — the CST

Overview: What is Finite Element Analysis?

m Assume a given problem is to be solved globally
over some object. FEA proceeds as follows:

1. Discretize the problem into a finite number of “local”
approximate problems on regions called elements.

2. Set up each of the local approximate problems.
3/ Assemble the local problems into a global problem.|

4. Solve the global problem and check convergence.
(If not converged, repeat steps #2 and #3.)

5. Once converged, evaluate the solution.

Implementation of FEA: the CST Sl

Section 3.3: Assembly

Concept of assembly: Each degree of freedom d, in a
N e e given element corresponds to a

unique degree of freedom D, in

the overall object.

.. Each local stiffness matrix [k],

contributes to part of the global

stiffness matrix of the object, [K].

Also, each local force vector (f),
contributes to part of the global
force vector of the object, (F).

- (FleS kL @)= (1))

Global Local




3.3: Assembly (cont.)

Concept of Assembly:
Assembly is not straight addition —

- .l BT 'l
B e DD g |
HHEH  HHEERH  FE i 8 | ..||
N ]
| " | i
: i
Implementation of FEA: the CST ST -3-

3.3: Assembly (cont.)

How is assembly done in FEA programs?

Each element has an associated “map” that contains
connectivity information; i.e., it links each local d.o.f. to
corresponding global d.o.f. for the given element).

Various names: “Connectivity vector”, “destination

array”, “element-node array’, ...
For picture on Slide 2:

"Map"{w 20 21 22 25 26](— Row 10

Implementation of FEA: the CST -4-




3.3: Assembly (cont.)

Pseudocode for Assembly:

Fore =1, numel <« sum over all elements
For i = 1, numdof(e) < sum over all local d.o.f.
For j =i, numdof(e) < local d.o.f.
ii = map(e,i); jj = map(e,j); < get global d.o.f.
K(ii.jj) = K(ii,jj) + k(e,i,j); — assemble [K]
Continue
F(ii) = F(ii) + f(e,i); — assemble (F)
Continue

Continue

Implementation of FEA: the CST

3.3: Assembly (cont.)

Assembly by hand:

v

Implementation of FEA: the CST




3.3: Assembly (cont.)

Complication: what if local and global degrees of

freedom are not parallel?
Example: Roller support in global problem.

Easier to express boundary condition this way!

Implementation of FEA: the CST a7

3.3: Assembly (cont.)

Create a set of “new” local coordinates that are parallel —

4\ 1 d,
d, 1 d,
(d;j_{cosa sina}[a@jj dy | cosa  sina d,
d; —sinag cosa |\ d, d, —sina cosa d, |
d 1|
d, 14,

or (') =[T](@).
Can show that(d)=[T]' (d').
Will also need to transform element force vector:

(7)=[7)(r).

Implementation of FEA: the CST -8-




3.3: Assembly (cont.)

Stiffness matrix then transforms —
[k](d) =(f)=[T][k](a) =[T](f) = ().
But (a)=[1] (@)= [T](1] (@) =(1)

[k']«—— These can now be assembled!

Can show that same approach works for other types of
“transformations” (e.g., renumbering d.o.f., linking d.o.f, ...)

Implementation of FEA: the CST -9-

Section 3.4: Boundary Conditions

Traction boundary conditions used in PVD, but
displacement boundary conditions aren't.

[(0)-(3e)av - l(b)-(ﬁu)dV = Aj (t)-(8u)dAd=0.

v

(e

Must also have (u)=(u,) on4,!

Shape functions must have Kronecker delta property
-.Cannot “choose” them to satisfy (u)=(u,)!

Must enforce displacement boundary conditions on
global problem!

Implementation of FEA: the CST -10-




3.4: Boundary Conditions (cont.)

Three general techniques for enforcing

displacement boundary conditions:
Condensation
Penalty Method

Lagrange Multipliers

In all methods, must discretize the boundary
conditions to apply only at the nodes.

Implementation of FEA: the CST

-11-

3.4 Boundary Conditions (cont.)

Condensation —

Idea: formally remove constrained d.o.f. from the
calculation, but keep their effects on other d.o.f.

Dlg

D7

I

b [ D2 D1l D, =0;
D, =0;
D, =0.

Dl

In:

Implementation of FEA: the CST

-12-




3.4: Boundary Conditions (cont.)

Condensation —

For each constrained d.o.f., remove (“‘condense out”)
corresponding row and column from global equation.

1 2 R Ky Ky 16 Ry K Ky Ky Ky Ky

1 Doy B LS B By Bog By B Boy Bop

1 o | K Ky K| Ky | Ky Ky Ky Ky Ky Ky

51 o | Ky Ky K| Ko |K K Ko Koy Ko K

M6l 2 Bg  Be R 66 Do B Koo Beo Doy Bep

Ko Ky | Ky Ky Kos| Koo | Ky Ky Koy Koy Ky Ky
LK Kin | Ky Koy Ko Kig | Ky Kisg Kipy Kiyyg Ky Kiy|

New [K] matrix

Implementation of FEA: the CST

What if D, # 0?

T

=15

-

New (F) vector

-13-

3.4 Boundary Conditions (cont.)

Two possible situations where D, # O:
Single-point boundary conditions: b.c. involves only

one d.o.f.; at least one must be nonzero.

D8 Dlo D12
[ i i 1
b I D11
iy A " D,
DA D2
{ D5
Il A D6
g ¥ D3
‘T D4 f
o2

Implementation of FEA: the CST

I
=

=

B

-14-




3.4: Boundary Conditions (cont.)

Multi-point boundary conditions: b.c. involves more
than one d.o.f.; may be zero or nonzero.

Fa A 4
\. 8, H
U} ] / 9‘) Ug

A B

u,—u, =0.

N &

Implementation of FEA: the CST -15-

3.4 Boundary Conditions (cont.)

Procedure:

Re-number the d.o.f. to put constrained d.o.f. together.

Write the constrair}tg_' \ matrix/vector form (see Slide 14).
1
I 00 ol 22 0
D ] [€]
01 0 of|=5|=|0|=||C.]| |C, < |=(D,).
0 01 0 D A [ ]{} ( )
- 5 1|l &
Dy

Solve for constrained d.of. in terms of regular d.o.f.
[CCC:I(DC ) + |:CCV:'(DF ) = (DO )

Implementation of FEA: the CST :(D ):I:é :I‘I(D )—|:é }‘1 |:é :I(D) -16-




3.4: Boundary Conditions (cont.)

This defines a transformation into “new” coordinates:
o HlE ~ -1 “old” coordinates
DC - C('C C('V CCC DO / o T ~
{(D )j= [ ] [ ] (D,4)+[ ] (D) =(D)=[T] (D,)+(D,).
(D,) L. (0)
(1] (B,)
Substitute “new” coordinates into global problem :

[K](D)=(F)= [K][T]" (D,)+[K](D, ) =(F).

Multiply by [T] and rearrange:

“new” coordinates

[T]K][7]](D,)=[T](F)-[T][K](D, )
New global stiffness matrix New global force vector
Implementation of FEA: the CST -17-

3.4 Boundary Conditions (cont.)

Notes on condensation —

Very powerful method; can handle a variety of displacement
boundary conditions exactly.

Reduces bandwidth by eliminating d.o.f.

If all boundary conditions are single-point, this method is
equivalent to simply “condensing out” the constrained d.o.f.
and adding in “extra” forces due to the imposed displacements.

If there are many multi-point constraints, the process of
re-numbering, transforming, and condensing can be very
time-consuming.

Condensation can sometimes be done at element level.

Implementation of FEA: the CST -18-




3.4: Boundary Conditions (cont.)

Penalty Method —

Idea: enforce a displacement boundary condition
approximately by changing [K] and (F).

D3 Dlo Dl2 D8 Dlo D12
T L D11 T D D11
7 o7
K
D&
ti o5 fos
Dl A Dl DS
" D3 " D3
T D4 f T D4 <
D2 D2

Implementation of FEA: the CST -19-

3.4 Boundary Conditions (cont.)

Penalty Method —
K = stiffness of new spring; want « [J max‘Kl.j .
Add new force = kA to existing nodal force F,.
Add « to existing stiffness K.
Look at equation corresponding to d.o.f. Dy :
KD +...+(Kg+K)Dg+...+ K, ,D,, = Fy + kA
= kD, = KA, or D, = A.
Note: as «k gets bigger, approximation becomes better.

Implementation of FEA: the CST -20-
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3.4: Boundary Conditions (cont.)

General Theory of the Penalty Method —
Assume boundary conditions in “standard form”
|:(~j:|(D) = (Du) m equations
Define an m by m “penalty matrix”
[x]=diag(x,,K,,....x, ); %, [ max‘Ky. )
Modify the global problem as follows:

(k]4[e] [<I[eTjm)=(F)+[€] [<](D,),

Added stiffness Added force

Implementation of FEA: the CST -21-

3.4 Boundary Conditions (cont.)

Notes on the Penalty Method —

Very easy to implement: no re-numbering, no
transformations to apply, ...

Does not eliminate d.o.f., so no reduction in bandwidth.

Assigning the penalty numbers «;can be tricky:
Too low = poor approximation to boundary condition

Too high = can create numerical problems (e.g., locking,
ill-conditioning, ...)

Implementation of FEA: the CST -22-
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3.4: Boundary Conditions (cont.)

Why “Penalty Method”? Look at variational principle:

J(u=f.]) = H(DY[K](D) - (D)(F)

global approximate solution = “union” of all element solutions

Set first variation to zero:
5J(u=u,,,)=2*+(SDJ[K](D)-(sD)(F)=0

= [K](D)~(F)=(0).

Now, add in “penalty function”: penalizes errors in satisfying b.c.’s

j(u:u J(u:u

+

approx ) = approx )

s{€]m)~(p,)j[x]{[C](D)~(D,)}.

57=0= {[K]+[C]T [K][é]}(n)-(F)-[é]T [x](D,)=(0).

Implementation of FEA: the CST -23-

3.4 Boundary Conditions (cont.)

Lagrange Multipliers —

Idea: add extra d.o.f. into the problem, and use these
d.o.f. to enforce the boundary conditions.

J(u=u,,,)=4(D)[K](D)-(D)(F)+{2){ C](D)-(D,)}.

Lagrange multipliers
Note: Lagrange multipliers can be interpreted physically as constraint forces.

Take first variation:
— 5J =(5D)D{[K](D)—(F)+[(~:T(x)}+(5x)[ [C](D)—(DU )}

must equal zero must equal zero

Implementation of FEA: the CST -24-
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3.4: Boundary Conditions (cont.)

Lagrange Multipliers —
Get an augmented global problem:

<] [€] o)) _( )

L@] [0] ](mj‘((no)]'
Advantage: very effective at handling multi-point
constraints.

Disadvantage: more d.o.f. = longer solution time.

Implementation of FEA: the CST -25-

Section 3.5: Example Problem

18 in, I

T LT I 2in,

Given: Cantilevered beam with dimensions shown;
rigidly fixed at x = 0; applied traction t =-2.4j ksi
atx=18. E=27,000 ksi; v=0.25.

Required: Using CST plane stress elements, find the
approximate deflection of the free end at y = 0.

|

AN

Thickness = 0.25 in,

Implementation of FEA: the CST -26-
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3.5: Example (cont.)

Some preliminaries —
Mesh the beam as shown:

6 elements;
16 total d.o.f.;
4 constraints.

Exact solution is known:
rAl  (24ksi)(0.5in°)(18 in)’
3EI - 3(27000 ksi)(0.1667 in*)

Implementation of FEA: the CST -27-

v(x=18,y=0):

=-0.5184 in.

3.5: Example (cont.)

Formulate the elements —
Shape functions:
da
as T 0,13

—

(6,-1)

a1 T 0.-1) x a3 T as
a2 G ds

Element #1: Element #2:

— N(xy)=1-tx—1(y+1). N(xy)=1+(x=6)+3(y-1).

N,(x,y)=1x. N,(x,y)=-1(x-6).
Ny (%) =4(y +1). Ny (x,p)==4(y-1).
Implementation of FEA: the CST -28-
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3.5: Example (cont.)

Formulate the elements —
Shape functions for other elements:

3 6 1n. e 6 in.
D1 D3

-~
7 D11
D4 D3 D3 D13|

Element #3 is simply Element #1 shifted from x = 0 to
x = 6; thus, can “shift” each shape function:

Ny (%) =1=4(x=6)=3(y+1).

X

-29-

3.5: Example (cont.)

Element #4 = Element #2 shifted from x = 6 to x = 12:
Nl(x,y)=1+%(x—12)+%(y—1),
N, (x,y)z—%(x—l2),N3(x,y):—%(y—l).
Element #5 = Element #1 shifted from x =0 to x = 12:
N (x,y)=1-%(x-12)-3(» +1),

N, (x,y) =%(J¢—12),N3 (x,y) = %(y+1).
Element #6 = Element #2 shifted from x = 6 to x = 18:

N, (x,y)=1+1(x-18)+%(y-1),
N, (x,7) ==4(x—18),N; (x,y) =—3(y -1).

Implementation of FEA: the CST -30-
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3.5: Example (cont.)

Formulate the elements —
[B] matrix for Element #1:

2
ox
o |[+—+x—1y 0 tx 0 4y++ 0
B = N =0 —
|: (X):Lu [a][ (X):|e| ay |:0 %_+x__y 0 %x 0 _y+_
o 9
|0y Ox |
—£ 0 + 000
=0 -+ 00 0 +|
—+ -+ 04+ 4+ 0
Implementation of FEA: the CST -31-
3.5: Example (cont.)
Formulate the elements —
[B] matrix for Element #2:
_g _
ox
[B(X)J _lo 0 {—%+%x+%y 0 I-tx 0 i1-1y 0 }
” oy |0 —i4+ix+3ty 0 I-itx 0 11y
o0 9
|0y Ox |
£ 0 =+ 0 0 0
=0+ 0 0 0 -+=-[B(x)]
$ + 0 -2 -1 0

Implementation of FEA: the CST

-32-
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3.5: Example (cont.)

Other [B] matrices:
Since Elements #3 and #5 are both simply shifts of
Element #1, coefficients of x and y do not change.
—L 0 + 000
~[B(x)] =[B(x)].=|0 - 0 0 +|.
=5 = 0
Likewise, Elements #4 and #6 are shifts of Element
#2, so have same [B] matrices.

0
0

ol wl-
ol

L
6

£ 0 -+ 0 0 O

~[B(x)] =[B(x)] =0 + 0 0 0 -
Implementation of FEA: the CST % % 0 _% _% O -33-
3.5: Example (cont.)
Element stiffness matrices —

Elastic matrix is:
1 v 0 28800 7200 O

[C]:lEz v 1 0 |=|7200 28800 0 |ksi

"o 0 ta-v)| | 0 0 10800

Since [B] and [C] are constant matrices, the volume
integral for [k] reduces to
[]= | [B]'[C][B]*hda= [k]=[B] [C][B]* ..

Implementation of FEA: the CST -34-
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3.5: Example (cont.)

For Element #1:

-+ 0
0 1 _1 -
> %1r28800 7200 0 -+t 0 L 000
1 6 6
7 L0 o0
[k],, =[B],, [C][B],, * /4, 0pqe = (0.25%6) 8 5 L 7200 28800 O |0 -+ 0 0 O 1
o o ; 0 0 10800]|-1+ -1 0 L 1 0
2
0 L1 o0
5250 2250 —1200 —1350 -4050 —900 |
2250 11250 -900 —450 —1350 —10800
—1200 —900 1200 0 0 900 | .
= kips/in.
1350 450 0 450 1350 0
—4050 —1350 0 1350 4050 0
-900 10800 900 0 0 10800 |
Implementation of FEA: the CST -35-
3.5: Example (cont.)
For the other elements, we notice the following:
T
_ —_ * —
[B], =£[B], =[k], ={<[B] |[C]{[B] } *A4,.. =[K],.
All elements have the same stiffness matrix!
Implementation of FEA: the CST -36-
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3.5: Example (cont.)

Only element force vector for Element #6:

tX+3y-3% 0 y+y 0 0
0 lx+ly-3 0 1y++ -12y-1.2
T 3-1x 0 0 0 0 0 0
I:N(X):I% (t)7 _1 = =
0 3-tx |24 0 0 |24 0
-4y 0 b=ty 0 0
0 Ll - 0 -3y 12y-12
0
-12y-1.2 -0.6
()= [IN0T (Qaa=e ]| ° 0w
" 4, y=-1 0 i’ 0 P
0
1.2y-1.2 -0.6
Implementation of FEA: the CST -37-
Assembly —
. 1 2 3 4 5 6
Element #1 " 1| 5250 2250 -1200 -1350 -4050 900 |3
2| 2250 11250 900 450 -1350 -10800 4
3|1 -1200 900 1200 0 0 900 |7
4| -1350  -450 0 450 1350 0 8
5/ -4050 -1350 0 1350 4050 0 1
6| =900 -10800 900 0 0 10800 |2
3 4 7 8 1 2
Element #2:
1 2 3 4 5 6
1| 5250 2250 1200 -1350 -4050 900 |5
[r— 2| 2250 11250 -900 450 -1350 -10800 |6
3| -1200 900 1200 0 0 900 |1
4| -1350  -450 0 450 1350 0 2
5| -4050 -1350 0 1350 4050 0 7
6] =900 -10800 900 0 0 10800 |8
5 6 1 2 7 8
Implementation of FEA: the CST -38-
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3.5: Example (cont.)

Assembly —
Stiffness matrix for #1 + #2 only:

1 2 3 4 5 6 7 8
15250 0 —4050 -1350  —1200 -900 0 2250
210 11250 900 —-10800 -1350 -450 2250 0
3| -4050 -900 5250 2250 0 0 —1200 -1350
4[-1350 -10800 2250 11250 0 0 -900  —450 L
kips/in.
5(-1200 -1350 O 0 5250 2250 —4050 —900
6/ -900 —450 0 0 2250 11250 1350 -10800
710 2250 —1200 -900 —4050 -1350 5250 0
8[2250 0 —1350 -450 -900 -10800 0 11250

What about stiffness matrix for Element #3 + #47

Only real difference between #3+#4 and #1+#2 is the
numbering of the d.o.f. — all shifted by 4

..Have same matrix for different d.o.f.

Implementation of FEA: the CST -39-

3.5: Example (cont.)

Stiffness matrix for #3 + #4 only:

5
6
7
8
9

5250
0
—4050
—-1350
-1200

10| -900
110
12] 2250

Stiffness matrix for #5 + #6 only:

Implementation of FEA: the CST

9

10
11
12
13
14
15
16,

5250
0
—4050
—-1350
-1200
-900
0
2250

0
11250
-900
—-10800
—-1350
—450
2250

0

0
11250
=900
—10800
-1350
—450
2250

0

—4050
-900
5250
2250
0

0
-1200
-1350

—4050
-900
5250
2250
0

0
-1200
-1350

—-1350
—10800
2250
11250
0

0

-900
—450

—-1350
—-10800
2250
11250
0

0

=900
—450

-1200
—1350
0

0
5250
2250
-4050
-900

—-1200
—-1350
0

0
5250
2250
—4050
-900

10 11 12
-900 0 2250
—450 2250 0
0 -1200 -1350
0 -900  —450 o
kips/in.

2250 4050 -900
11250  -1350 -10800
—-1350 5250 0
—-10800 0 11250

14 15 16
-900 0 2250
—450 2250 0
0 —-1200 -1350
0 -900 450 L

kips/in.
2250 4050 -900
11250 1350 -10800
-1350 5250 0
—10800 0 11250
-40-

20



3.5: Example (cont.)

Stiffness matrix for entire structure:

[5250 0 —4050 -1350 —1200 -900 0 2250 0 0 0 0 0 0 0 0
0 11250 —900 —10800 -1350 —450 2250 0 0 0 0 0 0 0 0 0
—4050 900 5250 2250 0 0 -1200 -1350 0 0 0 0 0 0 0 0
—1350 -10800 2250 11250 0 0 -900  —450 0 0 0 0 0 0 0 0
-1200 -1350 O 0 10500 2250 -8100 -2250 -1200 -900 0 2250 0 0 0 0
—900 —450 0 0 2250 22500 -2250 -21600 -1350 -450 2250 0 0 0 0 0
0 2250 —1200 -900 —8100 -2250 10500 2250 0 0 -1200 -1350 0 0 0 0
[K]: 2250 0 —1350 -450 —2250 -21600 2250 22500 O 0 -900 450 0 0 0 0 poefd
0 0 0 0 -1200 -1350 0 0 10500 2250 -8100 -2250 —1200 -900 0 2250
0 0 0 0 -900 —450 0 0 2250 22500 =2250 -21600 -1350 —450 2250 0
0 0 0 0 0 2250 —1200 -900 8100 -2250 10500 2250 0 0 —-1200 -1350
0 0 0 0 2250 0 —1350 -450 -2250 -21600 2250 22500 O 0 -900  —450
0 0 0 0 0 0 0 0 -1200 -1350 O 0 5250 2250 —4050 900
0 0 0 0 0 0 0 0 -900 -450 0 0 2250 11250 —1350 -10800
0 0 0 0 0 0 0 0 0 2250 -1200 -900 —4050 -1350 5250 0
»0 0 0 0 0 0 0 0 2250 0 —1350 -450 -900 -10800 O 11250 |
Implementation of FEA: the CST -41-
3.5: Example (cont.)
Force vector for entire structure:
0
0
0
0
0
0
0
(F) g Kips.
0
0
0
0
-0.6
0
-0.6
Implementation of FEA: the CST -42-
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3.5: Example (cont.)

Enforce constraints —

Using condensation, you must simply eliminate the
first 4 rows and columns of [K] and first 4 rows of (F):

[10500 2250 —8100 -2250 -1200 -900 0 2250 0 0 0 0 0

2250 22500 -2250 -21600 -1350 —450 2250 0 0 0 0 0 0

-8100 —2250 10500 2250 0 0 -1200 -1350 0 0 0 0 0

—2250 -21600 2250 22500 O 0 -900 450 0 0 0 0 0

—1200 -1350 0 0 10500 2250 —8100 -2250 —1200 -900 0 2250 0

-900 —450 0 0 2250 22500 2250 -21600 -1350 -450 2250 0 L 0 .
K= kips/in; (F')= kips.

0 2250 —-1200 -900 —8100 -2250 10500 2250 0 0 -1200 -1350 0

2250 0 —-1350 —450 2250 -21600 2250 22500 O 0 900  —450 0

0 0 0 0 -1200 -1350 0 0 5250 2250 —4050 -900 0

0 0 0 0 -900 450 0 0 2250 11250  -1350 -10800 -0.6

0 0 0 0 0 2250 —1200 -900 —4050 -1350 5250 O 0

0 0 0 0 2250 0 —1350 450 -900 -10800 0O 11250 | -0.6
Implementation of FEA: the CST -43-

3.5: Example (cont.)

This can now be solved for the remaining d.o.f:

1.759
-6.563
-1.702
-6.487
2.845
(D)= 21370 0%,

2.674
21.29
3245
-40.28
-2.959
40.21

Use this to interpolate the requested displacement:
v(x=18,y=0)=D, N (x=18,y=0)+ D, N (x=18,y=0)+ D N”(x =18,y =0)
=(-40.28x107in)(0.5) +(-21.37x10%in}(0) + (-40.21x10"in )(0.5) = —40.24x10"in.

Very poor approximation!
Implementation of FEA: the CST -44-
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3.5: Example (cont.)

What went wrong?
Vertical d.o.f. are extremely stiff in this problem:

Equation #16: 2250D,-1350D,,-450D,,-900D, [-10800D,,+11250D,, = —0.6 kips.

(Changing aspect ratio will help.)  Dominant terms in equation.
..D44= D4g= small number.

CST is not a good element to model bending!
Ds D1a

D15

Implementation of FEA: the CST -45-
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Section 4. Implementation of Finite Element
Analysis — Other Elements

1. Quadrilateral Elements

2. Higher Order Triangular Elements
3. Isoparametric Elements

Implementation of FEA:
Other Elements

Section 4.1: Quadrilateral Elements

Refers in general I

to any four-sided,
2D element.

We will start by
considering rectangular
elements with sides
parallel to coordinate
axes. (Thickness = h)

Implementation of FEA:
Other Elements

4 (xhyd)

1 xlyl)

b

33y

- :
— 2 (x2y2)

3 (x3,y3)

Center: (re,yc)
L]

%a 2; (x2¥2)




4.1: Quadrilateral Elements (cont.)

Normalized Element Geometry —
“Standard” setting '

4:(-1,1)

. N 3:(1,1)
for calculations: 7

& (-1,-1)
|

2 2(1,-1)
|
I

Mapping between real and normalized coordinates:

. . X—Xx y=y
Implementation of FEA: _ @ o _ @ _ o _ -3-
Other Elements é:_ . 977_ b Qx_a§+xcay_b77+yc‘3

4.1: Quadrilateral Elements (cont.)

First Order Rectangular Element (Bilinear Quad):
4 nodes; 2 translational , *

d6
A
d.o.f. per node. 1

ds

3: (1,1)

a 1: (-1,-1) 200 43

a2

Displacements interpolated as follows:

u (f(x),ﬂ(y)) =a, +a,+anHa,dn | “Bilinear terms’ — implies that all

shape functions are products of
V(f(x),n(y)) =a; +aé +a;nHaldn linear functions of x and .

Implementation of FEA:
Other Elements

-4-




4.1: Quadrilateral Elements (cont.)

Shape Functions:

Ni(Sm)

Implementation of FEA: ( ) %(14_5)(14_”) (é ﬂ):%( _5)(14_’7)'

<
)=
Other Elements (é: ) - %(14_ EE )(1+77k77)'

4.1: Quadrilateral Elements (cont.)

Displacement interpolation becomes:

[u(x,y)]{ivl(ém) 0 M(&n) 0 Ni(&m)

0
0 N(&nm) 0 N(&n) 0 N(&m) 0 NA&UJ{ '

'[N(x)]"

Need to compute [B] matrix:

Implementation of FEA:
Other Elements




4.1: Quadrilateral Elements (cont.)

Chain rule:

0
(&) =FE+ L= 5 (1+m)* L =2 (1+m,7);

1
e =R G =in (165 =0+ 4e).
Resulting [B(x)] matrlx.

-b(1-7) 0 b(1-7) 0 b(l+n) 0  -b(l+y) O
[B(x)]=35 © -a(1-¢) 0 -a(1+&) 0 a(1+¢) 0 a(1-¢)

—a(l—é) —b(l—n) —a(1+cf) b(l—n) a(1+§) b(1+77) a(l—cf) —b(1+77)_
Recall general expression for [k]'

- | (8031 [c][n(o)

ared je—
Implementation of FEA: az=al Express in terms of & and n!

Other Elements

4.1: Quadrilateral Elements (cont.)

Can show that

n=l &=l
dA = dxdy = ( fdgj{ dnj—ab*dfdn: jdA j jab*dgdn

=—1&=-1
n=1 &=1

=h*ab* '[ jmdé‘dq Everything in terms of £ and n!

n=—1&=—1
Can also show that
0)=J[NCIT (o) + [ [N (e(x)) et

=h*ab* ]‘ T [N(&n)] (b(&n))dédn +h*a T [N(&n=-1)] (t(&n=-1))d&
+h*b ]fl [N(&=10)] (t(&=17))dn +h *“I] [N(&n=1)] (t(&.n=1))ds

n=l
+h*b [ [N(&=-Ln)] (t(&=-1n))dn.
Implementation of FEA: n=-1 -8-
Other Elements




4.1: Quadrilateral Elements (cont.)

Gauss Quadrature:

Let’s take a closer look at one of the integrals for the
element stiffness matrix (assume plane stress):

n=l =l

2 16abJ. H 30 (1-v)(1- )}dgd”

—1&=—1
Can be solved exactly, but for various reasons FEA
prefers to evaluate integrals like this approximately:
Historically, considered more efficient and reduced coding errors.
Only possible approach for isoparametric elements.

Can actually improve performance in certain cases!

Implementation of FEA: -9-
Other Elements

4.1: Quadrilateral Elements (cont.)

Gauss Quadrature:

Idea: approximate integral by a sum of function values at
predetermined points with optimal weights —

we|ghts known constants, depend on n

1D case: j¢ d.f .

Gauss points = known locations, depend on n

n = order of quadrature; determines accuracy of integral.

(Note: any polynomial of order 2n-1 can be integrated exactly using nth order Gauss quadrature.)

Implementation of FEA: -10-
Other Elements




4.1: Quadrilateral Elements (cont.)

Gauss Quadrature:
Have tables for weights and Gauss points:

TABLE 6.4-1. Samruin

2D case handled astwo 1D cases:
[ [#(&m)agan =32 W g(s.m,) y

—1-1
Implementation of FEA:

_11_
Other Elements

4.1: Quadrilateral Elements (cont.)

Higher Order Rectangular Elements

More nodes; still 2 translational d.o.f. per node.

“Higher order” = higher degree of complete polynomial
contained in displacement approximations.

Two general “families” of such elements:

Implementation of FEA: Serendipity Lagrangian -12-
Other Elements




4.1: Quadrilateral Elements (cont.)

Lagrangian Elements:

Order n element has (n+17)2 nodes arranged in square-
symmetric pattern — requires internal nodes.

Shape functions are products of nth order polynomials
in each direction. (“biquadratic”, “bicubic’, ...)
Bilinear quad is a Lagrangian element of order n = 1.

Implementation of FEA: 13-
Other Elements

4.1: Quadrilateral Elements (cont.)

Lagrangian Shape Functions:
Uses a procedure that automatically satisfies the

Kronecker delta property for shape functions.

Consider 1D example of 6 points; want function = 1 at& =03
and function = 0 at other designated points:

ézn =-1
&=-75
fz =-2
(& 528

i !
§4 =.6;
& =1

Implementation of FEA: (35) (5) = (5 — 50)(§ = )(5 — 52)(5 — 54)(5 — 65) .
Other Elements ' (53 - fo)(é - 51 )(53 _52)(53 _54)(53 - ‘fs) -14-




4.1: Quadrilateral Elements (cont.)

Lagrangian Shape Functions:

Can perform this for any number of points at any

designated locations.

LM (&)= (E-8)(&E=&)1(£-&)(E=S)

(51( _50)(§k _51)'”(‘; _51{71)(5,( &)

No &-¢, term!

Implementation of FEA:
Other Elements

_r(6-4)
nz)_H(fk_gi).

i=0
i#k

Lagrange
polynomial
of order m
at node k

-15-

4.1: Quadrilateral Elements (cont.)

Lagrangian Shape Functions:

Use this procedure in two directions at each node:

 CRTENTIE CR Vé”(n)=(

(77_772)(77_7710)(77_7714)

s _772)(77(7 _7710)(776 _7714)

o (g)= EZENE=E)E=8) ., W (&) =H (7 (1),

(56 _55)(56 _57)(4:6 _fs)

Implementation of FEA:
Other Elements

-16-




4.1: Quadrilateral Elements (cont.)

Notes on Lagrangian Elements:

Once shape functions have been identified, there are no
procedural differences in the formulation of higher order
quadrilateral elements and the bilinear quad.

Pascal’s triangle for the Lagrangian quadrilateral elements:

\
I\ .',r' \_\\.

\ / D
t.-' \ ,.-‘

¢
NS

P S N

Implementation of FEA: 3x3 nxn -17-

Other Elements

4.1: Quadrilateral Elements (cont.)

Serendipity Elements:
In general, only boundary nodes — avoids internal ones.

Not as accurate as Lagrangian elements.

However, more efficient than Lagrangian elements and
avoids certain types of instabilities.

Implementation of FEA: -18-
Other Elements




4.1: Quadrilateral Elements (cont.)

Serendipity Shape Functions:
Shape functions for mid-side nodes are products of an
nth order polynomial parallel to side and a linear function
perpendicular to the side.
E.g., quadratic serendipity element:

Implementation of FEA:

- 19_
Other Elements

4.1: Quadrilateral Elements (cont.)

Shape functions for corner nodes are modifications of

the shape functions of the bilinear quad.
Step #1: start with appropriate bilinear quad shape function, ]ffl .

Step #2: subtract out mid-side shape function N5 with appropriate
weight N, (node #5) =1
Step #3: repeat Step #2 using mid-side shape function Ng and weight 1\7, (node #8) =]

7

oo N, =41+ £ £)(Lena) (¢ +n -1k =123.4.




4.1: Quadrilateral Elements (cont.)

Notes on Serendipity Elements:

Once shape functions have been identified, there are no
procedural differences in the formulation of higher order
quadrilateral elements and the bilinear quad.

Pascal’s triangle for the serendipity quadrilateral elements:
A /A
Y A YR/ \
A AVA 4 /% ¥\
VAT (R
/N

Implementation of FEA: 21-
Other Elements 3x3 mxm

4.1: Quadrilateral Elements (cont.)

Zero-Energy Modes (Mechanisms; Kinematic Modes) —

Instabilities for an element (or group of elements) that
produce deformation without any strain energy.

Typically caused by using an inappropriately low order of
Gauss quadrature.

— © If present, will dominate the deformation pattern.

Can occur for all 2D elements except the CST.

Implementation of FEA: -22-
Other Elements




4.1: Quadrilateral Elements (cont.)

Zero-Energy Modes —
Deformation modes for a bilinear quad:

[ 7w

#1, #2, #3 = rigid body modes; can be eliminated by proper constraints.
#4, #5, #6 = constant strain modes; always have nonzero strain energy.
#7, #8 = bending modes; produce zero strain at origin.

Implementation of FEA: -23-
Other Elements

4.1: Quadrilateral Elements (cont.)

Zero-Energy Modes —
Mesh instability for bilinear quads using order 1 quadrature:

l EE G

“Hourglass modes”

Implementation of FEA: -24-
Other Elements

12



4.1: Quadrilateral Elements (cont.)

Zero-Energy Modes —
Element instability for quadratic quadrilaterals using 2x2
Gauss quadrature:

Wit

4
L '.I [ ]
= _"1| ot
] | L]
b
E';_:h‘.- or nine-node elements Nine-node element anly Nine-node element only Eight- and nine-node elements
“Hourglass modes”
Implementation of FEA: 25-

Other Elements

4.1: Quadrilateral Elements (cont.)

Zero-Energy Modes —

How can you prevent this?
Use higher order Gauss quadrature in formulation.
Can artificially “stiffen” zero-energy modes via penalty functions.
Avoid elements with known instabilities!

Implementation of FEA: -26-
Other Elements

13



Section 4. Implementation of Finite Element
Analysis — Other Elements

1. Quadrilateral Elements
2. |soparametric Elements
3. Higher Order Triangular Elements

Note: any type of geometry can be used for isoparametric elements;
we will only look at quadrilateral elements.

Implementation of FEA: 1-
Other Elements

Section 4.2: Isoparametric Elements

For various reasons, need elements that do not “fit’ the
standard geometry.

Curved boundaries Transition regions

Implementation of FEA: -
Other Elements




4.2: Isoparametric Elements (cont.)

Problem: How do you map a general quadrilateral onto
the normalized geometry?

(x.y)=F(&n) = (En)=F'(x,y); F=?

Implementation of FEA: -3-
Other Elements

4.2: Isoparametric Elements (cont.)

Idea: Approximate the mapping using “shape functions”.

x =N (&7)x + Ny (E,7)x, + Ny (&,7) %+ +N, (£,7) x,;
y=N{(&n)y + Ny (En)y, + NS (&) s +--+N, (&.17) ¥,

Require N, (5,77) to have Kronecker delta property.

N; (£,7) not required to be the actual shape functions of
the element; n can be as large or as small as you want.

Implementation of FEA: 4-
Other Elements




4.2: Isoparametric Elements (cont.)

Approximate “serendipity element” shown using bilinear
quad shape functions and approximation points at corners
(:3y3) “1,1) (1,1)

-1-1) (1-1)

1
4
Implementation of FEA: +%(1+§)(1+77)x3 +%(1_§)(1+77)x4' 5

Other Elements

4.2: Isoparametric Elements (cont.)

For an isoparametric element, the number of approximation
points equals the actual number of nodes for the element;
also, the approximation functions are the actual shape
functions for the element:

x=N, (faﬂ)xl +N2(§,77)x2 +N3(§,77)x3 +”.+Nn(é:777)xn;
y=N (&) + N, (€m) 3, + Ny (&) ys -+ N, (&) 3,5
u(xvy) = Nl (5777)“1 +N2 (5977)“2 +N3 (5:77)”3 +"'+Nn (5977)””,

I v(x9y):Nl (5’77)"1 +N2(§=77)V2 +N3(§°77)V3 +-+N, (§,T7)Vn;

If # of approx. pts. > # of nodes, element is called
superparametric; if # of approx. pts. < # of nodes,
element is called subparametric.

Implementation of FEA: -6-
Other Elements




4.2: Isoparametric Elements (cont.)

Formulating an Isoparametric Element:
Recall the formulation of “standard” bilinear quad:

11 (.1

(xedyd) (x3.¥3)

? ) B 55N
B &xdy b &
(xly1) 2a (x2¥2) -1-1)
| ’c‘lx d 7s G
dA=dxdy=| = de || Lay |=ab*dédn = [aa= [ [ ab*dagan.
d§ d’] area n=-1&=-1

kl=h* b*FI o BT cliBladzd How does this work for an
~[k]=k*a -[ -[[ I [C][B]dsdn. isoparametric element?

p=-1£=1
_7_

Implementation of FEA:
Other Elements

4.2: Isoparametric Elements (cont.)

Formulating an Isoparametric Element:
Calculating the [B] matrix (assume isoparametric bilinear

quad element):

&0 N(en) 0 N(&m) o
[B(X)J{? ]{ 5 wen 0" wem 0 wem " w0

Need to apply the chain rule!

Implementation of FEA:
Other Elements




4.2: Isoparametric Elements (cont.)

Formulating an Isoparametric Element:
Chain rule: compute inverse rule first —

ON, _ON, ox 8N Oy ON, _ON, ox 8N oy
o0& ox 8§ oy 0&’ on  oOx 877 ﬁy on

Using the approximate mapping:

c 0x HON, .ﬁ: i
X—lZ:l:Ni(én)x 3%—;%(5 n)x;; ) (&.1)x..

o 0 " ON. 0 - ON,
Similarly, —yzz—l(f,ﬂ)y,-;a—yzz—’(fﬂ)yf
noIon

o5 T 05

Implementation of FEA: -9-
Other Elements

4.2: Isoparametric Elements (cont.)

Formulating an Isoparametric Element:
Put all of this together —
ON, a_x 8_)/ ON,;
o& o0& 0| ox

ON, ox Oy || ON,
on | on on |\ Oy

S Reieyy 22 n)y-_ 2

=] aég i=1 68 ox
e, " oN, |

Implementation of FEA: 1 he Jacobian matrix [J] of the mapping. -10-
Other Elements




4.2: Isoparametric Elements (cont.)

Formulating an Isoparametric Element:
Can now compute the regular chain rule —

oN, N, oN, oN,
o¢ Ox ox L) o8&
=|J = =|J .
ON, [ ] aﬂ % [ ] ON;
on Oy y on

n

2 ON, ON.,
a4 & T
—Za—i(ﬁ,ﬂ)x[ Za_é;(é’n)x" “Jacobian” of
= O = the mapping

Implementation of FEA:

- 1 1 -
Other Elements

4.2: Isoparametric Elements (cont.)

Formulating an Isoparametric Element:

J is a (nonconstant) scaling factor that relates area in
original geometry to area in normalized geometry; can
show that dxdy =J *d&dn.

For a well-defined mapping, J must have same sign at
all points in normalized geometry.

Large variations in J imply highly distorted mappings —
leads to badly formed elements.

Implementation of FEA:

- 12,
Other Elements




4.2: Isoparametric Elements (cont.)

Formulating an Isoparametric Element:
Calculating the [B] matrix:  (0)=[N(x)](d)=(¢)=| &, |=[B(x)](a);

Vi
1 oo ol=|l= F 52 0 5% 0 7 0 7 0 |(d,
allal (g [0] Noog M g Mg N gy
=0 0 0 1 >l o2 on —| on on an an 2
£ |9 &2 1 & &h (a3 i AT I
01 1 oll™ E [0] [J] E 0 3E 0 3E 0 B 0 F
o || 2 || 2 0 M g M g M g Mg
Gy oy on an on an on an 8
0 5 0 ¢ 0 5 0
0 o 0 o 0 7 0
= 0 F 0 F 0 F
on 0 o 0 on 0 o
Implementation of FEA: 13-

Other Elements

4.2: Isoparametric Elements (cont.)

K]k j éj [

Calculating the element stiffness matrix:

=1 ¢=1

U
k]=h* BT [ClIB1*J Yd&dn. area scaling factor —
[ ] j[ ] [ ][ ] cdn polynomial function of (&,1)

n=-1£=-1

Note: [B] is proportional to J-':

(B]- [polynomials functions of (5,77)]
) (&)

new polynomials functions of (5,77)}

dé&dn.
n=—1&=-1 J(f,?]) g 77

In general, you are integrating ratios of polynomial functions, which typically
don’t have exact integrals = use Gauss quadrature to evaluate!

Implementation of FEA: -14-
Other Elements




4.2: Isoparametric Elements (cont.)

Calculating the element nodal forces:

(0)=[[Nx)T (b(x))dmAj [N(x)] (¢(x))dd ="

v,

Body force contribution: What do you do with this?

JINWT () =+ T T [N (oo s(enazan
Surface traction contribution:

JINT (t)aa= 3 v [ [N 20w | CESSN T

all edges edge#hk

What do you do with these?

Implementation of FEA: -15-
Other Elements

4.2: Isoparametric Elements (cont.)

Converting body force and surface tractions:

Idea #0: If body force = constant and/or surface traction on
edge #k = constant, do nothing!

Idea #1: Use the isoparametric mapping to modify force functions:

x=;leNf(i,n)xi,yzilN,-(f,ﬂ)yi3(b( )= [[ZN En)x ZN En)y D
"(b(g.m))"
j[N "(b(x))ar = h*j j[N(gn ( ))*J(f,n)dfdn.

Idea #2. Make an |sopararnnetr|c approximation for the forces:
(b(x.2)) = 2N, (6:n)*(b(x..7,))
JINT (o) =n+ | {ZN(M *NG)] (o(s.) ().

Implementatlon of FEA: -16-
Other Elements




4.2: Isoparametric Elements (cont.)

Converting df on edge #k:

Edge #k e
ag

e+l 5 ok

ﬂl_-

4

In general:

dt= (dx)z +(dy)2; dx:afxdcf-i-gdn and dy:afydg.q.gdn.

o¢ on o0& on

On the given edge #k,dn =0

~ g 2 al 2 ~ n % ~ 2 n % ~ 2
e _dg\/[aélw +[65Lge#k _dg\/[; ¢ “’”‘Uxfj +[; % (5”7—1)”) '

Implementation of FEA: L(¢) 173
Other Elements

4.2: Isoparametric Elements (cont.)

Thus, the contribution from surface tractions on edge #k is:

h* I [N(§777)edgeﬂlx :|T (t(x’y)edgc#k )dfedgd“ Idea #1!

edgettk

=h *jl[N(f,ry =17 t[iN,.(é,n = 1)x,.,2]N,.(§,77 = 1)y,.] *L(£)dE.

i=1

Note: N,(£,7=1)=0unless i =korj=k+1!

Implementation of FEA: -18-
Other Elements




4.2: Isoparametric Elements (cont.)

Example: Formulating an Isoparametric Bilinear Quad —

|'Il1\

Eg, [P

(4, 3)

b 4

Given: 4-node plane stress element has E = 30,000 ksi, v=0.25, h =
0.50 in, no body force, and surface traction shown.

Required: Find [k] and (f). Use 2 x 2 Gauss quadrature for [k].

Implementation of FEA: -19-
Other Elements

4.2: Isoparametric Elements (cont.)

Solution:

Isoparametric mapping:

=3(1=8)(1=n)x +5(1+ &) (1=1)x, + 3(1+ &) (1+7)x +5(1- &) (1+77)x,
=5(1=8)(1-n)*4+4(1+&)(1-n7)*8+3(1+ &) (1+7)* 11+ (1-&)(1+7)*2
=L AR
y=1(1=8)(A-n)*3+5(1+5)(1-n)*4+1(1+&)(1+7)*10+5(1-£)(1+7)*8
B+il+in+iém
Jacobian matrix and Jacobian:

(A0}
o o 13,5 341
1= o |Fliris nered=deli]=siein
Ox Oy | [§+56 G+iS
on oOn
Implementation of FEA: -20-

Other Elements

10



4.2: Isoparametric Elements (cont.)

Solution:
[B] matrix:

n o, n o,
1000 v, o ~ % ~
1 g g o |1opg M o9 M g Mo
[B]=7 000 1 imon b Sedt on on an on
J 9 o a2 22 oo 2 o Zn
0 1 1 0 ]u]"‘ Zlcfv, o¢ ¢ ¢ 0
= ¥ N, &N N &N,
sy oawav, |0 & 0 F 0 Z 0
0 0 _r i, ZT;-‘, on 1 n 4
i=1 971 i=1 ¢
1,1 3.1 1.1 1.1 1.1 1.1
1 0 0 03 +4 ° O Nl 0 g 0 g 0 g 0
1 5, 13,5 1. 1e 1 1e 1.1 1 _1g
- 8 0 0 0 1/7#+% a7 ° L | e L S s L
R D R I IR s A s A = ¢
_15e 13,5, 1,1 1l 11e 11
0 0 b3 sy 0 e 0 T3 0 e o yaot
1 —446m-2& 0 7-5n+2& 0 415p-¢ 0 —7-6n+& 0
S————— 0 —6-37+9¢ 0 ~7-27-9¢ 0 6+27+4& 0 T43n-4¢
TO— & +271 | 637495 —4s6n-28 —1-279-9F T-Sn42E  6+2n+4E  A4Sy-E  THdn—4E —T-6m+E
Implementation of FEA: 21-
Other Elements
2: 1 c El
.
4.2: Isoparametric Elements (cont.)
Solution:
[k] matrix:
32000 8000 0
[C]= 8000 32000 0 ksi;
0 0 12000
11 7
— g %
[k]=(05in) [ [[B] [C][B]*Jdcdn
-1-1
11 3].25*(236—2761}—196§+315711—354n§+275.§2) - 31.25*(70+231117203;+907;1723m:+4352)
_ 8 . . :
_.“.707&27:1 ’ 5 5 dgdn
t o sym 3].25*(539+588r/7490§+18077‘7228V§+13l;*)
[K(zn)]
_22,

Implementation of FEA:
Other Elements

11



4.2: Isoparametric Elements (cont.)

Solution: E=El=—0.5773..  E=E2=+0.5773..
2 x 2 Gauss quadrature: ._-.osm. '

W,=W,=1i,j=12.

1

i
N ST R 55T L

(k1= 33, *[1(& = gun=n,)]= [ (~5=) Jo [ (=.35) ] [ () ] [ (-

=1 =1

7028.9 --- 1260.6
~[k]= : : kips/in.
1260.6 --- 8489.9

7136.6 --- 12639
Note: [k] { P ]kips/in.

Implementation of FEA: 12639 ... 8499.0 223-
Other Elements

4.2: Isoparametric Elements (cont.)
Solution:

Element nodal forces:
Implementation of FEA: -24-

Other Elements

12



Finite Element Modeling and
Analysis

CE 595: Course Part 2
Amit H. Varma

Discussion of planar elements

» Constant Strain Triangle (CST) - easiest and simplest finite
element
+ Displacement field in terms of generalized coordinates
u=p,+fox+ By
v=f,+ Bex + fsy

(3.2-1)

+ Resulting strain field is

e=p &=f tu.=Bths (3.2-2}

+ Strains do not vary within the element. Hence, the name
constant strain triangle (CST)

= Other elements are not so lucky.

= Can also be called linear triangle because displacement field is
linear in x and y - sides remain straight.

1/18/2008



Constant Strain Triangle

* The strain field from the shape functions looks like:

& | Y 0 ¥y 0
E,‘_u = a 0 35 0 X3 0
Yo X Yuo X Yuo Xn

0
ity
X
U
Nz

(3.2-3)

+ Where, x; and y; are nodal coordinates (i=1, 2, 3)

¢ X = X - x and y=y; - Y,

+ 2Ais twice the area of the triangle, 2A = Xy4Y31-X31Y21

* Node numbering is arbitrary except that the sequence 123
must go clockwise around the element if A is to be positive.

Constant Strain Triangle

- Stiffness matrix for element k =BTEB tA

« The CST gives good results in regions of the FE model
where there is little strain gradient

+ Otherwise it does not work well.

v

e Seresa— P

T PN . N H N . NS S NI 3

s

Ty

|
nnnn 4
oo

(a)

(b}

Fig. 3.2-2. (a) Stress g, along the x axis in a beam modeled by CSTs and loaded in pure

bending. (b) Deformation of the lower-left CST in the model.

If you use CST to
model bending.

See the stress
along the x-axis - it
should be zero.
The predictions of

deflection and
stress are poor

Spurious shear
stress when bent

Mesh refinement
will help.

1/18/2008
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Linear Strain Triangle

« Changes the shape functions and results in quadratic
displacement distributions and linear strain distributions

within the element.

=B, + Bux+ By + P + Poxy + By
’”zﬁf+ﬁ8”‘+ﬁﬂy"‘ﬁmf + By + By’

(3.3-1) 4

&=F+20x+ Py
&=fy+ Bix+20,y (3.3-2)
Yo = (Bs+ By) + (Bs + 2B,0)x + (255 + B,y

Linear Strain Triangle

vz
u2

(b) (e}

Fig. 3.3-1. (a) A linear strain triangle and its six nodal d.o.f. (b) Displacement mode associated
with nodal d.o.f. v,. (¢) Displacement mode associated with nodal d.o.f. vy, (For visualization only,
imagine that displacement occurs normal to the plane of the element.) (b and c reprinted from [2.2)

by permission of John Wiley & Sons, Inc.)

+ Will this element work better for the problem?




Example Problem

+ Consider the problem we were looking at:

1k
L I1k
' 5in. ' 4

0.1in.

I=0.1x1*/12=0.008333 in*

_ Mxc _ 1x0.5 — 60 ksi
I 0.008333

e=220.00207
E

2
_ML _ 25 =0.0517 in.
2EI 2x29000 % 0.008333

Bilinear Quadratic

* The Q4 element is a quadrilateral element that has four
nodes. In terms of generalized coordinates, its displacement

field is:
w=f,+ fx+ By + By s X
v =P+ Pex + By + foxy [DEEPHREEN D —
vy vy
ug |4 3| uy _'F
b
£x=ﬁ2+ﬁ-ﬂ" *
£ =0+ fx (3.4-2) !
“" "
rr_\’z(ﬁl"'ﬁs}"'ﬂﬂ'i'ﬁg)' ! 2] "2 i
Uy u

1/18/2008



Bilinear Quadratic

« Shape functions and strain-displacement matrix

N _la-x)b-y) _latx)b-y)
! 4ab : 4ab

r. 2 @ DB+) _@=)b+y) G435
T 4ab dab

. e

Fig. 3.4-3. Shape function N, of the bilinear quadri-
lateral. (For visualization only, imaging that dis-
placement occurs normal to the xy plane.)

3 | [ “1 ..
g = yry 0 —(a=x) 0 —(a+x) - - (3.4-4)
Yo Cl-@-0 -b-y -(a+x) G-y -

0 (b-¥) 0

Bilinear Quadratic

* The element stiffness matrix is obtained the same way

* A big challenge with this element is that the displacement
field has a bilinear approximation, which means that the
strains vary linearly in the two directions. But, the linear
variation does not change along the length of the element.

Y,V
\LLLLLLLLLI £y
A X, u
gy
8)( 8)(

£=p+ By
£.=f+ Byx
Yo = (By + Bg) + Box + By

g, varies with y but not with x
g, varies with x but not with y

1/18/2008



Bilinear Quadratic

* S0, this element will struggle to model the behavior of a
beam with moment varying along the length.
+ Inspite of the fact that it has linearly varying strains - it will
struggle to model when M varies along the length.
* Another big challenge with this element is that the
displacement functions force the edges to remain straight -
no curving during deformation.

e
=1 )" (/ B \*)

(a) () )

Fig. 3.4-2. (a) A one-element cantilever beam under transverse tip loading. (b) Correct deforma-
tion mode of a rectangular block in pure bending. (c) Deformation mode of the bilinear quadrilat-
eral under bending load.

P

Bilinear Quadratic

* The sides of the element remain straight - as a result the
angle between the sides changes.
+ Even for the case of pure bending, the element will develop a

change in angle between the sides - which corresponds to the
development of a spurious shear stress.

+ The Q4 element will resist even pure bending by developing
both normal and shear stresses. This makes it too stiff in
bending.

* The element converges properly with mesh refinement and
in most problems works better than the CST element.

1/18/2008



Example Problem

+ Consider the problem we were looking at:

0.1k

0.1k I

T . 1 H
Sin. 0.1in.

1=0.1x1°/12=0.008333in"
_ M xc B 1x0.5

=———=060ksi
1 0.008333

o

e=—=0.00207

SIS

_PL 0.2x125

== = =0.0345in.
3EI  3x29000%0.008333

Quadratic Quadrilateral Element

+ The 8 noded quadratic quadrilateral element uses quadratic
functions for the displacements

=By + Py + Boy + Bu + Boxy + Py + oy + By’

; i (3.5-1)
U=+ Biox+ By + B + By + By + Bisy + ey

(a) b} {c)

Fig. 3.5-1. (a) A quadratic quadrilateral. (b,c) Shape functions N, and N, . (For visualization only,
imagine that displacement occurs normal to the xy plane.)

1/18/2008
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Quadratic Quadrilateral Element

+ Shape function examples:

u=2N, i, U=ZN‘ v, (3.5-2)

where index i runs from 1 to 8, which explains the “8" in the name Q8. As examples, two
pf the eight shape functions are

Ny =348 A== £(1-E) (1-m =10+ EH A -n*)

(3.5-3)
Ny=+(1+&)(1-n%)

« Strain distribution within the element

.= Py + 2B + By + 2oy + P’
&= Py + Biax + 2Py + Bisx® + 2B 68y (3.5-4)

Yo = By + Bio) + (Bs + 2B,20x + (285 + By
+ o + 2(fg + fishay + Bigy?

Quadratic Quadrilateral Element

* Should we try to use this element to solve our problem?

* Or try fixing the Q4 element for our purposes.
¢+ Hmm... tough choice.




Improved Bilinear Quadratic (Q6)

* The principal defect of the Q4 element is its overstiffness in
bending.
+ For the situation shown below, you can use the strain
displacement relations, stress-strain relations, and stress

resultant equation to determine the relationship between M,
and M,

y
4 3
My o1 o M; 2
{ ' ' x M= 1 +1(") M
1+v|l1-v 2\b
1 2
f——

a

+ M, increases infinitely as the element aspect ratio (a/b)
becomes larger. This phenomenon is known as locking.

¢ Itis recommended to not use the Q4 element with too large
aspect ratios - as it will have infinite stiffness

Improved bilinear quadratic (Q6)

* One approach is to fix the problem by making a simple
modification, which results in an element referred
sometimes as a Q6 element

+ |ts displacement functions for u and v contain six shape
functions instead of four.

4
u=Y Nou + (1-E8 + (1-1)gs

= (3.6-2)
v=Y N, + (1= + (-1)gs

+ The displacement field is augmented by modes that describe
the state of constant curvature.

+ Consider the modes associated with degrees of freedom g,
and g;.

1/18/2008
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Improved Bilinear Quadratic

v » These corrections allow the elements
[ to curve between the nodes and
a 3 . . .
| i model bending with x or y axis as the
52 —»f - .
? I~ o i . neutral axis.
! 2 . .
T _ * In pure bending the shear stress in
| ¥ the element will be
[T 3
= N, = AN, 2y 2x
Qe = —Lu — Iy - = -
) Yo g@“'Jr;ax”‘ 6 - e
L_-X__ 2
l * The negative terms balance out the
@ positive terms.
Fig. 3.6-2. (a) Displacement modes u = (1 - 7°)g, and v = (1 - &)g; in the Q6 element.

+ The error in the shear strain is
minimized.

Improved Bilinear Quadratic

+ The additional degrees of freedom g, - g, are condensed
out before the element stiffness matrix is developed. Static
condensation is one of the ways.

* The element can model pure bending exactly, if it is
rectangular in shape.

+ This element has become very popular and in many
softwares, they don’t even tell you that the Q4 element is
actually a modified (or tweaked) Q4 element that will work
better.

+ Important to note that g,-g, are internal degrees of freedom
and unlike nodal d.o.f. they are not connected to to other
elements.

+ Modes associated with d.o.f. g; are incompatible or non-
conforming.

10



Improved bilinear quadratic

* Under some loading, on
overlap or gap may be P—

present between elements F [r R i
a6 J Q4
Not all but some loading \ / \ /

g . . N =~ L] L
conditions this will happen. | ~-__r~.\ Pt T
This is different from the @ as
original Q4 element and is a / i ! \
violation of physical e F
continuum laws. Elements approach a statg

Of cons

Then why is it acceptable?

& 5
feE@ +¢a0mNm HA @F00 © ®O

wosse [T 3] 000 [rommra MR ST by ooe 3] weapw R@QO ]

No numbers!

1/18/2008
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v ] 00 [remeres

Y Viewpest 1

OO0 Mematwagrtranvamalyy. $I/ANIGUVDE_bending sdb =) 0 361 | ] viemport 2

Discontinuity!

o bosel Vingper Yiew  Bews Brmate  Rgpes

—

HA @000 ©

igh: KYPIA-T

Q6 or Q4 with "

Why is it

incompatible modes::'

ey

é:tepped?

Q8 elements

Note the
discontinuities

Small discontinuities?

1/18/2008
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ODE: Mome/edgeiiavamalpy_535/AbquED4_berding «db

_‘0 Values are too low

CES +¢anRI

oo R0

e
Q6 or Q4 with e TR R TR B
incompatible modeg®|

e -

o |

I [Tl
Distance X coordinase along path Path- 1"

m

Yo e »
Distarce X coordinate along pith Path- 1"

LST elements

W e im Le

i

y Tum
Distance X cotedinate along path Path-1'

R i
W 1w 1M M 4w e
Distance X covedinate akoog path Path-1'

=i X

1/18/2008
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Q6 or Q4 with
incompatible modes

Accurate shear stress?

LST elements

Discontinuities

OOB Mbmabadghbishvamaip_ SI5ABIULT_bénding sdb | O 31| [ veepart 4 ODE: Momeridpiistyamanu_S95ADS/IE_binding ob

Q4 elements

Q8 elements

Some issues!

Model Viewpot View Bmsul Fiot Animals Rggont Opboms oo Pag-ins Help

Lets refine the Q8 model. Quadruple the number
of elements - replace 1 by 4 (keeping the same
aspect ratio but finer mesh).

= Viwport B 00 omabridgiishyionipu SI5/AbULCE_seierd odb

The contours look great!
So, why is it over-predicting??

-S| Jvewpots ocoa

- Fix the boundary conditions to include
additional nodes as shown
Define boundary on the edge!

Q The principal stresses look great

Is there a problem here?

1/18/2008
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Shear stresses look good
But, what is going on at the support

Is my mdplel wrong?

Reading assignment

Section 3.8

Figure 3.10-2 and associated text

Mechanical loads consist of concentrated loads at nodes,
surface tractions, and body forces.

Traction and body forces cannot be applied directly to the FE
model. Nodal loads can be applied.

They must be converted to equivalent nodal loads. Consider
the case of plane stress with translational d.o.f at the nodes.

A surface traction can act on boundaries of the FE mesh. Of

course, it can also be applied to the interior.

1/18/2008
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Equivalent Nodal Loads

« Traction has arbitrary orientation with respect to the
boundary but is usually expressed in terms of the
components normal and tangent to the boundary.

9 q g Fa Fyg
A A
’ /
// ‘% L 8 // & Fa Ljz 1 j’ qa
,f -""‘---;1,: // : {Fe} = E[l 2 'Lt?a}
! | ! 1
¢ I z 1
- i — H
. | .- |
Tme— 4 = ‘_t
(ay (b} (4]
Fig. 3.9-1. (a) Linearly varying distributed load on a linear-displacement edge. (b.c) Work-equiva-
lent nodal loads.

L
Fuj + Fyp =Iu'(q ds) (3.9-1)
(1]

where v’ = (L — s)U)/L + sug/L, for all values of v and u;.|

Principal of equivalent work

« The boundary tractions (and body forces) acting on the
element sides are converted into equivalent nodal loads.

+ The work done by the nodal loads going through the nodal

displacements is equal to the work done by the the tractions (or

body forces) undergoing the side displacements

{a) (b) (3]

Work-equivalent nodal forces,

Fig. 3.9-3. (a) Quadratically varying distributed load on a quadratic-displacement edge. (b.c)

1/18/2008
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Body Forces

* Body force (weight) converted to equivalent nodal loads.

Interesting results for LST and Q8

=

(a)

tangular quadrilateral elements,

Fig. 3.9-5. Work-equivalent nodal forces associated with element weight W, for triangular and rec-

Important Limitation

* These elements have displacement degrees of freedom

only. So what is wrong with the picture below?

-/-——

)/ c 8 A C ] A
[] (]
Beam

p—

(a) ik}

Beam

Is this the way to fix it?

1/18/2008
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Stress Analysis

e Stress tensor

 If you consider two coordinate systems (xyz) and (XYZ) with
the same origin

+ The cosines of the angles between the coordinate axes (x,y,z)
and the axes (X, Y, Z) are as follows

+ Each entry is the cosine of the angle between the coordinate
axes designated at the top of the column and to the left of the
row. (Example, |,=cos 6., |,=cos 0.,)

X y z
X Iy m; n,
Y Iy m, n,
Z Iy m; N,

Stress Analysis

« The direction cosines follow the equations:

+ For the row elements: I2+m2+n2?=1  for 1=1..3
[l,+m m,+n,n,=0
[4l3+m ms+n,n;=0
I5l,+msm,+n3n,=0

+ For the column elements: |,2+|,2+1,2=1

Similarly, sum (m;?)=1 and sum(n;?)=1

[ym,+l,m,+l;m5=0
[iny+1,n,+15n5=0
n,m;+n,m,+n;m;=0

+ The stresses in the coordinates XYZ will be:

1/18/2008
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Stress Analysis

— 2 2
oy =ko, +m, o, tno.+ 2mlnlryz +2nlzr, + ZIlmlz'Xy Equations A

_n 2 2
Oy =Lo +myo,, +ny0, +2myn,7, +2n,h,7, +2lL,m,7,,
_n 2 2
0, =ho, tmio, +njo_ +2mn,T, +2nLT +26m,T,

Ty =Lho +mmyo, +nn,o + (mn, +myn, )7, + (hny + Ln) . + (hm,+ L,m )7,

7y, =hlo, + mmyo,, + mnyo, + (mny+myn )7, + (hny + Ln) 7+ (hmy + Lm,)7,,

7y, =Lho, + msm,o,, + n;n,o_. + (myny+myn,) 7, + (Lny+ Lny)t, + (Lmy+ Lm;) Ty

* Principal stresses are the normal stresses on the principal
planes where the shear stresses become zero

¢ op=c N where c is the magnitude and N is unit
normal to the principal plane
¢ LetN=Ili+mj+nk (direction cosines)

* Projections of op along x, y, z axes are op,=c |, op,=c M,

Gp,=~C N

Stress Analysis

* Force equilibrium requires that:

/ (Gxx'o-) tm Txy +n szzo E ti B
- uations
l 7, +m(o,-0) +no,=0 q
/O-xz tmo,*n (O-zz'o-) =0
* Therefore,
O-KX -O Xy Xz
o c,—0 7, |=0
sz 2-yz o-zz -
[0’ -10"+Lo-1,=0 | Equation C
where,

L=o,+0,+o0,

O, T (o) T O, T
T xy xx Xz »w vzl _ 2 2 2|
L= r o + + . =0,0,,+0,0.+0,0. -7, T, — 1T,
xy W Ty O ¥z z
O Ty Tu
13 =T w vz
Ty Tyz O,

1/18/2008

19



Stress Analysis

* The three roots of the equation are the principal stresses
(3). The three terms |4, |,, and |; are stress invariants.
+ That means, any xyz direction, the stress components will be
different but 14, I,, and |5 will be the same.
¢+ Why? --- Hmm....
+ In terms of principal stresses, the stress invariants are:
;= 0,1t 0,0t 0,3
1,=0p10,5% 0p20p3+ Op10p3 5
I3 = 0p10,20p3
© In case you were wondering, the directions of the principal
stresses are calculated by substituting 6=c,,, and calculating
the corresponding |, m, n using Equations (B).

Stress Analysis

* The stress tensor can be discretized into two parts:

XX Txy Z-XZ Gm 0 O O-XX - O-m Txy TXZ
T, 0, 7.0 o, 0|+ 7, o, —0, T,
T T. O 0 0 o T T o,.—0,

Xz yz zz m Xz yz zz m

o.+to, +0
where, o, =%=§

Stress Tensor = Mean Stress Tensor + Deviatoric Stress Tensor

Original element Volume change Distortion only
- no volume change

o, is referred as the mean stress, or hydostatic pressure, or just pressure (PRESS)

1/18/2008

20



1/18/2008

Stress Analysis

* In terms of principal stresses
o, 0 0 o, 0 0 0,—0, 0 0

P P

0 o, 0|50 o, 09 0 C,,=0, 0
0 o, 0o 0 o, 0 0 0,,—0,
where, o, _Ont 9t 4
B 3 3
m 0 0
> 2
c,—0,—0
.. Deviatoric Stress Tensor = 0 % 0
0 0 20'1,3 -0, -0,

3
.. The stress invariants of deviatoric stress tensor
J=0

2
J, :—é [(O'pl —JPZ)Z + (O'pz —GP3)2 + (0p3 — O'pl)z]: 1, —1—;

J, :[20-171 ~ 0y _UlﬂJ X[2o-p2 — 0= aﬂj X[Zaﬂ “ O _O-PZJ =1 +£+ E

3 3 3 327

Stress Analysis

* The Von-mises stress is 3eJ,
* The Tresca stress is max {(c,1-62), (Gp1-Cp3), (Gp2-Cp3)}

* Why did we obtain this? Why is this important? And what
does it mean?

¢ Hmmm....
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Isoparametric Elements and Solution

+ Biggest breakthrough in the implementation of the finite
element method is the development of an isoparametric
element with capabilities to model structure (problem)
geometries of any shape and size.

* The whole idea works on mapping.
¢ The element in the real structure is mapped to an ‘imaginary’
element in an ideal coordinate system
+ The solution to the stress analysis problem is easy and known
for the ‘imaginary’ element
+ These solutions are mapped back to the element in the real
structure.

+ All the loads and boundary conditions are also mapped from
the real to the ‘imaginary’ element in this approach

Isoparametric Element

(X4, Va)

1/18/2008
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Isoparametric element

« The mapping functions are quite simple:

x| [N, N, N, N,
y'lo 0o o0 o0

1

N, ==&
Nz=%a+§)(1—n)

Ny= 4§+ )

No= =5+

0 0 0 O0|x,
N, N, N; N/ »

Vs
Basically, the x and y coordinates of any point
in the element are interpolations of the nodal
(corner) coordinates.

From the Q4 element, the bilinear shape
functions are borrowed to be used as the
interpolation functions. They readily satisfy the
boundary values too.

Isoparametric element

* Nodal shape functions for displacements

ul [N, N, Ny N,
v lo 0 0 o0

1

N,= -9
No= A+ &)=
Ny= A+
No=5 =90+

0 0 0 0]lu,
N, N, N, N,y

1/18/2008
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« The displacement strain relationships:

ar L & u On
E=—=—@0—+ —0—
X KX On X
d_d KD
oY GE Y On o
£ X
L) a lo o x 7
& (= o = a oy |®
&y Q+Q & o &K
o A X X X
But, it is too difficult to oblainﬁand @
X X

PR

R[>

Isoparametric Element

Hence we will do it another way

G5 X G ¥ o

ae_cu X | X
an X on o I
a1 X 5’1 i
Z\_|o | )ax
Izl X oY 21
o) Lon onl lor
1t is easier to obtain g and g
a &
X X
J= gf( gé =Jacobian
an on

defines coordinate transformation

5

an

k[

[
M

ot

SR

2

2 R
X~

~

2
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|Isoparametric Element

f= A
x e ey

where J, and J, are coefficients in the first row of
[ J]fl The remaining strains

& and ¢, are
and@ =y N, ” and A _ > N, u computed similarly

& "X n " on”

The element stiffness matrix

(k1= 18T [EY[BYaY = | [[8Y [E1[B] ¢l d¢ an

—1-1

dX dY=|J| dédn

Gauss Quadrature

The mapping approach requires us to be able to evaluate
the integrations within the domain (-1...1) of the functions
shown.

Integration can be done analytically by using closed-form
formulas from a table of integrals (Nah..)

+ Or numerical integration can be performed
Gauss quadrature is the more common form of numerical

integration - better suited for numerical analysis and finite
element method.

It evaluated the integral of a function as a sum of a finite
number of terms

I= j¢ dé becomes I = Zn:ngﬁi
i=l

-1
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Gauss Quadrature

* W, is the ‘weight’ and ¢, is the value of f(&=i)

1
Im d ] &
AL ) 1=20) ;

-1 0 1 -1 0 [

5 8 5
f-gt’l*g’z*a‘@a

f=oy+o2 4

2 3
S —
- |-<—!:—r—-ﬂ—b~>} I

g

Fig. 4.5-1. Integration of a function ¢ = ¢(&) in one dimension by Gauss quadrature of
orders 1, 2, and 3. Gauss points are numbered.

Gauss Quadrature

« If $=9(&) is a polynomial function, then n-point Gauss

quadrature yields the exact integral if ¢ is of degree 2n-1 or

less.

*

*

rule
And soon...

Use of an excessive number of points (more than that
required) still yields the exact result

+ If ¢ is not a polynomial, Gauss quadrature yields an
approximate result.

+ Accuracy improves as more Gauss points are used.

*

*

+ Convergence toward the exact result may not be monotonic

The form ¢=c,+c,¢ is integrated exactly by the one point rule
The form ¢=c,+c,E+C,E? is integrated exactly by the two point

1/18/2008
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Gauss Quadrature

* In two dimensions, integration is over a quadrilateral and a

Gauss rule of order n uses n? points

.f=”¢-{§. 1) d& dr =iiw§ W 95, 1))

(4.5-2)

* Where, W,W; is the product of one-dimensional weights.

Usually m=n.
¢ Ifm=n=1, ¢is evaluated at & and n=0 and 1=4¢,
+ For Gauss rule of order 2 - need 22=4 points
+ For Gauss rule of order 3 - need 32=9 points

Gauss Quadrature

(a) b}

Fig. 4.5-2. Gauss point locations for integration of a function ¢ = ¢(£, n) in two di-
mensions, using orders 2 and 3. (Reprinted from [2.2] by permission of John Wiley
& Sons, Inc.)

I~¢+ ¢+ ¢+ 9, for rule of order =2

25 40 64
I~§(¢l+¢3+¢7+¢9)+§(¢2+¢4+¢6+¢8)+§¢5

1/18/2008

27



Number of Integration Points

« All the isoparametric solid elements are integrated numerically. Two
schemes are offered: “full” integration and “reduced” integration.

*

For the second-order elements Gauss integration is always used
because it is efficient and it is especially suited to the polynomial
product interpolations used in these elements.

For the first-order elements the single-point reduced-integration
scheme is based on the “uniform strain formulation”: the strains are
not obtained at the first-order Gauss point but are obtained as the
(analytically calculated) average strain over the element volume.
The uniform strain method, first published by Flanagan and
Belytschko (1981), ensures that the first-order reduced-integration
elements pass the patch test and attain the accuracy when elements
are skewed.

Alternatively, the “centroidal strain formulation,” which uses 1-point
Gauss integration to obtain the strains at the element center, is also
available for the 8-node brick elements in ABAQUS/Explicit for
improved computational efficiency.

Number of Integration Points

* The differences between the uniform strain formulation and the

follows:

For the 8-node brick elements the interpolation function given above can be rewritten as
1=N [W— i‘l,i']llf sum on 1.

[The isoparametric shape functions V' can be written as

Nlig b r)= és' Jq,\{vlh,\{,%, A\j+%m T vllq, r._’,+_13;,nr,’:+%qmr_{.

4 4 2

TS PR T DR S |
AL 4L —1,-1,+1,+1. 1]
S=1 41,41, =1, =1, 41, +1],
S (RN TS DS DR IS R
AL =1, =1, =1, =141, +1],
—1—1,41,-1,+1,41,-1],
c—L4+1, =1, 41, =141, 1],
L =1, 41,41, 1,41, 1],

land the superscript I denotes the node of the element. The last four vectors, Ti (n has a range of four), are the hourglass base
\vectors, which are the deformation modes associated with no energy in the 1-point integration element but resulting in a nonconstant|
" . +
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Number of Integration Points

n the uniform strain formulation the gradient matrix B’ is defined by integrating over the element as
i 1 vl e
B, = — [ Ni(g h,r)dVe,
Ver NATAR

N (g hor) = i’%r
where 1%/ is the element volume and i has a range of three.

n the centroidal strain formulation the gradient matrix B/ is simply given as
B! = N/(0,0.0).

which has the following antisymmetric property:

B! = -5,
B = —B?.
B? = - B,
B} = —BF.

t can be seen from the above that the centroidal strain formulation reduces the amount of effort required to compu!

Number of integration points

* Numerical integration is simpler than analytical, but it is not
exact. [k] is only approximately integrated regardless of the
number of integration points

+ Should we use fewer integration points for quick computation

+ Or more integration points to improve the accuracy of
calculations.

¢ Hmm....

1/18/2008
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Reduced Integration

A FE model is usually inexact, and usually it errs by being too stiff.
Overstiffness is usually made worse by using more Gauss points to
integrate element stiffness matrices because additional points capture
more higher order terms in [k]
These terms resist some deformation modes that lower order tems do
not and therefore act to stiffen an element.
On the other hand, use of too few Gauss points produces an even worse
situation known as: instability, spurious singular mode, mechanics, zero-
energy, or hourglass mode.
+ Instability occurs if one of more deformation modes happen to
display zero strain at all Gauss points.
+ |If Gauss points sense no strain under a certain deformation mode,
the resulting [k] will have no resistance to that deformation mode.

Reduced Integration

Reduced integration usually means that an integration scheme one
order less than the full scheme is used to integrate the element's internal
forces and stiffness.

+ Superficially this appears to be a poor approximation, but it has
proved to offer significant advantages.

+ For second-order elements in which the isoparametric coordinate
lines remain orthogonal in the physical space, the reduced-
integration points have the Barlow point property (Barlow, 1976): the
strains are calculated from the interpolation functions with higher
accuracy at these points than anywhere else in the element.

+ For first-order elements the uniform strain method yields the exact
average strain over the element volume. Not only is this important
with respect to the values available for output, it is also significant
when the constitutive model is nonlinear, since the strains passed
into the constitutive routines are a better representation of the actual
strains.

1/18/2008
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Reduced Integration

Reduced integration decreases the number of constraints introduced by
an element when there are internal constraints in the continuum theory
being modeled, such as incompressibility, or the Kirchhoff transverse
shear constraints if solid elements are used to analyze bending
problems.

In such applications fully integrated elements will “lock™—they will exhibit
response that is orders of magnitude too stiff, so the results they provide
are quite unusable. The reduced-integration version of the same
element will often work well in such cases.

Reduced integration lowers the cost of forming an element. The
deficiency of reduced integration is that the element stiffness matrix will
be rank deficient.

This most commonly exhibits itself in the appearance of singular modes
(“hourglass modes”) in the response. These are nonphysical response
modes that can grow in an unbounded way unless they are controlled.

Reduced Integration

The reduced-integration second-order serendipity interpolation elements
in two dimensions—the 8-node quadrilaterals—have one such mode, but
it is benign because it cannot propagate in a mesh with more than one
element.

The second-order three-dimensional elements with reduced integration
have modes that can propagate in a single stack of elements. Because
these modes rarely cause trouble in the second-order elements, no
special techniques are used in ABAQUS to control them.

In contrast, when reduced integration is used in the first-order elements
(the 4-node quadrilateral and the 8-node brick), hourglassing can often
make the elements unusable unless it is controlled.

In ABAQUS the artificial stiffness method given in Flanagan and

Belytschko (1981) is used to control the hourglass modes in these
elements.
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Reduced Integration

e e e P .
________ - -_,—" ] "'--.‘_‘_
T r 1\ ;o 1 7 e 1 T~
i \ / l = 0 o= 1 /
2 L] u / n L 1 .I \ u H [] /
{.f \ _JJ *k“‘u, L =t H 41
______ e | ~§- \ ———y———
/ vy (O A i ,‘\._y| r \
2 L] = Voe—, = 1 2 D A S B
\ x/ A g [ x \
;L‘ \ / Vol el el i _s
— B et - T~ = 1.‘_‘#‘.-"’
(a) b} (c) (d)

Fig. 4.6-1. (a) Undeformed plane 2 by 2 four-node square elements. Gauss points are shown by
solid squares. (b,c.d) “Instability” displacement modes. (Reprinted from [2.2] by permission of
John Wiley & Sons, Inc.)

three instabilities shown have the respective forms (B) u = cxy, v =0; (C) u = 0, v = —cxy;
and (d) u = cy(l — x), v = ex(y — 1). We easily check that each of these displacement
fields produces strains £, = £, = 7, = 0 at the Gauss point, x = y = 0. Nonrectangular ele-

The FE model will have no resistance to loads that activate these modes.
The stiffness matrix will be singular.

Reduced Integration

Hourglass mode for 8-node element with reduced
integration to four points

(b}
This mode is typically non-communicable and will not occur
in a set of elements.

1/18/2008
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Reduced Integration

The hourglass control methods of Flanagan and Belytschko (1981) are
generally successful for linear and mildly nonlinear problems but may
break down in strongly nonlinear problems and, therefore, may not yield
reasonable results.

Success in controlling hourglassing also depends on the loads applied
to the structure. For example, a point load is much more likely to trigger
hourglassing than a distributed load.

Hourglassing can be particularly troublesome in eigenvalue extraction
problems: the low stiffness of the hourglass modes may create many
unrealistic modes with low eigenfrequencies.

Experience suggests that the reduced-integration, second-order
isoparametric elements are the most cost-effective elements in
ABAQUS for problems in which the solution can be expected to be
smooth.

Solving Linear Equations

Time independent FE analysis requires that the global
equations [K]{D}={R} be solved for {D}
This can be done by direct or iterative methods

The direct method is usually some form of Gauss
elimination.

The number of operations required is dictated by the
number of d.o.f. and the topology of [K]

An iterative method requires an uncertain number of
operations; calculations are halted when convergence
criteria are satisfied or an iteration limit is reached.
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Solving Linear Equations

+ If a Gauss elimination is driven by node numbering, forward
reduction proceeds in node number order and back
substitution in reverse order, so that numerical values of
d.o.f at first numbered node are determined last.

* If Gauss elimination is driven by element numbering,
assembly of element matrices may alternate with steps of
forward reduction.

+ Some eliminations are carried out as soon as enough
information has been assembled, then more assembly is
carried out, then more eliminations, and so on...

+ The assembly-reduction process is like a ‘wave’ that moves
over the structure.

+ A solver that works this way is called a wavefront or ‘frontal’
equation solver.

Solving Linear Equations

* The computation time of a direct solution is roughly
proportional to nb?, where n is the order of [K] and b is the
bandwidth.

+ For 3D structures, the computation time becomes large
because b becomes large.

+ Large b indicates higher connectivity between the degrees of
freedom.

+ For such a case, an iterative solver may be better because
connectivity speeds convergence.
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Solving Linear Equations

* In most cases, the structure must be analyzed to determine
the effects of several different load vectors {R]}.

¢ This is done more effectively by direct solvers because most

of the effort is expended to reduce the [K] matrix.

+ As long as the structure [K] does not change, the

displacements for the new load vectors can be estimated
easily.

This will be more difficult for iterative solvers, because the
complete set of equations need to be re-solved for the new
load vector.

Iterative solvers may be best for parallel processing computers
and nonlinear problems where the [K] matrix changes from
step i to i+1. Particularly because the solution at step i will be
a good initial estimate.

Symmetry conditions

+ Types of symmetry include reflective, skew, axial and cyclic.
If symmetry can be recognized and used, then the models
can be made smaller.

*

The problem is that not only the structure, but the boundary
conditions and the loading needs to be symmetric too.

The problem can be anti-symmetric
If the problem is symmetric

Translations have no component normal to a plane of
symmetry

Rotation vectors have no component parallel to a plane of
symmetry.
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Symmetry conditions

Plane of
symmetry

Flane of
antisymmetry

(Permitted
motions)

tPermitted Fig. 4.12-2. The d.o.f. permitted (i.e., not

motions) restrained) at a node in a plane of symmetry
or antisymmetry. A double-headed arrow
represents a rotational d.o.f.

Plane of

Plane of
Symmetry

Anti-symmetry

(Restrained

(Restrained
Motions)

Motions)

-
[4 £ 3
) LA 1 ST LI |
T== l N - I
!‘ h ""----r_--" \ ! b= Tt o
\ I \ 1: \ "l |
\ | \ i Symmetric P Antisymmetric
\ | 1 loading 1 loading
\ Symmetry = ! Il
\ plane qI | I.‘|
\ | i { | H
\ il -~ 1—r—r-
L 2 _ﬁ_ Not used i Mudeled_u_ Mot used i Modeled
My~ AMs Mais A\ Ma
= B e et =1 i“
+ [ N i
" M I
A ll I' ® |
Mz
Il } Mg =-My
Met bending moment = ‘]: Symmetric companent + | Antisymmetric compaonent
i :
‘4 |
(a) (b} (3]
Fig. 4.12-3. Modeling a plane frame problem as the sum of symmetric and antisymmetric cases.
(Reproduced from [5.4] by permission of the publisher.)
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Constraints

» Special conditions for the finite element model.
+ A constraint equation has the general form [C{D}-{Q}=0

+ Where [C] is an mxn matrix; m is the number of constraint equation,
and n is the number of d.o.f. in the global vector {D}

+ {Q} is a vector of constants and it is usually zero.

+ There are two ways to impose the constraint equations on the global
equation [K{D}={R}

« Lagrange Multiplier Method

¢+ Introduce additional variables known as Lagrange multipliers A={\, A,
Ag oo AT

+ Each constraint equation is written in homogenous form and
multiplied by the corresponding A, which yields the equation A

+ A{[CKD} - {Q}}=0

+ Final Form “K CTHD}_{R}
c ojla o

Solved by Gaussian E limination

Constraints

* Penalty Method
t=[C{D}HQ}
t=0 implies that the constraints have been satisfied
o=[o4 a, 04 ... o] is the diagonal matrix of “penalty numbers.”
Final form {[K]+[C]"[a][CIKD}={R}+[C]" [ Q}
= [C]"[a][C] is called the penalty matrix
= |f a is zero, the constraints are ignored
= As a becomes large, the constraints are very nearly satisfied

= Penalty numbers that are too large produce numerical ill-
conditioning, which may make the computed results unreliable
and may “lock” the mesh.

The penalty numbers must be large enough to be effective but not
so large as to cause numerical difficulties

*

*

*

*

1/18/2008

37



3D Solids and Solids of Revolution

3D solid - three-dimensional solid that is unrestricted as to
the shape, loading, material properties, and boundary
conditions.

All six possible stresses (three normal and three shear)
must be taken into account.

+ The displacement field involves all three components (u, v,
and w)

+ Typical finite elements for 3D solids are tetrahedra and
hexahedra, with three translational d.o.f. per node.

3D Solids

|
| i
- | I
fJ,F/ 5 :
i v,
Tox . ) i
¥
A_— u_w/| 3 J.. ______ [ )
Ty

6
~ 7

xuw

(a) (b) ©
Fig. 6.1-1. (a) 3D state of stress. (b) An eight-node hexahedron FE. (¢) The d.o.f. at a typical node
(i=1,2,.,8).
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3D Solids

* Problems of beam bending, plane stress, plates and so on
can all be regarded as special cases of 3D solids.

+ Does this mean we can model everything using 3D finite
element models?

+ Can we just generalize everything as 3D and model using 3D
finite elements.
* Not true! 3D models are very demanding in terms of
computational time, and difficult to converge.

+ They can be very stiff for several cases.

+ More importantly, the 3D finite elements do not have rotational
degrees of freedom, which are very important for situations
like plates, shells, beams etc.

3D Solids

+ Strain-displacement relationships

Strain-Displacement Relations. Let u = u(x, v. 2), v = v(x, y, 2), and w = w(x, ¥, z) be
displacement components of an arbitrary material point in the x, v, and z directions,

respectively. If strains and rotations are small, strains and displacement gradients in
Cartesian coordinates are related by the equations

ch oht

.l3,=a y,_,=§+—
€, =% Ty = %ﬂ (6.1-5)
Tx e
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3D Solids

» Stress-strain-temperature relations

Stress-Strain-Temperature Relations. As usual, the constitutive relation of a hinearly
elastic material is written as

o=Ee+ 0, (6.1-1)

For an isotropic material in three dimensions, with initial stress & produced by tempera-
ture change, Eq. 6.1-1 symbolizes the relation

g, (1-v)e ve ve 0 0 0]}fe 1
a, (1=v)e ve 0 0 0]¢g 1
o; B (I=v)e 0 0 0O}fe _Eaz_‘.Tl 6.1-2)
.| G 0 Oflry| 1-2v |0
T, symmetric G 0|7 0
Toy G| 7u 0

3D Solids

* The process for assembling the element stiffness matrix is
the same as before.

¢ {u}=[N] {d}

* Where, [N] is the matrix of shape functions

* The nodes have three translational degrees of freedom.
+ If nis the number of nodes, then [N] has 3n columns

u
b
0 W,
0N 0 0 N 0 - |qu (6.1-7)
N Uy

L]
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3D Solids

+ Substitution of {u}=[N]{d} into the strain-displacement
relation yields the strain-displacement matrix [B]

* The element stiffness matrix takes the form:

General solids:

e=B d
w30

LETI Jaxl

Jo=]][BrEBaxdya:

3D Solid Elements

+ Solid elements are direct extensions of plane elements
discussed earlier. The extensions consist of adding another
coordinate and displacement component.

+ The behavior and limitations of specific 3D elements largely
parallel those of their 2D counterparts.

* For example:
+ Constant strain tetrahedron
¢ Linear strain tetrahedron
¢ Trilinear hexahedron
+ Quadratic hexahedron
* Hmm...

+ Can you follow the names and relate them back to the planar
elements
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3D Solids

Pictures of solid elements

JAVA ;,, g,r

(a) (b)
Fig. 6.2-1. Common 3D elements. (a) Constant strain (four-node) tetrahedron. (b) Linear strain
(ten-node) tetrahedron. (c) Trilinear (eight-node) hexahedron. (d) Quadratic (20-node) hexahedron.

N L] L

3D Solids

Constant Strain Tetrahedron. The element has three
translational d.o.f. at each of its four nodes.
+ Atotal of 12 d.o.f.
+ In terms of generalized coordinates f; its displacement field is
given by.
u=p+ fax+ Py + fuz
v=0+ fex+ By + faz (6.2-1)
w= g+ Biov+ By + Bz

+ Like the constant strain triangle, the constant strain
tetrahedron is accurate only when strains are almost constant
over the span of the element.

+ The element is poor for bending and twisting specially if the
axis passes through the element of close to it.

1/18/2008
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3D Solids

Linear strain tetrahedron - This element has 10 nodes, each
with 3 d.o.f., which is a total of 30 d.o.f.

+ Its displacement field includes quadratic terms.

+ Like the 6-node LST element, the 10-node tetrahedron element

has linear strain distributions

Trilinear tetrahedron - The element is also called an eight-
node brick or continuum element.
=By + Pox + By + Paz + Poxy + Pz + Brx + Bz

v = Bo+ Prox + By + Praz + Pixy + Brayz + Prsex + ooy (6.2-2)
W= Pig+ Prax + Proy + Pao + Paxy + Pasyz + Ponzx + Posxyz

+ Each of three displacement expressions contains all
modes in the expression (C,+C,X)(C3+C,Y)(C5+CgZ), Which is
the product of three linear polynomials

3D Solids

« The hexahedral element can be of arbitrary shape if it is

formulated as an isoparametric element.

u= ZN.-”. v= ZN,-U, W‘—'EN.-H', (6.2-3)
Index i runs from 1 to 8 in each summation. Shorthand for the shape functions is
N=312E0 £ ) (6.2-4)

in which all signs are negative for N,, all signs are positive for Ny, and so on.

k:“JBFEBm dEdnd¢ (6.2-5)

1/18/2008
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3D Solids

The determinant |J| can be regarded as a scale factor. Here
it expresses the volume ratio of the differential element dX
dY dZtothe dédndd

The integration is performed numerically, usually by 2 x 2 x
2 Gauss quadrature rule.

Like the bilinear quadrilateral (Q4) element, the trilinear
tetrahedron does not model beam action well because the
sides remain straight as the element deforms.

If elongated it suffers from shear locking when bent.

Remedy from locking - use incompatible modes - additional
degress of freedom for the sides that allow them to curve

3D Solids

Quadratic Hexahedron

+ Direct extension of the quadratic quadrilateral Q8 element
presented earlier.

+ [B] is now a 6 x 60 rectangular matrix.

+ If [k] is integrated by a 2 x 2 Gauss Quadrature rule, three
“hourglass” instabilities will be possible.

* These hourglass instabilities can be communicated in 3D
element models.

+ Stabilization techniques are used in commercial FE packages.

Their discussion is beyond the scope.

1/18/2008
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Example - Axisymmetric elements
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Linear Algebraic Equations

a X, ta,x, +a,;x;+...+a,x, =¢
Ay X, T Ay X + Ay Xy +.o+ Ay, X, =C,

Ay X+ A3pX) T A33X5 ..t Ay, X, =Cy

a,x, +a,x, +a, x;+..+a,x, =c,

a4y G Gt 4y, |l Y ¢
Gy Gy Gy oy, | X% ¢y
3 Gy Ayy ot Ay, | X3 | =G
anl anZ an3 o ann xn cn

Linear Algebraic Equations

* In Matrix Format

e Solution:

ATAX=A N =X=A""¢

1/18/2008
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Gaussian Elimination

* Divide each row by the leading element.
» Subtract row 1 from all other rows.
* Move to the second row an continue the

process. o
ay 4 4z 4y, | G
Ay Ay Ay 0 Oy, |1Cy
3 Ay Az ot Ay, |Gy
_anl anZ an3 ann__cn_

Gaussian Elimination
a, 4p 43 4| G
a,, ap a}l a, || 4,
ay, dzp  dig A3, || G |
a;l asy, a§1 sy, || Ay
anl an2 an3 nn Cn
_anl anl anl anl __anl |
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Gaussian Elimination

1 a, a; ap ¢
ap ap a ap
0 dy, 4, 4y 4p a3, an | &G G
a4 dy 4y Az 4y || 43 4y
0 ap 4p 4,3 dj A 4 | S G
i a, 4d, 4, 4aj a, 4, | 49, 4

Gaussian Elimination

[ 14 [ !
1 a, a; - a,|c,
14 [ !
0 1 ay - a,|c,
! !
0O 0 1 - a,lc,
00 0 - 1]c]
» Back substitution
X, =¢,
n
N '
X, =¢/= D a4,

j=i+l




Gaussian Elimination

» Division by zero: May occur in the forward
elimination steps.

* Round-off error: Prone to round-off errors.

Gaussian Elimination

Consider the system of equations:

Use five significant figures with chopping

10 -7 0] [x 7
-3 2099 6| |x,|=3.901
5 -1 5] |x 6

At the end of Forward Elimination

10 -7 0 X, 7
0 -0.001 6 X, |= 6.001
0 0 15005 X, 15004
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Gaussian Elimination

Back Substitution

x3=%20.99993
_7 O xl 7 15005
~0.001 6 |x,|=]6.001 6,001 6
0 15005 x, | |15004 2=T013=—1.5
7+ 7x, —0x
X, = # =-0.3500

Gaussian Elimination

Compare the calculated values with the exact solution

X, 0
[X] exact = x2 = _]-
X3 | 1
x| [ -035
[X] calculated xz = - 1 5
xy | 0.99993

1/18/2008



Improvements

Increase the number of significant digits
Decreases round off error

Does not avoid division by zero

Gaussian Elimination with Partial Pivoting
Avoids division by zero

Reduces round off error

Partial Pivoting

Gaussian Elimination with partial pivoting applies row switching to
normal Gaussian Elimination.

How?
At the beginning of the ki step of forward elimination, find the maximum of
‘akk

If the maximum of the values is

) gesescscecscscane )

Ak

Clpk In the ph row, k < p<n,

then switch rows p and k.
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Partial Pivoting

What does it Mean?

Gaussian Elimination with Partial Pivoting ensures that
each step of Forward Elimination is performed with the
pivoting element |a,, | having the largest absolute value.

Partial Pivoting: Example

Consider the system of equations

10x, -7x, =7
—-3x,+2.099x, +3x, =3.901
5X,—X,+5x,=6

In matrix form

10 7 0||x 7
-3 2099 6||x,]|=3.901
5 -1 5||x 6

Solve using Gaussian Elimination with Partial Pivoting using five
significant digits with chopping

1/18/2008



Partial Pivoting: Example

Forward Elimination: Step 1
Examining the values of the first column
|10}, |-3], and |5] or 10, 3, and 5

The largest absolute value is 10, which means, to follow the
rules of Partial Pivoting, we switch row1 with row1.

Performing Forward Elimination

10 7 01 x 7 10 -7 0] x 7
-3 2099 6|x, |=|3.901 :> 0 -0.001 6|x, |=|6.001
5 -1 5|x, 6 0 25 5] x 2.5
Forward Elimination: Step 2
Examining the values of the first column
|-0.001| and |2.5] or 0.0001 and 2.5
The largest absolute value is 2.5, so row 2 is switched with
row 3
Performing the row swap
10 -7 01 x, 7 10 -7 01 x, 7
0 -0001 6|x,|=/6001| —> |0 25 5|x|=| 25
0 2.5 5 x, 2.5 0 -0.001 6] x, 6.001
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Partial Pivoting: Example

Forward Elimination: Step 2

Performing the Forward Elimination results in:

10 -7 0 Tx 7
0 25 5 |x,|=| 25
0 0 6.002]x | |6002

10

0

Partial Pivoting: Example

Back Substitution
Solving the equations through back substitution
0 Tu] T 7 . 26002
25 5 |x|=| 25 6.002
0 6.002]|x,| |6.002 255y
x,=—"2=1
2.5
7+ 7x, —0x
X, = 2 2 =0

10
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Partial Pivoting: Example

Compare the calculated and exact solution

The fact that they are equal is coincidence, but it does
illustrate the advantage of Partial Pivoting

X 0 X, 0
[X] caleulated = | %2 1 [X] exact — x2 =|-1
X3 1 X5 1

Gauss Method

An iterative method.

Basic Procedure:

-Algebraically solve each linear equation for x;
-Assume an initial guess solution array
-Solve for each x; and repeat

-Use absolute relative approximate error after each iteration
to check if error is within a prespecified tolerance.

1/18/2008
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Gauss Method
Why?
The Gauss Method allows the user to control round-off error.

Elimination methods such as Gaussian Elimination and VU
Factorization are prone to round-off error.

Also: If the physics of the problem is understood, a close initial
guess can be made, decreasing the number of iterations needed.

Gauss Method

Algorithm

A set of n equations and n unknowns:

If: the diagonal elements are
a, X, +a,x, +a,x; +...+a,x, =b NOn-2610
Ay Xy + Xy +ayX; .t 4y, X, = by Rewrite each equation solving

' : for the corresponding unknown

ex:
anl‘xl + an2x2 + an3x3 t+..t annxn = bn . .
First equation, solve for x,

Second equation, solve for x,

1/18/2008
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Gauss Method

Algorithm
Rewriting each equation .
€ =Xy —aA;pXy ... -a,,x, «————————— FromEquation 1
X, = :
a,
C a, X Ayy Xy ovennn a, X
x, =2 2 From equation 2
ay
Cpy =y Xy =y 2 Xy e —a, , X, ,—a,,,X, __ Fromequation n-1
X, = . . . .
! an—l,n—l
G T T anX) e — 8y 1 X From equation n
X, = P
Algorithm
General Form of each equation
n n
¢ - Z a,;x; S Z Ay X
=l j:l 1
j#1 — J#ENZ
xl = / ‘xn—l -
a
a” n—1l,n-1
n
N c E a,.x
€y =2 ay,x, G A
j=1 =l
_ J#2 _ J#n
X, =—"" X, =
a22 ann

1/18/2008
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Gauss Method

Gauss Algorithm

General Form for any row ‘i’

n

(k-1) .

¢~ Z agx j
j=l1

k) _ J#i .
x"i= ,Ji=12,....,n.
a.

u

How or where can this equation be used?

Gauss Method

Solve for the unknowns

Assume an initial guess for [X] Use rewritten eguations to solve for
each value of xi.

B X ] Important: Remember to use the
1 most recent value of x;. Which
X, means to apply values calculated to
the calculations remaining in the

current iteration.

1/18/2008
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Gauss Method

Calculate the Absolute Relative Approximate Error

new old

X. —X.
= F T 100
i X!

1

So when has the answer been found?

The iterations are stopped when the absolute relative

approximate error is less than a pre-specified tolerance for all
unknowns.

Gauss-Seidel Method

* Improved method

i—1

n
B Z (k) Z (k1)
Cl- al.jxj al.jxj

(k) j=l1 Jj=i+l

a..

u

1/18/2008
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Gauss-Seidel Method: Pitfall

Diagonally dominant: The coefficient on the diagonal must be at least
equal to the sum of the other coefficients in that row and at least one row
with a diagonal coefficient greater than the sum of the other coefficients
in that row.

Which coefficient matrix is diagonally dominant?

[Al=| 45 43 1 [B]=23 33 >
23 16 1 96 34 129

Most physical systems do result in simultaneous linear equations that
have diagonally dominant coefficient matrices.

Gauss-Seidel Method: Example

Given the system of equations The coefficient matrix is:
12x, +3x, -5x, =1
X, + 5%, +3x, =28 2.3 =3
Al={1 5 3
3x,+7x, +13x;,=76 [4]
3 7 13

With an initial guess of
Will the solution converge using the

X 1

! Gauss-Seidel method?
x, |=|0
Xy 1

15



Gauss-Seidel Method: Example

Checking if the coefficient matrix is diagonally dominant

la, | = 12| =122 |a,,| +|a,,| = 3| +|- 5| =8

12 3 -5
[4]=|1 5 3
3 7 13

lay| =15 =5 = |ay, | +|any| =[1| +[3 = 4

|as,| =13 =13 2 |ay,| +]a,| = 3| +[7] =10

The inequalities are all true and at least one row is strictly greater than:

Therefore: The solution should converge using the Gauss-Seidel Method

Gauss-Siedel Method: Example

Rewriting each equation

12 3 =5][a,] [1
15 3 |{a|=|28
37 13]|a,| |76

X = 1-3x, +5x,
12
28 —x, —3x,
X, =—-
5
76 —3x, —7x,
X, =
13

X3

X =

_28-(0.5)-3(1)

_ 76-3(0.50000)—7(4.9000)

With an initial guess of

it

1-3(0)+5(1)
12

=0.50000

=4.9000

=3.0923

13

1/18/2008
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Gauss-Siedel Method: Example

The absolute relative approximate error

10.50000 —1.0000|

&, :| 0.50000 |>< 100 = 67.662%
4. -
| = ‘%‘XIOO ~100.00%
e, = |3 '09?0;;30000{ x100 = 67.662%

The maximum absolute relative error after the first iteration is 100%

Gauss-Siedel Method: Example

After lteration #1

x| [0.5000
x, | =| 4.9000
x| |3.0923

Substituting the x values into the equations After lteration #2
 1-3(4.9000)+5(3.0923) 0.14679 x| 0.14679
"o 12 e x, |=| 37153
x| | 38118
v - 28—(0.14672)—3(3.0923) 37153

L T6- 3(0.14679)—7(4.900)

s =3.8118
13

1/18/2008
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Gauss-Siedel Method: Example

Iteration #2 absolute relative approximate error

| _|0.14679 -0.50000
@l 0.14679

ol = 3.7153-4.9000
“2 3.7153

< | —|3-8118-3.0923
els 3.8118 |

x100 =240.62%

x100=31.887%

x100=18.876%

The maximum absolute relative error after the first iteration is 240.62%

This is much larger than the maximum absolute relative error obtained in
iteration #1. Is this a problem?

Gauss-Siedel Method: Example

Repeating more iterations, the following values are obtained

Iteration a a a
1 ga . 2 ga X 3 ga 3
1 0.50000 | 67.662 4.900 100.00 | 3.0923 67.662
2 0.14679 | 240.62 | 3.7153 31.887 3.8118 18.876
3 0.74275 80.23 3.1644 17.409 | 3.9708 | 4.0042
4 0.94675 | 21.547 | 3.0281 4.5012 | 3.9971 | 0.65798
5 0.99177 | 4.5394 | 3.0034 | 0.82240 | 4.0001 | 0.07499
6 0.99919 | 0.74260 | 3.0001 | 0.11000 | 4.0001 | 0.00000
) , x| [0.99919
The solution obtained
x, |=| 3.0001
X, 4.0001
X, 1
is close to the exact solution of x, =3
X, 4

1/18/2008
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Comparison of different methods

Gauss is slow convergent; however, more
stable.

Gauss-Seidel might not be stable;
however, when stable, converges fast.

Hotelling and bodewig uses an improved
iterative method for matrix inversion.

In Relaxation techniques small corrections
will be applied to each element at each
iteration.

1/18/2008
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* CES595: Finite Elements in Elasticity
|

Amit H. Varma, and Tim Whalen

Purdue University
School of Civil Engineering

Behavior of Plates

= The behavior of plates is similar to that of beams. They
both carry transverse loads by bending action.

= Plates carry transverse loads by bending and shear just like
beams, but they have some peculiarities

= We will focus on isotropic homogenous plates.

Simply supported edges
y

X
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* Behavior of Plates

q

= Plates undergo bending
which can be represented
by the deflection (w) of the
middle plane of the plate

x U

= The middle plane of the plate undergoes deflections w(x,y). The top
and bottom surfaces of the plate undergo deformations almost like a
rigid body along with the middle surface.

* Behavior of Plates

Thin plate theory - does not include transverse shear deformations

i | *

(a) [{:3]
Fig. 7.1-1. Differential slice of a plate of thickness 7. (a) Before loading. (b) Dis-
placements after loading, according to Kirchhoff theory. Transverse shear deformation is
neglected, so right angles in the cross section are preserved. Displacements in a vz-parallel
plane are similar. (Reprinted from [2.2] by permission of John Wiley & Sons, Inc.)
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i Behavior of Plates

ow
u=-—z— v=—z—
&
u Fw v >Fw
&= =I5 §=—="Z—F
& & & &
_@4_@2_ é’zw_ égw:_z Fw
“Taa as ax ad
g =—z—§£—‘; E‘_,.=-z%;—;v Y ——-Zz% (7.1-1)
z
T o
XZ 2t
‘Yx ZERO - Tyz
transverse

shear Y

X
K!/? ‘ deformations //7 X

Behavior of Plates

= The normal stress in the direction of the plate thickness (z)

is assumed to be negligible.

Free surface iGZ:O
[

}

-
Free surface Tcyz=0

Too thin to have
a reasonable
Variation in o,

= Note that 5,=0, not necessarily ¢, (normal strain in

thickness direction).

= Plane stress equations relating 3D stresses to strains will
work - not a plane stress situation - just mathematically!

E 1 v 0
E=——v 1 0 for plane stress
00 ¢

1=v¥°
1-v)/2

(3.1-3)
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i Behavior of Plates

o E [1 v][@*wiox? a'w
R - 1, ==-2:G (?.|-2)
{0_. } -yt {v 1]{3’“&&_\;3} " vk

| ——— ® _ Myds '
/ 4’;{?% _____ 1] -rr-(—-i q&d} de 't—":;ﬁ

b
B
o
B

Fig. 7.1-2. Differential element of a plate. (a) Stresses on cross sections and distributed lateral load
q = g(x. ¥). (b) Differential forces and moments. Arrows that represent forces normal to the plate
midsurface are viewed end-on. (Reprinted from [2.2] by permission of John Wiley & Sons, Inc.)

Behavior of Plates

= Note that the stresses vary linearly from the middle
surface. Just like bending stresses in beams.

= Also note that the shear stresses (r,,) produced by bending
also vary linearly from the middle surface.

= The shear stresses t,, and 1, are present and required for
equilibrium, although the corresponding strains are
assumed negligible. Parabolic variations of the stresses
are assumed.

= The bending stresses can be simplified to resultant

moments (M,,, M,,, M, ). These moments are resultants of

the linear stress variations through the thickness

M, = J“:; a,zdz M, = j_‘: 0,24z M, = [“2 T, zd: (7.1-3)




4

| Rahavinr nf Platec

i TThd k]
M, =I od:  My=[ ozd M, =" rza a1y
. ! -1 =il2

Behavior of Plates

= The stress states in plates differ from those in beams. The
twisting moment is a major difference.
= The twisting moment is the only only component if the
deflection w=c*x*y. This is called the state of pure twist

= It can be realized by applying two equal upward forces at
diagonally opposite corners, and two equal downward forces
at the other two diagonally opposite corners.

W=CXy

1/18/2008



1/18/2008

Behavior of Plates

= Another difference between beams and plates is that if we
apply a moment M, along a beam length

= The beam deforms in the x-z plane

= The beam has a narrow cross-section, so the normal stress
oy, is zero on its sides, and almost zero in between

= Due to Poisson’s effect, the top and bottom edges of the
cross-section become curved in the y-z plane

= In contrast, the top and bottom edges of plates are long
and do not become curved due to bending moment M,

= So, there is no curvature (F#w/dy?), when the plate is

subjected to cylindrical bending producing #w/8x? due to M,

= The equations show that the stress o, is accompanied by a
stress o,

Behavior of Plates

= The stress o, (and the resultant M,) constrain the curvature
of the plate Pw/dy?
= This results in stiffening of the plate. The amount of stiffening
is proportional to 1/(1-1?)
= A unit weight of the plate has rigidity Et3/12(1- 1?)
= The corresponding beam would have rigidity Et3/12
m This theory is called ‘thin plate bending’ or Kirchhoff plate
bending theory.
= [t ignores the effects of transverse shear deformations.

= [fthe plate thickness is less than smallest width/10, then this
is a reasonable assumption

= Alternative is the Mindlin Plate Theory.




Mindlin Plate Theory

= The transverse shear deformation effects are included by
relaxing the assumption that plane sections remain

perpendicular to middle surface, i.e., the right angles in the
BPS element are no longer preserved.

= Planes initially normal to the middle surface may experience
different rotations than the middle surface itself

= Analogy is the Timoshenko beam theory.

i Mindlin Plate Theory

= 0, and 0, are rotations of lines perpendicular to the middle
surface

a,

Yo

$— Xy —an 0,
ow

dy
(a) (b)

[(3}
Fig. 7.1-3, (a) Displacements and positive directions for rotations 6, and 6,. viewed normal to

the xy plane. (b) Mindlin theory displacements in an xz-parallel cross section. (¢} Mindlin theory
displacements in a yz-parallel cross section.
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Mindlin Plate Theory

= Strain displacement relationships
= Interesting

Voo = [ai_as‘]
. % RN
u=z8, =i .
V== 6, (7.1-4)
v=-z8 9. %
Ve £ ==7
> —‘-ai+9
Ve o o

= What is the real difference?
= Consider Timoshenko beam theory.
= There are two differential equations instead of one

» One for bending and the second for shear force
equilibrium.

Behavior of Plates

= Loads
= Distributed or concentrated loads can be applied to plates.

= At any point where a concentrated force is applied, Kirchoff
theory predicts infinite bending moments. Mindlin theory
predicts infinite bending moments and displacements.

= In reality no force can be concentrated, and in plate theory
the infinite values disappear if the load is applied over a small
area.

= Of course, the FEM will not compute infinite values.
= Supports

= You can have pin supports, roller supports, fixed supports
and free edges.

= You can have the plates supported along edges or at
discrete locations.
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Behavior of Plates

= Large displacements and membrane forces

= The simply supported plate subjected to distributed loads will
have vertical deflections. If the horizontal loads are restrained
by the supports, then membrane forces can develop for large
deformations.

= These membrane forces add to the stiffness of the plate, and
reduce deflections.

s For examnle cnon<ider a heam -

drx e b —]

(a) [)] (e)

fig. 7.1-4. (a) Beam of length L with immovable hinge supports. (b) Differential element, showing
“string action” axial force M. (¢) Cross section.

* FINITE ELEMENTS FOR PLATES

= How many degrees of freedom are we talking about?

= Kirchhoff plate element - The stiffness matrix can be
calculated from the standard equation.
= E is replaced by a matrix of flexural rigidities
= B is contrived to produce curvatures when it operates on
nodal d.o.f. that describe the lateral displacement field w(x,y)

= The behavior of a Kirchhoff element depends on the
assumed w field, which is a polynomial in x and y, and the
nodal values of w, dw/dx, and dw/dy
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i Finite elements for plates

= A 12 d.o.f. rectangular Kirchhoff element.

Itis incompatible, i.e., the normal direction (n) to the element
edge is not continuous between elements for some loading
conditions.

The element cannot guarantee a lower bound on computed
displacements

A compatible rectangular element with corner nodes only
requires that the twist (d?w/dxdy) also be used as a nodal
d.o.f.

It is quite difficult to obtain a triangular Kirchhoff element that
can represent states of constant curvature and twist, and has
no preferred directions, and gives good results.

= Itis a lot easier to formulate plate elements that allow for
the shear deformations - Mindlin plate theory.

Finite Elements for Plates

= A Mindlin theory based plate element has three fields;
W(X,Y), 0x(X,y), and 6,(x,y).

Each of these is interpolated from nodal values.
If all interpolations use the same polynomical

w SN0 0wy
6, =z 0N 0]|{e b=Nd (7.2-1)
8,

6 ™ L0 0 N
Using the strain-displacement relations, the [B] matrix can be
derived.
The [E]s,s matrix includes the 3x3 of the plane stress and the
2x2 shear moduli associated with the two transverse shear
strains
Integration in the plane of the element is done numerically if
the element is isoparametric.

1/18/2008
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Finite Elements for Plates

= Four node quadrilateral. Eight node quadrilateral also
possible.

= |In any z=constant layer, strains vary in the same way as in
the corresponding plane element. So, the behavior of the
Mindlin plate element can be understood.

= However, the integration rules are modified.
= Selective integration is used for the plate elements

= One-point quadrature for the transverse shear strains (to
reduce the effects of spurious shear stresses similar to the
Q4 elements)

= Four-point quadrature for the bending strains
= Selective integration is common for the plate elements

= Reduced integration for plate elements

¥ ¥

fe—a — e g ——] fe— 8 ——a ——=i

¥

N 1 ] 1}
R l—I /! E ;—K /i
N N ¥

Fig. 7.2-3. A bending deformation in a four-node Mindlin plate element. (a) Four-point inte-
gration rule. (b) One-point integration rule.

1/18/2008
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Finite Elements for Plates

= Tricky to select and use. In many cases, user will not be
sure that they understand or follow the formulation or the
tweaks to make it better.

= The best way is to explore the elements provided by the
software for simple test cases problems with known
solutions.

= Discrete Kirchoff elements

= Essential feature is that the transverse shear strain is set to
zero at a finite number of points in the element, rather than at
every point as in classical theory.

= Thin plate elements - triangular in shape - incompatible

= The elements are built after many manipulations. It is not
apparent how a discrete Kirchoff plate element behaviors.

= As with Mindlin plate element, the analyst should use
numerical experiments to learn about behavior.

Plate modeling in ABAQUS

= Shell elements are used to model structures in which one
dimension, the thickness, is significantly smaller than the
other dimensions.
= Conventional shell elements use this condition to discretize a
body by defining the geometry at a reference surface.
= In this case the thickness is defined through the section
property definition.
= Conventional shell elements have displacement and
rotational degrees of freedom.
= The “top” surface of a conventional shell element is the
surface in the positive normal direction and is referred to as
the positive (SPOS) face for contact definition.
= The “bottom” surface is in the negative direction along the
normal and is referred to as the negative (SNEG) face for
contact definition.

1/18/2008
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Plate Modeling in ABAQUS

= Positive and negative are also used to designate top and
bottom surfaces when specifying offsets of the reference
surface from the shell's midsurface.

= The positive normal direction defines the convention for
pressure load application and output of quantities that vary
through the thickness of the shell.

Figure 23.6.1-2 Positive normals for three-dimensional conventional shells.

n — face SPOS
\ 4 -~ 3 \

I
1 i e n\.,
z |
| A 1
N face SNEG ——

L 2

Plate Bending in ABAQUS

= Numbering of section points through the shell thickness

= For a homogeneous section the total number of section
points is defined by the number of integration points through
the thickness

= For general shell sections, output can be obtained at three
section points. Section point 1 is always on the bottom
surface of the shell.

= For shell sections integrated during the analysis, you can
define the number of integration points through the thickness.
The default is five for Simpson's rule and three for Gauss
quadrature.

= For shell sections integrated during the analysis, section
point 1 is exactly on the bottom surface of the shell if
Simpson's rule is used, and it is the point that is closest to
the bottom surface if Gauss quadrature is used.

1/18/2008
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Plate Bending in ABAQUS

= Default output points

= The default output points through the thickness are on the
bottom and top surfaces of the shell section.

= For example, if five integration points are used through a

single layer shell, output will be provided for section points 1
(bottom) and 5 (top).

* Plate Bending in ABAQUS

= [he ABAQUS/Standard shell element library includes:

* elements for three-dimensional shell geometries

* elements for axisymmetric geometries with axisymmetric
deformation

* elements for axisymmetric geometries with general deformation
that is symmetric about one plane

* elements for stress/displacement, heat transfer, and fully coupled
temperature-displacement analysis

* general-purpose elements, as well as elements specifically
suitable for the analysis of “thick” or “thin” shells

* general-purpose, three-dimensional, first-order elements that use
reduced or full integration

* elements that account for finite membrane strain

* elements that use five degrees of freedom per node where
possible, as well as elements that always use six degrees of
freedom per node and

* continuum shell elements.

1/18/2008
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Plate Bending in ABAQUS

= Naming convention.The naming convention for shell
elements depends on the element dimensionality.

m Three-dimensional shell elements. Three-dimensional shell
elements in ABAQUS are named as follows:

S 8 R 5 W

T T
warping considerad in small-strain formulation

in ﬁBﬁOUSEprch [optional)

optional: & dof (&
coupledtemperature-displacement (T
small-strain formulation in ABAQUSExplicit [S)

reduced integration (optional)

number of nodes

conventional stress/displacement shell (S);
continuum strass/displacement shell (SC);
triangular stress/displacement thin shell (STRI);
heat transfer shell (O3

Plate Bending in ABAQUS

= Conventional stress/displacement shell elements

= Can be used in 3D or axisymmetric analysis. They use linear
or quadratic interpolation and allow mechanical and/or
thermal (uncoupled) loading.

= These elements can be used in static or dynamic
procedures.

= Some elements include the effect of transverse shear
deformation and thickness change, while others do not.

= Some elements allow large rotations and finite membrane
deformation, while others allow large rotations but small
strains.

15



Plate Bending in ABAQUS

= “Thick” versus “thin” conventional shell elements

= ABAQUS includes general-purpose, conventional shell
elements

= As well as conventional shell elements that are valid for thick
and thin shell problems.

= The general-purpose, conventional shell elements provide
robust solutions for most applications

= In certain cases, for specific applications, enhanced
performance may be obtained with the thin or thick
conventional shell elements.

= For example, if only small strains occur and five degrees of
freedom per node are desired.

Plate Bending in ABAQUS

= General-purpose conventional shell elements
= These elements allow transverse shear deformation.

= They use thick shell theory as the shell thickness increases
and become discrete Kirchhoff thin shell elements as the
thickness decreases

= The transverse shear deformation becomes very small as the
shell thickness decreases.

= Element types S3/S3R, S3RS, S4, S4R, S4RS, S4RSW,
SAX1, SAX2, SAX2T, SC6R, and SC8R are general-
purpose shells.

1/18/2008

16



Plate Bending in ABAQUS

= Thick conventional shell elements
= Thick shells are needed where transverse shear flexibility is
important and second-order interpolation is desired.

= This occurs when the thickness is more than about 1/15 of a
characteristic length on the surface of the shell, such as the
distance between supports for a static case

= ABAQUS/Standard provides element types S8R and S8RT
for use only in thick shell problems.

Plate Bending in ABAQUS

= [hin conventional shell elements

= Thin shells are needed in cases where transverse shear flexibility is
negligible and the Kirchhoff constraint must be satisfied accurately
(i.e., the shell normal remains orthogonal to the reference surface).

= For homogeneous shells this occurs when the thickness is less
than about 1/15 of a characteristic length on the shell surface.

=  ABAQUS has two types of thin shell elements: those that solve thin
shell theory (the Kirchhoff constraint is satisfied analytically) and those
that converge to thin shell theory as the thickness decreases (the
Kirchhoff constraint is satisfied numerically).

= The element that solves thin shell theory is STRI3. STRI3 has six
degrees of freedom at the nodes and is a flat, faceted element
(initial curvature is ignored). If STRI3 is used to model a thick shell
problem, the element will always predict a thin shell solution.

= The elements that impose the Kirchhoff constraint numerically are
S4R5, STRIB5, S8R5, S9R5, SAXA1n, and SAXA2n. These
elements should not be used for applications in which transverse
shear deformation is important. If these elements are used to model
a thick shell problem, the elements may predict inaccurate results.

1/18/2008
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Plate Bending in ABAQUS

m Finite-strain versus small-strain shell elements
= ABAQUS has both finite-strain and small-strain shell
elements.

= Finite-strain shell elements. Element types S3/S3R, S4, S4R,
SAX1, SAX2, SAX2T, SAXA1n, and SAXA2n account for
finite membrane strains and arbitrarily large rotations;
therefore, they are suitable for large-strain analysis.

s Small-strain shell elements

= In ABAQUS the three-dimensional “thick” and “thin” element
types STRI3, S4R5, STRI65, S8R, S8RT, S8R5, and S9R5
provide for arbitrarily large rotations but only small strains.

= The change in thickness with deformation is ignored in these
elements.

Plate Bending in ABAQUS

= Five degree of freedom shells versus six degree of
freedom shells
= Two types of 3D conventional shell elements are provided
= Ones that use five degrees of freedom (three displacement
components and two in-surface rotation components)

= And ones that use six degrees of freedom (three
displacement components and three rotation components) at
all nodes.

= The elements that use five degrees of freedom (S4R5,
STRIB5, S8R5, S9RS) can be more economical. However,
they are available only as “thin” shells (they cannot be
used as “thick” shells) and cannot be used for finite-strain
applications (although they model large rotations with small
strains accurately).

1/18/2008
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i My recommendation

= Using S4 elements

Element type S4 is a fully integrated, general-purpose, finite-
membrane-strain shell element available in ABAQUS/Standard.
The element's membrane response is treated with an assumed
strain formulation that gives accurate solutions to in-plane bending
problems, is not sensitive to element distortion, and avoids parasitic
locking.

Element type S4 does not have hourglass modes in either the
membrane or bending response of the element; hence, the element
does not require hourglass control.

The element has four integration locations per element compared
with one integration location for S4R, which makes the element
computationally more expensive.

S4 is compatible with both S4R and S3R.

S4 can be used for problems prone to membrane- or bending-mode
hourglassing, in areas where greater solution accuracy is required,
or for problems where in-plane bending is expected. In all of these
situations S4 will outperform element type S4R. S4 cannot be used
with the hyperelastic or hyperfoam material definitions.

* Summary

» STRI3 - triangular 3-node element for Kirchhoff thin plate
bending

» S4R5 - quadrilateral 4-node element for Kirchoff thin plate
bending with 5 d.o.f. per node.

= S8R - quadrilateral 8-node element for Mindlin thick plate
bending with 6 d.o.f per node.

» S4 - quadrilateral general purpose finite element with finite
strains.

= If you see a ‘S’ in the element name - it had 5 d.o.f. per
node and will be a thin shell element.

1/18/2008

19



i Example Problem

Example Problem

= Solved using Kirchhoff's plate bending theory and
assuming small strains etc.

= Wo=aqga¥D
= Where o =0.00406
= q=1Kkip/in.and a =120 in.
» D =Et3/12(1-v?) = 29000 x 43/ (12 x 0.91) = 169963.37 k-in
= There w,,, =4.95in.

= Mx-max = My-max = B q az
= =0.0479 x 1 x 1202 = 689.76 k-in/in

= Qx-max =Yqa
= =0.338x1x120 =40.56 k / in.

1/18/2008
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Finite Element Analysis

= Models were developed and analyzed using ABAQUS
= Element STRI3
= Element S4R5
= Element S8R
= Element S4

= Compare the results in the next few slides

= Note that the transverse shear stresses are not provided as
output for thin shell theory elements.

= The section forces and moments can be obtained from the
analysis

= The stresses can be looked at the various section points 1, 2,
3,4,and 5

= SM1, SM2, SM3 are the resulting M,, My, and I\/IXy per unit
length. The corresponding stresses are s11, s22, and s12
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