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It is obvious that the four amplification factors do not differ from each
other a great deal. For practical purposes, the four amplification factors are
adequately represented by the much simpler formula

1
- 4.1
*=1-P/Ps @D

This formula appears to be intuitive, and it was probably so conceived in the
first beam-column interaction equations used in design specifications, but it
also has a mathematical significance, as discussed next.

Assume that the deflected shape of the beam-column is represented by
the series of n sine shapes with amplitudes a, wheren=1,2,3, ...

= . nmz
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For a rectangular cross-section, the i
. : , plastic moment has been derived
already in Chapter 3 as Fhe limiting case where the curvature approachzs
very large values (see Figure 3.18). It will be rederived here again based

on equilibrium of the stress blocks. The location of P and M,., the cross- |

section and the stress distribution for the plasti iti

secti stic moment co i

e Fioue e p ndition are given
Thf? total stress distribution can be separated into the contribution due to

the axial force and due to the bending moment.

Yieldload: P, = bdF, (4.42)

. 2
Plastic moment when P = 0: M, = bd’F, (4.43)
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Fig. 435 Plastic moment of a rectangular cross-section.
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M)

Moment equilibrium : M. = (d —y,)bFy X (d - 5

bd°F, P P
My = (d —yp)yp X bFy = ’(1——><1+—>
p p/rp y 4 Py Py

M P\’
_1-(E 4.44
Mp (Py> ( )

Equation 4.44 is the plastic moment in the presence of axial force for a
rectangular cross-section. The formulas for M, for other cross-sections are
derived in a similar manner, but they are more complicated, of course,
depending on the cross-sectional geometry. The equations for the plastic
moments for x-axis and y-axis bending of wide-flange shapes are in Table 4.4.
Simpler approximate formulas are also given in the table (Plastic Design in
Steel ASCE 1971). These approximate equations are compared with the
analytically exact formulas in Figure 4.36, where the axial ratio is the ordi-
nate and the bending ratio is the abscissa. The exact formulas were
calculated for the geometry of a W14 x 99 rolled wide-flange shape. The
curves for the approximate formulas are seen to be close enough for practical
purposes.

The approximate formula for a solid circular cross-section of radius R is
given as equation 4.45. This is a very good approximation of a complicated
exact equation.

Mpe _ 14 0.08Z2 —1.08 (5)2; P, =mwR*Fy; M,= ARFy
M, Py Py

(4.45)

The curves from the analytically exact equations are shown in Figure 4.37,
starting with the top dashed line, of a W14 x 99 wide-flange section bent
about the minor axis, a solid circular section, a rectangular section, and a
W14 x 99 wide-flange section bent about the major axis, respectively.
The solid line represents the lower-bound interaction equation that is the
basis of the AISC Specification for the design of beam-columns. As can
be seen, the AISC equation closely replicates the x-axis interaction
strength of the wide-flange shape. Since the AISC equation is a lower
bound to the most frequent practical situation, it was adopted for use in
the design standard. It should be realized, however, that for other shapes it
can be very conservative. Equation 4.46 is the AISC basic interaction
equation.
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TABLE 4.4 Plastic Moments for Wide-flange Shapes
3
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Fig. 4.36 Exact and approximate M-P relations for x-axis bending (lower curves) and
y-axis bending (upper curves) of a W14 x 99 wide-flange section.
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The previous discussion above considered the plastic strength of a cross-
section that is subjected to an axial force at its geometric centroid and to a
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Fig. 4.37 Comparison of cross-section interaction curves with AISC interaction
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