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ABSTRACT 

 

Majdi Nasab, Nariman Ph.D., Purdue University, May, 2004. Stochastic and Biological 
Metaphor Parameter Estimation on the Gaussian Mixture Model and Image 
Segmentation by Markov Random Field. Supervisors: Ed. J. Delp and M. Analoui. 
 

 The model parameters of image in real life applications are usually unknown and 

are necessary for any image processing such as image segmentation. Parameter 

estimation, labels, can be done from observed image. We proposed use of probabilistic 

transition rules based on biological metaphor, Genetic Algorithm (GA), standard 

Expectation Maximization (EM), Simulated Annealing (SA) and mix of these methods 

for learning Gaussian mixture components to achieve accurate parameter estimation on 

images.  

We also introduced modified implementations of SA for image segmentation. 

The segmentation procedure is based on Markov random field (MRF) model for 

describing regions within an image. We proposed a random cost function for computing 

a posterior energy function in SA. The proposed modified Simulated Annealing (SA-

RCF) method depicts more robust performance for image segmentation than standard 

SA at the same computational cost. Alternatively, we proposed a multi-resolution (MR) 

approach based on MRF, which offers a robust segmentation for noisy images with 

significant reduction in the computational cost on phantom images.  

This thesis proposes accurate and stable solution methods for both parameter 

estimation and image segmentation for dental images. All proposed methods were 

evaluated on CT phantom images and applied on µ CT images. 
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1. INTRODUCTION 
 

For more than a century, medical imaging has been developing and enhancing new 

techniques such as Magnetic Resonance Imaging (MRI), Computed Tomography (CT), 

echography, and nuclear medicine imaging to observe the inside of the human body. All 

these methods obtain a Two-Dimensional (2-D) slice of a specific part of the body. The 

goal of medical imaging is to allow a better understanding of the body’s metabolism 

anatomy and pathology.   

Image segmentation, which labels individual pixels within a data set according to pre-

defined homogeneity criteria [1], is an essential tool for automatic image analysis and 

understanding.  A number of studies have described various statistical approaches to 

segmenting an image into regions or classes of differing statistical properties [2-5].  

Non-fuzzy segmentation of an image assigns each pixel of the image to only one of a 

finite set of classes (labels) depending on the statistical properties of the pixel and its 

neighborhood. The pixel of an observed image (2-D field) that contains pixel 

classification is referred to as a label field. The label field is unknown and is estimated 

from the observed image. Segmentation requires the following conditions: 

•  every pixel must be in a class 

•  pixels in a region must be connected and 

•  the classes must be disjointed. 

Markov random field (MRF) provides a convenient and consistent way for modeling 

context-dependent entities such as image pixels and correlated features [6]. This 

modeling is achieved through characterizing the mutual influence among such entities by 

using MRF probabilities. 

The practical use of MRF models is largely ascribed to the equivalence between MRFs 

and Gibbs distributions established by Hammersley and Clifford [7] and further 
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developed by Besag [8]. The MRF-Gibbs equivalence theorem shows that the joint 

distribution of an MRF is a Gibbs distribution. This enables us to model problems in the 

Bayesian framework [9-10]. From a computational perspective, the local property of 

MRF leads to algorithms that can be implemented in a local and massively parallel 

manner. MRF theory also provides a foundation for multiresolution computation [11]. 

For the above reasons, The MRF has been widely used to conduct image analysis in many 

different levels like image segmentation and restoration [12-19]. 

MRF theory is often used in conjunction with statistical decision and estimation 

theories, so as to formulate objective functions in terms of established optimality 

principles. In this approach, finding an approximate Maximum A Posteriori (MAP) 

estimate of the field segments the image. MRF and MAP criterion was advocated by 

Geman and Geman [10]. A particular MRF model is specified by its functional form and 

parameters. Two major parts of MAP-MRF modeling are to derive the form of the 

posterior distribution and to determine the parameters on it, so as to completely define the 

posterior probability. Another part is to design optimization algorithms for finding the 

maximum of the posterior distribution.  

The recent success of stochastic models and methods in image processing, in particular 

MRF representations, has led to a wide variety of hierarchical MRF approaches and 

multi-grid stochastic algorithms for image analysis. Algorithms that incorporate 

stochastic relaxation to find solutions have achieved excellent results. However, these 

algorithms are either computationally expensive or lack robustness when used to analyze 

noisy images. Alternative approaches to MAP segmentation of images have been 

proposed by various investigators [20-22].  

This thesis focuses on two issues: 1) parameter estimation of an image, basically its 

labels, using statistical and biological metaphor methods and 2) image segmentation by 

stochastic approach.  

1) We present new methods to determine the Gaussian mixture model parameters; our 

methods use Genetic Algorithms (GAs), Simulated Annealing (SA), and Expectation 

Maximization (EM).  
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Obtaining the true Gaussian mixture model parameters with local algorithms like the 

standard Expectation Maximization (EM) method [23-26], which is frequently used for 

these kind of problems, can be a difficult task because there are no generally accepted 

methods for parameter initialization; hence, one is likely to get trapped in one of the many 

local maxima of the likelihood function. Improvements on EM algorithms have been 

offered and their performances evaluated by many investigators [27-29]. 

GAs are adaptive search techniques designed to find out near-optimal solutions of 

large-scale optimization problems with multiple local maxima. It has been shown that 

GAs are independent of initialization parameters and an efficient technique to optimize 

difficult functions in large search spaces [30, 31].  

Like other investigators, we have shown that using the EM algorithm might not always 

be successful because the true number of mixing components is unknown and algorithms 

can get trapped in one of the many local maxima of the likelihood function and especially 

because there is no generally accepted method for parameter initialization. We present 

new methods to find the Gaussian mixture model parameters by GAs. We show that by 

using GAs we can find noisy and noiseless normal mixture model parameters fast and 

accurately [32]. The accuracy of EM results strongly depends on how close an EM’s 

initial values are to the correct values; we introduced a solution for this problem, a two-

step process, first estimating the parameters by GAs and getting a priori information and 

second using a priori information as an initial guess for an EM algorithm to find out the 

final parameters; thus the problem of parameters can be solved using both GA and EM 

(GA-EM) algorithms [33].  

We have also aimed to enhance the accuracy of parameter estimation with GA by 

employing the Simulated Annealing (SA) concept. We proposed a Simulated Annealing 

version of Genetic Algorithm (GA-SA). GA-SA randomly replaces labels of each 

population with an individual from the previous generation that has a lower cost function 

at the certain temperature. We have also coupled the result of GA-SA as an initial guess 

for EM to estimate observed image parameters. This method was called GA-SA-EM.  
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Optimization of the mixture of GA and EM was the next method of estimation of the 

Gaussian mixture model parameters. In this work, we propose a combination of Genetic 

Algorithm with EM (Interlaced GA-EM) to improve estimation of the Gaussian mixture 

parameters. We proposed Interactive GA and EM to find the mixture of the Gaussian 

parameters. This method uses a population of a mixture model rather than a single 

mixture, iteratively in both GA and EM to determine the Gaussian mixture parameters. 

The Gaussian parameters are defined by GA at the beginning and refined by EM for a 

specific number of iterations; then finer parameters from EM are returned back to GA to 

make sure these values are not trapped in the local minimum. After evaluating by GA, 

they pass back to EM again. This procedure continues for a specific number of iterations 

or until a termination condition is reached.  

 

2) To achieve better image segmentation, we have proposed modifications of the SA 

[10] method to achieve more robust performance than standard SA at the same 

computational cost. Previous approaches based on multiresolution models for the pixel 

labels have used fine resolution of an observed image or multiresolution representation of 

the observed image with the implicit assumption that the random variables at a given 

level of the observed image pyramid are independent of the random variables at the other 

levels [21, 34-36].   

One of our modifications is a Multi-Resolution (MR) approach based on MRF [37]. In 

the MR approach, we obtained a fine multiresolution representation of the observed 

image; then we modeled this representation as a random stochastic process indexed by 

nodes of a fine resolution lattice. A second modification was to evaluate random effects 

of the pixel neighborhood cost function at fine resolutions as a random stochastic process 

indexed by nodes of a fine resolution lattice. We have called this technique SA-RCF [38]. 

We have also used the Minimum Gray Level Distance (MGLD) method based on 

Euclidean distance between pixel intensity and label regions of an image [37]. Image 

segmentation methods were compared among SA, SA-RCF, MGLD, and MR. 
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To assess the performance of the proposed methods, we have tested our methods, both 

parameter estimations and segmentation methods, on a series of the Gaussian CT 

phantoms, based on ‘the modified Shepp-Logan method’, and dental images. 

Performances of methods were discussed in the term of accuracy of results and 

computational cost. 

We have also demonstrated the advantage of unsupervised image segmentation 

methods compared with manual caries detection of the dental images. 

 

In chapter two, we introduce the EM, GA, GA-SA, GA-EM, GA-SA-EM, Interlaced 

GA-EM, and Interlaced GA-CGM (Conjugate Gradient Method) parameter estimation 

methods for the Gaussian mixture model. Our algorithms and simulation results on a 

series CT phantom are shown. In chapter three, we present MRF concepts and a brief 

review of previous MRF work on both single and multiresolution image segmentation. 

Our algorithms are introduced and segmentation results on a series CT phantom image 

are shown in this chapter. In the chapter four, mixture model parameter estimation and 

image segmentation methods are applied to a series of dental images. Chapter four also 

shows the interval error range of manual caries detection in two different times in 

statistical approach of estimation by a dentist. Chapter five concludes the performance 

and results of parameter estimation and image segmentation methods (unsupervised 

image segmentation methods) on dental and CT phantom images. 
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2. EXPECTATION MAXIMIZATION, SIMULATED ANNEALING, 

AND GENETIC ALGORITHMS ON PARAMETER ESTIMATION 

OF THE GAUSSIAN MIXTURE MODEL 
 

This chapter describes Expectation Maximization (EM), Genetic Algorithm (GA), and 

GA with Simulated Annealing (SA) for parameter estimation on the Gaussian mixture 

model. Combinations of EM, GA, and SA are introduced. The concepts and algorithms of 

all these methods are presented in this chapter.  

In section 2.1, the Gaussian mixture model is introduced. In section 2.2, we describe 

the standard EM algorithm. In section 2.3, GAs are described and use of GAs to estimate 

parameters of mixture the Gaussian model are introduced. In section 2.4 modifications to 

GAs by SA concepts are introduced (We have called it GA-SA). Sections 2.5 and 2.6 

present sequential coupling of GA and GA-SA to EM respectively. In section 2.7, we 

introduce an interactive combination of GA with EM (Interlaced GA-EM). In section 2.8 

introduces an interactive combination of GA with Conjugate Gradient Method (Interlaced 

GA-CGM). Section 2.9 demonstrates performance of above methods on set of the 

modified Shepp Logan phantoms. Conclusion and discussion are presented in section 

2.10. 

 

2.1 Mixture model 

The Artificial Intelligence (AI) community has been interested in the problem of 

classification in unsupervised learning for several years. In the classification problem in 

unsupervised learning, it is desired to determine a classification into G known classes 

from unclassified data. Parameter estimation can be achieved easily when all of the 

variables of the model are directly observable in the data. When some variables are 

unknown or hidden, as is common in popular model classes such as Bayesian networks 
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with hidden variables and hidden Markov models, ML parameter estimation is much 

more involved. The one specific use of parameter estimation of unclassified data is for 

medial image analysis. In our overall research, image segmentation, we need to know an 

accurate estimation of image parameters to be able to classify abnormal and normal 

tissues in the image. In this section, we address some solutions to find accurate parameter 

estimations of unclassified data, which are used for image segmentation methods. We 

provide our image segmentation methods in the next section.  

Decomposing a finite mixture of unclassified data distributions is a very challenging 

problem. Several authors have utilized the likelihood approaches of fitting parameters to 

mixture models. The common approaches for analyzing and estimating parameters for 

mixture models seek to optimize various aspects of the estimation process, such as 

accuracy and computation cost [39-42]. Finite mixture distributions provide a simple 

framework for modeling population heterogeneity. Multivariate observations on a set of n 

entities forming an array can be represented as ,...1x , nx , where each jx  is a vector of p-

dimensions. Under the finite mixture models, each jx  can be viewed as arising from a 

super population G, which is a mixture of a finite number of populations ,...1G gG,  in 

some proportions gππ , ,...1 , respectively, where each mixture probability density function 

(p.d.f.) of an observation x inG can be represented in the finite mixture form: 

∑
=

=
g

i
icxpxf

1
)1.2(                                           ),()(  

where ),( icxp is the p.d.f. corresponding to iG . Equation 2.1 can be expressed as: 

∑ ∑∑
= ==

===
g

i

g

i
ii

g

i
iii xpcpcxpcxpxf

1 11
)2.2(                                 )|()()|( ),();( πθφ  

where )|( ixp θ is component of ith model, iθ , vector of all unknown parameters, and iπ , 

weight, denote all unknown parameters associated with the parametric forms that have all 

of these g component densities. Weights are distributed through the population as follow: 

)3.2(                                                   ).,...,1(    0    1
1
∑
=

=≥=
g

i
ii giand ππ  
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In the case multivariate of the Gaussian mixture model, component densities consist of 

the elements of the mean vectors iµ  and the distinct elements of the covariance matrices 

iΣ for gi , ,...1= . The vector,φ , 

)4.2(                                                                                  ),(           Tθπφ =  

of all unknown parameters belongs to parameters’ space Ω ; “T” denotes vector transpose. 

For example for g = 4 and 1-dimension vector space, we have: 

)5.2(                          ) ,, , , , , , ,, , ,( 444333222111
Tσµπσµπσµπσµπφ =  

Figure 2.1. shows ),( ixp θ for i=1,…,4 for a numeric value 50,12, ,25.0(=φ  ,15.0  

T)22 ,180 0.15, ,13 ,130 0.45, ,12 ,79 . Figure 2.2 shows the Gaussian mixture model of Eq.  

2.5. All the Gaussian mixture model distributions for the above example were created 

noiseless. 

 

 
Figure 2.1. Four individual components of the Gaussian distribution function. 
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Figure 2.2. Mixture model for four components of the Gaussian distribution function. 
 

Learning the mixture, namely, estimating the weights iπ  and the parameters iθ  of each 

component is often carried out through likelihood maximization using the EM algorithm 

[40, 42]. However, known limitations of EM are the follow up:  

(i) It assumes that the number of mixing components is known, 

(ii) There is no widely accepted “good” method for initialization of the parameters, and 

(iii) The algorithm is of local nature and thus can get trapped in local maxima of the        

likelihood function. 

 

2.2 Expectation Maximization 

In this section we describe the standard Expectation Maximization (EM) method. 

The EM algorithm [42] aims to determine a Maximum Likelihood (ML) an estimate of 

the parameterθ , by use of the estimation of the missing data. 

The probability density function of the mixture the Gaussian model of an 

observation random variable, x , is defined in the finite mixture form as: 

)6.2(       )()(
2
1exp

)2(

1.);(.);(
1

1

2
1

2/11
∑∑
=

−

=
−Σ−−

Σ
==

g

i
ii

T
i

i

i

g

i
ii xxxpxf µµ

π
πθπφ  

where iπ is the mixing parameter, );( θxpi is the p.d.f. corresponding to iG , andθ   denotes 

the vector of all unknown parameters associated with parametric forms adopted for g 
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component densities. The vector T),( θπφ = of all unknown parameters is estimated using 

the EM algorithm. 

We have obtained the following iterative equations of parametric mixture model 

by solving ML of Eq.  2.6 [40]: 
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 where  

)10.2(                                                                           
)(

)()|(
)|(

j
t

t
j

t

j
t

xp
iixp

xip
π

=  

is the conditional probability of jx random variable in the ith class at tth iteration. Other 

researchers have also introduced improvements to EM algorithms for image analysis [43-

45]. 

Good abilities of GAs-- escaping from local minima, finding global minima, and 

dependency of GAs on initial values-- are important advantages of GAs in comparison 

with the EM algorithm. 

GAs are adaptive search techniques designed to find near optimal solutions for large-

scale optimization problems with multiple local maxima, and GAs are good candidates to 

find mixture model parameters. In the following subsections, we introduce use of GAs to 

estimate mixture model parameters. 
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2.3 Genetic Algorithms 

The genetic Algorithm (GA) is a method that mimics the natural biological metaphor 

and tries to emulate some of the processes observed in natural evolution. GAs operate on 

a population of potential solutions, applying the principle of survival of the fittest to 

produce better and better approximations to a solution. At each generation, a new set of 

approximations is created by the process of selecting individuals according to the level of 

fitness in the problem domain and breeding them together using operators borrowed from 

natural genetics. This process leads to populations of individuals that are better suited to 

their environment than the individuals from which they were created, just as in natural 

adaptation. 

GAs are an efficient technique to optimize difficult functions in large search spaces.  

By testing populations of solutions represented as strings of bits (called chromosomes) in 

an iterative process, a genetic algorithm is able to find a near-optimal solution in a robust 

manner, with the ability to produce a best ‘guess’ from incomplete or noisy data [30]. 

GAs are intended to mimic some of the processes observed in natural evolution in the 

following way [31, 46]: 

• Evolution is a process that operates on encoding of biological entities, rather than 

on the living beings themselves. 

• Natural selection is the link between a chromosome and its performance 

(measured on its decoded version). Nature obeys the principle of Darwinian “survival of 

the fittest”; the chromosomes with high fitness values will, on the average, reproduce 

more often than those with low fitness values. GAs try to mimic this procedure; highly 

fitted chromosomes will reproduce more often at the cost of lower fitted ones. 

• Biological evolution has no memory; nature acts as the environment and 

biological entities are modified to adapt to their environment. Whatever nature knows 

about the evolution of good chromosomes is contained in the set of chromosomes 

possessed by current individuals and in the chromosome decoding procedure. Likewise, 

GAs also operate on chromosomes blindly. They use only objective function information, 

which acts as environment. Based on this information, each chromosome is evaluated; 
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during the selection process more importance is given to choosing chromosomes having 

high fitness values. 

• Like natural evolution, variation of the entities in GAs is introduced when 

reproduction occurs. Crossover and mutation are the basic operators for reproduction. 

GAs tackle the problem of minimizing a cost function, the objective function, of 

the vector )x, ,...x(x l
i

1
i

j
i = . In a general formulation each j

i
x , j=1, …,l, is binary, taking 

the value 0 or 1. The basic GA starts by randomly generating an even number n  of binary 

strings of length l to form an initial population (parents). Rules are then applied to create 

successive generations in turn.  

These parents are considered in pairs and, for each pair, a crossover operation is 

performed with a pre-selected probability cp . If the crossover occurs, an integer k is 

generated from the uniform distribution on { }1 ,...,1 −l , and the last l-k elements of each 

parent are exchanged to create two new strings; thus, one string takes values 
k
ii

xx , ,...1 from the first parent and l
i

k
i

xx , ,...1+ from the second while the other takes 

values k
ii

xx , ,...1 from second parent and l
i

k
i

xx , ,...1+ from the first. If crossover does not 

occur, the parents are copied unaltered into new strings. Finally, the mutation operator 

switches the value at each string position from 0 to 1 or vice versa with probability mp , 

mutation occurring independently at each element of each string. The algorithm is 

allowed to continue for a certain number of generations. On termination, the string in the 

final population with the highest value of fitness can be returned as the solution to the 

optimization problem. However, since a good solution may be lost in this algorithm, a 

more efficient strategy is to note the best solution seen at any stage and return this as the 

solution. 

A positive fitness F is calculated as a monotone decreasing function of objective 

function Λ  for each individual in the current generation, and m parents for the next 

generation are selected with replacement, the probability nF of choosing nth individual in 

the current population being proportional to its fitness nΛ , i.e. 
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)11.2(                                                                                                   

1
∑
=

Λ

Λ= m

i
n

n
nF  

The population size m, probability of crossover, probability of mutation, and 

fitness function F must be specified before the algorithm is applied, although trial runs 

may be helpful in choosing appropriate values.  

The sensivity of the algorithm to the choice of mp is evident. If mp is too small, 

the algorithm can become trapped in a local minimum at an early age, but if mp is too 

high, random mutations disrupt what would otherwise be good solutions and the 

algorithm struggles to create the very best solutions. 

A simple genetic algorithm is given below, where )(tp  is a population of 

candidate solutions to a given problem at generation t. 

t=0; 

Initialize )(tp ; 

Evaluate )(tp ; 

While not <termination condition> 

   Begin 

t=t+1; 

Reproduce )(tp from )1( −tp  ; 

Recombine )(tp ; 

Evaluate )(tp ; 

End 

Implementation of GAs requires a positive valued fitness function F , monotically 

decreasing in the objective function )(xΛ  where, 

(2.12)                                        ))ˆ;(ˆ);;((minarg)(
ˆ

φφ
φ

xfxfx nn =Λ  

The hat sign, ^, demonstrates the values which were generated by GAs for the nth 

individual, n=1, …, m,  in the current population. This function must provide sufficient 
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selectivity to ensure that the algorithm performs superior solutions to the extent that it 

eventually produces an optimal or near-optimal answer. 

Mutation is randomly applied with low probability, typically in the range 0.001 

and 0.01, and modifies elements in the chromosomes. Usually considered as a 

background operator, the role of mutation is often seen as providing a guarantee that the 

probability of searching any given string will never be zero and will act as a safety net to 

recover good genetic material that may be lost through the action of selection and 

crossover. In this work, population size m = 500 was selected. The value for mutation, 

Lind
pm

7.0= , is selected, where Lind is the chromosome length. Chromosome length is the 

bit value for each individual, which is the number of bits for φ  in equation 3.4. The basic 

operator for producing new chromosomes in the GA is that of crossover. Like its 

counterpart in the nature, crossover produces new individuals that have some parts of 

both parent’s genetic material. Normally, probability of crossover is selected between 0.6 

- 0.9 and in this work, the value of 0.08 was selected.  

Objective function plays an important role to find out accurate φ  parameters. The 

objective function is used to provide a measure of how individuals have performed in the 

problem domain. In the minimization problem considered in this thesis, the fittest 

individuals will have the lowest numerical value of the associated objective function. We 

have proposed and simulated the following different types of objective functions:  

 

(2.13)                                                                                        )ˆ;(ˆ);()( φφ xfxfx nn −=Λ  

(2.14)                                                                                 ))ˆ;(ˆ);(log()( φφ xfxfx nn −=Λ  

(2.15)                                                                                      )ˆ;(ˆ);()(
2

φφ xfxfx nn −=Λ

(2.16)                                       )ˆ;(ˆ);(ˆ1)ˆ;(ˆ1)(
1

φφπφ xfxfaxfx n

g

i
inn −+−×+−=Λ ∑∑

=
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where a is a weight factor. The a value belongs to set of








= π2 ,2 ,1 ,
2
2,0A .  

(2.17)                                                               ))ˆ;(ˆ());(()( φφ xfFTxfFTx nn −=Λ  

where FT is 1-dimensional Fourier transform operator. 

 

(2.18)                                                                      ))ˆ;(ˆ);(max()( φφ xfxfx nn −=Λ  

(2.19)                                                   |)ˆ;(ˆ);(|exp|ˆ1|)( 3

1
φφπ xfxfx n

g

i
in −+−=Λ ∑

=
 

 

Eventually the best of them, equations 2.17 and 2.19, with almost the same performance, 

were determined; equation 2.19 was eventually selected for simulation of our data since it 

requires less computational process. We have done simulations for a set of six-component 

normal mixture model of CT phantoms. The maximum number of generations in our 

experiments was selected to be 300.  

The following table is used as distribution of bits for φ . These values are selected 

based on 8 bits per pixel on ‘the Modified Shepp-Logan’ phantom [47]. 

More explanation about phantom images will be given in the simulation section.  
 

Table 2.1. Bit value assignation in ‘the Modified Shepp-Logan’ phantom. 

iφ ;i=1,…,6 iπ  iµ  iΣ  

Bits 6 8 4 

 

2.4 Genetic Algorithm and Simulated Annealing (GA-SA) 

In this section, we propose a Simulated Annealing version of a Genetic Algorithm 

(GA-SA). “Strategy of GA-SA is very similar to a combination of steepest decent and 

Newton’s methods to improve each other for the constrained optimization problem of the 

continuous type” [48, 49]. Simulated annealing (SA) is a stochastic computational 

technique derived from statistical mechanics to determine near-globally minimum-cost 

solutions to large optimization problems. Both SA and GAs are nature stochastic 
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computational techniques; the SA is based on thermodynamics and the GA is based on 

natural evaluation. The major advantages of these nature-based algorithms are their 

applicability, flexibility, ease of implementation, and potential to find near-optimal 

solutions. In simulated annealing a control parameter called temperature is used to control 

the minimization search, which may occasionally move uphill. The mean and variance of 

the cost function decrease during the course of the search process [49]. 

The SA algorithm generates a finite-length Markov chain generated at the certain 

temperature tT (temperature at the tth iteration) with a single starting point and a single 

ending point in the large search space Ω . The energy function U∆  lower or higher than 

of the starting search point, which should depend on how much computation time has 

been spent at the temperature tT .  

It is desire to minimize the cost function of mixture model at the temperature tT for tth 

iteration: 

)20.2(                                                        ))ˆ;(ˆ);;((minarg
ˆ

φφ
φ

xfxf t  

where );( φxf is the Gaussian mixture model of an observed image and )ˆ;(ˆ φxf is the 

Gaussian mixture model of an unobserved image. );( φxf for 1-dimensional, x, can be 

shown: 

)21.2(                   )
2

)((exp
)2(

.);(.);(
1

2

2
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−−==
g
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xxpxf
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µ

σπ
πθπφ  

GA-SA, like GAs, is independent of initial seed values. The first population of a 

candidate solution is generated completely randomly. We have used Matlab random 

generation function for this purpose. Cooling rate of the system at the kth generation was 

selected: 

(2.22)                          0.976 1−×= kk TT  

 

The following portion was added to the reproduction section of the standard GA 
algorithm: 
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1. Perturb )1( −tp into )(tp  

     Let )|ˆ()|ˆ( 1 ffUffUU tt −−=∆ . 

     If U∆ <0 then replace )1( −tp by )(tp ; else if ≥∆U 0 

    replace )1( −tp by )(tp with probability tTUe /∆−  

2. Replace 1−tT by tT      

 

2.5 Genetic Algorithm and Expectation Maximization (GA-EM) 

In our previous works [32, 33], we have shown that using EM algorithm might not 

always be successful because the true number of mixing component is unknown. 

Furthermore the algorithm can get trapped in one of the many local maxima of the 

likelihood function and there is not a generally accepted method for parameter 

initialization. The result of EM is strongly dependent on its initial values. In practice one 

does not have any knowledge of those parameters. An alternative approach to this 

problem is to have a two-step process, first estimating the parameters by GAs to obtain 

crude a priori information. Then the a priori information is used as initial guess for the 

EM algorithm to find the final parameters. So the problem of parameter estimations can 

be solved in coupling GA to EM (GA-EM) algorithms. 

 

2.6 Genetic Algorithm, Simulated Annealing, and Expectation Maximization 

(GA-SA-EM) 

The Genetic Algorithm, Simulated Annealing and Expectation Maximization (GA-SA-

EM) method has the same procedure as GA-EM. It includes two steps to boost accuracy 

of mixture model parameter estimations. First estimating the parameters by GA-SA and 

getting a priori information and then using the a priori as starting values for the EM 

algorithm. Thus the problem of parameters can be solved using both GA-SA and EM 

algorithms. 

The parameters, conditions, objective function are the same for both GA-SA-EM and 

GA-EM methods. 
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2.7 Interlaced Genetic Algorithm and Expectation Maximization (Interlaced 

GA-EM) 

In the previous couple sections, we introduced coupling GA and GA-SA to EM to 

increase accuracy of parameter estimation but in this section, we achieve parameter 

estimation by interlacing GA and EM [50].  

We propose a new Genetic version of EM (Interlaced GA-EM) to improve parameter 

estimation of Gaussian mixture model. We define a new method that uses a population of 

a mixture model (rather than a single mixture). Interactively merging GA with EM boosts 

accuracy of parameter estimation because we combine the global search algorithm, GA, 

with a local optimization method, EM. The Gaussian parameters are defined by GA at the 

beginning and refined by EM for a specific number of iterations; then finer parameters 

from EM are returned back to GA to make sure these values are not trapped in the local 

minimum. After a few iterations, they pass back to EM again. This procedure continues 

for a specific number of iterations or until a termination condition is reached. 

 

2.8 Interlaced Genetic Algorithm and Conjugate Gradient Method (Interlaced 

GA-CGM) 

In this subsection, we have used Conjugate Gradient Method [51, 52] instead of 

EM. The Interlaced Genetic algorithm and Conjugate Gradient method (Interlaced GA-

CGM) is very similar to Interlaced GA-EM except that CGM was used instead EM. The 

idea is to use the change value the parameters of EM iteration to find better conjugate 

gradient. The method uses the information provided by the EM iteration to reshape the 

function and improve convergence speed when close to a solution. The first direction od is 

selected randomly at the beginning and it updates at each iteration by maximizing 

likelihood of: 

(2.23)                          )ˆ(Likelihoodmaxargˆ 1 kkk dγφφ
γ

+= −  

where γ is step size [51]. Golden section search method was used to find the best 

conjugate [53].  
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2.9 Simulations and discussion 

In this section, we assess the performance of seven algorithms: 1) GA, 2) EM, 3) 

GA-SA, 4) GA-EM, 5) GA-SA-EM, 6) Interlaced GA-EM, and 7) Interlaced GA-CGM 

for four sets of phantom CT images. The images are called Image 1, Image 2, Image 3, 

and Image 4 and were created based on ‘the Modified Shepp-Logan’ method [47]. There 

was not any preference to select image parameters to build up a phantom except having 

different Gaussian model parameters for each image. Each phantom has six classes, and 

the class parameters are not the same among phantoms. Although the shapes look alike, 

no two have the same values. 

Tables 2.2 to 2.5 summarize phantom parameters for Image 1 to Image 4 

respectively. The table is divided in eight blocks. The first top block shows the 

parameters of image 1; rest of table shows results of EM, GA, GA-SA, GA-EM, GA-SA-

EM, Interlaced GA-EM, and Interlaced GA-CGM. Four phantom images and their 

mixture models versus model parameters are shown in figures 2.3 (a and b) to figure 2.6 

(a and b).  

There is always an error between the p.d.f. of an image and the simulated Gaussian 

mixture model. We called this error “Model error”. Model error is minimum error that 

can be obtained with a true mixture of model parameters. This error is produced because 

of finite generation of the Gaussian data. Each image’s size is 256× 256 pixels with 8 bits 

per pixel. 

 Empirically, we determined that if we used bigger size of images, such as an image of 

1024×1024 pixels, model error would be zero. We have used the smaller size of image to 

reduce computational cost; furthermore, for this kind of mixture model, a smaller image 

is more similar to the true re-constructed image histogram. 
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Table 2.2. Parameters (φ ) of image 1 and results of parameter estimation for 
seven different algorithms 

 π  µ  σ   

Image 1 0.5818 30 5 Model error= 
 0.0014 60 15 0.0315 
 0.3293 90 8  
 0.0434 120 6  
 0.0008 150 10  
 0.0434 210 12  
     

Result of EM  0.5817 30 5.0172 EM error= 
on image 1 0.3255     90 7.9312 0.0311 

 0.0075     99 30.5937  
 0.0420     120 5.9463  
 0.0382     210 12.0632  
 0.0052 210 12.0681  
             

Result of GA 0.0632 30 5 GA error= 
on image 1 0.5205 30 5 0.0337 

 0.1735 89 7  
 0.1596 91 9  
 0.0390 120 6  
 0.0446 210 12  
                    

Result of GA-SA 0.3053 29 5 GA-SA error= 
on image 1 0.2812 31 5 0.0431 

 0.1568 88 8  
 0.1652 91 7  
 0.0502 119 6  
 0.0418 210 12  
           

Result of GA- 0.5191     30 5.0273     GA-EM error= 
EM  0.0630     30 5.0273     0.0343 

on image 1 0.2128     90 7.0856      
 0.1179     90 9.9262      
 0.0435     120 6.4735     
 0.0439 210 13.0658  
     

Result of 0.2400     30 4.8463     GA-SA-EM  
GA-SA-EM 0.3420     30 5.0149     error= 
on image 1 0.2586     90 7.3343    0.0335 

 0.0722     90 10.8886      
 0.0433     120 6.4906     
 0.0438 210 13.0620  

     
Result of 0.5820    29.9953     5.0245 Interlaced 
Interlaced  0.0010    61.9149     5.8352 GA-EM error= 
GA-EM 0.3287    89.9085     7.9615 0.0308 

on image 1 0.0439   119.8271     6.1029  
 0.0010   144.3430    15.6647  
 0.0434   209.8939    12.0539  
     

Result of 0.5820    29.9960     5.0232 Interlaced 
Interlaced  0.0039    73.7743    11.0701 GA-CGM error= 
GA-CGM 0.1712    86.6216     6.9350 0.0314 
on image 1 0.1536    93.6629     6.9843  

 0.0455   119.6979     6.6343  
 0.0438   209.3901    13.0473  
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Table 2.3. Parameters (φ ) of image 2 and results of parameter estimation for 
seven different algorithms 

 π  µ  σ   

Image 2 0.5818 60 14 Model error= 
 0.0014 91 15 0.0387 
 0.3293 122 8  
 0.0434 153 6  
 0.0008 184 10  
 0.0434 220 10  
     

Result of EM  0.3334     59 13.4930    EM error= 
on image 2 0.2494     62 14.6530     0.0383 

 0.3300     122 8.0102      
 0.0430     153 6.0467     
 0.0013     190 13.3320     
 0.0430 220 10.0869  
         

Result of GA  0.1346 56 14    GA error= 
on image 2 0.4472 61   14     0.0385 

 0.3294 122     8      
 0.0437 153   6      
 0.0010 201   15     
 0.0437 220 10  
                

Result of  0.3043 58    13   GA-SA error= 
GA-SA 0.2060 61 15    0.0396 

on  image 2 0.0724 66 14     
 0.3266 122 8  
 0.0446 153 6     
 0.0455 219 11  
     

Result of  0.1350     57 13.1661    GA-EM  
GA-EM 0.4477     61 14.1592     error= 

on  image 2 0.3300     122 8.0127     0.0381 
 0.0431     153 6.0917      
 0.0006     184 5.9086     
 0.0435 220 10.2472  
      

Result of  0.3050     58 13.3976    GA-SA-EM  
GA-SA-EM on 0.2059     61 14.5437    error= 0.0387 

image 2 0.0718     65 13.8458      
 0.3297     122 7.9950      
 0.0435     153 6.2493     
 0.0441 220 10.8734  
     

Result of 0.5806    59.8816    13.9446 Interlaced 
Interlaced  0.0018    89.9659     2.9977 GA-EM error= 
GA-EM 0.3281   121.9958     7.9967 0.0368 

on image 2 0.0017   130.9313     1.9716  
 0.0436   152.9176     6.2744  
 0.0441   219.4674    10.8715  
     

Result of 0.5760 59.7217 13.8557 Interlaced 
Interlaced  0.0067 84.1689 9.2335 GA-CGM error= 
GA-CGM 0.3300 122.0786 8.0064 0.0383 
on image 2 0.0433 152.9802 6.1892  

 0.0330 218.8063 11.7471  
 0.0111 221.5140 7.6616  
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Table 2.4. Parameters (φ ) of image 3 and results of parameter estimation for 
seven different algorithms 

 π  µ  σ   

Image 3 0.5818 120 13 Model error= 
 0.0014 147 15 0.0338 
 0.3293 174 8  
 0.0434 201 6  
 0.0434 220 10  
 0.0008 228 5  
     

Result of EM 0.0001 66 1.4239 EM error= 
on image 3 0.1494 118 12.2838 0.0338 

 0.4336 121 13.1791  
 0.3279 174 7.9048  
 0.0496 201 6.6086  
 0.0395 222 9.3253  
     

Result of GA 0.2329 118 14 GA error= 
on image 3 0.309 121 12 0.0453 

 0.039 125 16  
 0.3285 174 8  
 0.0761 206 10  
 0.014 229 6  
     

Result of GA-SA 0.1270 118 12 GA-SA error= 
on image 3 0.4444 122 13 0.05173 

 0.1746 174 7  
 0.1746 177 10  
 0.0317 207 7  
 0.0476 220 13  
     

Result of GA-EM 0.0816 119 11.8259 GA-EM error= 
on image 3 0.4233 119 13.0396 0.0335 

 0.0780 126 12.6687  
 0.3287 174 7.9369  
 0.0463 201 6.2403  
 0.0421 221 9.7119  
     

Result of 0.1316 117 12.5511 GA-SA-EM 
GA-SA-EM 0.4513 121 13.0494 Error= 
on image 3 0.1765 173 7.2815 0.0335 

 0.1549 175 8.8051  
 0.0423 201 5.8208  
 0.0434 220 9.8736  
     

Result of 0.5820 120.0371    12.9970 Interlaced 
Interlaced  0.0010   156.0088    10.0427 GA-EM error= 
GA-EM 0.3241   173.8624     7.8639 0.0334 

on image 3 0.0229   201.2974     4.8747  
 0.0515   206.8387    13.7603  
 0.0184   224.9357     8.0625  
     

Result of 0.0010 92.3897 1.7805 Interlaced 
Interlaced  0.5819 120.1148 12.9788 GA- CGM error= 
GA-CGM 0.3277 173.9287 7.9026 0.0333 
on image 3 0.0532 201.7626 6.9325  

 0.0343 222.0469 8.1415  
 0.0019 236.1254 7.0341  
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Table 2.5. Parameters (φ ) of image 4 and results of parameter estimation for 
seven different algorithms 

 π  µ  σ   

Image 4 0.5818 17 3 Model error= 
 0.0014 47 10 0.0247 
 0.3293 77 8  
 0.0434 107 6  
 0.0008 137 2  
 0.0434 180 5  
     

Result of EM NaN NaN NaN EM error= 
on image 4 NaN NaN NaN Not defined 

 NaN NaN NaN  
 NaN NaN NaN  
 NaN NaN NaN  
 NaN NaN NaN  
     

Result of GA 0.5789 17 3 GA error 
on image 4 0.232 76 7 0.0397 

 0.0511 77 9  
 0.0799 92 15  
 0.0149 109 4  
 0.0427 180 5  
     

Result of GA-SA 0.4361 17 3 GA-SA error= 
on image 4 0.1439 17 3 0.026 

 0.3266 77 8  
 0.0038 80 16  
 0.0437 107 6  
 0.0455 180 5  
     

Result of GA- 0.2911 16 2.5772 GA-EM error= 
EM  0.1118 17 3.5104 0.0514 

on image 4 0.1789 19 2.3955  
 0.2688 76 7.1013  
 0.1059 92 16.4299  
 0.0434 180 5.0417  
     

Result of 0.5817 16.9881 3.0147 GA-SA-EM 
GA-SA-EM 0.0576 76.6340 7.8432 error= 
on image 4 0.2652 77.0170 7.9572 0.0252 

 0.0130 86.9548 24.8438  
 0.0391 106.9537 5.6985  
 0.0434 180.1640 5.0393  
     

Result of 0.5818    16.9883     3.0156 Interlaced 
Interlaced  0.0032    62.7381    15.3590 GA-EM error= 
GA-EM 0.3275    77.0214     7.9838 0.0238 

on image 4 0.0433   106.8804     6.0810  
 0.0010   136.6655     1.9943  
 0.0434   180.1616     5.0418  
     

Result of 0.5818 16.9900 3.0166 Interlaced 
Interlaced  0.3019 76.7496 7.6346 GA- CGM error= 
GA-CGM 0.0419 86.8334 16.0000 0.0264 
on image 4 0.0310 107.5523 5.1172  

 0.0422 179.7915 4.8450  
 0.0013 190.2144 2.9232  
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Performance of each algorithm is calculated based on minimum squared errors 

between mixture models of each image with mixture model that is obtained from each 

proposed methods, Eq. 2.24. 

 )24.2(                                              )ˆ;(ˆ);( algorithm∑ −=
x

xfxfError φφ  

where )ˆ;(âlgorithm φxf  is the mixture model resulting from EM, GA, GA-EM, GA-SA, 

GA-SA-EM, Interlaced GA-EM, and Interlaced GA-CGM. Equation 2.24 offers one 

plausible method for assessing accuracy of estimation process. 

 

 

 

a b 
Figure 2.3 a) Image 1 b) Comparison between mixture models of image 1 vs. its 

Gaussian mixture model, solid line is image mixture model and ‘-’ line is the Gaussian 
mixture model. 
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a b 
Figure 2.4 a) Image 2 b) Comparison between mixture models of image 2 vs. its 

Gaussian mixture model, solid line is image mixture model and ‘-’ line is the Gaussian 
mixture model. 

 
 
 
 

a b 
Figure 2.5 a) Image 3 b) Comparison between mixture models of image 3 vs. its 

Gaussian mixture model, solid line is image mixture model and ‘-’ line is the Gaussian 
mixture model. 
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a b 
Figure 2.6 a) Image 4 b) Comparison between mixture models of image 4 vs. its 

Gaussian mixture model, solid line is image mixture model and ‘-’ line is the Gaussian 
mixture model. 

 

2.10 Conclusion 

In this chapter, the GA was used to estimate and enhance parameter estimation 

methods with EM for the Gaussian mixture model. One key advantage of GAs is that the 

algorithm does not depend on the initial condition, which is one of the limitations of EM 

algorithm in finding the mixture model parameters. 

The performance of GAs is highly dependent on how the objective function defines the 

transition system. We tested several types of objective function and we presented the best 

of them in this thesis for the simulations.  

In this work, we proposed combination of GA and EM algorithms (GA-EM) for 

determining the Gaussian mixture components to achieve accurate parameter estimation 

independent of initial values. GA-SA as simulated annealing version of GA was 

introduced and coupled to EM (as well as GA) to find the Gaussian mixture model 

parameters. The interactive GA and EM algorithm, which incorporates both GA and EM, 

was introduced. 

To assess the performance of the proposed method, a series of the Gaussian phantoms, 

based on ‘the modified Shepp-Logan method’, were created. 
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All seven methods: EM, GA, GA-EM, GA-SA, GA-SA-EM, Interlaced GA-EM and 

Interlaced EM-CGM were employed to estimate region parameters in the four CT 

phantoms. The results indicate that the EM algorithm, as expected, is heavily affected by 

the initial values, and the EM failed to calculate mixture model parameters for Image 4.  

Coupling GA and GA-SA with EM not only improves the overall accuracy, it also 

provides estimates that are independent of initial seed values. 

The best result was obtained from the Interlaced GA-EM on both minimum error value 

and accuracy of obtained parameters. 

EM had lowest while Interlaced GA-CGM had highest computational time. Almost all, 

the computational time for the rest of the methods were the same, higher than EM and 

much less than Interlaced GA-EM. 

 

 
Figure 2.7. Errors of parameter estimation of EM, GA, GA-EM, GA-SA, GA-SA-EM, 

Interlaced GA-EM, and Interlaced GA-CGM methods for four sets of ‘ the Modified 
Shepp-Logan’ phantoms. 
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The proposed methods offer accurate and stable technique for estimating parameters of 

the Gaussian mixture models, with higher likelihood of achieving global optimal. The 

Interlaced GA-EM method offers an accurate parameter estimation for the Gaussian 

mixture models, with a higher chance of achieving global optimal minima. Obtaining 

such accurate parameter estimations is a key requirement for several image segmentation 

approaches, which rely on a priori knowledge of tissue distribution. 
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3. MARKOV RANDOM FIELD MODEL, ALGORITHMS ON 

IMAGE SEGMENTATION 
 

This chapter describes Markov Random Field (MRF) model for image segmentation. 

We review some previous works on image segmentation by MRF and describe our 

algorithms and their simulation results. In section 3.1 Markov random field concepts and 

definition are introduced. In section 3.2 definitions of MRF methods on multiresolution 

in image segmentation are described. In section 3.3 our methods and their mathematical 

concepts are introduced. In section 3.4 contains simulation results on both accuracy of 

result and computational time on a series of the Gaussian phantoms, based on a modified 

Shepp-Logan method of CT images. Section 3.5 provides a discussion and conclusion on 

proposed algorithms. 

 

3.1 Image model 

In this chapter the label field is denoted X and the observed image is denoted Y. 

Location of each element in the spatial space is defined in the rectangular pixels of S on X 

and Y in which Sji ∈),( . The random variable is denoted by ),( jiX  or jiX , . This 

notation is also true for Y. To simplify the notation, the random variables in the X and Y 

may also be single letters, as in a lexicographical ordering, in which case the sth random 

variable in X is sX . Through out this thesis, sample realizations of both X and Y are 

shown with small letters and italics so that ), ,... ,( 21 nxxx=xxxx and ), ,... y,( 21 nyy=yyyy  

representing sample realization of ), ,... ,(X 21 nXXX=  and ), ,... ,(Y 21 nYYY= , where n 

is the total number of pixels in S. The space of all possible realizations of X and Y will be 

denoted xΩ and respectively yΩ .  
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3.1.1 Markov random field model 

In this section we review Markov random field model concepts. The specific model is 

defined and will be used throughout this thesis. More details about MRF models may be 

found in [8, 54] for interested readers. 

  

3.1.1.1 Graphs and pyramidal structures 

A graph structure on a set of image sites allows representation of local properties in 

images. More specifically, finite simple non-directed graphs provide the natural tool to 

support the definition of the local Markov property.  

1) Neighborhood system and graph: A simple finite non-directed graph ),( ηSG = is 

defined on a finite site set S and a collection { }Sss ∈= ,ηη of nonempty subsets of S such 

that:  

 { } (3.1)                                                                  
).,, )
                                ,, )

122121



∈⇔∈⊂∀
∉∈∀

ss

s

ssSssii
sSsi

ηη
η

 

This collection η is referred to as a neighborhood system on s [55].  

In image analysis, the most common structure is the Two-Dimensional (2-D) lattice (i.e., 

a finite subset of 2Z ) defined with 4-connexity or 8-connexity neighborhoods. 

2) Trees and pyramidal graphs: A chain of G is a sequence 1( ,...,  )ns s of successively 

neighboring sites )1, ,...1for  ( 1 −=∈+ nis
isi η . In image analysis, quad-tree, in which each 

site has four children, is commonly used. Figure 3.1 shows an example of a quad-tree. 

The extra connections may concern only pairs of sites of the same level [56].  
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Figure 3.1. Quad-tree. 

 

3.1.1.2 Markov random fields on graphs 

Definition: Let Γ be a finite set, with probability of occurrence P , representing the 

possible values for the image feature at each site (gray levels for example). A random 

field on S  with single site state space Γ  is a vector SssXX ∈= )( indexed by sites of S , 

and defined by a probability space ( ,  ,  )PΩ Γ , where Ω  is the set of all possible 

configurations.  

A realization of X (usually called a configuration) will be denoted by Sssxx ∈= )( . A 

random field X is a Markov random field with respect toη , or on graph ),( ηSG = if and 

only if, Ω∈∀∈∀ xSs  , : 

{ }
{ }{ } { } (3.2)                 

. , , )
                                                                       ,0 )

srrssrrss NrxXxXPsSrxXxXPii
xXPi

∈===−∈==
>=

 

The Markov property, Equation 3.2-i, is always assumed to be true for a random 

variable on a 2-D image and the Markov property in Equation 3.2-ii states certain 

neighborhood knowledge of random variables sx  and is sufficient to capture the local 

conditional distribution of sx given realizations of all the other components of X. 

S2

S1

Root
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A fundamental characterization of MRF is given by Hammersley and Clifford’s 

theorem [7], in term of global distribution { }xXP = . This theorem states that X is a MRF 

with respect toη if and only if it follows a Gibbs distribution [54]: 

{ } )3.3(                                },/)(exp{1 Ω∈∀−== xTxU
Z

xXP  

where Z is a normalization constant (also known as patrician function), U is the energy 

function, and T stands for temperature, a variable used to control the degree of change in 

the estimated probability function. The energy function is commonly expressed by: 

)4.3(                                                )()( ∑
∈

=
Cc

c xVxU  

where cV is a clique potential (function) associated with clique order and depends only on 

variables { } ., Csxs ∈  A clique is a non-empty subset c of S. It consists of either a single 

site { }ic = , or a pair of neighboring sites { }iic ′= , , or a triple of neighboring sites, and so 

on { }iiic ′′′= ,, [57]. 

The information of interest for image segmentation is modeled by a random vector 

(unobserved image) SsXX ∈= )( , the probability distribution function of which depends 

on an observed image,Y , as well as on a priori information (parameter vector)θ . The 

observed image is either directly measured (e.g. one or several images) or obtained as the 

output of some low-level image pre-processing. Given y andθ , X  is assumed to be 

Markovian with respect to a relevant graph structure on S . Its posterior distribution is, 

therefore, of the following form: 

{ } )5.3(                                }),;(1exp{
),(

1,|

),;(
44 344 21

θ

θ
θ

θ

yxU

Cc
c yxV

TyZ
yxXP ∑

∈
−==  

Equation 3.5 leads to an optimization problem, Equation 3.6, by relating it to the 

standard Maximum A Posteriori (MAP) estimator for which the “best” estimate is the 

most likely, given y and θ on the (finite) set of all possible configurations of x ,Λ. 

( )
(3.6)                                                   ),;(minarg       

)},;(exp{,|





 −∝

Λ∈x
yxUFind
yxUyxP

θ
θθ
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The problem can be formulated as optimizing criteria, explicitly or implicitly. The 

extensive use of optimization principles is due to various uncertainties in imaging 

modalities. Noise and other degradation factors are sources of uncertainties. We can 

generalize three basic issues in the optimization-based approach for image analysis [6]: 

•  Representation 

•  Objective function (Cost function) 

•  Optimization algorithm. 

Representation concerns how to present image features and object shapes. In this 

thesis, for image segmentation, we use a chain of boundary locations to represent the 

solution.  

Objective function is how to formulate an objective function for the optimization. The 

objective function maps a solution to a real number measuring the quality of the solution 

in terms of some goodness or cost.  

Optimization algorithm is how to search for optimal solution in the admissible space. 

Two major concerns are (1) the problem of local minima existing in the non-convex 

functions and (2) the efficiency of algorithms in space and time. Our proposed algorithms 

(both MR and SA-RCF) for image segmentation are intended to overcome objective 

function and optimization algorithm issues. In section 3.3, MR and SA-RCF methods will 

be explained. 

Sampling and global minimization of the posterior distribution are intimately 

interleaved, although to some extent distinct [58]. For instance, they can be approached 

using iterative methods sharing the same philosophy. The resolution of both these issues 

can be considered challenging since Λ  is in general extremely large (or of large 

dimension), and the energy function may be non-convex. An extremely large solution 

space makes the computation of the partition function ),( θyZ  intractable in practice. 

One possible approach, the maximization of the posterior distribution, can be carried out 

with iterative relaxation algorithms, which take advantage of the local dependency 

structure of the energy to operate low-cost local updating.  The methods discussed in the 

following sections fall into the general category of iterative relaxation approaches. 
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3.2 Multiresolution on MRFs 

There are now a wide variety of image segmentation techniques, some considered 

general purpose and some designed for specific classes of images [57-59]. All of the 

images processing algorithms try to increase the accuracy of the image processing task 

while reducing computational processing. Multiresolution techniques first aimed at 

increasing the computational speed of relaxation algorithms in numerical analysis [60]. 

There is a strong need to reduce the computational complexity of most image processing 

algorithms in numerical analysis [61]. In the following sub-section, we are going to 

review the two categories that fall into hierarchical Markov random field models. Those 

are Induced and Explicit models. 

 

3.2.1 Induced hierarchical model 

 The renormalization method widely used in statistical mechanics [11] is based on 

a hierarchical conditional random process. Site sets for such a hierarchy are ,0S  
nSS ,...,1 and SS n ≡   (with ||...|| 0 nSS << and nS is finest resolution); new label fields 

( 0011 ,..., S on XS on X nn −− ) are defined from XX n ≡ through fine-to-coarse transition 

probability laws { }kkkk xXxXP == −− 11  between two consecutive random processes.  

Decimation and block scaling are particular cases of this general procedure, although 

the most important ones. Decimation successively restricts the random process to a 

decreasing sequence of subsets of the original lattice S ( kk SS ⊂−1 ): 

{ } )7.3(                 ),(
1

111 ∏
−∈

−−− ===
kSs

k
s

k
s

kkkk xxxXxXP δ  

where 1),( =baδ  if a = b, and 0 otherwise. In block scaling, each set kS is partitioned 

into “blocks”, each of them corresponding to a unique site of 1−kS . Then for each site s of 
1−kS , the attached random variable 1−k

sX is the only function of components of kX lying 

within the associated block kk SsB ⊂)( . For instance, block averaging is defined as the 

following process: 
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{ } )8.3(                 )
)(

1,(
1 )(

111 ∏ ∑
−∈ ∈

−−− ===
kSs skBr

k
sk

k
s

kkkk x
sB

xxXxXP δ  

In all cases, the induced posterior probability law at level k-1 is given by [20, 55, and 

62]: 

 

{ } { }( ) { } )9.3(  1111 ∑ ==×===== −−−−

kx

kkkkkkkk yYxXPxXxXPyYxXP  

The hierarchical MAP estimation method based on these transformations generally 

transforms the energy function of fine resolution at all scales; then optimization 

algorithms are applied to the coarse resolution, and the result of each resolution passes to 

the next fine resolution in the order of coarse-to-fine optimizations: 

{ } )10.3(      ,Prmaxarg)(    with),;(minargˆ 1111

)1ˆ(

yxXxXxyxUx kkkk

kx

kkkk

kxkkx

k −−−−

−Λ∈

==≡Λ=

 

Stochastic optimization methods such as Simulated Annealing (SA) are generally used 

to this end although deterministic schemes have also been proposed [11, 63]. Significant 

gains on CPU time have been observed, with respect to standard (non-hierarchical) 

optimization techniques. 

Inspired from multigrid techniques in numerical analysis, the use of nested constrained 

subspaces has been proposed in [34, 64]. This method allows defining consistent 

hierarchical MRFs starting from a single full-resolution MRF. The principle of such 

subspaces consists in considering a sequence of embedded configuration 

subspaces Λ≡Λ⊂Λ⊂Λ n ...10 . The MAP estimation, optimization problem, is 

successively considered within these nested configuration sets: 

)11.3(     .    0 from      );(minargˆ )( nktokyxUxsearch
kx

k ===
Λ∈

 

The algorithm is associated with these nested configuration spaces by searching 0Λ for 

a configuration )0(x̂  that minimizes U(x;y). The estimated field )0(x̂ is next used as an 

initial guess for the optimization in 1Λ . Because 10 Λ⊂Λ , 1Λ  is then searched for a 

minimum )1(x̂  until the initial configuration space Λ≡Λn  is reached. The final estimate 
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)(ˆ kx  at level k corresponds to a local minimum of the initial energy function );( yxU  

(generally of low energy). 

This optimization procedure on nested constrained configuration spaces is easily 

transformed into a coarse-to-fine optimization procedure on a hierarchy of MRF models 

defined by multigrid energy functions )(.;yU k , k=0,…,n. Any kkx Λ∈)(  can, indeed, be 

completely described through a reduced set of variables { }kk
s

k Ss xx ∈= , , with SS k < , 

interacting with original data y according to a “coarse” energy function derived from 

U(x;y) by: 

)12.3(                     );();( )( yxUyxU kkk ≡  

So the sequence of a coarse-to-fine optimization problem can be expressed as: 

 

)13.3(         .    0 from  );(minargˆ nktokyxUx kk

kx

k ===  

An ordered family of constrained configuration spaces of the above model was first 

considered by Bouman et al. [34] for texture segmentation. Bouman et al. [15, 34] used 

causal Auto Regressive (AR) models to describe texture information within regions. 

Bouman proposed the following recursion for horizontal, vertical or diagonal neighboring 

pixels (in practice, different parameters 0  ,0 >> dhv ββ are specified for horizontal or 

vertical cliques and diagonal cliques respectively) for specifying the parameters of energy 

function kU  associated to the MRF at level k: 

)1()(

)1()1()( )14.3(                                       )2(
+

++

=

+=
k

d
k

d

k
d

k
hv

k
hv

ββ
βββ

 

However, the authors [34] eventually maintained constant interaction parameters through 

scale in their implementations (i.e., )(kβ = β for every k).  

Experiments in different application fields show that the constrained configuration-

based hierarchical modeling approach yields fast optimization schemes, significantly 

faster than other standard optimization procedures such as ICM [65] or stochastic 

relaxation [10]. Typically, when deterministic minimization procedures are used to 
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perform the search of kx̂ , k=0,…, n (Equation 3.13), configurations close to those 

obtained by stochastic methods are reached with the hierarchical approach, while the 

convergence is much faster. 

  

3.2.2 Explicit hierarchical model 

For explicit hierarchical-based models, the hierarchy is embedded in the model 

definition itself. Single-model approaches essentially rely on a heuristic association of 

MRF models with multiresolution decomposition of image data. Multiresolution image 

transforms based on the Gaussian filters or wavelet decompositions are used to 

decompose the image data y on a pyramidal structure, providing a data 

set ),...,,( 10 yyyy n ≡ . Given the original MRF model of energy );( yxU , a similar reduced 

MRF model of energy );( kkk yxU is then defined at each resolution level k (same 

neighborhood structure and same potential functions as the original model, i.e., 
kU “similar” to U ). Standard stochastic or deterministic relaxation algorithms provide 

Bayesian estimates of the label field at each resolution level. These algorithms are 

generally associated with a coarse-to-fine exploration of the hierarchical structure, 

starting from the lowest resolution and propagating the estimates from coarse-to-fine 

scales. In most of the cases, the final estimate obtained at a given level is interpolated and 

used as an initialization for the relaxation process at the next finer level [66, 67]. 

(3.15)    1. levelat  guess initial)ˆ(Interpol  and  );(minargˆ 1 +== +→ kxyxUx k
kk

kkk

kx

k  

This algorithm is very time consuming but has provided results of high quality in 

supervised and unsupervised image classifications [68]. 

  

3.3 Random cost function as a robust solution on MRF for image segmentation 

Through the past sections we defined MRF concepts and MRF’s two-principle 

category for image segmentation. In the following sub sections, 3.3.1 and 3.3.2, our 

algorithms for image segmentation are introduced. We might embed these algorithms in 

the Induced rather than Explicit category, however, they are completely new and no work 
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has been done in this field. We call those algorithms Multi Resolution and Simulated 

Annealing-Random Cost Function (MR and SA-RCF respectively). We introduce these 

algorithms and we make a comparison between these algorithms with two other types of 

algorithms, Simulated Annealing (SA) [10] and Minimum Gray Level Distance (MGLD) 

[37], which are introduced in subsections 3.3.3 and 3.3.4. The segmentation accuracy of 

each algorithm is evaluated by set of CT phantoms. 

 

3.3.1 Multi Resolution (MR), mathematical concept and algorithm 

Throughout the following sections we use the same definition and notation of 

Markov model that were presented in last sections. If there is any change in notations, we 

mention it when we use it.  

Let Su ⊂η  be the neighborhood of uth site such that for all uu η∉  and 

zu uz ηη ∈⇔∈ . An example forη  is illustrated in Figure 3.2. A first-order MRF is one 

for which the neighbor set consists of four pixels constituting the north, south, east, and 

west neighbors of a given pixel. A second order MRF is that for which the neighbor set is 

the first layer of eight pixels surrounding the center pixel, i.e. all pixels marked 1 or 2.  A 

third-order neighbor set consists of all pixels marked 1, 2, or 3, etc. We have used a 

second order clique for all of our simulations in this thesis.  

54345
42124
3113
42124
54345

ux  

Figure 3.2. Clique orders around uth pixel (site). 

 

It is assumed that the unobserved image is corrupted by additive noise which can 

be expressed by ,),( ,)( SjiWXFY ijijij ∈+= where )(⋅F is a simple mapping of the region 

type to the corresponding gray-level and ijW is i.i.d (independent identical distribution) 
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Gaussian noise with zero-mean and variance 2σ , i.e., ),0( σNWij ≈ . It is also assumed 

thatθ , a priori information is known for image segmentation in this section.  

MR performs segmentation on the coarse resolution. The fine (intensity) image 

specifies the gray levels for all pixels defined as )12()12( +×+ ′mm  in the rectangular 

lattice ( NM × ). The lattice S is { }mmpqpsS ′=== 2...0 ,2,...0 ),,( [11, 69, and 70]. We 

define coarse grids iS by: 

{ } )16.3(                   2,...0 ,2,...0 ),2,2( imimiii kkkksS −′− =′=′==  
iΓ  denotes the space of configurations defined on iS . The neighborhood of a 

single site Sqps ∈= ),(  at iS  is defined as ),(1 qps ′′= , )2,(2
iqps +′′= , ),2(3 qps i ′+′= , 

)2,2(4
ii qps +′+′= with )2/(2 ii pIntp =′ and )2/(2 ii qIntq =′ where )(ψInt designates 

the integer part of ψ . See Figure 3.3. 

 

 

 

 

 

 
 

 

 

Figure 3.3. Location of site s of S with re

 

Its label can define random variable x on

(i

ii

x Φ=
→Λ Φ

If y has a homogenous block ii 22 × dis

from )( ii yy Φ= directly. The pixel relation on a

Figure 3.4. 

Site of S 
 
 
Site of Si 

s4 

s2 

s3 

s1 
2i
spect to grid Si (i=2

iS : 

                       
)i

i

x
Ω

tribution, the y

n observed image 
2i 
 for MR method). 

)17.3(                             

 can be calculated 

at each grid is shown in 



 

 

40

 

                           

1

2

kX

kX

kX

⊕⊕⊕⊕••••
⊕⊕⊕⊕••••
⊕⊕⊕⊕••••
⊕⊕⊕⊕••••
∗∗∗∗⊗⊗⊗⊗
∗∗∗∗⊗⊗⊗⊗
∗∗∗∗⊗⊗⊗⊗
∗∗∗∗⊗⊗⊗⊗

⇔

⊕⊕••
⊕⊕••
∗∗⊗⊗
∗∗⊗⊗

⇔
⊕•
∗⊗

−

−

Figure 3.4. Pixel relations on different resolutions. 

 

We are looking to find out )2(ˆ −kx on MR. From equation 2-9 we learn: 

)18.3(                       )|(])|([)|( 22 yXPXXPyXP k

kx

kkk ∑ −− =  

and we obtain: 

)19.3(                                         )|(maxargˆ 2

2
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x
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                       ))|(])|(([maxarg      2
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)(

2

2
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X k

kx skBr

k
rk

k
s
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∈

−

−∈

= δ  

 

where )(sBk is a block of pixels at k resolution that is related to site s to k-2th resolution. 

Since we have assumed that the 22 × blocks are homogenous we can expect to obtain 
kx̂ from 2ˆ −kx  close to its true values but this hypothesis is not always true because we 

always have some noises or in homogeneity in the observed image. As a matter of fact, 

the true demonstration of Figure 3.4 is most likely similar to Figure 3.5. 
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Figure 3.5. Pixel relations on different resolutions, in the presence of noise. 

 

As we observe through Figure 3.4 and figure 3.5, we find that 2−k
noisyX and 2−kX are similar; 

however, both k
noisyX and kX are completely different. To overcome this problem we 

define conditional probability of randomness selection: 

)20.3(                                      )|( yXP k

rands
 

where k

rands
X is a uniform random selection, equally distributed, 

16
1 , of neighborhood of 

single site of s at the kth resolution for each )(sBk .  

We claim that for a degraded image: 

) 21.3(                                    )|()|( yXPyXP k

rands

k ≤  

is always true. 

 

Proof: Both )|( yXP k

rands
 and )|( yXP k belong to the same resolution and each of them 

presents the same rule as another, but the probability of )|( yXP k

rands
is higher 

than )|( yXP k at iterative mode. As we saw in Figure 3.3, for the probability )|( yXP k , 

1s represents one of ii 22 × (for →= 2i 16) pixels. That is, the probability that 1s presents 
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the correct pixel in the related ii 22 ×  block at k resolution is 
16
1  and through whole of the 

observed image is
i

m
i

m

22

16
1

′
×

. For the probability )|( yXP k

rands
, this value is 

i
m

i
m

u 22

16

′
×

where u 

is the number of pixels that were not affected by noise and 1≥u  is always true. So we 

can obtain )2(ˆ −kx  from equation 3.22 with higher accuracy.  
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The maximization of the argument of equation of 3.22 is the minimization of )(2 xU k − . 

)(2 xU k − is the maximum likelihood of the Bayesian relation of observed and unobserved 

image [71]: 

  )23.3(                   
)(

)()|()|(
YP

XPXYPYXP =  

Thus we can express the equivalent minimization of posterior energy function of )|( yxU  

for equation 3.22: 
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randst xVxyf                  )()|( 22 β   

where f , β , T are the cost function, a fixed control parameter, and temperature, 

respectively. The first term in Equation 3.24 reflects a penalty for misclassification, while 

the second term represents smoothness constraints.  Temperature and parameter, β , offer 

mechanisms for adjusting the relative importance of smoothness of the final solution 

versus labeling error.  In this work, we used a piecewise linear potential function for each 

label (Figure 3.6). Vector θ  contains 3l+1 parameters: l labels, s, and d (deviation 

parameters for each label), and a fixed β  for entire of image. The vector of θ has three 

elements for each class, a label and two constant deviation parameters, s and d  [72], with 

s and d defined experimentally. If the distance between a given data pixel and the label of 

the lth class is lower than ls , then there is a high probability that this pixel belongs to the 
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class l. In contrast, if the distance between the data pixel and the label of the lth class is 

greater than ld  , then there is a low probability that this pixel belongs to the class l. 

 

 
Figure 3.6. Cost function defining the data-driven term for one typical label. 

 

The steps involved in MR algorithm can be summarized as the following: 

1. Choose an initial temperature oT . 

2. Initialize 2ˆ −kx randomly. 

3. Perturb 2ˆ −kx into 2ˆ −kz and set a pointer, h, randomly between 1 through 16 with 

equal probability for each pixel per iteration.  

Let: )|ˆ()|ˆ( 22 yxUyzU k

randh

k

randh

−− −=∆ . If 0<∆ then replace 2ˆ −kx by 2ˆ −kz ; else 

replace 2ˆ −kx  to 2ˆ −kz with probability kTe /∆− . 

4. Replace kT by 1+kT . 

5. Repeat 3-4 until no changes happen, but stop after maxItr iteration. 

6. Interpolate 2ˆ −kx to size of kx̂ at fine resolution. 

maxItr was set to 700. The choice of cooling function defines the cooling schedule. 

Experimentally, the initial temperature was selected oT =4 and kk TT 95.01 =+ [57]. 

 

3.3.2 Simulated Annealing – Random Cost Function (SA-RCF) algorithm 

While MR applies to coarse (k-2th) resolution, SA-RCF applies only to fine (kth) 

resolution. In SA-RCF each iteration for all pixels of the observed image, a pixel is 

selected randomly from a block of 3 3×  pixels in its neighborhood. It is hypothesized that 
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such a uniform random selection can increase robustness of the algorithm when the image 

is corrupted by noise. It is believed that in the iterative mode, the chance of finding a 

pixel in its 3 3× matrix neighborhood that was not corrupted or was less affected by noise 

is higher. Then, equation 3.24 can be modified as:  

)25.3(              )}()|({minarg)}|({minargˆ
)33()33(

kk

randsx
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randsx

k xUxyUyxUx +==
××

 

                   )()|(
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+=
t kSs Cc

k
c

k

randst xVxyf β  

where k

rands
x

)33( ×
refers to random selection of a grid from a block 3 3× surrounded 

around s . We have named this method Simulated Annealing with Random Cost Function 

(SA-RCF).  

 

The steps involved in SA-RCF algorithm can be summarized as the following: 

1. Choose an initial temperature oT . 

2. Initialize kx̂ randomly. 

3. Perturb kx̂ into kẑ and set a pointer, h, randomly between 1 through 9 with equal 

probability for each pixel per iteration.  

  Let: )|ˆ()|ˆ(
)33()33(

yxUyzU k

randh

k

randh ××
−=∆ . If 0<∆ then replace kx̂ by kẑ ; else replace 

 kx̂  to kẑ with probability kTe /∆− . 

4. Replace kT by 1+kT . 

5. Repeat 3-4 until no changes happen, but stop after maxItr iteration. 

 

3.3.3 Simulated Annealing (SA) algorithm 

 We have used this method, which was introduced by Geman [10], to compare 

with our methods. SA applies to the kth resolution, and a priori information of the 

introduced algorithms is the same for SA-RCF. The cost function of SA is similar to 

equation 3.25 except that there is no random search at each site. 
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st xVxyf β  

Computational steps and algorithm are identical to SA-RCF method as outlined 

before. 

3.3.4 Minimum Gray Level Distance (MGLD) algorithm 

 MGLD tends to segment images by assigning a pixel value by a label, which has 

minimum difference with all labels, with the smoothness constraint imposed by the clique 

potential function. Intuitively, this approach is similar to K-means clustering [73] with an 

added smoothness constraint. 

)27.3(                                  )()()|( 2 k

Cc
c

k
st

t Ss

k xVxyyxU ∑∑∑
∈Ω∈ ∈

+−= β  

Equation 3.27 calculates its maximum value l times (l distinct labels) for each 

pixel in the image per iteration. This procedure continues for all pixels per iteration.  

 

3.4 Simulation results and discussion 

To assess accuracy and computational efficiency of the proposed algorithms, we 

generated a series of CT head phantoms, using a Modified Shepp-Logan [47]. This is a 

variant of the Shepp-Logan phantom in which the contrast is improved for better visual 

perception. Throughout this thesis, we use these phantom images to evaluate our 

simulation results.  

Additive white Gaussian noise was added to each image. The maximum number 

of iterations for MR, SA-RCF, and SA was set to 700. Sometimes algorithms converged 

at fewer than 700 iterations especially when the signal-to-noise rate of the image was 

high. MGLD ran until it converged, which happened at an iteration much lower than 700. 

The initial temperature was selected as 4.0 for all of the algorithms and a priori 

information was the same for all. 

Table 3.1 summarizes the segmentation error of the complete set as a function of 

noise and β . β  values are 0.15, 0.18, 0.2, 0.22, 0.25, and 0.4. The segmentation error is 

computed as the percentage of pixels misclassified per the total pixels in the image. For 

the original noise-free image, SA and MGLD achieved the lowest segmentation error 

among the four methods. As the noise increases, the segmentation errors for SA and 
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MGLD consistently worsen compared to those for MR and SA-RCF. It is also interesting 

to note that segmentation errors for noisy images decrease inversely with β . As was 

noted, β was introduced in equation 3.24 to control the relative contribution of 

smoothness constraint in the total posterior energy function. We expected to observe less 

dependency of SA-RCF and MR to changes in β for smaller values since these algorithms 

try to find the minimum energy by selecting the best pixel value inside of its 

neighborhood. We have done our simulations on noiseless images and for five CT 

phantoms that have degraded by different noise levels which are N(0,0.057), N(0,0.081), 

N(0,0.1), N(0,0.141), N(0,0.173). Since the result of each simulation for each image 

occupies lot of space in this thesis, we only posted the result of image segmentation for 

one noisy phantom image, which was corrupted with N(0, 0.081).  

Segmentation performance was evaluated for all six phantoms with respect to 

noise and β . The dynamic range of original phantom image is among 0 and 1. The results 

of simulation are shown for MR, SA-FCF, SA, and MR for sets of β values. 

Segmentation results on noisy image N(0,0.0812) is shown from figure 3.7 to 3.12. 
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a. Original (Phantom) image. 

 

 
b. Noisy image, N(0,0.081)  

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 3.7. a) Phantom image. b) Noisy image, phantom image corrupted by Gaussian 
white noise N (0,0.0812). c) Result of SA. d) Result of SA-RCF. e) Result of MR. f) 

Result of MGLD. β =0.15 was selected for all these images. 
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a. Original (Phantom) image. 

 

 
b. Noisy image, N(0,0.081) 

  

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 3.8. a) Phantom image. b) Noisy image, phantom image corrupted by Gaussian 
white noise N (0,0.0812). c) Result of SA d) Result of SA-RCF. e) Result of MR. f) 

Result of MGLD. β =0.18 was selected for all these images. 
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a. Original (Phantom) image. 

 

 
b. Noisy image, N(0,0.081) 

  

 
c. SA 

 
d. SA-RCF 

 

 
f. MR 

 

 
f. MGLD 

 
 

Figure 3.9. a) Phantom image. b) Noisy image, phantom image corrupted by Gaussian 
white noise N (0,0.0812). c) Result of SA. d) Result of SA-RCF. e) Result of MR. f) 

Result of MGLD. β =0.20 was selected for all these images. 
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a. Original (Phantom) image. 

 

 
b. Noisy image, N(0,0.081)  

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 3.10. a) Phantom image. b) Noisy image, phantom image corrupted by Gaussian 
white noise N (0,0.0812). c) Result of SA. d) Result of SA-RCF. e) Result of MR. f) 

Result of MGLD. β =0.22 was selected for all these images. 
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a. Original (Phantom) image. 

 

 
b. Noisy image, N(0,0.081)  

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 3.11. a) Phantom image. b) Noisy image, phantom image corrupted by Gaussian 
white noise N (0,0.0812). c) Result of SA. d) Result of SA-RCF. e) Result of MR. f) 

Result of MGLD. β =0.25 was selected for all these images. 
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a. Original (Phantom) image. 

 

 
b. Noisy image, N(0,0.081)  

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

Figure 3.12. a) Phantom image. b) Noisy image, phantom image corrupted by Gaussian 
white noise N (0,0.0812). c) Result of SA. d) Result of SA-RCF. e) Result of MR. f) 

Result of MGLD. β =0.4 was selected for all these images. 
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Through figure 3.13 and figure 3.18, we evaluate performance of four algorithms 

(MR, SA, SA-RCF, and MGLD) for a set of β  and standard deviation (σ ) of noise. 
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Figure 3.13. Segmentation accuracy of SA, MGLD vs. MR, and SA-RCF as a 

function of noise standard deviation for β =0.15. 
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Figure 3.14. Segmentation accuracy of SA, MGLD vs. MR, and SA-RCF as a 

function of noise standard deviation for β =0.18. 
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Figure 3.15. Segmentation accuracy of SA, MGLD vs. MR, and SA-RCF as a 

function of noise standard deviation for β =0.2. 
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Figure 3.16. Segmentation accuracy of SA, MGLD vs. MR, and SA-RCF as a 

function of noise standard deviation for β =0.22. 
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Figure 3.17. Segmentation accuracy of SA, MGLD vs. MR, and SA-RCF as a 

function of noise standard deviation for β =0.25. 
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Figure 3.18. Segmentation accuracy of SA, MGLD vs. MR, and SA-RCF as a 

function of noise standard deviation for β =0.4. 
 

 

Figure 3.19 demonstrates the percent of segmentation error based on different 

values of β for a noisy image which was corrupted by N(0,0.141). However, because 

figure 3.19, can be inferred from Figures 3.13 to 3.18, we posted only the result for σ = 

0.141 to prevent showing redundant information. 
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Figure 3.19. Result of segmentation error on a phantom image which was corrupted by 

N(0,0.141) vs. different β . 
 

Since computational cost is almost completely independent of β , we set a stop 

value for iteration of our algorithm; we showed the computational cost of four algorithms 

for a set of β . Figure 3.20 shows the computational cost for each method in terms of the 

number of floating point operations (FLOP). The computational cost for three methods 

(SA, SA-RCF and MGLD) increases for noisy images. The computational cost of the 

proposed methods depicts a trade-off between SA and MGLD. Note that due to the wide 

range of difference in the computational cost among the four techniques, it is expressed in 

semi-log scale. 
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Figure 3.20. Computational cost of four methods studied in this work. Note that vertical 

axis is in log-scale. 
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Effects of different noise and β  values for all four algorithms are shown 

separately in Figures 3.21 to 3.24. These figures show high dependency of SA on both β  

andσ  and less dependency of MR and SA-RCF on higher β  andσ . Figures 3.21 to 3.24 

prove that our proposed algorithms (both MR and SA-RCF) are more successful than SA 

and MGLD in searching for minimum global energy. 
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Figure 3.21. Result of segmentation error for SA based on different β  andσ  values. 
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Figure 3.22. Result of segmentation error for SA-RCF based on different β  andσ  

values. 
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Figure 3.23. Result of segmentation error for MR based on different β  and σ  values. 
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Figure 3.24. Result of segmentation error for MGLD based on different β  andσ  values. 

 

Table 3.1 summarizes segmentation error of the complete set as a function of 

noise and β . β values are 0.15, 0.18, 0.2, 0.22, 0.25, and 0.4. σ has values:0, 0.057, 0.081, 

0.1, 0.141, and 0.173. For each block of β , the intersection of the algorithm’s name 

(row) with the noisy phantom (column) shows its segmentation error. 
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Table 3.1. The complete set of noise levels and its segmentation error with 
different values of β  andσ  demonstrated. 

Segmentation Error    β
   β
   β
   β     

    
    
    

                

 Noise free N(0,0.057) N(0,0.081) N(0,0.1) N(0,0.141) N(0,0.173) 

MGLD 0.00 45.30 45.74 46.79 48.78 51.53 
SA 0.00 34.10 34.50 36.40 39.00 43.90 
MR 4.27 22.90 24.40 25.90 29.40 35.80 

0.15 

SA-RCF 2.24 20.90 21.40 23.60 26.00 33.30 
MGLD 0.00 45.30 45.74 46.79 48.78 51.53 

SA 0.00 23.60 24.10 25.20 28.80 33.70 
MR 3.62 7.56 8.49 7.93 9.47 10.50 

0.18 

SA-RCF 1.92 5.04 5.09 5.34 6.84 8.97 
MGLD 0.00 45.30 45.74 46.79 48.78 51.53 

SA 0.00 17.70 18.10 18.60 21.60 27.20 
MR 3.53 6.45 7.06 6.39 8.34 9.26 

0.20 

SA-RCF 1.93 4.60 4.35 4.79 5.91 7.87 
MGLD 0.00 45.30 45.74 46.79 48.78 51.53 

SA 0.00 14.60 14.80 15.60 18.00 23.20 
MR 3.00 4.90 5.29 4.70 6.25 5.80 

0.22 

SA-RCF 2.03 3.32 3.59 3.60 4.69 6.80 
MGLD 0.00 45.30 45.74 46.79 48.78 51.53 

SA 0.00 9.50 9.98 10.00 12.40 16.80 
MR 3.59 4.76 5.10 5.69 6.85 8.55 

0.25 
SA-RCF 1.86 3.26 3.00 3.54 4.34 6.90 
MGLD 0.00 45.30 45.74 46.79 48.78 51.53 

SA 0.01 8.74 3.41 9.24 11.50 14.40 
MR 4.37 4.79 4.68 7.24 7.16 8.84 

0.4 

SA-RCF 1.86 3.22 2.84 3.54 4.34 6.90 

 

 

3.5 Conclusion 

This chapter proposed two improvements to simulated annealing to perform an 

image segmentation using Markov random fields.  These are the random neighbor 

selection of a site at fine resolution (SA-RCF) to improve performance of the algorithm in 

the presence of noise on an image at fine resolution and the use of stochastic sampling 

within a multiresolution scheme (MR) to reduce the computational complexity.   
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We compared MR, SA-RCF, SA, and MGLD methods for segmentation of 

images into a discrete set of classes. The SA-RCF and MR algorithms achieve higher 

segmentation accuracy in the present of noise. MGLD provides excellent segmentation 

accuracy for noise-free images, with comparable computational time. The MR method 

achieves higher segmentation accuracy at significantly lower computational cost 

compared to SA and MGLD. However, due to its multiresolution decomposition of 

image, segmentation error is not distributed uniformly across regions of various sizes, i.e. 

error in small regions would be bigger than in larger region. SA and SA-RCF have the 

same computational complexity, while SA-RCF offers a more robust segmentation for 

noisy images. Because of random pixel selection, we always obtain uncertainty around 

the borders of a labeled site. Since MR and SA-RCF look for the best label in observed 

images to find global minimum energy, they could be less dependent on small changes 

of β . 
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4. EXPERIMENTAL RESULTS: PARAMETER ESTIMATION AND 

IMAGE SEGMENTATION ON DENTAL IMAGES 
 

In this chapter we present the result of our parameter estimation and image 

segmentation algorithms on set of nine dental images obtained with a µ CT (Micro 

Computed Tomography) scanner. In section 4.1, we present a background in different 

imaging modalities for dental images and the reason for using µ CT imaging. In section 

4.2, we show some tooth images and caries as Regions Of Interest (ROI), as well as 

regions on the dental images that were classified by the faculty members at Indiana 

University School of Dentistry at Indianapolis. In section 4.3, we evaluate the 

performance on caries detection by a dentist at two different time spots and show the 

correlation results. In section 4.4, seven proposed parameter estimation algorithms are 

applied to these tooth images and the Gaussian mixture model parameters of the images 

are obtained. In section 4.5, we use the best result of parameter estimation method 

(Interlaced GA-EM) in four image segmentation methods. Four segmentation methods 

(MGLD, SA, SA-RCF, and MR) are applied to the images in this section and 

performances of the results are demonstrated. Section 4.6 provides a discussion and 

conclusion on proposed methods. 

 

4.1 Background and Significance in µ CT imaging of dental caries 

Dental caries is a chronic disease that involves the destruction of tooth structure, 

which can lead to loss of masticatory function, pulpal abscess and tooth extraction [74]. 

Despite the significant progress in the prevention of dental caries, through the widespread 

use of fluoride and other oral hygiene measures, dental caries continue to be the most 

prevalent dental disease, afflicting 88% of the U.S. population [75]. According to the last 

national dental survey the average teenager has 8 decayed, missing or filled surfaces by 
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age 17 and young adults are afflicted with an average of 31 decayed or filled tooth 

surfaces by age 40-44. Likewise, older adults continue to be afflicted by dental caries with 

an attack rate only slightly less than that of young adults [76]. 

By the time dental caries can be detected in dental practice using tactile/visual 

methods, the lesions are well advanced and have progressed about halfway through the 

enamel. Such lesions reflect the fact that the disease had been in progress for 1-2 years 

before it has been detected. Lack of early detection and control of caries leads every year 

to significant expenses for treating caries and its consequences in the U.S. [74]. 

There is a continuous demand for development of new diagnostic technologies for 

detection of caries at an early stage, thus halting or reversing the course of its progress 

through non-invasive treatment procedures. Such techniques will also be able to 

determine the impact of novel treatment procedures that are designed to gradually reverse 

the course of demineralization.   

To address the need for early detection and size of dental caries several clinical 

techniques have been introduced and examined. Examples of these techniques include: 

•  Laser- and Light-Induced Fluorescence [77-80], 

•  Electrical Conductance Measurement (ECM) [81-83], 

•  Digital Fiber Optic Trans-illumination (DIFOTI) [84,85], 

•  Digital Subtraction Radiography [86, 87], 

•  Optical Coherence Tomography (OCT) [88], 

•  Terahertz Pulse Imaging (TPI) [89], 

•  Ultrasound Imaging [90], 

•  Tuned Aperture Computed Tomography (TACT) [91-93]. 

To assess the diagnostic accuracy of these techniques and establish the ground truth, 

there is a need for a reference method (also known as gold standard). Commonly, the 

sensitivity and specificity of a newly introduced clinical method is tested through in vitro 

and in situ models, followed by clinical studies. 

The questions of interest in enamel and dentin demineralization and remineralization 

studies are: 
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1) Mineral content, 

2) Geometrical attributes such as depth, area and volume, 

3) Rate of change (of both mineral content and geometrical attributes). 

In the past three decades several reference methods have been introduced and 

examined in caries validation studies. In this section we briefly overview the most 

common techniques. 

 

4.1.1. Microradiography 

In this approach, specimens are sectioned into thin slices. In transverse 

microradiography (TMR) the sections are cut perpendicular to the enamel surface 

(thickness ranging from 90µ to 200µ), while in longitudinal microradiography (LMR) 

specimens are cut parallel to the anatomical tooth surface (thickness about 0.5 mm) [94, 

95]. In TMR, the most frequently used microradiographic method; the slices are placed 

on a high-resolution radiographic film, along with a calibration step-wedge and irradiated 

by an x-ray source. The optical density of the developed film is used to calculate mineral 

content, which is expressed in vol% or in g.m-3. From TMR images one can obtain lesion 

depth and the mineral loss value, ∆Z (in vol% or in g.m-3). ∆Z refers to the integrated 

difference between microradiographic density of sample with mineral loss and that of 

sound enamel. The primary advantage of TMR is its relative quantitative accuracy. 

Disadvantages of TMR are [96]: 

It is destructive due to sectioning. Also there is significant loss of tissue associated 

with the sectioning process, hence it is unable to provide an accurate view of the entire 

lesion.  

Requires uniformly thick sections, which is practically difficult to achieve. Non-

uniformity in thickness leads to error in density measurement.  

Requires a flat surface for analysis purposes, hence it fails for analyzing interproximal 

and occlusal lesions. 
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Decision of sectioning location is commonly based on visual examination of the 

specimen, which may lead to incorrect judgment on the existence and severity of carious 

lesions.  

 

4.1.2. Microhardness 

Microhardness testing measures physical changes in the enamel. In this method, a 

Knoop or Vickers diamond is positioned on the sample with a given load for a given time 

[97]. The indentation length left by the diamond in the sample is determined 

microscopically and expressed in µm. This method provides indirect evidence of mineral 

loss or gain. There are two different types of hardness measurements (1) surface 

microhardness (SMH), and (2) cross-section microhardness (CSMH). The SMH test is 

considered a sensitive method of measuring mineral changes, which can be used to 

measure early enamel changes occurring at the enamel surface [96]. The CSMH method 

has also been shown to correlate closely with changes in mineral content as determined 

by microradiography [98]. However, due to fracturing this method cannot assess the outer 

25µ of enamel. Also because of destructive indentation, the same surface cannot be 

studied longitudinally. It has been also noted that microhardness fails to assess dentinal 

lesions due to relaxation of dentin indentation with time and drying shrinkage effect [99]. 

 

4.1.3. Polarized Light Microscopy 

In this approach thin sections (about 80µ) are prepared and observed under a polarizing 

microscope. The difference in birefringence is used to differentiate between sound and 

diseased areas [100, 101]. In addition to its destructive nature, it is difficult to interpret 

quantitatively [102]. 

 

4.1.4. Other methods 

Other methods include light scattering [103, 104], wavelength-independent 

microradiography [105], confocal laser scanning microscopy [106], scanning light 

microscopy, chemical analysis [97], and x-ray tomographic microscopy (XTM).  Kinney 
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et al. [107] employed XTM (based on synchrotron radiation at Stanford Synchrotron 

Radiation Facility) to assess mineral content of dentin. They analyzed a 3mm by 1mm 

section of a single maxillary molar with natural dentinal caries. XTM measurement for 

this specimen was shown to be in agreement with the average estimates of the mineral 

concentration in dentin. 

 

To summarize, the drawbacks of the common techniques for demineralization/ 

remineralization analysis are: 

Destructive approaches do not allow analysis of the dynamics of demineralization and 

remineralization. Also, due to destruction, a larger number of specimens are needed to 

accommodate different demineralization/remineralization regiments, as well as reducing 

inter-subject variations. 

It is also extremely difficult to obtain uniformly thick lesions for techniques requiring 

thin sections. Obtaining such sections of the occlusal surfaces leads to a significant 

percentage of fractures. Also, the flat surface requirement excludes lesions on 

interproximal and occlusal surfaces. 

Most of these techniques analyze the lesion for a small window provided by the thin 

section. For example, to obtain a 100µ thin section for TMR analysis, about 200µ of 

tissue will be lost on each side of the intended section during cutting. Hence, it is not 

possible to obtain a complete view of geometrical extent and mineral content of the 

lesion. 

There is a need for objective and accurate methods to assess the diagnostic potential of 

such innovative technologies for detection of caries. There are several methods currently 

employed for analysis of demineralization and remineralization. The consensus in the 

dental research is that there is significant inconsistency among these methods [108, 109].  

Furthermore, these destructive approaches do not permit the monitoring of lesions 

longitudinally to study dynamics of lesion progression and regression. The objective of 

thesis is to design and evaluate a quantitative and non-destructive method for caries 

analysis and validation. 
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In the past few years researchers at Indiana University School of Dentistry (IUSD) have 

been examining the sensitivity and accuracy of several novel techniques with potential for 

early detection of caries and evaluation of its size with non-destructive method. An 

example of such techniques is µ CT imaging. To address this problem, it was shown 

feasibility of a high-resolution computed tomographic ( µ CT) unit for caries assessment. 

The primary interest in this approach stemmed from the facts that (1) it can provide full 

3-D view of lesion, (2) it makes possible to study the dynamics of demineralization and 

remineralization due to its nondestructive nature, and more importantly, and  (3) if 

calibrated, it can provide objective and quantitative assessment of tissue content [110-

114]. 

 

4.2 Tooth images 

We have selected 9 dental images, which have each been scanned under a 

different signal-to-noise ratio by a µ CT scanner, (Scanco Medical µ CT20). The scanner 

can provide an in-plane resolution of 8-14 µ m, depending on the size of field of view 

and a slice thickness of 25 µ m. These images were selected from different sets of 3-D 

volumes. There was no preference to select the image slices from the 3-D volumes except 

for having a variety of lesion sizes. 

 Figure 4.1 shows a slice image that has caries on both the enamel and the dentin 

area. It is an occlusal view of a premolar tooth, which was scanned by a µ CT scanner.  
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Figure 4.1. Tooth image, occlusal view, from a set of images taken by µ CT. 

 

When analyzing dental images, dentists look for regions that can be used for 

image interpretations. Those regions were marked as A1-A5 in figure 4.2. A1 shows the 

background, A2 shows the enamel, A3 shows the dentin area of tooth, A4 shows the 

caries on enamel, and A5 shows caries in the dentin area. It should be mentioned that 

however there are two marked A5 regions and apparently both of them belong to one 

class, caries; but those regions actually belong to two stages of caries development. 

 

 
Figure 4.2. Tooth image, ROI on the image were marked from A1 to A5. 
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The overall purpose of this thesis is to detect caries on dental images unsupervised. In 

order to evaluate the image segmentation process, we need to have correct locations/sizes 

of caries on dental images. The caries were determined and marked by two faculty 

members, Dr. Masatoshi Ando and Dr. Hafsteinn Eggertsson, School of Dentistry, 

Indiana University. Throughout this chapter, the errors of the image segmentation 

methods were calculated as the average of segmentation error results based on both Dr. 

Ando and Dr. Eggertsson’s caries detection. The teeth images are shown in figures 4.3 

through 4.11, called Images A – K.  The original image was labeled “a” and the marked 

caries labeled “b” for all images (A-K). 

 
a 

 
b 

Figure 4.3. a) Image A, b) Caries are distinguished on image with a thick black line. 
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a 

 
b 

Figure 4.4. a) Image B, b) Caries are distinguished on image with a thick black line. 

 

 
a 

 
b 

Figure 4.5. a) Image C, b) Caries are distinguished on image with a thick black line. 
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a 

 
b 

Figure 4.6. a) Image D, b) Caries are distinguished on image with a thick black line. 

 

 
a 

 
b 

Figure 4.7. a) Image E, b) Caries are distinguished on image with a thick black line. 
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a 

 
b 

Figure 4.8. a) Image F, b) Caries are distinguished on image with a thick black line. 

 

 
a 

 
b 

Figure 4.9. a) Image G, b) Caries are distinguished on image with a thick black line. 
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a 

 
b 

Figure 4.10. a) Image H, b) Caries are distinguished on image with a thick black line. 

 

 
a 

 
b 

Figure 4.11. a) Image K, b) Caries are distinguished on image with a thick black line. 

 

4.3 Intra observer agreement 

Even experienced eyes are not very consistent in identifying caries on the images. 

We have asked Dr. Masatoshi Ando to mark caries on the images. He was asked to 

determine the caries for each image at two different times. We would like to know 

whether or not the specialist could detect the lesion’s exact size and location consistently. 

The ability to correctly detect the lesion location and size for each image was calculated 
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as a percent of the intersection of regions per total union of lesion sizes, which were 

obtained at two separate times. Figures 4.12 and 4.13 show this Intra Observer Agreement 

(IOA) and the difference between the two observations respectively. The average of the 

IOA over 9 images was 81.21%. The average difference between the two observations 

was 18.75%. The Intra class Correlation Coefficients (ICC) for these sets of images was 

calculated as follows [115]: 
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where a is number of images, n is numbers times for each image (2 times per image), 

naN ×= , ioY is the average size of caries over two times, and ooY is the overall average 

size of all caries.  

Sizes of caries are shown in figure 4.14. Please note that Image B, Image F and Image H 

have more than one lesion. The caries sizes at the first observation time are plotted versus 

the sizes at the second observation time for each image.  

A regression line was fit to this data and ICC and coefficient of determination ( 2R ) was 

calculated. 2R was 0.9613 and the intercept of regression line was 29.86. The ICC was 

calculated as 0.8642.  
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Figure 4.12. Percent of repeatability to detect caries for each image. 

 

 
Figure 4.13. Percent of error to detect caries in teeth images at two observations. Please 

note that percent of error range on vertical axes is shown in a range from 0 to 30 to 
amplify error contrast among images. 
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Figure 4.14. Caries sizes (in pixels) at two different times of detection. 

 

The root-mean-square of signal-to-noise ratio for each image, denoted rmsSNR , is: 
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where ),(ˆ yxg is considered a noiseless image, in which the gradation of enamel, dentin, 

caries and background has been adjusted, and ),( yxg is the original image In the 

rectangular lattice NM × . The caries sizes were calculated from ),(ˆ yxg and we have 

used them as ground truth. Average caries sizes of each image at two different times are 

shown in figure 4.15.  The root mean square value of signal-to-noise ratio ( rmsSNR ) of 

each image, ),( yxg , is shown in figure 4.16. 
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Figure 4.15. Caries sizes, in pixels, in each image 

 

 

 
Figure 4.16. rmsSNR for nine dental images 
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4.4 Parameter estimation on tooth images, experimental results 

The parameter estimation of the Gaussian mixture model is the first step of our 

unsupervised image segmentation procedure. We have introduced the parameter 

estimation methods in chapter two extensively and we apply them in this section. All 

methods have been applied to tooth images and errors are shown in figure 4.17 through 

4.21. These methods are: 

1) GA: Standard Genetic Algorithm,  

2) EM: Standard Expectation Maximization, 

3) GA-SA: A modification of standard GA with Simulated Annealing concept,  

4) GA-EM: Uses final result of GA as initial input for EM,  

5) GA-SA-EM: Final results of GA-SA are used as initial inputs for EM,  

6) Interlaced GA-EM: Interactively parameter estimation on both GA and EM 

instead of sequential order, and  

7) Interlaced GA-CGM: Interactively parameter estimation on both GA and 

Conjugate Gradient Method.  

We compared the performance of each method using the minimum squared error between 

mixture models of each image as described in the section 2.9. 

a b 
Figure 4.17. Error of EM, GA, GA-EM, GA-SA, GA-SA-EM, Interlaced GA-EM, and 

Interlaced GA-CGM. a) Image A b) Image B. 
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a  
b 

Figure 4.18. Error of EM, GA, GA-EM, GA-SA, GA-SA-EM, Interlaced GA-EM, and 
Interlaced GA-CGM. a) Image C b) Image D. 

 
 
 

 

a b 

Figure 4.19. Error of EM, GA, GA-EM, GA-SA, GA-SA-EM, Interlaced GA-EM, and 
Interlaced GA-CGM. a) Image E b) Image F. 
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a b 

Figure 4.20. Error of EM, GA, GA-EM, GA-SA, GA-SA-EM, Interlaced GA-EM, and 
Interlaced GA-CGM. a) Image G b) Image H. 

 
 
 

 
Figure 4.21. Error of EM, GA, GA-EM, GA-SA, GA-SA-EM, Interlaced GA-EM, and 

Interlaced GA-CGM for Image K. 
 

 

4.5 Image segmentation of tooth images, experimental results 

The image segmentation method was explained in the chapter 3. We have used 

those image segmentation methods (SA, MGLD, MR, and SA-RCF) to segment the 9 

tooth images. As we have observed Interlaced GA-EM produced the minimum error in 

the parameter estimation, so we have used its values to segment images. The complete set 

of parameter estimation errors are shown in figure 4.22. The error of the image 
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segmentation was calculated as the percentage of pixels misclassified per total pixels in 

the image as denoted in section 3.4.  

Results of image segmentation are shown in figures 4.23 to figure 4.31. 

 

 
Figure 4.22. Error of EM, GA, GA-EM, GA-SA, GA-SA-EM, Interlaced GA-EM, and 

Interlaced GA-CGM for Images A through K. 
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a. Image A 

 

 
b. Encircled caries on image A 

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 4.23. a) Image A b) Caries on the Image A. c) Result of SA. d) Result of SA-RCF. 
e) Result of MR. f) Result of MGLD. β =0.22 was selected for all these images. 
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a. Image B 

 

 
b. Encircled caries on image B 

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 4.24. a) Image B. b) Caries on the Image B. c) Result of SA. d) Result of SA-
RCF. e) Result of MR. f) Result of MGLD. β =0.22 was selected for all these images. 
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a. Image C 

 

 
b. Encircled caries on image C 

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 4.25. a) Image C. b) Caries on the Image C. c) Result of SA. d) Result of SA-
RCF. e) Result of MR. f) Result of MGLD. β =0.22 was selected for all these images. 
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a. Image D 

 

 
b. Encircled caries on image D 

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 4.26. a) Image D. b) Caries on the Image D. c) Result of SA. d) Result of SA-
RCF. e) Result of MR. f) Result of MGLD. β =0.22 was selected for all these images. 
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a. Image E 

 

 
b. Encircled caries on image E 

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 4.27. a) Image E. b) Caries on the Image E. c) Result of SA. d) Result of SA-RCF. 
e) Result of MR. f) Result of MGLD. β =0.22 was selected for all these images. 
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a. Image F 

 

 
b. Encircled caries on image F 

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 4.28. a) Image F. b) Caries on the Image F. c) Result of SA. d) Result of SA-RCF. 
e) Result of MR. f) Result of MGLD. β =0.22 was selected for all these images. 
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a. Image G 

 

 
b. Encircled caries on image G 

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 4.29. a) Image G. b) Caries on the Image G. c) Result of SA. d) Result of SA-
RCF. e) Result of MR. f) Result of MGLD. β =0.22 was selected for all these images. 
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a. Image H 

 

 
b. Encircled caries on image H 

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 4.30. a) Image H. b) Caries on the Image H. c) Result of SA. d) Result of SA-
RCF. e) Result of MR. f) Result of MGLD. β =0.22 was selected for all these images. 
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a. Image K 

 

 
b. Encircled caries on image K 

 

 
c. SA 

 
d. SA-RCF 

 

 
e. MR 

 

 
f. MGLD 

 
 

Figure 4.31. a) Image K b) Caries on the Image K. c) Result of SA. d) Result of SA-RCF. 
e) Result of MR. f) Result of MGLD. β =0.22 was selected for all these images. 
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To assess image segmentation results, gradations on dental images (Enamel, Dentin, 

caries and background) were adjusted by region and the error of image segmentation was 

calculated. The results of image segmentation errors for the value of β =0.22 are shown 

in Figure 4.32. 

 
 
 

 
Figure 4.32. Error of image segmentation on tooth images. 

 

The results show that MR has produced minimum error value for most of the images 

compared with the other methods. The performance rank to obtain minimum error among 

four methods is shown in figure 4.33 for the 9 dental images.  
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Figure 4.33. Performance rank for MGLD, MR, SA and SA-RCF image segmentation 

methods. 
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4.6 Conclusion 

We have demonstrated the advantages of unsupervised image segmentation 

compared with manual segmentation in terms of accuracy of the results. This chapter 

illustrated the Intra Observer Agreement and the difference between the two observations 

at two different times. A regression line was fit to this data; ICC and 2R were calculated. 

The value of  “1” for 2R and ICC shows the perfect agreement between the lesion sizes in 

two image sets, while “0” value proves no agreement in the results. 2R was calculated as 

0.9613 which the regression line has an intercept of 29.86. The desired intercept value is 

0 while 2R approaches “1.” The ICC was calculated as 0.8642. Our data shows a high 

ICC for repeatability because the range of our data goes from approximately 200 to 3500 

pixels. As compared to the large variability between caries, the differences within caries 

are relatively small. All of our pairs of data are distinct so again that will lead to a high 

ICC. Alternatively, we calculated the error of identifying dislocation of lesions. The 

dentist’s average error when determining the caries sizes and locations at the two 

different times was 18.79%. We are certain that the average error will be in the interval of 

15.49%-22.09% with a 95% Confidential Interval (CI). 

  In this chapter we used proposed methods of parameter estimation and 

segmentation proposed in chapters 2 and 3 respectively to segment without supervision 

nine µ CT dental images. 

In chapter 2, we observed that Interlaced GA-EM produced the minimum 

estimation error of the Gaussian mixture model of phantom images; and as we expected it 

was also correct for µ CT dental images. Since the Interlaced GA-EM gave the lowest 

error value for the mixture model parameters, the estimated parameters of Interlaced GA-

EM were used to segment dental images. All segmentation methods introduced in chapter 

3 were applied to these images. Segmentation performance was evaluated based on the 

ratio between the number of misclassified pixels in each image and the total numbers of 

pixels in the image. MR was most successful in minimizing the segmentation error and 

computational time. MGLD yielded poor segmentation results since its performance is 

highly related to the noise level of the image. 
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5. CONCLUSIONS 
 

This thesis proposed solutions and addressed two major problems in image analysis:  

1) Parameter estimation on the Gaussian mixture model 

2) Image segmentation using the Markov random field 

GAs, SA, and a mix of them were introduced to estimate image parameters. These 

methods were mixed with EM to increase their abilities to find better solutions for 

parameters in the mixture the Gaussian model.  

Previously, it was shown that GA is independent of initialization parameters and GAs 

are an efficient technique to optimize difficult functions in large search spaces. We have 

shown that using the EM algorithm might not always be successful because the true 

number of mixing components is unknown and the algorithm can get trapped in one of 

the many local maxima of the likelihood function; furthermore, there is no generally 

accepted method for parameter initialization.  

We introduced GA to estimate the Gaussian mixture parameters; the performance of 

GAs is highly dependent on how the objective function of the system is defined. We 

tested several types of objective functions, and in this thesis we used the best of them for 

parameter estimation of medical images and CT phantoms. In that, we presented another 

new method to find out the Gaussian mixture model parameters by GAs. An alternative 

approach to this problem is to have a two-step process, first estimating the parameters by 

GA and getting crude a priori information. Second the a priori information is used as an 

initial guess for EM algorithm to find out the final parameters. So the problem of 

parameters can be solved using both GA and EM (GA-EM) algorithms.  

We introduced a new algorithm (GA-SA) for the purpose of increasing accuracy in 

estimation parameters. Since both GA and SA are robust for finding the minimum global 

energy, a mix of them with EM (GA-SA-EM) increases the chance of finding global 
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minimum energy, thus providing yet another alternative solution to parameter estimation 

problems.  

In the last step to boost parameter estimation methods, we have introduced Interlaced 

GA-EM methods. We proposed a new incorporated genetic algorithm with EM 

(Interlaced GA-EM) to improve the estimation of the Gaussian mixture parameters. The 

method used a population of mixture models, rather than a single mixture, interactively in 

both GA and EM to determine the Gaussian mixture parameters. Alternatively, we have 

used the same technique to introduce Interlaced GA-CGM (Conjugate Gradient Method). 

Performance accuracy of the parameter estimation of EM, GA, GA-EM, GA-SA, GA-

SA-EM, Interlaced GA-EM and Interlaced GA-CGM was calculated on both CT 

phantoms, based on a modified Shepp-Logan method, and a series of dental images. It has 

been shown that GAs are independent of initialization parameters and can provide an 

efficient technique to optimize functions in large search spaces while the solution 

obtained by EM is a function of initial parameters, hence the relatively high likelihood of 

achieving a sub-optimal solution, due to trapping in a local maxima. The results indicated 

that the EM algorithm, as expected, was heavily impacted by initial values and the EM 

failed to calculate the parameters of the image for one of the images. Coupling GA-SA 

with EM (GA-SA-EM) not only improves the overall accuracy, it also provides estimates 

that are independent of initial seed values. The best result was obtained from Interlaced 

GA-EM on both error value and accuracy of the obtained parameters. EM has a lower 

computational time while Interlaced GA-CGM has the highest. The rest of the methods 

have almost all the same computational time higher than the EM and much lower than the 

Interlaced GA-CGM. 

The proposed methods offer an accurate and stable technique to estimation parameters 

of the Gaussian mixture models, with a higher likelihood of achieving the global optimal. 

Obtaining such accurate parameters is a key requirement for image analysis and signal 

processing approaches. 

This thesis also proposed two improvements to Simulated Annealing for performing 

image segmentation using the Markov random field.  The first improvement addressed 
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performance of the algorithm in noisy images by randomizing the pixel used in the cost 

function of the image (SA-RCF).  The second improvement reduces the computational 

complexity and time by performing stochastic sampling within a multiresolution scheme 

(MR).   

We compared MR, SA-RCF, SA and MGLD methods for segmenting images into a 

discrete set of classes in CT phantom images. The SA-RCF and MR algorithms achieve 

higher segmentation accuracy in the presence of noise. MGLD provides excellent 

segmentation accuracy for noise-free images, with comparable computational time. The 

MR method achieves higher segmentation accuracy at significantly lower computational 

cost compared to SA and MGLD. Both MR and SA-RCF are less dependent on β  values 

(a fixed control parameter on the energy function) compared to SA and MGLD. 

Independence of small variations of the β value confirms that both MR and SA-RCF are 

more successful to find global minimum energy than SA and MGLD. However, due to its 

multiresolution decomposition of images, segmentation error is not distributed uniformly 

across regions of various sizes, i.e., the error in smaller regions is greater than in larger 

regions. SA and SA-RCF have the same computational complexity, while SA-RCF offers 

a more robust segmentation for noisy images. Those segmentation methods have 

segments unsupervised a series of nine dental images that had different caries sizes and 

signal-to-noise ratios. Since Interlaced GA-EM had the best performances to estimate the 

mixture model parameters of dental images, image segmentation methods have used its 

estimated parameters to segment the images in which caries sizes were different. 

Performances of image segmentation methods are compared to a dentist’s manual 

segmentation. The results showed that MR has better segmentation results in significant 

lower computation time as compared with SA and SA-RCF. MGLD obtained poor 

segmentation results since its performance is highly related to the noise level of an image.  

In the statistical approach, we also showed that a dentist’s error average to detect a 

lesion on the tooth image at two different times has an interval of 15.49%-22.09% with a 

95% confidential interval.  
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