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(5.2)

G {A/Z + Wiy on the object

x» = |- A/l2+ W,, on the background

The noise random variable has a Gaussian probability density with mean zero
and variance ©, that is,

W,, ~ N(0, 6?). (5.3)

Now, consider a discrete time stochastic process
G= {ny, X,y € [O,M—l]} with configuration space Q and state space =, that
is, G(w): Q - &, e Q (Chapter 2). A boundary element b, is defined to
be a line segment separating two adjacent pixels. An object boundary is a
closed directed sequence {bi} which does not intersect itself.

Cooper [Co079] modeled the boundary process as a K* order Markov
chain. The state X, of the Markov chain was defined to be the last K-
boundary elements allocated before the present location on the boundary,
that is,

m
Xm = {bn} . (54)
n=m-K+1

Note that the transition from state X, to state X, . requires the knowledge
of one element b,,;. The transition probability of the Markov chain is
defined as follows:

P(Xm = Xm|Xn = xn) = P(bm’bm—l’ ceo bm—K+llbn,bn—l’ toe ey bn—K+1)- (55)

The left-hand side will be written simply as P(x,,1x,).

Now, consider a random boundary of length N with a prior probability
Po(N). The probability density of the boundary Pg(by,b,, .. ., by) can be
factorized by the chain rule as follows:

Pg(by,b,, .. ,by) = P(xn!Xn_ )P (Xnc11XN22) - - - P(x1x)P(x) (5.6)

or,

N
Pp(b) = JIPx(Xp!Xm—1) * P(xy). (5.7)

m=2
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The likelihood function of the boundary process is now defined as follows:

In (Pg(b) - Po(N)),
In Pg(b) + In Py(N),

Ly

N
InP(x1) + Y InPg(xplxp_1) + In Pe(N). (5.8)

m=2

The a posteriori distribution P(G = glB=b) can be expressed by the total
probability rule as follows:

P(G = gIB=b) = P(GIB:b,, € object pixels) - P(object) +
P(GIB:b,, € boundary pixels) - P(background). (5.9)

Assuming that the noise random variables {ny; (x,y) € S} are
independent and identically distributed (iid), two adjacent edge elements
bm = (Gyy — Gyi1,y)s and by = (Gyyqy — Gyppy) are Gaussian, however,
not independent. As an approximation, Cooper [Coo079] also assumed an
iid-distribution for all boqndary elements. From these assumptions, the
quantities P(GIB:b,, € object pixels) and P(GIB:b_, € boundary pixels) can
be written as products of univariate Gaussian probabilities, that is,

P(GIB) =k; JI exp- (gy- A/2)2/20'2 +
(x.y) € object

2
Kk, II exp — (g, + A/2) /202, (5.10)
(x.y) € background

where k; and k, are constants.

From (5.8) and (5.10), the likelihood L in (5.1) can now be written as
- follows:

N
L= InP(x)) + InPe(N) + I Py(xplxp_1) + C -

m=2

1 2
2 Z (gxy - A/2) -
20 (xy) € object
1 2
== ) (g + A/2)7, (5.11)

(x,y) € background
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where C is a constant.

Now, in order to obtain the ML solution, we need to maximize (5.11)
over all possible boundary edge sequences. This reqilires the estimation of
the state sequence {X, } and the complete knowledge of the boundary
process; hence, the calculations cannot be made recursively.

The above analysis shows clearly that even with the simplest image
model (a binary image having one object corrupted with additive Gaussian
noise), the optimal solution is hard to compute. This provides an incentive
for suboptimal solutions. In the following we examine in detail how such a
solution can be obtained using graph search.

5.2. The Graph Search Problem

Graph search has been an active research area in AI as well as other
disciplines for many years (e.g., [Zig66], [HaN68], [Jel69], [Nil71], and
[KaK88]). Before we state the general graph search problem, we will
describe, briefly, some of the terminology associated with graph search.
Consider a graph defined on a set of sites (nodes) S. On this graph, we
define a set of line segments (arcs) {b,'s; I,s € S}. The segment b, ; is an arc
from node r to node s. Node r is called the predecessor (parent) of s, and s is
the successor of r. A cost C,; is assigned to arc b, such that C,; > 8> 0,
where & is a small positive number. The graph is called a directed graph if,
for every two nodes r,s € S, C,# C;,. Figure 5.1 shows an example of a
graph structure.

A tree is a directed graph with the following properties: Only one node
(root node) has ongoing arcs, whereas all other nodes have exactly one
‘incoming arc and any number of outgoing arcs. The root node is said to be
of depth zero while the depth of any other node is defined to be the depth of
its parent plus 1. A node on the tree with no successors is called a tip node.
A path p over a graph is a sequence of directed arcs. A solution path over a
graph is a path consisting of finitely many arcs that begins at the root node ry
and ends at a goal node r. The cost C(p) of a path p on a graph is the sum
of the costs of arcs that make up that path.



Root node

. m nodes
at level 1
m? nodes

T at level 2

Goal node ..
at Ath level *

Figure 5.1. An example of a graph.
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Now, given a weighted directional graph with start node s and a set of
goal nodes {sg}, the graph search problem can be stated as follows: Find a

least-cost path (optimal path) from s to members of the set {sg }

Among the most studied algorithms for optimal path finding are the A*
(e.g., [HaN68], [Nil71], and [DeP88]) and the Stack (e.g., [Zig66] and
[Jel69]) algorithms, both of which execute sequential search using heuristic
estimates of the costs of different paths in the graph. In the rest of this
section we will discuss, briefly, these algorithms which have been used in
essentially all the work on sequential edge linking in the literature (e.g.,
[Mar72], [EIC82], [AsM78], [EiD84]).

1. The A* Algorithm

The A" algorithm (e.g., [Nil80], [DeP88]) was developed for additive
cost measures, that is, where the cost of the path is defined as the sum of the
costs of its arcs. The algorithm employs an additive evaluation function,

Y(r) = B() + ar), (5.12)

where B(r) is the cost of the currently evaluated path from the start node s to
node r, and o(r) is a heuristic estimate for the cost of the path remaining
between r and some goal node.

The algorithm constructs a tree of selected paths of the graph using the
elementary operation of node-expansion, that is, generating all successors of
a given node [DeP88]. Starting with s, the algorithm selects for expansion
that leaf node of the tree which has the lowest value of y(:), and only
maintains the lowest evaluation function-path to any given node. The search
halts as soon as a node selected for expansion is found to satisfy the goal
‘conditions.

The A" algorithm finds a shortest solution path only if the heuristic
function () never overestimates the actual distance to the goal. The
optimality of the A” is studied elsewhere (e.g. [HaN68], [DeP88]).

The sequence of operations in the A" algorithm can be summarized as
follows [DeP88]:
1. Place the start node s on a list called OPEN of an unexpanded node.
2. If OPEN is empty, exit with failure; no solution exists.
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3. Remove from OPEN a node r at which y(r) = B(r) + a(r) is
minimum and place it on a list called CLOSED to be used for
expanded nodes. Ties are broken arbitrarily, but in favor of a goal
node.
4. If r is a goal node, exit successfully with the solution obtained by
tracing back the pointers from r to s. The pointers are established in
steps (5) and (6)
5. Expand node r, generating all its successors with pointers back to r.
6. For every successor 1’ of r:
a. Calculate y(r').
b. If " was neither in OPEN nor in CLOSED, then add it to
OPEN. Assign the newly computed y(r”) to node r’.
c. If r’ already resided in OPEN or CLOSED, compare the
newly computed y(r’) with that previously assigned to r’. If the
new value is lower, substitute it for the old (r’ now points back
to r instead of its predecessor). If the matching node r’ resided
in CLOSED, move it back to OPEN.
7. Go to step (2). '

2. The Stack Algorithm

The Stack algorithm, or the ZJ algorithm ([Zig66], [Jel69]) uses a stack
or table in which the values of the arc costs (path metric) for previously
explored and extended paths are stored. Each table entry contains
information about the node location on each path previously explored
together with the value of the path metric up that node in the tree. There is
one table entry for each previously explored path. The entries are ordered in
‘terms of decreasing values of the path metrics, that is, the pointer to the top
of the stack refers to the node with the largest path metric. The Stack
algorithm then attempts to expand the path through the node currently
identified at the top of the stack. The basic assumption here is that the path
metric is monotonically increasing along the correct paths and monotonically
decreasing along the wrong paths.

The Stack algorithm searches for the optimum path in the following
manner:
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1. Initialize: Clear the stack, and insert the entry corresponding to the
root node.

2. Retrieve the entry with the largest path metric at the top of the
stack. If the corresponding node is at the end of the tree, the search is
completed. Otherwise, go to step (3).

3. Compute the parameter Bj for the successors of the node identified
in step (2). Entries for these successor nodes are created and inserted
at appropriate positions of the stack while the entry for the predecessor
node is deleted.

4. Go to step (2).

The number of calculations required by the A* and the Stack algorithms
is a random variable whose distribution depends on the quality of the data.
The algorithms, however, are much faster than the exhaustive search

approach.

The Stack algorithm was used in edge detection by Ashkar and
Modestino [AsM78] and by Eichel and Delp [EiD85a]. The A* algorithm has
been used by other researchers (e.g., [Mar72] and [EIC82]).

5.3. Edge Linking as a Graph Search

5.3.1. Problem Statement

On an image support, the graph {S,n} is such that: S is a lattice,
S= {(x,y): 0< x,y< M—l} and any internal site (node) s = (x,y) has a
unique set of eight neighbors (Figure 5.2a). Given a node s = (x,y) on an
edge path p, the path can be extended in eight possible directions. An edge
.path, therefore, is a tree in which each node has eight outgoing branches.
The depth into the tree indicates the position along the path. Figure 5.3
illustrates the tree structure where the root node is at level 0. Nodes at level
k 2 0 correspond to points at position (k + 1) along the path originating from
the root node. A node r, = (x,y), is described by the horizontal location

(row-location) and vertical location (column-location), fespectively.

Definition 5.1: Over the lattice S, an edge path p of N nodes is defined
to be a connected set of adjacent nodes (ordered set) satisfying some



(x=1,y-1) | (x,y-1) | (x=1,-1)
(x,»-1) (x,y (x,y+1)
(x—-1,-1) (x+1,y) (x+1,y+1)

(a) The eight neighbors for node s = (x,y).

! 3 2
(135°< 6< 180°) | (90°< B< 135°) (45°< 6< 90°)
5 0 1
(180°< O< 225°) (0% (0°< 6< 459
6 7 8

(225°< 6< 270°)

(270°< 6< 315°)

- (315°< 6< 360°)

(b) The eight possible directions from node (x,y).

Figure 5.2. Neighbors of node s = (x,y) and direction quantization.
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Root node
()
Level 0

8 Level 1

8
* Level 2

YR8 Level3

Level 4

Level k

asic tree structure.

(Each node has eight outgoing branches.)

Figure 3.3. B
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(arbitrary) conditions. (]

The path can be described in one of two ways [EiD 85b]:
(i) By co-ordinates of the ordered set, that is,

p={(x.»(x¥2... (x,)N}, or (5.13)

(ii) By a starting node, starting direction, and a set of letters to guide the
direction from the starting node, e.g.

P= (x99 % dyx (a5, 3,...2ay), a €A, (5.14)

where the set A is the alphabet of possible directions. For example, in the

SEL algorithm, A is restricted to have three possibilities: A = {L, D, R}
where L denotes left, D denotes direct (straight), and R denotes right.

Definition 5.2 [Rud76]: Consider two sets A and B. If there exists a
one-to-one mapping of A onto B, we say that A and B are equivalent. This is
represented by A ~ B and has the following properties:

Reflexive: A ~ A,
Symmetric: If A ~ B then B~ A.
Transitive: If A ~ Band B~ C, then A ~ C,.
Any relation with these three properties is called an equivalence relation. O

Let us denote the random field variables corresponding to a given path
of length N (5.13) as
g= grp grz’ L ng = [gl’ s e e gN]° (515)

This path p imposes an ordering on the variables {g,k}, ie.

g, < &,< «--< &y (5.16)

Now consider pairs of nodes ry, r; of the image lattice, and some random root
node ry and let’s denote by < the binary relation distance from r,. Therefore,
1, < 1 if the Euclidean distance Ir — ryl < Irj— ryl. The relation < is a
partial order on the set of lattice nodes S because it is reflexive,
antisymmetric, and transitive. Let’s also denote the set of all paths with root
node ry by Y, , that is,

Y, = {pirg< 1 forallk< I}. (5.17)
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Hence, the set of nodes {rk} comprising a path p € Y, is totally ordered (or,
linearly ordered). Therefore, there is an isomorphism (one-to-one
correspondence) between nodes of a path and the random field observations
along that path which imposes a linear ordering on the set g, that is,

g1< £§2< ..<gy geY, (5.18)

where ge Y is understood to mean the corresponding p € Y, for some 1

[EiD85a)]. The set Y can be the set of paths that do not "double back on
themselves", or those that are "almost straight lines", etc.

In order to use existing fast algorithms for sequential search (e.g., the A”
and Stack algorithms) in edge linking, a metric to guide the search is
necessary. This quantity is a measure of differentiation between various paths
in the enhanced edge map and is denoted by the path metric. For accurate
edge linking, the path metric should satisfy some important requirements
(e.g., [CoE80], [EiD85a]). Among these requirements are the following: (1)
The metric should not be biased by the path length. This means that all paths
need to be compared on the basis of their probability of being on an edge
path, regardless of their length. (2) The metric should have the necessary
drift properties. That is, its value should be high on the correct path and
decreasing otherwise. (3) The metric should be easy to calculate. For
example, if the metric value at some node on the graph is related to the
value of the metric at neighboring nodes, a great savings in the overall search
time will result. This can be achieved if the metric equation can be written as
a difference equation which enables recursive evaluation.

Two model-based metrics have been developed in the literature by
Cooper and co-workers (e.g., [CoE80] and [EIC82}), and by Eichel and Delp
[EiD85a]. We examine these metrics next, before introducing a new metric
based on the linear model. The metrics in the pioneering work of Martelli
([Mar72], [Mar76]) and that of Ashkar and Modestino [AsM78] will not be
examined further since they are problem related and to a great extent ad hoc.
The idea in [AsM78] for using a prototype contour will be used, however, in
a different context.
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5.3.2. The Cooper Algorithm

Cooper and co-workers (e.g., [CoE80] and [EIC82]) used sequential
graph search (the A* algorithm) to implement a suboptimal boundary finding
algorithm. The metric used was based on the likelihood expression in (5.11).
Their algorithm can be summarized as follows: Each node in the graph
represents a state which is defined by the K™ order Markov chain (5.4 - 5.8).
A likelihood value is assigned to each node which corresponds to the
maximum of the likelihoods of all paths leading to that node from a
predetermined start node. According to the edge element definition [CoE80],
each node has exactly three successor nodes. Figure 5.4 shows the tree
structure in Cooper’s algorithm and Figure 5.5 shows the node definition on
the tree.

Let X; be an arbitrary node (a state) on the tree and X;, J, j= 1,2,3 are
its successors. the metric used has the following form:

In L(X;, ) = In LX) + In Pp(X;, J1X) + D(X, ) j= 1,2,3. (5.19)

In the above metric definition, the quantity D(X,, ) is the change in the
picture data likelihood caused by adding node (state) X, to the boundary
sequence defined by the most likely path from the start node to node X;, .
The quantity Pp(X;,J1X)) is the state transition probability defined in (5.5),
and I:(Xl) is the likelihood of the starting node. Methods for estimating
these quantities are discussed in [CoE80] and [EIC82].

A few comments are in order about the Cooper algorithm. First, while
the formulation is based on the maximum likelihood, the approximations
involved in the calculation of the components in (5.19) make the procedure
non-standard and almost impossible to replicate. The effect of the model
parameters on each of the quantities in (5.19) cannot be determined. Also,
the relative importance of each component of the metric cannot be readily
seen. Second, although the metric in (5.19) is recursive, still an enormous
number of calculations are required for any typical size image. The results
shown by the authors so far have been mainly based on simple test images.
Finally, the algorithm as a whole is based on the independence of
observations assumption which does not necessarily hold (Chapter 2). The
algorithm, however, does show the difficulties involved in implementing an
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Figure 5.4. Tree structure for sequential search.
(Each node can be extended only in three directions.)
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..........................................
..........................................................................

Figure 5.5. Node definition in the Cooper algorithm.
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optimal approach for the boundary finding problem.

5.3.3. The SEL Algorithm

As in Cooper [Co079], the path p in SEL [EiD85a] [EiD85b] is modeled
as a K™ order Markov chain. The path is defined as in (5.14), and the
transitions from a given node s are restricted to only three possibilities: Left,
Direct, and Right, That is, the alphabet set A = {L, D, R}. The state of the
chain X| is described by the previous K-connected nodes before reaching the
present node, or by the ordered set of the last K-letters {a_;, 1 < j< K},
that is,

Xi= A _K+1s G-k - - - Q; a e A. (5.20)

The probability density of the path p is related to the state transition
probabilities of the Markov chain by the following equations.

P(p) = P(a;, a5 ... a,) (5.21.A)
=P(XN|XN_1) P(xN_1|xN_2) . e P(Xl) (5.21.B)
= ﬂ P(x;lx; 1) - P(xy). (5.21.C)

i=2

Let H; denote the true edge hypothesis, and Hy, be the random (no
edge) hypothesis. Let p;(G; = g;) be the probability that the field observation
at node r is g conditioned on hypothesis H;, and py(g, = g) be the
probability that the field observation at node r is g conditioned on the null
hypothesis (no edge node), that is,

p1(Gr = g, = P(Gr = ylH)), (5.22)
po(Gr = g) = P(Gr = ylHy). (5.23)
For N observations (gri, i=1,2,..., N) along a path p, the likelihood

ratio is defined as follows:
1(g) = P1(8r)> Brp - - > Br)/Po(8rps Brp « + o5 &ry)- (5.24)
The path metric is defined by the following equation:

Y(p,g) = In (P(p) (D). (5.25)
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If the observations are independent, the metric can be expressed in a
recursive form which can be easily calculated. In this case the likelihood
function in (5.25) can be written as follows:

g = P1(&) " P1(&,) - - - P1(gy,) (5.26)
¥ hlepale) - PolEn) |

The path metric becomes:

N In pl(gr)
Y(p.g) = 2(1 " PoE)

Extending the observations by another node, the metric in (5.27) at node

+ In P(x;lx_1)). (5.27)

(N + 1) can be easily written as follows:

ln pl(ng+ 1)

+ In P(xpn,11%XN)) - (5.28)
in PO(gr,M) N+1'AN

Yne1= ¥Yn + (
The metric in (5.27) is formed of two components. The first is the ratio of
the two probability measures in (5.22) and (5.23) defined from the random
field model describing the image data. The second component is defined by
the path model and it is a measure of the a priori probability that the edge
path proceeds in a certain direction, given the last K-branch directions. The
metric in (5.27) possesses the drift characteristic, that is, its value increases
over correct paths and decreases over wrong paths. It is also unbiased by path
length [EiD85a].

Again, the fact that pixel data are dependent on each other cannot be
overemphasized (Chapter 2). The structural (syntactic) information in the
image imposes this dependency. It has been shown that any meaningful
image model relates the image pixel value to the surrounding pixels in a
certain neighborhood (e.g., [Bar75], [Bes74], [Kas81]). The dependency
between pixels, however, decreases with distance.

To elevate the condition of independence, Eichel and Delp [EiD85a]
assumed an ARMA-model structure for paths in the random field. The basic
assumption was that the random field G is homogeneous, isotropic, has a
zero mean, is Gaussian, and its autocorrelation function is exponential of the
distance between nodes, and the distance measure is the city block. This
random field was denoted by the discrete step isotropic model (D-SIM) and



112

its autocorrelation function has the following form:
R, k, D= Rg(lkl + 11 = R,(d), (5.29)

where the distance between nodes k and 1is given by d = d(k,) = Ikl + 11l
The p™ order D-SIM random field is a homogeneous field with an
autocorrelation function of the form:

Ry(k, ) = o2 [epemu(l+ ) cpe‘ar( ki+ )] (530

where 62 = R,(0, 0) and TR

i=1
The path in SEL was defined as an ordered sequence of random field
nodes such that, for a sequence of three nodes, the angle between the first
two nodes and the second two is less than or equal to /4. Figure 5.6 shows
an example of the paths defined by the SEL algorithm. The field
observations along a given path in the set Y in (5.17) forms a linearly
ordered set. This enables the use of classical linear prediction models for the
paths in Y, e.g., ARMA models. The general one-dimensional ARMA

equation is given by .

g - f Ok 8-k = Gi— qu 0 Gi-1r (5.31)
k=1 =1

where the ¢, are the p autoregressive coefficients and the 6, are the @ moving

average coefficients. The process {{;} is called the innovation process and has
the property

E {§ )} = o2 & (5.32)

- A correlated Gaussian random field which is D-SIM makes it possible to
use a path metric of the form (5.27 - 5.28). This can be stated by the
following two theorems [EiD 85a].

Theorem 5.1: A path pe Y in a m" order D-SIM random field induces a
super sequence g’ such that (5.31) holds for this g’. O

Theorem 5.2: With g’ as in theorem 5.1, it is possible to construct a
sequence § from past values of g such that:

gi= i Ok &)-x *+ li 01 Cgi)-1 (5.33)
k=1 =1
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Figure 5.6. Examples for path definition in the SEL algorithm.



114

gi— &= L
E {C(i)C(j)} = 0425(0(1')-[3

Theorems 5.1 and 5.2 state that if a random field is a D-SIM random
field, then the paths in the set Y have an ARMA-like structure. Thus, it is
possible to construct a super sequence g’ from g such that uncorrelated
innovations are generated which allow the evaluation of the path branch
metric recursively.

Among the problems with the above metric are first, that the adequacy
of the D-SIM model cannot be easily justified. Since it is defined by an
autocorrelation function, a D-SIM random field cannot be synthesized
(simulated) except in the Gaussian case. Second, no clear procedure for
deciding on the order of the D-SIM model and estimating the coefficients in
the autocorrelation function is presented. Finally, no clue for evaluating the
measures p;(+) and py(*) in (5.22) and (5.23) is provided.

In the following subsection, we examine the metric in (5.25) and
introduce a method for estimating it from the image data without the
independence assumption.

5.3.4. A Suboptimal ML Path Metric

According to the path definitions in [Co079] and [EiD84], a path of
length N leads to a search space of size 3N, The path metric should greatly
reduce the number of nodes actually searched in the search space. We will
implement the metric in (5.25) on a small neighborhood rather than on the
whole graph. A recursive metric formulation will be obtained which will be
locally optimal (on the neighborhood) and globally suboptimal. As before,
the path process is modeled by a K™ order Markov chain. Each node in the
tree is, therefore, described by K* dimensional Markov state defined by the
boundary generation process. A likelihood value is assigned to each node in
the tree and it corresponds to the maximum of the likelihoods for all paths
leading to that node from a predetermined start node. We define a goal node
to be a boundary state within a neighborhood of the start node.

Our goal is to evaluate the metric Y(*) in (5.25) on a small number of
observations (within some neighborhood). Since this metric will be
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suboptimal, we will add the super script © "hat" to y(-) in (2.25), that is,

1(p,g) = In (P(p)) + In (I()), (5.34)

where the estimates f’(p) and i(g) are to be evaluated on the neighborhood
1. Two issues need to be addressed: First a method for selecting | must be
provided and, second a method for estimating the quantities in (5.25) over
this 1 must be developed. A discussion of these two problems follows.

5.3.4.1. Neighborhood Selection

To reduce the size of the search space further, and hence shorten the
execution time, we limit the area (admissible area) of the search to be inside
a swath defined by a hypothesized boundary. This boundary can be selected
by a variety of ways. For example, an edge operator can be applied to the
image and the resulting contour will be the hypothesized boundary. Or a
priori information can be used to construct the hypothesized boundary. This
is particularly useful if a prototype boundary is available (e.g., chest X-ray
images used in [AsM78]). The approach we propose here is to apply the
V 2G operator to the origiﬂal image and consider the zero-crossings loci to be
our hypothesized boundary. The advantage of this approach is that the V 2G
provides a closed boundary; thus, an easier definition of the swath is possible.
We will use the hypothesized boundary for two purposes: To define the swath
of important boundary information, and to provide a measure for our a priori
knowledge about the object’s boundaries in the scene.

As we indicated in Chapter 4, studies on the V G operator (e.g., [Ber84]
and [Cla89]) lead to the following conclusions about the displacement from
the ideal edge locations: For linear intensity variations (except at
discontinuities), the displacement of the contours is less than v icf, ahd the
magnitude of the gradient is generally small if the displacement is comparable
to 64 Nonlinear illuminations lead to spurious double contours if the second
derivative is positive (i.e. opposite to the second derivative at the center of
the smoothing Gaussian kernel). These spurious contours correspond to
minima in the magnitude of the gradient, and the slope of the Laplacian at
the zero-crossings is comparable to that for proper edge contours [Ber84].
Classic methods of setting a minimum threshold value for the slope of the
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Laplacian at computed edge contours will not discard the spurious contours in
the nonlinear illumination case. This is why a maximum likelihood approach
is better than thresholding. We will limit the size of the neighborhood to be
within * 20 of the zero-crossings contour.

Definition 5.3: The boundary swath b is a subset of the observation g
which is formed of those gray scale pixels on the edge enhanced image
separated by a maximum distance of 20; from the zero-crossings contour
obtained from the V 2G operator. O

Once the hypothesized contour is selected, the sequential search is
performed over portions of the image (edge enhancement image). This will
be denoted by a sectioned search to distinguish it from the global search
which uses all the data in the enhanced edge image at each node in the tree.
Figure 5.7 illustrates the swath of important edge information surrounding a
hypothesized contour.

Now, in accordance with the SEL path definition, we can identify all
possible paths to be searched in a window, given the start node and direction.
Figure 5.8 shows the possible paths for windows of widths 3 and 5. In each of
these graphs, it is assumed that the start node and start direction are known.
In Figure 5.8, the start node is denoted by x and the start direction is
assumed to be horizontal. As expected, the number of possible paths
increases with the window width. For a search window of dimensions 3 x 3,
we have only three possible paths (from a preselected start node and start
direction) and for a 5 x 5 search window, we have nine possible paths.
Notice that the center of the neighborhood m is separated by one pixel from
the start node.

5.3.4.2. Transition Probabilities Estimation

A Markov chain is usually specified by a state transition diagram and a
state transition probability matrix. The selection of the neighborhood
determines the number of possible states. Again, we will consider the path
definition as in SEL algorithm [EiD84], [EiD85b]. Consider a 5x 5§
neighborhood. As shown in Figure 5.8b, if the start direction is known to be
horizontal, we have nine possible sequences from the current location.
Similarly, we have nine possible sequences if the start direction is to the left
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Figure 5.7. Definition of the swath of important edge information.
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(a) 3x3 neighborhood.
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(b) 5x5 neighborhood.

Figure 5.8. Possible paths for 3x3 and 5x5 neighborhoods.
(The start node is denoted by x and the start direction is assumed hoizontal.)
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and another nine possible sequences if the start direction is to the right, etc.
Recall that a node on the tree is represented by K-dimensional state. Now
suppose the first node of the tree (i.e., a start state represented by a start
node and a sequence of transitions) was given (e.g., all straight: D,D,D);
then, the next node of the tree will be chosen from nine possible states. The
nine possible states for this situation are shown in Figure 5.8b.

Empirical techniques have been used in the literature to estimate the
state transition probabilities of the Markov chain (e.g.,, [EIC82] and
[EiD85a]). Our experiments at the end of this chapter use the state
transition tables in [EiD85b]. These tables, however, were constructed for
first- and second-order Markov chains (i.e., X = 1 and 2); thus, they are
suitable only for 3 x 3 neighborhoods. Using the chain rule of probability,
the transition probability for a higher order Markov chain also can be
calculated using these tables. For example, on a 5 x 5 neighborhood, the
transition probability for a state X = {bj, b,y, b3, by, b5} is evaluated as
follows:

) 4
P(b, b, by by bs) = TJP(b;Ib,_;) P(by). (5.35)
=2
Once the initial node and initial direction are known, the values P(b;Ib,_;)

are readily obtained from the empirical tables in [EiD85b] and the probability
of the state can, therefore, be estimated.

5.3.4.3. Likelihood Ratio Estimation

We examine here a technique for the estimation of the likelihood ratio
in (5.24) based on the Auto-normal Markov random field model [Bes74].
“'We have shown in Chapter 2 that the observations on a Markov chain form a
Markov random field. Consider a path p of length n defined on the lattice.
The gray levels on the pixel locations describing this path are assumed to be
an observation from a Markov random field; that is, the set
{g0, 81> - - - gn_l} is considered a sample function of a Markov random field.
Now a site i, (1 £ i< n-2) has neighbors (i— 1) and (i+ 1) while the
boundary sites 0 and (n — 1) have the single neighbors 1 and (n - 2),
respectively. This neighborhood will be denoted by n, to distinguish it from
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the neighborhood m that defines the swath of important edge information.

From a given initial state on a neighborhood m we know the subset of
possible transitions, as we discussed in the previous section. We fit an Auto-
normal model for the path observation on each possible transition. In
Chapter 2 we studied this class of Markov random field models. The random
variables G;, i € M are assumed to be jointly Gaussian. Note that the lattice
under consideration is a small portion of the image determined by the
neighborhood n. We assume that each possible path segment has a length n.
Over the neighborhood m. defined by the Markov chain, the random variable

{GilGj, j e M.} has a variance 62 and a mean p given by:

p=E{GlIG,jent=ni+ T Bilg- u. (5.36)

0< i< j< n—1

The conditional probability is

. 1 2
Pgic(glg, je ) = = exp(g — H;) /202 (5.37)
i oV 2n
By the chain rule, the joint probability is
- _ 1 1/2
pG(g_ €0) 81> - - o gn—l) = W IBI

exp(-—[g- gl'Ble- &),  (538)
20
where

— t
= [MoMp -+ o Byl (5.39)

is an n x 1 vector and B is an n x n symmetric matrix with elements by
defined below.

1 ifi=j

The likelihood ratio in (5.25) is estimated by the natural logarithm of
(5.39) and we consider only the term in the exponent, that is, we take 1(*) to
be:

ig = (- E?i"?[g' z]'Blg - g]). (5.41)
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The parameters |;, ¢, and Bij are estimated using the methods discussed
in Chapter 2. In the experiments reported in this chapter, we assumed a
common mean MU, that is estimated from the ensemble gray level values on
each possible path. The estimates of the two components in (5.34) are scaled
such that they will have an equal weight on the metric value.

The steps used in carrying out the sequential search using the metric
estimation procedure we described above can be summarized as follows. (1)
As in SEL, the input to the search algorithm is an edge enhanced image
formed from two maps, an edge magnitude and an edge angle map. In the
examples in this chapter, we used the V G operator for edge enhancement,
and the Stack algorithm for edge linking. (2) A hypothesized boundary for
the objects in the image is obtained by the V 2G operator, and the swath of
important edge information is determined as before. (3) The search is
performed in the normal way starting from a node on the hypothesized
contour. The starting direction is arbitrarily selected. The metric 9(p,g) is
estimated as above on data values inside the swath.

The above procedure is quite simple to apply on test as well as real world
images. The search algorithm that uses the above suboptimal metric, instead
Qf the metric in [EiD85a], will be denoted by SEL2 to distinguish it from
SEL. Several experimental results are provided at the end of this chapter.

5.4. A Path Metric Based on the Linear Model

In order to use existing fast algorithms for sequential search (e.g., the A”
and Stack algorithms) in edge linking, a metric to guide the search is
necessary. This quantity is a measure of differentiation between various paths
_in the enhanced edge map.

Let p¥ = {ry, r;, D, .., rQ_l(i)} be a sequence of nodes along the
i* path up to level Q in the tree, and let B{” be a cost measure for the
transition from node r;_; to node r; on this path. The cost of the transitions
along the sequence of nodes p? will be the cumulative cost for the Q-
transitions along the i* path from a start node r, The path metric is a
function of this cost. If significant a priori information about edge paths in
the image is known, it should be included in the path metric. Examples of a
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priori information can be the ratio of horizontal to diagonal edges, the types
of objects in the image, etc. We propose a metric of the following form:

@y = .0 )
To(p®) = 3 B + hy(pD), (5.42)
=1
where Bj(i) is a measure for the selection of one of the three possible
transitions along the j* branch of the path p, and hj(p(i)) is a measure of a
priori information about this particular branch that can be extracted (in some
fashion) from the edge enhanced image. The first component of the path

metric in (5.42) will be derived from the linear model equation, which is
considered next.

5.4.1. The Linear Model

Let the observed edge enhanced image be a sample function of a
random field (two-dimensional random process) G = {G,, s € S}. Consider
another random field E in which the random variables {Es, se S} have

zero-mean Gaussian distribution with common variance ¢2. The linear model
equation is ([Gra76], [Men87]):

g=AO+ e, (5.43)

where g and e are L X 1 vectors representing an observation from the

random fields G and E, respectively. The matrix A is of dimension L x k
with L > k, and © is a k X 1 vector of unknown parameters.

We will consider the case where the coefficients of the matrix A are
deterministic. Let us define the two hypothesis:

H;:BO = ¢, (5.43)
and

H,: BO = c, (5.44)

where B is a given q x k matrix of rank q 2 k, ¢ is a given q X 1 vector,

and BO = c is a consistent set of linear equations.
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Given the values of the parameters ® and o2, the random vector g is

Gaussian with mean A® and diagonal covariance matrix, 6¢2I where, I is
L x L identity matrix, i.e.,

p(210,05 = (—1) " exp (= —L(g- 40)'(g - AO)).  (5.45)
~ ’ 2 20.2 £ = : )

2n o

Taking the natural logarithm of the above equation, we obtain

v(c?,0) = In p(gl®,0?) (5.46)
y(02,0) = Lo - Ly —1-( g - AB®)'(g - A®). (547
2 2 20'2 ~ ~

The maximum likelihood estimates of 62 and ® can be obtained from the
differentiation of (5.47) and equating the derivatives to zero, that is,

%w(o%@) - —-1-2‘— ﬁ + 5—(177(? - 40)'(g- A®) = 0. (5.48)
Hence,
62 = %(_g - 40)'(g - A®). (5.49)
Similarly,
%W(gz,@) =(g- A0)'A-A'(g- A®) = 0. (5.50)
Hence,
&= % (AA")7'(A'g - g'A). (5.51)

Substituting (5.49), (5.51) into (5.45), and simplifying, we obtain
-L/2
p(gl®,06%) = (216?) exp ( - 12‘—), (5.52)

which is independent of the parameter ©.
Now, define the following likelihood ratio test (LRT):
p(gl(®, o)y,

LRT = —= : (5.53)
p(gl(®, chy,)
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From (5.52), LRT simplifies to:
L
é
LRT = (—2) . (5.54)
6,
The estimation of &, and &, will be addressed shortly. For the
parameter B, we use a function of LRT, which is defined as follows:

6,2~ 65°
= (

L-k
A= (LRT ?L - 1)(=—
( q 6,°

L-k
) ( ). (5.55)
q
The statistic A has an F-distribution with (q, (L — k)) degrees of freedom
([KeS77], [KaL86]).

5.4.2. Definition of Edge Hypothesis

On a 3 x 3 neighborhood, edge directions are usually quantized into
eight directions (multiples of 45%. Hence, we can define the set
{H, V, D,, D,} of four edge models (edge hypotheses) on this neighborhood
as shown in Figure 5.9. To use the statistic in (5.55), we need to specify
L, k, and the parameters &, and 6,. The matrix A is specified by fitting a
linear model to each edge model (edge hypotheses). Figure 5.10 shows the
components of the linear model fit to edge model D,. The linear model
equation for this edge model is written as follows:

g=Ah+e, (5.56)

where
g=la 2 & - &l (5.57)
e=[e; e, e eg]t (5.58)

05 11 0 0510 0 05
05 001 05 01 1 05 (5.59)

h = [h; h,], (5.60)

and the script t in (5.57)-(5.60) denotes matrix transposition.
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Figure 5.9. The four edge models on a 3x3 neighborhood.
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. g1l & )| 8 > h; hy
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D,—model

3x 3 neighborhood

Linear model fit

Figure 5.10. Fitting a linear model to a diagonal edge on a 3x 3 neighborhood.
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5.4.3. Parameter Estimation

We now address the problem of parameter estimation. As we indicated
before, for proper definition of the linear model, it is necessary that the
matrix B and the vector ¢ in (6-7) be such that the q x k matrix B must

have a full rank (i.e., the rank = k), and the set of equations B® = ¢ must

have a consistent set of solutions. A simple choice for the matrix B and the

vector ¢ which satisfies these requirements is the following:

B=[1-1], (5.61)
0. (5.62)

e
Il

This choice for B and c¢ is also similar to that in [KaL86].

With the above choice for B and ¢, the hypothesis H; and H, are now

written as follows:

hy

H,:[1 -1] h,| = 0, (5.63)
h,

H,:[1 -1] hy| * 0. (5.64)

From the above specifications of A,B,andec, we have
L =9, k=2, and q =1. Hence the statistic A in (5.55) is
6,°- 6,

. 5.65
o7 ) (5.65)

A=7(

The maximum likelihood estimation (MLE) for the parameters 6, and
6, can be easily calculated as follows: For the above choice of B and ¢, H; is

the no-edge hypothesis, that is, h; = hy = h. Hence, (5.42) becomes
g=A"+ e, (5.66)

where

1
th. (5.67)
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Equation (5.66) is the classic deterministic signal and additive noise problem.
The MLE is

\O|>—-

9
):( -m? (5.68)
where

F=gZe (5.69)

For hypothesis H,, the edge hypothesis, the MLE for ¢, is obtained
from the minimization of the natural logarithm in (5.46), which can be
written in the following quadratic form:

2 hy + hy 2 2
J= ¥ (g-h)"+ ¥ (g- —2—) + (g - hy)".(5.70)
=2.3,6 =4.7,8 i=1,5,9

Differentiating (5.70) with respect to h; and h, and equating the derivatives
to zero, it is simple to show that the MLE for h; and h, are as follows:

h, = wi'g, (5.71)
h, = w,'g. (5.72)
where
w1=-1—1§-[2 55-125 -1 -1 2] (5.73)
and
w2=-l—l§[2 -1 -152 -155 2] (5.74)

‘Hence, the estimate &, has the following form:

A N2 hy + h, A N2

6= 3 (-h)'+ 3 (8- — ) + (g~ 5,)% (5.75)
=2,3,6 i=4, 7 8 i=1,5,9

The values for other edge models are similarly calculated. Table 5.1

provides a summary of the equations needed to calculate the statistic (5.55)

for the four edge models.



Table 5.1. The test statisitic A for 4-edge models.

6.2~ 65° 6.2= 12 2 12
A=7(——) ==Yy (g- 1) F= =Yg
6,° 945" 9 &
~ t . t
hi=w'g iel1,2] g=[z g gl
Edge model H
2 hy + h, 2 2
6= Y (g-h) + X (g- '—“2—) + ¥ (g-hy)
i=1,2,3 i=4,5,6 i=7,8,9
w1=-il—8—[5 55222 -1 -1 -1]"
1 t
wy= qgl-1 -1 -1.2 2255 5]
Edge model' V
2 h1+h2 2
6= Y (g-h) + ¥ (g-—) + ¥ (g-hy)
i=1,4,7 i=2,5,8 i=3,6,9
w1=11—8[5 2 -1 52 -15 2 -1]°
1 ‘ t
w,=—[-1 2 5 -1 2 5 -1 2 5]
18
Edge model D,
2 h1+h2 2
6= Y (g-h) + X (g- > ——) + X (g-hy)
i=1,2,4 i=3, 5 7 i=6,8,9
W"_'Tlg—[s 5252 -12 -1 -1]'
1 ' t
wy= —[-1 -1 2 -1 2 5 2 5 5]
18
Edge model D
h; + h, 2 2
6,% = (g,-h) + T (s-—5) + X (&-hy)
1=2. i=4,7,8

i=1,5,9
W1=T8_[2 55 -125 -1 -1 2]

w2=11—8[2 -1 -152 -155 2]
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5.4.4, Metric Evaluation

The proposed metric in (5.42) is formed of two components: A measure
for differentiation between possible transitions on a certain branch of the path
(i.e., to select one of the three possible extensions of a certain node on the
path), and a measure for a priori information about this specific branch.
These two components were represented by the quantities Bj(i) and hj(i),
respectively. Evaluation of the quantity h;() will be addressed in the
following section. The quantity Bj() is evaluated from the linear model as
follows:

(1) Knowing the predecessor of the current node, select the next node
by choosing the edge model (among the three possible models) that
has maximum value of A in (5.55).

(2) Set ﬂj(i) to be equal to the value of A in the previous step.

For example, in the situation shown in Figure 5.8a, we need to evaluate
A for edge models {H, Dy, D,} and choose the maximum. Ties are selected
either arbitrarily or according to the value of the a priori information measure
(the second part of (5.42)), but always in favor of goal nodes.

Ignore for a moment the a priori information part in (5.42); that is,
consider the following path metric:

@Dy = 2B
Yo(p'") = X ByY. (5.76)
=1

The cost of the i path having Q-nodes is the additive cost of all the nodes
forming it. The cost associated with node j (the j* branch) is obtained from
(5.65). It is obvious that only local calculations are needed to obtain this cost
and, therefore, the metric in (5.76) is very easy to calculate. While we have
not yet proved that the metric in (5.76) possesses the desired drift
characteristic or that it is unbiased with respect to the path length, our
experimental results (using only the metric in (5.76)) seem to indicate that
the metric does not overestimate the cost of a certain path (as evident in the
resulting accurate edge localization.) Now, since the A* algorithm (which was
used in our experiments) always finds the optimal path if the cost is not
overestimated (see [DeP88]), therefore, we can conclude that our path
metric is very adequate for implementing the sequential search to link the
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edges.

Finally, we should point out that Kay and Lemay [KalL86] have also
used the linear model in their study. However, our approach differs from
theirs in four main points. First, they consider only two edge models, the
horizontal and the vertical edge models {H, V}. Second, and most
importantly, they detect edges solely based on the value of the ratio in
(5.55), that is, a threshold is set, and an edge pixel is declared if the ratio
exceeds this threshold. As a result, their approach suffers from the well
known problems associated with edge detection by thresholding (e.g.,
[FaD86]). Third, their approach gives no consideration to edge orientation;
thus, the issue of edge localization is totally ignored. This, in addition to the
previous point, explains why the authors had poor edge detection results.
Finally, our approach uses the linear model as a part of the linking algorithm
on enhanced edges and not on the original image as in [Kal.86].

5.4.5. A Priori Information Measure

We first obtain a gross estimate of the actual object boundaries in the
image. This was obtained by the zero-crossing contours of the V 2G [MaH80]
operator. The selection of the V 2G rather than, say, the VG [Can86]
operator was due to the fact that the zero-crossing contours are continuous.
Therefore, an estimate of the actual boundaries can be obtained at every
point in the image. These boundaries are called prototype or typical
boundaries. The quantity hj(p(i)) in (5.42) is evaluated as follows: Over the
support of the edge models discussed before (3 x 3 windows), the following
distance measure is calculated for each of the two nodes off the center:

9
dp= Y lx, - x00 + Iy, = 90, m=1,2, (5.77)

n=1
where x,and y,, are the coordinates of the m * node off the center of the
current node under consideration, and x,%and y,0 are the coordinates of the

nth

node of the typical boundary (within the 3 x 3 neighborhood of the
current node) obtained from the V 2G operator. The distance measure in
(5.77) is to be used in conjunction with the angle information to decide, for a

given edge model, which node is to be extended from the center node, i.e.,
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backward or forward.

For example, in the H-model, let the coordinates of the center node be
r = (x,y). The distance measure is calculated as follows:

9
di= Y Ix— x,02 + lo=-1) = 3,01, (5.78)
n=1
and
9
dy= Y lx = x00 + [(y+1) - 3,00, (5.79)
n=1

Now if d; < d,, the node to the left is chosen, provided that the angle
information is not conclusive (and unless the node to the right is a goal
node) and vice versa. Similarly, if the likelihood ratios of any two edge
models are the same, then the distance measure evaluated for the nodes of
the two models (off the center) decides where the next node is to be
extended.

Our use of a prior information, as outlined above, is merely a guide in
breaking ties. Other heuristics are possible (see [EIC82], [Mar76], and
[AsM78]). The search algorithm that uses the metric we just described will
be denoted by LINK.

5.5. The Linking Algorithm (LINK)

The sequential linking algorithm that uses the metric in (5.42) and the
A* algorithm (or the Stack algorithm) is outlined in the following steps.

Algorithm:

Step 1. Perform edge enhancement using a gradient operator of
suitable width.

Step 2. Choose a starting node (a pixel with maximum gradient
magnitude) and find the corresponding initial direction from the

gradient angle.

Step 3. Transitions on a path i are carried out by the A* algorithm (or
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the Stack algorithm) depending on the value of the metric y(:) in
(5.42).

Step 4. Stop the search when all goal nodes have been examined, when
a stack overflow occurs, or when the paths discovered intersect each
other.

So far, we have examined in detail the issue of a quantitative path
metric. To use graph search algorithms in edge linking, we need also to
define the following quantities: (1) A representation of the edge information
at each node; (2) A starting (root) node; (3) A class of goal nodes. We used
the V G operator for edge enhancement. Therefore, the edge information
(gradient vector) is represented in terms of a magnitude map and angle map.
This is typical with the majority of the edge linking techniques in the
literature (e.g., [AsM78] and [EiD85b]). In the rest of this section we will
discuss, briefly, the issues of root node selection and goal nodes definition.

5.5.1. Root Node Selection

A quantitative measure for the root node selection is not always possible.
A general rule, however, is that this node should lie on an actual edge. This
will, in turn, provide a good start for the search algorithm and reduce the
overall search time. An attempt to quantify the selection of the root node
was given by Eichel and Delp [EiD85b]. Briefly, they used the classical
solution of the signal detection problem involving two signal levels plus an
additive noise. The minimum probability of error solution selects the root
node such that the probability of false alarms is minimized; thus, the node of
the highest gradient magnitude is selected as the starting node.

If significant a priori information is known about the edges in the scene,
empirical methods can be used to determine the root node. For example, in
the experiments of [AsM78] on angiocardiograms, a prototype for the
boundaries of the heart was used as a means of limiting the candidates for
the root node to those who best fit the prototype model. The accuracy of this
approach, however, is a function of the adequacy of the a priori information.

In this chapter, we will also select the root node to be the point of
highest gradient magnitude.
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5.5.2. Goal Nodes Definition

No specific rules can be adopted for all applications. Again, a priori
information and the general definition of edge elements are often used to
determine goal nodes (e.g., [AsM78], [CoE80], and [EiD85b]). If the
objects in the scene have circular (or closed) boundaries, the class of goal
nodes can be assigned such that the best path closes on itself. If the scene
contains long objects, the goal nodes can be selected such that the search is
terminated when the best path runs off the image boundaries.

If the path metric is such that beyond an abrupt edge its value decreases,
a criterion for goal node selection or search termination based on the
behavior of the metric can be used [EiD85b]. This criterion is summarized as
follows: When the metric of the best path falls below some specified fraction
of the highest metric along that path, the search is terminated. While this
approach seems reasonable for abrupt intensity edges, other edges that have
smaller values or that are slowly fading might not be well characterized by the
behavior of the path metric. In this case, empirical methods must be used to
assign goal nodes.

In this chapter, the goal nodes were selected such that: (i) The nodes
considered by the search algorithm have a corresponding gray level pixel
values (gradient magnitude) within 30% of the maximum (that defines the
root node); (i) Paths do not intersect the image boundary; and (iii) Short
paths (less than 18 pixels long) are neglected.

5.6. Results

The two algorithms, SEL. and LINK, have been applied to various test
and natural scenes. We will compare the relative performance of the two
algorithms, as well as their performance, to the nonmaximal suppression
approach of Canny [Can86]. The comparison, to be of any value, must start
from a certain step common to all the algorithms. The output of
nonmaximum suppression and thresholding is, usually, broken contours
(streaks). Therefore, its comparison with the SEL and LINK algorithms is,
essentially, to test the adequacy of the path models used in the algorithms to
represent connected object boundaries. Two types of test images are used in
these experiments: A step test image [Pra78], and a discs test image [KiR81].
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We adopt the following procedure for comparison of the algorithms on
test images:
(1) Edge enhancement is accomplished by the V G operator. The edge
enhanced map is in terms of an edge magnitude MAG and an angle ANG
file.

(2) Nonmaximum suppression is performed on the edge enhanced maps.
The threshold used is selected by an analytical method, e.g., the iteration
method [RiC78] or the entropic thresholding method [Pan81]. (See [FaD 86]
for more on these methods as well as various threshold selection techniques.)

(3) The SEL and LINK algorithms are run on the original edge enhanced
map. The threshold from step (2) is used as an upper bound for the two
linking algorithms.

(4) In the case of the step test image, the Pratt figure of merit [Pra78] is used
as a heuristic to test edge localization and the number of edge pixels detected
by each algorithm. This figure of merit will be used to test the output of the
linking algorithms as well as the nonmaximal suppression approach.

(5) Since the SEL algorithm in [EiD85a] was implemented using a first order
Markov chain model for the path, and since LINK uses an LRT on a 3 x 3
window, the comparison should provide an evaluation of the metrics used in
SEL and LINK. No a priori information has been used in this comparison.
That is, the value of the parameter hj(p(i)) in (5.42) was set to zero.

In the following discussion, first the edge enhancement procedure is
described. Then, the performance of the algorithms on test images is
examined. Finally, we discuss how the algorithms compare (visually) on
natural scenes.

5.6.1. Generation of the Edge Enhancement Map

In Chapter 4 we studied optimal edge enhancement filters and we also
compared the relative performances for two such filters, namely, the
V G and the V2G operators. We concluded that the V G operator
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outperforms the V 2G operator in terms of edge localization. The SEL and
LINK algorithms were tested on edge enhancement maps generated by the
V G operator.

A practical implementation for edge enhancement by the V G operator is
now described.
(1) Estimate the smoothing filter parameter 6 (Chapter 4).
(2) Since the Gaussian kernel is separable, only one-dimensional convolution
is necessary; thus, a gradient magnitude MAG and direction ANG files are
constructed as follows:
(a) Sample the one-dimensional Gaussian kernel such that the total
span is about 76+
(b) Construct two files g,, g, from the horizontal and vertical
convolutions of the digital image with the 1-d Gaussian kernel.
(¢) Calculate an estimate of the gradient magnitude and direction using
the following equations:

MAG = [g2+ g, (5.80)
ANG = tan"l(:—v). (5.81)
h

(d) Quantize the direction map into eight possible values, as in Figure
5.2b.

5.6.2. Performance on Test Images

We used two test images to evaluate the performance of the linking
algorithms: The step image of Pratt [Pra78] and the discs image of Kitchen
and Rosenfeld [KiR81]. These images have been used in the literature to
test the performance of edge operators. Zero-mean Gaussian noise with
standard deviation ¢ is added to each test image. The signal-to-noise ratio
(SNR) is defined as follows:

2
SNR = (%) (5.82)

where A is the image contrast (step height).
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The Pratt figure of merit [Pra78] is used as a qualitative measure for the
performance of the three algorithms on the step image. This figure of merit
(R) penalizes an edge detection algorithm for wrong edge points and for
missing an edge point. It is defined as follows [Pra78]:

10
R= —% o, (5.83)

INis1 1+ ad?
where Iy = max(I,I,) and I;and I, represent the number of ideal and
actual edge map points, o is a scaling constant, and d is the separation
distance of an actual edge point normal to a line of ideal edge points. The
above measure is normalized such that R = 1 for perfectly detected edge
points. The scaling factor o may be adjusted to penalize edges that are
localized but offset from the actual edge position. Normalization by the
maximum of the ideal and actual edge elements insures a penality for
smeared or fragmented edges [Pra78].

1. Step Image

The step test image is a 128 x 128 image formed such that the first half
has a gray level value of 115, the second half has a gray level value of 140,
and the one-pixel wide column located in the center has a gray level value of
128. A zero-mean Gaussian noise is added to this image. The variance of the
Gaussian noise was selected such that the SNR defined in (5.82) takes on the
values 100, 10, 1, and 0.5. Figure 5.11 shows the original image for various
SNR.

In Figure 5.12, the top row shows the results of NONMAX for various
SNR, the second row shows the results of SEL for various SNR, the third
row shows the results of the SEL2 algorithm, and the fourth row shows the
results of LINK. Threshold values used in these graphs were 3, 9, 22, 28 for
SNR = 100, 10, 1, 0.5, respectively. Edge enhancement was performed by
the V G operator of size 7 x 7 (i.e., the standard deviation of the Gaussian
kernel o¢ = 1.0).

Figure 5.13 is similar to Figure 5.12, except the size of the V G operator
was 9 x 9 instead (i.e., the standard deviation of the Gaussian kernel
o¢= 1.3). Threshold values used in these graphs were 2, 6, 17, 21 for
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Figure 5.11. A noisy step test image.

100; Upper right: SNR = 10

Lower left: SNR = 1; Lower right: SNR = 0.5)

(Upper left: SNR
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Figure 5.12. Performance of the linking algorithms on the step image.
Edges enhanced by a7 x 7 V G operator
(Top row: Edge elements extracted by NONMAX.
Second row: Edge linking by the SEL algorithm.
Third row: Edge linking by the SEL2 algorithm.
Bottom row: Edge linking by the LINK algorithm.)
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Figure 5.13. Performance of the linking algorithms on the step image.
Edges enhanced by a 9 x 9 V G operator
(Top row: Edge elements extracted by NONMAX.
Second row: Edge linking by the SEL algorithm.
Third row: Edge linking by the SEL2 algorithm.
Bottom row: Edge linking by the LINK algorithm.)
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SNR = 100, 10, 1, 0.5, respectively.

All algorithms performed well at SNR = 100, 10. The contour obtained
from the SEL oscillated slightly around the actual edge location, however. At
SNR = 1, NONMAX provided a broken edge contour and the number of
false edge points increased as we lowered the threshold. SEL also provided an
oscillatory and broken contour, while LINK provided the fewest oscillations
of the three algorithms. The same conclusion can be drawn at SNR = 0.5.
The Pratt figure of merit for the three algorithms is shown in Table 5.2. for
the 7 x 7 window and in Table 5.3 for the 9 X 9 window. The tables indicate
that LINK performed best, especially at lower SNR. The results of SEL and
SEL2 are very close on the step image. The main advantages of using the
suboptimal metric in (5.34)-(5.41) is that the metric is estimated from the
actual image, thus we can isolate the errors due the metric from the errors
due to the search algorithm.

2. Discs Image

The discs image is a 128 x 128 image formed as in [KiR81]. Briefly, the
image is formed originally from a 512 x 512 image consisting of two gray
levels, 115 (dark) and 140 (light). The image contains a dark circle of radius
64 at its center surrounded by six concentric circles of width 32 with
alternating dark and light gray levels. The final 128 x 128 image is obtained
by compressing the original image by a factor of four. The contrast A is 25,
the same as in the step image. Zero-mean Gaussian noise was also added to
the original image. Figure 5.14 shows the original image for various SNR.

Figure 5.15 shows the results of the algorithms on the discs image. The
threshold values were 8, 8, 21, 30 for SNR = 100, 10, 1, 0.5, respectively.
The spatial support of the VG was 7 x 7. Figure 5.16 shows the results of
the algorithms on the discs image. The threshold values were 6, 6, 15, 21 for
SNR = 100, 10, 1, 0.5, respectively. The spatial support of the VG was
9x 9.

At SNR = 10, SEL produced an incomplete contour in parts of the
second circle from the outside. On the other hand, few false boundaries were
detected by LINK because the threshold set on A was slightly low. As the
SNR is reduced, the performance of the algorithms deteriorates. This was



Table 5.2. The Pratt figure of merit for 7 X 7 window.

Pratt Figure of Merit
SNR
NONMAX | SEL | SEL2 | LINK
100 100% 99% | 100% | 100%
10 85% 85% | 85% 94%
1 51% 50% | 49% 53%
0.5 45% 25% | 24% 39%

Table 5.3. The Pratt figure of merit for 9 x 9 window.

Pratt Figure of Merit

SNR
NONMAX | SEL | SEL2 | LINK
100 100% 100% | 100% | 100%
10 96% 94% 94% 94%
1 51% 52% 50% 62%
0.5 45% 30% 29% 49%

141
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Figure 5.14. A noisy discs test image.
(Upper left: SNR 100; Upper right: SNR = 10
Lower left: SNR = 1; Lower right: SNR = 0.5)
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Figure 5.15. Performance of the linking algorithms on the discs image.

Edges enhanced by a 7 x 7 V G operator
(Top row: Edge elements extracted by NONMAX.

Second row: Edge linking by the SEL algorithm.

Third row: Edge linking by the SEL2 algorithm.
Bottom row: Edge linking by the LINK algorithm.)
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Figure 5.16. Performance of the linking algorithms on the discs image.

Edges enhanced by a 9 x 9 V G operator
(Top row: Edge elements extracted by NONMAX.

Second row: Edge linking by the SEL algorithm.

Third row: Edge linking by the SEL2 algorithm.
Bottom row: Edge linking by the LINK algorithm.)
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the case for either enhancement filter spatial supports.

The following conclusions can be drawn from the above experiments on
the step image and the discs image: First, the performance of the algorithms
depends to a large extent on the accuracy of the enhancement step. At this
point we should emphasize that a larger spatial support of the V G operator
might not always be a good choice and the classical compromise between
spatial and temporal resolutions should always be addressed. Secondly, the
path definitions used in SEL (also adopted in our experiments) might not be
suitable for highly oscillating edge boundaries.

Since the results of SEL and SEL2 were very comparable on test images,
we will compare the results of LINK vs NONMAX and SEL only on real
scenes.

5.6.3. Performance on Real Scenes

In this section we discuss the relative performance of LINK, NONMAX,
and SEL on some real world scenes. The following description is common to
all figures: The original image is shown in the upper left-hand corner,
NONMAX results in the upper right-hand corner, SEL results in the lower
left-hand corner, and the results of LINK are shown in the lower right-hand

corner.

Figure 5.17 shows the results on the airport image. Edge enhancement
was accomplished by a V G operator of spatial support 7 x 7, (i.e., o¢= 1.0).
The SEL missed totally the airplane located on the topmost, right-hand side
of the original image. This specific airplane was detected by LINK; a few
extra details along with the airplane’s boundaries were also detected,
however. The upper bound for the threshold used in the three algorithms was
30.0.

Figure 5.18 shows the results on the mechanical parts (rods) image.
Enhancement was performed by a V G operator of spatial support 14 x 14
(i.e., o= 2). The upper bound threshold was 100. The three algorithms
performed approximately the same. SEL did not provide a complete outline
for the contours while LINK contours were better localized. A smaller spatial
support for the enhancement algorithm should be more appropriate for this
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Figure 5.17. Performance of the linking algorithms on the airport image.
(Upper left: original, upper right: NONMAX, lower left: SEL, lower right: LINK)
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rods image.

Figure 5.18. Performance of the linking algorithms on the

(Upper left: original, upper right: NONMAX,

lower right: LINK)

:

lower left: SEL
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image.

Figure 5.19 shows the results on the outdoor scene enhanced by a VG
operator of spatial support 7 x 7 and a threshold upper bound of 25. Many of
the details in the image were preserved by the algorithms, in spite of its
overcrowding. Note that the trees, particularly those on the upper left-hand
portion of the original image, were not picked up by the SEL because of the
inherent tendency to emphasize long edges. Also note that LINK boundaries
were not completely closed, especially in the car image. This is an example of
where the metrics in the linking algorithms cannot adequately allocate the
object boundaries. A priori information of the scene can be useful in such
situations.

Finally, Figure 5.20 shows the performance on the girl image enhanced
by a V G operator of spatial support 7 X 7 and an upper bound threshold of
23 for the three linking algorithms. Notice the distinct improvement on this
picture compared to Figure 5.19. The picture here was less crowded, and the
contrast between the object and the background was great which resulted in a
very good enhancement map. This was reflected on the response of the three
linking algorithms. LINK shows, however, too many details of the image. A
higher threshold for the A used in the algorithm would reduce these details.

The following conclusions can be drawn form the results of the
algorithms on real scenes. First, LINK performed at least as well as the SEL
on all of the images. This indicates that the assumptions and the heuristics
included with these algorithms are adequate. Secondly, when the contrast is
low or when the image is crowded, only LINK provided adequate details
about the object’s boundaries in the scene. Finally, LINK performed as fast
as the SEL because of the restrictions which were included on the size of the
search domain.
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Figure 5.19. Performance of the linking algorithms on the outdoor image.
(Upper left: original, upper right: NONMAX, lower left: SEL, lower right: LINK)



Figure 5.20. Performance of the linking algorithms on the girl image.
(Upper left: original, upper right: NONMAX, lower left: SEL, lower right
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: LINK)
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5.7. Summary

In this Chapter we examined the application of sequential search
techniques for edge linking. Various important issues of sequential search
were studied. A new metric based on the linear model was developed and
analyzed. A search algorithm (LINK) that used this metric and the Stack
algorithm for edge linking was constructed. Results of LINK compare well
with respect to nonmaximal suppression and thresholding [Can86] and also
with respect to the SEL algorithm [EiD85b], and [EiD88]. The metric is easy
to compute and provides more accurate results than the nonmaximal
suppression technique, and at least as accurate results as the SEL algorithm
with comparable execution time.
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CHAPTER 6
CONCLUSIONS

6.1. Problem Review

In this thesis we have developed two image segmentation algorithms
based on recent results in random field theory. As we pointed out, the
purpose of image segmentation is to isolate objects in a scene from the
background. This is a very important step in any computer vision system
since various tasks, such as shape analysis and object recognition, require
accurate image segmentation. Image segmentation can also produce
tremendous data reduction. Edge-based and region-based segmentation have
been examined and two new algorithms have been developed.

The edge-based segmentation algorithm uses the pixel gray level
intensity information to allocate object boundaries in two stages: Edge
enhancement, followed by edge linking. Edge enhancement is accomplished
by maximum energy filters used in one-dimensional bandlimited signal
analysis. The issue of filter spatial support was examined on ideal edge
models. Edge linking is performed by quantitative sequential search using the
Stack algorithm. A probabilistic search metrics is introduced and its
performance is evaluated on test as well as real scenes. Compared to other
methods, this algorithm is shown to produce more accurate allocation of
object boundaries.

Region-based segmentation was modeled as a MAP estimation problem
in which the actual (unknown) objects were estimated from the observed
(known) image by recursive algorithm. The observed image was modeled by
an autoregressive (AR) model whose parameters were estimated locally, and
a Gibbs-Markov random field (GMRF) model was used to model the
unknown scene. A computational study was conducted on images having
various types of texture images. The issues of parameter estimation,
neighborhood selection, and model orders were examined.
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6.2. Conclusions

The following are the main conclusions of this research. First, it was
shown that a number of edge enhancement filters belong to the class of
maximum energy filters. The link between these filters is used to study the
problem of filter spatial support selection. We have shown that for ideal
edges (e.g., edges in the step or discs test images), an accurate formula
relating the filter width to the edge structure was possible. This is not,
however, possible in general because the actual edge structure cannot be
known a priori in actual scenes. Gaussian smoothing before taking the
derivative (Laplacian or gradient) provides the necessary regularization to
change the ill-posed numerical differentiation problem into a well-posed
problem.

Secondly, the problem of sequential search as applied to edge linking was
further quantified. We have developed a suboptimal metric to guide the
search in the SEL algorithm. The proposed metric is globally optimal (i.e., it
corresponds to the metric in [EiD85a]) and locally suboptimal since it uses
data on a neighborhood of a pre-selected boundary. The optimality in
question relates mainly to the desired drift property; that is, the metric will
tend to have a smaller magnitude on wrong (random) edge paths than its
value on correct edge paths [EiD85a], [EiD88]. We have developed
estimation techniques for this metric that uses the gradient magnitude in the
edge enhanced image by a gradient operator (e.g., the V G operator).
Through this suboptimal metric, the SEL algorithm becomes fully data-
driven. A novel metric based on the linear model was also introduced. By
fitting a linear model to four possible edge models defined on a 3 x 3
windows of the edge enhanced image, a likelihood ratio test (LRT) was
derived to guide the process of node extension in sequential search. The
resulting metric is easy to implement and provides a very comparable results
to the SEL metric on test as well as real world images. The new metric is
data-driven, and the execution time of the search algorithm with this metric
is lower than its value with the SEL metric.

Finally, we conclude that the MAP approach for region segmentation
generally works well on images having a large content of microtextures,
which can be properly modeled by both AR and GMRF models. On these
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texture images, second-order AR and GMRF models were shown to be
adequate.

6.3. Suggestions for Further Work

Sequential search relies on the ability of the evaluation function (path
metric) to discover only those paths having a higher probability of being
object boundaries. In adjusting the edge linking problem to sequential tree
search, heuristics were introduced. Since this, in general, is problem related,
the need exists for an optimum set of rules which are not problem
dependent. This can be done by further quantifying the edge enhancement
step such that edge definitions are specifically included in the linking
algorithm. Although this was done in our current work, the question of edge
definition to a great extent remains open.

The search metrics developed in this thesis depend upon the random
field model fitted to the data window. A class of random field models can be
used in this regard. An accurate criterion for the selection between the
various members of this class is needed. This is still an open research area of
both theoretical and practical importance. Also, modern stochastic
optimization techniques such as simulated annealing might be useful in
getting the MAP solution instead of the recursive approach we implemented
in this thesis.

Finally, a quantitative comparison between the more recent model-based
techniques for edge detection techniques, whether parallel (e.g., Geman et al.
[GeG88]) or sequential (e.g., the algorithms developed in this thesis), should
be researched. Further study will help us understand the advantages and
limitations of using random field concepts in edge detection. Further research
is also needed in the area of image segmentation using random field models.
The majority of the algorithms in the literature, thus far, have centered on
texture images.
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APPENDIX
TEXTURE SYNTHESIS

Monte Carlo methods [HaH64] can be used for generating sample
functions of a random field once the probability distribution of the field is
specified. It has been used by various researchers for texture synthesis (e.g.
[HaS80], [CrJ83], and [DeE87]). In general, this method is computationally
expensive. For finite random fields, we saw in Chapter 2 that a simpler
description results from using the torus assumption ([Mor73], [KaC83]).
With this assumption, a matrix formulations for the Markov random fields
(MRF) and simultaneous autoregressive (SAR) models result; these
formulations have a convenient structure for fast calculations by the FFT
algorithm. A simulation technique based on the torus assumption was
developed by Kashyap [Kas80] that has been used in various texture studies
(e.g. [Che81], [KaC83], [Kho83], and [KaK86]). We will use the Kashyap
algorithm for generating the synthetic textures used in Chapter 3. A
description for this algorithm for the MRF and the SAR random fields now
follows.

1. Kashyap Algorithm for MRF Texture Synthesis

Consider a square lattice S = {(i,j): 0< i,j< M-1}, and a symmetric
neighbor system M € S. The random field G is described by (S, F, P, {GS })
Consider also another stationary Gaussian random field E = {E; s € S} with
éorrelation structure as below (Equ. 2.34)

\Y if s=r
E{EE,}=4-0,_yVv if (s-1) e n (A.1)
0 otherwise. :

Using the torus assumption, we can write the finite lattice form MRF
equation in the following form (Equ. 2.38):

G,= Y 6,Gqer + E; (A.2)
renm
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In matrix form, (A.2) can be written, using the lexicographic representations
(Equ. 2.2), as follows:

H(B)g = e, (A.3)

where g and e are M2 x 1 column vectors representing the gray level

information at pixel sites and the the innovation (non white), respectively.
The matrix H(0) is M2 x M2 block circulant and symmetric. Equation (A.3)

can be written, equivalently, as follows [Kas81]:

\/F(é)g: vvm, (A.4)
where M is zero mean, unit variance, iid Gaussian random numbers. The
matrix ¥ H(0) is also block-circulant and positive definite; thus its inverse
can be obtained by Fourier calculations. The vector g, can be written as
below.

¥Ys Xg

1 ~
BT W% Tike)

(A.S5)

where

Xs = Vv Zys*tn

MS(P) =1- 29t¢s’
where the script t stands for transposition, and the vectors y, and ¢ are

defined as follows for s = (i,j):

vo= [1, Mgty A2t~ AM 1] M? x 1 vector

1~_]’
t. = [1, }\.J, }.Jz M ij_l]t

A= exp(N—1 —%d’f-(i— 1)

t
[cos2Z(s - Dir,rem,],

1 &
w
]
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where 1|, is the asymmetric neighbor set (see Chapter 2.)

The Kashyap algorithm for MRF, as described above, can be
implemented as follows:
(1) Generate M? random numbers for the vector 1. Arrange these numbers

in an M x M matrix x and get its two-dimensional discrete Fourier transform
(DFT). Call this X.

Vv
Ks(6)

(2) Scale each entry X, € X, s = (i,j) by the factor ,\/

(3) Obtain the inverse DFT for the results in step (2).

It should be pointed out that the above algorithm generates strictly
stationary MRF configurations when the noise is Gaussian. For arbitrary
distribution of the noise, the result is wide sense stationary Markov [Che81].

The convention used for the vector 6 for up to the third-order MRF (n

is symmetric) is as follows:

0= [6,16,185], (A.6)
where

01 = [065-1)» 8cir 1 8ig-1 Bigeny | (A.7.2)

0 = [86i-1,;-1) Oie 1.+ 1) Oic Ljr 1) e(i+1,j-—1)]t (A.7.b)

03 = [86-2, Oir2,9-05-2) Oijen] (A.7.)

In the above equations, [61] is the set of coefficients for the first-order MRF,
[6,10,] is the set of coefficients for the second-order MRF, and
[, 16, 1 65] are the third-order MRF coefficients.

2. Kashyap Algorithm for SAR Texture Synthesis

Consider, as before, a square lattice S= {(i,j):0< 1,j< M-1}, a
neighbor system 7 € S. The random field G is described by (S, F, P, {G,}).
Consider another random field W= {Ws, se S} in which the random
variables W, have a distribution with zero mean and unit variance. Recall that
there is no restriction on the neighbor system 7, that is, it need not be
symmetric (Chapter 2.) The SAR model for finite lattice is described by a
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difference equation as follows (see 2.55):

Gy= Y 6, Gn®Vp W, (A.8)
renmn
where 1 is an arbitrary neighbor set, {Ws} is a sequence of zero mean
uncorrelated random variables with unit variance, and
s = (i,j) € Sand r = (k,]) € n specify pixel locations on the image.
Now, using the toroidal assumption, we can write the finite lattice form
corresponding to (A.8) as follows:

B(®) g=Vpw, (A.9)

where the matrix B(0) is block circulant involving at most M distinct blocks
[Kas81]. Since the matrix B(0) is block circulant, its inverse can be obtained

by decomposition of the eigen values evaluated by the FFT algorithm.
Equation A.9 can be written as follows:

g = %Zysys*‘ w /l14(6), (A.10)
E el el

where w is an M x M matrix of random numbers, y is the Fourier vector

defined in (A.5), and p(9) is defined as follows:
he(8) = (1- 0'y)

e 27C t t

v, = [exp(V-1 ME-D r),ren].
The term ((s — 1)'r) in the above equation and in the definition of the
vector is calculated as follows: let s = (i,j) and r = (k,I). Then this term

will be equal to ((i-1) x k + (j=1) x 1)
A configuration from an SAR random field can be generated by the

Kashyap algorithm as follows:
(1) Generate M? random numbers for the vector w. Arrange these numbers

in an M x M matrix w, and obtain its two-dimensional discrete Fourier
transform (DFT). Call this W.

Vv
Ws(0)

(2) Scale each entry W, € X, s = (i,j) by the factor \/
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(3) Obtain the inverse DFT for the results in step (2).

We use the same convention for 1 as described above in the MRF. If n
is not symmetric, we put the zeros for the missing elements in the vector 6.
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