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ABSTRACT

Comer, Mary L. Ph.D., Purdue University, December 1995. Multiresolution Image
Processing Techniques with Applications in Texture Segmentation and Nonlinear Fil-
tering. Major Professor: Edward J. Delp.

We present a new algorithm for segmentation of textured images using a mul-
tiresolution Bayesian approach. The algorithm uses a multiresolution Gaussian au-
toregressive (MGAR) model for the pyramid representation of the observed image,
and assumes a multiscale Markov random field model for the class label pyramid.
Unlike other approaches, which have either used a single-resolution representation
of the observed image or implicitly assumed independence between different levels
of a multiresolution representation of the observed image, the models used in this
thesis incorporate correlations between different levels of both the observed image
pyramid and the class label pyramid. The criterion used for segmentation is the
minimization of the expected value of the number of misclassified nodes in the mul-
tiresolution lattice. The estimate which satisfies this criterion is referred to as the
“multiresolution maximization of the posterior marginals” (MMPM) estimate, and is
a natural extension of the single-resolution maximization of the posterior marginals
(MPM) estimate. The parameters of the MGAR model — the means, prediction
coefficients, and prediction error variances of the different textures — are unknown.
The expectation-maximization (EM) algorithm is used to estimate these parameters
while simultaneously performing the segmentation. Analysis and experimental results
demonstrating the performance of the algorithm are presented.

We also propose new approaches for the extension of binary and grayscale mor-

phological operations to color imagery. We investigate two approaches for “color
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morphology”—a vector approach and a component-wise approach. New vector mor-
phological filtering operations are defined, and a set-theoretic analysis of these vector
operations is presented. We also present experimental results comparing the perfor-
mance of the vector approach and the component-wise approach for multiscale color
image analysis and for noise suppression in color images.

Finally, we describe a video coding technique which generates an embedded bit
stream that provides complete data rate scalability. This video coding scheme is based
on the Embedded Zerotree Wavelet (EZW) algorithm for still image compression.
We present experimental results demonstrating the performance of the algorithm at

various data rates.



1. INTRODUCTION

This thesis addresses the problem of segmenting a textured image using a statisti-
cal approach. In the observed image, there are a number of regions, corresponding to
different objects, or different textures. Each pixel in the image must be assigned to
one of a finite number of classes depending on statistical properties of the pixel and
its neighbors. The individual pixel classifications, or labels, form a two-dimensional
field, with the same dimensions as the observed image, in which the value at a given
spatial location reflects the class to which the corresponding pixel in the observed
image belongs. This two-dimensional field containing the individual pixel classifica-
tions will be referred to as the label field. The label field is unknown and must be
estimated from the observed image. Both the observed image and the label field will
be modeled as discrete-parameter random fields.

If the image to be segmented has the property that pixels which are spatially close
are likely to belong to the same class, then it is important for the segmentation algo-
rithm to consider the classification of neighboring pixels when classifying a particular
pixel. One way to do this is to divide the image into blocks and classify all pixels
in a given block to the same class. However, this approach forces boundaries in the
segmented image to occur along block boundaries, although the block boundaries do
not necessarily correspond to region boundaries in the observed image. The use of
statistical models for image segmentation has been proposed to address this problem
[1,2, 3,4, 5]. In these approaches the label field and the observed image are modeled
as discrete-parameter random fields and the segmentation problem becomes a sta-
tistical estimation problem. A Markov random field (MRF) model is often used for
the label field. This model imposes the spatial constraint that neighboring pixels are
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likely to belong to the same class, but it also allows neighboring pixels to be classified
to different regions if the statistical properties of the observed image suggest that the
pixels lie on an object boundary.

Statistical segmentation schemes generally segment an image by optimizing some
criterion. Several algorithms which approximate the maximum a posteriori (MAP)
estimate of the label field given the observed image have been proposed [1, 6, 7].
Another criterion which has been used is the minimization of the expected value of
the number of misclassified pixels. The estimate which optimizes this criterion is
known as the “maximizer of the posterior marginals” (MPM) estimate. It has been
shown that the MPM estimation criterion is more appropriate for image segmentation
than the MAP criterion [3]. This is because the MAP estimate assigns the same cost to
every incorrect segmentation, regardless of the number of pixels at which the incorrect
segmentation differs from the true segmentation, whereas the MPM estimate assigns a
cost to an incorrect segmentation based on the number of incorrectly classified pixels
in that segmentation.

As is the case with the MAP estimate, it is computationally infeasible to compute
the MPM estimate exactly. A stochastic algorithm for approximating the MPM
estimate of the label field was proposed in [3]. However, this algorithm assumes that
the values of all parameters for the observed image and label field models are known
a priori. If some of these model parameters are unknown, the algorithm in [3] cannot
be used.

We have proposed the EM/MPM algorithm?!, a stochastic algorithm which com-
bines the expectation-maximization (EM) algorithm for parameter estimation with
the MPM algorithm for segmentation, to address this problem [8]. The same algo-
rithm was also proposed in [9], along with a deterministic scheme that also approxi-
mates the MPM estimate of the label field and the EM estimates of model parame-

ters. The EM/MPM algorithm, and its deterministic counterpart from [9], estimate

In this thesis the single-resolution EM/MPM algorithm will be referred to simply as the
“EM/MPM algorithm”. The multiresolution extension of the EM/MPM algorithm will be referred
to as the “multiresolution EM/MPM algorithm”
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parameters at each stage of the algorithm using the current estimates of the marginal
conditional probabilities of the class labels. This is referred to as a “soft-decision”
scheme in [9], in contrast to “hard-decision” schemes which use the current segmenta-
tion to estimate parameters at each stage of the algorithm [6, 7, 10]. The soft-decision
approach was shown in [9] to provide better results than the hard-decision approach.

As with other single-resolution approaches to image segmentation, it is difficult to
process large-scale information effectively using the EM/MPM algorithm. Relatively
small neighborhood sizes must be used to make the algorithm computationally feasi-
ble, but small neighborhoods are only able to describe small-scale behavior. The im-
portance of utilizing information at various scales has led to the development of several
multiresolution approaches to textured image segmentation [11, 12, 13, 14, 15, 16, 17].
Exploiting information at multiple resolutions offers several advantages over single-
resolution approaches. First, algorithms which determine the classification of a given
pixel based on local characteristics in the region containing the pixel can effectively
make decisions based on larger neighborhoods by examining the image at coarser res-
olutions, without the increase in computational complexity which would result from
simply using larger neighborhoods at the original image resolution. Second, process-
ing an image at multiple resolutions precludes the need for a priori selection of one
optimal resolution for processing. Also, computational complexity is reduced, since
much of the work can be done at coarse resolutions, where there are significantly
fewer pixels to process.

In this thesis we propose a multiresolution extension of the EM/MPM algorithm,
using a multiresolution Gaussian auto-regressive (MGAR) model for the observed im-
age pyramid (the pyramid representation of the observed image) and a multiresolution
Markov random field (MMRF) model for the label pyramid (the pyramid containing
the classifications of all nodes in the lattice upon which the observed image pyramid
is defined). Our approach is different from previously proposed approaches in that
we obtain a multiresolution representation of the observed image and model this rep-

resentation as a stochastic process indexed by the nodes of a multiresolution lattice.
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Previous approaches have used multiresolution models for the pixel labels, but have
used either single-resolution representations of the observed image [11, 12, 14] or mul-
tiresolution representations of the observed image with the implicit assumption that
the random variables at a given level of the observed image pyramid are independent
from the random variables at other levels [13, 15, 16]. In [12] the MAP estimate of the
label field at the coarsest resolution is approximated first, using iterated conditional
modes (ICM), and the result is then propagated to the next-finer resolution, where
the MAP estimate of the label field at that resolution is approximated using ICM.
This process is continued until the finest resolution is reached. In [13] the image
is first segmented at the coarsest resolution using a Bayes decision rule, and then a
coarse-to-fine procedure is used to refine the segmented image. Varying-resolution
simultaneous autoregressive (SAR) models are fit to the observed image in [15], and
features from different resolutions are combined to segment the image using a K-
means clustering algorithm. In [16] the observed image is modeled at each resolution
as a Gauss Markov random field (GMRF). It is assumed that the GMRF parameters
at the finest resolution are known, and the GMRF parameters at coarser resolutions
are estimated using the values of these finest-resolution parameters. The MAP esti-
mate is approximated at each resolution using ICM first at the coarsest levels, then
at finer levels, as in [12]. The problem of texture discrimination, in which, given a set
of known textures and a noisy observed image, the texture from the pre-defined set
corresponding most closely to the observed data must be selected, is addressed using
a multiscale stochastic model in [18]. The texture discrimination problem is different
from the texture segmentation problem considered in this thesis, in which there is no
pre-defined set of textures from which to select.

Our approach is also different from previously proposed multiresolution approaches
in that we approximate the multiresolution maximizer of the posterior marginals
(MMPM) estimate of the label pyramid, which is a natural extension of the single-
resolution MPM estimate. Previous approaches have been based on MAP estimation.

Using an MPM-based approach has two possible advantages. First, the cost function
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which the MPM estimate minimizes is more appropriate for image segmentation than
the cost function which the MAP estimate minimizes [3]. Second, using the MPM
criterion facilitates the use of the EM algorithm to estimate unknown parameters of
the MGAR model [8].

In Chapter 2 we describe the EM/MPM algorithm and present experimental re-
sults demonstrating its performance. In Chapter 3 the multiresolution EM/MPM
algorithm is described, and experimental results demonstrating its performance are
presented. Chapter 4 contains a theoretical analysis of the EM/MPM and multires-
olution EM/MPM algorithms.

In Chapter 5 we address the problem of applying mathematical morphology to
color images. Mathematical morphology has been shown to be useful for shape anal-
ysis in binary and grayscale images [19, 20, 21]. We investigate two approaches for
“color morphology”: a vector approach, in which color vectors are ranked using a
multivariate ranking concept known as reduced ordering, and a component-wise ap-
proach, in which grayscale morphological operations are applied to each of the three
color component images independently. New vector morphological filtering operations
are defined, and a set-theoretic analysis of these vector operations is presented. We
also present experimental results comparing the performance of the vector approach
and the component-wise approach for two applications: multiscale color image anal-
ysis and noise suppression in color images.

In Chapter 6 we describe a video coding technique which generates an embedded
bit stream that provides complete data rate scalability. Previously proposed tech-
niques for rate-scalable video coding [22, 23] have provided partial rate-scalability,
i.e., bit streams encoded using these techniques can be decoded at one of a finite set
of data rates. The scheme described in Chapter 6 is completely rate-scalable in that
the encoded bit stream can be decoded at any data rate. For each group of pictures
(GOP, following MPEG terminology), the goal is to generate the bits representing
that GOP in order of visual importance, so that any target data rate can be met, and

the best decompressed sequence for that rate can be obtained by simply discarding
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bits at the end of the bit stream for that GOP. Thus, one compressed version of the
video sequence can provide a range of data rates from very low rates to very high
rates, using the exact same encoder and decoder structures for any data rate. Also,
the desired data rate can be dynamically changed in the decoder very easily from
GOP to GOP. The algorithm described in Chapter 6 uses intraframe coding only, so
that the GOP size is one frame. Experimental results are presented for various data

rates.



2. THE EM/MPM ALGORITHM FOR
SEGMENTATION OF TEXTURED IMAGES

This chapter describes the EM/MPM algorithm for simultaneous parameter esti-
mation and segmentation of textured images. This algorithm uses a Markov random
field (MRF) model for the pixel class labels and alternately approximates the MPM
estimate of the pixel class labels and estimates parameters of the observed image
model. In Section 2.1 the models used for the label field and the observed image
are described. In Section 2.2 we describe the MPM segmentation algorithm for the
case in which the values of all model parameters are known, and in Section 2.3 the
EM algorithm is described for the case when the values of the marginal conditional
probability mass functions of the label field are known. The EM/MPM algorithm is

described in Section 2.4. Section 2.5 contains experimental results.
2.1 Image Models

In this chapter the label field will be denoted X and the observed image will be
denoted Y. The element in X at spatial location (¢,7) € 5, where S is the rectangular
pixel lattice on which X and Y are defined, is the random variable denoted by X ;.
This notation is also used for Y. To simplify the notation, the random variables in X
and Y may also be indexed by a single letter, as in a lexicographical ordering, in which
case the sth random variable in X will be denoted X, and the sth random variable in
Y will be Y;. Throughout this chapter, x = (21, 22,...,2n) and y = (y1,¥2, .- -, YN ),
where N is the total number of pixels in S, will represent sample realizations of

X =(X1,Xs,...,Xn)and Y = (¥, Y5, ..., Yy). The space of all possible realizations
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of X will be denoted 2« and the space of possible realizations of Y will be denoted
Qy-

2.1.1 Markov random field model

In this section we review the concept of a MRF and define the specific MRF model
which we will use. Interested readers should see [2, 24] for a more detailed discussion
of MRF models.

It is first necessary to define the concept of a neighborhood system for the pixel
lattice S. The collection G = {G, C 5,Vs € S} is a neighborhood system for S if,
for every pixel s € S, s € G; and s € G, <= 1 € G, for any r € S. The elements
of the set G, are the neighbors of spatial location s. For example, in a four-point

nearest-neighbor system, the neighbors of spatial location (¢,7) are given by

g(ivj) = {(l - l,j), (17] - 1)7 (17] + 1)7 (l + 17j)} (2'1)

for every interior pixel (¢, j).
If, for every pixel s € S, X, is a discrete random variable, then X is a MRF with
neighborhood system G if

P(Xs =a|X, =, #35)= P(X, = 25| X, = 2,,Vr € Gy), Vs € 5 (2.2)

where P(A|B) is the conditional probability of the event A given the event B. Spec-
ification of a valid probability mass function in terms of the conditional probabilities
of Equation 2.2 is difficult, but if X is defined to have a Gibbs distribution then it
follows by the Hammersley-Clifford Theorem that X is a MRF [2, 25]. The form of a
Gibbs distribution depends on the concept of cliques. A set of pixels C' C S is a clique
if, for any pixels s,r € C', s € G,. Thus, the collection of all cliques, which we shall
denote as C, is induced by the neighborhood system. For example, in the four-point
nearest-neighbor system, any pair of pixel locations in S which are horizontally or
vertically adjacent form a clique, since two pixels which are horizontally or vertically
adjacent are neighbors of each other. We shall assume that if P(X; = x,) > 0Vs then

P(X =x) > 0, for any x. This is referred to as the positivity condition. Assuming
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this is true, it can be shown that X is a MRF if and only if px(x) = P(X = x) can
be expressed in the form

i) = Lexp (—1 3 ot 23

cecC

where Vi (x) is a function which depends only on the values of x at pixel locations
in the clique €, z is a normalizing constant, and 7' is a constant which represents
“temperature” [25, 2]. A probability mass function which can be written in this
form is referred to as a Gibbs distribution. A MRF can be specified in terms of the
functions Ve (x), C' € C, instead of the conditional probabilities of Equation 2.2. This
greatly simplifies the task of specifying a MRF.

Using the concepts discussed above, we now define the specific MRF model which
will be used for the pixel label field in this chapter. The collection of cliques G will
include all pairs of spatially horizontally or vertically adjacent pixels, plus all single

pixels. The probability mass function of X is assumed to have the form

px(x) =  exp (— > Bt(anz)— 3 %:r) (2.4)

~ {rs}ec {ryec
where
0 ifz, = x4
Hap, xs) = (2.5)
1 if a, # x4

The parameter [ is known as the spatial interaction parameter, and {7;} is a set of
model parameters for single-pixel cliques. This model is similar to MRF models pre-
viously used for segmentation [6, 10, 7]. For every pixel s € S, the set of values which
the random variable X, can take is {1,2,... L}, where L is the number of different
classes, or textures, in the image. This means that Qx = {x: 2, € {1,2,...,L}Vs €
Sh.

It will be assumed throughout this thesis that L is known a priori. The problem
of automatically determining the number of classes is not addressed in this thesis,
although it is an important problem which should be addressed in future work.

Asis commonly done [25, 10, 9], we assume that the value of the spatial interaction

parameter is known a priori. We have found experimentally that the optimal value of
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B is not highly image-dependent, and that the performance of the algorithm remains
fixed over a relatively large range of values of 3.

The parameter 4, can be viewed as a cost parameter for class k. If, for a given
k, v 1s high, then class k is less likely to occur than classes with lower costs. For
applications in which there is a priori information about the relative sizes of the
various classes, the parameters {~;} can be selected to incorporate this information
into the label field model. In the absence of such a priori information, ~; will be

assumed to be zero for every k.

2.1.2 Model for observed image

We also need a statistical model for the observed image. We will assume that
the random variables Yi,Y5,..., Yy are conditionally independent given the pixel
label field X. We will also assume that the conditional probability density function
of Y, given X depends only on the value of X at pixel location r. Using these two
assumptions, the conditional probability density function of Y given X can be written

N
fyix(ylx,0) = Ufyr|x(yT|X,9)

N
= 1:[ froix, (yr |, 8) (2.6)

where 6 is a non-random vector whose elements are the unknown parameters of the
conditional probability density function of Y given X.

We will also model Y, as conditionally Gaussian given X,. The mean and variance
of Y, depend on the class to which pixel r belongs. Thus, all of the random variables
in Y which represent class ¢, for any ¢ = 1,..., L, are independent and identically
distributed (7id) Gaussian random variables with mean y; and variance o?. This
model for the observed image has been used in previously proposed segmentation

algorithms [10, 9].



11 -

The means and variances y; and 02,7 = 1,..., L, are the elements of the parameter
vector 8, i.e., 8 = [u1,07,...,pr,01]. The space of all possible values of 8 will be
denoted 2y. We will assume that the elements of 8 are unknown.

Using the form of fyx(y|x,8) given by Equation 2.6, the conditional probability
density function of Y given X is

il 1 (yT - lul’r)2
Fyx(ylx.0) =] FGXP (—72 ) (2.7)
1 271'092” 20

We will need to obtain the conditional probability mass function of X given Y to

segment the image. Using Bayes’ rule and Equations 2.4 and 2.7, we have

_1N16X_M)lex_ o
= fY(y|0) [Tl;[l ,—27‘_0_; P( 20_; (Z) p {T%:ecﬂt( Ty s) {;C'yxr

SR N SO B Y G [ O [T B
ZfY(Y|0) r:l\/QWUQ%T r=1 20—2% {r,s}eC v {r}yec v

(2.8)

Since fy(y|@) does not depend on x, it is not considered in the optimization. It

should be noted that pxy(x|y, @) is also a Gibbs distribution.

2.2 MPM Segmentation Algorithm

In this section we assume that € is known and describe the MPM segmentation
algorithm. For the MPM algorithm the segmentation problem is formulated as an
optimization problem. The optimization criterion which is used is the minimization
of the expected value of the number of misclassified pixels [3].

The image is segmented by minimizing the conditional expected value of a cost
functional R(X,x), given the observed image Y, over all possible realizations of the
pixel label field X, i.e., over all x € 2. The cost functional which will be used is

N

R(X,x) = S #(X,.z,) (2.9)

s=1
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where t(-,-) is the function defined in Equation 2.5. Thus, R(X,x) is the number of
pixels at which X and x are not equal, i.e., the number of misclassified pixels. The
value of x which minimizes the conditional expectation of this cost functional will be

denoted as x*. Thus,
FRX,x")|Y =y] < F[R(X,x)|Y =y] Vx € Qx (2.10)

Using Equations 2.5 and 2.9, we have

ERX.x)[Y =y] = Eét(Xs,xs)lY =l (2.11)
_ éE[t(Xs, z)|Y =y] (2.12)
= ép(xs £ 2,]Y =y) (2.13)
_ ;:(1 CP(X, =Y =) (2.14)

We can minimize this sum by choosing for each pixel location s € S the value of x;
from the set {1,2,..., L} which minimizes (1 — P(X; = 2,|Y =y)) or, equivalently,
the value which maximizes P(X; = a5]Y = y). The estimate of the label field X
which is derived by independently maximizing this marginal conditional probability
mass function for each s € S is known as the “maximizer of the posterior marginals”
[3], and will be denoted xprppr. It can be seen from Equations 2.10 and 2.14 that
Xy py = X°. Therefore, xprpp minimizes over all x the expected number of misclas-
sified pixels. To find xp;pps it 1s necessary to find for each s € S the value of & which

maximizes

P(X,=kY =y) = px.v(kly,0)

= > rxiy(x[y,0) (2.15)

XEk o

where k € {1,2,..., L} and Qs = {x: 25 = k}. Exact computation of these marginal

probability mass functions as in Equation 2.15 is computationally infeasible.
Marroquin et al. presented an algorithm for approximating these marginal proba-

bilities to obtain an approximation to the MPM estimate of a MRF [3]. This algorithm
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can be used to approximate P(X; = k|Y = y) for each s € S and k € {1,2,...,L}
as follows: Use the Gibbs sampler [25] to generate a discrete-time Markov chain
X(t) which converges in distribution to a random field with probability mass func-
tion px |y (x|y,8), given by Equation 2.8. The marginal conditional probability mass
functions px jy(k|y, @), which are to be maximized, are then approximated as the
fraction of time the Markov Chain spends in state k at pixel s, for each k and s.

For the Markov chain X(t) generated using the Gibbs sampler there are LV pos-
sible states, corresponding to the L elements of Qy. At each step only one pixel
is visited, so that X(¢ — 1) and X(¢) can differ at no more than one pixel location.
At time ¢ the state of X(¢) at pixel s is a random variable X,(?). Let ¢; € S be the
pixel visited at time £. Then the state of X, (¢) is determined by sampling from the
conditional probability mass function px,_ v x, req, (kly,z.(t —=1),7 € G, 0).

If the sequence {q1, q2,qs3, ...} contains every pixel s € S infinitely often, then for
any initial configuration x(0) € {x,

lim P(X(t) = x|Y =y, X(0) = x(0)) = pxy(x]y.6) (2.16)

t—o00

for every x € Qx [25]. Thus, the Markov chain converges in distribution to a random
field with probability mass function pxy(x|y,0), i.e., px;y(x|y,8) is the limiting
distribution of the Markov chain. This fact will be used for the analysis of the
EM/MPM algorithm presented in Chapter 4.

To describe the approximation of the marginal conditional probability mass func-

tion at each pixel we first define the function

1 if Xs(t) =k
ug,s(t) = (2.17)
0 if X,(t) #k
Then, if T is the number of visits to pixel s made by the Gibbs sampler, then the

approximations

px.y (kly,0) Zuks t)  Vk,s (2.18)

5t1
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provide the estimates of the values needed to obtain xy;par. At each pixel s € S the
value of k& which maximizes the right-hand side of of Equation 2.18 is used as the

estimate of X,.
2.3 EM Algorithm for Parameter Estimation

In order to implement the Gibbs sampler, we must estimate the value of 8. We
will use the EM algorithm to estimate 8. The EM algorithm has been widely used
for the estimation of parameters in incomplete-data problems [26, 27, 28, 29]. In an
incomplete-data problem the observed data represent only a subset of the complete
set of data. There also is a set of data which is unobserved, or hidden. For example,
in our formulation the observed image Y represents the observed data, and the label
field X represents the hidden data.

The EM algorithm approximates maximum-likelihood (ML) estimates. Finding
the ML estimate of 8 based only on the observed data Y would involve finding the

value 87, which satisfies

Iy (y|0rr) = fy(y|6) VO € Qq (2.19)

where fy(y|@) is the probability density function of Y, parameterized by 8. The
form of fy(y|@) is not known, so the EM algorithm also uses the hidden data X,
since the form of fxvy(x,y]0) = fyx(y|x,0)px(x) is known.

The EM algorithm is an iterative procedure. At each iteration two steps are
performed: the expectation step and the maximization step. In general, if 8(p) is
the estimate of 8 at the pth iteration, then in the expectation step at iteration p the

function

Q(6,0(p—1)) = Ellog fyx(y[x, 0)[Y = y,0(p— 1) + Ellogpx (x|6)[Y =y, 6(p— 1)

(2.20)
is computed. Since in our formulation the probability mass function of X does not
depend on 8, we only use the first term of Equation 2.20. The estimate 8(p) is

obtained in the maximization step as the value of 8 which maximizes Q(8,68(p — 1)),
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i.e., 8(p) satisfies

QO(p),8(p—1)) > Q(8.6(p — 1)) VO € O (2.21)

Substituting Equation 2.7 into Equation 2.20 gives

Q(8.6(p 1)) = 3 Bllogl—=—=)IY¥ = ¥.6(p 1]
D S LR )
_ éélog( _;TU%)P(XS —KY =y.0(p—1) —
23 > %P(}g — kY =y.00p— 1)) (2.22)

Differentiating, setting to zero, and solving for 8(p) = [u1(p), oi(p), - .., kr(p), oi(p)]

gives
lp) = S vy 00— 1) 229
and .
20) = 3y e = o) Py (. Bp = 1) (2.24)
where
Nilp) = S (000~ 1) (2.25)
for k=1,....1L. -

Equations 2.23 through 2.25 demonstrate the difficulty in using the EM algorithm
with a MRF model for the pixel label field. The conditional probability mass functions
px. Y (kly,8(p)) are very difficult to obtain when X is a MRF}; in fact, these are the
quantities we are trying to approximate to obtain xp;pps. In general, this difficulty

in obtaining Q(0,0(p — 1)) is encountered when the hidden data are modeled as a
MRF.



- 16 -
2.4 EM/MPM Algorithm

The EM/MPM algorithm [8, 9] combines the techniques described in Sections
2.2 and 2.3. First, the MPM algorithm is performed using an initial estimate of 8,
say 9(0) After a certain number of iterations of the MPM algorithm, the resulting
estimates of pXS|Y(k|y,é(0)) are used in Equations 2.23 through 2.25 to obtain an
updated estimate of 8, say 9(1) This new estimate of 8 is then used in the MPM
algorithm to find estimates of pXS|Y(k|y,é(1)), which are then used to update the
estimate of 8. This process is continued until some suitable stopping point is reached.

The EM/MPM algorithm generates a (finite) collection of Markov chains
X(1,1),X(2,t),...,X(P +1,t), for some P > 1. Generation of X(p,1) is referred to
as stage p of the algorithm. The estimate of 8 obtained during stage p is denoted by
the random variable @(p). The algorithm begins with the estimate @(0) = é(()) for
some 9(0) € Qg. The Markov chain X(1,) is generated using the procedure described
in Section 2.2. The state of X,,(1,?) is determined by sampling from the conditional
(kly,z,(1,t — 1),r € G,,,0(0)), where
PX|Y,O) (x]y, @ ( )), for any p > 1, has the same form as px;y(x|y, @) given by

probability mass function p, Y X €6y, O(0)
qt s AT gt

Equation 2.8, with @(p) random, unlike 8, which is deterministic. Thus, if é(p) =
[in(p); 61(p) - - fir(p), 67 ()], then

1 N 1
ZfY,@(p)(Y|0(p)) r=14/2m62 (p)

X1y @) (x]y, 0 ( ) =

N

Iul’r

exp (_ Z (QT Z pt(x,, x Z Ve (2.26)
r=1 T, \P {r.stec {rrec

After each pixel has been visited T} times, for some Ty > 1, the estimate ©(1)

is computed. Using the estimates vy s(1,%) defined by (See the right-hand side of

Equation 2.18)
vps(1,1) Zu,” 1,4) (2.27)
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where
Loif Xs(1L,t) =k
ups(1,1) = (2.28)
0 if X,(1,¢) #k
the estimate @(1) = [M;(1), 51(1),..., Mp(1),Sp(1)] is computed using
N
Zysvk,s(laTI)
Mi(1) = = (2.29)

Z vk,s(lv Tl)
s=1

and
N

> (ys = Mi(1))*vrs(1, Th)
Si(1) = = (2.30)

N
Z vk,s(lv Tl)
s=1

Note that these equations have the same form as the EM update equations (Equations

2.23 and 2.24), with px v (k|y, @) replaced by the estimates vy, o(1,7}).

The Markov chain X(2,1) is generated next using the procedure in Section 2.2,
with limiting distribution pX|Y,@(1)(X|Y7 9(1)), where 9(1) € Qg is the value obtained
for ©(1). After T, visits to each pixel, @(2) is computed.

In general, the Markov chain X(p,?) is generated using the Gibbs sampler and
sampling from the distribution pX|Y,@(p—1)(X|Y7 9(p — 1)), and the estimate @(p) is
computed using the equations

N

Z ysvk,s(pv Tp)
My(p) = = (2.31)

Z vk,s(pv Tp)
s=1

and
N

Z(ys - Mk(p))Qv;w(p, Tp)
Si(p) = = (2.32)

N
Z vk,s(pv Tp)
s=1

The final estimate of 8 is @(P). The final segmentation is obtained by maximizing

over all k the value vy (P + 1,Tpy41) for every s € S, for some Tpyq > 1.
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The algorithm can be summarized as follows: First, initial estimates 9(0) and
X(1,0) of @ and X, respectively, are selected. Then, for p =1,..., P, stage p of the
algorithm consists of two steps:

N

1. Perform T, iterations of the MPM algorithm using @(p — 1) as the value of 8.

2. Use the EM update equations for 8 to obtain é(p), using the values v s(p, T})
as estimates of px, v (kly,8(p —1)).

After é(P) has been obtained as the final estimate of 8, Tp,, iterations of the MPM

A

algorithm are performed, using @(P). The final segmentation is X(P + 1,Tp11).
2.5 Experimental Results

The EM/MPM algorithm was applied to several different types of imagery. Re-
sults demonstrating the performance of the algorithm on synthetic imagery, infrared
imagery, natural scenes, and mammograms are presented in this section. For all re-
sults presented in this section, the value of the spatial interaction parameter § was
assumed to be 2.4, and T}, the number of iterations of the Gibbs sampler at stage
p, was set to 3 for every p =1,..., P + 1. Unless otherwise noted, the relative cost
of class k (i.e., y& in Equation 2.4) is assumed to be zero, for every k. Also, unless
otherwise noted, initial estimates of the class means and variances were obtained
using

128 255k
m(0) = ==+ —— (2.33)

for the means and setting the variance for each class to 20. For every pixel s € S
the initial estimate of X was chosen to be uniformly distributed over all classes, and
independent of the initial estimates at other pixels.

Figure 2.1(a) shows the first test image. This image is a composite of Brodatz tex-
tures wood and grass. The segmented image obtained from 70 stages of the EM/MPM

algorithm is shown in Figure 2.1(b), and the segmentation after 500 iterations of the

deterministic EM/MPM algorithm proposed in [9] is shown in Figure 2.1(c). It can be
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seen that for this image the EM/MPM algorithm provides better performance than
the deterministic EM/MPM algorithm.

The second test image, shown in Figure 2.2(a), is a composite of Brodatz textures
cork and leather. The segmentation obtained after 300 stages of the EM/MPM
algorithm is shown in Figure 2.2(b), and the segmentation after 500 iterations of
the deterministic EM/MPM algorithm is shown in Figure 2.2(c). For this image the
EM/MPM algorithm performs significantly better than the deterministic EM/MPM
algorithm. The EM/MPM algorithm does have difficulty correctly classifying the
pixels in the cork region. This is because the observed image model does not fit
the cork texture well. It will be shown in the next chapter that the multiresolution
EM/MPM algorithm provides better results for this image.

The third test image is shown in Figure 2.3(a). This image is a composite of
Brodatz textures grass, pigskin, and straw. Results after 400 stages of the EM/MPM
algorithm and 500 iterations of the deterministic EM/MPM algorithm are shown in
Figures 2.3(b) and 2.3(c), respectively. Both algorithms have difficulty segmenting
this image, although the EM/MPM algorithm again provides a better segmented
image than the deterministic EM/MPM algorithm.

The final synthetic texture image is shown in Figure 2.4(a). This image is a
composite of Brodatz textures grass and wood, and Corel texture leather. The re-
sulting segmentation after 400 stages of the EM/MPM algorithm is shown in Figure
2.4(b), and the result after 500 iterations of the deterministic EM/MPM algorithm
is shown in Figure 2.4(c). For this image the EM/MPM algorithm performs slightly
better than the deterministic EM/MPM algorithm, although both algorithms have
difficulty classifying the regions correctly.

Table 2.1 shows the percentage of pixels which were misclassified by the EM/MPM
and deterministic EM/MPM algorithms for the four synthetic test images. For all
images the EM/MPM algorithm performed better than the deterministic EM/MPM

algorithm in terms of minimizing the number of misclassified pixels.
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Table 2.1 Percentage of Misclassified Pixels

Image EM/MPM | Deterministic EM/MPM
Figure 2.1(a) | 2.4 5.0
Figure 2.2(a) 4.8 40.0
Figure 2.3(a) 39.2 51.7
Figure 2.4(a) 30.0 35.1

Figures 2.5 and 2.6 illustrate intermediate results as the EM/MPM and deter-
ministic EM/MPM algorithms segment the image shown in Figure 2.1(a). Figures
2.5(a), (b), (¢), and (d) show results after 30, 50, 70, and 300 stages, respectively, of
the EM/MPM algorithm, and Figures 2.6(a), (b), (¢), and (d) show results after 10,
20, 500, and 800 iterations, respectively, of the deterministic EM/MPM algorithm
[9]. Table 2.2 shows the final parameter estimates obtained after 300 stages of the
EM/MPM algorithm and 800 iterations of the deterministic EM/MPM algorithm,
as well as the sample means and sample standard deviations computed using the
true segmentation. The EM/MPM estimates of the means for the two classes are
closer to the sample means than the deterministic EM/MPM estimates. The accu-
racy of the estimates of the means is critical to the performance of both algorithms.
It is our feeling that the deterministic EM/MPM algorithm either overestimates or
underestimates the model parameters.

The natural scene shown in Figure 2.7(a) was segmented using the EM/MPM
algorithm. The result shown in Figure 2.7(b) was obtained using 70 stages of the
algorithm, with L = 2 (where L is the number of classes in the image). Figure 2.7(c)
shows the result from 70 stages of the algorithm with L = 3. In general, trees and
buildings were classified to one class, and the ground and river were classified to

another class.
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Table 2.2 Parameter Estimates for Image in Figure 2.1(a)

H1 01 H2 02

Sample Mean/Sample Standard Deviation | 83.0 | 21.6 | 122.7 | 54.6

Initial Estimate 64.0 | 4.5 | 191.0 | 4.5
Final EM/MPM Estimate 81.7 1 20.7 | 122.9 | 53.6

Final Deterministic EM/MPM Estimate | 80.9 | 21.5 | 126.6 | 52.8

The algorithm was also tested on infrared imagery. Figure 2.8 is composed of 16
infrared images which were segmented using the EM/MPM algorithm. The resulting
segmentations are shown in Figures 2.9 through 2.24. In each of these figures the
image shown in (b) is the segmentation resulting from 70 stages of EM/MPM with
L = 2 and the image shown in (c) is the result after 70 stages with L = 3. The
segmentations obtained using the deterministic EM/MPM algorithm on the infrared
images were similar to the segmentations obtained using the EM/MPM algorithm
except for the image shown in Figure 2.22. The result after 500 iterations of the
deterministic EM/MPM algorithm for this image is shown in Figure 2.25(b). For
this image the deterministic EM/MPM algorithm does not perform as well as the
EM/MPM algorithm.

To segment mammography images, we use the a priori knowledge that a tumor
is expected to cover a relatively small region compared to the normal tissue and the
background. This information is incorporated into the label field model by using
nonzero values for the parameters ;. The effect of this is to increase the cost at each
pixel of belonging to the class coresponding to the tumor, as described in Section
2.1.1. Also, the fact that a tumor is expected to be relatively small and the fact that
a tumor is usually associated with higher grayscale values than the other regions are
used to compute initial estimates of the class means and variances. The grayscale

values in the observed image are sorted, and the sample mean and variance of the
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highest grayscale values are used for the initial parameter estimates for the tumor
class. The remaining values are used to compute initial estimates of the parameters
for the normal tissue and background region.

The mammography images were assumed to consist of three classes: background,
normal tissue, and tumor. The values used for the class cost parameters were v =
9 = 2.3 and y3 = 5, where class 3 is the tumor class. These values were determined
experimentally using a variety of sample mammography images.

The first mammography image which was tested is shown in Figure 2.26(a). The
corresponding truth image is shown in Figure 2.26(b). The segmented image obtained
after 100 stages of the EM/MPM algorithm is shown in Figure 2.26(c). It can be seen
that the algorithm segmented the three regions quite well.

The second mammography image is shown in Figure 2.27(a). The corresponding
truth image is shown in Figure 2.27(b). The segmented image obtained after 70
stages of the EM/MPM algorithm is shown in Figure 2.26(c). Again, the algorithm
segmented the three regions well.

The final mammography image is the synthetic image shown in Figure 2.28(a).
The segmented image obtained after 70 stages of the EM/MPM algorithm is shown
in Figure 2.28(b). The algorithm does not perform well on this image, finding many

very small regions corresponding to local variations in the tissue.
2.6 Conclusion

In this chapter we described the EM/MPM algorithm for simultaneous parameter
estimation and segmentation of textured images. We presented experimental results
demonstrating the performance of the algorithm, and compared these results with
those obtained by the deterministic EM/MPM algorithm. Our results for synthetic
images showed that the EM/MPM algorithm performs better than the deterministic

EM/MPM algorithm in terms of minimizing the number of misclassified pixels.
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Fig. 2.1. (a): Original image. (b): Segmented image obtained using EM/MPM. (c):
Segmented image obtained using deterministic KM /MPM.
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Fig. 2.2. (a): Original image. (b): Segmented image obtained using EM/MPM. (c):
Segmented image obtained using deterministic KM /MPM.
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Fig. 2.3. (a): Original image. (b): Segmented image obtained using EM/MPM. (c):
Segmented image obtained using deterministic KM /MPM.
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Fig. 2.4. (a): Original image. (b): Segmented image obtained using EM/MPM. (c):
Segmented image obtained using deterministic KM /MPM.
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() (d)

Fig. 2.5. (a): Segmented image after 30 stages of EM/MPM. (b): Segmented image
after 50 stages of EM/MPM. (c): Segmented image after 70 stages of EM/MPM.
(d): Segmented image after 300 stages of EM/MPM.
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Fig. 2.6. (a): Segmented image after 10 iterations of deterministic EM/MPM. (b):
Segmented image after 20 iterations of deterministic EM/MPM. (c¢): Segmented
image after 500 iterations of deterministic EM/MPM. (d): Segmented image after
800 iterations of deterministic EM/MPM.
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Fig. 2.7. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.
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Fig. 2.8. Original infrared image.

(b) ()

Fig. 2.9. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

(a)
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()

Fig. 2.10. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

(a) (b) ()

Fig. 2.11. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

Fig. 2.12. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.
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(a) (b) (c)

Fig. 2.13. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

(a) (b) ()

Fig. 2.14. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

(b) ()

Fig. 2.15. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.
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(a) (b) ()

Fig. 2.16. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

(a) (b) ()

Fig. 2.17. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.
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(a)

Fig. 2.18. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

(b) ()

Fig. 2.19. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

‘ - I H
(b) ()

Fig. 2.20. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.
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(b) ()

Fig. 2.21. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

(a) (b) ()

Fig. 2.22. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

(a) (b) ()

Fig. 2.23. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.
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(a) (b) ()

Fig. 2.24. (a): Original image. (b): Segmented image obtained using EM/MPM
with 2 classes. (c): Segmented image obtained using EM/MPM with 3 classes.

Fig. 2.25. (a): Original image. (b): Segmented image obtained using deterministic
EM/MPM.
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(a) (b) ()

Fig. 2.26. (a): Original image. (b): Truth image. (c): Segmented image obtained
using EM/MPM.
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(a) (b) ()

Fig. 2.27. (a): Original image. (b): Truth image. (c): Segmented image obtained
using EM/MPM.
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Fig. 2.28. (a): Original image. (b): Segmented image obtained using EM/MPM.
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3. THE MULTIRESOLUTION EM/MPM ALGORITHM

This chapter describes a multiresolution extension of the EM/MPM algorithm
described in the previous chapter. The multiresolution EM/MPM algorithm uses a
multiresolution Gaussian autoregressive (MGAR) model for the pyramid representa-
tion of the observed image, and assumes a multiscale Markov random field model for
the class label pyramid, and the criterion used for segmentation is the minimization of
the expected value of the number of misclassified nodes in the multiresolution lattice.

In Section 3.1 we describe the statistical models used for the observed image
pyramid and the label pyramid. In Section 3.2 we present the segmentation algorithm
for the case when all the model parameters are known, and in Section 3.3 a method for
estimating the parameters of the MGAR model is proposed. Section 3.4 describes the
new multiresolution algorithm proposed for simultaneous segmentation and parameter
estimation, combining the techniques discussed in Sections 3.2 and 3.3. Experimental

results demonstrating the performance of the algorithm are presented in Section 3.5.
3.1 Statistical Models

In this chapter the observed data Y is a multiresolution representation of the ob-
served image. Thus, Y is a stochastic process indexed by the nodes of a multiresolu-
tion lattice, such as the one shown in Figure 3.1. The class label pyramid X is defined
on the same multiresolution lattice as Y, and contains the classifications of the nodes
in the lattice. The set of nodes in the lattice is denoted S. Each level in the lattice
corresponds to a different spatial resolution, where level 0 represents the finest spatial
resolution and level M — 1 the coarsest spatial resolution. The set of lattice points

at level n will be denoted S and the random fields containing the observed image
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n=2
/ n=1
\Vd
NSNS
/ n=0

Fig. 3.1. Multiresolution lattice

at resolution n and the classifications of the nodes at resolution n will be denoted
Y™ and X respectively. Each node in S corresponds to 4" pixels at the original
image spatial resolution. Hence, each random variable in X" represents the classifi-

cation of a block of 4" pixels in the original image. The random variable in Y at
node (i) € §™ will be denoted Y% for i = 0,... (I/2")~1;j = 0,...,(J/2") — 1,
where [ and J are the number of rows and columns, respectively, in the original im-
age. This notation will also be used for the random variables in X(™. To simplify
the notation, the random variables in Y and X may also be indexed by a single
letter, as in a lexicographical ordering, in which case the sth random variable in Y
will be denoted by Y;, and the sth random variable in X will be X;. Throughout
this chapter, y = (y1,¥2,...,yn) and x = (x1,29,...,25), where N is the total
number of nodes in S, will represent sample realizations of Y = (Y1, Y5, ..., Yy) and
X =(X1,Xs,..., XN).

For every node s € S, the set of values which the random variable X; can take
is {1,2,..., L}, where L is the number of different classes, or textures, in the image.
We shall assume that L is known.

To segment the observed image, two models will be needed. A model will be
needed for the conditional probability density function of Y given the classifications

of all nodes in the multiresolution lattice. We will also need a model for the conditional

probability mass function of the label pyramid X.
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n=3

n=2

n=1

n=0
8 9 10 11 12 13 14 15

Fig. 3.2. Binary tree

3.1.1 MGAR model

To simplify the discussion we will assume that Y is indexed by the nodes in a
binary tree, as shown in Figure 3.2. In order to define the model for Y, we associate
with the binary tree the ordering of the nodes shown in Figure 3.2. The nodes at
level n are indexed from 2M=" to 2M—"+1 _ 1 where M is the number of levels in the
tree.

The model which will be used for Y is a causal MGAR model, where the notion
of causality for our model is defined by the ordering of the nodes of the tree defined
above. In this model the random variables Y7, ..., Yx are modeled as jointly Gaussian
random variables conditioned on the classification of the tree nodes. The model can be
described as follows: The value of the random variable Y, can be predicted as a linear
combination of the values of random variables at the current scale and at coarser
scales. The prediction errors Yi,..., Yy form a sequence of independent random
variables. The parameters used for the prediction of Y, depend on the class to which
node s belongs, i.e., #,. The variance of the prediction error Y; also depends on w,.
The prediction errors can be written as

Vo= Vol 3 alte) [Yie, — ) (3.1)
>0
where ng is the level of node s in the tree, {aé”)} are the prediction coefficients at

level n, for class z,, and Yi,..., Yy is a sequence of independent, Gaussian random
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variables. The variance of Y, is given by
)2 (3.2)

The MGAR model for class k at level n is said to be of order P if there are P values
of r for which a&) 18 non-zero.

Since the random variables Vi, . .., Yy are independent Gaussian random variables,
the form of their joint conditional probability density function given the classification
of all tree nodes is known. However, we need the joint conditional probability density
function of Yi,..., Yy given the classification of all tree nodes. By considering the

sequences Yi,...,Yy and Yi,..., Yy as vectors, i.e., Y = [Vi,...,Yy]? and Y =

Vi.....Yx]7, Y can be written as
Y =C+AY (3.3)

where C is a constant matrix and A can be determined from Equation 3.1. Since
Y, is a linear combination of values of Y at node s and nodes which precede node s,
but not at future nodes, the matrix A is lower triangular. Also, since the coefficient
of the term Y} in the expression for Y, is 1, all diagonal elements of A are 1. Thus
the Jacobian of the transformation from Y to Y is 1, and the conditional probability
density function of Y given X is [12]

al 1 vs
fY|X(Y|X, 0) = 521_[1 - 2771—(00(025))2 exp (_2(09(025))2) (34)
where
Ys = Ys — Ngﬁs) + Z agjn,’/? [?JS—T - :ugcn)] (35)
r>0

and the vector  contains the MGAR model parameters. The elements of 8 are ,uggn)

a&), and (U,gn))z, for k=1,...,L;n=0,...,M —1; and r = 1,..., P. Since the

Y

filter coefficients used to obtain the Gaussian pyramid representation of the observed

image sum to 1, the class means do not depend on the resolution level n, so that

,uggn) = Mém) = py for all n,m.
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Fig. 3.3. Examples of cliques of type 1. Pairs of nodes marked with dots form
cliques.

3.1.2 Model for class label pyramid

A MMRF model is used for the class label pyramid X [14]. This model is a natural
extension of the single-resolution MRF model. In fact, the form of the probability
mass function for a MMRF model is the same as that given for a MRF model in

Chapter 2, i.e.,

i) = Lexp (~1 5 Vot (3.6)

cecC

where X is now a multiresolution process, and the collection of cliques C is defined
on the multiresolution lattice S.

For the multiscale MRF model used in this chapter, C consists of all pairs of nodes
at the same resolution which are spatially horizontally or vertically adjacent to each
other (type-1 cliques) and all pairs of nodes having a parent-child relationship to
each other (type-2 cliques), plus all single nodes in S. Type-1 and Type-2 cliques are
illustrated in Figures 3.3 and 3.4. The neighborhood system corresponding to this
collection of cliques is shown in Figure 3.5.

The probability mass function of X can now be defined using the collection of
cliques described above. Let C; C C be the set of all cliques of type 1 and C; C C the

set of all cliques of type 2. Then the probability mass function of X is defined to be

px(x) = Zexp (— S A ) = X B ) = Y m) (3.7)

~ {rs}ec {r.s}€Cs {ryec

where ﬂ{n) and ﬂén) are spatial interaction parameters at level n, node r is in level

n,, node r is assumed without loss of generality to be the parent node for each pair
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2 S

Fig. 3.4. Examples of cliques of type 2. Pairs of nodes marked with dots form
cliques.

g® .

S (n-1) ° °

Fig. 3.5. Neighborhood system for multiscale MRF. Nodes marked with dots are
neighbors of node marked with X.
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of nodes in the summation representing type-2 cliques, 7 is the cost for class k, and

0 ifz, = x4
Hap, xs) = (3.8)
1 if a, # x4
To segment the observed image, the form for the conditional probability mass

function of X given Y is needed. Using Bayes’ rule and Equations 3.4 and 3.7, we

have
fyix(ylx, O)px(x)
fx(v16)

S D _ﬂi?) .
F(y|8) [1;[1 2 (o))? p( 2ol ]

(i)exp( > A M) - X A, z%)

{r,s}€Cy {r,s}€Cs {r}ecC

PX|Y (X|Y7 0) =

1 i 1
 zfy(y]9) [1;[1 QWQZS))?] |

N
exp( Z ys Z 617% wrv Z 627% xrv )_ Z %cr)

s=1 2(01’ ) {r,s}€Cy {r,s}€C2 {r}ec
(3.9)

Since fy(y|@) does not depend on x, it will not need to be considered in the opti-

mization. It should be noted that pxy(x|y,8) is a Gibbs distribution.
3.2 Segmentation Algorithm

In this section we assume that € is known and describe the multiresolution segmen-
tation algorithm. The MMPM algorithm follows the single-resolution MPM algorithm
[3] very closely. The segmentation problem is formulated as an optimization problem.
The optimization criterion which is used is the minimization of the expected value of
the number of misclassified nodes in the multiresolution lattice.

Similarly to the single-resolution case, we can minimize this criterion by choosing
for each node s € S the value of x; from the set {1,2,..., L} which minimizes (1 —

P(X; = 2,]Y = y)) or, equivalently, the value which maximizes P(X; = x,]Y = y).
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The estimate of the label pyramid X which is derived by independently maximizing
this marginal probability mass function for each s € S is the MMPM estimate of X.
The same method described in Section 2.2 can be used here to approximate
P(X; = kY =y) for each s € S and k € {1,2,...,L}. The Gibbs sampler is used
to generate a Markov chain X(Z) with limiting probability distribution pxy(x|y,8)
given by Equation 3.9. For the multiresolution case the state space of the Markov
chain X(#) is the set of all of the LY possible realizations of the label pyramid X.

It Ts is the number of visits to node s made by the Gibbs sampler, then the
estimates of px v (k|y, ), which are maximized to obtain the MMPM estimate of X,
are provided by the approximations

px. |y (kly,0) Z;uk (t)  Vk,s (3.10)
Uy

where
1 if Xs(t) =k

ups(t) = { (3.11)
0 if X,(t) £ k

3.3 Parameter Estimation

We will use the EM algorithm to estimate 8. In this section we describe the EM
algorithm for the case when the values of the marginal conditional probability mass
functions of the class label pyramid given the observed image pyramid are known.

The estimate of @ at iteration p is the value 8(p) which satisfies

Q(0(p),0(p—1)) 2 Q(0,0(p—1)) Vo (3.12)

where
Q(0,0(p—1)) = Ellog fyix(y/x,0)|]Y =y,0(p —1)] (3.13)

Substituting the expression for fyx(y|x, ) into Equation 3.13 gives

Ys

Q(0,8(p — Ellog H \/mexp (—m) Y =y,0(p—1)]
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SES SES )

=" Ellog (;) Y =y,0(p ZE Y =y,0(p—1)]
271'(09(525))2

- g (%) P(X, = HY =y,6(p— 1)) -

SES k=0 2 (ol"))2
k)2
—ZZ X, = kY =y,0(p—1)) (3.14)
sESk 0
where
ﬂf =Ys — [bk T Z ag?;) [Ys—r — pi] (3.15)
r>0

In the M-step at iteration p, Q(6,0(p — 1)) must be maximized with respect to

6. Let 0 be the value of @ which maximizes Q(0,6(p — 1)). By differentiating and
(n) (n)

setting to zero, it can be shown that é, with elements fi, (6,")%, and aj.,, must

satisfy the set of equations

P(X,=kY=y,08(p—1))=0 (3.16)

> [ys — e+ &2?;)[ys—q — fix]

sES q>0

> [ys — e+ Y a [y — ﬂk]] [Your — ] P(X; = k]Y =y,8(p—1)) =0

seSs(n) g>0
(3.17)
> [ys — A A ey — ] | P(X, = [Y =y,0(p— 1)) —
ses(n) >0
(61")F 3 P(X, = kY =y,0(p—1)) =0 (3.18)

s€8(n)
fork=1,....Lin=0,....M —1;and r=1,..., P.
The value of @(p) can be obtained by solving the above system of equations for
ks (&]gn))27 and d&) and setting 6(p) = 6. However, Equation 3.17 is a nonlinear
function of i and &XQ, which makes solving the system of equations difficult. To

address this problem, we divide the M-step into two substeps: First the class means

are estimated using the equations

1 N
— - L P =Y =y, 00— 1) (3.19)
s=1
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where

Ny = fjp(xs kY =y,0(p—1)) (3.20)

This equation for fi; is the equation which results if the random variables in the ob-
served image pyramid are assumed to be conditionally independent given the class
label pyramid. After the means have been estimated using Equation 3.19, the re-
maining MGAR model parameters can be estimated easily using Equations 3.17 and

3.18.
3.4 Multiresolution EM/MPM Algorithm

The multiresolution EM/MPM algorithm follows the same steps as the EM/MPM
algorithm described in Section 2.4. The Markov chain generated during stage p of
the algorithm is denoted X(p,t), and the estimate of 8 obtained during stage p
of the algorithm is denoted by the random variable @(p). For the multiresolution
case the state space of the Markov chain X(p,?) is the set of all of the LY possible
realizations of the label pyramid X and the elements of @(p) are the random variables
Mk(p),Agsg(p),S,(gn)(p) fork=1,...L;n=0,... M —1;and r=1,... P.

The Markov chain X(p, t) is generated using the Gibbs sampler and sampling from

the distribution PX|y,0¢ (x]y, é(p — 1)) given by Equation 3.9 with = é(p —1).

p—1)

The estimates
1< )
vs(ps 1) = n > uns(pyi) (3.21)
=1

are used to obtain @(p), using the equations

N
> ysvrs(p, Tp)
s=1

Mi(p) = =L (3.22)
Z vk,s(pv Tp)
s=1
Z [ys - Mk + Z Ag?(;)[ys—q - Mk]] [ys—r - Mk]vk,s(pv Tp) =0 (323)
s€S(n) 9>0

2.

ses(")

vo = M+ 3 AL Tyoy — Mk]] Vks(p, Tp) =

g>0
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(SE2)2 3 vealp 1) =0 (3.24)

ses(")
These equations are of the same form as Equations 3.19, 3.17, and 3.18, with P(X, =

E[Y =y,0(p — 1)) replaced by vgs(p, T}).
The final estimate of 8 is @(P). The final segmentation is obtained by maximizing

over all k the value vy (P + 1,Tpy41) for every s € S, for some Tpyq > 1.

3.5 Experimental Results

The multiresolution EM/MPM algorithm was applied to the same set of test im-
ages as the EM/MPM algorithm in Chapter 2. For the results presented in this
section, the Gaussian pyramid decomposition described in [30], with the same filter
weights as those used in [30], was used to obtain the multiresolution representation of
the observed image, although the algorithm could also be used with other multires-
olution decomposition schemes, e.g., averaging over 2x2 blocks and subsampling to
obtain coarse-resolution data from fine-resolution data.

For all results presented in this section, three pyramid levels were used (i.e., M =
3). This means that the original image was examined at three different resolutions. It
was found that for some images the use of more than three pyramid levels resulted in
an insufficient number of pixels at the coarsest resolution for the algorithm to perform
well.

Unless otherwise noted, the values ﬂ{n) = 2.4 Vn, ﬂéo) = ﬂél) =03, and T, = 3
for every p=1..., P+ 1, were used. For all experiments described here, 70 stages of
the single-resolution EM/MPM algorithm were first performed at the coarsest level
of the pyramid, and the resulting segmentation propagated to other levels, to obtain
an initial estimate of the label pyramid X. Also, the estimates of the conditional
probability mass functions of the class labels at the coarsest resolution, obtained
using the EM/MPM algorithm at the coarsest resolution, were propagated to higher
resolutions. These estimates were then used in Equations 3.19, 3.17 and 3.18 to

obtain initial estimates of the MGAR model parameters. The MGAR prediction
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Table 3.1 Percentage of Misclassified Pixels

Image EM/MPM | Multiresolution EM/MPM
Figure 3.6(a) 2.4 3.1
Figure 3.7(a) 4.8 0.74
Figure 3.8(a) 39.2 12.3
Figure 3.9(a) 30.0 1.2

window used at node (4,5) € S contains nodes (i — 1,5 — 1) € S™ (i —1,7)
S, (i — 1) € SW,(6/2,3/2) € S, (i/2,/2 4 1) € S+, (/2 + 1,3/2)
SUHD (1/2 +1,5/2 + 1) € SUHD if 5 is not the coarsest resolution, and nodes (i —
L,j—1) € S0 (i —1,5) € SO (i =1, +1) € S (4,5 —1) € SO if n is the

€
€

coarsest resolution. Unless otherwise noted, the class cost parameters were assumed
to be zero.

Figures 3.6 through 3.9 show results from applying the multiresolution EM/MPM
algorithm to the synthetic textured images, as well as the results from Chapter 2 for
the EM/MPM algorithm for comparison. In each of these figures, the original image
is shown in (a), the result obtained using the EM/MPM algorithm is shown in (b),
and the result obtained from applying 20 stages of the multiresolution EM/MPM
algorithm is shown in (c).

For the images shown in Figures 3.7, 3.8, and 3.9, the multiresolution EM/MPM
algorithm performed significantly better than the EM/MPM algorithm. For the image
shown in Figure 3.6, the two algorithms performed similarly.

Table 3.1 shows the percentage of pixels which were misclassified by the EM/MPM
and multiresolution EM/MPM algorithms for the four synthetic test images. In
general, the multiresolution algorithm provides much better performance in terms of
the number of misclassified pixels, although for the image shown in Figure 3.6, the

single-resolution algorithm provides slightly better results.
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The segmentation obtained from applying 20 stages of the multiresolution EM/MPM
algorithm with 2 classes to the natural scene in Figure 3.10(a) is shown in Figure
3.10(¢), and the result from 20 stages of the multiresolution algorithm with 3 classes is
shown in Figure 3.10(e). In general, the multiresolution algorithm provides smoother
regions and models large-scale properties of the image better. The EM/MPM algo-
rithm distinguishes individual buildings from their immediate surroundings, whereas
the multiresolution EM/MPM algorithm distinguishes groups of buildings from larger
ground regions.

Figures 3.11 through 3.26 show the results from applying 20 stages of the mul-
tiresolution EM/MPM algorithm to the infrared test images. In each of these figures
the image shown in (b) is the segmentation resulting from the EM/MPM algorithm
with L = 2, the image shown in (c) is the result obtained using the multiresolution
EM/MPM algorithm with L = 2, (d) shows the results from EM/MPM with L = 3,
and (e) shows the result from multiresolution EM/MPM with L = 3. In some cases,
the multiresolution EM/MPM algorithm did not find 3 statistically distinct classes.
The multiresolution algorithm performs better than the single-resolution algorithm
for the images in Figures 3.12, 3.15, 3.16 (for L = 3), and 3.20, whereas the single-
resolution algorithm does a better job of distinguishing the road and the vehicle from
the background in Figure 3.14.

For the mammography images, the values ﬂ{n) = 2.4 Vn, ﬂéo) = 2.4, and ﬂél) =
1.0 were used. As in the single-resolution case, the values used for the class cost
parameters were 41 = 75 = 2.3 and 73 = 5.

The result from applying 10 stages of the multiresolution EM/MPM algorithm to
the first mammography image is shown in Figure 3.27(d), and the result from applying
10 stages of the multiresolution algorithm to the second mammography image is
shown in Figure 3.28(d). The cost parameters used were optimized experimentally
for the single-resolution algorithm, and thus the segmented images obtained using

the single-resolution algorithm are slightly better.
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The result from applying 10 stages of the multiresolution EM/MPM algorithm to
the synthetic mammography image is shown in Figure 3.29(c). For this image, the
multiresolution approach performs better than the single-resolution approach, since
it does not follow the small-scale variations in the texture of the normal tissue.

The final issue that we discuss in this section is a comparison of the amount
of computation required to achieve convergence for two of the test images using
the EM/MPM, deterministic EM/MPM, and multiresolution EM/MPM algorithms.
We consider the convergence of the parameter estimates to do this, although the
amount of computation could also be measured by studying convergence of the MPM
algorithm at each stage of the EM/MPM and multiresolution EM/MPM algorithms.
For the deterministic algorithm, this is not an issue, because for each iteration of the
deterministic algorithm, only one iteration through the image is required to estimate
the class label probabilities.

We use the number of visits per pixel as a measure of computational complexity
because the number of operations required at each pixel visit are comparable for
the three algortihms under consideration. Table 3.2 shows the number of visits to
each pixel required for convergence of the parameter estimates obtained by the three
algorithms for the two test images in Figures 3.6(a) and 3.7(a). It can be seen that
the deterministic EM/MPM algorithm converges more quickly than the EM/MPM
algorithm for second image, but for the first image the EM/MPM algorithm converges
more quickly. This is a very interesting result, since the deterministic algorithm is
supposed to have the advantage of faster convergence. The result is not completely
surprising, however, because the EM algorithm is known to be slow to converge in
some cases, and if the EM/MPM algorithm does a better job of estimating the class
label probabilities which are needed to compute the EM updates, then it would be
reasonable for it to converge more quickly.

The multiresolution EM/MPM algorithm converges more quickly than both single-

resolution algorithms for both images. This is also not a surprising result, since much
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Table 3.2 Visits Per Pixel

Deterministic | Multiresolution

Image | EM/MPM | EM/MPM EM/MPM

Figure 3.6(a) 1250 2160 550
Figure 3.7(a) 3000 1050 300

of the segmentation and parameter estimation can be done at the coarsest resolution,

where there are fewer pixels to process.
3.6 Conclusion

We have presented a multiresolution extension of the EM/MPM algorithm. The
multiresolution EM/MPM algorithm effectively uses larger neighborhoods to perform
the segmentation than the single-resolution algorithm, giving the multiresolution ap-
proach the ability to model large-scale properties of textures more effectively. The
multiresolution approach performed significantly better than the single-resolution ap-

proach for the synthetic textured images tested.
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Fig. 3.6. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm. (c): Segmented image obtained using multiresolution EM/MPM
algorithm.
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Fig. 3.7. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm. (c): Segmented image obtained using multiresolution EM/MPM
algorithm.
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Fig. 3.8. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm. (c): Segmented image obtained using multiresolution EM/MPM
algorithm.
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Fig. 3.9. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm. (c): Segmented image obtained using multiresolution EM/MPM
algorithm.
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Fig. 3.10. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(d) (e)

Fig. 3.11. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(d) (e)

Fig. 3.12. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(d)

Fig. 3.13. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes.
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Fig. 3.14. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(a) (b) ()
(d) (e)

Fig. 3.15. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(d) (e)

Fig. 3.16. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(b) ()
(d) (e)

Fig. 3.17. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.

(a)
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(d)

Fig. 3.18. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes.
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(d)

Fig. 3.19. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes.
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Fig. 3.20. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(a) (b) ()
(d) (e)

Fig. 3.21. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.




O

(d) (e)

Fig. 3.22. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(d) (e)

Fig. 3.23. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(b) ()
(d) (e)

Fig. 3.24. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(d) (e)

Fig. 3.25. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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(d) (e)

Fig. 3.26. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm with 2 classes. (c¢): Segmented image obtained using multiresolution
EM/MPM algorithm with 2 classes. (d): Segmented image obtained using
EM/MPM algorithm with 3 classes. (e): Segmented image obtained using
multiresolution EM/MPM algorithm with 3 classes.
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Fig. 3.27. (a): Original image. (b): Truth image. (c): Segmented image obtained
using EM/MPM algorithm. (d): Segmented image obtained using multiresolution
EM/MPM algorithm.
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Fig. 3.28. (a): Original image. (b): Truth image. (c): Segmented image obtained
using EM/MPM algorithm. (d): Segmented image obtained using multiresolution
EM/MPM algorithm.
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Fig. 3.29. (a): Original image. (b): Segmented image obtained using EM/MPM
algorithm. (c): Segmented image obtained using multiresolution EM/MPM
algorithm.
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4. ANALYSIS OF THE EM/MPM PROCEDURE

In Chapter 2 we presented experimental results comparing the performance of
the EM/MPM algorithm and the deterministic EM/MPM algorithm. The results
suggested that the EM/MPM algorithm provides better performance in terms of
minimizing the expected number of misclassified pixels. In this chapter we present
analytical results relative to the EM/MPM algorithm which provide an explanation
for its superior performance. The analysis is general enough to hold for both the
single-resolution and multiresolution EM/MPM algorithms. We show two important
results. First, we show that the estimates of the marginal probabilities of the class
labels obtained during a given stage of the EM/MPM procedure converge with prob-
ability 1 to the true values of the class label probabilities, given the estimates of
the model parameters obtained during the previous stage. Second, we show that the
parameter estimates resulting from the EM/MPM procedure can be made arbitrarily
close to the EM estimates of the parameters with probability 1, if a sufficient number
of iterations is performed. These two results together imply that the final estimates of
the marginal probabilities of the class labels obtained using the EM/MPM procedure
will be close to the true values of the marginal probabilities of the class labels, to the
extent that the EM estimates of the model parameters are close to the true values of
the model parameters. Thus, the algorithm will eventually converge to the “correct”
segmentation, as long as the EM estimates of the model parameters are close to the
true values of the model parameters. The term “correct” is, of course, relative to the
stochastic models used.

The analysis is presented for a more general case than the formulations of Chapters

2 and 3. For the purpose of analysis X is a collection of random variables which have
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a Gibbs distribution, and the EM equations form a sequence {@(p),p > 1}, where,
for each p, 8(p) is a function of px jy(k|y,8(p—1)). For example, X might be a two-
dimensional MRF or a multiscale MRF, and @(p) might be given by Equations 2.23
through 2.25 or by Equations 3.16 through 3.18. The general EM/MPM procedure
studied in this chapter consists of the following steps at stage p:

1. Generate a Markov chain X(p,?) with limiting distribution Pxpy @(p_l)(x|y, 9(p—
1)), where ®(p — 1) is the estimate of § obtained in the previous stage.

2. Approximate the class label probabilities using the equations

1 I
px.y(kly,0) = TZuk,s(p,t) (4.1)

P t=1

where uy s(p,t) is 1 if X;(p,t) = k and 0 otherwise.

3. Use the EM update equations to compute @(p), the estimate of 8 obtained
during stage p, using the class label probability estimates from Step 2.

After stage P has been completed, the final estimate of 8, @(P), is computed using
the EM update equations, and the MPM algorithm is performed once more, using
the final estimate of 8, to obtain the final segmentation.

The EM/MPM procedure seeks to minimize the expected number of misclassified
sites in S (the lattice on which X and Y are defined) and to approximate the EM es-
timates of 8. Minimizing the expected number of misclassified sites in S is equivalent
to maximizing at each site the marginal conditional probability of the class label given
the observed data over all possible classes. It is computationally infeasible to compute
these probabilities exactly, so they must be estimated. The segmentation algorithm
can be expected to perform well only if the estimates of the marginal probabilities of
the class labels are close to the actual values. In the first part of the analysis pre-
sented in this chapter we will show that the estimates of the marginal probabilities of
the class labels obtained during a given stage of the EM/MPM procedure converge
with probability 1 to the true values of the class label probabilities evaluated with 8
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equal to the current estimate of 8, conditioned on the estimate of 8 obtained during
the previous stage.
The second part of the analysis concerns the parameter estimates @(p), 1 < p < P.
In particular, we will describe conditions under which @(P), the final estimate of 6,
can be made arbitrarily close to the EM estimate of 8 with probability 1.
Convergence results are first presented for the MPM algorithm when the value of

0 is known. The analysis of the EM/MPM procedure is then presented.

4.1 Convergence of the MPM Algorithm

To determine the convergence properties of the right-hand side of Equation 4.1
when 8 is known, we use Theorem C from [25], which states that if there exists a 7
such that S C {¢41,-..,q1-} for all ¢, then for any function g on Qx and for any

starting configuration X(O) € Qx,

P(lim ~ Z g(X /Q _8x) dr(x)|X(0) = x(0)) = 1 (4.2)

t—>oo 1
where 7 is the limiting distribution of X(¢) (in our case, 7(x) = px|y(x|y,8)). The
condition S C {q11,..., g1, } is easily satisfied. For example, if the pixels are visited

in raster-scan order, then 7 = N. Let g(x) be a vector-valued function with elements

1 fz, =k
Grs(x) = (4.3)
if e, £k

ordered by a lexicographical ordering of k,s to form a vector. Then

—ngs Zuks (4.4)

and
| ondrt = 3 pxiv(xly.0) = py(kly. ) (15)
QX XEQk
Hence, using Equation 4.2,
I
P(Jim + 3 i) = px v (Hly. 0) 9k, s[X(0) = x(0)) = 1 (46)
=1

Thus, for any initial configuration, the estimates + -/_; uy,s(¢) converge to py v (kly.,8)

for all &, s, with probability 1.
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4.2 Analysis of the EM/MPM Procedure

We will prove two results in this section. First, we will show that, for every

p=1,...,P+1, Vk,s,
1< P
; Zuk,s(pv Z) - pXS|Y7@(p_1)(k|Y7 e(p - 1)) (47)
=1

as t — oo with probability 1, given that @(p — 1) = é(p —1). Then we will show
that, if (p) is a continuous function of px v (k|y,0(p — 1)) and px_ v (kly,0) is a
continuous function of @ for every k, s, and if 8* is the EM estimate of 8, then for
any ¢ > 0, |@(P) — 07| < eif Pand T,,1 < p < P are chosen large enough. It can
be shown that the continuity conditions required for the second result hold for the
EM/MPM and multiresolution EM/MPM algorithms described in Chapters 2 and 3.

Stages p = 1,..., P of the EM/MPM procedure are used to obtain the final
parameter estimate @(P), and stage P + 1 is used to obtain the segmented image.
The segmented image is obtained using the estimate @(P) for 8. Thus, the analytical
results described above imply that the final estimates of the marginal probabilities
of the class labels obtained using the EM/MPM procedure will be close to the true
values of the marginal probabilities of the class labels, to the extent that the EM
estimate of @ is close to the true value of 6.

We now prove the analytical results described above. We are interested in the
limiting behavior of the right-hand side of Equation 2.18, and also in properties of
the estimate @(P).

4.2.1 Convergence of the class label probabilities
Considering X(1,1) first, we know that, by construction,
PX(1,t) =x(1,)|X(1,t = 1) =x(1,t = 1), Y =y,0(0) = 0(0)) =
P oty @1 D1 1), s £ g1y, 8(0) (45)

if x5(1,1) = as(1,t — 1) Vs # ¢ If x5(1,t) # a5(1,¢t — 1) for any s # ¢; then the
probability on the left-hand side of Equation 4.8 is equal to 0. Following the proof of
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Theorem A in [25], it can be shown that, if {g;,¢ > 1} contains every s € S infinitely
often then for any x(1,0) € Qx, y € Qy, 9(0) € Qy, and x € Qy,

tliglo P(X(lvt) = X|X(170) = X(l,O),Y =Y, @(0) = é(O)) - pX|Y @ (X|Y7 ( ))
(4.9)
Also, using Theorem C from [25] as described in Section 4.1,

P(Jim v3,1(1.1) = py_ iy @0y (kv O(0)IX(1,0) = x(1,0).Y = y,©(0) = B(0)7k, 5)

=1 (4.10)

for any x(1,0) € Qx,y € Qy,é(()) € Q.

An important consequence of the method used to construct X(1,t),X(2,1),...,
X(P+1,t)is that for any p € {2,..., P41} and any m, > 1, the random variables in
X(p,1),X(p,2),...,X(p,my) are conditionally independent of the random variables
in stages 1,2,...,p — 1, given @(p — 1). This means that, if A, denotes the event
[X(p=1,0) = X(p—1,0),.... X(p—L, 1) = x(p—1, 1), O(p—2) = B(p—2), X(p-
2,0) = x(p—2,0),...,X(p—2,mp2) = x(p—2,mp2),...,0(1) = 9(1),X(1, 0) =
x(1,0),...,X(1,m1) =x(1,m1),©(0) = 8(0)} and B, denotes the event {@(p—1) =
é(p — 1)}, then

P(X(p,1) =x(p,1),....X(p,my) =x(p,m,)|X(p,0) = x(p,0),Y =y, A, By,) =
P(X(p7 1) = X(p7 1)7 ce 7X(p7 mp) = X(p7 mp)|X(p7 0) = X(p7 0)7Y = Y7 Bp) (411)
Now, by construction, for any p,
P(X(p,t) = x(p, )| X(p,t = 1) =x(p,t = 1),Y =y, B,) =

P, X500, X, O (p—1)(Tae (P, )] 2P, 1), y, 8(p — 1)) (4.12)

if 25(p,t) = as(p,t — 1) Vs # q. I x5(p,t) # xs(p,t — 1) for any s # ¢ then
the probability on the left-hand side of Equation 4.12 is equal to 0. Hence, using

Theorems A and C from [25],

P(tli}g vk,s(}% t) = pXS|Y,@(p—1)(k|Y7 e(p - 1))\V/k7 S|X(p, 0) = X(pv 0)7 Y = Y, Bp)
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=1 (4.13)

for any x(p,0) € Qx,y € Qy, and é(p — 1) € Qg and, by virtue of Equation 4.11, the
estimates vg s(p,t) converge with probability 1 to pXS|Y7@(p_1)(k|y,é(p — 1)), given
Op-1)= é(p— 1), independently of all other random variables in stages 1,...,p—1.

4.2.2 Discussion

The above analysis has shown the desired result for the MPM portion of the
EM/MPM procedure at each stage. In particular, we have shown that the estimates
of the marginal probabilities of the class labels obtained during a given stage of the
EM/MPM procedure converge with probability 1 to the true values of the class label
probabilities evaluated with the model parameters equal to the current estimates of
the model parameters, given the estimates of the model parameters obtained during

the previous stage.

4.2.3 Analysis of the parameter estimates

We next examine the estimates {@(p),1 < p < P}. If {8(p),p > 1} is the se-
quence of estimates obtained using the EM algorithm when the values of px |y (k|y, 8)
are known, suppose that 8(p) converges to 8" for some 8* € Q4. We would like for
O(P) to be close to 8" in some sense. In particular, for an arbitrarily small but
positive ¢ we address the question of whether |@(P) — 87| can be made less than ¢
by making P and T4,...,Tp large enough.

We define the notation ay.(8) = px y(kly,0). (Note that the dependence on
y is suppressed in this notation). We assume that @(p) is a continuous function of
ar,s(0(p — 1)) for every k, s and that aj (@) is a continuous function of 8, for every
k,s. We also assume that @(0) = 6(0), i.e., the EM/MPM procedure is started with
the same initial estimate of 8 as the EM sequence that converges to 8*.

Fix ¢ > 0. Since 8(p) — 07, there exists a P >= 1 such that |§(p) — 8"| < /2
for all p > P. Fix P to be such a value. Then, to make |@(P)—07| < e, it is sufficient
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to make |@(P) — 8(P)| < ¢/2, since
|©(P) - 07| <|e(P)-8(P)|+0(P) - 6 (4.14)

and, hence,
3
2

Since @(p) is a continuous function of a; (@(p — 1)), there exists a 6p > 0 such

©(P) = 8(P)| < 5 — |O(P) - 07 < = +

5 = (4.15)

that

o5 (P, Tp) — ars(8(P — 1))| < 6p Yk, s = |©O(P) — 8(P)| < % (4.16)

A

Fix ép to satisfy this condition. For any 8(P — 1) € y, by the triangle inequality,
08,6 (P, Tp) — ar,s(8(FP = 1)) <

(s (P, Tp) = ars(8(P = 1)| + |ars(8(P = 1)) — ar (6(P = 1)] (4.17)

Looking at the first term on the right-hand side of Equation 4.17, we recall that
vrs(P,t) converges to a;w(é(P — 1)) with probability 1, given that @(P — 1) =
é(P — 1). Considering the second term on the right-hand side of Equation 4.17,

since, for every k, s, aj ;(0) is continuous at 8 = @(P), there exists an ep_; such that
)
@(P—-1)—0(P—1)| <ep_1 = |ars(O(P—1))—aps(8(P—1))| < 7]3 Vk,s (4.18)

Fix ep_1 to be such a value. We choose a set of values {¢,,6,,1 < p < P}, where
ep =¢/2, and ép and ep_; are fixed as described above. Forp=P —1,P —2,...,2,

8, > 0 is chosen to satisty
00l Ty) — 01,60 — )] < 8, ks = [O) ~6() <=, (119)
and £,_; > 0 is chosen to satisfy
O~ 1)~ 8y~ 1| < 2y = o (O(p — 1) — aafB(p— V)| < 2 (420
Finally, the value &, is chosen such that

oks (1, T) — ars(8(0))] < 6, Vh, s = |©(1) — 8(1)] < &1 (4.21)



- 88 -

From Equation 4.21, it can be seen that

P(1©(1)=0(1)] < &1|@(0) = 8(0)) > P(|vgs(1,T1)—ar(8(0))] < 6:Yk, s|@(0) = 0(0))
(4.22)
Recall that, for every k,s, vy (1,t) converges to aj(€(0)) with probability 1,
given that @(0) = 6(0). Let (2, F, P) be the underlying probability space, i.e., 2 is
the set of possible outcomes, F is a g-algebra in ) containing all events, and P is a

probability measure. Then the event
Aq o) = {w € Q: tlim vps(1,t,w) = ays(6(0)) Vk, s}, (4.23)

where vy s(1,1) is written as vy s(1,7,w) to explicitly denote its dependence on w,
occurs with probability 1, given that @(0) = 6(0). Now, for every 8(0) € Q4 and
w € Ay (o), there exists a T'(8(0),w) such that, given that @(0) = 6(0)

os(1, 1, w0) — aps(8(0))] < & ¥Vt > T(8(0),w), ¥k, s (4.24)

Letting Ty = sup { sup {7(0(0),w)}} gives
6(0)€Q wEA, g0,

Aqg0) € {w e Qi fugs(1,t,w) — aks(0(0))] < 6 V> T, Yk, s} (4.25)
for any 8(0) € Q4. Then
P(|vr,s(1,11) — ar,s(8(0))] < 61VE, s|@(0) = 8(0)) > P(A;40)|@(0) =0(0)) =1

(4.26)
From Equations 4.22 and 4.26, we see that,

P(l®(1) —6(1)| < 1|©(0) =0(0)) =1 Y6(0) € Qy (4.27)
Then
PO() ~00)] < 20) = [ PO)  0(1)] < 2]0(0) = 0(0)) g (0(0)) d0(0)
(4.28)

where f@(o)(e(())) is the probability density function of @(0), and from Equation
4.27,

PIO) = 8(1)| < 21) = [ gy (00))dB(0) = 1 (1.29)
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Next, consider @(2). From Equation 4.19 with p = 2 it can be seen that
P(IO(2) — 0(2)] < 25) > P(|vp(2,Ty) — ays(8(1))] < 6;Yk, s) (4.30)
and, since
|Vk,s(2, T2) = axs(8(1))] < vis(2, T2) — ars(O(1))] + [an,s(O(1)) — ars(0(1))] (4.31)

we have that

P(Jops(2,Ty) — ar5(8(1))| < 8 Vk, s) >

P(|ops(2,Ty) — ar . (©(1))] < 52—2 Yk, s, |ar(©(1)) —ap(0(1))] < 52—2 Yk, s)
= P(logs(2,T2) — aps(©(1))] < %‘v’k,s | |ars(©(1)) — ars(0(1))] < %Vk,s) .
P(lar(©(1)) — ars(0(1))] < % vk, s) (4.32)

From the continuity of a; (0) at 8 = (1),

P(laa(©(1) — 0 (0(1)] < 2 Vh,5) > PO(1) ~0() <) =1 (433)

Also,
P|vps(2,Ty) — ap.(©(1))] < ‘52—2 Yk, s | |ars(©(1)) — ars(8(1))] < ‘52—2 Yk, s)
— /Q P(|ons(2,T3) — apo(©(1))] < % ks |
O(l) = 9(1), lag,s(@(1)) — ars(0(1))] < % Vk,s) -
fou)0()]ar(O(1)) — ar(8(1))] < % Yk, s)) dO(1) (4.34)

The integrand in Equation 4.34 is zero if |ak75(9(1)) —as(6(1)) > %2 for any k, s,
since the conditional probability density function of @(1) is zero for this case. If

|1,(8(1)) = ars(6(1))] < % Vk,s, then

)
P(oko(2.T2) = apo(@(1)] < 2 ks |

O(1) = 8(1), ars(O(1)) — ar(6(1))] < % vk, s) =
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P(|vps(2,Ts) — ap,(©(1))] < ‘52—2 Vs | ©(1) = 8(1)) (4.35)

The value of T, can be selected the same way T was selected. In particular, the event
Aggny = {w € Q1 lim vg(2,8,0) = ar.s(0(1)) Vk, s}, (4.36)

occurs with probability 1, given that @(1) = 9(1) For every 9(1) € Qp and w €
A, 51y, there exists a T(é(l),w) such that, given that ®(1) = 9(1),

vpo(2,1,w) — aps(8(1))] < ‘52—2 Vi > T(8(1),w), Yk, s (4.37)

Letting 7o, = sup { sup {7(0(0),w)}} gives
6(1)€Qp We’42,9(1)

. §
Aypy € {w € Dt fopa(2,t,w) — axs(0(1))] < 52 Vi > Ty, Vk, s} (4.38)

N A

for any 8(1) € Q4. Then for any 8(1)

P([oo(2,T2) = ars(8(1)] < %Vkasl@(l) 8(1)) = P(A,5,)|0O(1) = 6(1)) = 1

(4.39)
which, using Equation 4.34, leads to

P(Joes(2.T3) — ax o (O())] < 2,5 s o(O(1)) — axo(8(1))] < 2 9, 5)

R ) R
= | Jow(0)llaxs(O(1) - ais(6(1))] < 52 Vk,s))do(1) =1 (4.40)
[
From Equations 4.32, 4.33, and 4.40, we see that
b2
P(|v,s(2,Ty) — as(6(1))] < 5 Vk,s)=1 (4.41)
and, thus, from Equation 4.30
P(|®(2)—60(2)| <ey) =1 (4.42)

Continuing the above procedure, it can be shown that for 1 <p < P,

P(l©(p) —8(p)| <ep) =1 (4.43)
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if the T),,1 < p < P, are made large enough. Thus

e

P(|e(r) - 6(P)| < 3

) =1 (4.44)
which means that
P(IO(P) = 67| < <) = P(IO(P) = 6(P)] < 2. 16(P) = 67| < )

2
Thus, @(P) can be made arbitrarily close to 8* with probability 1.

= P(|O(P) - 0(P)| <) =1 (4.45)

4.2.4 Discussion

The above analysis provides the desired result relative to the parameter estimation
portion of the EM/MPM procedure. In particular, we have shown that the parameter
estimates resulting from the EM/MPM procedure can be made arbitrarily close to
the EM estimates of the parameters with probability 1, if a sufficient number of iter-
ations is performed. It should be noted that there is no guarantee that the number
of iterations required at each stage for this result to hold are finite, but the analy-
sis provides theoretical evidence that a sufficient number of iterations of the Gibbs

sampler at each stage will provide an estimate of 8 close to the EM estimate.
4.3 Conclusion

We have presented a theoretical analysis of the EM/MPM procedure which ex-
plains its superior performance over the deterministic EM/MPM algorithm. In partic-
ular, we have shown that the estimates of the marginal probabilities of the class labels
obtained during a given stage of the EM/MPM procedure converge with probability 1
to the true values of the class label probabilities evaluated with 8 equal to the current
estimate of 8, given the estimate of 8 obtained during the previous stage. We have
also shown that the parameter estimates resulting from the EM/MPM procedure can
be made arbitrarily close to the EM estimates of the parameters with probability 1,

if a sufficient number of iterations is performed. These analytical results imply that
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the final estimates of the marginal probabilities of the class labels obtained using the
EM/MPM procedure will be close to the true values of the marginal probabilities of
the class labels, to the extent that the EM estimate of € is close to the true value of 6.

There is no such guarantee that the deterministic EM/MPM algorithm will converge.



- 93 -

5. MORPHOLOGICAL OPERATIONS FOR COLOR
IMAGE PROCESSING

Mathematical morphology has been shown to be useful for the processing and
analysis of binary and grayscale images [19, 20, 21]. Morphological filtering of an
image involves transforming the image into another image using a function or set,
known as the structuring element, which acts as a probe sensitive to geometrical in-
formation. Geometrical features of the image that are similar in shape and size to the
structuring element are preserved, while other features are extracted or suppressed.
Morphology has been used to perform noise suppression, texture analysis, shape anal-
ysis, edge detection, skeletonization, and multiscale filtering for applications such as
medical imaging, geological image processing, automated industrial inspection, im-
age compression, and ECG signal analysis [19, 31, 32, 33, 34, 35, 36, 37, 38]. In this
chapter we discuss the extension of mathematical morphology to color imagery.

Many techniques developed for use with monochrome images can be extended to
color imagery by applying the algorithm to each of the color component images sep-
arately. An important question arises: Is component-wise spatial filtering sufficient?
Algorithms that exploit spectral correlations could provide better performance and
be more computationally efficient. For example, several authors have addressed this
issue and proposed linear least-squares and minimum mean-square error restoration
algorithms developed specifically for multispectral images [39, 40, 41, 42, 43, 44]. A
general framework for linear filtering of multichannel signals in the frequency domain
was presented in [45].

Several nonlinear filtering algorithms for multispectral image enhancement have

been proposed [46, 47, 48]. These algorithms are based on the concept of ranking
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multivariate data [49]. In [46] the vector median filter was developed as an extension
of the median filter for scalar-valued signals. The vector median filter examines each
pixel of a color image as a vector, rather than individual scalar components. The
vector median of a collection of vectors is the vector from the collection which has
the minimum aggregate distance from all other vectors in the collection [46, 49]. The
output of the vector median filter at a given pixel of a color image is the vector median
of the color vectors inside the filter window.

In [47] a class of ranked-order based filters for multichannel images was presented.
At each pixel, a region of confidence is determined based on the order statistics of
the vectors at neighboring pixels. If the vector at the given pixel does not lie inside
this region of confidence, then it is assumed to be an outlier, and it is replaced by
the vector in the region of confidence which is at a minimum distance. Thus, these
ranked-order vector filters remove “atypical” samples, which makes them suitable for
noise suppression in color images.

Vector directional filters for multichannel image processing were introduced in
[48]. These filters process vector-valued signals in two steps. First, vectors are pro-
cessed based on direction, or angle, resulting in the removal of vectors with atypical
directions. Then, magnitude processing is performed using any classical grayscale
image processing filter.

In this chapter we describe new approaches for applying mathematical morphology
to color images. We introduce new vector morphological filters which are based on
vector ranking concepts [49, 50], and present a set-theoretic analysis relative to these
vector operations. We compare the performance of the vector morphological filters
and component-wise morphological filters for the applications of multiscale image

analysis and noise suppression.
5.1 Mathematical Morphology

Mathematical morphology is based on set theory. A morphological operation de-

fined on a binary image is referred to as binary morphology. This involves representing
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the image as a set X C R* or Z? (depending on whether the image is defined on a
discrete or continuous lattice—an image defined on a discrete lattice will be referred
to as a discrete-space image and an image defined on a continuous lattice will be
referred to as a continuous-space image), where R is the set of real numbers and Z
is the set of integers. Points in the image foreground are members of X and points
in the background are members of the complement of X, designated X¢. The image
is transformed by another set, known as the structuring element. The shape and size
of the structuring element determine the resultant image [19, 20, 21, 51, 52, 53].
There are four basic binary morphological operations: dilation, erosion, opening,
and closing, represented by the symbols &, &, o, and e, respectively. The four

operations are defined as follows:

XoH = {(z,y): HyynX #0}
XoH = {(v,y): Hpy € X}
XoH = (XoH)oH

XeH = (XaH)oH

where X is the original image, H C R? or Z? is the structuring element, and H, )
is the translate of the set H by the vector (z,y) € R? or Z*.

Grayscale morphological operations are an extension of binary morphological op-
erations to grayscale images. For grayscale operations, the image will be represented
by the function f(x,y), where (x,y) € R* or Z* or simply f, and the structuring
element will be the function h(x,y), or h. Grayscale dilation, erosion, opening, and
closing are defined as follows:

(f@h)(x,y) = sup {f(x—r,y—s)+h(rs)}

(r,s)eH

(feh)(z,y) = (T}g)lgH{f(x +ry+s) = h(r,s)}

foh = (foh)@h
feh = (fBh)eh
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where sup{} and inf{} denote the supremum and infimum operators, respectively,
and H C R? or Z? is the support of A(z,y). A special class of grayscale morpholog-
ical filters, referred to as function-and-set-processing (FSP) filters [21], results when
h(xz,y) = 0 for every (x,y) € H. The resulting operations in Equations 5.5 through
5.8 are then written as f & H, fo H, fo H,and fe H.

Alternative definitions and detailed descriptions of the operations defined in this

section can be found in [19, 20, 21, 52, 53].
5.2 Color Images and Color Spaces

It is well-known that a normal human observer can match any color stimulus by
combining light from three primary sources in the correct proportions [54]. Therefore,
any color can be represented by three values which correspond to the amounts of
the three primaries required to match the color. These three values are known as
the tristimulus values. In a digital color image, each pixel has associated with it a
vector with three components which represent the tristimulus values of the color at
that spatial location in the image. If the tristimulus values of a color image f(x,y)
represent amounts of red, green, and blue primaries, then the image can be modeled

f(z,y) = [fal(z,y), falz,y), fale,y)]" (5.9)

where fr(x,y) is the red tristimulus value, fg(x,y) is the green value, and fg(x,y)
is the blue value, at spatial location (x,y).

For many important applications it is more convenient to work in a color space
other than RGB space. The YIQ color space is a linear transformation of the RGB
space which consists of a luminance signal, Y, and two chrominance signals, I and
Q. This is the standard system used for NTSC color television transmission in the

United States [55]. The equations used to transform a set of tristimulus values R, G,
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and B in RGB space to tristimulus values Y, I, and @) in YIQ space are

Y 0.299 0.587  0.114 R
I|=105% —0274 —0322 || & (5.10)
Q 0.211 —0.523 0.312 B

The YIQ color space is used for some of the experiments presented in Section 5.5.
5.3 Color Morphology

The extension of mathematical morphology to color images is not straightforward.
In [56] Serra discusses the generalization of morphology to its most basic elements, and
concludes that the axioms can be reduced to three key ideas: an order relationship (for
example, set inclusion for binary morphology), a supremum or an infimum pertaining
to that order, and the possibility of admitting an infinity of operands. The first two
of these, the order relationship and the supremum (or infimum), are missing in color
images, because there is no unambiguous way to order two or more colors. The fact
that these fundamental concepts of morphology do not apply to color images makes
it difficult to define “color morphology”. However, it is possible that some of the
techniques can be extended to color images.

The problem of ordering multivariate data is not unique to mathematical morphol-
ogy. Although there is no natural means for total ordering of multivariate samples,
much work has been done to define concepts such as median, range, and extremes
in multivariate analysis. Barnett proposed the classification of these sub-ordering
principles into four groups: marginal ordering, reduced ordering, partial ordering,
and conditional ordering [49]. The two types of sub-ordering used in this chapter are
marginal ordering and reduced ordering.

In marginal ordering ranking takes place within one or more of the marginal
sets of samples [49], i.e., scalar ranking is performed within each channel. Thus,
to order a collection of color vectors using marginal ordering the components in
each spectral band are ordered independently of the components in other spectral

bands. Morphological operations which are defined using marginal ordering will



- 08 -

be referred to in this chapter as component-wise operations. The component-wise
color dilation of f(z,y) = [fr(x,y), fa(z,y), fe(x,y)]T by the structuring element
h(z,y) = [hr(z,y), ha(z,y), h(z,y)]T in RGB color space is defined as

(f Beh)(z.y) = [(fr © hr)(z,y), (fo @ ha)(z.y). (f5 @ hp)(z.y)]" (5.11)

where the symbol @, represents component-wise dilation and the dilations on the
right-hand side of Equation 5.11 are grayscale dilations, and the functions hr(x,y),
ha(x,y), and hp(x,y) represent structuring elements with regions of support Hpg,
Hg, and Hp, respectively. Component-wise color erosion, opening, and closing are
defined similarly. A component-wise morphological filtering operation can also be
implemented in any color space other than RGB.

Because the component images are filtered separately with the component-wise
filter, there is a possibility of altering the spectral composition of the image, e. g.,
the color balance and object boundaries. For example, there is a possibility with this
approach that an object could be removed or enhanced in one or two of the R, G,
and B components, but not in all of them. This effect near spatial edges in an image
is referred to as “edge jitter” [46].

To illustrate this problem, the test image shown on the left in Figure 5.1 was
opened using a component-wise morphological filter with a 15 x 15 square structuring
element.! The output of the opening filter is shown on the right in Figure 5.1. In
the opened image the two smallest squares have changed hue. This effect would be
unacceptable for many applications. For example, in object recognition color and
shape both play important roles. If the component-wise filter is applied to a color
image as a step in object recognition, then the effect shown in Figure 5.1, in which
the spectral composition of image objects has been altered, may produce errors in

further processing of the color image obtained from the filter.

'Due to the prohibitive cost of color printing and the inherent distortions associated with
the halftone printing process, only luminance images will be shown in this thesis. The corre-
sponding color images are available via anonymous ftp to skynet.ecn.purdue.edu (Internet address

128.46.154.48) in the directory /pub/dist/delp/color-morph.
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Fig. 5.1. Left: original image; right: result of component-wise color opening of
original image with 15x15 square structuring element.
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A different way to examine the problem of color morphology is to treat the color
at each pixel as a vector. To motivate this approach, consider a color image with
only two colors, representing an object and a background region. Let f be a color
image which consists of the two colors f; = [Ry, G, B]* and f; = [Ry, Gy, By]t. One
way to analyze geometrical features of this image, which is perhaps more natural
than the component-wise approach, is to view the pixels which represent the object
as a set, and the pixels which represent the background as the complement of this
set, as 1s done with a binary image. The justification for this approach is that both
binary images and two-color color images represent scenes with two regions, and the
geometrical information in both cases is determined by which pixels belong to the

object and which belong to the background. Thus, we define the sets X and X¢ as

X = {(ay): f(ey) = ) (5.12)
X = {(ayy): f(a,y) = £} (5.13)

In this case color dilation, erosion, opening, and closing would be defined the same
way as binary dilation, erosion, opening, and closing, with X as the image foreground
and X°¢ as the background. In this vector approach the data at each pixel in the
filtered image represent either an object pixel or a background pixel, rather than,
for example, the red component from the object and the blue and green components
from the background, as is possible with the component-wise approach.

To extend the vector approach to color images with more than two colors, it is
necessary to define an order relation which orders the colors as vectors, rather than
ordering the individual components. This will be done using reduced ordering. In
reduced ordering each multivariate observation is reduced to a single value, which is a
function of the component values for that observation, with the multivariate samples
ranked according to this single value [49]. To illustrate this type of ordering, let
X1,X2,...,X, be a collection of multivariate samples, where each x; is a vector in R”.
The n samples are to be ordered using a reduced ordering scheme. The first step is

to map each x; to a scalar value d; = d(x;) where d : R? — R. After d; has been
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obtained for each 7, the vectors xy,x,,...,x, are ordered based on dy,d>,...,d, as
follows:

X(1) S X2) S 0 S X(n) (5.14)

where x(,y is the vector with corresponding scalar value d(,y, and dy, is the rth smallest
element of the set {d,ds,...,d,}.

We now use reduced ordering as described above to define new vector morpho-
logical filtering operations for color images. The structuring element for the vector
morphological operations defined here is the set H., and the scalar-valued function
used for the reduced ordering is d : R®> — R. The operation of vector dilation is
represented by the symbol @,. The value of the vector dilation of f by H at the point
(x,y) is defined as

(f &y H)(z,y)=a (5.15)
where
ac {f(r,s):(r,s) € Hyy} (5.16)
and
d(a) > d(f(r,s)) V(r,s) € Hgy) (5.17)

Similarly, vector erosion is represented by the symbol &, and the value of the vector

erosion of f by H at the point (x,y) is defined as

(f &y H)(z,y) =D (5.18)
where
b e {f(r,s):(r,s) € Hyy} (5.19)
and
d(b) < d(f(r,s)) V(r,s) € Hiy (5.20)

Vector opening is defined as the cascade of vector erosion and vector dilation, and
vector closing is defined as the cascade of vector dilation and vector erosion. With the

above definitions for vector morphological operations we must impose the restriction
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that the set H is a finite set, because if H is not finite then it is possible that no
value of a satisfies Equations 5.16 and 5.17 or no value of b satisfies Equations 5.19
and 5.20.

With these definitions the output vector at each point in the image is, by definition,
one of the vectors in the original image, so there is no possibility of introducing
new color vectors into the image. It is possible that two different color values of a
could satisty Equations 5.16 and 5.17 or two different color values of b could satisty
Equations 5.19 and 5.20. In this case the output of the vector filter can be chosen
based on positions in the structuring element window.

Often the metric used to perform reduced ordering is some type of distance metric
[49]. The output of the vector filter will depend not only on the input image and
the structuring element, but also on the scalar-valued function used to perform the
reduced ordering. For many image processing applications it might make sense to
use a characteristic of the human visual system, such as luminance, as a metric for
reduced ordering. We investigate different choices for the scalar-valued function in
later sections of the chapter.

Since mathematical morphology is based on set theory, it is important to investi-
gate the new vector morphological operators defined above in terms of set operations.
Serra discusses the need to analyze grayscale morphological operations not only in
terms of transformations of grayscale functions, but also in terms of set transforma-
tions on the cross sections of those grayscale functions [19]. In fact, grayscale mor-
phology was originally developed by representing functions as sets, using either cross
sections or the umbra representation of a function, and applying binary morphologi-
cal operations to those sets [19]. Similarly, if we define the concept of cross-sections
of a color image, then vector morphological operations can be analyzed in terms of
set transformations on these cross-sections.

We first review the set-theoretic analysis of FSP morphological operations for

grayscale images. For a grayscale image f (discrete-space or continuous-space) the



- 103 -

set
Xe(f)=A{(x,y) e D: f(x,y) >t} teV (5.21)

where V' C R or Z is the range of the function f, is known as the cross section of f
at level ¢t [19, 21]. If the function f is upper semi-continuous then the image can be

reconstructed from its cross sections by

f(@,y) =sup{l € Vi (z,y) € Xo([f)} (5.22)

The following equations show the relationship between grayscale dilation and ero-

sion of the image f by the set H and binary dilation and erosion of the cross sections

of f by H [21]:

X(foH)=X(fleH — (faH)(zy) = swp {f(rs)} (5.23)

(Tvs)eH(.r,y)

X(feH) =XAf)oH « (fe ey = inf {frns) (5.24)

(r5)EH 0.y
Thus, with grayscale dilation and erosion defined as in Equations 5.5 and 5.6, the
cross section at level ¢t of f @ H is equal to the binary dilation of the cross section
at level t of f by the set H and the cross section at level t of f © H is equal to the
binary erosion of the cross section at level ¢ of f by the set H.

To derive analogous equations relating vector morphological operations to binary
morphological operations, we propose the following definition for cross sections of a
color image: The set

X(8) = {(0,9)  d(E(,9)) = 1) (5.25)
is the cross section of the color image f at level ¢ with respect to the function d : R®> —
R. Reconstruction of a color image f from its cross sections is possible only if each
value of d has a unique color vector associated with it. In this case, reconstruction of
f is given by

d(f(z,y)) = sup{t € V : (x,y) € Xi(f)} (5.26)

Then, f(x,y) is the color vector corresponding to d(f(x,y)).
The following proposition relates the vector operations of Equations 5.15 through

5.20 to the operations of binary morphology.
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Proposition 1 Subject to the constraints
(f ® H)(z,y) € {f(r,s) : (r,s) € Hwy} (5.27)

and

(f Sy H)(z,y) € {£f(r,s): (r,s) € Hiuy} (5.28)

the following equations provide necessary and sufficient conditions for the vector
dilation and erosion of f to be equivalent to binary dilations and erosions of the

cross-sections of f:
X,(f @, H) = X,(£) & H < d((f B, H)(x,y)) > d(f(r.s)) V(r,5) € Huy (5.29)
and
X,(f 6, H) = X,(£) & H < d((f 5, H)(x,y)) < d(f(r.s)) ¥(r,5) € Huy  (5.30)

Proof. First, we assume that X;(f &, H) = Xi(f) & H and prove the right-hand

side of Equation 5.29. Using this assumption, we have

{(z,y) - d((f @0 H)(w,y)) = 1} = {(2,y) : Hiayy N Xu(f) # 0} (5.31)

= {(2,y): 3(r,s) € Hiyy) > d(f(r,s)) >t} (5.32)
Hence,
d((f @y H)(z,y)) >t <= 3A(r,s) € Hiyyy > d(f(r,s)) >t (5.33)
Let
s :( gnax {d(f(r,s))} (5.34)
7,5)€H )
Then
A8 S0 H)ay)) = fan > d(f(r,)) Vi) € Hioy (5.3)
Thus,

d((f @, H)(w,y)) 2 d(f(r,5)) Y(r,s) € Hiy) (5.36)
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Now we assume that d((f @&, H)(z,y)) > d(f(r,s)) V(r,s) € H
left-hand side of Equation 5.29. Let (z,y) € X:(f) & H. Then

zy) and prove the

Hgyy) N Xi(f) = Hgy O {(r,5) 2 d(E(r,5)) > 1} # 0 (5.37)

which means that 3(r,s) € H(,, such that d(f(r,s)) > ¢, and hence,

x7y

d((f @y H)(2,y)) 2 1 (5.38)

by the assumption that the right-hand side of Equation 5.29 holds. Thus, (x,y) €
Xi(f &, H), and
X:(f)a HC X, (f, H) (5.39)

Now, let (x,y) € Xi(f &, H). Then
d((f ®y H)(x,y)) =1 (5.40)

which means that

3(r,s) € Hipyy 2 d(f(r,s)) > 1 (5.41)

@,y)

because of the constraint of Equation 5.27. Hence,

H(%y) N Xt(f) 7£ 0 (5.42)
which implies that
(l',y) € {(T,S) : H(r,s) N Xt(f) 7£ Q)} (543)
Thus (z,y) € Xi(f) & H, and
Xfe, H) S Xy(f)p H (5.44)

Next, we assume that X;(f ©, H) = Xi(f) & H and prove the right-hand side of
Equation 5.30. We have

{(z,y) : d((f S0 H)(2,y)) 2 1} = {(2,y) : Hpy) © Xi(F)} (5.45)

= {(2,y) : d(f(r,s)) > t¥(r,s) € Hy, )} (5.46)
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Hence,

d((f ©, H)(z,y)) >t <= d(f(r,s)) > t¥(r,s) € H, ) (5.47)
Then, for any t5 € R,
d((f ©, H)(z,y)) = to = d(f(r,s)) > toV(r,s) € H,y (5.48)
and, thus,
d((f Sy H)(x,y)) < d(f(r,s)) V(r,s) € Hiy) (5.49)

and prove the

Now we assume that d((f ©, H)(z,y)) < d(f(r,s)) V(r,s) € H
left-hand side of Equation 5.30. Let (z,y) € X,(f) © H. Then H,

z,y)
»y) © X¢(f), which
implies that for every (r,s) € H, ), d(f(r,s)) > t, and hence, using the constraint of
Equation 5.28,

d((f O, H)(2,y)) 2 1 (5.50)

Thus (z,y) € Xiy(f &, H). Now, let (z,y) € Xi(f 5, H). Then

d((f ©, H)(z,y)) >t (5.51)
and hence,
V(r,s) € Hyd(f(r,s)) >t (5.52)
which means that
H,y C Xo(f) (5.53)
and thus, (z,y) € Xi(f) & H. O

Proposition 1 is important because it provides the following interpretation of the
vector morphological operations defined in Equations 5.15 through 5.20: Vector di-
lation of f by H is equivalent to thresholding f at each level ¢ € R to obtain a set
containing all pixels representing objects with d value greater than or equal to ¢ and
performing a binary dilation by H on this set, and then recombining the dilated sets
to form the output color image.

In the following sections we investigate the use of the component-wise and vector
morphological filters for multiscale image analysis and noise suppression. We present

experimental results comparing the performance of the two types of filters.
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5.4 Multiscale Image Analysis

The representation of image objects at multiple scales is important in many com-
puter vision and image processing applications. A multiscale representation of an
image consists of a set of images which are derived by filtering the original image
with a family of filters of varying scale, or spatial extent. A multiresolution represen-
tation is obtained from a multiscale representation by subsampling the image at each
level in the multiscale representation, where images at larger scales are subsampled
by a greater factor than images at smaller scales.?

Multiscale and multiresolution image representations have become important for
several reasons. First, in analyzing an image for computer vision applications, the
appearance of an object in the image depends not only on the properties of the
object itself, but also on the resolution of the image. Since it is often not possible to
define @ priori an optimal resolution for analyzing images, scale-space methods and
multiscale representations have been proposed for computer vision problems, such as
stereo matching, object recognition, and image segmentation [60, 61, 62, 63, 58, 12].

Multiresolution image representations are also important because of their useful-
ness in the area of image coding [30, 64, 65, 37]. In a multiresolution representation
the lowest resolution image can be encoded at a low bit rate because it contains a
much smaller number of pixels than the original image. Also, at each resolution level
the difference between the image at that resolution and the image at the next resolu-
tion is obtained, and these difference images can be encoded at reduced bit rates due
to their low entropies [30].

A third reason for processing images at multiple resolutions is that this can lead to
reduced computational complexity in comparison with algorithms that process images

at a single scale [66, 67]. By processing an image first at a low resolution, where there

2This terminology is taken from the computer vision literature [57, 58]. It should be noted that
this is different from the terminology used in the signal processing literature [59], in which filtering a
signal to change its frequency content affects the resolution of the signal and changing the sampling
rate (for a discrete-time signal) affects the scale of the signal.
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are fewer pixels to process, and then using higher resolution information to refine the
solution, significant savings in computational complexity can be obtained.

The type of filtering used to obtain a multiscale representation of an image deter-
mines the properties of the resultant multiscale representation (and thus the multires-
olution representation, also). Linear filters, such as wavelet filters, quadrature mirror
filters, and Gaussian filters, are often used [68, 65, 30]. Multiscale image analysis using
morphological filtering has been suggested for applications such as shape-size distri-
butions, image compression, and edge enhancement [31, 57, 58, 37, 36, 69]. Although
the linear filtering approach has the advantage that a multiscale representation ob-
tained using linear filtering can be viewed as a space-frequency representation and its
frequency content can be studied using Fourier analysis, the morphological filtering
approach is more appropriate for quantifying shape information at different scales
[57, 58].

In this section we compare the component-wise and vector approaches for ob-
taining multiscale representations of color images. We concentrate in particular on
multiscale FSP operations. The multiscale FSP opening and closing of a discrete-

space grayscale image f by the finite, connected set H C Z? at scale n are defined as

[57]

fonH = (fonH)DdnH (5.54)
and
fenH = (fe&nH)SnH (5.55)
for n =0,1,2,..., where
nH=H&HD---©H (n—1 dilations) (5.56)

The multiscale FSP opening and closing of a continuous-space grayscale image f by

the compact, connected set H C R? at scale r are defined as
forH=(forH)®rH (5.57)

and

ferH=(f®orH)crH (5.58)
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for r € R, r > 0, where
rH ={rh:he H} (5.59)

We can perform a multiscale opening or closing on a color image by replacing
the grayscale erosions and dilations of Equations 5.54, 5.55, 5.57, and 5.58 by either
component-wise color dilations and erosions or vector dilations and erosions. From
the example shown in Figure 5.1, it is clear that the component-wise filter can have
some unexpected effects in terms of spectral filtering. This raises the question of how
to include spectral information in a multiscale color image representation. The vector
filter has an advantage over the component-wise filter in addressing this issue because
it will not alter the spectral composition of image objects. To illustrate the importance
of this advantage for multiscale image analysis, Figure 5.2 shows the component-wise
multiscale opening in RGB space of a color image, and Figure 5.3 shows the vector
multiscale opening of the same image, using luminance as the scalar-valued function
for the reduced ordering.

The structuring element H used to create these multiscale representations is shown
in Figure 5.4.

The vector filter provides a more appropriate multiscale representation of the im-
age than the component-wise filter. The component-wise multiscale representation
would be particularly unsatisfactory if the image was to be represented by its mul-
tiscale edges [70]. In this case a color edge detector applied at each scale would not
produce an accurate representation of the image structure. Although the component-
wise filter could be applied in a color space other than RGB, the undesirable effect
illustrated in Figure 5.2 could still occur, since the individual component images
would still be filtered independently.

Since the output of the vector filter depends on the scalar-valued function used for
reduced ordering, the selection of this function provides flexibility in incorporating

spectral information into the multiscale image representation. For example, certain
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Fig. 5.2. Component-wise multiscale opening. Upper left: original image; upper
right: result of component-wise opening, n = 3; lower left: result of component-wise
opening, n = 4; lower right: result of component-wise opening, n = 5.
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Fig. 5.3. Vector multiscale opening with d(f(z,y)) = fy(x,y) (luminance image).
Upper left: original image; upper right: result of vector opening, n = 3; lower left:
result of vector opening, n = 4; lower right: result of vector opening, n = 5.

Fig. 5.4. Structuring element used for multiscale smoothing experiments.
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linear combinations of the tristimulus values can be used. This would be written as

d(f(x,y)) = arfrlz,y) + acfo(e,y) + apfe(z,y) (5.60)

if the image is filtered in the RGB color space. For the case ap = 0.299, a¢ = 0.587,
and ap = 0.114, d(f(z,y)) becomes the luminance image. Multiscale opening in this
case would suppress bright objects at each scale. A multiscale representation obtained
using the luminance image as the scalar-valued function and the structuring element
shown in Figure 5.4 is shown in Figure 5.5.

The values of agr, ag, and ap can also be selected to enhance or suppress specific
colors. For example, if ap = 1, ag = 0, and ag = 0, then the effect of a multiscale
opening would be to suppress objects with high red content. Similarly,if ar = 0, ag =
1, and ag = 0 then green objects would be suppressed by a multiscale opening and if
ar = 0,ag =0, and ag = 1 then blue objects would be suppressed. This would lead to
a family of images parameterized by shape, size, and “color”, which could be useful for
an application such as object recognition. Figure 5.6 shows a multiscale representation
(using the same original image and structuring element as those used for Figure 5.5)
obtained using the red image as the scalar-valued function. It can be seen that the
difference in the values of ag, aqg, and ap used for the two multiscale representations

shown in Figures 5.5 and 5.6 strongly influences the resultant representation.
5.5 Image Enhancement

In this section we investigate the use of color morphology for noise suppression.
First, the method used to simulate noisy color images is discussed, and then experi-

mental results using the component-wise and vector filters are presented.

5.5.1 Simulation of noisy color images

The noise model used here is different from the one used in [47, 71], in which
three independent random variables were added to each pixel, one to each of the

three spectral components. Our model allows us to vary the levels of noise correlation
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Fig. 5.5. Vector multiscale opening with d(f(z,y)) = fy(x,y). Upper left: original
image; upper right: result of vector opening, n = 3; lower left: result of vector
opening, n = 4; lower right: result of vector opening, n = 6.
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Fig. 5.6. Vector multiscale opening with d(f(z,y)) = fr(x,y). Upper left: original
image; upper right: result of vector opening, n = 3; lower left: result of vector
opening, n = 4; lower right: result of vector opening, n = 6.
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among the three spectral component images, using a method which is less ad hoc than
that used in [48].

There are several reasons that it is important to consider spectrally correlated
noise. First, the original image signal (the input to the imaging system) may contain
noise which is correlated across the spectral bands. Second, if the three component
images are obtained using the same sensor array with different color filters , then at
each pixel the three vector components are obtained using the same sensor(s), which
could lead to spectrally correlated noise. A third reason to consider spectrally corre-
lated noise is that certain transformations of the image data will result in noise which
is spectrally correlated. For example, consider an image in a color space X;XX3 that
has been transformed from another color space Y;Y,Y3. If the image was corrupted
with additive noise while in the Y;Y,Y3 space, then at a given pixel the noisy Y;Y,Y3
color vector would be given by [Y] +ny,, Y2 +ny,, Y3+ nyg]T, where Y7, Y3, and Y3 are
the tristimulus values at the given pixel, and ny,, ny,, and ny, are random variables
which represent the additive noise at the given pixel. If the transformation matrix
from Y1Y,Y35 space to X;X3X3 space has elements a;;, 0 = 1,2,3; y = 1,2, 3, then the

transformed color vector is

ayp di2  di3 Yi + ny, X1+ nx,
agy G2z G323 Yo+ny, | = | Xo+nx, (5.61)
asz) dzz  d33 Ys 4+ ny, X3+ ny,

where X7, Xy, and X3 are the X;X,X5 tristimulus values at the given pixel for the
non-noisy image, and nx, = Ny, + aiany, + a13ny,, nx, = d1Ny; + daany, + a3ny;,
and nx, = asiny, + asany, + assny, are random variables which represent the additive
noise in the Xy, Xy, and X3 image planes, respectively. Hence, in this situation, the
noise correlation between spectral planes would in general be nonzero.

To simulate noisy color images with spectrally correlated noise, the classical pro-
cess used to whiten correlated random variables can be reversed [72]. At each pixel,
a vector Z, of three uncorrelated, unit-variance, random samples is generated. These

samples are then mapped, through a linear transformation, to a vector N with three
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samples with variances and correlation coefficients which can be selected as desired.
The first step is to specify the desired covariance matrix for the three random vari-
ables representing the noise. If the noise is to be added to an image which is in the

RGB color space, then this matrix can be written as:

2
O-R PRGURUG PRBURUB
_ 2
Y = | praoroa o, PGBOGOB (5.62)
2
PRBURUB PGBUGUB O-B

where %, 0, and 0% are the variances of the red, green, and blue noise components,
respectively, and pra, pre, and pgp are the spectral correlation coefficients for the
red and green, red and blue, and green and blue noise components, respectively. It
should be noted that the noise could be added in a color space other than RGB color
space.

The transformation from Z to N, where N is a three-dimensional random vector
with covariance matrix ¥, is needed. To find this transformation, the transformation
from N to Z is first found. This is the whitening transformation, which converts

correlated samples to uncorrelated, unit-variance samples. It has the form
Z=A70'N (5.63)

where A and @ are the eigenvalue and eigenvector matrices of Y. This means that N

can be obtained as

N = 0"A%Z (5.64)

Using the method described above, the spectral correlation of the noise can be spec-
ified. To simulate the noise spatially, an e-mixture of Gaussian noise is added to the
R, G, and B components of a color image [38]. The probability density function of
this noise is given by

1 1 _
fn(n) = S ESEEANE GXP[—§HT21 ‘n]+
1

1 Ty—-1
(1 —G)WGXP[—§H 22 n], (565)
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Fig. 5.7. Block diagram of 2DCO filter for grayscale images.

where N = [Nl,NQ,Ng]T is the random noise vector, and ¥; and X, are covariance

matrices corresponding to impulsive and non-impulsive noise, respectively. Thus, with

probability €, a noise vector with covariance matrix ¥ is added at a given pixel. The

variances o , 04, , and o for this noise are large. This allows spatially impulsive

noise to be simulated. With probability 1 — €, a noise vector with covariance matrix
2

Y, is added. The variances 012%2, 0'?;2, and op for this noise are small. This allows for

simulation of non-impulsive noise.

5.5.2 Experimental results

This section presents results of experiments involving noise suppression in color
images. The grayscale morphological filter used for all of these experiments was the
2DCO filter introduced by Stevenson and Arce [51] and extended by Song and Delp
(See Figure 5.7) [52, 53]. This filter consists of a cascade of two stages each of which
consists of multiple morphological operators of one type (opening or closing). In each
stage multiple operators are applied to the input image using different structuring
elements. The output of each stage is selected according to the morphological oper-
ator used: maximum for the output of the opening stage, minimum for the output
of the closing stage. If the first stage consists of closing operators and the second

stage consists of opening operators, then for a grayscale input image f and a set of
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structuring elments {hq, ha, ..., h,}, the output y of the first stage is given by

y=min{fehy, fehy ....feh,} (5.66)

The output z of the second stage is given by
z=max{yohy,yohy,...,yoh,} (5.67)

The purpose of each stage is to preserve the geometrical features in the image that
match any one of the given structuring elements. For the experiments presented in
this section, four structuring elements consisting of lines with different directions were
used [51].

The 2DCO component-wise filter consists of applying the grayscale 2DCO fil-
ter to each of the three component images independently. To reduce computational
complexity it is also possible to filter only the luminance image in the YIQ space.
Hunt and Kubler suggest filtering only the luminance image as a simple approach
for deblurring color imagery [39]. For morphological filtering this approach is equiv-
alent to component-wise filtering as in Equation 5.11 with H; = Hg = {(0,0)} and
h1(0,0) = hg(0,0) = 0.

The 2DCO vector filter is defined as a two-stage filter where the output g(x,y) of
the first stage with input f(x,y) and structuring elements {Hy, Hs, ..., H,} is given
by

g(z,y) € {(f o, Hi)(w,y), (f o, Ha)(z,y),..., (F &, Hy)(w,y)} (5.68)

and

d(g(z,y)) < d((fe, H)(z,y))Ve=1,2,....n (5.69)

The output p(x,y) of the second stage is given by

p(:l?,y) S {(g Oy Hl)(xvy)v (g Oy HQ)(xvy)v Tt (g Oy Hn)(x,y)} (570)

and

d(p(z,y)) > d((go, Hi)(z,y))Vi=1,2,....n (5.71)
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Fig. 5.8. Original image used for noise suppression experiments.

Noise was added to a color image in RGB space as discussed in the previous section,
for two different values of spectral correlation between component images. Figure 5.8
shows the original image used for the noise suppression experiments. The noisy image
shown in the upper left of Figure 5.9 has parameters e = 0.05; op, = 0, = o5, = 100,
for the impulsive noise and op, = 0¢, = o, = 10 for the non-impulsive noise; and
prc = prB = pas = 0.95 for both impulsive and non-impulsive noise. The noise
between component planes in this image is highly correlated.

The result of a component-wise 2DCO filter applied in RGB space is shown in
Figure 5.9.> Figure 5.9 also shows the result of filtering the luminance image, Y,
and converting the filtered Y and unfiltered I and Q to RGB space for display. This
method performs as well as the component-wise filtering in RGB space. Because
the noise is highly correlated across spectral bands, the chrominance images, which
depend on the spectral composition, were not affected significantly by the noise.

Also shown in Figure 5.9 is the result of the application of the vector 2DCO filter

in RGB space. The Euclidean norm

d(f(x,y)) = [(fr(z.9)* + (fale.))* + (fp(x, )] (5.72)

3We are not aware of any generally accepted metric for measuring distortion in noisy color images.
Therefore, evaluation of our results is subjective.
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Fig. 5.9. Upper left: noisy version of original image, high spectral correlation;
upper right: result of component-wise filter applied in RGB space; lower left: result
of filtering only Y in YIQ space; lower right: result of vector filter.
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was used as the metric for reduced ordering. This filtering method has results similar
to the component-wise filtering in RGB space.

The second noisy image used in the experiments is shown in Figure 5.10. In this
image, the values of € and the variances are the same as those used for Figure 5.8.
However, this image has pre = pr = pep = 0.45 for both types of noise. Thus, the
spectral correlation of the noise is lower.

The result of component-wise filtering in RGB space is shown in the upper right
of Figure 5.10. It can be seen that this filter has the same level of performance for
this image as it did for the image of Figure 5.8.

The lower left image in Figure 5.10 shows the result of filtering only the luminance
and converting to RGB for display. In this case, this method does not perform as
well as the component-wise RGB filter. This method is less effective for noise which
has lower spectral correlation.

Also shown in Figure 5.10 is the result of the application of the vector filter to
the image with lower noise spectral correlation. This method also does not perform
as well as the component-wise RGB filter for noise with lower spectral correlation.
It is noted in [46] that the vector median filter also does not perform as well as the
component-wise median filter when the noise in the different vector components is
independent. In general, with spectrally uncorrelated noise the vector approach will
not perform as well as the component-wise approach due to the restriction that the

output of the vector filter must be one of the input vectors inside the filter window.

5.6 Conclusion

We have developed and compared two approaches to mathematical morphology for
color images — the component-wise approach and the vector approach. It was shown
that the component-wise filters can alter the spectral composition of image objects,
producing undesirable artifacts. Multiscale color image representations illustrating
these artifacts were shown. The new vector filters do not have this disadvantage,

because all color vectors in the filtered image are selected from the color vectors in the
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Fig. 5.10. Upper left: noisy version of original image, low spectral correlation;
upper right: result of component-wise filter applied in RGB space; lower left: result
of filtering only Y in YIQ space; lower right: result of vector filter.



- 123 -

original image. For noise suppression in color images the component-wise approach
performed better than the vector approach for noise with low spectral correlation.
For noise with high spectral correlation the component-wise and vector approaches

had similar performance.
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6. RATE-SCALABLE VIDEO CODING USING A
ZEROTREE WAVELET APPROACH

In this chapter we describe a video coding technique which offers complete data
rate scalability. This means that, from a single compressed bit stream, any target data
rate can be met, and the best decompressed sequence for that rate can be obtained by
simply discarding bits at the end of each group of pictures (GOP) in the bit stream.
The video coding scheme is based on the embedded zerotree wavelet (EZW) algorithm
for still image compression [73].

In the next section we describe the EZW algorithm. We then discuss the extension
of this algorithm for video coding, and present experimental results for various data

rates.
6.1 Embedded Zerotree Wavelet Coding

The development of wavelet representations of images has led to efficient image
processing and computer vision algorithms. The discrete wavelet transform of an
image provides a set of wavelet coefficients which represent the image at multiple
scales [74, 68]. Fewer coefficients are required to represent the image at coarse scales
than at finer scales. Thus, if the wavelet representation is viewed as a multi-level
data structure, with the coarsest scale coefficients at the top level and the finest scale
coefficients at the bottom level, then the structure can be viewed as a pyramid. Each
node in the pyramid represents one wavelet coefficient.

Wavelet representations have formed a basis for several image compression algo-
rithms [64, 75, 76, 77, 78, 79]. One of the key issues in the development of any wavelet

based image compression algorithm is the quantization strategy. One approach is



- 126 -

to assume that coefficients at different levels of the pyramid are independent and
quantize the coeflicients separately [64, 65]. However, this approach does not ex-
ploit correlations between coefficients at different levels of the pyramid. Recently, a
number of promising quantizers, known as zerotree quantizers, exploiting correlations
between different levels of the pyramid, have been proposed [75, 76, 73]. The key idea
in [76, 73] is to eliminate systematically the coefficients which do not convey much
information about the image by assigning zero to all the wavelet coefficients at the
finer scales corresponding to the same spatial location of a coefficient whose magni-
tude is below a given threshold. As a result, only a single symbol is transmitted for
all the finer scale coefficients. The motivation for using this quantization technique is
the assumption that if the energy of a node corresponding to a spatial region of the
image is below a given threshold, then the energy of the coefficients at finer scales
corresponding to the same region are also expected to be below the threshold.

The EZW algorithm, based on the zerotree quantizer presented in [73] for still
image compression, forms the basis for the video coding scheme described in this
chapter. We briefly describe the EZW algorithm here. Interested readers should see
[73] for a more detailed discussion.

The first step in the EZW algorithm is to apply a discrete wavelet transform to
the original image. This provides a pyramid representation of the image. Multiple
passes are then made through the pyramid to quantize the coefficients in an embed-
ded manner. During each pass, the coefficients are compared to a threshold value.
Coefficients which are greater than the threshold are considered to be significant, and
coefficients which are less than the threshold are insignificant. The significance map,
which specifies at each node in the pyramid whether the coefficient at that node is
significant for that pass or not, is then encoded. If a coefficient and all of its descen-
dents are insignificant, then the subtree containing the coefficient and its descendents
is said to be a zerotree. The entire zerotree can then be represented by only one

encoded symbol.
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After the significance map has been encoded during a given pass through the
pyramid, the values of the coefficients must be quantized. All insignificant coeffi-
cients are quantized to zero. Significant coefficients are quantized using a successive
approximation scheme which is similar to bit-plane encoding.

At the completion of a given pass through the pyramid, the threshold is decreased.
The next pass through the pyramid is performed using this smaller threshold, so that
there will be more significant coefficients as the algorithm progresses from pass to
pass. This accounts for the embedded nature of the bit stream generated by the

algorithm. As soon as the target data rate has been achieved, the algorithm stops.
6.2 Video Coding Using the EZW Algorithm

To extend the EZW algorithm for video coding, a three-dimensional wavelet de-
composition can be used. Several techniques using three-dimensional subband coding
of video have been proposed [23, 80, 81]. The idea is to filter groups of pictures
(GOPs) both spatially and temporally to form a three-dimensional multiresolution
representation of the GOP that represents multiple resolutions in both space and time.
The coefficients representing the multiresolution representation are then quantized to
reduce the data rate of the GOP.

For the results presented in this chapter, we used only intraframe coding. The
filter coefficients given in [82] were used for the wavelet transform. The salesman
sequence, of which frames 90, 91, and 92 are shown in Figure 6.1, was compressed
using the EZW algorithm with intraframe coding at a rate of 3 Mbps. Figure 6.2
shows the results from decompressing frames 90, 91, and 92 at a rate of 256 kbps,
Figure 6.3 shows the three frames decompressed at a rate of 800 kbps, and Figure 6.4
shows results from decompression at a rate of 2 Mbps. These results were all obtained
from the same compressed sequence. Clearly, the results improve significantly as the
data rate increases. It should be noted that using interframe as well as intraframe

coding would improve the results substantially.
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(a) (b) ()

Fig. 6.1. (a): Frame 90 of original salesman sequence. (b): Frame 91 of original
salesman sequence. (c¢): Frame 92 of original salesman sequence.

6.3 Conclusion

We have described a rate-scalable video coding scheme based on the EZW al-
gorithm for still image compression. Results obtained by decompressing a single
bitstream at several different data rates were presented. The addition of interframe

coding to the algorithm would provide significantly improved results.
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(a) (b) (c)

Fig. 6.2. (a): Frame 90 of salesman sequence at 256 kbps. (b): Frame 91 of
salesman sequence at 256 kbps. (c): Frame 92 of salesman sequence at 256 kbps.

(a) (b) (c)

Fig. 6.3. (a): Frame 90 of salesman sequence at 800 kbps. (b): Frame 91 of
salesman sequence at 800 kbps. (c): Frame 92 of salesman sequence at 800 kbps.

(a) (b) ()

Fig. 6.4. (a): Frame 90 of salesman sequence at 2 Mbps. (b): Frame 91 of salesman
sequence at 2 Mbps. (c): Frame 92 of salesman sequence at 2 Mbps.
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7. CONCLUSION

We have presented and studied the EM/MPM algorithm and its multiresolution
extension. In Chapter 2 we described the EM/MPM algorithm and presented experi-
mental results demonstrating its performance. We also compared the performance of
the EM/MPM algorithm to the deterministic EM/MPM algorithm proposed in [9].
The EM/MPM algorithm was shown experimentally to perform significantly better
than the deterministic EM/MPM algorithm in terms of minimizing the number of
misclassified pixels.

The multiresolution EM/MPM algorithm was presented in Chapter 3. Exper-
imental results comparing the performance of the EM/MPM and multiresolution
EM/MPM algorithms were presented. In general, it may not be possible to say which
algorithm performs better, single-resolution or multiresolution, because the answer
depends on the desired scale which the user is interested in emphasizing. Actually,
the single-resolution algorithm described in Chapter 2 can be viewed as a special case
of the multiresolution algorithm, with the number of levels equal to one. Thus, the
multiresolution algorithm provides the ability to adjust the scale which is emphasized
in the segmentation. The behavior of the multiresolution algorithm can be adjusted
to emphasize a certain scale by adjusting the number of levels used in the multireso-
lution decomposition. Another method which could be used to weight certain scales
more heavily than other scales is to change the criterion used for the optimization in
the multiresolution MPM algorithm. This is one topic for future research.

In comparing the amount of computation required for convergence of the EM/MPM,

deterministic EM/MPM, and multiresolution EM/MPM algorithms, we found that
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the multiresolution algorithm required the fewest number of visits per pixel to con-
verge. The deterministic EM/MPM algorithm does not necessarily converge more
quickly than the EM/MPM algorithm, although faster convergence is supposed to be
the advantage of the deterministic approach. It should be noted that the amount of
computation required for convergence was measured by examining convergence of the
parameter estimates. A more detailed study of the relative computational require-
ments of the three approaches would involve measuring the convergence of the MPM
algorithm at each stage of the EM/MPM procedure. This is a topic for future work,
although we believe the results will show the same trend as we found in our study.
In Chapter 4 a theoretical analysis of the general EM/MPM procedure was pre-
sented. The analysis is general enough to hold for both the single-resolution and
multiresolution EM/MPM algorithms. We showed that the estimates of the marginal
probabilities of the class labels obtained during a given stage of the EM/MPM or
multiresolution EM/MPM algorithm converge with probability 1 to the true values
of the class label probabilities evaluated with the model parameters equal to the cur-
rent estimates of the model parameters, given the estimates of the model parameters
obtained during the previous stage. This is important because these estimates are
maximized to obtain the segmented image, and if the estimates are not close to the
true values, then the segmentation algorithm cannot be expected to perform well.
We also showed that the model parameter estimates resulting from the EM/MPM
algorithm can be made arbitrarily close to the EM estimates of the model parameters
with probability 1, if a sufficient number of iterations of the algorithm is performed.
This means that the final estimates of the marginal probabilities of the class labels ob-
tained using the EM/MPM procedure will be close to the true values of the marginal
probabilities of the class labels, to the extent that the EM estimates of the model pa-
rameters are close to the true values of the model parameters. The analysis presented
in Chapter 4 is important because it explains why the EM/MPM algorithm provides
better experimental results than the deterministic EM/MPM algorithm, since there is

no guarantee of convergence for the deterministic EM/MPM algorithm. The analysis



- 133 -

does not suggest that the multiresolution algorithm should perform better than the
single-resolution algorithm. The multiresolution approach simply provides a better
model for segmenting images.

The segmentation algorithms presented in this thesis assume that the number of
classes is known a priori. The problem of automatically determining the number of
classes is an important problem which should be addressed in future work.

In Chapter 5 we addressed the problem of applying mathematical morphology to
color images. We investigated two approaches for color morphology, the component-
wise approach and the vector approach. It was shown that the component-wise filters
can alter the spectral composition of image objects, producing undesirable artifacts.
Multiscale color image representations illustrating these artifacts were shown. The
new vector filters do not have this disadvantage, because all color vectors in the
filtered image are selected from the color vectors in the original image. For noise
suppression in color images the component-wise approach performed better than the
vector approach for noise with low spectral correlation. For noise with high spectral
correlation the component-wise and vector approaches had similar performance.

Finally, in Chapter 6 we described a rate-scalable approach to video coding. We
presented results obtained by decompressing a single bitstream at a number of dif-
ferent data rates. The results presented in Chapter 6 were obtained using only in-
traframe coding. The next step in the development of the algorithm is to replace the
two-dimensional spatial wavelet transform with a three-dimensional spatial /temporal
wavelet transform. The three-dimensional wavelet transform would then be applied
to each GOP, and the bits in the encoded bitstream for each GOP would be generated
in order of importance to provide an embedded nature to the encoded sequence. The
use of interframe coding in such a manner would improve the quality of the decoded

video with respect to the results presented in Chapter 6.
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