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Summary Sheet for Index Notation and Cartesian Tensors

The vector ~u can be written as

~u = uxêx + uyêy + uz êz,

or as
~u = u1ê1 + u2ê2 + u3ê3,

or as

~u =
3

∑

i=1

uiêi.

If the summation is implied whenever an index is repeated (Einstein sum-
mation convention), then this last is the same as

~u = uiêi.

The unit vectors are often omitted, leaving their presence implied only. We
introduce the Kronecker delta or identity tensor δij, which is 1 if i = j and
zero otherwise. We also introduce the permutation tensor εijk, which is 1 if
i, j, k are 1, 2, 3 or 2, 3, 1 or 3, 1, 2, is −1 if i, j, k are 2, 1, 3 or 1, 3, 2 or 3, 2, 1,
and is zero otherwise.

In this notation, we have the following equivalencies:

~a ·~b = aibi

~a×~b = εijkêiajbk

εijkεilm = δjlδkm − δjmδkl

∇ = êi

∂

∂xi

∇φ = êi

∂φ

∂xi

∇ · ~u =
∂ui

∂xi

∇× ~u = êiεijk
∂

∂xj

uk
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All the usual vector identities can be derived using these relations, keeping
in mind that we are in general restricted to Cartesian coordinates.

The advantage of this system is that it can also be used for tensor quan-
tities like the shear stress,

τ = τij =







τxx τxy τxz

τyx τyy τyz

τzx τzy τzz






.

Here,

∇~u =
∂ui

∂xj

,

a tensor, and

∇ · τ = êi

∂

∂xj

τij,

and
∇× τ

has no definition. Gauss’ theorem, or the divergence theorem, still holds for
these tensor quantities,

∫

V
∇ · τ dV =

∫

S
τ · ~n dS =

∫

S
τijnj dS.

Remember that τij = τji in fluids.
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