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ABSTRACT

This article presents a method of predicting transition that is founded
upon the theory of boundary-layer stability. It comsiders both plane and
axially symmetric flows of a very low-turbulence incompressible stream
rast very smooth bodies.

According to stability theory, self-energized disturbances form in the
boundary layer and slowly grow in strength while moving downstream, until
they ultimately cause the boundary layer to become turbulent, by & process
as yet unknown. J. Pretsch has computed a family of charts by means of
which the apparent growth of these waves can be calculated so that correla-
tion with experiment becomes possible.

The theory and its implications are reviewed and discussed. Nearly all the
apprlicable experimental transition data have been studied and correlated
with the calculstions made with the aid of Pretsch's charts. A strong cor-
relation of experimental results with this theory was discovered. In fact,
to first order, Tollmien-Schlichting waves were found to undergo an apparent
amplification ratio expri dt equal to about e9 by the time transition
began. This value was then used to predict transition for a considerable
veriety of flows, both in wind tunnels and in flight. The predictions agree
quite well with experiment, particularly in view of the nature of the experi-
mental data.

In contrast, Ra* or Re at the beginning of transition vary greatly with
pressure gradient and are not at all suitable alone as fundamental guides

for locating transition. As a measure of transition on bodies of revolution
Rgx 1s even less satisfactory than it is for two-dimensional flows. However,
the method based on stability theory correlates both types of flow with equal

accuracy.

A short-cut empirical method of predicting transition, due to Michel, has
been studied. In two dimensional flow its validity was found to be good, and
the reason for its success can be explained by stability theory.
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NOTATION

amplification ratio, that is, the ratio of the amplitude of a
disturbance in the boundary layer to its amplitude at the point
of neutral stability; a furction of RB*

a constant in Eq. (1)

wing chord or other characteristic reference length

local laminar-skin-friction coefficient

phase velocity of propagation of Tollmien-Schlichting waves
correlation coefficient, uv/u'v'

Reynolds number based on chord, Uooc/v

x-Reynolds number, Ux/v

boundary-layer Reynolds number based on displacement thickness, US*/V
boundary-layer Reynolds number based on momentum thickness, Ue/v
time

instantaneous velocity in the boundary layer in the x-direction
root-mean-square value of velocity fluctuations in the x-direction
local mean velocity at edge of the boundary layer in the x-direction
reference velocity, usually the free-stream velocity

instantaneous velocity in the boundary layer in the y-direction
root-mean-square value of velocity fluctuations in the y-direction
instantaneous velocity in the boundary layer in the z-~direction

distance along the surface of the body measured from the upstream

stagnation point
distance along the chord or axis of the body

distance perpendicular to the surface of the body

2r divided by the wave length A of the disturbance
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B Hartree's beta defined by Ue» xB/ (2-p)
Bi amplification coefficient, where exp ¢ Bi dt = a, the amplifi-
cation ratio tn
Br oscillation frequency measured in radians per second
&% displacement thickness of the boundary layer
e momentun thickness of the boundary layer
A wave length of the disturbance
2p Pohlhausen's lambda, (82/v) du/ax
M dynamic viscosity
v kinematic viscosity
P mass density
'Th apparent shear stress caused by the disturbances in the boundary
layer, - puv
7i mean laminar shear stress, //c aﬁ/by, where u 1is the mean velocity
SUBSCRIPTS
n where Tollmien-Schlichting waves first become unstable, the
neutral point
tr beginning of the transition region
INTRODUCTION

This article reports on efforts to verify or disprove one theory of the
transition process in the restricted case of incompressible flow with ar-
bitrary pressure distribution over a very smooth, convex surface in & stream
of very low turbulence. Both two-dimensional and axially symmetric

flows are examined. The theory being investigated is that disturbances
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in the boundary layer grow at the rate predicted by solutions of the Orr-
Sammerfeld equation, growth continuing until transition occurs.

The calculation methods and charts available for verification or disproof of
the hypothesis are most unsatisfactory. Indeed if the methods and charts

were slightly worse, no check would be possible at all. Furthermore, avail-
able experimental data are poor and full of scatter. But, as well as can be
ascertained from the combination of inaccurate data and inadequate camputing
methods, the experimental effect of pressure gradient on transition and predic-
tions by the subject theory are in good agreement.

Before details of the investigation are given, a brief review of past theories
and work on the problem will be made, in order to provide proper orientation
for what follows.

Farly Research

In 1937 when B. Melvill Jones presented the first Wright Brothers Lecture

(Ref. 1), the phenomenon of transition was almost a complete mystery; except

in a few special flow situations, hardly any factual data were available.

For this very reason Jones' lecture, which presented flight measurements on
transition, added so much to the store of knowledge that it strongly influenced
subsequent aerodynamic research. In this period, experimental work was carried
on under severe handicaps. Tummnel turbulence was high; hot-wire equipment was
not nearly so advanced, particularly the auxiliary equipment; and transition
was so difficult to detect that adequate dats were most rare.

In the realm of theory, two schools of thought existed, that of G. I. Taylor
and that of the Gottingen group under Prendtl. Taylor hypothesized that
transition was set off by a small region of reverse flow in the boundary layer,
imposed by turbulence in the main stream (Ref. 2). His anslysis enjoyed a
partial success, for it proved capable of predicting the effect of turbulence
on the critical Reynolds mumber of & sphere in the high-turbulence tunnels of
two or three decades ago. The reverse-flow concept of his theory implies that
transition will occur only when some boundary-layer Reynolds number such as

RS* is exceeded. The theory has little to do with the history of the boundary
layer except as it affects RS*. An obvious deduction from his hypothesis is,

of course, that if the turbulence approaches zero, the laminar run Rx
tr
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will approach infinity, provided no separation exists in the steady or
ordinary sense.

Taylor's theory was investigated further by Hall and Hislop (Ref. 3) for

flat plates and by Fage and Preston (Ref. I) for bodies of revolution. The
phenomenon conceived and analyzed by Taylor was shown to exist for these
different bodies also, but results failed to show that a method for predicting
transition could be founded on the phenomenon alone, particularly if pressure
gradients exist. Ilater work in streams of lower turbulence showed that
Taylor's phenomenon loses its dominance, that is, although it is significant
in flows of high turbulence, it is not a determining factor in those of low
turbulence. Finally, his theory is quite unable to account for the known
difference in Retr or Rs*tr occurring on bodies of revolution and two-
dimensional shapes.

The Gdttingen group, especially Tollmien and Schlichting (Ref. 5), advanced
the hypothesis that small disturbances became unstable at some x-location
in the boundary lasyer and gradually grow in strength until the amplitude is
sufficient to cause transition. The theory made no attempt to describe the
final part of the process but it did present an explanation of the start of
the entire sequence of developments. This second spproach takes account of
the boundary layer development in far more detaill; it not only considers the
evolution of R9 or Ry, but also it considers the complete history of the
stability of the boundary layer. Unfortunately, at that time instrumentation
was inadequate and wind tunnels were too turbulent to detect the type of
wave motion predicted by the elegant theoretical calculations. The only ex-
perimental evidence supporting its existence was supplied by a divergent
channel, a low-speed weke and an accoustically sensitive jJet.

In view of the two conflicting theories, one almost completely unsubstantiated,
the other somewhat substantiated but hardly applicable to flight conditions,
the best Jones could do was to state that transition must be related to RS*'

His effort at correlating measured transition points in terms of R and

S*tr
)\Pt was quite unsuccessful. Because no simple relation between a  transi-
r

tion parameter and a pressure-gradient parameter could be found, transition
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was commonly estimated by assuming a value of RS* at transition, but there
was no method of changing its value as the pressure distribution changed.
It was known that accelerating velocities favored laminar flow, but that
was all, for no theoretical or experimental method was available to predict
a variation of Rﬁ*t . The method of selecting a boundary-layer Reynolds
r

number as a criterion goes back at least to Gruschwitz (Ref. 6), who
proposed that Re = 600 be used as the transition criterion.
In short, the method for estimating transition in current use may be stated
as follows:

Using past knowledge and test experience, select an allowable value of
R.¢s say about 3000 if for free flight. Then for the value of R and 1ift
coefficient under consideration calculate the growth of F., as & function of
the distance from the forward stagnation point. Transition shculd occur where
the 2llowable value of RS* is first exceeded.
No rational hypothesis was available to account for changes in pressure
distribution.

Recent Developments
About 1940 Schubauer and Skramstad (Ref. 7) began investigating the effect
of turbulence on the location of transition on a flat plate. In the process

of reducing the turbulence to very low values they made the importent dis-
covery that the waves calculated by Tollmien and Schlichting could now be

found in the boundary layer. Apparently the high level of turbulence in other
wind tunnels had always camouflaged the signal. The experiments of these
investigators fully confirmed Schlichting's calculations and of course finally

proved the existence of these waves.

Of course, in flight turbulence is low and therefore the work of Schubauer
and Skramstad should be applicable. Yet many questions remained unasnswered
concerning the applicability of stability theory to other more general flows
and to the complete transition process. For example, only a small degree of
tunnel turbulence was found to obscure the waves completely. Furthermore,
the theory assumes zero turbulence and a mathematically smooth wall, that is,
no external excitation of the waves comes from either side of the boundary

layer.

In 1951 Emmons formally advanced and analyzed an idea that had been suspected
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for some time (Ref. 8 and 9). He showed that the actual transition region
begins with local ''spots'' of turbulent flow. These spots grow, spread, and
coalesce until uniform turbulent flow is developed, marking the end of the
transition region. Emmons noticed the spots in a aiw.l.low water-channel flow.
Since then, the same type has been observed and studied in air flow.(Ref. 10).

Although his deductions are valid and the theory accounts for the effect

of turbulence better than Taylor's, Emmons' analysis does not consider how the
transition process starts, but only what happens once it starts. Hence,
although it contributes significantly to the understanding of the total process,
it sheds no light on the effect of the velocity distribution upon the location
of transition. In fact, Emmons' analysis begins with an assumed turbulent spot
production and distribution function g(x, y, t) and proceeds from there.

But before the transition point can be predicted, the g-function must be
predicted. In a way the analysis of this report sheds light on the nature of
the g-function.

In flows of very low turbulence the influence of Tollmien-Schlichting waves

was understood and accepted. But does this type of wave motion have any bear-
ing on the transition process in flows of low to medium turbulence? The

answer is in the affirmative. Bennett (Ref. 11), using high-quality hot-wire
and frequency-spectrum instrumentation, detected a strong influence of the
Tollmien-Schlichting wave growth in the boundary-layer flow on a flat plate

in a tunnel whose turbulence level was as high as u' /Uoo = 0.42 percent.
Bennett's frequency-spectra measurements showed that the frequency receiving
the greatest amplification was substantially that predicted by stability theory.
Originally Schubauer and Skramstad discovered the waves only after the turbulence
had been reduced to about 0.05 percent.

Bennett's work supplies further evidence that the Tollmien-Schlichting

wave phenomenon influences the transition process. But next we shall intro-
duce a note of confusion. Stability theory deals with two-dimensional waves.
Recently in personal discussions with F. X. Wortmann, the writer learned about
his experiments at the Institut flir Gasstromungen der Technischen Hochschule,
Stuttgart. Wortmann has been using the tellurium-wire technique (Ref. 12) to
study Tollmien=-Schlichting waves in water in a two-dimensional channel. Much
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as he tried, he could never create a two-dimensional wave, for a w-component
always existed. Schubauer and Skramstad also noticed in their tests that
the flow had a w-compcnent. Wortmann's work is reported in ''S0 Jahre
Grenzschichtforschung'' (Ref. 13).

In February, 1956 Laufer (Ref. 14) detected the same type of oscillations in
a supersonic boundary layer at a Mach mumber of 2.15.

In 1951 Michel (Ref. 15) produced the first method-known to the writer-of
predicting the transition point that could take the pressure gradient into
account. Michel plotted Retr versus thr from available test data and
obtained a well defined single curve, and so, for the first time a general
method became available. It was strictly empirical but it did supply reason-
able answers. Later in this paper his method is treated at greater length.

Factors Involved in the Transition Process

The current state of knowledge concerning transition has been ably summarized
in Dryden's comprehensive report (Ref. 16). However, for clarity the sit-
uation will be reviewed briefly. Transition appears to be influenced by

the following factors at least:

a. Free-stream turbulence

b. Pressure gradient

c. Surface curvature

d. Roughness

e. Noise and vibration

f. Surface temperature

g. Mach number

h. BSecondary flow effects-sweep, etc.

Taylor's theory is unsatisfactory for flows of low turbulence. Liepmann
(Ref. 17) has shown that curvature influences transition only when the wall
is concave. As roughness, noise, surface temperature, Mach number and
secondary-flow effects are beyond the scope of this article, and as most
surfaces of interest are convex, we shall confine our attention to the effect

of pressure gradient on a flow over a smooth, convex surface. The turbulence
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flight.

problem will be avoided by assuming the flow to be of low turbulence-
technically the most important case, since it is the type occurring in free

Current Concept of Transition

a)

b)

c)

follows:

Before restricting ourselves to the effect of pressure gradient, we shall state
explicitly the current speculative concept of the transition process in
two-dimensional or axially symmetric flows of low turbulence. It is as

The initial boundary-layer flow is stable to Tollmien-Schlichting
waves, but nevertheless it is agitated by disturbances impressed
upon it by external turbulence, surface roughness, noise, and
vibration.

At some point on the surface the flow becomes unstable and Tollmien-
Schlichting waves begin to grow. On a perfect surface in a flow

of zero turbulence, without noise or vibration, the disturbance
will continue to grow, solely because of the self-excited nature of
the wave. But in an actual flow the disturbances will be further ex-
cited by surface roughness and vibration as well as by external
turbulence and noise. Thus the true flow is similar to a forced
vibration. The writer likes to think of a homely analogy that
describes the flow. It may be compared to an automobile running
along a rough road in a gusty wind. The engine vibrations correspond
to Tollmien-Schlichting waves, the bumpy road corresponds to the
imperfect surface, and the gusty weather corresponds to the external
turbulence. The motion of the automobile, like the motion within
the boundary layer, is the response to all three factors.

The disturbances grow in strength until they suddenly break over
into spots of turbulence. There is no reason to expect the break-
over process to be two-dimensional, for two reasons: first, at the
beginning of amplification the disturbances receiving amplification
are random in both strength and location, and second, even though
Tollmien-Schlichting waves enter into the amplification process,

the waves do not show much evidence of two-dimensionality. In other

words, the wave phenomenon exists in the small rather than in the

large.
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d) These spots of turbulence are washed downstrea: and grow in all
directions and coalesce until finally the flow is entirely turbulent.

Statements (c) and (d) imply that transition occurs over a region, not at
a point. But for convenience and in deference to custom, the term transition
point will continue to be used. In this article, it normally means the point

where transition begins.

THE PROBLElM UNDER INVESTIGATION

At the present state of the art notheoretical procedure is available that
can potentially account for all the effects mentioned in the speculative
theory of transition. Stability theory takes account only of self-excitation
of waves in the boundary layer, and since it is the only theory available,
correlation studies must be confined to smooth surfaces in tunnels of very
low turbulence. Therefore our problem is the following important but re-
stricted one.

Can stability theory be used to provide a method for predicting the
beginning of transition in an arbitrary incompressible flow over a very smooth

convex or flat surface in & stream of very low turbulence, with the further
restriction that the flow be either two-dimensional or axially symmetric?

Details of the Theory and Calculation Procedure
Liepmann (Ref. 17) has enunicated a logical basis for the application of the

theory that appears sound, regardless of the final mechanism of the breakdown
of the launinar flow. He makes the following statement about PXt . the
r
x-Reynolds number for transition:
"Rx is the Reynolds number at which the apparent shear 7Tr, = - pﬁ;
due to *tr amplified boundary-layer oscillations at any point 1in the
boundary layer becomes equal to the laminar shear 7‘L = /piaa/ay in the

boundary layer''.

Rx represents the point for neutral stability, and since th is usually
n 1
reached far downstream of Rx , application of Liepmann's hypothesis requires

n
calculation of the amplitude of the disturbances. Liepmann derives an approx-

imate formula for application of the above principle that incorporates a
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K. 8. LITHO
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quantity calculable by stability theory. It is:

TTA'ma.x 2 u' & 2
- - | ) a(Rgy) | (1)
L max

4

In this expression:

‘TA = UV o the maximum value of the apparent shear stress
max caused by the disturbances
: T = /(,Ba/by, the laminar shear stress
ch = +the local laminar-skin-friction coefficient at any point x
b = factor of proportionality such that v'/U = b(u'/U)
k = uv/u'v', the correlation coefficient
(u'/U)n = the turbulent fluctuation level at the beginning of insta-
bility (neutral point)
a(Ra*) = the amplification ratio

When ﬂzmax/‘Ti ~ 1, transition should occur. Hence Eq. (1) states that
transition will be affected by the local skin-friction coefficient, the

turbulence structure of the stream, and the amplification factor.

The Pretsch Charts

The preceding discussion makes no assumption that the disturbance is a
Tollmien-Schlichting wave, but if it is, it becomes possible to compute the
amplification factor by means of Pretsch's charts.(Ref. 18 and 19). Pretsch
computed the amplification rate of Tollmien-Schlichting waves for several of
the two-dimensional-wedge flows, namely, those with Hartree £ = - 0.198,

- 0.10, 0, 0.2, 0.6, and 1.0. Two types were computed, rate charts showing

the rate of growth of disturbances of various frequencies and cumulative ampli-
fication charts for constant-f flows, showing the total amplification up to any
value of Rg,. Pretsch (Ref. 19 and 20) has shown that for boundary-layer
flows in a stream of non-constant velocity the basic analysis is valid whether

they be two-dimensional or axially symmetric.

Fig. 1 presents the family of neutral-stability curves derived from those

computed by Pretsch. Some of the curves were obtained by interpolation between
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those of his original set. TFig. 2 presents the set of amplification rate
charts prepared from his work. They have been constructed by careful cross-
fairing of his original smaller set and are plotted on ordinary semi-log
graph paper to facilitate their use. Pretsch's charts of amplification
ratio included in Ref. 19 are not necessary, as will be seen later, and so
are not ircluded herein. The rate charts of Fig. 2 are applicable to both
plane and axially symmetric flow.

If the frequency Br of a certain wave, the boundary-layer Reynolds number,
and Hartree's P are known, the rate of amplification Bi can be read
from the charts. Therefore, during a time interval (tl, t2) a particular

frequency will undergo an amplification of amount

to

a(Ra*) = exp B; dt (2)

5

By now the procedure indicated by Eq. (1) should be clear. In determining
the value of T, /’Ti at some point on a surface, one seeks the frequency
that will produce the highest value of the subject quantity. The highest
value of the product k(u'/U)n'[a(RS*)] is being sought not the highest

value of a(RS*) alone. Therefore a careful evaluation of Eq. (1) demands
at least a frequency spectrum to supply data on initial values of the
disturbance. A mean value of u'/U is unsatisfactory, for the highest

value of a(RG*) may ogcur at some frequency for which u'/U is low, but at
some other frequency u'/U ‘may be enough greater to produce a larger value
of the product k(u'/U) [a(Rs*)] , even though a(Ra*) is below the maximum.
In short, the product should be maximized, theoretically.

The above philosophy is accepted, but in the following correlation studies

it can be applied only partially. First of all, a knowledge of the spectrum
of the turbulence 1s not available. In some cases an over-all average value
of u'/U is available, but, as has just been explained, .it is insufficient.
Furthermore, it is not clear that the magnitude of disturbances at the neutral
point is directly proportional to the free-stream turbulence. Finally, except

near separation, cf changes little with types of flow. For example,
L
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in constant-B types of flow (Ref. 21),

cp = Ry AYFU(0) (3)

For B=0, 2A* F''(0) = 1.143, and for B =1, 28 F''(0) = 1.597.
Therefore except near separation ch is nearly independent of B -it is

a minor variable-while a(Rg,) :ls found from experimental data to be the
major variable-of the order of e’ (= 8103). Then in any first-order
correlatior study, variations of all factors except a,(RS*) can be neglected.

Method for Correlation with Experimental Data

Assuming the flow is not of a constant-pB type, the ideal procedure for
analyzing experimental results would require: (a) accurate calculation of
boundary-layer profiles along the entire given flow; (b) for these specific
profiles, calculation of rate charts similar to those of Fig. 2; (c) wuse of
these charts for computation of the highest amplification factor.

Since such would be a colossal undertaking, the growth of disturbances was
camputed in a much cruder fashion designed to use Pretsch's charts, Fig. 2.
His charts require knowledge of Ra* and PB. These two required properties
have been computed by the method of Ref. 22, a rapid method that uses £ as
a parameter and has a high degree of accuracy for most accelerating flows.

According to stability theory, disturbances will grow as exp j Bi dt. The
use of time as a parameter in dealing with flow along a surface is obscure,
but time can be easily eliminated by the use of C.s the phase velocity of
advance of a particular wave along the surface, that is, dx = c. dt. By
means of this relation it is possible to rewrite [B, dt in terms of
several dimensionless quantities that occur in the Pretsch charts:

) (X/C)
3 R .
j By (30°> —5 |5 o® (4)
(x/c) &% -

(o2




ES 26388 Page 14

DOUGLAS AIRCRAFT COMPANY, INC. EL SEGUNDO DIVISION EL SEGUNDO, CALIFORNIA

In certain respects group velocity is the proper velocity to consider

for the reason that energy is propagated with group velocity. However, the
phase velocity c r? is so nearly independent of wave length that group
velocity and phase velocity differ little. Hence for purposes of corre-
lation there is little choice between the two, and the phase velocity is
used because it is simpler.

The quantity (U/Uoo)3 Rc/R8*2 is a function only of the pressure distri-
bution. Using Eq. (4), the procedure for calculating the amplification
ratio of any particular dimensionless frequency is:
a) Select a value (x/c)l at a value of R for vhich the ampli-
fication factor is to be maximized.
b) Compute the necessary boundary-layer properties such as

U 3 c
R5*; (ﬁ""‘) 5| and B versus x/c.

oo RB*
c) Choose a value of Brv/Uoi. Try to choose one representing the
frequency receiving the greatest amplification.
d) Compute Brv/Uz versus x/c from the relation

2
Brv r3rv Uoo

v° v® y?

e) For each x/c station, by means of the appropriate values of
Ry, and srv/uz, read B,8%/U and Q 5% from the proper
B-chart. Interpolate between charts as necessary.

f) Enter the proper values into Eq. (4) for final evaluation. A five-
to ten-step calculation of the integrand and subsequent integration
by planimeter is of sufficient accuracy.

g) Repeat with other values of 3rv/Uo§ until the highest value of the
integral in Eq. (4) is fcg‘g.. If (x/c)1 is the transition point,
the value computed is tn B 1 dt, the natural logarithm of the
amplification of the most critical frequency at transition.

It is hardly worth mentioning that the resulting answer is only a fictitious
or apparent amplification factor, because near transition disturbances in the
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boundary layer are large and no longer of the form of Tollmien-Schlichting
waves. Since the theory is a small-perturbation theory, obviously it is

not applicable close to transition. Nevertheless, calculations are made as
if it were, on the premise that since they are valid early in the amplifi-
cation process, they should account approximately for the factors influencing
transition throughout the entire amplification process. Many other examples
exist in which small-perturbation theory is used outside its domain of
validity, the Prandtl-Glauert compressibility correction being one well
known example.

Constant-p Flows

If a flow is of a constant-f type (this condition is necessary only in the
unstable region), Pretsch's rate charts can be integrated once and for all
to provide the full amplification ratio up to any value of Rs*. For two-
dimensional flow his report (Ref. 19) contains such charts for B = - 0.198,
- 0.10, 0, 0.2, 0.6, and 1.0. However, for our purposes they are not
needed, for the reason that they provide a relation between B, Rgxs and
I Bi dt, and as a consequence the constant-f flow problem can be dealt with
in terms of RB*' The relations provided are presented in Fig. 3. 1In the
basic Orr-Sommerfeld equation Rex 18 a determinant of rate of growth of
disturbances, not of strength. Only in cases of similar flows can such a

parameter be used also as a measure of strength of disturbances.

A Sample Calculation

A sample calculation as applied to a body of revolution at Rc = 6.65 x 10
is illustrated by Figs. 4, 5, and 6. The boundary-layer properties as computed
by the method of Ref. 22 are shown in Fig. 4. Notice that the boundary layer
becomes unstable for Tollmien-Schlichting waves near six percent of the chord
whereas according to Fig. 6 the experimental transition point is near fifty
percent of the chord at this Reynolds number.

6

The correlation problem requires computation of the apparent amplification
ratio for the worst frequency at the measured transition point. Fig. 5a is
a plot of the integrand of Eq. (4) for several values of Brv/Uoﬁ chosen
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to be near the critical. The highest frequency responds first, but as the
boundary layer thickens farther downstream a lower frequency receives the
greatest amplification and the high-frequency receives the greatest
amplification, or it may even decay. Furthermore, the amplification rate
may grow and decay and then grow again according to the variation of B.

Such an event is illustrated by the case Brv/uos = 2.5 x 1070, The deceler-
ating flow beyond X/c = 0.7 so destabilizes the boundary layer that dis-
turbances of this frequency receive new energy and cammence rapid growth

again.

Since the transition point is known to be at X/c = 0.50, we seek the maximum
value of the integral up to this point. The insert in Fig. Sa is an auxiliary
interpolation plot for determining the maximum value. It illustrates the
considerable sensitivity of amplification to frequency.

In the converse problem of estimating the transition point, one must determine
where the most critical frequency first reaches its limiting value, for example,
e9. Fig. 5b illustrates the procedure necessary now. One rmust construct the
cumulative integral and study enough values of Brv/uoi to determine an
approximate envelope. The results for a range of Reynolds mumbers are shown

in Fig. 6. Curves of Rgx = 3000 and 5000, as well as curves for fﬁi dt = 0O,
8, and 9, are shown in order to caompare several different transition criteria.
Notice that fﬁ 5 dt = 8 predicts transition very accurately. Further discus-
sion of this figure will be given in a later section.

RESULTS OF THE CORRELATION STUDY

Sources_of Error
Before results are presented, it is advisable to point out the sources of
error that enter into the present correlation effort. They are:
a) We fail to follow the principles of Eq. (1), that is, we evaluate
only a(Ra*).
b) Furthermore, a(RS*)’ or more precisely the apparent-fluctuation
shear stress, is evaluated with different degrees of accuracy,
depending on the pressure distribution. The sketch below illustrates

one possible reason. The problem is to predict the location of
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c)

)

e)

transition T for flows abc and abd. In either flow Tollmien-
Schlichting waves begin amplifying at N. If their amplitude remains
small up to P, the calculations are accurate to this point but

will be of poor accuracy beyond. In flow abc we shall be applying
erroneous calculations for a considerable distance. But in flow
abd, because the final part of the flow is less stable, amplifica-
tion rates will be greater. Even though the percentege accuracy in
computation of growth rate is unchanged, a better estimate of T

on abd will be provided, for the simple reason that the extent

of inaccurate calculations is decreased.

x

<

Since wave growth is computed by assuming that the boundary-

layer profiles are Hartree profiles, their stability may be con-
siderably in error.

The method of Ref. 22 predicts separation early. Therefore in
decelerating flows one can expect Jpﬁi dt to be too high.

The Pretsch charts are inaccurate even for constant-f flows, and
the accuracy deteriorates for negative B because the original
solutions of the Orr-Sommerfeld equation are built upon the
assumption that R&* is large. For instance, according to Lin
the neutral-stability 1limit for the Blasius boundary layer is

Rex opit = 420, Pretsch's value is 680. For Blasius flow a more
nearly asccurate amplification rate chart does exist, namely, Shens'
(Ref. 38). By the time the boundary layer in Blasius flow has
reached a thickness corresponding to RS* = 3000, the most critical
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frequency will have been amplified by the factor e
to Pretsch. But according to Shen the factor is elo.

f) Because transition occurs over a region instead of at a point, its
location was seldom accurately established; and since there is no
standard definition of a tramsition point and its determination,
there are inconsistencies among the results of various experimenters.

g) Wind tunnels always show a variation in turbulence with speed.
Therefore tests in ordinary wind tunnels on the relation between
Reynolds number and transition point are confused by this effect.

h) Additionally, it is probable that from tunnel to tunnel there are
variations in the spectrum of turbulence, even though the R.M.S.
value is nearly the same.

i) In many of the cases studied s, the pressure distribution measurements
were inadequate for the present type of work.

j) Surface finish and smoothness were not uniform from model to model.

k) Some models had definite flaws; some had too much waviness.

i) Finally, because Pretsch's charts are difficult to read, the random
error of calculation is considerable.

according

Figure 7 and Table I

Adequate treatment of each case would demand a short essay on each data
point, because of the great variety of conditions that influence the results.
Obviously that is so much out of the question that we must be content with

a chart, Fig. 7, and a table, Table I, listing certain key properties of the
flow.

Since R&* has long been used as a transition parameter, the results are
prlotted in two forms: Ra*tr versus P and f P, dt versus B, The points
represent substantially a random sampling from nearly all of the applicable
experiments. For example, same tests provide more than ten pairs of values
of |:(x/c ) 2 Rc :'. Two or three values fram such a test, roughly repre-
senting the extreme and mean conditions, were chosen. To the best of the
writer's knowledge, the data represent virtually all test that are at suffi-

ciently high Reynolds number and in very low-turbulence tumnels or flight.

The types of cases covered are:
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a) Bodies of revolution in low-turbulence wind tunnels
b) Airfoils in flight

c) A convex plate in a parrow low-turbulence charnnel
d) Airfoils in low-turbulence wind tunnels

Therange of P shown on the plot for a particular case represents the
variation between the point of neutral stability and the tramsition point.
Ticks on the curves are used to provide a crude guide to the nature of the
variation. Some flows are at constant P throughout the range, some begin
the amplification at low B and end at a high B, others, vice versa, etc.

Table I and the dats points can be related by coordinates of the points

together with their symbols. Comments in the table provide further informa-

tion about the data and their source. A measure of relative roughness is

the Reynolds number per foot Uoo/ v, for if a roughness is constant (for example,
No. 400 sandpaper finish) the ratio of roughness height to &* increases

as Uoo/ v increases. For this reason both Uoo/ v and R, are tabulated.

Sample Predictions

Since predicting transition is the practical goal of the study, we shall
consider two typical examples, the NACA body of revolution of fineness
ratio 9 (Ref. 23) and the NACA 65(215)-11!+ airfoil (Ref. 24). The first
was chosen because it represents particularly good agreement between theory
and experiment, and the second was chosen because it represents about

average agreement.

The first example has already been presented for another purpose in Fig. 6.
To estimate transition two methods are at once apparent:
a) Use of the amplification ratio, requiring the choice of j p; dt.
b) Conventional use of Rgx» requiring selection of a value from

the upper part of Fig. T.

In the several negative-pB cases of Fig. 7 the values of j Bi dt are known
to be too high because of the approximate method of boundary-layer calculation.
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It will be seen later that a value of about e9 is representative. The
choice of Rb* for use in the second method is obscure, for if one wishes
to estimate the position of transition as a function of Rc’ it is apparent
from Fig. 4 that both the mean and terminal B will vary with the location
of the transition point. According to Fig. 4, if one tried to vary R
with x/ctr by following the trend of the lines h[Bi dt = const., he
would choose the highest value of RB* for the highest value of Rc because
the average or terminal value of P is highest. At the lowest Reynolds number
he would choose the lowest value of Ry, as a criterion. But according to
Table I and Fig. 7, that procedure would lead to results exactly opposite

to experiment. This difficulty illustrates the objection to the estimation

of transition by means of a relation between Ra*tr and a gradient parameter,
for there is no way of using it except a crude one. This crude way consists

of selectinga value of B representative of the pressure distribution and

then selecting a value of Ra*tr corresponding to it from Fig. 3 or Fig. 7.

In the experimental pressure distribution of Fig. 4, B = 0 would be a
representative value and Rs*tr = 3000 corresponds to this value of B

(Fig. 3 or Fig. 7). The consequences of these two choices for the two

methods can be seen in Fig. 6. The method using \[Bi dt = 8 provides

fine agreement; the result of using the other method and choice differs

from the experimental result both in magnitude and shape. If one had not

had the test values before him and had tried to vary RS* with x/c

according to the trend of the lines .[Bi dt = const., the error would

O*gr

have been even greater, rather than less.

The second example fails to produce as satisfactory agreement. Curves
corresponding to Bi dt = 8 and 10 have been included to provide a

rough idea of the sensitivity of the result to the choice of J’Bi dt.

Again values of Ra*tr have been chosen, one being 3000, in order to
emphasize the impossibility of using one universal value. The other is

taken as 5000, because within the range of interest PB varies between

0.092 and 0.148. On the upper surface P is constant forward of x/c = 0.30.
On the lower, B equals 0.148 at the start of amplification and 0.092

at transition. Again, because the problem of how to read the chart of

RS* versus P arises, nothing better than a rough value of RS* can be

chosen.
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The results are to be seen in Fig. 8. On the upper surface, the value

J.Bi dt = 9 predicts the transition point within 5-percent chord. Here,
forward of 0.30c, both the R&* and _rBi dt methods produce the same
shape of curve, because P 1is constant. On the lower surface the error is
greater, being about T-percent chord. Hence neither method has the desired
accuracy, but again the value RB* = 3000 used on the body of revolution is
quite unacceptable. The accuracy of the experimental results is not high,
for if one examines Fig. 4 of Ref. 24 he sees that Rc corresponding to

a particular location of transition could be determined only to within 2 or
3 million.

DISCUSSION

Miscellaneous Observations

From a study of Figs. 6, 7, and 8 and Table I the following facts are observable.
There is a strong variation of R5*tr with B; in fact, it varies quite

as predicted by stability theory. Upon making allowance for erroneously high
values of J‘Bi dt in the negative-p region, J-Bi dt appears to be inde-
pendent of B. Unfortunately, the large scatter in the data is enough to

reduce confidence in these observations but not enough to invalidate them.
Therefore it can be said that the Tollmien-Schlichting excitation process
dominates the flow sufficiently to determine the transition point when

roughness, turbulence, and other extraneous influences are absent. This fact

appears true even though the waves may not be two-dimensional, as is assumed

in the usual form of the theory.

The large scatter observable in Fig. 7 is an indication of inadequate cal-
culation methods, insufficiently controlled and instrumented experiments,
and great sensitivity of transition to numerous extraneous factors such as

roughness and waviness.

There is substantial agreement between the results of tests in flight and
tests in a good low-turbulence wind tunnel.

There is no evidence that zero roughness and zero turbulence will delay
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transition appreciably, or in other words that JFBi dt at transition can
be increased markedly by additonal care. All the models listed are of

high quality. Moreover, some of the tests are in free flight where the
turbulence is substantially zero. This statement that still smoother models
and reduced turbulence will not delay transition much more is only an
empirical observation of course, for Eq. (1) indicates no limit to J-Bi dt.
Instead, it indicates that the product of neutral-disturbance amplitude and
amplification ratio must be constant. If the disturbance amplitude at the
neutral point were continually reduced, one could expect a ccmpensating
increase in J.B dt. But such further reduction appears impossible in
practice, because of the exponential nature of a(R ) An increase of
only 3 in the value of J.B dt represents a decrease by a factor of

l/e , that is, 1/20, in the amplitude at the neutral point.

Stability theory adequately correlates transition in two-dimensional and

axially symmetric flow. On the basis of R5*t as a criterion, one could
r

expect considerable laminar flow on a body of revolution, because the expan-

sion of the body thins the boundary layer, at least back to the maximum

diameter. However, the thinning process also destabilizes the boundary layer.

These two effects oppose each other, and only the stability theory properly
accounts for both effects at once.

Although the number of cases represented in Fig. 7 is too large for detailed
treatment, some discussion of a few examples will be given in order to bring

out the meaning of the various data points.

First consider Leipmann's tests (Ref. 25) -points 1-7, Table I. Liepmann
used a flat plate in a narrow channel of 8:1 aspect ratio to measure the
transition point in Blasius flow. The channel was so small that the free-
stream turbulence gradually increased along-its length, which may explain
why Jﬁﬂi dt at transition is 5.4 instead of 6.5, as in Schubauer and
Skramstad's test. In his experiments on the effect of pressure gradient,
Liepmann again used the same type of channel.

Two points, 29, 30, are shown for the NACA 35-215 airfoil (Ref. 26). The
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upper surface was resanded several times to bring it to the highest possible
quality and minimum waviness. In the process, transition was moved back from
X/c = 0.325 to 0.424k. This example strikingly illustrates the semsitivity
to surface quality and the problem of scatter seen in Fig. 7. Point 30
represents the bottom side of this wing, which did not receive the careful
treatment given the top side-hence its lower value of S‘Bi dat.

Point 24, for the British Hawker Hurricane fighter (Ref. 27 and 28) is inter-
esting. Over most of the chord the flow was accelerating, but just before
transition, it began a rapid deceleration (see Fig. 9). Here is a case in
which Ra* grows to large values in a favorable fB-enviromment, but in

which transition occurs shortly thereafter in a strongly decelerating region.
Naturally RB* can reach a very large value at negative PB's under such
circumstances.

In the plot of [ B, dt versus B the situation, though not so bad, is still
not good. The large value, 14.3, is due partly to the methods of calculation,
as was already mentioned. It is of interest to note, however, that the
transition point for this particular case would be predicted rather accurately,
were one to useJ‘B1 dt equal to 9 because the rate of growth of J.61 dt with
x/c in the decelerating region is so great that the difference between the
results for the values 9 and 14.3 represents only a small increment in x/c.

In fact, 2-percent chord forward of the experimental transition point the
amplification ratio has fallen to 10 (see Fig. 9).

Waviness

In each correlation study the effect of waviness was a question. Experi-
mentally it has a large effect, as was mentioned in discussing the NACA

35-215 airfoil tests. An interesting problem would be the application of

the present methods to the flow along sinusoidally-waved walls of various
amplitudes in order to learn the effect on the calculated transition point.
Such a study could be made by the methods of this article, but the significance
of the results would be questionable. Gortler (Ref. 29) has supplied perhaps
the most accurate calculation of the steady boundary-layer flow along such

a wall. The steady-state calculations in themselves show & strong sensitivity
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to the wall waviness. The next step, calculation of the amplification ratio,
is questionable, because the boundary-layer profiles so little resemble the
Hartree profiles. Therefore at this time one must be content with the following
crude example to indicate the effect of waviness. Consider a flow having B
= constant = 0.05. Then, assuming transition occurs at fBi dat = 9, we see
from Fig. 3 that RS* = 4550. Now assume that the surface has waves such
that B = - 0.05 half the distance and B = + 0.15 the other half, so

that the mean value of P remains at + 0.05. It is easy to show that a
simusoidal wall will exhibit such regions of decelerating flow even with very
shallow waves. Now reading the linej‘ Bi dt =9 on Fig. 3at B = - 0.05
and at + 0.15, we find R5* = 2250 and 6250, respectively, giving an
average value of U4250. Because the waviness is small, the boundary layer
will grow at about the same average rate as in the smooth case. Therefore
when the above values of Ry, are inserted in the Ry,, x relation, we
find Xip reduced approximately as follows:

2

Xtr wavy _ R&* vavy = _ (hego )2 = .87
xtr smooth R 2 550 ’
5* smooth

In one particular case studied, a wave whose length I was 0.0lc and whose
crest was located at 0.22c, required only an amplitude of 0.001 L in order

to approximate the aforementioned numerical values! The above example is

of no great quantitative significance, but it is sufficiently definite to dem-
onstrate that a strong effect of waviness is indicated by the theory.

Conflicts in Theories
Several interesting contradictions are created by the two opposing theories.

According to the RS* criterion, thinning a boundary layer should always delay
transition, provided the thinning process can be done without unduly disturbing
the boundary layer. Contrariwise, thickening should only hasten transition.
According to stability theory the answer is not so clear. In a favorable
gradient, thinning destabilizes the boundary layer and thickening stabilizes
it. The problem is: which is reduced faster, Rb* actual

If R5*tr is reduced faster than RS* —— then thinning would

or Ra*tr?

—
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theoretically advance transition. Perhaps the simplest way of explaining the
effect is by reference to Pohlhausen's parameter A p+ Schlichting and
others have computed the curve of Rs*cr versus A P for the Pohlhausen
profiles (Ref. 30), just as Pretsch has done for the Hartree profiles. Now
Ap = (8%/v) aU/ax; 1if aU/ax > 0, reducing 5 by a fraction n will
reduce A , by an amount na, since dU/dx and Vv are unaffected by the
operation. The same effect applies in the B-system, but the relations are
more obscure. The effect was studied briefly by the writer about 1949, and
later a detailed study was made by Tetervin (Ref. 31). These considerations ex-
plain why on bodies of revolution transition is at a lower value of Rg,

than it is on two-dimensional shapes.

Another problem is mentioned to illustrate the difference in answers supplied
by the two methods. Assume that transition occurs when Ry, exceeds a
specified value, say (RS*)l' Now assume that a boundary layer of the proper
type gradually grows in the flow along the plate. At some point x,, (RB*)l
will be exceeded, and at that point transition should begin. Now shortly
before X, let us modify the flow by a combination of pressure gradient and
area suction so that Ry, is held just below the value (RG*)l’ that is,

at a value (Rg,), - €, where €, is a small mumber. The Ry, criterion
will predict that transition never occurs. The IB 1 dt czfiterion predicts
that transition will be delayed only an infinitesimal amount, since if RB*
is maintained at the value (RS*)l - €,, the rate of growth of disturbances
is reduced only by an infinitesimal amount, with the result that f p i dt
reaches its prescribed limit at the location xl
another small number. Here we have a physically conceivable method of
delaying the transition point. In the limit one method predicts an infinite
delay in the transition point; <the other predicts zero delay!

+ €5, where €, is

EVALUATION OF IB 5 dt = 9 AS A TRANSITTON PARAMETER

In Fig. 7 no discernible trend of ( f By at) gy With P is seen, but there
is a large scatter. If a correlation parameter is sensitive, correlation

studies may look poor and yet the parameter may be excellent for the practical




ES 26388 Page 26
DOUGLAS AIRCRAFT COMPANY, INC. EL SEGUNDO DIVISION EL SEGUNDO, CALUFORNIA

problem of prediction. Because sensitivity was apparent during the analysis
of the test data, it was decided to test the parameter by selecting one
representative value of IB 1 dt and then to use it to predict the location
of transition for all the cases of Table I.

Fig. 10 compares with measurement the predictions so made. The correlation
is unusually good, in view of the nature of the data, the methods of calcu-
lation, and the large variation in R . The points are identified by the
same symbols used in Table 1, as well z.s by the measured values of R r
The lowest point represents the sphere. For it, most of the amplification
of disturbances occurs in a region of strong adverse gradient, and here the
amplification-rate charts are especially poor. Nevertheless a calculation
was attempted, and much to everyone's surprise the measured and calculated
values agreed remarksbly well. Standard deviations have been computed
separately for the two-dimensional and the body of revolution data. The
values are tabulated on the figure. Because there are few signs of bias,
the value IB i dt = 9 appears to be the best integral value. It 1s note-
worthy that a similar constant amplification ratio was found for the growth
of Taylor-Gdrtler vortices along a concave surface (Ref. 32). In that case

the amplification factor was almost the same, namely, elo.

A SHORT-CUT METHOD (MICHEL'S METHOD)

For any velocity distribution there is a unique relation between Re = Ue/ v
and R = Ux/v. If the flows are similar flows, the relation is Ry = p'\[?;
(Ref. 21) where p 1is a constant for a particular value of PB. The
relation is plotted in Fig. 11. for several values of P. For higher values
of B, which correspond to the more stable flows, Re is lower at any
particular value of Rx' The reason is easily seen from the sketch below,
comparing two flows having different degrees of stability, flow A being the
one with low stability.
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X

At the point P both flows will have the same value of Rx , because U
and x are equal. But in flow B the velocity in the forward portions

is lower than in flow A, and therefore the skin friction of flow B and
consequently © and R9 are less. Hence it is qualitatively apparent that
a low value of Re at a given value of Rx is a sign of greater stability

of the boundary layer, even when the flows are not similar flows.

On each of the lines for the similar flows a particular point corresponds

to fﬁ i dt =9 (Fig. 11). Now consider more general velocity distributions.
Each will define a curve in the (Re 3 Rx)-pla.ne , but in general the curve
will not now be a straight line. On this curve a certain point will correspond
to IB i dt = 9 and if the velocity distributions do not differ greatly from
similar flows, it can be expected that the locus of jBi dt = 9 will be in
good agreement with that of the similar flows. Hence a relation between
RGtr and thr can serve as a rough measure of the stability of the bound-
ary layer. It is not to be construed, however, that Michel's method of
correlation will always supply approximately the deductions or predictions of
stability theory. For example, consider again the problem of flow slong a
plate having a combination of area suction and adverse pressure gradient

(p. 25). For this situation Michel's method will predict an infinite delay

of the transition point.

Experimental data must be studied to obtain an indication of spread of data
caused by non-similar velocity distributions. Such a study has been made of
all the flows of Table I, and points corresponding to calculated values of

f Bi dt = 9 are plotted in Fig. 11. In most cases they deviate little from
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the points provided by the similar flows. The points for bodies of revolu-
tion are plotted in terms of the equivalent two-dimensional flow as determined
by Mangler's transformation. The reason most points agree reasonably well
with those provided by the similar flows is that for most flows of technical
importance the velocity distribution retains a resemblance to one of the similar
flows. But at times there may be a considerable difference, as is illustrated
by the sphere. thr for the sphere is so low that in the similar flow having
the same value of thr , B 1is about - 0.10. This B-flow has a constantly
decreasing velocity, starting with U = oo at x = 0. But the sphere

begins with a stagnation flow so that U =0 at x = 0, and here the two
flows bear no resemblance to each other.

Therefore it becomes possible to prepare a correlation curve in the (RO’ Rx)-
plane that will provide rather good results as long as the velocity distribu-
tions are rather smooth curves, having little undulation, and provided they
resemble those that provided the data for the original correlation. The
above discussion explains why Michel's correlation was successful. Michel's
curve, points for similar flows, and points for the flows of Table I are

all shown in Fig. 11.

For purposes of defining a curve to be used in locating the transition point,
it is slightly better to work directly from the test data and thus avoid
errors introduced by errors in the calculation of the amplification ratio.
Fig. 12 is such a plot. The difference between Figs. 11 and 12 is that

Fig. 11 is based on data calculated by the basic method and Fig. 12 uses

the measured data.

Within the range of the data a straight-line fit is as good as any other.
The line shown is defined by the equation:

46

R = 1.174 Rxo' 0.3 x 1o6< R < 20 x 106 (5)

e‘l:r

Shown also is Michel's original curve. Both Michel's and the proposed locus
are of an insensitive nature for the reason that their slopes are nearly the
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the same as those of the boundary layer itself in this plane. Hence the data
show little scatter and look good on the plot, but the accuracy may not be as
great as might be expected, for the reason that Rx-u- must be determined

by finding the intersection with the transition locus of the (Re, Rx)-curve
of the boundary layer under comsideration. Because the curves frequently
intersect at quite a shallow angle, thr may be considerably in error.
Comparison of the transition locus with the data of Fig. 11 shows that

.“Bi dt = 9 indeed predicts the locus with a high degree of accuracy.

The best means of evaluating this short method is to compare with measure-
ment the transition points calculated by means of Eq. (5). That has been
done for all points used in Fig. 10.and results are given in Fig. 13. In
two-dimensional flow the method is substantially equal in accuracy to that
of the basic method and of course is much faster, for the reason that it
requires only the calculation of RQ and Rx along the body, completely
bypassing the stability calculations. Standard deviations are shown for
comparison with those on Fig. 10. Mangler's transformation apparently

correlates results for bodies of revolution, but the accuracy is poor.

CONCLUSIONS

1. Stability theory successfully explains the effect of pressure
gradient on the transition point in low-speed flows of very 1ow-
turbulence streams past very smooth bodies, either axially symmetric
or two-dimensional.

2. By the time the transition point is reached, the most critical
Tollmien-Schlichting wave has undergone an spparent amplification
of about e9 times, its amplitude at the beginning of its growth.

Of course, this value is based on Pretsch's set of stability charts;
improved charts may change the value of the factor.

3. By means of this constant, e9 , 1t is possible to predict the
transition point in arbitrary flows with an error in thr seldom
greater than 20 percent.

4., Evidently, in view of the above successful correlation, the unstable,
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self-energizing mechanism of Tollmien-Schlichting waves is the
dominating process during the initial stages of the evolution of
a boundary layer from a laminar to a turbulent state, provided the
flow meets the limitations of this report.

5. The considerable body of data examined indicates that the extent
of laminar flow obtainable in good low-turbulence tunnels is no
less than that obtainable in flight.

6. The experimental data demonstrate that Ry, and Ry do not have
constent values at the transition point. Rather, Retr and R5*tr
are variable but can be correlated approximately by Michel's
method in most cases of interest.

T. Stability theory supplies the explanation for Michel's hitherto
unexplained transition-correlation curve.

8. Michel's correlation method is extended by means of Mangler's
transformation to include axially symmetric flows but the results
have a low degree of accuracy.

9. The data and studies of this report justify Michel's method as a
repid, approximate method for estimating the transition point in
two-dimensional flow so long as the velocity distribution of the
problem roughly resembles one of the distributions used in the
original correlation.
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Figure 5. Growth of Tollmien-Schlichting waves at R, =6.65 x 106, N.A.C.A. body of revolution of fineness
ratio 9.0.
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Figure 8, N.A,C.A, 65(215) 114 Airfoil; Experimental and calculated transition curves, C; = 0.14,
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Figure 10. Transition computation-- correlation between measurement and prediction by stability theory.
See Table | for symbols.
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Figure 13. Transition computation-- correlation between measurement and prediction by Michel’s method,
using Eq. 5. See Table | for symbols.





