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APPENDIX A

Some Useful Mathematical Formulas

A.1 Useful Vector Identities

a-(bxc)=b-(cxa)=c-(axb),
ax (bxc)=b(a-c)—c(a-b),
V x Vi =0,
V-VxA=0,
V-(pA)=A -Vy+¢V-A,
Vx (WA)=Vi x A+yV x A,
V-(AxB)=B-VxA—-A-VxB,
V(A-B)=(A-V) B+(B- V) A+ AxVxB+BxVXxA,
Vx(AxB)=(B-V)A—(A-V)B+AV -B-BV A,
VxVxA=VV-A-V’A.

In Cartesian coordinates, V?A can be decomposed as

VA = 2V?A, + 9V’ A, + 2V’ A,,
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(A.11)

because V? commutes with #, ¢, and 2, i.e., V22 = 2V? and so on. This
is not true in other curvilinear coordinates; hence, this decomposition is not

allowed.

A.2 Gradient, Divergence, Curl, and Laplacian in
Rectangular, Cylindrical, Spherical, and General
Orthogonal Curvilinear Coordinate Systems

(a) Rectangular System; z, y, z:

0 0 0
vy = W4 0y 005

ox z
04, 0A, 0A,

A =
v 8m+8y+82’

0z ox

9% 0% 0%
2, _
Vi = O0x2 * Oy? * 022"

oA <8Az - 8Ay> it <8Aw - 8Az) - <8Ay - an) :

oy 0z dr Oy

(A.12)
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(b) Cylindrical System; p, ¢, z:

00, 100, 00,
Vip = 3 +p8¢¢+8zz’ (A.16)
10 104, aA
V-A=-_(pA)+ A7
pap(P o) > 00 (A.17)
(104, 0Au) . 04, 0A,\ - 1[0 04, .
VXA‘(W az)’”(@z ap)¢+p<ap(”A¢) a¢)z,
(A.18)
2y 1O (09 10 0%
V@b—pa (ap +p2a¢2+az2' (A.19)
(c) Spherical System; r, 0, ¢:
oy, 10Y 1 0y~
VY= (97“T+ 7‘800+ rsinf 8¢¢’ (4.20)
10y, 10 L oa,
v A—T‘Z (r AT)+T€1H980(SIDQA)+TSin0 0¢’ (A-21)
0 0Ap] . 1[ 1 04, 0 A
VXA_rsm [89(“110144’) 5¢}T+;[sin9 dp _E(TA@}H
1[0 0A, ]
+—[E(TA0)— 89:|¢a (A.22)

2y L0 (00 1 0 (. 0y 1 0%
- — - — . A2
VY 2or \| or * rZsm0 o0 \" ¢ 00 * r2sin? § > (A.23)

(d) General Orthogonal Curvilinear Coordinate System; 1, zo, x3:

The metric coefficients (hy, he, hs) in a general orthogonal curvilinear
coordinate system are defined by

ds; = hijdx;; i=1 or 2, or 3, (A.24)

where ds; denotes a differential length in the direction of dz;. Moreover,
the variable, x; may not have the dimension of length. One way of finding
the metric coefficients is to express the rectangular variables in terms of the
variables of that system:

= y(xla T2, $3):

Yy = y(mla T, "L.3)a

z = z(x1, T, x3).



SOME USEFUL MATHEMATICAL FORMULAS 573

Then

oz \? oy \? 0z \? ks
ds; = [(5) +<8y) +<a )] dri, i=1,2,3. (A.25)

Hence,

1/2

hi = [(gjj)QJr ((gi>2+ (25)2] . (A.26)

For instance, in an elliptical coordinate system,

x = ccoshucoswv, (A.27)

y = csinhusinw. (A.28)
If (21, o, x3) represent (u,v,z), then by applying (26), we have

hy = hy = ¢(sinh? ucos® v + cosh? usin? v)'/? = ¢(cosh? u — cos® v)"/?,
(A.29)
hs = 1. (A.30)
In general, for any orthogonal curvilinear coordinate system,
10y
Vi = — 1y, A31
1 0 (AA;
A= — : A= A.32
1 hlfvl hgiﬁg h3SE3
V><A:Z i , (A.33)
hiAi hoAs  h3As,
3
1 0 (A oy
= — | =) A.34

A.3 Useful Integral Identities

In the following formulas, V is a volume bounded by a closed surface S.
The unit vector 7 is normal to S and points outward.

(a) Gradient Identity:

f VedV = f{ $i dS. (A.35)
14 S



