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VECTOR DIFFERENTIAL OPERATORS 925
or
A, =A,sinfcos¢p + Agcosfcos ¢ — A, sine
=4, sinfsing + Aycosfsing + A, cos ¢
A, =A,cosf — A,sinf (11-13b)

IL2  VECTOR DIFFERENTIAL OPERATORS
The differential operators of gradient of a scalar (Vy), dlvergence of a vector
(V + A), curl of a vector (V X A), Laplacian of a scalar (V %)), and Laplacian of a

vector (V %A) frequently encountered in electromagnetic field analysis will be listed
in the rectangular, cylindrical, and spherical coordinate systems.

IL2.1 Rectangular Coordinates

V=4 —+4,—+4,— (11-14)

o4, 04, 94 |
- (11-15)

v dx 8y dz
v x A 94, 34,\ (34, 94, ' s 94, 04, 16
xA=g |2 _ %% i -
a ay dz ta ( dz dIx ') %2\ Tx dy ( )
2 2 2
Y I Iy
V —_— — — — -
Ve Vy=VZ P +8y2+ih2 (I1-17)
VA =4,V +3,V4,+4,V, (11-18)
I1.2.2 Cylindrical Coordinates
Ay 10y 3y
VY =d,— +d,—— + 4, — 1
v=4d, 3 a¢p 7o + 4, e (I1-19)
19 104, 044
VA= -—— - d 11-2
p dp (e ") d¢ az (11-20)
v %A 104, 04,) (84, 94,
IR PAr e » *\ 9z~ ap
, 19(pd,) 104,
+4,|— - 11-21
(p dp . p I¢ (I-21)
14( ay\ 1% %
VH=——|p— |+ 55— + — 1122
v P 3p(p3p) p> d¢* 927 (1-22)

VA=V(V-A) -V XV XA (11-23)
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or in an expanded form

924 194, A, 19%4, 294 34
RN e e i T i e =]
ap p dp o P 99 p* 99 32/ ~
024, 104, A, 109%4, 234, 7 3%, o
gl ==+ -—-=+= + =L+ A5
a“’( r p dp o o3¢ o 09 9z’
(04, . 104, . 1 9%, N 3%, (1‘1‘23 )
+ U O . -
G\ "o a0 0 980 97 - 4

In the cylindrical coordinate system VA #4,v A , T a ¢V2A¢ + 4,V 4, because
the orientation of the unit vectors d, and d, varies with the p and ¢ coordinates.

11.2.3 Spherical Coordinates

v

gy 1oy 1 3

opea ¥ st s 11-24)°
v oFr 907 30 % sind ¢ ( )
1-9 ad 1 0d4
VA=——(r4,)+  (sinbdy) + —— —— 1-2
A r? Br(r ') rsin @ aa(sm o) rsing d¢ (11-25)
a, [0 04,1 a,[ 1 04, 9
vV X A= O (4osind) - 2+ L - .
A rsinﬂ[aﬂ( psin®) a¢} r[sinﬁ 99 ar(rA¢)]
N
] 4 11-26
+__ J— — -
3, (40) ~ g (1-26)
1 0/( . d¢ 19 3y 1 %
oty e L (280 y —— —sinb— |+ g g (2
V= ar(’ 8r) 77 sinf ae(sm ao) ey ralliY 7)
VA=V(V:A) -V XVXA (11-28)
or in an expanded form
. 04, 204, 2 1 ou, cot0od, ] %4,
= + — —— — e — —— ——e
A\ T ar o r? 36> 72 90 @ r*sin’d 3¢
2 94, 2cotl 2 04,
r? 96 2 70 plsingd d¢
LT 34, A 1 824, cotf 84,
G\ 52 T 7 Tor T s r? 967 r2 90

e e | ——————

* Tanig 992 | 72 a0  risnb 39

4, 204, 1 104
4+ A — — —
A\ 702 T 7 ey rrsin? ? r? 96?
cot§ 94, 1 34, 2 94,

ey et
7 90 | r’sin*@ 9¢*  r’sinf 0¢
2cot 8 BAo)

| 2eot? 04 1-2
»2sinf 99 (11-282)
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FIGURE IV-1 Bessel functions of the first kind [Jp(x), Ji(x), L(x), and J3(x)]. (Source: C. A
Balanis, Antenna Theory: Analysis and Design, copyright © 1982, John Wiley & Sons,

Inc. Reprinted by permission of J ohn Wiley & Sons, Inc.)
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FIGURE 1V-2 Bessel functions of the second kind [Yy(x), ¥i(x), Ta(x), and Y3(x)). (Source:
C. A. Balanis, Antenna Theory: Analysis and Design, copyright © 1982, John Wiley &

Sons, Inc. Reprinted by permission of John Wiley & Sons, Inc.)




Special  properties,

L TnCx) s fente at x=,
T ) is afinite at e,

2" T (<)~ cosx X —> pey

The Feremd Solerto,, :

20t 2, zZ) = fp) 9C2) hiz)

= (ELtos +F, (6ps) x

(Ae ez + Be /%2 )

SC;YCQ /EZ J‘W AQ

Jarite ot pe
= F= o

St the prepegation
£

— ]M (/é!oP) (CCQ'SM¢ —t D;Cﬂm¢)e*) T2

bp = k- *




Vi

P T ESE ST T t) (Commp 4Dsiang)

\

E?/ ca =0 = I"’(éfa)::o

/
\;m [XMH =0 , 1=/ n=2 3
- =

M=o 3.33/,? 70/¢4

r8.173 ¢+
a
k. / €t
g -_— "\ka — < /
— _ 2.'5,,, _ /. k>
‘ o k"-:/é‘f




| [
7_175 Mo/% ‘ ”

A=Z4 (g 2) Fuo

Yoo 2

= ML

Som

Purarg f@ﬁ)(c:a,,m? — Dews ?9) ez
“7 /e

E,
Peq = O =
Z«(éfa)-_.:o

puo‘fe Zy/ (XMA)-?-‘-—O ;é
Pq:‘ X‘vn



1 {9?
Ef= ~j—|-— + 8%|4
: wpe |\ dz
Vo d
B | e
= B I (B,0)[Coc08 (m) + Dysin (me)] s (9.23)
Application of the boundary condition of (9-20b) using (9-23) gives
'32
EX(p=a,¢,z)= —ij,,;l:—EJm(Bpa)[Czcos (m¢) + D, sin (me)] e ez =
(9-24)
which is only satisfied provided that
an
Jm(Bpa) = 0 = Bpa = an = Bp = a (9'25)

In (9-25) x,, represents the nth zero (n=1,2,3,...) of the Bessel fun
of the first kind of order m (m = 0,1,2,3,...). An abbreviated
Xmn Of the Bessel function J,, is found in Table 9
2.4049 (m = 0, n = 1), followed by 3.8318 (m = 1

et cetera.

ction J,,
list of the zeroes
-2. The smallest value of Xonn 18
sn=1,51357(m =2, n = 1),

By using (9-19a) and (9-25), B, can be written as

I
=

(B.) =

By following the same procedure as for the TE?
expressions for the cutoff frequencies (f£,)

TABLE 9.2

/B? - B7 = \/32—(";’")2 \

(9-26a)
when 8 > B, = X;""
when B =, = g = Xonn (9-26b)
(9-26¢)
when B < B8 = %

modes, we can write the

mn> PTOpagation constant (g,), . and

Zeroes ¥, of S Xmn) = 0(n = 1,2, 3,...) of Bessel function J.(x)

m=0 m=1

m=2 m=3 m=4 m=35 m=6 m=

7T m=8 m=9 m=10 m = 11

n=1]
n=2] 55201
n=3

24049 38318 51357 63802 7.5884 87715 9.9361 110864 122251 133543 14d7ss 15.5808
70136 BALT3 97610 11.0647 123386 13.5893 14.8213 16,0378 17.0412 18.4335 19.6160
8.6537 101735 11.6199 13.0152 14.3726 15.7002 17.0038 182876 19.5545 20,8071 22,0470 232759
HL7915 133237 147960 16,2235 17.6160 189801 20,3208 21.6415,2.9452 24.2339 25,5005 26.7733
14.9309 16,4706 17.9598 19.4094 20.8269 22.217823.5861 24.9349 26.2668 27,5838 288874 301791 °
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