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ECE ��� Lecture Notes

��� Dielectric Waveguides �Slab��

When a wave is incident from a medium with higher dielectric constant
at an interface of two dielectric media� total internal re�ection occurs
when the angle of incident is larger than the critical angle� This fact can
be used to make waves bouncing between two interfaces of a dielectric slab
to be guided
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Since total internal re�ection occurs for both TE and TM waves� guidance
is possible for both types of waves

I� TE Case E � 	yEy

Ey is a solution to the wave equation in each region� In region �� we
assume a solution of the form

E�y � E�e
�j��xx�j�zz� 
��

where
��

�x 
 ��

z � ������ � ��

�
� 
�a�

In region �� we assume a solution of the form

E�y � �A�e
�j��xx 
B�e
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In region �� the solution is of the form

E�y � E�e
j��xx�j�zz� 
��

where
��

�x 
 ��

z � ������ � ��

�
� 
�a�

�



We assume that all the solutions in the three regions to have the same z�
variation of e�j�zz by the phase matching condition�

In region �� we have an up�going wave as well as a down�going wave� The
two waves have to be related by the re�ection coe�cient �� for the electric
�eld at the boundaries� �� is derived earlier in the course� Therefore at
x � d

�
� we have
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where ���� is the re�ection coe�cient at the regions � and � interface� At
x � �d
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� we have
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where ���� is the re�ection coe�cient at the regions � and � interface� Mul�
tiplying equations 
�� and 
�� together� we have�
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j��xd � ��������A�B�e
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A� and B� are non�zero only if
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The above is known as the guidance condition of a dielectric slab waveg�
uide� If medium � is equal to medium �� then ���� � ����� and the guidance
condition becomes
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From before� for a wave incident at an angle 	�
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Since ��x � �� cos 	� ��x � �� cos 	
��� 
�� could be written as
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Taking the square root of 
��� we have

����e
�j��xd � ��� 
���

When we choose the plus sign� B� � A� from 
��� and from 
��

E�y � �A� cos
��xx�e
�j�zz � even in x� 
���

When we choose the minus sign in 
��� we have B� � �A�� and

E�y � ��jA� sin
��xx�e
�j�zz � odd in x� 
���
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Multiplying 
��� by ej��x
d

� and manipulating� we have
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Subtracting 
�a� from 
�a� and solving for ��x� we have
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In order for 
��� and 
��� to be satis�ed� ��x has to be pure imaginary� In
other words� the waves in region � and � have to be evanescent and decay
exponentially away from the slab� Hence
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We can solve the above graphically by plotting
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y� is the equation of a circle� the radius of the circle is given by
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The solutions to 
��� and 
��� are given by the intersections of y� with y� and
y�� We note from 
��� that the radius of the circle can be increased in three
ways� 
i� by increasing the frequency� 
ii� by increasing the contrast ����

����
� and


iii� by increasing the thickness d of the slab�

When ��x � �j��x� the re�ection coe�cient is
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and j����j � �� Hence there is total internal re�ections and the wave is
guided by total internal re�ections� Cut�o� occurs when the total internal
re�ection ceases to occur� i�e� when the frequency decreases such that ��x � ��
From the diagram� we see that ��x � � when
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The mode that corresponds to the m�th cut�o� frequency above is labeled
the TEm mode� TE� mode is the mode that has no cut�o� or propagates at
all frequencies�

At cut�o�� ��x � �� and from 
�a��

�z � �
p
����� 
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for all the modes� Hence� both the group and the phase velocities are that of
the outer region� This is because when ��x � �� the wave is not evanescent
outside� and most of the energy of the mode is carried by the exterior �eld�

When � ��� ��x � n�
d
from the diagram for all the modes� From 
�a��
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Hence the group and phase velocities approach that of the dielectric slab�
This is because when � ��� ��x ��� and all the �elds are trapped in the
slab and propagating within it�

Because of this� the dispersion diagram of the di�erent modes appear as
below�
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II� TM Case H � 	yHy

For the TM case� a similar guidance condition analogous to 
��� can be
derived

� � ���k���ke
��j��xd� 
���

where � is the re�ection coe�cient for the TM �eld� Similar derivations show
that the above guidance condition� for �� � ��� �� � ��� reduces to
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Note that for equations 
�� and 
���� when we have two parallel metallic
plates� �k � �� and �� � ��� and the guidance condition becomes

� � e��j��xd � ��x �
m�

d
�m � �� �� �� � � � � 
���

which is what we have observed before�
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