ECE 255

24 October 2017

In this lecture, we will introduce small-signal analysis, operation, and models
from Section 7.2 of Sedra and Smith. Since the BJT case has been discussed, we
will now focus on the MOSFET case. In the small-signal analysis, one assumes
that the device is biased at a DC operating point (also called the Q point or the
quiescent point), and then, a small signal is super-imposed on the DC biasing
point.

1 The DC Bias Point and Linearization—The MOS-
FET Case

Before one starts, it will be prudent to refresh our memory on the salient features
of the MOSFET from Table 5.1 of Sedra and Smith. Also, Figure 1 is included
to remind one of the definition of the relationship between Vgs, Vov, Vap, and
Vbs. When Vpg > Vpy, the channel region is not continuous, and pinching
occurs. The device is in the saturation region.
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Table 5.1 Regions of Operation of the Enhancement NMQS Transistor

z . .
D A Triode | Saturation
= + Ups < Uoy | Upg = Ugy
Usp 5}) |
1 2
R L) oo —
+ | —g Ups |
> 71 | Ugs = Vin + Yov
Ugs — ) i
_ _ ! Cutoff
—_— v
3 — o Slope = — i ;< Vir
i ! .
8ps = s 0
!
= kn(%)vov oy Ups

B y,,<V,, :nochannel; transistor in cutoff; i, = 0

By, = V,, +v4y: achannel is induced; transistor operates in the triode region or the saturation region depend-
ing on whether the channel is continuous or pinched off at the drain end;
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Figure 2 illustrates an NMOS operating as an amplifier. It is being biased
with a DC voltage, and a small signal is superimposed on top of the DC voltage.
Before proceeding further, one is also reminded of the i-v characteristics of

a MOSFET. Namely, that in the saturation region
) 1 s 1
ip = §kn(vGS -V = §knvov (1.1)

where
vas = Vas + vgs, vov = Vov + Vo (1.2)
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Figure 1: A figure to remind us of the definition of vgs, vov, vps, and vap
(Courtesy of Sedra and Smith).
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Figure 2: Circuit diagram of a transistor MOSFET (NMOS) amplifier with
a small time-varying signal superimposed on top of a DC voltage bias source
(Courtesy of Sedra and Smith).



where voy = vgs — V;. Again, the notation will be that the total value is
denoted by a lower-case letter with upper-case subscript, the DC value or the
Q point is denoted by a upper-case letter with upper-case subscript. The small
signal is denoted by a lower-case letter with lower-case subscript. However,
the threshold voltage, which is a DC value is denoted as V; in order not to be
confused with Vp the thermal voltage.

It is noted that the overdrive voltage voy is defined as

vov =vas — Vi = Vas +vgs — V4 (1.3)

If we further define that voy = Vov + voy, equating the time varying and DC
parts, one gets
VOV = VGS - %7 Voy = Vgs (14)

If the time-varying signals are turned off, then (1.1) becomes
1 2 1 2
Ip = §kn(VGS -Vi)° = §anOV (1.5)

the i-v relation obtained at the Q point, or the operating point.
In (1.1), by letting
vas = Vas + vgs (1.6)

then
. 1 2 1 2 1 2
ip = §kn(VGS+Ugs_‘/t) = §kn(VGs—Vt) +kn(VGS_Vt)Ugs+§k"Ugs (1.7)

For small signal analysis, vgs is assumed to be small. Then vgs is even smaller;
and hence, the last term can be ignored in the above. By letting ip = Ip + i4,
a DC term plus a time-varying term, then from the above, one can see that the
time-varying term is given by

iq ~ kn(VGS - ‘/t)vgs = gmUys (18)

where ) )
iq Jip

9m = kn(VGS - V;f) = anOV = (19)

Ugs das vas=Vas
The above has the unit of conductance, and it is called the MOSFET transcon-
ductance. The last equality follows from that the transconductance is the ratio
between two incrementally small quantities at the operating point. This incre-
mental relationship is shown in Figure 3.

A more detail analysis by comparing the last two terms on the right-hand

side, one can show that the last term can be ignored if
Vgs K 2(VGS — Vt) =2Vovy (1.10)

Also, it is seen from the Figure 3 that in order for the small signal analysis to
be valid, it is required that vy, < 2Voy.
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Figure 3: Graphical depiction of the small signal analysis for MOSFET (Cour-
tesy of Sedra and Smith).



Furthermore, it is seen that at the DC operating point, by KVL
Vbs =Vpp — Rplp (1.11)
If Vpp is held fixed, then by KVL again
vps = Vpp — Rpip =Vpp — Rp(Ip +i4) = Vpp — RpIp — Rpiq (1.12)

From the above, by equating the time-varying terms and the DC terms, one
concludes that the time varying part of vpg, or vy, is given by

Vds = 7Z'dRD = fgmvgsRD (113)

One can define a voltage gain as

Ay =24 — 4 Rp (1.14)
Vgs

The negative sign comes about because an increase in vy, causes an increase
in ¢4, causing the rise in the voltage drop across Rp, and hence, a drop in the
voltage vg,. This sign reversal is indicated in Figure 4.

2 Small Signal Equivalent-Circuit Models

By looking at the i-v characteristic curve of the MOSFET as shown in Table 5.1,
it is seen for incremental vy, the current iy does not change. This relationship
can be modeled by a current source. Moreover, the gate of the MOSFET is
essentially an open circuit at DC. Hence, the small-signal equivalent-circuit
model is presented in Figure 5(a).

When the Early effect has to be accounted for, an output resistor r, can be
added as shown in Figure 5(b). The value of r, is given as

V, 1
o = M, where Ip = fanOQV (2.1)
I 2

where V4 = 1/, and —V}4 is the negative intercept of the i-v curve.
Here, r, is typically 10 k2 to 1000 k2. When r, is included, then the voltage

gain becomes
_ Vds

Ay = — = —gm(Rpl|ro) (2.2)

Vgs

In other words, the inclusion of r, reduces the voltage gain.

The above analysis can be used for PMOS by noting for the sign change in
PMOS, and by using |Vas|, |Vi|, [Vov|, and |V4| in the formulas, and replacing
k,, with k.
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Figure 4: Total instantaneous voltage vgs and vpg for the circuit in Figure 2.
Note the sign reversal of the amplified signal (Courtesy of Sedra and Smith).
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Figure 5: The small-signal model for a MOSFET: (a) no Early effect (channel-
length modelulation effect); (b) Early effect is included by adding r, = |Va|/ID
(Courtesy of Sedra and Smith).

3 Transconductance g,

The transconductance can be looked at with more details by using k,, = k., (W/L),
giving

gm =k, (W/L)(Vas — Vi) = k,(W/L)Vovy = jinCox(W/L)Vov (3.1)

The transconductance can be increased by increasing the W/L ratio, and also
increasing the overdrive voltage Vpoy. But increasing Voy implies that the
operating point for Vpg has to increase in order for the MOSFET to be in the
saturation region.
Also, by using the fact that
1

1
Ip = iknvcgv = ikZ(W/L)ng (32)

then g,, in (3.1) can be alternatively rewritten as
9 = N2, (WD) Ip (3.3)

implying that g,, is proportional to the square roots of the drain current Ip,
and W/L. At this point, note that

1. The transconductance g,, of a MOSFET is geometry dependent whereas
that of the BJT is not.

2. The transconductance of a BJT is much larger than that of a MOSFET.

For example, with biasing point of Ip = 50 mA, with k!, = 120 uA/V?, with
W/L =1, g = 0.35 mA/V, whereas when W/L = 100, g,, = 3.5 mA/V. But
typically, the g, = 20 mA/V for BJT when Ic = 0.5 mA.
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Figure 6: The relationship between Ip, Voy, and g, as shown in the ip versus
voy curve (Courtesy of Sedra and Smith).

Alternatively, by letting k/,(W/L) = 2Ip/(Vas — Vi)?, it can be shown that

21,  2Ip
Vas =V Vov

9m = (34)
Since gy, is an incremental relationship, this relationship can be shown graphi-
cally as in Figure 6.

The above equations indicate that a designer can change g,, by altering
W/L, Vov, and ID.

4 The T Equivalent-Circuit Model

The hybrid-m equivalent-circuit model can be replaced by the T equivalent-
circuit model. The morphing of a bybrid-7 model to the T model is shown in
Figure 7.

1. The current source in the hybrid-m model can be split into two without
affecting the branch current. This is seen from the morphing of Figure
7(a) to Figure 7(b).

2. Note that the gate current is zero. The point X can be connected to the
gate input, and yet the gate current is zero because of KCL at X. This is
indicated in Figure 7(c).
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Figure 7: The morphing of the hybrid-m equivalent circuit model in (a) to the
T equivalent circuit model in (d) (Courtesy of Sedra and Smith).

3. But the second voltage-controlled current source is just the voltage and
current relation in a resistor. Hence, it can be replaced by a resistor as
shown in Figure 7(d).

Notice that in the T equivalent-circuit model, due to its construction, and
KCL, the gate current is always zero, implying that its resistance is infinite.

Also as the morphing of the hybrid-m equivalent-circuit model to the T
equivalent-circuit model is unaffected by connecting a resistor between D and
S, an r, can be thus connected to account for the Early effect or the channel-
modulation effect as shown in Figure 8(a). Figure 8(b) is an alternative way of
representing the T equivalent-circuit model, so that the gate current is always
zero by KCL.

10



(a) (b)

Figure 8: The morphing of the 7 equivalent-circuit model to the T equivalent
circuit model is still valid if a resistor is connected between the drain D and the
source S. Hence, in (a), 7, can be connected to account for the Early effect. (b)
shows an alternative T model that is equivalent (Courtesy of Sedra and Smith).

Example 7.4

Figure 7.18(2) shows a MOSFET amplifier biased by a constant-current source /. Assume that the values
of I and R, are such that the MOSFET operates in the saturation region. The input signal v, is coupled to
the source terminal by utilizing a large capacitor Cy,. Similarly, the output signal at the drain is taken
through a large coupling capacitor C,. Find the input resistance R, and the voltage gain v,/v,. Neglect
channel-length modulation.
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Figure 7.18 (a) Amplifier circuit for Example 7.4. (b) Small-signal equivalent circuit of the amplifier in (a).

Solution

Replacing the MOSFET with its T equivalent-circuit model results in the amplifier equivalent circuit
shown in Fig. 7.18(b). Observe that the dc current source I is replaced with an open circuit and the dc
voltage source V), is replaced by a short circuit. The large coupling capacitors have been replaced by short
circuits. From the equivalent-circuit model we determine

e Ly
=
and
i v,
vo N —'IRD = Tgm RD o ngDvi
Thus,
Ulﬂ
An = ?‘ = ngD

We note that this amplifier, known as the common-gate amplifier because the gate at ground potential is
common to both the input and output ports, has a low input resistance (lfg,“) and a noninverting gain. We
shall study this amplifier type in Section 7.3.5.
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5 Common-Source (CS) Amplifier

The common-source amplifier for MOSFET is the analogue of the common-
emitter amplifier for BJT.

5.1 Chararacteristic Parameters of the CS Amplifier

Figure 9(a) shows the small-signal model for the common-source amplifier. Here,
Rp is considered part of the amplifier and is the resistance that one measures
between the drain and the ground. Then

Vo = —gmUgsRD (5.1)

The small-signal model can be replaced by its hybrid-7 model as shown in Figure
9(b). By inspection, one sees that

Ry = 0, V; = Usig, ,Vgs = U; (52)

Thus the open-circuit voltage gain is

Avo = & = 79mRD (53)

3

Then from the equivalent-circuit model in Figure 9(b) and the test-current
method,
R,=Rp (5.4)

If now, a load resistor, Ry is connected to the output across Rp, then the
voltage gain proper (also called terminal voltage gain) is

Ry, RpRyp,

A, =A = —Om——7— = —9gm(Rp||R 5.5
dng g = —gu(RollR)  (59)

UOm -

From the fact that R;, = oo, then v; = v4g. The overall voltage gain is the
same as the voltage gain proper, namely

Vo

Gy =— = —gm(Rpl||RL) (5.6)

Usig
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Figure 9: (a) Small-signal model for a common-source amplifier. (b) The hybrid-
m model for the common-source amplifier (Courtesy of Sedra and Smith).
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