ECE 255, Frequency Response

7 December 2017

1 Introduction

In this lecture, we will study the internal capacitances and their effects on the
high-frequency response of a circuit. It is based on Section 10.2 to Section 10.5
of the textbook.

2 Internal Capacitive Effects on MOSFET

Any two pieces of conductive materials can make a capacitor. Hence, when two
pieces of conductors are brought to close proximity of each other, due to that
unlike charges attract, charges will accumulate at these points. Then electric
field is set up in between them, giving rise to electric energy stored. Electric
energy stored corresponds to energy storage in a capacitor. These equivalent
capacitors are called internal capacitors or parasitic capacitors. They are shown
in Figure 1.

These internal capacitors gives rise to the modification to the small-signal
model. This modification is shown in Figure 2(a). Here, Cys, Cya, Csp, and
Cyp are the gate-to-source, gate-to-drain, source-to-body, and drain-to-body
capacitances, respectively. But when the source terminal is connected directly
to the body, then the model can be simplified as that shown in Figure 2(b). By
further ignoring Cg, the drain-to-body capacitor, which is small since drain can
be quite far from the body, the model simplifies to that show in Figure 2(c) and

(d).
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Figure 1: Internal capacitors in a MOSFET. Any two pieces of conductive
materials separated by an insulator (or a region of low conductivity) will have a
capacitance between them. This figure shows the internal capacitances as Cys,
Cya, Csp, and Cgp (Courtesy of Sedra and Smith).
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Figure 2: (a) High-frequency equivalent circuit of a MOSFET. (b) The sim-
plified case where the source terminal is connected to the body. (¢) Further
simplification by ignoring Cgp, which is usually small. (d) The simplified T
model equivalent circuit (Courtesy of Sedra and Smith).



2.1 The MOSFET Unity-Gain Frequency (fr)

" I
I; Ves T Coe  8mVes v

Figure 3: Model for determining the short-circuit current gain (Courtesy of
Sedra and Smith).

As the frequency increases, the gain of the amplifier drops and its performance
deteriorates. The amplifier becomes useless again when its gain drops below
one. Therefore, it is prudent to ascertain the frequency at which the short-
circuit gain becomes one. This is usually denoted as fr, or called the transition
frequency.

To determine the short-circuit current gain using the model shown in Figure
3, one injects a current I; into the input port of the amplifier. Then the output
current I,, ignoring the current through 7,, is

Io = gmvgs - SngVgs (21)

Since the capacitance Cyq is small, one can approximate this current as just

Io =~ gmVys (2.2)
Furthermore, one finds Vg, as
I;
Vig=———— 2.3
g S (Cgs + ng) ( )
Consequently, using (2.2) and (2.2), one gets
I, Im
o _____Jm 2.4
I~ 5 (0ot Cy) 24

By letting s = jw, one has

| &~

Im
= — 2.5
w (Cys + Cya) (2:5)

~

%

1Using KCL which is valid for complex impedances as well.



The above becomes unity at

w=wr = g/ (Cys + Cya) (2.6)
Using fr = wr /27 yields
Im
= 2.7
I 25 (Cou t G 27

Typically, fr ranges from 100 MHz for older technologies (5-um CMOS) to
many GHz for newer high-speed technologies (0.13-um CMOS).? The smaller
the device, the smaller are the internal capacitances, since capacitance is simply
given by the formula e¢A/d. Making a device 10 times smaller makes the area
100 times smaller, while the separation becomes 10 times smaller. Hence, the
capacitance becomes ten times smaller.

Table 10.1 The MOSFET High-Frequency Model
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2Now it is possible to make transistors operating at 100 GHz.



2.2 The BJT

As before, the simple hybrid-7 model of the BJT has to be modified accordingly
due to the presence of internal or parasitic capacitances.

2.2.1 The Base-Charging or Diffusion Capacitance Cy.

Parasitic capacitances slow down the switching speed of a transistor, since they
have to be charged and discharged. It will be prudent to study various charge
storage mechanisms in a transistor. For an npn transistor, the charge stored in
the base region can be expressed at

Qn = Tric (2.8)

where 7 is the forward base-transit time, the average time a charge carrier
(electron) takes in crossing the base. It is typically about 10 ps to 100 ps. On
the average, this amount of charge will reside in the base region.

Since i¢ is dependent on vpg, @, will similarly depend on vpg. And C =
Q/V, a small-signal diffusion capacitance Cj. can be derived to be

dQn dic

Cge = = 2.9
d dUBE " d’UBE ( )
Here, the small-signal transconductance g,, = dic/(dvpg) resulting in
I
Cde =TFdm = 7—Fic (210)
Vr

We have used the formula that g, = Ic/Vr.

2.2.2 The Base-Emitter Junction Capacitance Cj,

In addition to the base-charging diffusion capacitance, there capacitance at the
depletion layers at the junctions. For the base-emitter junction, this capacitance
is assumed to be

Oje ~ QCjeO (211)
where Cj¢o is the value of C}. at zero EBJ voltagen or no biasing. This capaci-
tance increases on forward biasing because the depletion layer becomes thinner.

2.2.3 The Collector-Base Junction Capacitance C},
Since in the active mode, the CBJ is reverse biased, there is a depletion ca-
pacitance C), is empirically given by
Cuo

m
(1+%2)
Here, Vo is the magnitude of the CBJ reverse-bias voltage, and V. is the CBJ
built-in voltage around 0.75 V, and m is typically around 0.2 — 0.5. It is noted

that this capacitance decreases under reverse biasing due to that the depletion
layer becomes thicker.

c, = (2.12)



2.2.4 The High-Frequency Models
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Figure 4: The high-frequency model for BJT both in hybrid-m model in (a), and
the T model in (b) (Courtesy of Sedra and Smith).

Because of the internal capacitances of the BJT, the high-frequency model is
shown in Figure 4 where Cr = Cye + Cj¢, and C,, is as defined before. Here, Cx
is a few to a few tens of picofarads, while C}, is a fraction to a few picofarads. In
general, C}, < Cr. They get increasingly smaller with progress in technology.
A resistor r, is used here to model an intrinsic silicon material resistance.



2.2.5 The BJT Unity-Gain Frequency

Figure 5 can be used to find the short-circuit current gain of a BJT at high

frequency. The collector current

Furthermore, one can show that

I
Ve =1y (rr || Cx || Cp) :

Thus, a frequency dependent 3, called hy., is given as

1. gm — sC,,

B 1/re +sCr + sC,

h e — — —
! I, 1/rz+s(Cr+Cr)

When wC), < gm, the above can be approximated as

Br ImTr
T 1 5(Cr + C)ra

Thus,
_ Bo
14+ s(Cr +Cu)rs

he

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

where 8y = g7y is the low-frequency value of 8. The 3-dB point is at w = wg

where
1

©e e (Cr +Cu)rz

Writing

Bo Bo

h e = = N
f 1+s/wg 14 iw/wg

It can be seen that when
w = wr ~ Powg

the gain is approximately unity. Thus

o~y I
"t o+ 0,

and

fr~ _ 9m
27 (Cr + C;t)

(2.18)

(2.19)
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Figure 5: Circuit model for deriving hs. (Courtesy of Sedra and Smith).
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Figure 6: Bode plot for |hs.| (Courtesy of Sedra and Smith).



Summary

The table below summarizes the BJT high-frequency model.
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Table 10.2 The BJT High-Frequency Model
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3 High-Frequency Response of the CS and CE
Amplifier with Miller Effect
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Figure 7: Models for the high-frequency response of a CS amplifier. (a) Equiva-

lent circuit. (b) A simplified circuit by consolidation. (c¢) Further simplification

by using Ceq. (d) A single-time-constant frequency response Bode plot (Cour-
tesy of Sedra and Smith).
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Figure 8: Continuation of the previous Figure 7 (Courtesy of Sedra and Smith).

Figure 7 shows the small-signal equivalence of a CS amplifier. The overall
voltage gain is given by

Vo _ RG

Ay = = -~
M ‘/;ig RG + Rsig

(9mR1) (3.1)

In order to simplify the circuit, it can be consolidate using Thevenin theorem
so that the source is modeled by only two elements as shown in Figure 7(b).
Also, R consolidates the three resistances at the output end.

One further simplification is to replace the capacitor with an equivalence
capacitor Ceq as shown in Figure 7(c). We shall calculate the load current, in
accordance with Figure 7(b), which is given by (gmVys — Iga). Then the output
voltage is given by

Vo = (gmvgs - Igd)RIL ~ *ng/Lths (32)

assuming that ¢,,Vys > Iq. In the above, R} =r, || Rp || Rr. The current
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144 can now be found as
Iya = chd(Vgs — Vo) = $Cqa [Vgs - (_ng/L‘/gS)] = Sng(l + ngi)Vqs (3.3)

Now, one can assume that this extra current I,44 is due to an equivalent capacitor
C¢q connected in parallel to Cys as shown in Figure 8. The current that flows
into this equivalent capacitance Ceq is

$CeqVys = $Cya(1 + gm R )Vys (3.4)
The above results in that
Ceq = Cya(1+ gnmRY) (3.5)

This equivalent capacitance Ceq is much larger than Cgyq, and this effect is known
as the Miller effect, and the factor (1 + g,,R}) is the Miller multiplier.
Hence, the larger the gain of the amplifier is, the larger is this effect.

The above approximation replaces a double-pole system with a single pole
system or a single-time-constant (STC) circuit. Then the function can now be
represented as

Ra 1
Vs = =——=Visig | ——— 3.6
g (RG+RSjg g> 1+S/(JJ0 ( )
The pole frequency of the STC circuit is then
wo = 1/(CinRy;g) (3.7)
with
Cin = Cgs + Ceqg = Cgs + Cya(1 + gmRR]) (3.8)
and
R;ig = Ry || Ra (3.9)

A sanity check of (3.6) shows that is the correct formula: it reduces to the
correct formula when s = w = 0. The system in Figure 8 can only have one
pole with the corresponding relaxation frequency given by (3.7). Therefore, it
the correct formula which can be confirmed by a longer derivation.

Then using Vg, given in (3.2), one has

v, Re
B Pl S Ry ) ———— 3.10
Vg (RGJrRSig) 9 R T T (8.10)
which can be simplified as
V5 A
M (3.11)

fig 1 + s/wy
where Ajs is the midband gain given by (3.1), and wp is the upper 3-dB fre-
quency point, or

1 wg 1

WSS G T e T aecuRy,

(3.12)
CinRsig sig

Observations
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. The upper 3-dB frequency is determined by the interaction of Réig = R ||
Ra = Rsig since Rg > Ry, and Ciy, = Cys + Cya(1 + g R}). Hence, a
large Rz will cause fy to be lowered, decreasing the bandwidth of the
amplifier.

. The total capacitance Cj, is increased by the Miller which magnify Cyq
by the factor 1+ g¢,,, R}, which lowers fg.

. To improve the high-frequency response of MOSFET, one has to reduce
the Miller effect.

. The STC is an approximation because we are replacing a double-pole
system with a single-pole system. A system with two capacitors has two
poles, but replacing it with one single pole is only approximately correct.

. The dominant high-frequency pole of the system is given by by fp ~ fg.

14



3.1 The Common-Emitter Amplifier
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Figure 9: Models for the high-frequency response of a CE amplifier. (a) Equiva-
lent circuit. (b) A simplified circuit by consolidation. (c¢) Further simplification
by using Ceq4. (d) A single-time-constant frequency response Bode plot (Cour-
tesy of Sedra and Smith).
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Figure 10: Continuation of the previous Figure 9 (Courtesy of Sedra and Smith).

The analysis of the CE amplifier is very similar to that of the CS amplifier as
shown in Figure 9.

3.2 Miller’s Theorem
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Figure 11: The Miller equivalent circuit (Courtesy of Sedra and Smith).

The Miller’s theorem allows the replacement of a bridging capacitance by two
equivalent capacitances as shown in Figure 11. This theorem relies on that

Vo= KW, (3.13)
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in Figure 11. In this case, it can be shown that

Zy=27/(1 - K), Zgzz/ (1-}?) (3.14)

The proof is given in the textbook and will not be reproduced here.

4 Useful Tools for High-Frequency Response of
Amplifiers

When the simple analysis previously discussed fails, one may resort to more so-
phisticated analysis tools for the frequency response. This happens for instance,
when the poles and zeros are not far apart.

4.1 High-Frequency Gain Function
The frequency gain as a function of frequency can be expressed as
A(s) = Ay Fr(s) (4.1)

where (1+s/wz1)(1+s/wza)---(1+5/wzn)

)
(1+s/wp1)(1+s/wpa) - (1 + s/wpm)

1
Notice that the above function Fi(s) — 1 when s — 0, which is what is desired.

FH(S) =

(4.2)

4.2 Determing the 3-dB Frequency fy

As in the low-frequency case, when the above function is dominated by a single
pole, then one has

1
Frpy(s) "/ ———— 4.3
H( ) 1+ s/wp1 ( )
The 3-dB point is easily shown to be
WH ~ Wp1 (44)

by first letting s = jw and then w = wpy. The above single pole approximation
is good when the next pole or zero is two octaves (4 times) further away from
the dominant pole.

If a dominant pole approximation is not possible, the aggregate effects of
the poles and zeros need to be considered in finding wy. For simplicity, one
considers first a simple two-pole and two-zero system. Then

(14 s/wz1)(1+ s/wza)

Fia(s) = (1+s/wp1)(1 + s/wps)

(4.5)

17



Letting s = jw and taking the magnitude square of the above, one gets

s  (1+ w? /wyy) (1 + w? /wg,)

Fy(jw)|® = 4.6
POl = G ) (v w?/aty) o)
By definition, at w = wg, the half-power point, |Fg (jwg)|? = %, and
2 /,,2 2 2 14w (442 ) +--
1 _ (1+WH/WZ1)(1+°JH/WZ2) ~ H “’221 ‘*’222 (4 7)

2 (1+W%1/W1231)(1+W%{/W1232)N1+w%{< . +%>+...
wWp1 Wpa
where we have kept only the quadratic terms in both the numerator and de-
nominator. The remaining terms are proportional to w?,;, which are negligible
when wp is small, compared to the terms retained. The above equation can be
solved approximately to yield

1 1 2 2
szl/ St 55t 5 (4.8)
Wp1  Wpa Wz Wz

The above expression can be generalized to a multi-pole and multi-zero system

giving
1/<1+1+>2(1+1+> (4.9)
wyg ~ R [ N — _ _ .
w%’l w12>2 W%l W%z

4.3 Low-Frequency Gain Function

A similar low-frequency gain function can be defined such that the frequency
gain as a function of frequency can be expressed as

A(s) = Ay Fr(s) (4.10)

where
(I4+wz1/s) (1 +wz2/s) - (1+wzn/s)

(L+wp1/s)(L+wpa/s) (L +wpm/5)

Notice that the above function Ff,(s) — 1 when s — oo, which is what is desired.
A similar analysis shows that the half-power frequency point wy, is

FL(S) =

(4.11)

wi ~f(why by o) =2 (W] o) (4.12)
One can obtain the above result by comparing (4.2) and (4.11). One notices

that the roles of w’s and s’s are switched in the formulas. Hence, by symmetry,
one arrives at the above formula by letting s = w.
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4.4 The Method of Open-Circuit Time Constants

In finding fr,, when a single pole dominates and they are far from each other, one
uses the short-circuit time-constant method to decouple the capacitors and find
their respective time constants. The rationale is that at the highest frequency
pole that decides fr,, the frequency is high enough such that the other capacitors
can be considered short-circuited, and hence, the determination of the highest
frequency pole is a reasonable approximation.

By the same token, when one finds fy, it is the lowest frequency pole that
dominates fg. Again, this frequency is low enough that the other capacitors can
be considered open-circuited. Then the time-constant for the lowest frequency
pole is fairly accurate. With this in mind, then

1
Zi CiR;
In the above sum, it will automatically be dominated by the largest RC time

constant term, since it is an ordinary mean.
In contrast, in the short-circuit time-constant method,

wg =2nfg ~ (4.13)

1

OJL=27TfL%Z

%

(4.14)

which is proportional to the harmonic mean of the RC time constants. The
term with the shortest time constant automatically dominates this sum.
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