A Ray-Propagation Fast Multipole Algorithm^†

Robert L. Wagner and Weng Cho Chew Electromagnetics Laboratory Department of Electrical and Computer Engineering University of Illinois Urbana, IL 61801

KEY TERMS Fast multipole, fast algorithm, wave scattering, numerical method, integral equations ABSTRACT A new technique is presented for accelerating the fast multipole method, allowing rapid solution of surface integral equations for wave scattering problems. A nonnested, ray propagation approach is used to compute a matrix-vector multiply in O(N^{4/3}) operations, where N is the number of unknowns in the discretized integral equation.

I. INTRODUCTION Recently, many researchers have been investigating the use of radiation beam ideas to extend classical integral equation techniques for solution of wave scattering problems into the high frequency regime [1-3]. Here, we use a “ray” propagation approach to accelerate the fast multipole method (FMM) of Rokhlin [4-8]. This new technique is discussed briefly in [9]. A more complete treatment is given in this letter. The FMM allows the rapid solution of surface integral equations arising in electromagnetics. In this approach, the integral equation is discretized using, for

yThis work was supported by the Office of Naval Research under grant N00014-89-J-1296, by the Army Research Office under contract DAAH04-93-G-0430, by NASA under contract NASA-NAG- 2-871, and by the National Science Foundation under grant NSF-ECS-92-24466. File: motl.tex 1/12/95, published in Micro. Opt. Tech. Lett., vol. 7, no. 10, pp. 435-438, July 1994.

example, the method of moments (MOM), then solved using an iterative method, such as conjugate gradient. The main bottleneck in the computation is the cost of computing a matrix-vector multiply. A standard matrix-vector multiply for a problem with N unknowns has a cost of O(N^2). A straight-forward application of the FMM reduces this cost to O(N^{3/2}). A two-level nested application further reduces the cost to O(N^{4/3}) [4]. Here we present a non-nested method, using a ray propagation approach, to reduce the cost of a FMM matrix-vector multiply to O(N^{4/3}). We call this the ray-propagation fast multipole algorithm (RPFMA).

II. SCATTERING COMPUTATIONS USING THE FMM Here, we consider the problem of computing the scattering of a TM (E_z) polarized electromagnetic wave from a two-dimensional conducting cylinder with boundary contour C. The incident wave E^{inc}_z excites a surface current J_z on the surface of the cylinder. Enforcing the boundary condition that the total field E_z must vanish on C yields the electric field integral equation (EFIE): (1) E^{inc}_z (r) = −iωμ ∫ C dl^′J_z(r^′)g_0(r, r^′), r ∈ C,

where g_0 is the two-dimensional Green’s function [g_0(r, r^′) = (i/4)H^{(1)}_0 (k|r − r^′|)], and k is the wavenumber.

Because the EFIE is ill conditioned at the resonant frequencies of the cylinder C, we make use of the combined field integral equation (CFIE), which is free of resonance problems. The CFIE may be derived by applying the differential operator P (r) = 1 + αn̂ · ∇ to both sides of Equation (1), yielding

(2) E^{inc}_z (r) + α ∂E^{inc}_z (r) ∂n = −iωμ ∫ C dl^′J_z(r^′)[g_0(r, r^′) + α

∂g_0(r, r^′) ∂n ], r ∈ C. The constant α is the CFIE combination parameter.

Discretizing Equation (2) using a pulse basis for J_z and point matching yields the MOM matrix formulation (3) e = Z · j, where Z is a full non-symmetric matrix with elements which can be approximated as (4) Z_{ij} = ωμ 4 △_j [ 1 + i^2_π ln (_{eγ k△j} 4e )] − 2iα, i = j △_j [ H^{(1)}_0 (k|r_i − r_j |) − αk(n̂_i ·^{ri −rj}_{|ri −rj |} )H^{(1)}_1 (k|r_i − r_j|) ] , i ≠ j, where γ = 0.5772 is Euler’s constant and △_i, r_i, and n̂_i are the width, center position, and outgoing normal to C, respectively, for the ith pulse.

Because the matrix Z is dense, Equation (3) is expensive to solve. If a direct solution (such as LU decomposition or Gaussian elimination) is used, the cost will be O(N^3), where N is the number of unknowns in the expansion of the surface current J_z. If an iterative method such as conjugate gradient is used, the cost will be O(N^2) per iteration, which is the cost of a matrix-vector multiply. The goal of the FMM is to reduce the cost of a matrix-vector multiply, thus speeding the iterative solution of Equation (3).

As discussed in [6], the FMM provides a sparse decomposition of the dense MOM impedance matrix Z:

(5) Z = Z^′ + UTV,

where Z^′, U, T, and V are all sparse matrices. The matrix Z^′ is the part of Z that represents the interaction between near neighbors, as given by Equation (4). The matrix UTV is the FMM decomposition of the remainder of Z. The physical interpretation of this decomposition is discussed below. Detailed derivation of this decomposition is presented in [4] and [8].

The matrix V is a block diagonal matrix which transforms the currents in a group of M adjacent current elements (MOM basis functions) into partial field components radiated in a set of Q directions. In the two-dimensional case, these directions are

(6) ϕ_q = 2π(q − 1) Q , q = 1, . . . , Q. This representation of the scattered field converges in Q ∼ M terms [4] (this also follows from the Nyquist theorem).

The matrix T translates the Q terms described above from the transmitting group to a receiving group elsewhere on the surface of the scatterer. For each pair of groups, the translation operator is diagonal. That is, there is no interaction between partial field components in different directions ϕ_q. For this reason, T is sparse.

Finally, the block diagonal matrix U transforms the total field received by a group from the partial fields in Q directions into the spatial domain field on the surface of the M elements of the group. This is illustrated in Figure 1.

The cost of a matrix-vector multiply using this decomposition of Z is easily computed as follows. The current pulses are grouped together in groups of M adjacent elements. The radiation from each group is expressed in terms of a set of Q directions, where Q ∼ M. Let L = N/M denote the total number of groups. For each group, the block diagonal matrix V transforms M currents into Q directions, so V consists of L submatrices of size Q × M. The cost of multiplying V with a vector is thus LQM. Similarly, U is a block diagonal matrix which essentially reverses this process, transforming the Q partial received fields into spatial domain fields at M observation points within each group, at a total cost of LQM. For each pair of groups, T propagates the Q partial fields from the transmitting to the receiving group. As mentioned above, for each pair of groups T is diagonal, with no coupling between partial field components in different directions, so the cost per group is Q, and the total cost of applying T is L^2Q. Finally, Z^′ transforms the O(M) currents in a group and its near neighbors into the received field at M points within that group. Carrying this out for all L groups has a cost of O(LM^2). Thus, the total cost of a matrix-vector multiply using the FMM decomposition is

(7) Cost = C_1 × LQM + C_2 × L^2Q + C_3 × LM^2.

Using the fact that Q ∼ M and L = N/M, this is

(8) Cost = C_4 × NM + C_5 × N^2/M.

The above cost is minimized by the choice M ∼ N^{1/2}, yielding a total cost of O(N^{3/2}) for a FMM matrix-vector multiply. As discussed in [4,5], a two-level nested application of the FMM can reduce this cost to O(N^{4/3}). However, we have found that this cost can also be reduced to O(N^{4/3}) using a simple, non-nested, ray propagation approach.

III. RAY PROPAGATION FAST MULTIPOLE ALGORITHM (RPFMA) Here we focus on the matrix T which translates the field radiated from a transmitting group in some direction ϕ_q into the received field component in the same direction at a receiving group. Intuitively, one expects the interaction to be strongest for fields radiated along the line joining the transmitting and receiving groups. This is indeed the case, and this forms the basis for our approach to accelerating the FMM.

Taking the transmitting group to be l and the receiving group to be l^′, the element of T which translates the partial field in direction ϕ_q from l to l^′ is given by

(9) T_l0_{,l}(ϕ_q) = Q/2∑ p=−Q/2 H^{(1)}_p (kr_{l,l}0 )e^{−ip(ϕl,l0 −ϕq −π/2)},

where k is the wavenumber, r_{l,l}0 is the distance between groups l and l^′, and ϕ_{l,l}0 is the angle between the groups, with respect to the x axis. The geometry is illustrated in Figure 1. Using the far-field approximation for the Hankel functions above yields a simpler form which offers more insight into T:

(10) T_l0_{,l}(ϕ_q) ≈ f(r_{l,l}0 ) · sin[(Q + 1)(ϕ_q − ϕ_{l,l}0 )/2] sin[(ϕ_q − ϕ_{l,l}0 )/2] . Thus, the interaction between the two groups as a function of angle ϕ_q takes a form similar to a linear antenna array with Q + 1 elements and a main beam centered at ϕ_q = ϕ_{l,l}0 . The angular dependence of Equation (10) is illustrated in Figure 2. The key observation is that most of the interaction between the two groups occurs in the main beam of this array factor. For a certain accuracy of computation, many side lobes can be ignored, reducing the cost of applying the matrix T. To apply this idea computationally a relative threshold ϵ is selected, and for each pair of groups the elements of the associated array factor which are less than ϵ times the maximum value are set to zero.

To take full advantage of this idea, it is also important to note that Equation (9) is the truncation of an infinite summation [8]. From Equation (9), it can be seen that T_l0_{,l}(ϕ_q) is actually equivalent to a truncated Fourier series or a Fourier series computed with a square window in the variable p. It is this square window that gives rise to the sinc function in Equation (10). However, it is equally valid to use another window function which makes a smooth transition from zero to one and back to zero. The advantage of such a window is that its Fourier transform will have lower sidelobes than the square window used in Equation (9). These lower sidelobes will allow the discarding of more elements of the array factor for a given threshold level, producing greater sparsity in T. This is similar to the use of a windowed addition theorem for cylindrical harmonics discussed in [10]. The window used has a broad flat middle section centered around p = 0 and has a cosine taper on both ends [10].

Thus, denoting the window function by w_p, the elements of T are calculated as

(11) T_l0_{,l}(ϕ_q) = Q/2∑ p=−Q/2 w_pH^{(1)}_p (kr_{l,l}0 )e^{−ip(ϕl,l0 −ϕq −π/2)}.

This expression is not based on the far-field approximation used to obtain Equation (10), and so is valid in both the far- and near-field regions.

As the problem size grows, the width of the main beam joining two groups decreases as 1/M, while the angular sampling density Q grows as M. Thus, the number of directions which lie in the main beam (and significant sidelobes) remains approximately constant as a function of problem size. Therefore, the number of partial field components which need to be translated between two groups is independent of problem size, rather than growing as M in the original FMM. These field components form a “ray” which propagates the field from the transmitting to the receiving group.

Using this ray propagation idea, the cost of applying the matrix T is reduced from L^2Q to O(L^2). Since the cost of applying U, V, and Z^′ is unchanged, the total cost of a FMM matrix-vector multiply (Equation (8)) becomes

(12) Cost = C_4 × NM + C_6 × N^2/M^2.

This cost is minimized when M ∼ N^{1/3}, and the resulting cost of a matrix-vector multiply is reduced to N^{4/3}.

IV. RESULTS Figure 3 shows the result of applying this technique to compute the scattering of an E_z polarized plane wave from a conducting ogive of length 18λ and halfheight 3λ. In this case, about half the elements in the translation matrix T were discarded. The result shows good agreement with an independent MOM calculation of the scattering.

The computational complexity of the method is demonstrated in Figure 4, which shows the cost of a matrix-vector multiply for computing the scattering from a circular cylinder, as the size of the cylinder is increased. For both the FMM and RPFMA calculations, the accuracy of the final solution was held near the 1% level. The data clearly indicates the reduced computational complexity of the new approach.

Additional computer results indicate that the accuracy of this method can be controlled by adjusting the threshold level at which side lobes are discarded from the computation. Figure 5 shows relative residual error as a function of threshold parameter ϵ for E_z scattering from a circular cylinder of radius 12λ. The relative residual error is defined as ||Z · j − e||/||e||, where j is the solution to Equation (3) obtained using the technique described here, and Z is the original MOM matrix defined in Equation (4). The data shows that the error decreases smoothly as the threshold ϵ is decreased. As ϵ approaches zero, the error is reduced to that of the original FMM and conjugate gradient solver.

IV. CONCLUSIONS We have presented the RPFMA, a modification of the FMM for 2-D scattering which reduces the cost of a matrix-vector multiply from O(N^{3/2}) to O(N^{4/3}) using a non-nested, ray propagation approach. The accuracy and efficiency of the new algorithm have been demonstrated through computer simulations of E_z scattering from metallic cylinders. We hope this simple approach may be useful in itself, and may also lead to further development of fast scattering techniques.

REFERENCES

[1] F. X. Canning, “Improved Impedance Matrix Localization Method,” IEEE Trans.

Ant. Prop., vol. 41, no. 5, pp. 659-667, May 1993.

[2] A. Boag and R. Mittra, “Complex Multipole Beam Approach to Electromagnetic Scattering Problems,” IEEE AP-S/URSI Int. Symp. Dig., pp. 856-859, 1993.

[3] R.J. Pogorzelski, “Improved Computational Efficiency via Near-Field Localization,” IEEE Trans. Ant. Prop., vol. 41, no. 8, pp. 1081-1087, August 1993.

[4] V. Rokhlin, “Rapid Solution of Integral Equations of Scattering Theory in Two Dimensions,” J. Comput. Phys, vol. 36, no. 2, pp. 414-439, February 1990.

[5] N. Engheta, W.D. Murphy, V. Rokhlin, and M.S. Vassiliou, “The Fast Multipole Method (FMM) for Electromagnetic Scattering Problems,” IEEE Trans. Ant. Prop., vol. 40, no. 6, pp. 634-641, June 1992.

[6] L.R. Hamilton, M.A. Stalzer, R.S. Turley, J.L. Visher, and S.M. Wandzura, “Scattering Computation Using the Fast Multipole Method,” IEEE AP-S/URSI Int. Symp. Dig., pp. 852-855, 1993.

[7] C.C. Lu and W.C. Chew, “A Fast Algorithm for Solving Hybrid Integral Equation,” IEEE AP-S/URSI Int. Symp. Dig., pp. 1752-1755, 1993.

[8] C.C. Lu and W.C. Chew, “Fast Algorithm for Solving Hybrid Integral Equations,” IEE Proc.-H, vol. 140, no. 6, pp. 455-460, December 1993.

[9] R.L. Wagner and W.C. Chew, “A Ray Propagation Approach for Accelerating the Fast Multipole Method,” submitted to the 1994 IEEE AP-S/URSI International Symposium.

[10] W.C. Chew, Y.M. Wang and L. Gurel, “Recursive Algorithm for Wave-Scattering Solutions Using Windowed Addition Theorem,” J. Electromag. Waves Appl., vol. 6, no. 11, pp. 1537-1560, 1992.

FIGURE CAPTIONS

Figure 1. Physical interpretation of the FMM matrix decomposition. The matrix V transforms the currents in transmitting group l into the radiated field components in directions ϕ_q, T propagates the field components to the receiving group l^′, and U transforms the received field components into the spatial domain field on the surface of the scatterer inside group l^′.

Figure 2. Angular dependence of the array factor of Equation (10), for the case Q = 60. The angle in the plot is (ϕ_q − ϕ_{l,l}0 ).

Figure 3. Bistatic RCS of a metallic ogive of length 18λ and half-height 3λ for E_z polarization. The incident wave is at 90^∘, normal to the long axis of the ogive. The scatterer is discretized with 10 current pulses per wavelength.

Figure 4. Comparison of CPU time required for a matrix-vector multiply, for varying problem size. The matrix here is for computing the scattering of an E_z polarized wave from a metallic circular cylinder. The cylinder is discretized with 10 current pulses per wavelength. Times are for a SPARC 10 workstation.

Figure 5. Relative residual error versus threshold ϵ for E_z scattering from a metallic circular cylinder of radius 12λ.

Figure 1. Physical interpretation of the FMM matrix decomposition. The matrix V transforms the currents in transmitting group l into the radiated field components in directions ϕ_q, T propagates the field components to the receiving group l^′, and U transforms the received field components into the spatial domain field on the surface of the scatterer inside group l^′.

Figure 2. Angular dependence of the array factor of Equation (10), for the case Q = 60. The angle in the plot is (ϕ_q − ϕ_{l,l}0 ).

Figure 3. Bistatic RCS of a metallic ogive of length 18λ and half-height 3λ for E_z polarization. The incident wave is at 90^∘, normal to the long axis of the ogive. The scatterer is discretized with 10 current pulses per wavelength.

Figure 4. Comparison of CPU time required for a matrix-vector multiply, for varying problem size. The matrix here is for computing the scattering of an E_z polarized wave from a metallic circular cylinder. The cylinder is discretized with 10 current pulses per wavelength. Times are for a SPARC 10 workstation.

Figure 5. Relative residual error versus threshold ϵ for E_z scattering from a metallic circular cylinder of radius 12λ.