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Introduction

« Unlike PDE, IE based methods lead to dense matrices

o State-of-the-art iterative solutions

» Examples: FMM-based, Fast QR-based, FFT-based methods
= Require iterations for each right hand side

o State-of-the-art direct solutions

= Example: H?-based methods
= Avoid iterations, require numerical inversion/factorization
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Introduction

 Unlike Surface-IE, volume IE based methods offer
flexibility of analyzing problems with complicated
materials

 Resultant numerical system, however, is complicated
by all four possible forms of double integrals

e Contribution of this work

* Developed an explicit inverse for solving VIE system, which
bypasses the need of numerical inversion and factorization

* Further enhanced the efficiency of the proposed explicit
inverse by error controlled H2-matrix-based fast computation
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Explicit Inverse Based Fast VIE Solver

= VIE System of Equations

= Explicit Inverse

= 72 -Matrix Representation and Its Error Bound
= ‘H2 -Matrix Partition

= Rank Function

= Compact Storage
= Efficient Matrix-Vector Multiplication
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VIE System

 VIE based formulation
SD=E vwhee S=(A+G)

« A is sparse while G is dense

Gm:_ff?zJ-V fm.An(;)dv—IVqﬁn(:)?.fndv+.|-3¢n(:]fm.;ds; where

e

znt?1=%(%Lp;gt?,?adw;—i;o;gt?,?wv');¢n(?1=‘—::(;—1§6,F‘)dw'—;—zjﬁgt?,?'aafv'— a Lgt?,?adsﬁ

b]

(7; = KI z,, (:).[ g(;a;)h(;)dq'dp {P.0} € {Volume,Surface}
P o'
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Explicit Inverse

« A straightforward approach
S=A [I + A G]

Then using Newman Series

(14w | =[1-w+w>-w>+w -t .| o o)<

300+

Problem:
Resultant spectral radius depends on < ,y,.
dielectric constant
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Explicit Inverse

« A much better approach

1¢
) =1 =
S:A[I+ A (G—Z)} 2 os
o
where o o
I ! E‘; 0.4}
A=A Z=A-A P
" o
T
O0 160 2(;0 3(;0 4(;0 560
Advantage: Relative Permittivity(e )

Resultant spectral radius has little Comparison of Spectral Radius vs.
dependence on dielectric constant. Permittivity ( length = 1A)
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Explicit Inverse

« Spectral radius vs. electric size for a dielectric rod
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Explicit Inverse

* Direct solution based on explicit inverse
D=[I+A" (G—Z)] NE

<1

=1 -1

{1-Aic-z+A'c-2K'c-2-Kle-n A le-n K'le-2+ | A

i .
= The (k+1)-th term is A (G—Z) times the k-th term
= Total cost is a few matrix-vector multiplications




PURDUE

Explicit Inverse

1 \
« Accelerate A(G-Z)f®, k=12, ...,p

'—1
= The sparse matrix inverse /A can be performed in linear
complexity by orthogonal bases [1]

= The dense matrix-vector multiplication is accelerated by 2{2-
matrix-based fast computation, the cost of which is O(N) from
small to tens of wavelengths [2]

» The overall cost of the proposed explicit inverse is O(N) from
small to tens of wavelengths

e o o e R e gt T TEe s
[17 0. Jlacu and Jd. k. Jdin, Three dlmensmnal Drthn:ugn:unal wector basis functions for tlme dn:nmam finite element s-:ulutn:un n:nf wectar
wiawve equations,” ."EEETF&HS‘ Anfennas Progagat., wol. 91, no. 1, pp. 29-6B6, Jan. 2003,
[Z2]%%. Thai and D. Jiao, "An 72-M atrix-Based Integral- Equatlnn Solver of Feduced Complexity and Controlled Accuracy far
Sl:ulvmg Ele:trudynamlc F'rn:ubler‘ns IEEE Tran5 ﬂ.nfennaff Fropag., »aol. 97, no. 10, pp 314?‘ 3159 2009,
- — cx o - ' _
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H2-Matrix Representation and Its Error Bound

Admissibility condition
diam({0,1})

If max{diam(Q), diam(Qs)}
< n dist(Q,, QJ)

[=y

Q; and Qg are admissible,
and Q; x Q.is admissible block.

-1

[1]W Hau:k;t:uusu:h B. Khu:uru:umsku and =, Sauter Dn Hz—matrn:es Leu:ture |:|r'| Apphed M athematics, H. Bun- gartz . Hn:uppe ‘i‘
L and T Zenger, eds., pp. 9-24, 2000,

"."f [Z21%. Chal and O JlaD "An HE-Matrix-Based Integral-Equation Solver of Feduced Complexity and Controlled Accuracy for
3 Snlvmg Electrndynamlc F'ru:nbler‘ns ."EEETF&HS ﬂ.nfennaa Propag vu:nl 57, no. 10, pp. 31473159, 2009.
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H>-Matrix Representation and Its Error Bound

Degenerate Approximation

If the admissibility condition is satisfied,
g(r r) exp(—jk|r—r'|)/ 4| —

!

gU @ rN=)_ > 8(& . (ML,E

vek pek’
where, K ={veN':v<p for all ic{l,..d}}={1,.., p}
d=1, 2, 3, for 1-, 2-, and 3-D problems respectively
p Is the number of interpolation points in each dimension
¢ is a family of interpolation points
L are the correspondmg Lagrange polynomlals




PURDUE

H2-Matrix Representation and Its Error Bound

— I\*J‘f (i‘)j g(i' o 7 ')h(? "dq'dp
{P.Q} € {Volume,Surface}

G,=KD.> g fﬂ)jf ()L <r)dpf h(r )L, (r')dg’

vegt Hel?

= ts T
Gj = VS VS where,

V' e R**#* s the integral over domain P
V° e R™% is the integral over domain Q’
represents the couplmg matrlx K g(é‘v é‘#)

S C’#K‘fx#gs
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H2-Matrix Representation and Its Error Bound

« |If the admissibility condition is satisfied:

—~ . wricls 57 _ _
G, =V S"V" (42 _matrix representation)

"N (.5 I
lglr,r)—g " (r,r) .. 0

ded (A, ) : [1+ V2xndist(Q,,0Q,)+ ~2n][1+ V2 I~

P 3ist(0,,0.) xndist(Q,,0.)+1

<

where,
K is the wave number
A, Is interpolation scheme dependent constant

ét,s)_ (fﬁ) . :
= (Full- matrix representation)

Ty S > ) = S
= T

L
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H2-Matrix Partition

Build Block Cluster Tree

Inadmissible
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Rank Function

Frequency is increased

ke ®=p®f 5 e

kdiam(Q, xQ )+ 7

p(b) :&+5(L—Z(b)) level 0 ﬁ r
where level 1 same diameter*

[(b) = level(t) = level(s) {} &
level 2
pby=a if L<I(b)

a, b are constants

L=L_. =min{level(t) . ze€ L}
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O(N) Storage

- H2-matrix Representation

01 2 3 45 6 7

G’ Store full matrix

¥

-~ ™

T
G = V'S*V >storeVand S

-~ & o kB W N = O
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O(N) Storage

> Nested property

VflEfl Vfl Efl
Vf _ _
sz Efz V:z Efz

S1 )

0y @ [ ws || en

ANTANVANTA

{U 1} {2,3} {4, 5} {6,7} \
0r 4 25 43 {4 5F 16 {7} 0y {1 &8 W 15 {6 {7

NS \ \ NS
Store V for leaf clusters E: =TI (é’t) Store Y for leaf clusters

Store K for all non-leaf clusters
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O(N) Storage

 Cost Analysis

St(H*-matrix) =|St(all leaf cimrers)|+ St(all nonleaf c;’mier:-j+ @(aﬂ admissible blocks )+ St{ail inadmissible blocks)
=StV )+ St(transfer matrix Ef')|+ St(coupling matrix S°) +|Si( Sull matrix GE’)|
=Y Ok )E+ Y. Y OlhyOk@N+ Y OlkgOkn(s)+ Y #i%

fefy fe Ty VO £ 'Esomslf] b=(faleif b=l s)EL pr

0@ N+Y Y OlhyOky@N+Y Y 0k )+ S i,

feTr f'esons(f) feTr secol(f) teTy secol(f)

<0(@) - N+2) Ok, )+ C, > Ok, () +C, > 1,

fely {ely felr

<0(@®)- N2

2C,, w. N
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O(N) Storage

SOk = G'(EE [&+5(L-D] f“f){o@ G+bCL—D]PE .25

t=l; -0 ger!
<O<<a+b>f‘“’>2 A+L- ﬁ)“ 2! < Oa+byy. 2t Z(ﬁ+1}“ 2 < oG+ 5. 2F 2(1 = 215 0
I+l 2511(51"'5} y2d g _5;1_ » .2:5_116&_—!—.5}.2_&’ ....... 2_-:11(:1+-E-::} ;ﬂ, _______________ *
ST O s In1.s ) §(4} =2 ((ﬁ} }'4549((ﬁ} a3 N o
(L +1)% 5:(1 ; i)zd 15

0 10 20 30 40 50 O 10 20 . 30 40 =0 g 10 20 30 40 50
h !

O represents ylzln{(%)“-l.sf} — represents y2=m{{+1)*"}

2d(a+b)

S -matrix) <= O@')- N+ 80(= —29) N+ 4C, Q= 0¥ N+ 26,000, )-N

YG+b)
Inl5
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O(N) Matrix-Vector Multiplication

. If G"*is an admissible block
Matrix-vector multiplication can be performed in three steps
G, x=V'§V'x

T

(a) Forward transformation x =V .x —> O(N)

(b) Coupling-matrix Multiplication y=28"x" — om

se R!

(c) Backward transformation =2, VYY) — on

tief

. If G"°is aninadmissible block

(d) Direct multiplication — O(N)




~ T
G*.x=VS§V .x

T
(a) Forward transformation x' =V° -x

Vs = =
{0,....,7} ViE Ve L E:

o !

{0,...,3} {4,....7}
N\ N\ Non-leaf cluster . - -
01 {23 {45 {67 <—— xX*=Vx= > (VE)Yx.= ) E)x

/\ /\ /\ /\ 5'Esona s ) 5 'Ssong )
Leaf cluster

{0y {1y {2} {3+ {4 {5 {6} {7} <«—— xS:VSTx|§

Comp(3_V* x|.)= > Ok, (NH#+ D Ok, Dk, N<O0@IN+_ Ok, ()

SET sEL(TL) SET SET,
5'E30RE[5)

< O(a’ YN+ 20(;{%}M YN
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G = VISV .y

(b) Coupling-matrix Multiplication " =>"§*.X*

f
gE R

S]' S2 = & = o
Yy =8"1xT 4 §T2x

Comp( Y S"x)= > O®(.GN< D Ok, (BN > Ok, (B)

b1 EL x b=(,)EL b=(1,5)E rer teTy secal (f)

<C Zﬁ)(kz (B) <2C, cx(z‘“"”’)

2
N
Inl.5 -
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G*.x=VS§V .x

(c) Backward transformation y, =) (V'y)

tict

7}<;-\\§\\\\\\\~§
T (Vﬂyﬂ )ieﬂ + (Vﬁzyzz)ieﬁ + (Vﬁyﬁ)ieﬁ

{0,...,3} 7 — Vi

N\ A
{0, 1} {2,3} {4,5} {6, ?}/
ANANATNA

{0y {1y {2} {3+ {4 {5 {6} {7}

N

2d(a+b) .,

Comp(3 Vy)= 3 Otk Wi+ 3 Ok, Ok, () <O@IN +20(("=5" 22y )N

feT, FEL(T, ) tel Wl n1.5
Flesems ()
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O(N) Matrix-Vector Multiplication

If G"'is inadmissible block

Since they are full matrices, multiplication can be done directly.

camp( Z Gz,sx |§) — Z O(nrflin) i: qcspo(nriin )N
b=(t,50el.r b=(t5)elr.g
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O(N) Matrix-Vector Multiplication

Add four steps

Comp(H’ - Matrix-vector mult.) - O(N)
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Numerical Results

= Dielectric Sphere

= Triangular Dielectric Rod
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Case 1: Dielectric Sphere (g, = 36)

Parameters: n_ =18, 17=095 =4, b=2

1
Electric size: kpa = 0.408
0.4 e i
TZ
0.35- .
A On
§ 0.3 X :
F LWW
— 0.25r- .
Reference
0.2 | —#— Proposed Solver i
0.15 : - :
-1 -0.5 0 0.5 1

Normalized Distance along z-axis (z/a)

Fig. 1. Field along z-axis of a dielectric sphere with & = 36 (Reference data is from [1]).

11D H Schaubert D R. Wlltnn AW Gllssc-n Atetrahedralmc:—dellng method forelectmmagnetlc scattenng by arbitrarily shapedlnhcmugenenus

dlelecin:: deIES IEEE Trans Anfennas Pmpagaf 'ml 32, pp. 77835, Jan 1984
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Case 2:Triangular Dielectric Rod (g = 2.54)

Parameters: n._. =80, 7 =0.95, 4=4(5), b=4(35)

111
14 % 10° . . . é 107 : : :
= Reference Result [=a)
12!/ © ferative Solver .2
*  Explicit Inverse Based Direct Solver £7 ~—@®=Sb-Sd Case
= b= == V/-Sd and Sb-V cases
o~ ol0- 13 107 :- —&—\/-V case ]
(S E -
o >
O s 1 E
N é
)] =
O 6 1 S 10-5 - 1
o 5
4+ 4 W
g
3
2 r r r r L L L E 10-6 . . .
14 16 18 2 22 24 26 2810 1 5 = 2
Length(cm) Number of Unknowns (N) % 10*
(a) RCS comparison (b) Relative error of the maximal admissible block

[1] D H Schaubert D R. Wlltnn AW Gllssc-n Atetrahedralmc:—dellng method forelectmmametlc scattenng by arbitrarily shapedlnhcmugenenus
dlelecin:: deIES IEEE Trans m‘ennas Pmpagaf 'ml 32 pp.77-85, Jan 1_984
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Case 2:Triangular Dielectric Rod (g, = 2.54)

Parameters: n_. =80. 177 =095 a=4(5). b=4(5)
Electric size: 4 ) - 32 )
o X 10° L L : : 500
Conventional Solver = Conventional Solver
—4&— Proposed Solver 400 —4&— Proposed Solver g
1.5
fre) —
= 8300 - ]
() (%2)
o 1r =~
@© (]
S £200" -
) —
0.5~
100 i
0 r r r r r 0 - Mﬂ F w
0 0.5 1 1.5 2 2.5 3 3.5 0 0.5 1 15 2 2.5 3 3.5
Number of Unknowns (N) x 10* Number of Unknowns (N) x 10*
(c) Storage comparison (d) CPU MVM time comparison

Flg 2 Simulation of a dlelectrlc rod with & = 2. 54
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Case 2:Triangular Dielectric Rod (g = 2.54)

Parameters: n_. =80. 177 =095 a=4(5). b=4(5)
Electric size: 4 -32 No. of terms: 20
=12 X 10 600+ L ; ; .
QO — —&— |terative Solver[1]
% 10- §5ooﬁ =+ EXxplicit Solver .
é &F .§4ooﬁ .
— —
S =300 - ]
o o =
o200+ y
2 4 5
= =100+ g
T St
% 10 20 30 % 1 > 3
Electric Size(\'s) Number of Unknowns (N) « 10°
(e) Relative Error (f) Solution time comparison with iterative solver[1]

Flg 2 Slmulatlon of a dlelectrlc rod with & = 2. 54
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Case 2:Triangular Dielectric Rod (g, = 2.54)

.~

=80, =095 a=718). b=7()

Parameters: »n,_ ..
Electric size: 80 A

ACCuracy . 10—4 No. of terms: 20

Memory : 9 GB (112 GB for conventional solver)
Solution Time : 1675.5 s (61096.3 s for conventional solver)
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Conclusions

Explicit Inverse Based Fast VIE Solver Developed

* Avoid numerical inversion and troubles of iterations

» Accelerated by H2-based fast matrix-vector multiplications
« Applicable to problems with large dielectric contrast ratio

* Numerical results demonstrate its accuracy and efficiency

« Future work: To explore its application to general problems
and larger electric sizes.




