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ABSTRACT

Vaquero Escribano, Tatiana Mar. M.S.A.A., Purdue University, May 2010. Poincaré
Sections and Resonant Orbits in the Restricted Three-Body Problem. Major Pro-
fessor: Kathleen C. Howell.

The application of dynamical systems techniques to mission design has demon-

strated that the use of invariant manifolds and resonant flybys can enable previously

unknown trajectory options and potentially reduce the ∆V requirements. In partic-

ular, recent investigations related to the Europa Orbiter baseline trajectory design

demonstrate that the flyby segment of this trajectory appears to follow the invariant

manifolds of 3:4 and 5:6 unstable resonant orbits before capture around Europa. This

investigation includes a detailed analysis of planar and three-dimensional unstable

resonant orbits as well as techniques for the computation and visualization of the as-

sociated invariant manifolds. Poincaré maps are used as an effective tool in the search

for unstable resonant orbits and offer an insightful view of their invariant manifolds.

These surface-of-sections are utilized to explore the relationship between the reso-

nances and their invariant manifolds and to search for potential resonant transitions.

For two specific energy levels and two different systems, a connection exists between

the invariant manifolds associated with a number of two-dimensional unstable reso-

nant orbits and this relationship yields transitions between resonances. In addition, a

series of apparently resonant homoclinic-type connections in the Jupiter-Europa and

Saturn-Titan systems are presented. The results obtained from this investigation may

lead to interesting applications for trajectory and mission design.
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1. INTRODUCTION

Previous analysis concerning dynamical systems techniques and resonance has demon-

strated that the use of invariant manifolds and resonant flybys can enable previously

unknown trajectory options and potentially reduce the ∆V requirements. Hence,

this investigation focuses on the use of such techniques to explore the relationship

between the invariant manifolds associated with unstable resonant orbits at a given

energy level, and to determine their role in resonance transition.

1.1 Problem Definition

Much of the focus of this work involves the search, identification, and computation

of planar and three-dimensional resonant orbits in the circular restricted three-body

problem (CR3BP). Both the determination of the orbits and their use is facilitated

by Poincaré sections. Poincaré sections are successfully employed as a tool to ex-

amine the relationship between the invariant manifolds of multiple unstable resonant

orbits at a fixed value of Jacobi constant. The intersection of the invariant mani-

folds associated with these resonant trajectories, as viewed in the Poincaré map, is

then employed to search for potential resonance transitions. The resulting transfer

trajectories may benefit from a reduced maneuver cost (∆V ) by shadowing the in-

variant manifold trajectories. Thus, the core of this investigation is the application

of Poincaré maps and resonance to the circular restricted three-body problem. As a

result, the techniques can be applied in mission design.
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1.2 Motivation

Interplanetary missions, such as the Jupiter Icy Moons Orbiter (JIMO) and the

Jupiter Europa Orbiter (JEO), are designed to exploit multiple gravity assists as well

as low-thrust propulsion. The complexity of such mission scenarios and the grav-

ity environments suggest that dynamical systems techniques might offer important

advantages. The JIMO spacecraft mission is designed to explore the icy moons of

Jupiter, including Europa. Ganymede and Callisto are also flyby targets for the space-

craft. The JEO mission, a mission in NASA’s Outer Planets Program, is planned to

insert a spacecraft into orbit about Europa to determine the presence or absence of a

liquid ocean on the moon [1]. Relevant to this investigation, the spacecraft encounters

Europa in an ‘endgame’ phase. The first encounter is designed to insert the spacecraft

into a 3:4 resonant orbit with respect to Europa, i.e., three spacecraft orbits to four

Europa orbits, and the second encounter shifts the spacecraft to a 5:6 resonance orbit

with Europa, leading to Europa Orbit Insertion (EOI) on the final pass [1].

This investigation is primarily motivated by the work of previous researchers [2]

[3] [4] [5] involving the analysis of the invariant manifolds emanating from two specific

unstable resonant orbits involved in the JEO encounters. In the previous work, it is

apparent that the actual Europa Orbiter flyby trajectory appears to shadow the in-

variant manifolds of the 3:4 and 5:6 unstable resonant orbits just prior capture around

Europa. Consequently, this effort is focused on understanding such relationships and

using dynamical systems techniques to search for similar connections involving mul-

tiple resonances in different systems. One obvious extension is the application to the

Saturn-Titan system.

1.3 Previous Contributions

A spacecraft that passes in close proximity to a moon in the Jovian or Satur-

nian system is modeled, in this analysis, within the context of the circular restricted

three body problem (CR3BP). This dynamical model has been explored by many
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investigators in the past, including some of the greatest researchers in the history of

dynamics.

In 1687, Newton published his PhilosophiæNaturalis Principia Mathematica, also

known as the Principia, and included an attempt to solve the n-body problem to

explain the observed motion of the Moon around the Earth, and to predict the lunar

position over time [6] [7]. In 1772, Euler first formulated a much simpler model where

the motion of a small particle under the influence of two gravitational sources could

be described, that is, the three-body problem [6]. He formulated the problem using

a rotating coordinate system, in which the two gravitational bodies remain fixed and

equilibrium point solutions exist. However, not until many years later did Poincaré

give the problem the name ‘circular restricted three-body problem’ [7]. Both Euler

and Lagrange discovered particular solutions in the three-body problem, those related

to the equilibrium points. In 1772, Lagrange approximated periodic solutions to the

problem, which Hill continued to examine in later years [5].

In 1843, Jacobi reduced the order in the three-body problem to six, and identified

a single integral of motion, known as the Jacobian integral [7] [8]. Hill demonstrated

the importance of this integral, in 1878, by defining regions of exclusion, or regions

that are ‘forbidden’ to motion, where the massless body cannot be located for certain

values of Jacobi constant [8]. Poincaré later continued Hill’s research, and investigated

periodic solutions. In his work, Les Méthodes Nouvelles de la Mécanique Celeste [9],

Poincaré introduced a qualitative analysis of the CR3BP. He used this qualitative

assessment to prove that, although the problem is non-integrable by the techniques

that employ traditional integrals of motion [7], there are an infinite number of periodic

solutions that exist in the CR3BP.

The origins of most of the dynamical systems techniques employed today appear

in Poincaré’s work [5]. In general terms, a dynamical systems approach attempts

to describe the evolution of a future state as it follows from the current state; this

description is either continuous via ordinary differential equations or discrete, using

a map [5]. In 1892, Poincaré predicted the existence of particular structures, such as
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periodic orbits and invariant manifolds [5]. Dynamical chaos, one of the key concepts

introduced by Poincaré, can be defined as the highly sensitive dependence of dynam-

ical systems on initial conditions [10] [11]. In other words, small differences in initial

conditions yield widely diverging results for chaotic systems. As a result, long-term

prediction is almost impossible [10], but it is the existence of chaos in the CR3BP

that allows for transfers from an original position to different destinations at very

little cost [5]. These concepts have been advanced by many researchers, including

Birkhoff [12], as well as Kolmogorov, Arnold, and Moser.

In the 1960’s, the application of the CR3BP moved into the space age when a

mission to the Lagrange points was considered for NASA’s Apollo program [13]. Since

then, many of the structures that emerge in the CR3BP have been more widely used

in trajectory design [14] [15] [16]. Consequently, successful missions to the vicinity

of the Lagrange points have since been launched, such as the International Sun-

Earth Explorer-3 (ISEE-3) [17], the Solar Heliospheric Observatory (SOHO) [18], the

Advanced Composition Explorer (ACE) [19], and the Microwave Anisotropy Probe

(MAP) [20]. Parallel to the development of these mission concepts, other researchers

considered the possibility of applying dynamical systems techniques to these type of

missions [5]. In fact, in the 1960’s, Conley had investigated low energy transfer orbits

to the Moon using dynamical system techniques [21]. However, the transfer orbits

that Conley computed possessed a time of flight that was considered too great to be

useful [5]. Nevertheless, he set the foundation for future work, and other researchers

rapidly took over this design problem [22]. In the 1990’s, the use of invariant manifolds

as pathways between the Earth and the Sun-Earth libration points was finally applied

to an actual mission [5]: the Genesis mission [23] [24] [25]. Since then, these techniques

have been increasingly applied in mission design [26] [5].

The study of resonance, particularly within the context of flybys, has also ad-

vanced, and dynamical systems techniques are now applied to this problem [5]. The

application of gravity flyby techniques to mission design also has a long history and

was first introduced by Minovitch [27] [28] and others at the Jet Propulsion Labora-
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tory (JPL) [5]. In almost all the multiple planetary flyby trajectories designed, some

form of resonance is employed [5]. One reason for using resonant flybys is that the

corresponding trajectories result in much lower maneuver costs. This efficient result is

based in the exchange in momentum between the spacecraft and the planetary body

during the flyby [5]. Another example of the use of resonance during planet or moon

encounters is the Jupiter Europa Orbiter trajectory, which incorporates two different

resonances with respect to Europa before capture around the Jovian moon [1].

One of the most significant examples of natural resonance in the solar system are

comets in resonance with planetary orbits. The Jupiter family of comets, such as

Gehrels 3, Oterma, and Helin-Roman-Crockett, are known to frequently transition

between 3:2 and 2:3 resonances, sometimes including temporary captures by Jupiter

for several revolutions [5]. As a result, many researchers have attempted to explain

this phenomenon. In 1997, Belbruno and Marsden explained the transition between

these resonances with a weak stability boundary concept [29] [5]. In 1998, Lo and

Ross suggested that these comets were using the invariant manifolds associated with

Sun-Jupiter libration point orbits to transition between resonances [25] [5]. In 2000,

Koon, Lo, Marsden and Ross demonstrated, from a theoretical planar perspective,

that the invariant manifolds of the 3:2 and 2:3 resonant orbits near Jupiter and the

Lyapunov orbits in the vicinity of the Sun-Jupiter L1 and L2 libration points supply

the mechanism for resonant transfer and capture around Europa [30] [31] [5]. Later,

in 2001, Howell, Marchand, and Lo extended the analysis to three-dimensions and

numerically confirmed the existence of this transition by comparing the orbits of

several comets with arcs from the invariant manifolds of libration point orbits near

the Sun-Jupiter L1 and L2 points [32] [5].

Based on the previous analyses concerning dynamical systems techniques and

resonance, the focus of this investigation is the use such techniques to explore the

relationship between the invariant manifolds of unstable resonant orbits at a given

energy level, and to determine their role in resonance transition.
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1.4 Thesis Overview

This investigation is organized as follows:

• Chapter 2: The n-body problem is described, and the necessary background

regarding the formulation of the circular restricted three-body problem is de-

veloped. This chapter includes the derivation of the differential equations and

the integrals of the motion, the state transition matrix, and a series of numer-

ical techniques that are employed in the computation of periodic solutions in

the CR3BP. Numerical examples of such periodic solutions are also included.

Planar, periodic, Lyapunov orbits, and three-dimensional, periodic, halo orbits

are discussed in detail. The required background in orbital stability is also

developed.

• Chapter 3: The background regarding resonant orbits, invariant manifold the-

ory, and Poincaré sections is developed in this chapter. The concept of resonance

and the different types of resonance are first introduced. The mean motion or-

bital resonance, or orbit-orbit resonance, is the main focus of this investigation.

Thus, this concept is primarily introduced from the perspective of the two-body

problem and, subsequently, transitioned to the CR3BP. A numerical analysis

of the planar and the three-dimensional resonant orbits is presented, followed

by an introduction to invariant manifold theory. The invariant manifolds for

fixed points as well as the invariant manifolds associated with periodic orbits

are discussed. As an illustrative example, the numerical computation of the

invariant manifolds that emanate from a libration point orbit is provided. The

last section of this chapter illustrates the concept of Poincaré maps and the

technique used in their computation. A series of Hénon maps are used to illus-

trate the concept of periodic, quasi-periodic, and chaotic trajectories obtained

from the surfaces of section. Finally, this chapter also includes tables of physical

constants, CR3BP constants, and values of the Jacobi constant at the libration

points in the Jupiter-Europa and Saturn-Titan systems.
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• Chapter 4: The concept of unstable resonant orbits is further discussed. A tech-

nique to compute such orbits from a Poincaré section is detailed. The process

to compute the invariant manifolds of unstable resonant orbits and to display

them in a Poincaré map is developed, along with numerical examples. Once the

invariant manifolds associated with an unstable resonant orbit are displayed

on a surface of section, the concept of resonance transition is discussed using

a series of resonances in the Jupiter-Europa and Saturn-Titan systems. The

two unstable resonant orbits involved in the planar Europa Orbiter flyby tra-

jectory [5] are reproduced and the relationship between the associated invariant

manifolds is demonstrated. This relationship is then expanded to multiple un-

stable resonant orbits at the same energy level. Two apparently homoclinic

trajectories are presented, and further discussion ensues on the relationship be-

tween the invariant manifolds of the 3:4 resonance and other resonances at the

given energy level. A similar analysis regarding a 2:3 unstable resonant orbits

in the Saturn-Titan system is presented.

• Chapter 5: The final chapter includes a summary of the major results of this in-

vestigation, along with future recommendations to further investigate the prob-

lem and prepare a trajectory design tool.
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2. BACKGROUND - DYNAMICAL MODELS AND

NUMERICAL METHODS

Any study involving resonances typically defines a resonance initially within the con-

text of the two-body problem and conics. This investigation, however, is focused

on resonance conditions in a higher-fidelity environment, that is, involving multiple

gravitational fields. Thus, the circular restricted three-body problem serves as the

basis for the majority of this analysis. In the restricted problem, the motion of an

infinitesimal third particle is modeled in the presence of two gravitationally-attracting

bodies of significantly larger mass. Such a scenario can easily represent the behavior

of a spacecraft in the presence of the Sun and a planet, or a planet and moon. As

background that facilitates an understanding of the problem, the first section intro-

duces the general n-body problem and then the framework, assumptions, and full

formulation of the circular restricted three-body problem for this application.

2.1 The General n-Body Problem

Frequently, the ultimate goal in an investigation represented in terms of the n-

body problem is a prediction of the motion of n celestial bodies given only their

present position and velocity. The number of bodies with gravity is defined such that

n ≥ 3, that is, no less than three bodies, and thus, the label three-body problem. A

diagram to define notation in the n-body problem appears in Fig. 2.1. The X̂, Ŷ , Ẑ

system of coordinates denotes an inertial reference frame; point O identifies the origin,

overbars indicate vectors, and carats represent unit vectors. The directional compo-

nents of any vectors are identified with subscripts and the gravitational bodies in the

system are labeled P1, P2, ..., Pn.
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Pq(mq)

Pn(mn)

P1(m1)

P2(m2)

Pi(mi)

n
r

q
r

i
r

1
r 2

r
O

X̂

Ẑ

Ŷ

Fig. 2.1. Definitions in the n-body Problem

The mutual gravity between the n point masses is assumed to be the only force

acting in the system. A force model is available from Newton’s law of universal

gravitation, that is,

F̄t = −Gmi

n∑

j=1
j 6=i

mj

r3
ji

r̄ji (2.1)

where G is the universal gravitational constant. Using this force model, the equations

of motion are derived from Newton’s second law assuming that the masses in the

system are constant and all derivatives are relative to an inertial observer. The

resulting vector equation of motion for a particle Pi under the gravitational influence

of n other particles is written,

mi
d2r̄i
dt2

= −G
n∑

j=1
j 6=i

mimj

r3
ji

r̄ji (2.2)

In Eq. (2.2), however, the number of dependent variables, that is, the scalar compo-

nents of position and velocity of mi, (r̄i, ˙̄ri), is greater than the number of equations.

Ultimately, six scalar, first-order differential equations are required to model the de-

grees of freedom for each particle in the system, that is, a total of 6n differential

equations for a system of n particles. These equations are non-linear and coupled.
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From fundamental concepts in mechanics, only 10 integrals of motion are known to

exist; even in just the two-body problem where n = 2, 12 equations are necessary

for a closed-form analytical solution. An alternative relative formulation is more suc-

cessful, i.e., expressing the position of particle Pq(mq) relative to particle Pi(mi), as

defined in Fig. 2.2.

mq mi

q
r

i
r

qi
r

Inertially fixed base point

X̂

Ẑ

Ŷ

Fig. 2.2. Definition of the Relative Vector r̄qi, Representing the Lo-
cation of Particle mi Relative to Particle mq

In the relative n-body problem, the equation for the motion of particle mi relative

to mq is written,

r̄′′qi +G
(mj +mq)

r3
qi

r̄qi = G
n∑

j=1
j 6=i,q

mj

(
r̄ij
r3
ji

− r̄qj
r3
qj

)
(2.3)

Note that primes identify derivatives with respect to dimensional time. The terms on

the right represent the perturbation due to a third particle on the motion of both Pq

and Pi. In the two-body problem, all perturbing terms are removed and a closed-form

analytical solution is available. However, this analytical result no longer exists if even
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one more body is added to the system. But, the dynamical system of equations in

Eq. (2.3) can be solved numerically.

2.2 The Circular Restricted Three-Body Problem (CR3BP)

Limiting the number of particles reduces the complexity of the governing differ-

ential equations. For three gravitational sources, Eq. (2.3) reduces to the form,

m3r̄
′′
3 = −Gm3m1

r3
13

r̄13 −G
m3m2

r3
23

r̄23 (2.4)

where m3 is the infinitesimally small mass of the third particle P3 and the masses

m1 and m2 comprise the primary system. Solving Eq. (2.4) analytically requires

the time history for the location of the primaries, that is, r̄1(t) and r̄2(t). Such

information is not available since P1 and P2 are influenced by the motion of P3 and

its instantaneous position r̄3(t). Recall that the simultaneous solution for all three

position vectors requires 18 integrals, but only 10 are available. In the two-body

problem, reformulating the problem in terms of relative motion is significant and

yields an analytical solution, so the same strategy is employed for n = 3. Consider

the motion of P3 with respect to P1,

r̄′′13 +G
(m3 +m1)

r3
13

r̄13 = Gm2

(
r̄32

r3
23

− r̄12

r3
12

)
(2.5)

and the motion of P3 with respect to P2,

r̄′′23 +G
(m3 +m2)

r3
23

r̄23 = Gm1

(
r̄31

r3
13

− r̄21

r3
12

)
(2.6)

This relative formulation results in two second-order vector differential equations for

r̄13 and r̄23. A total of 12 constants are required and only 10 are available. Even

though the relative-equation formulation reduces the number of equations that are

necessary to completely model the system, an analytical solution is still not available.

Further simplification is warranted to gain insight into the behavior of the system.
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2.2.1 Assumptions

Three additional assumptions are critical to further decrease the complexity of

the problem. All the assumptions are key in describing the motion of the primary

system, i.e., P1 and P2. They are based on the relative mass ratios:

1. It is assumed that the mass of the third particle, P3, is infinitesimally small

relative to the masses of primary particles P1 and P2, that is, m3 � m1,m2. This

mass relationship is reasonable when m3 represents a comet, spacecraft, or moon

moving under the influence of the planets and/or the Sun. The assumption

implies that m3 does not influence the motion of m1 and m2.

2. If m3 does not influence the motion of m1 and m2, then m1 and m2 represent

an isolated two-body system. The solution in such a system is known to be a

conic section. For many applications of interest, the solution is a closed conic.

The masses m1 and m2 comprise the primary system; m1 is arbitrarily selected

as the larger primary. The center of mass is located at the barycenter on the

line joining the primaries.

3. If the relative two-body primary motion is closed, it can be described as an

ellipse. To further restrict motion, it is assumed that P1 and P2 move on circular

orbits. This conic motion of the primaries is planar. However, the motion of P3

is not constrained and the third particle is free to move in all three dimensions.

Given these assumptions, the problem can be reformulated as demonstrated in Fig. (2.3).

From this relative formulation, the vector equation of motion for P3 is written,

m3r̄
′′
3 = −Gm3m1

r3
13

r̄13 −G
m3m2

r3
23

r̄23 (2.7)

The position vectors in Eq. (2.7) are defined in Fig. 2.3.
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O

P1(m1)

P2(m2)

P3(m3)

3
r

2
r

1
r

X̂

Ẑ

Ŷ

23
r

13
r

Fig. 2.3. Formulation of the Three-body Problem

2.2.2 Characteristic Quantities and Non-Dimensionalization

Further insight into this complex problem can be gained by non-dimensonalizing

the parametric quantities in Eq. (2.7). Non-dimensionalization is most successfully

accomplished if the characteristic quantities are selected to appropriately scale the

problem. The following quantities are standard for studies in the CR3BP. The charac-

teristic length, l∗, is defined as the distance between the primaries. The characteristic

mass, m∗, represents the sum of the masses of the two primaries, and the orbital pe-

riod of the system primaries in their relative motion is defined as the characteristic

time, t∗. In summary,

l∗ = ‖r̄1‖+ ‖r̄2‖ (2.8)

m∗ = m1 +m2 (2.9)

t∗ =

[
l∗3

G̃m∗

] 1
2

(2.10)

G̃ =
Gl∗3

m∗t∗2
= 1 (2.11)
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where G is the universal gravitational constant. Several derived quantities are also

very useful. The mean motion of the primary bodies in their conic orbit is non-

dimensionalized to the value n, such that,

n = Nt∗ = 1 (2.12)

and time, the independent variable in the differential equations, is non-dimensionalized

such that,

τ =
t

t∗
(2.13)

In addition to the characteristic quantities, the mass fraction µ is associated with the

two system primaries P1 and P2 and is defined as,

µ =
m2

m1 +m2

=
m2

m∗
(2.14)

This mass ratio is often used to parameterize the ensuing motion.

2.2.3 Equations of Motion

The differential equations that govern the motion of P3 are applicable to a wide

variety of systems in a non-dimensional form. Equation (2.7) can be simplified with

the aid of the characteristic quantities. In addition, a formulation relative to a rotating

observer adds great insight and further applications. This rotating frame facilitates

the identification of fixed equilibrium points corresponding to particular solutions

in the CR3BP. These equilibrium points then serve as the starting point for the

determination of periodic orbits.

To define the rotating frame, first recall the inertial frame that is defined in

Fig. 2.2. The origin of the inertial frame is also fixed at B, the system barycen-

ter. Then, the rotating frame is an additional reference frame, R, also centered at B

such that the x -axis of the rotating frame is always parallel to the line connecting P1

to P2, and directed from the larger towards the smaller primary. Let x̂ represent a unit

vector in this direction. Since P1 and P2 move on conic paths, their mutual plane of
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motion remains fixed. This fixed plane is defined as the common X̂Ŷ - and x̂ŷ-plane.

Recall that the third particle P3 can move in any of the three spatial dimensions.

The z -axis of the rotating frame, i.e. ẑ, is parallel to the orbital angular momentum

vector associated with the motion of the system; thus ẑ and Ẑ are parallel. Then, ŷ

completes the right-handed vector basis. The angle θ denotes the orientation of the

rotating frame with respect to the inertial frame. The dimensional rate of change of

θ, i.e. θ′, is the angular velocity of the primary system, which is constant for circular

orbits of the primaries and equal to the mean motion, N.

P2(m2)

P3(m3)

B

P1(m1)

X̂

Ẑ

Ŷ

x̂

ŷ

1
D

2
D

D P

R

Fig. 2.4. Formulation of the CR3BP Relative to a Rotating Reference Frame

Once the rotating frame is clearly defined, the derivation of the equations of motion

is straightforward. The positions of P1, P2, and P3 with respect to the barycenter are

defined by the vectors D̄1, D̄2, and P̄ , respectively. The position of P3 relative to P1

is D̄ and that of P3 relative to P2 is R̄. Let the position vector P̄ be defined in terms

of the scalar components,

P̄ = xdx̂+ ydŷ + zdẑ (2.15)
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where xd, yd, zd are dimensional quantities measured relative to the rotating frame.

With these vector definitions, the non-dimensional distances r̄, d̄, and ρ̄ are written,

r̄ =
R̄

l∗
= (x− 1 + µ) x̂+ yŷ + zẑ (2.16)

d̄ =
D̄

l∗
= (x+ µ) x̂+ yŷ + zẑ (2.17)

ρ̄ =
P̄

l∗
= xx̂+ yŷ + zẑ (2.18)

where l∗ =
∥∥D̄1

∥∥+
∥∥D̄2

∥∥ and x, y, z are non-dimensional quantities measured relative

to the rotating frame. The specific quantities defined in Fig. 2.4 and Eqs. (2.15)-

(2.18) are substituted into Eq. (2.7). The result is a vector, second-order differential

equation for the motion of m3 under the gravitational influence of larger masses m1

and m2,

ρ̄′′ = −(1− µ)
d̄

d3
− µ r̄

r3
(2.19)

where the primes indicate derivatives with respect to the non-dimensional time, τ ,

relative to an inertial reference frame centered on the barycenter of the system. It is

desirable to express Eq. (2.19) in terms of the Cartesian coordinates and the rotating

reference frame. Expressions for ρ̄′ and ρ̄′′ are derived from the Basic Kinematic

Equation, BKE, that is,

ρ̄′ =
Idρ̄

dτ
=

Rdρ̄

dτ
+I ω̄R × ρ̄ (2.20)

ρ̄′′ =
Id2ρ̄

dτ 2
=

Rd2ρ̄

dτ 2
+ 2I ω̄R × ρ̄+I ω̄R ×

(
I ω̄R × ρ̄

)
(2.21)

where I ω̄R = nẑ is the angular velocity of the rotating reference frame with respect

to the inertial frame. The kinematic expressions for the velocity and acceleration

relative to an observer in frame R are,

˙̄ρ =
Rdρ̄

dτ
= ẋx̂+ ẏŷ + żẑ (2.22)

¨̄ρ =
Rd2ρ̄

dτ 2
= ẍx̂+ ÿŷ + z̈ẑ (2.23)
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Recall that the dots indicate a derivative with respect to the non-dimensional time, τ ,

and relative to the rotating reference frame. Substituting Eq. (2.23) into Eq. (2.21)

results in the following kinematic expansion,

ρ̄′′ =
(
ẍ− 2nẏ − n2x

)
x̂+

(
ÿ + 2nẋ− n2y

)
ŷ + z̈ẑ (2.24)

The kinematic expression for the acceleration in Eq. (2.24) is substituted into the left

side of Eq. (2.19). The resulting vector equation of motion (EOM) reduces to the

well known scalar, second-order differential equations in the CR3BP,

ẍ− 2nẏ − n2x = −(1− µ)(x+ µ)

d3
− µ

r3
(x− 1 + µ) (2.25)

ÿ + 2nẋ− n2y = −(1− µ)

d3
y − µ

r3
y (2.26)

z̈ = −(1− µ)

d3
z − µ

r3
z (2.27)

where the magnitudes of d̄ and r̄ are evaluated as,

d =
√

(x+ µ)2 + y2 + z2 (2.28)

r =
√

(x− 1 + µ)2 + y2 + z2 (2.29)

and the dot indicates a derivative with respect to the non-dimensional time, τ , and

relative to an observer in the rotating reference frame. For future analysis, the non-

linear system of differential equations in Eqs.(2.25)-(2.27) can be generally represented

in first-order form as ˙̄X = F̄ (X̄, τ). The state vector X̄ is the six-element state vector

X̄ = [x1 x2 x3 x4 x5 x6]T = [x y z ẋ ẏ ż]T , and the elements of F̄ are expressed as,

X̄ =




x1

x2

x3

x4

x5

x6




, F̄ =




x4

x5

x6

2nx5 + n2x1 − (1−µ)(x1+µ)
d3

− µ
r3

(x1 − 1 + µ)

−2nx4 + n2x2 − (1−µ)
d3

x2 − µ
r3
x2

− (1−µ)
d3

x3 − µ
r3
x3




(2.30)

where d and r are similarly defined in terms of x1, x2, and x3. These differential

equations govern the motion of P3 under the gravitational influence of the primary
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bodies; the result is viewed by a rotating observer. All simulations in the CR3BP

result from the numerical integration of these non-dimensional equations of motion.

2.2.4 Integrals of Motion

The differential equations of motion in Eqs. (2.25)-(2.27) can be further simplified

by defining a pseudo-potential function. The scalar pseudo-potential U∗ is defined as,

U∗ =
1− µ
d

+
µ

r
+

1

2
n2(x2 + y2) (2.31)

The differential equations of motion in Eqs. (2.25)-(2.27) can be rewritten in terms

of the pseudo-potential and appear in the following form,

ẍ− 2nẏ =
∂U∗

∂x
(2.32)

ÿ + 2nẋ =
∂U∗

∂y
(2.33)

z̈ =
∂U∗

∂z
(2.34)

These equations and Eqs. (2.25)-(2.27) are equivalent.

The form of the equations in (2.32)-(2.34) does admit an integral of the motion.

It is possible to produce the integral of the motion in the CR3BP by operating on

Eqs. (2.32)-(2.34). Using a dot product between the differential equations and the

rotating velocity vector, ˙̄ρ = ẋx̂+ ẏŷ+ żẑ, the resulting scalar equations are summed,

ẋẍ+ ẏÿ + żz̈ =
dU∗

dτ
(2.35)

The scalar relationship in Eq. (2.35) can be directly integrated over non-dimensional

time, τ , to produce the well known Jacobian integral, or Jacobi constant, C,

1

2

(
ẋ2 + ẏ2 + ż2

)
= U∗ − C

2
(2.36)

The constant of integration is defined as −C
2

for convenience so that the integral of

motion can be more easily expressed in the form,

V 2 = 2U∗ − C (2.37)
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where the speed relative to the rotating frame is denoted V. Thus, one integral of

motion exists, but one constant of the motion is not sufficient for a closed-form

solution. However, the lack of an analytical solution does not prevent a numerical

analysis.

2.2.5 Equilibrium Solutions

For a coupled, non-linear set of differential equations, the behavior of the system is

typically first investigated via equilibrium solutions. Equilibrium solutions are sought

by examination of the system equations when the first and second derivatives are equal

to zero. In Eqs. (2.32)-(2.34), if ρ̇ and ρ̈ are zero, it is implied that the velocity and

acceleration relative to the rotating frame are zero. Thus, if P3 possesses no initial

velocity or acceleration with respect to the rotating frame, P3 theoretically maintains

the given position indefinitely, relative to the rotating frame. Thus, from Eqs. (2.32)-

(2.34) these equilibrium locations are determined by evaluating the gradient of the

pseudo-potential function when the value is equal to zero,

∂U∗

∂x
=
∂U∗

∂y
=
∂U∗

∂z
= 0 (2.38)

where U∗ is the pseudo-potential function from Eq. (2.31).

In 1772, Joseph-Louis Lagrange determined five equilibrium solutions, which were

subsequently denoted the Lagrange points or libration points. The locations of these

five equilibrium points, as viewed in the rotating frame, are indicated in Fig. 2.5.

They are denoted by the symbol Li, i = 1, ..., 5. By convention, the equilibrium point

to the left of the smaller primary is labeled L1; L2 is located to the right of the smaller

primary, and L3 is the furthest point on the x -axis on the far side of the larger primary.

The equilateral point with a positive y-component is labeled L4; the final libration

point with a negative y-component is L5. All five equilibrium points are located in the

plane of motion of the primaries, that is z = 0. Three of the five, the collinear points,

lie along the x -axis, and the remaining two, the equilateral points, form equilateral
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triangles with the primaries. The distances γ1, γ2, γ3 locate the equilibrium points

relative to the primaries. Effectively, at these equilibrium locations, the gravitational

and centrifugal forces in the system cancel.

L4

L3 L2L1

L5

γ3 γ1 γ2

x̂

ŷ

B

Fig. 2.5. Relative Location of the Lagrange Points, Li, in the CR3BP

The location of the collinear points can be computed from Eq. (2.31) by expanding

the partial expression ∂U∗
∂x

= 0 and solving for the three distinct x -axis crossings, which

correspond to the locations of L1, L2, and L3, that is,

x− 1− µ
(x+ µ)2

− µ

(x− 1− µ)2
= 0 (2.39)

where x = (1 − µ − γ1) for L1, x = (1 − µ + γ2) for L2 and x = (−µ − γ3) for L3.

Recall that y = 0 and z = 0 for all three collinear points. The specific values for γ1,

γ2, and γ3 are determined from the following fifth-order polynomials,

γ5
1 + γ4

1(µ− 3) + γ3
1(3− 2µ)− γ2

1(µ) + γ1(2µ)− µ = 0

γ5
2 + γ4

2(3− µ) + γ3
2(3− 2µ)− γ2

2(−µ) + γ2(−2µ)− µ = 0 (2.40)

γ5
3 + γ4

3(2 + µ) + γ3
3(1 + 2µ)− γ2

3(µ− 1) + γ3(2µ− 2)− (1− µ) = 0
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which are derived by substituting the (x,y,z ) coordinates of L1, L2, and L3 into

Eq. (2.39).

The location of the equilateral points L4 and L5 can be computed with a similar

approach, that is, ∂U∗
∂x

= ∂U∗
∂y

= 0. The terms in this expression can be algebraically

manipulated to solve for d and r, leading to unit values in both cases. Hence, with

r = 1 and d = 1 and the distance between the primaries normalized to one, that is,

d1+d2 = 1, it is straightforward to deduce that L4 and L5 are located at the vertices of

two equilateral triangles with the primaries. The distance from the equilibrium point

to one of the primaries is the same as the distance between the two primaries. Thus,

the angle between the line connecting the point to the primary and the line connecting

the two primaries is equal to 60 degrees. Given this geometry, it is apparent that the

coordinates corresponding to the equilateral points are x = 1
2
− µ, y = ±

√
3

2
and

z = 0. Thus, in vector form, the coordinates of the L4 and L5 Lagrange points are

written as,

L4 =

[
1

2
− µ,

√
3

2
, 0

]
(2.41)

L5 =

[
1

2
− µ,−

√
3

2
, 0

]
(2.42)

Both are expressed relative to the barycenter and are clearly a function of the mass

fraction, µ.

2.2.6 Zero Velocity Surfaces

The new equilibrium solutions and the Jacobi constant lead to two more impor-

tant concepts: zero relative velocity and the zero velocity surfaces. Reconsider the

Jacobian integral, Eq. (2.37). If the relative velocity V is zero and the full expression

for the pseudo-potential U∗ from Eq. (2.31) is inserted, then the relationship appears

as follows,

x2 + y2 +
2

d
(1− µ) +

2

r
µ = C (2.43)
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Recall that C is always positive since x2 and y2 are always positive and 2(1−µ)
d

> 0,

2µ
r
> 0 as well because d and r are distances and 0 < µ < 1. The values of the

Jacobi constant at each libration point in the Earth-Moon system are summarized in

Table 2.1 and labeled CL1 , CL2 , CL3 , CL4 , and CL5 . The energy levels decrease such

that CL5 = CL4 < CL3 < CL2 < CL1 .

Table 2.1
Jacobi Constant Values for the Lagrange Points

in the Earth-Moon System

CL1 3.188340

CL2 3.172160

CL3 3.012147

CL4 2.987997

CL5 2.987997

For a given value of C, an infinite number of x, y, and z combinations satisfy

Eq. (2.43). Together, the solutions define a surface in three-dimensional space. Hence,

Eq. (2.43) represents the equation for a surface of zero velocity. For a given value

of µ, the surface will change by varying the value of C. These zero velocity surfaces

delineate two types of regions: a region where motion is physically possible and a

“forbidden” region, or region of exclusion, where motion is physically impossible.

The surfaces cannot be crossed, so at the given energy level, it is not possible to

enter the “forbidden” region. Without a maneuver that alters the velocity state and,

thus, the value of Jacobi constant, the zero velocity surfaces constrain the motion

throughout any time evolution.

In Figs. 2.6-2.10, these zero velocity surfaces are represented and viewed from

different perspectives. A full three-dimensional perspective appears in subplot (a) in

the figures; a view down the z -axis onto the xy-plane appears in subplot (b). If the

surfaces are projected onto the xy-plane, the projections are curves and are denoted

as zero velocity curves (ZVC). In these figures, the surfaces are colored in gray; the
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black crosses represent the five equilibrium points L1, L2, L3, L4, and L5, and the

Earth and the Moon appear as black spheres, although the bodies may not be visible

in all the figures.

For large values of the Jacobi constant, the solution to Eq. (2.43) yields three

distinct surfaces that are apparent in Figs. 2.6-2.10. One of the zero velocity surfaces

is a relatively large cylinder with its axis of symmetry parallel to the z -axis. Closer to

the primaries, for smaller values of d and r, two surfaces that appear as small ovoids

form about the primaries. If these surfaces are projected onto the xy-plane, three

distinct curves can be identified in the plane. As the value of the Jacobi constant

decreases, the 3 -D surfaces and 2 -D curves change accordingly. The outer circle

shrinks in radius, the smaller ovals increase in size, and eventually the two inner curves

meet at L1, as is apparent in Fig. 2.6(b). Clearly, changing the energy level modifies

the surface characteristics. By continuing to reduce the value of C, the interior region

expands and a corridor opens between the larger and the smaller primary (Fig. 2.7).

Trajectories that extend between the larger and smaller primaries can now exist

without a maneuver to maintain the energy level. As the Jacobi constant value is

decreased from CL2 to a value C such that CL3 < C < CL2 , the gateway at L2 opens.

This opening gateway links the interior region near the primaries and the exterior

region beyond the outer-most surface. As this interior region enlarges, the next point

of intersection with the outer regions occurs at L3, allowing free motion between the

primaries and the three collinear points, as is apparent in Fig. 2.8. As the value of

the Jacobi constant decreases further, two separate curves enclosing the equilibrium

points L4 and L5 appear. These regions will shrink until C = CL4 = CL5 , where

the projection of the surfaces onto the plane appears simply as two points at the

location of the equilateral points. These points will disappear as the surface leaves

the plane when the value of C is less than CL4 = CL5 . The associated evolving

surfaces appear in Figs. 2.9-2.10. At values of C lower than those associated with L4

and L5, there are still large regions of three-dimensional space that are not accessible.
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However, motion in the xy-plane is no longer bounded. These out-of-plane surfaces

are symmetric across the plane of the primary motion.

(a) (b)

Fig. 2.6. Zero Velocity Surfaces for Values of C = 3.2100 and C = CL1

in the Earth-Moon System

Fig. 2.7. Zero Velocity Surfaces for a Value of C < CL1 in the Earth-Moon System
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Fig. 2.8. Zero Velocity Surfaces for C = CL3 in the Earth-Moon System

Fig. 2.9. Zero Velocity Surfaces for C < CL3 in the Earth-Moon System

Fig. 2.10. Zero Velocity Surfaces for C = 2.8000 in the Earth-Moon System
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2.2.7 Coordinate Transformations: Rotating Frame to/from Inertial Frame

Although visualizing trajectories in the rotating frame offers very useful informa-

tion, it is also desirable to view these trajectories from the perspective of the inertial

reference frame. Transformation between inertial and rotating coordinates is facili-

tated with the appropriate direction cosine matrix [13]. In Fig. 2.11, the angle θ is

defined as the orientation angle of the rotating frame R (x̂− ŷ− ẑ) with respect to the

inertial frame I (X̂ − Ŷ − Ẑ). Recall that the orientation angle changes at a constant

rate in the circular restricted three-body model, that is, θ̇=constant. The position

vector ρ̄ with respect to the barycenter can be expressed in terms of either the rota-

tional or inertial unit vectors and these coordinates are related by the direction cosine

matrix, ICR, that is, 


X̂

Ŷ

Ẑ


 = ICR(τ)




x̂

ŷ

ẑ


 (2.44)

This direction cosine matrix reflects a simple rotation about the z -axis, which is

common to both frames. Since the angle θ varies at a constant rate, the matrix ICR

is an explicit function of the non-dimensional time, τ . Hence, θ = nt∗ = n(τ − τ0),

where τ0 is the initial time. By definition, the non-dimensional mean motion, n, is

equal to one. Thus, the direction cosine matrix can be expressed directly in terms of

the non-dimensional time as,

ICR(τ) =




cos(τ − τ0) −sin(τ − τ0) 0

sin(τ − τ0) cos(τ − τ0) 0

0 0 1


 (2.45)

Note that the direction cosine matrix in Eq. (2.45) can be inverted to obtain the

inverse transformation, i.e., from rotational to inertial coordinates.

The availability of the position and the velocity vectors in terms of rotational

and inertial coordinates is very useful. However, such a transformation also involves

the use of the Basic Kinematic Equation from Eq. (2.20). The non-dimensional
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X̂

Ŷ

x̂

ŷ

Fig. 2.11. Orientation of the Rotating Frame Relative to the Inertial Frame

position and velocity vectors expressed in terms of inertial and rotating coordinates

are respectively,

ρ̄in = XX̂ + Y Ŷ + ZẐ (2.46)

ρ̄′in = X ′X̂ + Y ′Ŷ + Z ′Ẑ (2.47)

ρ̄rot = xx̂+ yŷ + zẑ (2.48)

ρ̄′rot = (ẋ− ny) x̂+ (ẏ + nx) ŷ + żẑ (2.49)

leading to the position and velocity transformation. Recall the six-element state

vector X̄ defined in Eq. (2.30). Then, the transformation from rotating to inertial

coordinates appears as a 6x6 block matrix, that is,




X

Y

Z

X ′

Y ′

Z ′




=




ICR(τ) 03x3

Ċ(τ) ICR(τ)







x

y

z

ẋ

ẏ

ż




(2.50)
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where the submatrix 03x3 is the 3x3 zero matrix, the submatrix ICR(τ) is represented

in Eq. (2.45), and the submatrix Ċ(τ) is defined as,

Ċ(τ) =




−sin(τ − τ0) −cos(τ − τ0) 0

cos(τ − τ0) −sin(τ − τ0) 0

0 0 0


 (2.51)

The inverse of this block matrix leads to the inverse transformation.

2.3 The State Transition Matrix

In the circular restricted three-body problem, it is of great interest to explore

different types of solutions to the non-linear differential equations as well as the

dynamical behavior in the vicinity of these solutions. Periodic orbits in the vicinity

of the libration points is one type of solution that is a particular focus in this analysis.

To compute periodic orbits, the equations are typically linearized and a non-constant

sensitivity matrix Φ(τ, τ0) is required to determine the periodic orbits of interest.

This matrix Φ(τ, τ0), denoted the State Transition Matrix (STM), is associated with

the variational equations relative to a reference solution that satisfies the non-linear

differential equations in the CR3BP.

The first-order form of the non-linear system of differential equations is generally

represented as ˙̄X = F̄ (X̄, τ), where the six-element vector state X̄ is defined in

Eq. (2.30). It is assumed that a particular reference solution, X̄n(τ), to the non-

linear differential equations is available. Some desired solution nearby this reference,

i.e., X̄(τ) = X̄n(τ) + δX̄(τ), can be represented in terms of a Taylor series expansion

relative to the reference solution. By retaining only the linear terms, the first-order

variations relative to the reference are defined. This expansion results in a linear

equation expressed in terms of the variations in the state, δX̄(τ), of the form,

δ ˙̄X(τ) = A(τ)δX̄ + P̄ (τ) (2.52)



29

In this problem, time does not appear explicitly, hence, P̄ (t) = ∂X̄
∂t
δτ = 0, leading to

the linear vector variational equations,

δ ˙̄X = A(τ)δX̄ (2.53)

where A(τ) is the Jacobian matrix and δX̄(τ) = [δx δy δz δẋ δẏ δż]T . Thus, Eq. (2.53)

can be expanded in matrix form as,



δẋ

δẏ

δż

δẍ

δÿ

δz̈




=




0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

U∗xx U∗xy U∗xz 0 2 0

U∗yx U∗yy U∗yz −2 0 0

U∗zx U∗zy U∗zz 0 0 0







δx

δy

δz

δẋ

δẏ

δż




(2.54)

The lower left block of the Jacobian matrix involves the second partial derivatives

of the pseudo-potential function, U∗, from Eq. (2.31). The partials are evaluated

individually as,

U∗xx =
∂2U∗

∂x2
= 1− (1− µ)

d3
+

3(1− µ)(x+ µ)2

d5
− µ

r3
+

3µ(x− 1 + µ)2

r5
(2.55)

U∗yy =
∂2U∗

∂y2
= 1− (1− µ)

d3
+

3(1− µ)y2

d5
− µ

r3
+

3µy2

r5
(2.56)

U∗zz =
∂2U∗

∂z2
= −(1− µ)

d3
+

3(1− µ)z2

d5
− µ

r3
+

3µz2

r5
(2.57)

U∗xy =
∂2U∗

∂x∂y
= U∗yx =

3(1− µ)(x+ µ)y

d5
+

3µ(x− 1 + µ)y

r5
(2.58)

U∗xz =
∂2U∗

∂x∂z
= U∗zx =

3(1− µ)(x+ µ)z

d5
+

3µ(x− 1 + µ)z

r5
(2.59)

U∗yz =
∂2U∗

∂y∂z
= U∗zy =

3(1− µ)zy

d5
+

3µzy

r5
(2.60)

where d and r are defined in Eqs. (2.28)-(2.29). So, the general solution to Eq. (2.53)

is of the form,

δX̄(τ) = Φ(τ, τ0)δX̄0 (2.61)

where Φ(τ, τ0) is the STM and δX̄0 is the six-element initial deviation from a given

initial state X̄0 that is associated with the reference. Neither the matrix A(τ) nor
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Φ(τ, τ0) is constant in general. The evolution of the matrix Φ(τ, τ0) is governed by

the matrix differential equation,

Φ̇(τ, τ0) = A(τ)Φ(τ, τ0) (2.62)

which represents 36 scalar differential equations since Φ(τ, τ0) is a 6x6 matrix. In-

cluding the integration of the six scalar differential equations for the state vector X̄

in Eq. (2.30), simulation in the CR3BP involves the numerical integration of a total

of 42 differential equations. At the initial time, the matrix Φ(τ, τ0) is equal to the

6x6 identity matrix.

The elements of the STM contain valuable information about the sensitivities of

the final state to variations in the initial state. That is, the partial derivatives in the

STM reflect the change in a final state due to a change in the corresponding initial

state, that is,




δxf

δyf

δzf

δẋf

δẏf

δżf




=




∂x
∂x0

∂x
∂y0

∂x
∂z0

∂x
∂ẋ0

∂x
∂ẏ0

∂x
∂ż0

∂y
∂x0

∂y
∂y0

∂y
∂z0

∂y
∂ẋ0

∂y
∂ẏ0

∂y
∂ż0

∂z
∂x0

∂z
∂y0

∂z
∂z0

∂z
∂ẋ0

∂z
∂ẏ0

∂z
∂ż0

∂ẋ
∂x0

∂ẋ
∂y0

∂ẋ
∂z0

∂ẋ
∂ẋ0

∂ẋ
∂ẏ0

∂ẋ
∂ż0

∂ẏ
∂x0

∂ẏ
∂y0

∂ẏ
∂z0

∂ẏ
∂ẋ0

∂ẏ
∂ẏ0

∂ẏ
∂ż0

∂ż
∂x0

∂ż
∂y0

∂ż
∂z0

∂ẋ
∂ẋ0

∂ż
∂ẏ0

∂ż
∂ż0







δx0

δy0

δz0

δẋ0

δẏ0

δż0




(2.63)

Recall that time, τ , does not explicitly appear in the EOM, and hence, δτf = 0. This

matrix is an effective linear predictor of the sensitivity of the final state to variations in

the initial state, or in the state at an earlier time. The use of the STM is fundamental

in computing periodic orbits and assessing their stability.

2.3.1 Stability of the Constant Equilibrium Solutions, Li

The stability of the five equilibrium points can now be investigated by using the

variational equations and the STM. The non-linear system of differential equations in

Eqs.(2.32)-(2.34) can be linearized relative to the equilibrium solutions yielding a set
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of linear variational equations that can be employed to assess the stability, and, thus,

gain insight into the nature of the motion in the vicinity of the libration points [8].

Stability can be discussed from many different perspectives. In a general sense, sta-

bility is always defined in terms of a reference solution. If a disturbance from the

reference yields behavior that remains in the small neighborhood of an equilibrium

point, then the reference solution is considered stable. However, there are other types

of stability, such as Poisson stability, as well as Laplace or Hill stability. The stability

criteria employed in this investigation to assess the equilibrium points is Lyapunov

stability, and it only holds if the reference solution is constant. For computation,

Lyapunov stability is based on the characteristics of the eigenvalues determined from

the characteristic equation associated with matrix A, which is constant for the equi-

librium points. (In the case of periodic orbits, where the Jacobian matrix is not

constant but periodic, the following Lyapunov analysis is not valid and further stabil-

ity concepts are introduced.) The specific developments and definitions used in this

section closely follow the discussion in Theory of Orbits: The Restricted Problem of

Three Bodies, by Szebehely [8].

• Complex eigenvalues. If all the eigenvalues possess negative real parts, then the

equilibrium point is asymptotically stable. If some of the eigenvalues possess

positive real parts, then the equilibrium point is unstable. This criteria is valid

for multiple roots.

• Pure imaginary eigenvalues. If all the eigenvalues are imaginary, generally, the

motion is oscillatory and the solution is defined as stable, but not asymptoti-

cally stable. However, if there are multiple roots, the solution contains mixed

(periodic and secular) terms, and thus, is unstable.

• Real eigenvalues. If any of the eigenvalues are positive real integers, the reference

solution is unstable. If the roots are all negative real integers, the solution is

stable. This criteria holds for multiple roots.
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Hence, the stability of the libration points is linked to the constant matrix A and its

associated eigenvalues. This matrix is derived from the variational equations and ap-

pear in general form in Eq. (2.53). For the specific application to the libration points,

the process is initiated with the five equilibrium solutions represented as L(a, b, c),

where a, b, and c locate Li with the values in Table 2.1 and Eqs. (2.41)-(2.42) for L4

and L5. Then, the perturbed state relative to L(a, b, c) is expressed as,

x = a+ ξ (2.64)

y = b+ η (2.65)

z = c+ ρ (2.66)

where ξ, η, and ρ are the variations relative to Li. Since the Li locations are constant

in the CR3BP, the first and second time derivatives of x, y, and z can be expressed

in terms of ξ, η, and ρ as,

ẋ = ξ̇ (2.67)

ẏ = η̇ (2.68)

ż = ρ̇ (2.69)

ẍ = ξ̈ (2.70)

ÿ = η̈ (2.71)

z̈ = ρ̈ (2.72)

Thus, an expansion about Li using a Taylor series and neglecting the higher-order

terms leads to the linear variational equations, represented in second-order form as,

ξ̈ − 2η̇ = U∗xxξ + U∗xyη + U∗xzρ (2.73)

η̈ + 2ξ̇ = U∗yxξ + U∗yyη + U∗yzρ (2.74)

ρ̈ = U∗zxξ + U∗zyη + U∗zzρ (2.75)

The partials in Eqs. (2.73)-(2.75) appear in Eqs. (2.55)-(2.60). These partials are

then evaluated at the equilibrium solution and, therefore, are constant. Recall that
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all the equilibrium solutions are located in the xy-plane, hence, z = 0. The variational

equations can be reduced and expressed as,

ξ̈ − 2η̇ = U∗xxξ + U∗xyη (2.76)

η̈ + 2ξ̇ = U∗yxξ + U∗yyη (2.77)

ρ̈ = U∗zzρ (2.78)

Note, from the variational equations, that the in-plane and out-of-plane linearized

motions are decoupled, and therefore, can be examined separately. The out-of-plane

motion is governed by the ordinary differential equation in Eq. (2.78), with the general

form of the solution known to be sinusoidal, that is,

ζ = C1cos(ντ) + C2sin(ντ) (2.79)

where ν =
√
|Uzz|Li

is the out-of-plane frequency, and C1 and C2 are the coefficients

to be determined from the initial conditions. The eigenvalues of the characteristic

equation corresponding to Eq. (2.78) are pure imaginary, which implies that the

linear solution is marginally stable. The in-plane motion is governed by the coupled

system of linear ordinary differential equations in Eqs. (2.76)-(2.77). This system can

be generally expressed in first-order form as ˙̄X = AX̄, where X̄ is reduced to four

elements, that is, X̄ = [ξ η ξ̇ η̇]T , and A is reduced to a 4x4 matrix since all the Li

are in plane. The constant matrix A is expressed in terms of the partials and other

constant coefficients as,

A =




0 0 1 0

0 0 0 1

U∗xx U∗xy 0 2

U∗yx U∗yy −2 0




(2.80)

where the partials U∗xx and U∗yy are available in Eq. (2.55) and Eq. (2.56), respectively;

recall that since all Li are in the plane of the primaries, U∗xz = U∗zx = U∗yz = U∗zy = 0,
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and U∗xy = U∗yx. Given that matrix A is constant, the general solution to this system

possesses the form,

ξ =
4∑

i=1

aie
λit (2.81)

η =
4∑

i=1

bie
λit (2.82)

where ai and bi are constants of integration (bi is dependent on ai), and λi are the

roots of the characteristic determinant of matrix A. The characteristic equation is

generally represented for any of the five equilibrium solutions by the fourth-order

polynomial,

λ4 +
(
4− U∗xx − U∗yy

)
λ2 +

(
U∗xxU

∗
yy − U∗yxU∗xy

)
= 0 (2.83)

The stability of the equilibriums solutions is assessed by investigating the roots of this

characteristic polynomial. Consider the collinear points L1, L2, and L3. The y and

z components corresponding to the collinear points are zero, that is, yLi
= zLi

, and

thus, U∗xy = 0, U∗xx > 0, and U∗yy < 0. The eigenvalues are determined and written as,

λ1,2 = ±
√

Λ1 (2.84)

λ3,4 = ±
√

Λ2 (2.85)

where the coefficients Λ1, Λ2, β1, and β2 are expressed as,

Λ1,2 = −β1 ±
(
β2

1 + β2
2

) 1
2 (2.86)

β1 = 2− U∗xx + U∗yy
2

(2.87)

β2 = −U∗xxU∗yy (2.88)

The eigenvalues associated with the collinear points possess real and imaginary parts.

At least one eigenvalue includes a positive real part, and thus, L1, L2, and L3 are

unstable. In general, one term generates unbounded values for ξ and η as t → ∞.

However, even though the solution Li may be unstable by this definition of stability, it

is desirable to investigate the motion in the vicinity of these equilibrium points. With
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the appropriate selection of the initial conditions, ξ0 and η0, the divergent motion

can be suppressed in the linear system, resulting in an ellipse about the libration

point, Li, with semi-major and semi-minor axes parallel to the y-axis and x -axis,

respectively. Because of the instability, however, these ellipses are not periodic in

the real system, and the motion will quickly diverge if propagated in the non-linear

EOMs. Nonetheless, a periodic solution in the non-linear system can be determined

with a numerical corrections process.

2.4 Differential Corrections - Single Shooting Method

The existence of periodic motion in the CR3BP is well-known, and identifying

periodic motion in the vicinity of the libration points is useful as it provides valuable

insight on these regions. The computation of this periodic motion in the non-linear

system involves the use of a multi-dimensional version of a Newton-Raphson differen-

tial corrections process or “shooting method”. With the availability of the appropriate

mathematical model, that is, the equations of motion and the state transition matrix,

the non-linear differential equations are easily numerically integrated to any future

time. The configuration states are plotted as necessary to aid in visualizing the tra-

jectory. The STM, Φ(τ, τ0), associated with a trajectory arc predicts adjustments in

the initial state to shift the final state to a desired set of values at the end point. The

diagram in Fig. 2.12 illustrates a reference trajectory arc, as well as a perturbed path

relative to the reference. The vectors r̄(τi), v̄(τi) represent the position and velocity

at time τi along the reference trajectory. The vector r̄d(τi) denotes the position state

along the perturbed path. This state, i.e., r̄d(τi), might represent some desired state;

the initial state on the reference is modified to deliver the vehicle to r̄d. At any time

τi, δX̄(τi) is the six-element variational vector representing the perturbed state rela-

tive to the reference. Note that the variational vector includes six elements, that is,

variations in both position and velocity. To first-order, the variation at time τi can
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be expressed in terms of a variation at the initial time, i.e., δX̄(τi) = Φ(τi, τ0)δX̄0, in

terms of the STM.
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Fig. 2.12. Perturbed Path Relative to the Reference Trajectory Arc

Since the differential equations are non-linear and a solution for δX̄(τi) is based

upon a linear expansion, the variation δX̄(τi) is clearly an approximation. Generally,

the closer the perturbed state to the reference, the more accurate the approximation.

For some applications, the reference is redefined (or “rectified”) to maintain accuracy.

But, if the variations are sufficiently small, the approximation can be employed to

adjust the initial state such that the path evolves and reaches some desired state

downstream. This process is the basis for all simple targeters. For example, with

a suitable initial guess, this strategy is very effective to determine the appropriate

initial position and velocity that produce a periodic orbit. In practice, if a periodic

orbit is assumed to exist near the reference, it can be computed to a reasonable level

of accuracy in a just a few iterations. To determine a specific initial state that yields a

periodic orbit, that is, a periodic solution to the non-linear differential equations, the

linear variational equation is employed to modify the initial conditions appropriately.

To be periodic, an orbit must repeat for greater than one period and frequently
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possesses a plane of symmetry. Assuming that the derivative is continuous and there

are no singularities, the trajectory intersects the symmetry plane perpendicularly.

Two types of periodic orbits that are known to exist near the libration points are

Lyapunov and halo orbits, both of which are symmetric across the xz -plane.

The computation of periodic orbits that are symmetric across the xz -plane is

simplified by observations concerning the crossing conditions. Specifically, to further

simplify the problem and exploit the symmetry properties across the xz -plane, only

half of the orbit is investigated. It is also convenient, but not required, to initiate the

integration using a point in the plane of symmetry. Therefore, the initial conditions

are defined in terms of a state vector of the form X̄0 = [x0 0 z0 0 ẏ0 0]T . At the

desired final endpoint, the state vector is also written in the same form, that is, X̄f =

[xf 0 zf 0 ẏf 0]T since the initial and final states occur in the plane of symmetry. Thus,

only six quantities are necessary to completely define the problem. Consequently, the

number of unknowns is reduced by half, that is, x0, z0, ẏ0, xf , zf , ẏf , plus τf , the time

when the path re-crosses the plane perpendicularly, equal to one half of the orbit

period. The number of unknowns can be further reduced to four, that is x0, z0, ẏ0,

and τf , by enforcing a stopping condition at the xz -plane crossing, i.e., yf = 0. If ẋf

and żf are also zero, the final state possesses the form X̄f = [xf 0 zf 0 ẏf 0]T and

a periodic orbit is determined and, thus, τf + δτf , exactly half the period. If ẋf and

żf are not exactly zero, an iteration process is triggered. It is assumed that a guess

corresponding to these four initial quantities is initially available. An initial guess

that is close to the desired initial state results in a periodic orbit after only a few

iterations. Of course, it is also known that there exists an infinite number of periodic

orbits [9]. In addition, then, a successful iteration sequence requires a good update

process to identify the specified orbit that meets the goal. The final state, X̄f , is a

function of the initial state and the time interval τf . The impact of a change in the
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initial conditions (x0, y0, z0, ẋ0, ẏ0, ż0) on the final states at τf can be investigated via

the linear variational relationships in Eq. (2.63), repeated here in scalar form, that is,

δxf =
∂x

∂x0

δx0 +
∂x

∂y0

δy0 +
∂x

∂z0

δz0 +
∂x

∂ẋ0

δẋ0 +
∂x

∂ẏ0

δẏ0 +
∂x

∂ż0

δż0 +
∂x

∂τ
δτ (2.89)

δyf =
∂y

∂x0

δx0 +
∂y

∂y0

δy0 +
∂y

∂z0

δz0 +
∂y

∂ẋ0

δẋ0 +
∂y

∂ẏ0

δẏ0 +
∂y

∂ż0

δż0 +
∂y

∂τ
δτ (2.90)

δzf =
∂z

∂x0

δx0 +
∂z

∂y0

δy0 +
∂z

∂z0

δz0 +
∂z

∂ẋ0

δẋ0 +
∂z

∂ẏ0

δẏ0 +
∂z

∂ż0

δż0 +
∂z

∂τ
δτ (2.91)

δẋf =
∂ẋ

∂x0

δx0 +
∂ẋ

∂y0

δy0 +
∂ẋ

∂z0

δz0 +
∂ẋ

∂ẋ0

δẋ0 +
∂ẋ

∂ẏ0

δẏ0 +
∂ẋ

∂ż0

δż0 +
∂ẋ

∂τ
δτ (2.92)

δẏf =
∂ẋ

∂x0

δx0 +
∂ẏ

∂y0

δy0 +
∂ẏ

∂z0

δz0 +
∂ẏ

∂ẋ0

δẋ0 +
∂ẏ

∂ẏ0

δẏ0 +
∂ẏ

∂ż0

δż0 +
∂ẏ

∂τ
δτ (2.93)

δżf =
∂ż

∂x0

δx0 +
∂ż

∂y0

δy0 +
∂ż

∂z0

δz0 +
∂ż

∂ẋ0

δẋ0 +
∂ż

∂ẏ0

δẏ0 +
∂ż

∂ż0

δż0 +
∂ż

∂τ
δτ (2.94)

Recall that these partial derivatives are all evaluated at time τf . The partial deriva-

tives with respect to the components of the state vector are actually elements of the

state transition matrix and evaluated at time τf , i.e., φ(τf , τ0). Since there is only

one independent variable, ∂
∂t

= d
dt

. Thus,

∂x

∂τ
=
dx

dt
= ẋ|τf (2.95)

∂y

∂τ
=
dy

dt
= ẏ|τf (2.96)

∂z

∂τ
=
dz

dt
= ż|τf (2.97)

∂ẋ

∂τ
=
dẋ

dt
= ẍ|τf (2.98)

∂ẏ

∂τ
=
dẏ

dt
= ÿ|τf (2.99)

∂ż

∂τ
=
dż

dt
= z̈|τf (2.100)

where the vertical bar indicates state evaluation at the final time, τf . Thus, the linear

variational equations representing the six scalar equations can be written in vector

form as,

δX̄ = Φ(τf , 0)δX̄0 + ˙̄X|τf δτf (2.101)
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or expressed in matrix form as,




δx

δy

δz

δẋ

δẏ

δż



τf

=




φ11 φ12 φ13 φ14 φ15 φ16

φ21 φ22 φ23 φ24 φ25 φ26

φ31 φ32 φ33 φ34 φ35 φ36

φ41 φ42 φ43 φ44 φ45 φ46

φ51 φ52 φ53 φ54 φ55 φ56

φ61 φ62 φ63 φ64 φ65 φ66



τf




δx0

δy0

δz0

δẋ0

δẏ0

δż0




+




ẋ

ẏ

ż

ẍ

ẏ

ż



τf

(δτf ) (2.102)

where the subscript τf indicates that the corresponding quantities are evaluated at

the final time.

The matrix Eq. (2.102) can be further reduced. Recall that the initial state is

integrated until yf = 0, the “stopping condition”, and the corresponding time is

defined as τf . The desired final value for y is zero, so δyf = 0. Since a perpendicular

crossing of the xz -plane is enforced, the final desired values for ẋ and ż are zero, that

is, ẋf = żf = 0, and consequently δẋf = δżf = 0 after convergence. However, these

values are not zero until the iterative process is complete and the algorithm converges

to the desired final values (to within some acceptable tolerance). To achieve these

desired values, the changes in ẋ and ż in Eq. (2.102) are specified such that δẋf = −ẋf
and δżf = −żf , respectively. Equations (2.90), (2.92), and (2.94) are used to solve

for the unknown variables, that is, the changes in the initial states, δx0, δz0, and δẏ0

to target a perpendicular crossing; the goal of this iterative process is to improve the

initial guess for the initial state by correcting the values for x0, z0, ẏ0. Recall that the

initial state possesses the form [x0 0 z0 0 ẏ0 0]T , so δy0 = δẋ0 = δż0 = 0. Substituting

these values into matrix equation (2.102) leads to the following scalar equations,

δyf = φ21δx0 + φ23δz0 + φ25δẏ0 + ẏfδτf (2.103)

δẋf = φ41δx0 + φ43δz0 + φ45δẏ0 + ẍfδτf (2.104)

δżf = φ61δx0 + φ63δz0 + φ65δẏ0 + z̈fδτf (2.105)
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which can be expressed in matrix form as,




δyf

δẋf

δżf


 =




φ21 φ23 φ25 ẏf

φ41 φ43 φ45 ẍf

φ61 φ63 φ65 z̈f







δx0

δz0

δẏ0

δτf




(2.106)

This system results in a set of three equations in the four unknowns δx0, δz0, δẏ0, δτf .

There are various available options to solve this system of equations. The option

employed in this analysis involves reducing the number of unknowns to three by

arbitrarily selecting one initial condition and constraining it to be fixed throughout

the simulation. For example, select x0 and fix the value throughout the integration,

such that δx0 = 0. Equation (2.106) reduces to three equations in three unknowns,




δy

δẋ

δż



τf

=




φ23 φ25 ẏf

φ43 φ45 ẍf

φ63 φ65 z̈f







δz0

δẏ0

δτf


 (2.107)

Thus, the matrix in Eq. (2.107) is square and can be inverted to solve for δz0, δẏ0,

and δτf . The system is then integrated with the updated initial conditions. Since

this is a linear corrections process for a non-linear problem, the process is iterative.

This procedure is repeated until the values for ẋ and ż are zero to within a specified

tolerance. The problem is further reduced, to a 2x2 matrix inversion, by exploiting

the information concerning the variation in the period, δτf . Recall that δyf = 0

because this statement represents the stopping condition. Therefore, if Eq. (2.103)

for δyf = 0 = φ21δx0 + φ23δz0 + φ25δẏ0 + ẏfδτf is inverted to solve for δτf , the result

is,

δτf = −φ21δx0 + φ23δz0 + φ25δẏ0

ẏf
(2.108)

This expression is substituted into Eq. (2.107) to yield,


 δẋf

δżf


 =




 φ43 φ45

φ63 φ65


− 1

ẏf


 ẍ

z̈



(
φ23 φ25

)



 δz0

δẏ0


 (2.109)
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The matrix Eq. (2.109) is inverted to produce new values for the appropriate set of

initial conditions given a fixed value of x0, that is,


 δz0

δẏ0


 =




 φ43 φ45

φ63 φ65


− 1

ẏf


 ẍ

z̈



(
φ23 φ25

)


−1
 δẋf

δżf


 (2.110)

Similarly, if the value of z0 is fixed throughout the process, the initial variations are

computed as,


 δx0

δẏ0


 =




 φ41 φ45

φ61 φ65


− 1

ẏf


 ẍ

z̈



(
φ21 φ25

)


−1
 δẋf

δżf


 (2.111)

After this iteration process is complete, a perpendicular crossing is assumed and a

periodic orbit in the CR3BP is determined.

Independent of the option selected to compute a periodic orbit, the basis for the

targeting algorithm is the same: a multi-dimensional Newton-Raphson method that

generally converges to a solution within three to four iterations. Numerical examples

of periodic orbits appear in the following sections.

2.4.1 Planar Periodic Orbits in the CR3BP: Lyapunov Orbits

2.4.1.1 Sample Lyapunov Orbits

There are an infinite number of periodic orbits in the CR3BP. A planar, periodic

orbit is a straightforward example for introducing the computational process. As an

example, a Lyapunov orbit is a periodic orbit in the plane of motion of the primaries,

that is, a planar orbit in the xy-plane that is symmetric across the x -axis. In the

planar problem, the 2x2 matrix inverse in Eq. (2.110) and Eq. (2.111) is reduced

to one equation in one unknown since δz0 = δż0 = 0. Therefore, the variation in

the initial y-component of velocity to target a perpendicular crossing of the x -axis is

evaluated as,

δẏ0 = δẋf
ẏf

φ45ẏf − φ25ẍf
(2.112)
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where φ45 and φ25 are components of the STM. Equation (2.112) is then employed in

the targeting algorithm to compute a planar periodic orbit in the vicinity of one of

the Lagrange points. As a first numerical example, a Lyapunov orbit in the vicinity of

L1 in the Earth-Moon system appears in Fig. 2.13. Each Lyapunov orbit is uniquely

characterized by the parameter Ay, that is, the maximum y-excursion as measured

from the x -axis. In particular, the planar, periodic orbit plotted in Fig. 2.13 is

characterized by a y-amplitude of 15,267 km and a period of 11.798 days. The Earth,

although it does not appear in Fig. 2.13 at this scale, is located to the left at a distance

of 317,029.76 km from the location of L1. The distance between L1 and the Moon is

equal to 58,017.33 km, and the mass fraction for this system is equal to a value of

µ = 0.01215057. (Both the Earth and the Moon are sized to the correct scale.)
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Fig. 2.13. Planar Periodic Orbit near L1 in the Earth-Moon System
(Characteristic Distance l∗ = 384, 388.174 km)

It is often desirable to identify a group of related periodic orbits rather than

a single trajectory. A continuation method is used to generate a family of planar

periodic orbits in the vicinity of the libration point. This continuation process was first

introduced by Henri Poincaré in 1892 [9]. In a family of periodic orbits, ‘continuation’
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is a technique used to compute multiple trajectories by determining each orbit using

Eq. (2.107) and a corrections process. In developing Eq.(2.107), x0 is selected as fixed

and the result is Eq. (2.110). But, it is not necessary that the constrained quantity be

a state; rather, Jacobi constant or a perturbation parameter are equally valid. Once

periodicity is determined and the first orbit is computed, the value of the constraining

parameter is modified and the process repeats to determine a second orbit. In general,

the initial velocity from the first orbit is employed as the initial guess to target the

the second periodic orbit. Let the initial state representing the first Lyapunov orbit in

the family be X̄1(τ0) = [x1, y1, z1, ẋ1, ẏ1, ż1], and define ∆X(τ0) as a fixed step in the

x -direction where x(τ0) is the fixed quantity in the determination of each orbit. Then,

the initial guess for the initial state corresponding to the next Lyapunov orbit in the

family is obtained by adding the fixed step ∆X(τ0) to the x -component of X̄1(τ0),

that is, X̄2(τ0) = [x1 + ∆X(τ0), y1, z1, ẋ1, ẏ1, ż1]. The differential corrections process

is applied to obtain the correct initial state for this second periodic, Lyapunov orbit

in the family, and the process is continued to generate additional orbits in the family.

The fixed step is applied in any direction. However, maintaining a minimum distance

from the closest primary during any simulation avoids numerical issues that arise

when approaching a singularity. Representative members of a family of Lyapunov

orbits in the vicinity of L1 appear in Fig. 2.14, although there are an infinite number

of periodic orbits in each family.

Planar periodic orbits can also be computed in the vicinity of all other Lagrange

points. As representative examples, families of L2 and L3 Lyapunov orbits are com-

puted using a corrections process with continuation again in the x -direction, and are

plotted in Figs. 2.15 and 2.16, respectively. Representative members of the L2 Lya-

punov family appear in Fig. 2.15, and Fig. 2.16 includes representative members in

a family of Lyapunov orbits in the vicinity of L3. In the Earth-Moon system, the

distance between L3 and the Earth is equal to 391,004.72 km.

For completeness, Table 2.2 includes the non-zero initial conditions and corre-

sponding values of the Jacobi constant associated with the smallest and largest mem-
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Fig. 2.14. Family of Planar Periodic Orbits Emanating from the
Vicinity of L1 in the Earth-Moon System (Characteristic Distance
l∗ = 384, 388.174 km)

bers that are plotted in each of the three families of planar, periodic orbits in the vicin-

ity of the collinear points as represented in Figs. 2.14-2.16. The initial y-component of

position and the initial x -component of velocity are zero for each periodic orbit in the

family, i.e., y0 = ẋ0 = 0. Recall that these orbits are all planar; thus, z = ż = 0. For

comparison, the three planar periodic orbit families near L1, L2, and L3 are plotted

in Fig. 2.17. Notice the relative size of the orbits in the L3 Lyapunov family, plotted

in magenta, versus the size of the orbits in the L1 and L2 Lyapunov families, plotted

in green and blue, respectively. Families of Lyapunov orbits also exist in the vicinity

of the equilateral points L4 and L5 for all values of µ. Examples of short and long

period planar solutions have been computed by various researchers [33].
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Fig. 2.15. Family of Planar Periodic Orbits near L2 in the Earth-Moon System

Table 2.2
Initial Conditions and Jacobi Constant (JC) Values Corresponding to
the Smallest and Largest Lyapunov Orbits that Appear in Figs. 2.14-
2.16

Lyapunov orbit x (km) ẏ (km/sec) Period (days) JC

Small L1 313,243.763 0.213679 12.4437 3.145484

Large L1 270,000.094 0.617882 25.1819 2.942655

Small L2 452,687.076 -0.136258 14.7755 3.157746

Large L2 489,203.952 -0.547656 24.6174 2.957027

Small L3 -426,502.757 0.211343 27.0037 3.000490

Large L3 -754,770.257 1.881937 27.2660 1.502348
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Fig. 2.16. Family of Planar Periodic Orbits near L3 in the Earth-Moon System

2.4.1.2 Orbital Stability

For astrodynamics applications, the stability of any trajectory or periodic orbit

is frequently critical in judging its suitability. Unlike the libration points, however, a

Lyapunov orbit is not a constant solution. Nevertheless, the stability of each of these

planar, periodic orbits in the vicinity of the collinear libration points can be assessed

by investigating the eigenvalues of the corresponding monodromy matrix. The mon-

odromy matrix is defined as the state transition matrix evaluated after exactly one

orbital revolution. The eigenvalues of the monodromy matrix are computed for each

periodic orbit in a family, and can be examined as the family evolves. The eigenvalues

possess exactly the same value irregardless of the point along the orbit at which they
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Fig. 2.17. Planar Periodic Orbits in the Vicinity of the Collinear
Libration Points L1, L2, and L3 in the Earth-Moon System

are computed. The eigenvalues of the monodromy matrix are also known to appear

in reciprocal pairs, as stated in Lyapunov’s Theorem [34] [33]:

Theorem 2.4.1 (Lyapunov’s Theorem) If λj is an eigenvalue of the monodromy

matrix Φ(τ0 + T, τ0) of a t-invariant system, then λ−1
j is also an eigenvalue of Φ(τ0 +

T, τ0), with the same structure of elemetary divisors.

In the CR3BP, the second-order system possesses three degrees of freedom and, thus,

the monodromy matrix is defined in terms of six eigenvalues. For a periodic orbit to

exist in the CR3BP, a minimum pair of eigenvalues must be equal to one because of

the reciprocal nature of the eigenvalues. The monodromy matrix is a real matrix, so

its eigenvalues are real or, if complex, appear in complex conjugate pairs. However,
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because general complex conjugate pairs are not reciprocal, the eigenvalues of the

monodromy matrix appear only in certain configurations in the complex plane, that

is, in complex pairs on the unit circle. To assess the stability of a periodic orbit,

it is necessary to investigate the characteristics of these eigenvalues associated with

the monodromy matrix. A periodic orbit is defined as unstable if |λ| > 1, that is,

the magnitude of the eigenvector goes to infinity as time goes to infinity. If |λ| < 1,

the magnitude of the eigenvector approaches zero as time goes to infinity, and the

trajectory is considered stable. Finally, if |λ| = 1, the magnitude of the eigenvector

does not change, and the eigenvalue corresponds to the center subspace [35]. When

representing these eigenvalues, the unstable λ are located outside the unit circle; the

stable λ are inside, and the unity eigenvalues are on the unit circle. To illustrate

this concept of the eigenvalues on the unit circle, consider the smallest Lyapunov

orbit plotted in Fig. 2.14. The eigenvalues from the computed monodromy matrix

are listed in Table 2.3. Notice that two of the eigenvalues are unity, and all appear

in reciprocal pairs, that is, λ1 = 1
λ2

= 1, λ3 = 1
λ4

, and λ5 = 1
λ6

. These eigenvalues

are represented in Fig. 2.18 on the unit circle. For the Lyapunov orbit in Fig. 2.18,

two eigenvalues include positive real parts, and thus, the periodic orbit is unstable.

A similar stability analysis is completed for each periodic orbit in the family to assess

whether the orbits are stable or unstable, and to investigate the evolution of stability

along the family.

Table 2.3
Eigenvalues of the Monodromy Matrix of the Smallest Lyapunov Orbit
Plotted in Fig. 2.14

λ1 1.000000 λ2 1.000000

λ3 1,796.577106 λ4 0.000556

λ5 0.769147 λ6 1.300141
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Fig. 2.18. Representation of the Eigenvalues of the Monodromy Ma-
trix Corresponding to the Smallest Lyapunov Orbit in Fig. 2.14

2.4.2 Three-Dimensional Periodic Orbits in the CR3BP: Halo Orbits

Another example of periodic motion in the vicinity of the collinear libration points

are three-dimensional, ‘halo’ orbits. These orbits were first introduced for astrody-

namics applications by Robert Farquhar in his Ph.D. dissertation in 1968 [36]. Nu-

merous other researchers have subsequently investigated these orbits and they have

served as the basis for spacecraft trajectories in a number of successful missions [16].

Three-dimensional halo trajectories are symmetric across the xz -plane. Halo orbits

bifurcate from the family of Lyapunov orbits. Thus, a common orbit exists in both

the planar, periodic Lyapunov family as well as the halo family of three-dimensional

periodic orbits. Hence, the two families intersect at this one single orbit, i.e., the

bifurcating orbit. An abrupt change in stability, as reflected in the eigenvalues of

the monodromy matrix, indicates the presence of a bifurcating orbit. The stability

properties change whenever the eigenvalues depart from or arrive at the unit circle in

the complex plane.

A strategy that is an extension of the scheme used to compute planar, periodic

orbits, is employed to determine three-dimensional, periodic orbits. Once the bifurcat-
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ing Lyapunov orbit is identified, a corrections process with continuation is employed

to compute a three-dimensional halo orbit. In the corrections process to compute a

3 -D, periodic orbit, the out-of-plane component, z, is fixed at a specific value. The

value of z at the initiation of the corrections process is also employed as the contin-

uation parameter. The initial state that produces the bifurcating orbit is perturbed

by a small distance ∆z in the z -direction, and used as the initial guess to compute

the out-of-plane halo orbit. Thus, the initial guess for the corrections process is in

the form X̄0 = [xbif 0 ∆z 0 ẏbif 0]T , and Eq.(2.111) is then used to compute the

variations in the initial state to yield a three-dimensional, periodic orbit. Each halo

orbit is uniquely characterized by the Az parameter, that is, the orbit’s maximum

z -excursion measured relative to the xy-plane. An example of a halo orbit in the

vicinity of L1 in the Earth-Moon system appears in Fig. 2.19; this orbit possesses a

z -amplitude of 38,438.81 km and a period of 11.91 days. The family of L1 halo orbits

in the Earth-Moon system is represented in Figs. 2.20-2.21.
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Fig. 2.19. Three-Dimensional, Periodic Orbit in the Vicinity of L1

in the Earth-Moon System (Characteristic Distance l∗ = 384, 388.174
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As in the case of the planar periodic orbits, it is desirable to generate a family of

three-dimensional, periodic orbits with the same characteristics. A corrections scheme

with continuation is employed to generate a family of halo orbits. To compute the

next orbit in the family from the previous one, a fixed step is taken in the z -direction

and the corrections process is repeated at each step to yield a new three-dimensional

halo orbit. The form of the mathematical model for the CR3BP lends itself to two

types of analytical symmetry: time-invariance symmetry and xy-plane symmetry [37].

That is, if the independent variable, time (τ), is transformed to t = −τ , it is clear

that, if [x y z ẋ ẏ ż]T satisfies the EOMs for ∆τ > 0, then [x − y z − ẋ ẏ − ż]T

satisfies the EOMs for ∆τ < 0, and if [x y z ẋ ẏ ż]T satisfies the equations of motion,

then so does [x y − z ẋ ẏ − ż]T , respectively. Thus, due to the xy-plane symmetry

property, each of these out-of-plane orbits is associated with a mirror image trajectory

across the xy-plane. The “northern” halo orbits extend in the positive z -direction; the

“southern” halo family expands along the negative z -direction. Members of a family of

northern halo orbits in the vicinity of L1 appear in Figure 2.20. For further reference,

Table 2.4 includes the non-zero initial conditions, period, and value of Jacobi constant

for the smallest and largest members of the halo family in the vicinity of the collinear

equilibrium point L1 represented in Figs. 2.20-2.21. Note that the largest halo orbit

plotted in these figures is not the termination of the family; it is simply the last orbit

computed in the continuation process. Recall that, at a crossing of the xz -plane,

y = ẋ = ż = 0 due to periodicity. As in the case of Lyapunov orbits, halo orbits also

exist in the vicinity of the collinear libration points L2 and L3.

These families of planar and three-dimensional periodic orbits have been inves-

tigated by numerous researchers in the last three decades, and extensive literature

is available on these orbits and their computation. It is also well known that these

orbits exist for all values of the mass fraction µ and are now employed in a wide

variety of applications in mission design.
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Table 2.4
Non-Zero Initial Conditions and Jacobi Constant Values of the Small-
est and Largest L1 Halo Orbits plotted in Fig. 2.20

L1 halo orbit x (km) z (km) ẏ (km/sec) Period (days) JC

Smallest 316,501.721 384.388 0.129446 11.9108 3.174344

Largest 357,667.009 109,222.587 0.083816 9.1858 3.030422
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3. BACKGROUND - RESONANT ORBITS AND MAPS

The main focus of this investigation is the use of Poincaré sections as valuable tools

to analyze the invariant manifold structure of planar, unstable resonant orbits. Thus,

some background in resonant orbits is necessary, starting with their definition in the

two-body model and, subsequently, their computation in the CR3BP. A mathematical

background in invariant manifold theory and Poincaré sections is also included, as

well as numerical strategies for the computation of resonant orbits, the associated

invariant manifolds, and Poincaré sections within the context of the CR3BP.

3.1 Resonant Orbits

The solar system possesses a high degree of structure. Under Newton’s laws of

motion, subtle gravitational effects determine this dynamical structure. One result is

the phenomenon of resonance. The main focus of this investigation is the wide array

of resonant orbits in Sun-planet and well as planet-moon systems. Resonant orbits

are, by definition, periodic. In contrast to Lyapunov or halo orbits, however, resonant

orbits are not directly related to the Lagrange equilibrium points. The different types

of resonances are introduced here, as well as a method to compute resonant orbits in

the two-body and three-body models.

3.1.1 Concept of Resonance

A resonance exists when there is a simple numerical relationship between frequen-

cies or periods [38]. Resonances occur under different conditions, such as mean motion

resonance, Laplace resonance, secular resonance, and Kozai resonance. However, the

focus of this investigation is orbit-orbit resonance, when the periods involved repre-
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sent the orbits of two or more bodies. Consider two bodies of arbitrary mass, denoted

as A and B and consider the relationship that may exist between the periods of their

motion. An orbit-orbit resonance is defined by the ratio p:q, where p indicates the

period of motion for body B and q represents the period of motion for body A in

resonance with body B. These ‘periods’ p and q can be rotational and orbital periods

of a single body, as in the case of spin-orbit coupling (the orbital period of our Moon

is equal to its rotational period), or the orbital periods of two or more bodies, as

in the case of orbit-orbit coupling (Neptune and Pluto are in a 3:2 resonance.) In

addition to the resonances involving their orbital periods, some of the planets in the

solar system are also involved in long-term or secular resonances associated with the

precession of the planetary orbits in space [38].

Orbit-orbit resonance does not occur only for Sun-planet systems. Many of the

moons in the Saturn and Jupiter systems are in resonance. For example, three of the

satellites in the Jupiter system possess orbital periods that are related by an integer

ratio. Io is in a 2:1 resonance with Europa, but Europa is also in a 2:1 resonance

with Ganymede. These three satellites together move in a configuration labeled as a

Laplace resonance. In a Laplace resonance, three or more orbiting bodies possess a

simple integer ratio between their orbital periods. In this case, Ganymede, Europa,

and Io are in a 1:2:4 orbital resonance. The Saturn system has the widest variety of

resonant phenomena. Mimas and Tethys share a 4:2 orbit-orbit resonance, Enceladus

and Dione share a 2:1 orbit-orbit resonance and Titan and Hyperion share a 4:3

orbit-orbit resonance. Moreover, almost all the gaps between Saturn’s rings can be

explained by resonant effects.

3.1.2 Resonant Orbits in the Two-Body Model

The focus of this investigation is orbit-orbit resonance, also known as mean mo-

tion orbital resonance. To introduce these types of resonant orbits, some important
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definitions and concepts are more easily discussed within the context of the two-body

problem.

In the two-body problem, there are three types of conic sections: ellipses, parabo-

las, and hyperbolas. Parabolic and hyperbolic trajectories escape the vicinity of the

attractive center, and therefore, are not of interest in the discussion of resonant tra-

jectories, which, by definition, repeat a given configuration. Elliptical orbits, however,

are closed and periodic relative to the inertial frame. Circular orbits are a special

case of elliptical orbits, and are considered as such.

To investigate conic resonance, consider two bodies, A and B, in orbit about a

primary body. The primary represents a planet or the Sun; thus, body A is a ‘massless’

second planet or moon. Body B then models a spacecraft, moon, or asteroid, of much

smaller mass than the primary body. Body B is defined to be in orbital resonance with

the massless body A when it completes exactly p orbits about the primary in the same

time that is required for body A to complete q orbits. For convenience, the primary

body is subsequently selected to be a planet, body A is defined as a moon associated

with the primary planet, and body B represents a spacecraft. In this definition of

orbital resonance, p and q are positive integers, and by convention, p is associated

with body B, that is, the spacecraft, and q reflects the period of body A, that is, the

moon about the planet. For example, a spacecraft in a 1:2 resonance with Europa

completes one revolution around Jupiter in the same time that Europa completes two

periods. In an orbit-orbit resonance, the spacecraft and the moon possess periods of

revolution that are a simple integer ratio. Assume that the spacecraft and the moon

possess orbital periods Tp and Tq respectively, such that ratio between periods is,

p

q
=
np
nq

=

1
Tp
1
Tq

=
Tq
Tp

(3.1)

The mean motion ni corresponding to body i, is a function of the mass of the planet

and the semi-major axis of the orbit, i.e.,

ni =

√
Gm1

a3
i

(3.2)
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where Gm1 is the gravitational parameter of the planet in this two-body model. The

orbital period Ti is proportional to the inverse of the mean motion, ni. The most

straightforward approach to generate a planar resonant orbit in the two-body model

is by selection of the set of initial conditions at periapsis or apoapsis. In the two-body

problem, periapsis is defined as the point along an elliptical trajectory that is closest

to the primary gravitational source, and apoapsis is the point of greatest separation

from the attracting center. The six-element initial state vector required to compute

a resonant orbit has the form q̄0 = [x0 y0 z0 ẋ0 ẏ0 ż0]T . For a planar resonant orbit,

let z = ż = 0, and thus, z0 = ż0 = 0. If the set of initial conditions is selected at an

apse location, then y0 = 0, and the initial velocity is entirely in the y-direction, that

is, ẋ0 = 0. Hence, the initial state reduces to the form q̄0 = [x0 0 0 0 ẏ0 0]T , where x0

and ẏ0 are the initial position along the x -axis and the velocity is completely in the

y-direction, respectively. The initial state is expressed in terms of inertial coordinates

and can be computed from the expressions for the selected orbital elements, that is,

a =

[
µ2B

(
P

2π

)2
] 1

3

(3.3)

r =
p

1 + ecosθ∗
(3.4)

p = a(1− e2) (3.5)

v =

√
2µ2B

(
1

r
− 1

2a

)
(3.6)

where p is the semilatus rectum, v the inertial velocity in the y-direction. The angle

θ∗ is the true anomaly, that is, the angle that defines the position of the particle

along the conic trajectory. At periapsis, θ∗ = 0◦; at apoapsis θ∗ = 180◦. In Eq. (3.3),

µ2B is the gravitational parameter, defined as µ2B = GmA, where mA is the mass

of the primary. To initiate a search for resonant orbits, the orbital eccentricity,

e, is arbitrarily selected such that, initially, the spacecraft rp lies between the two

primaries, that is, the planet and the moon. For a resonant orbit, let the period, P ,
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be equal to the period of the spacecraft, therefore, it is also a function of the resonant

ratio p:q and the period of the moon, that is,

P = Ps/c =

(
q

p

)
Pmoon (3.7)

where Ps/c is the period of the spacecraft and Pmoon is the period of the moon in

resonance with the spacecraft. For clarification, both the spacecraft and the moon

are orbiting a primary body, i.e., a planet, in a two-body model. Once the initial state

is defined, it is possible to compute the resonant trajectory of interest in the inertial

reference frame employing the analytical solution available. However, valuable insight

is obtained from a view of this resonant trajectory in a rotating frame. The three axes

corresponding to a rotating frame in the two-body model are defined such that the

planet and its moon remain stationary along the x -axis, the z -axis is parallel to the

orbital angular momentum vector, and the y-axis completes the right-handed triad.

With this definition of the rotating frame, the initial state can be transformed from

inertial to rotating coordinates using the transformation in Eq. (2.50).

To illustrate orbital resonance within the context of a two-body model, consider

the 2:3 resonant orbit in Fig. 3.1. This resonant orbit is computed in the two-body

Jupiter system, where Europa is temporarily assumed to be massless and orbiting

Jupiter in a circular orbit (e = 0) with a radius equal to Europa’s semi-major axis,

a = 671101.9638 km. The pericenter of the spacecraft elliptical orbit is selected such

that it intersects Europa’s orbit when the spacecraft is at periapsis, rp. This initial

state is determined by selecting a value for the eccentricity such that the spacecraft

pericenter is the same as Europa’s pericenter, that is, e = 0.236857171631112. The

corresponding initial values for position and velocity are calculated from Eqs. (3.3)-

(3.6) using the specified values for a and e. The inertial and rotating views of the

2:3 resonant trajectory in the two-body model are illustrated in Fig. 3.1. Recall that

in this p:q resonance, the spacecraft completes two revolutions around Jupiter in the

exact same time interval that is required for Europa to complete three revolutions. In

the inertial view, Europa’s trajectory around Jupiter is plotted in magenta, and the
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spacecraft resonant trajectory appears in green. For illustration purposes, Europa is

enlarged 5x in the rotating view.
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Fig. 3.1. Inertial and Rotating Views of a 2:3 Resonant Orbit around
Jupiter - Two-Body Model; Europa Enlarged 5x

Resonant orbits viewed from the perspective of the rotating frame offer valuable

insight since this view illustrates the relationship between resonance and the fre-

quency of conjunctions [38], in this case, with Europa. A conjunction occurs when

the planet, the moon, and the spacecraft are aligned. Note the relative positions of

Jupiter, Europa, and the spacecraft at t = 0 in Fig. 3.1. In this example, Europa,

the spacecraft, and Jupiter are aligned with the spacecraft at periapsis and between

the moon and the planet. This conjunction occurs at periapsis. A special feature of

resonant orbits, and one that occurs only in the rotating frame, is the formation of

“loops”. These loops are apparent in Fig. 3.1 and occur at pericenter and apocenter;

hence, the number of loops in the trajectory determines p in a p:q resonance. Res-

onant orbits are categorized based on the p:q ratio. Exterior resonant orbits have a

p:q ratio such that p<q, while in an interior resonance the ratio p:q is such that p>q.
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3.1.3 Resonant Orbits in the CR3BP

The determination of orbital resonance conditions in the CR3BP is even more

complex than the analysis in terms of conic orbits. In the restricted three-body

model, the p:q resonant ratio is not precisely equal to the ratio of the orbital periods

corresponding to the bodies in resonance. In a multi-body problem, with the gravity

of two or more bodies incorporated in the model, the time to complete a revolution is

not even constant. Instead, for a p:q resonance in the circular restricted three-body

problem, the spacecraft completes p orbits around the primary in approximately the

same time required for the moon to complete q revolutions; thus, the ratio of the

orbital periods is not rational, but rather an approximate rational fraction. However,

resonant orbits in the CR3BP are still closed, periodic trajectories as observed in the

rotating reference frame.

3.1.3.1 Two-Dimensional Resonant Orbits in the CR3BP

Adding a third gravity field to the two-body model adds perturbations to the tra-

jectory, generally resulting in a orbit that is not closed or periodic. Hence, a strategy

is required to compute closed, periodic, resonant orbits in the CR3BP. A targeting

scheme, similar to one employed to compute planar, periodic orbits in the vicinity of

the Lagrange points, can be applied to the computation of periodic resonant orbits in

the CR3BP. A reasonably accurate starting estimate for the initial state is generated

from the two-body model, but with the state transformed to the rotating reference

frame. This starting vector seeds the corrections scheme to target a perpendicular

crossing of the x -axis in a non-linear propagation. Recall the form of the initial state

vector, that is, q̄0 = [x0 0 0 0 ẏ0 0]T . After the corrections process is applied and a

perpendicular crossing is determined, the end state at the perpendicular crossing is of

the final form q̄f = [xf 0 0 0 ẏf 0]T . Two-dimensional resonant orbits, like Lyapunov

orbits, are symmetric across the xz -plane; thus, it is sufficient to investigate only

half of the resonant path, and then use symmetry to compute the second half of the
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orbit. For implementation of the corrections procedure, note that, for most resonant

orbits, additional non-perpendicular crossings of the x -axis are likely to occur. The

numerical integration process is forced to terminate only at the desired perpendicular

crossing, i.e., one half the resonant orbit. There are several ways to construct the

algorithm. One method consists of incorporating the period as the stopping condition

for the corrections algorithm; that is, if the period of the desired resonant orbit is

known, the algorithm can be forced to stop at a time approximately equal to one-

half of the period of the resonant orbit. Alternatively, restricting the location of the

x -axis crossing is also effective. Of course, if the period and the location of the per-

pendicular crossing along the x -axis is available, these two methods can be combined

to speed the convergence process by reducing the number of iterations. An exam-

ple of a planar, periodic, resonant orbit with multiple non-perpendicular crossings

in the Jupiter-Europa system is plotted in Fig. 3.2. Note that the gravity of both

Jupiter and Europa is incorporated in the model. Along this 3:5 resonant trajectory,

the spacecraft completes three revolutions around Jupiter in the time required for

Europa to complete five revolutions. To illustrate the perturbating effects of the ad-

ditional gravity field in the CR3BP, the initial guess computed from the two-body

model and the corrected initial state in the three-body model for the 3:5 resonant or-

bit are listed in Table 3.1 and the resonant orbit appears in Fig. 3.2. For comparison,

the periods for both trajectories are listed in the table as well. For this particular

resonant orbit, adding a third attracting center results in a an orbital period 1.3818

minutes shorter.

Table 3.1
Two-Body Initial Guess and Three-Body Corrected Initial State of a
3:5 Resonant Orbit in the Rotating Frame - Jupiter-Europa System

3:5 resonance x (km) y (km) ẋ (km/sec) ẏ (km/sec) Period (days)

2 -Body model 471,691.098 0 0 10.414691 17.760437

3 -Body model 471,687.122 0 0 10.415956 17.759477
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Fig. 3.2. A Periodic 3:5 Resonant Orbit in the Jupiter-Europa System;
Plotted in the Rotating Reference Frame

Once a single, periodic, resonant orbit is determined in the CR3BP, it is possible

to generate multiple resonant orbits with the same characteristics, that is, a fam-

ily of p:q resonant orbits, by employing the continuation method in the corrections

scheme that is discussed in Section 2.4.1. Members of a representative family of 3:5

resonant orbits appear in Fig. 3.3. The same strategy is employed to generate almost

any family of interior and exterior resonant orbits. Families of 5:6 and 5:4 resonant

orbits are selected as representative examples of exterior and interior resonant orbits,

respectively, and are plotted in Fig. 3.4 and Fig. 3.5.

3.1.3.2 Three-Dimensional Resonant Orbits in the CR3BP

Similar to families of Lyapunov orbits, these families of resonant orbits also include

bifurcating orbits to three-dimensional, periodic resonant orbits. These bifurcating

orbits can be identified by examining the eigenvalues of the monodromy matrix cor-
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Orbits in the Jupiter-Europa System

responding to each orbit in the family. Recall that the presence of a bifurcating orbit

is indicated by an abrupt change in stability, as reflected in the eigenvalues of the

monodromy matrix. The stability properties change whenever the eigenvalues depart

from or arrive at the unit circle in the complex plane. As an illustrative example, con-

sider the family of planar 3:5 resonant orbits plotted in Fig. 3.3. A stability analysis

is completed and the bifurcating orbit is determined; the associated non-zero initial

conditions, Jacobi constant (JC), and period are listed in Table 3.2. To illustrate this

change in stability, the eigenvalues of the monodromy matrix are represented in the

complex plane in Fig. 3.6; Fig. 3.6(a) includes the eigenvalues of a member of the 3:5

resonant orbit family that is closest to the bifurcating orbit and Fig. 3.6(b) includes

the eigenvalues of the actual bifurcating orbit. Note that the eigenvalues depart from

the unit circle. The actual eigenvalues for both orbits are listed in Table 3.3.

Once the bifurcating orbit is identified, it is possible to target these out-of-plane

families by employing an algorithm based on the same scheme used to compute halo

orbits from a bifurcating Lyapunov orbit. First, the resonant orbit that bifurcates to
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Table 3.2
Initial Conditions of the Bifurcating 3:5 Resonant Orbit Correspond-
ing to the 3:5 Resonant Orbit Family Plotted in Fig. 3.3

x (km) y (km) ẋ (km/sec) ẏ (km/sec) JC Period (days)

638,120.4 0 0 3.180825 2.954818 17.74520
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(a) Eigenvalues of a 3:5 Resonant Orbit
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Fig. 3.6. Representation of the Eigenvalues of the Monodromy Matrix
Corresponding to (a) a 3:5 Resonant Orbit in the Vicinity of the
Bifurcating Orbit, and (b) the Bifurcating Orbit Plotted in Fig. 3.3

a different family of orbits is isolated by examining the eigenvalues of the monodromy

matrix computed for each orbit in the family, and identifying an abrupt change in the

characteristics of these eigenvalues. The bifurcating orbit is then slightly perturbed

in the z -direction and the resulting state seeds the corrections scheme to target a

three-dimensional resonant orbit. As in the case of planar resonant orbits, additional

non-perpendicular crossings may occur along these families of 3 -D resonant orbits.

Thus, the corrections algorithm targets a perpendicular crossing. Recall that con-

vergence to a three-dimensional resonant orbit can be accomplished by including the
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Table 3.3
Eigenvalues of the Monodromy Matrix Corresponding to the Orbit
Closest to the Bifurcating Orbit, and the Bifurcating 3:5 Resonant
Orbit

Eigenvalues Closest 3:5 Orbit Bifurcating 3:5 Orbit

λ1 -0.636897 + 0.770948i -1.798649

λ2 -0.636897 - 0.770948i -0.555972

λ3 1.000000 1.000000

λ4 1.000000 1.000000

λ5 0.980301 0.972642

λ6 1.020094 1.028126

orbital period and the approximate location of the perpendicular crossing along the

x -axis to the stopping conditions. Thus, the search is limited to a specific region

that contains the appropriate perpendicular crossing. Samples from these families of

three-dimensional resonant orbits appear in Figs. 3.7-3.12. Representative members

from the family of 3 -D 3:5 resonant orbits that intersect the 2 -D family in Fig. 3.3 are

plotted in Fig. 3.7; Fig. 3.9 includes representative members in the family of 3 -D 5:6

resonant orbits bifurcating from the planar family plotted in Fig. 3.4. For complete-

ness, Table 3.4 includes the non-zero initial conditions, values of Jacobi Constant, and

orbital periods corresponding to the smallest three-dimensional orbits represented in

each family in Figs. 3.7, 3.9, and 3.11. Recall that the zero elements in each set of

initial conditions are y and ẋ, that is, y = ẋ = 0.

Similar families of three-dimensional resonant orbits are straightforwardly com-

puted for different values of the mass fraction µ. In particular, the same family of

3 -D 3:5 resonant orbits illustrated in Fig.3.7 also exists for a value of µ = 0.00023658,

which corresponds to the Saturn-Titan system. Representative members of this fam-

ily are plotted in Fig. 3.11; Fig. 3.12 includes two-dimensional views of this three-

dimensional family of resonant orbits.
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Table 3.4
Non-Zero Initial Conditions and Jacobi Constant Values Correspond-
ing to the Smallest Three-Dimensional p:q Resonant Orbits in Each
Family

p:q system x (km) z (km) ẏ (km/sec) JC P (days)

3:5 Jupiter-Europa 591,122.22 671.10 5.06348 2.77511 17.7557

3:5 Saturn-Titan 1,103,240.31 137,154.22 1.79388 2.92443 79.5756

5:6 Jupiter-Europa 629,857.41 67.11 2.47808 2.98000 21.2723
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Fig. 3.11. Representative Orbits in a Three-Dimensional Family of
3:5 Resonant Orbits in the Saturn-Titan System - Rotating Frame

3.2 Invariant Manifold Theory

The role of invariant manifolds is significant in building a framework to model the

dynamical structure in the CR3BP. Knowledge of any manifold structure improves
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Fig. 3.12. Two-Dimensional Views of the Three-Dimensional Family
of 3:5 Resonant Orbits in the Saturn-Titan System - Rotating Frame

Fig. 3.13. Representative Orbits in a Three-Dimensional Family of
3:5 Resonant Orbits in the Saturn-Titan System - Inertial Frame
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the efficiency of trajectory design in this regime. The use of invariant manifolds in the

design of transfers between resonant orbits for different values of the mass fraction,

µ, is the focus of this effort. Therefore, a general background concerning the phase

space near periodic orbits in the CR3BP is key and necessary for the understanding

of resonant orbits and their associated manifolds. In addition to this basic theoretical

background in invariant manifold theory, a method for the numerical computation of

the unstable and stable manifolds is also detailed.

3.2.1 Invariant Manifolds for Fixed Points

The geometrical theory of dynamical systems is based on the phase portrait as-

sociated with solutions to a non-linear set of differential equations. In the CR3BP,

equilibirum points and periodic solutions are two types of solutions that yield a very

interesting structure in terms of the phase space. The geometry of the phase space is

investigated by considering these particular solutions to non-linear differential equa-

tions and the structure associated with the local flow. The following background

information follows directly from the discussion in Parker and Chua [39], Gucken-

heimer and Holmes [40], and Perko [41] on continuous and discrete time autonomous

systems.

Recall the equilibrium solutions, Li. The phase portrait near these equilibrium

points is determined from the variational equations. Recall that the initial conditions

near a reference solution, x̄eq(τ), is represented in terms of a variation δx̄, that is,

x̄(τ) = x̄eq(τ) + δx̄(τ). Consider the system of non-linear differential equations,

˙̄x(τ) = f̄(x̄(τ)) (3.8)

This system can be linearized about some reference solution x̄eq(τ) such that,

δ ˙̄x(τ) = A(τ)δx̄(τ) (3.9)

where A(τ) = Df̄( ¯x(τ)) is the Jacobian matrix comprised of the first partial deriva-

tives of f̄ evaluated at the reference solution. If the reference solution is a fixed point
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such as x̄eq(τ) = x̄eq, that is, an equilibrium solution of the system in Eq. (3.8), then

the Jacobian matrix A(τ) = A is constant. In such a case, the general solution to

Eq. (3.9) is,

δx̄(τ) = eA(t−t0)δx̄(τ0) (3.10)

which can also be expanded and written in the form,

δx̄(τ) =
n∑

j=1

cje
λj(t−t0)v̄j (3.11)

where the coefficients cj are determined from the initial conditions, and λj and v̄j

represent the eigenvalues and eigenvectors associated with the Jacobian matrix A.

The stability of the equilibrium points is determined from the characteristics of the

eigenvalues λj that are computed from the constant Jacobian matrix. If the real part

of the eigenvalue is negative for all λj, then sufficiently small perturbations tend to

zero as time approaches infinity, and x̄eq is defined as asymptotically stable. If the real

part of the eigenvalue is positive for any λj, then a perturbation grows with time, and

x̄eq is denoted as unstable. If i, j exist such that the real parts of the eigenvalues are

both positive and negative, then x̄eq is non-stable. A non-stable equilibrium point is

a saddle point, which is consistent with an examination of the collinear points L1, L2,

and L3; a stable or unstable equilibirum point with no complex eigenvalues is labeled

a node, and an equilibrium point is hyperbolic if all eigenvalues possess non-zero real

parts.

For purposes of a stability discussion, the system is ‘linear’. Let the Jacobian

matrix for the system described by Eq. (3.9) possess ns eigenvalues with positive

real parts, nu eigenvalues with negative real parts, and nc eigenvalues with zero real

parts. The eigenvectors associated with these eigenvalues are linearly independent,

thus, they span <n. The n-dimensional space <n is generally represented in terms

of three fundamental subspaces: the stable subspace Es, the unstable subspace Eu,

and the center subspace Ec. These are the invariant subspaces associated with the

linear variational equations in Eq. (3.9). Subscripts s, u, c reflect the dimension of

each subspace such that n = s+ u+ c, or, n = ns + nu + nc. A solution initially in a
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specific subspace remains in that subspace for all time, leading to the definitions of the

local stable and unstable manifolds. Given the equilibrium solution, x̄eq, the Stable

Manifold Theorem (Guckenheimer and Holmes [40]) states that if all eigenvalues, λj,

associated with the constant Jacobian matrix A possess non-zero real parts, then x̄eq

is a hyperbolic equilibrium point, and does not possess a center manifold. Local stable

and unstable invariant manifolds, W s
loc and W u

loc, are related to the invariant subspaces

Es and Eu associated with the linear system. The term “invariant” indicates that a

point on the manifold will remain on the manifold as time progresses [40]:

Theorem 3.2.1 (Stable Manifold Theorem) Suppose ˙̄x(τ) = f̄(x̄(τ)) possesses a

hyperbolic equilibrium point x̄eq. Then there exist local stable and unstable manifolds

W s
loc(x̄eq), W u

loc(x̄eq), of the same dimension ns, nu, as those of the eigenspaces Es,

Eu, of the linearized system in Eq. (3.9), and tangent to Es and Eu at x̄eq. These

local stable and unstable manifolds, W s
loc(x̄eq), W u

loc(x̄eq), are as smooth as function f̄ .

Let x̄eq be the equilibrium point of a two-dimensional first-order system with eigen-

values λs and λu, as well as eigenvectors v̄s and v̄u, that span the subspaces Es and

Eu. Hence, v̄s and v̄u form a basis in <2. The diagram in Fig. 3.14 illustrates the flow

to and from x̄eq, which is governed by the corresponding eigenstructure, that is, the

figure is a representation of a planar projection of the stable and unstable manifolds

at x̄eq. For this particular example, the stable and unstable eigenvector subspaces are

each comprised of one eigenvector, that is, Es = v̄s, and Eu = v̄u. The local branch of

the invariant manifold W s+

loc is represented by v̄s, and W s−
loc corresponds to −v̄s. Sim-

ilarly, W u+

loc is defined by v̄u, and W u−
loc corresponds to −v̄u. In other words, the local

stable and unstable manifolds are parallel to the stable and unstable eiegnvectors.

The local invariant manifolds W s
loc and W u

loc possess nonlinear global analogs W s and

W u that can be approximated by propagating the flow backwards in time along W s
loc

and forward in time along W u
loc, respectively.

If x̄eq is a non-hyperbolic equilibrium point, that is, ns, nu, and nc are all non-zero,

the structure of the local flow is governed by the Center Manifold Theorem for Flows,

as stated by Guckenheimer and Holmes [40]:
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Theorem 3.2.2 (Center Manifold Theorem for Flows) Let f̄ be a vector field

on <n vanishing at the origin f̄(x̄eq) = 0̄ and A = Df̄(x̄eq). The spectrum of A is

divided into three parts ns,nc, and nu with

Re[λ] < 0;λ∈ns (3.12)

Re[λ] = 0;λ∈nc (3.13)

Re[λ] > 0;λ∈nu (3.14)

Let the generalized eigenspaces be Es, Ec, and Eu, respectively. Then, there exist

stable and unstable invariant manifolds W u and W s tangent to the Eu and Es at x̄eq,

and a center manifold at W c tangent to the center subspace Ec at x̄eq. The manifolds

W u, W s, and W c are all invariant for the flow f̄ . The stable and unstable manifolds

are unique, but W c need not be.

The existence of a center manifold implies that the structure of the flow near the

equilibrium point, possessing at least one zero eigenvalue, is more diverse than an
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equilibrium point with no center subspace. The solutions initially in the center mani-

fold neither grow nor decay over time, relative to x̄eq. Periodic orbits such as Lyapunov

orbits as well as quasi-periodic trajectories, for example, near-vertical, out-of-plane

orbits, are examples of types of motion that might exist in the center subspace near

the equilibrium point, x̄eq.

Manifold structures have been studied by many researchers, and their application

to trajectory design in multi-body regimes has been demonstrated. In fact, transfers

between different three-body systems are a new focus for potential mission scenar-

ios [42], in which the exploitation of the invariant manifolds associated with these

orbits plays a crucial role.

3.2.2 Invariant Manifolds for Periodic Orbits

Calculating stable, unstable, and possibly center manifolds associated with pe-

riodic orbits is more complex than the underlying structure for equilibrium points.

Although a periodic orbit is a solution of the non-linear differential equations in

Eqs. (3.8), the associated variational equation in Eq. (3.9) yields a Jacobian matrix

that is not constant. However, it is possible to discretize the continuous time system

to form a map. Various types of maps are useful, but Poincaré maps are most appli-

cable for interpretation of the phase space in this problem. Poincaré maps reduce the

dimensionality of the problem and are a valuable tool in the study of a periodic orbit.

The concept for construction of a Poincaré map representing a low-dimensional sys-

tem is illustrated in Figure 3.15. To construct this map, a surface Σ that is transverse

to the flow, is defined at a particular point along the flow. In Fig. 3.15, a periodic

orbit, defined in terms of the state x̄ and labeled Γ, is initiated in the plane Σ and

returns to intersect the plane after exactly one period. A truly periodic orbit returns

to exactly the same point on the plane after each revolution. Such a point is denoted

a ‘fixed point’, labeled in the map as x̄∗. Then, for any point x̄ ∈ Σ sufficiently close

to the fixed point, x̄∗, a propagation of the differential equation in Eq.(3.8) through x̄,
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intersects the plane Σ again at the first return point P (x̄), generally near the original

fixed point.

Because Poincaré maps preserve most of the properties of periodic and quasi-

periodic trajectories from the original system, they are also used as a powerful tool

for stability analysis. The stability of a periodic orbit from the original system is

closely related to the stability of the fixed point of the associated Poincaré map. Thus,

Poincaré maps offer evidence of stability and manifold representations. Consider the

diagrams in Fig. 3.16. A numerical simulation from an initial state x̄, close to the

fixed point x̄∗, is propagated to the next crossing of the plane Σ. The first return to

the map is labeled P1(x̄), and subsequent returns are labeled P2(x̄), P3(x̄), continuing

to the last return, Pn(x̄). If subsequent returns to the map diverge from the original

fixed point, x̄∗, then, the orbit is defined as unstable (Fig. 3.16(b)); if the recurring

crossings of the map approach the original point, then, the orbit is considered stable

(Fig. 3.16(a)). Finally, as illustrated in Fig. 3.16(c), if there is no pattern that is

detectable for subsequent returns to the map, i.e., no departure or approach to x̄∗ in

time, then the orbit is labeled chaotic. The dots illustrated in Figs. 3.16(a)- 3.16(b)

represent the stable and unstable manifolds of the fixed point x̄∗.

The fixed points along a periodic orbit are used to compute the corresponding

stable and unstable manifolds. The phase space in the vicinity of different fixed

points is examined by placing the surface Σ transverse to the flow at different points

along the periodic orbit. Each of these points, then, serves as a fixed point for

the computation of stable and unstable manifolds. Each of the fixed points is an

(n-1 )-dimensional representation of the periodic orbit in <n. Therefore, the stable,

unstable, and center subspaces possess the dimensions of ns, nu, and nc. That is, the

stable manifold associated with the fixed point, W s(x̄∗), has dimension ns, and the

unstable manifold associated with the fixed point, W u(x̄∗), has dimension nu. The

dimension of the unstable and stable manifolds of a periodic orbit is stated in the

Stable Manifold Theorem for Periodic Orbits [41]:
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Theorem 3.2.3 (Stable Manifold Theorem for Periodic Orbits) Let an open

subset of <n contain a periodic orbit Γ : x̄ = γ(τ) of period T. Let φt be the flow and

γ(τ) = φτ (x̄
∗). If k characteristic exponents of γ(τ) have a negative real part where
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0 ≤ k ≤ n− 1 and n− k − 1 of them have a positive real part, then there is a δ > 0

such that the stable manifold of Γ,

S(Γ) = x̄ ∈ Nδ(Γ)|d(φτ (x̄),Γ)→ 0 as τ →∞ and φτ (x̄) ∈ Nδ(Γ) for all τ ≥ 0

is a (k+1)-dimensional, differentiable manifold which is positively invariant under the

flow φτ , and the unstable manifold Γ,

U(Γ) = x̄ ∈ Nδ(Γ)|d(φτ (x̄),Γ)→ 0 as τ → −∞ and φτ (x̄) ∈ Nδ(Γ) for all τ ≤ 0

is an (n-k)-dimensional, differentiable manifold which is negatively invariant under

the flow φτ . Furthermore, the stable and unstable manifolds of Γ intersect transver-

sally in Γ.

The stable manifold associated with the periodic orbit Γ, that is, W s(Γ), possesses a

dimension ns + 1, and the unstable manifold associated with the periodic orbit, i.e.,

W u(Γ), has dimension nu+1. Hence, the dimensions of W s(Γ) and W u(Γ) are always

one degree higher than Es and Eu, respectively.

Recall the monodromy matrix, Φ(τ0 + T, τ0), first introduced in connection with

orbital stability (Section 2.4.3), and Lyapunov’s Theorem 2.4.1. For stable and un-

stable manifolds of a periodic orbit to exist, the monodromy matrix must possess

at least one stable and one unstable eigenvalue. However, not all the members in a

given family of periodic orbits in the CR3BP possess a stable and unstable eigen-

value. Therefore, it is convenient to develop a method to identify which members in

the family do possess stable and unstable eigenvalues, and thus, stable and unstable

manifolds. A stability index, ν, associated with each member in a family of periodic

orbits is defined such that [16],

ν =
1

2
(|λs|+ |λu|) (3.15)

In Eq. (3.15), λs and λu are a real-valued, reciprocal pair of eigenvalues, that is,

λs = 1
λu

. If the stability index is less than or equal to one, that is, |ν| ≤ 1, then, the

periodic orbit is considered to be marginally stable, in which case the corresponding
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eigenvalues do not yield stable and unstable invariant manifolds. For application

purposes, the periodic orbits possessing this type of stability index do not allow for

transfers shadowing invariant manifolds to and from the orbit, and, thus, are not

of interest in this investigation. Similarly, if |ν| ≥ 1, the periodic orbit includes an

eigenvalue with magnitude greater than one, and its associated stable and unstable

invariant manifolds can be computed [16]. Moreover, the size of the stability index

determines how fast the invariant manifolds approach or depart the orbit [16] [43],

that is, the larger the size of ν, the faster the manifolds approach/depart the orbit.

3.2.3 Numerical Computation of Invariant Manifolds

Once the periodic orbits and their associated invariant manifolds are identified,

the search for potential transfers to and from these orbits in the CR3BP requires

the computation of the actual unstable and stable manifolds. The invariant man-

ifolds corresponding to a periodic orbit can be computed by using the eigenvector

corresponding to an eigenvalue greater than one in the direction of the local unstable

manifold, and the eigenvector corresponding to an eigenvalue less than one in the

direction of the local stable manifold. That is, W u+

loc departs the fixed point, x̄∗, along

the positive direction of v̄u, and W u−
loc departs x̄∗ along the negative direction consis-

tent with v̄u. Similarly, W s+

loc approaches the fixed point on the periodic orbit along

+v̄s, and W s−
loc approaches the fixed point from the direction of −v̄s. As illustrated in

Fig. 3.16, the dots on the surface of section corresponding to the unstable manifolds

will diverge from the fixed point as t→∞, and the returns associated with the stable

manifolds will approach the fixed point on the orbit.

The computation of the invariant manifolds requires the propagation of an initial

state close to the fixed point in the direction of the desired eigenvector. The algorithm

to compute these trajectories is defined as follows: x̄u+ is defined as a point on the

local unstable manifold and along the positive direction, W u+

loc . Then, integrating for-

ward and backward from point x̄u+ yields W u+ . Calculating a half manifold involves
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locating a point on W u+

loc , and integrating from this point. To locate a point locally

near x̄∗, W u+

loc is approximated to first order by the unstable eigenvector v̄u, i.e., by

choosing a point close to x̄∗ that lies on v̄u, that is,

x̄u± = x̄∗ ± lv̄u (3.16)

In Eq. (3.16), l is the offset in the direction of the unstable eigenvector, and its value

is of critical importance. If l is too large, the computed value for x̄u± is not a good

approximation; if l is too small, the trajectory spends too long near the fixed point

and the integration error accumulates with little progress along the path. There are

various ways of selecting the appropriate value of l. One option that has proven

useful for conceptual insight is to define the components of the unstable eigenvector,

v̄u = [xu yu zu ẋu ẏu żu]
T , and define v̄Wu such that,

v̄Wu =
v̄u

[x2
u + y2

u + z2
u]

1
2

(3.17)

x̄u± = x̄∗ ± d · v̄Wu (3.18)

In Eq. (3.18), the value d, or the attenuation factor, is selected by interpreting it as a

distance relative to the fixed point. Similarly, the positive and negative branches of

the local stable manifold can be computed in a similar way by defining the components

of the stable eigenvector, v̄s = [xs ys zs ẋs ẏs żs]
T , and defining v̄Ws such that,

v̄Ws =
v̄s

[x2
s + y2

s + z2
s ]

1
2

(3.19)

x̄s± = x̄∗ ± d · v̄Ws (3.20)

where the symbol ± represents x̄s+ for the half-manifold in the positive direction along

the stable eigenvector and x̄s− for the half-manifold associated with a direction op-

posite to the stable eigenvector, that is, −v̄s. As a representative example, the global

invariant manifolds corresponding to the smallest Lyapunov orbit in the vicinity of

L1 included in Fig. 2.14 are computed and plotted in Figs. 3.17-3.20. Recall that

the initial conditions corresponding to this L1 Lyapunov orbit are listed in Table 2.2.
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The magenta trajectories correspond to the unstable manifolds, and the blue trajec-

tories reflect the stable manifolds. The global invariant manifolds associated with a

single fixed point along the L1 are illustrated in Fig. 3.17 and Fig. 3.18, respectively.

However, to better indentify the manifold structure, it is desirable to compute the

trajectories from multiple fixed points along the orbit. Note that the eigenvalues

and eigenvectors are independent of the number of fixed points selected, and whether

these points are evenly spaced in time or position. For illustration purposes, a total

of 40 (evenly-spaced in time) fixed points along the periodic orbit are represented

in Fig. 3.19 and Fig. 3.20. An offset value of 40 km is a reasonable choice for this

periodic orbit in the Earth-Moon system, and the propagation time to construct both

the stable and the unstable manifolds is the same and equal to τ = 5 non-dimensional

time units, equivalent to 21.7114 days.
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3.3 Poincaré Maps

In general, maps are used to describe the time evolution of a vector at discrete

intervals. The use of very simple maps allows the representation of the properties

of generic dynamical systems that are described by the differential equations. Maps

have been used extensively in the last few decades, especially to add insight and

expose dynamical structure in complex systems. Due to Henri Poincaré (1899), many

systems of differential equations can be represented in terms of maps by reducing the

study of a continuous time system to the study of an associated discrete time system.

Poincaré first utilized this concept in his studies of the CR3BP; now, virtually any

discrete time system that is associated with a set of ordinary differential equations

(ODEs) is labeled a “Poincaré map”. This technique offers three main advantages:

reduction of dimension, global dynamics, and conceptual clarity. The construction

of a Poincaré map eliminates at least one variable in the problem, resulting in the

analysis of a lower-dimensional system. In lower-dimensional problems, numerically
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computed Poincaré maps deliver an insightful and, sometimes, dramatic display of

the global dynamics of a system. In fact, for this application, Poincaré sections can

highlight the existence of periodic and quasi-periodic orbits [5].

The computation of a Poincaré map for an autonomous higher-dimensional sys-

tem in <n requires the use of a hyperplane or surface of section, labeled as Σ in <n−1

which is placed transverse to the flow, as illustrated in Fig. 3.15. A trajectory inter-

secting the hyperplane is integrated until it intersects the hyperplane once again. As

previously noted, the mapping is from one intersection to the next, and so on. For

the planar CR3BP in <4, the surface of section, or hyperplane Σ, is typically specified

by fixing one of the coordinates, usually y = 0, producing a surface in <3. The three-

dimensional surface is projected onto a plane by specification of another parameter.

For example, to generate a two-dimensional Poincaré section in the CR3BP, a value

for the Jacobi constant can be specified and a grid of initial conditions for x and ẋ are

selected and integrated forward in time. The grid represents a range of initial condi-

tions originally in the hyperplane, generating many trajectories. The intersections of

each trajectory with the surface of section create the Poincaré map. With C, x and ẋ

initially defined, as well as the hyperplane y = 0, the corresponding initial values for

ẏ can be calculated from the expression for the Jacobi constant in Eq. (2.37), that is,

ẏ =

√
x2 + y2 +

2(1− µ)

d
+

2µ

r
− ẋ2 − C (3.21)

where d and r are calculated from Eqs. (2.28)-(2.29). Alternatively, an initial range

of values for ẏ can be defined and the corresponding values for ẋ can be calculated

from Eq. (2.37). In a Poincaré map, the points defined by the mapping are then

plotted. A variety of quantities can be computed and displayed at each iteration of

the map. The quantities used to plot the intersections in this investigation are x and

ẋ, although other authors consider quantities such as Delaunay variables, as well as

a wide range of other dynamical quantities [5].

As an introductory example to explore the information available in Poincaré sec-

tions, consider the Hénon map in Fig. 3.21. The original plots and a more extended
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discussion on surfaces of section is offered by Hénon [44]. Hénon produced maps in

the 1960’s for application to the restricted three-body problem. For relatively high

values of the Jacobi constant, the orbits possess Hill stability and, if C is sufficiently

high, the perturbations are weak and most orbits are periodic or quasi-periodic. An

orbit is Hill stable when the Jacobi constant is larger than the value of Jacobi con-

stant at the equilibrium point L2, that is, the gateways are closed. In contrast, if

C < CLi
, the gateway and consequently the zero velocity curve is open and escape is

possible [45]. The section in Fig. 3.21 is a section constructed in the planar CR3BP

for µ = 0.5. In this system, the mass of the larger primary is the same as the mass

of the smaller primary, that is, m1 = m2. This µ value might represent a binary star

system consisting of two stars orbiting around their center of mass. The section is

defined such that C = 4.5, y = 0 and ẏ > 0. A range of values for x0 and ẋ0 are

selected and sufficient returns to the hyperplane are used to yield curves that indicate

quasi-periodic orbits. Recall that the corresponding initial values for ẏ0 are calculated

from the equation for the Jacobi constant. There are two main structures that are

easily identified from the map; “chain of islands” structures, and “dusty” or chaotic

regions, where the plotted points do not appear to form any specific pattern. The

chain of islands structure is a very common structure in this type of map. The center

of each island contains a point that intersects the surface of section repeatedly a fi-

nite number of times before repeating. These crossings correspond to stable, periodic

trajectories. Note that, because only the negative side of the map is considered, that

is, x < 0, the map is labeled a ‘one-sided’ map.

Each crossing that forms a chain of islands corresponds to a single quasi-periodic

trajectory. To further illustrate these concepts, the crossings corresponding to two

different quasi-periodic orbits are plotted in green and blue, respectively, in the map

in Fig. 3.22. The actual quasi-periodic trajectories that correspond to the orbits in

the section appear in Fig. 3.23. The crossings plotted in green in Fig. 3.22 correspond

to the quasi-periodic orbit represented in green in Fig. 3.23; likewise, the crossings

plotted in blue in Fig. 3.22 correspond to the quasi-periodic orbit that appears in
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blue in Fig. 3.23. The center crossing plotted in magenta in Fig. 3.22 is the center

of one of the chain of islands; this intersection corresponds to the periodic orbit that

appears in Fig. 3.24. Recall that this trajectory appears as a single point in the map,

and each stable periodic orbit is surrounded by many chains of islands corresponding

to quasi-periodic orbits.

The other phenomena that occurs between curves and chains of islands is the

formation of “dusty” regions or zones of chaos, where continuity is broken and the

regions between curves are filled with unordered crossings. These chaotic zones are

not easily apparent in Fig. 3.21 since the perturbations are quite small. The bigger

the perturbations, the more dense these regions. For a Jacobi constant value of 3.5,

perturbations are large and chaotic motion predominates over structured regions. At

this energy level, the points in the chaotic regions do not fill a curve or create a
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chain of islands; rather the points fill a surface that encompasses more than half the

domain. A surface of section for a value of µ = 0.5 and C = 3.5 is plotted in Fig. 3.25.

There remain quasi-periodic orbits corresponding to the closed curves or to chains of

islands, but the chaotic regions predominate. To illustrate the behavior in this region,

a chaotic trajectory is plotted in Fig. 3.26. For reference, the first 20 crossings with

the hyperplane are plotted in blue in Fig. 3.25; the dots representing each crossing

are enlarged to aid in visualization. As the energy level varies, the surface of section

changes in character, and one particular structure may become more predominant

than another. Hénon considered systems with C < 3.456796..., that is, energy levels

such that the orbits are no longer Hill stable. In such systems, there remain quasi-

periodic motions corresponding to closed curves or to chains of islands, but almost
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all motions outside the largest closed curves lead to an escape of the small mass to

infinity. However, closed curves of islands demonstrate the possibility of bounded

motion even below the limit of Hill stability.
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Fig. 3.25. Hénon Surface of Section for C = 3.5 and µ = 0.5 with
Chaotic Trajectory Crossings

3.4 The Jovian and Saturnian Systems

The majority of this investigation is focused on resonant trajectories in the Jupiter-

Europa and Saturn-Titan systems. Therefore, this section offers useful physical pa-

rameters and notable characteristic quantities in the CR3BP that correspond to these

systems.

The Jovian system is comprised of Jupiter and its four primary moons, ranging

from larger to smaller in terms of mean radius: Ganymede, Callisto, Io and Europa.

These Jupiter satellites are often termed the Galilean Moons, after their discovery in

1610 by Galileo [5]. The Saturnian system is comprised of Saturn plus its primary
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moons, from larger to smaller mean radius: Titan, Rhea, Iapetus, Mimas, Enceladus,

Tethys, Dione, and Hyperion. Titan, Saturn’s largest moon and the second largest

moon in the solar system, was discovered in 1655 by Huygens [46]; Tethys, Dione,

Rhea, and Iapetus were identified in 1671-1672 by Cassini [46]; Mimas and Enceladus

were discovered in 1789 by Herschel [46], and Hyperion was first observed in 1898 by

Bond and Lassell [46].

3.4.1 The Jupiter-Europa and Saturn-Titan Systems

Within the Jovian and Saturnian systems, the emphasis is on two particular

planet-moon combinations: Jupiter-Europa and Saturn-Titan. These two systems

are of special interest for many scientific reasons. Saturn’s moon Titan was the focus

of the NASA-ESA Huygens-Cassini robotic spacecraft mission [47]. The Cassini-

Huygens spacecraft reached Saturn in 2004 with the purpose of mapping Titan’s
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surface by radar. In 2005, the probe Huygens landed on Titan’s surface while the

Cassini spacecraft initiated a series of planned, targeted close flybys of Titan, proving

the mission to be extremely successful, and providing the scientific community with

valuable information about Titan. Jupiter’s moon Europa is also scientifically inter-

esting. Recently, much attention has been focused on Europa because of previous

observations of its icy and smooth surface. In 1979, NASA’s Voyager spacecraft pro-

cessed valuable images of Europa, allowing scientists to speculate about its interior

composition [48]. Today, most planetary scientists believe that a layer of liquid water

exists beneath Europa’s surface [49]. As a result of these scientific discoveries and

theories, feasible trajectories near these moons may someday serve as the basis for

future missions.

For completeness and to facilitate the understanding of the results presented in this

investigation, the values of various physical parameters and charateristics quantities

in the CR3BP are listed in Tables 3.5, 3.6, and 3.7. The data provided in the following

three tables is obtained or calculated from the Jet Propulsion Laboratory Solar System

Dynamics website [50], which provides information related to orbits and physical

characteristics of most natural bodies in the known solar system. Some of the relevant

physical properties of the planets and their satellites, that is, Jupiter, Europa, Saturn,

Titan, and Enceladus appear in Table 3.5. The gravitational parameter, µG, is equal

to the mass of the body times the well known gravitational constant, G, and should

be clearly distinguished from the CR3BP mass fraction, µ. A few significant orbital

parameters, that is, gravitational parameter, orbital period, and semi-major axis are

listed in Table 3.6. The values for the mass fraction, µ, and the semi-major axis, a, are

calculated from the masses and periods using Eq. (2.14) and Eq. (3.3), respectively.

The values of the Jacobi constant at the libration points are useful as a reference when

compared to the energy levels corresponding to periodic orbits and other trajectories

from this analysis. The Jacobi constant values at each of the libration points in the

Jupiter-Europa and Saturn-Titan systems appear in Table 3.7. Recall that the same

values in the Earth-Moon system are in Table 2.1.
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Table 3.5
Physical Constants

Body µG Mean Radius

(km3/s2) (km)

Jupiter 1.266622×108 69,911.0

Europa 3202.739000 1,560.8

Saturn 3.792392×107 58,232.0

Titan 8.978138×103 2,575.5

Enceladus 7.202700 252.1

Table 3.6
CR3BP Constants

System µ Orbital Period (days) Semi-major Axis (km)

Jupiter-Europa 2.526644×10−5 3.552412 671,101.0

Saturn-Titan 2.366846×10−4 15.949398 1,221,865.0

Saturn-Enceladus 1.899249×10−7 1.371437 238,037.0

Table 3.7
Values of Jacobi constant at the Libration Points

Jupiter-Europa system Jacobi constant Saturn-Titan system Jacobi constant

CL1 3.003643 CL1 3.015769

CL2 3.003609 CL2 3.015453

CL3 3.000025 CL3 3.000236

CL4 2.999974 CL4 2.999763

CL5 2.999974 CL5 2.999763
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4. RESONANCE TRANSITION

Given the necessary background in periodic orbits and dynamical systems theory,

the relationship between unstable resonant orbits and their invariant manifolds is ex-

plored. Unstable resonant orbits in the Jupiter-Europa and Saturn-Titan systems are

considered, including the resonances involved in the Europa Orbiter flyby trajectory.

A technique to estimate resonant ratios from a surface of section is detailed, and

Poincaré maps are employed to display the associated stable and unstable manifolds.

In addition, to demonstrate the presence of a chaotic dynamical environment, various

homoclinic connections are computed.

4.1 Unstable Resonant Orbits

The determination of stable periodic orbits from a surface of section is fairly

straightforward, since their locations are readily identified. Stable periodic orbits can

be computed using a variety of techniques, as detailed in Section 3.3. However, the

determination of unstable orbits in chaotic regions is more challenging. Once a point

in the Poincaré section is identified as a potential unstable resonant orbit, it is not

trivial to compute the actual trajectory in the CR3BP if the period is unknown. A

strategy to automatically determine the p:q ratio for a potential resonant orbit from

its location in the map is summarized. This technique involves the use of Poincaré

sections and two-body approximations as initial conditions to a differential corrections

scheme.
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4.1.1 A Strategy to Estimate Resonant Ratios from a Surface of Section

To exploit the stable and unstable manifolds for transfers, unstable resonant orbits

must be available. The first step in the determination of an unstable resonant orbit

from a Poincaré section is the selection of the position and velocity values from the

map, that is, [x, y, z] and [ẋ, ẏ, ż]. Recall that for planar resonant orbits y = z = 0,

and due to periodicity, ẋ = ż = 0. The value for ẏ is computed from Eq. (3.21),

so the state obtained from the surface of section possesses the form [x, 0, 0, 0, ẏ, 0].

After the values for x and ẏ are identified, it is necessary to transform the state from

rotating to inertial coordinates via the BKE in Eq. (2.20), that is,

r̄i = [x0 0 0]T (4.1)

v̄i = [0 sinθ(ẋ0 − ωy0) + cosθ(ẏ0 + ωx0)) 0]T (4.2)

where r̄i and v̄i represent the position and velocity vectors in inertial coordinates, with

an origin at the barycenter of the system. Recall that initially, t = 0, θ = 0, ω = 0,

and µ is the CR3BP mass fraction parameter. The following transformation is used

to translate the state in inertial coordinates from the barycenter to body-centered

coordinates, that is,

r̄b = (r̄i + µ[cos(t) sin(t) 0]T )l∗ (4.3)

v̄b = (v̄i + ωµ[−sin(t) cos(t) 0]T )
l∗

t∗
(4.4)

where r̄b and v̄b represent the position and velocity vectors in body-centered intertial

coordinates. Notice that the position and velocity are now expressed in dimensional

units, that is, km and km/sec, respectively. The values for the semi-major axis
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and eccentricity are instantaneously computed from the equations for the angular

momentum vector, h̄, and the semilatus rectum, p, that is,

h̄ = r̄b × v̄b (4.5)

ē =
v̄b × h̄
µ2B

− r̄b
|r̄b|

(4.6)

e =
√
ē · ē (4.7)

p =
h2

µ2B

(4.8)

a =
p

1− e2
(4.9)

where µ2B is the gravitational parameter. The calculation of the orbital elements

in Eq. (4.7) and Eq. (4.9) is necessary to determine the instantaneous period of the

resonant orbit, and hence, the resonant ratio p:q, that is,

P = 2π

√
a3

µ2B

(4.10)

p

q
=
Pmoon
Ps/c

=
2πt∗

P
(4.11)

The values for e, a, and P are used to compute the approximate two-body resonant

orbit. The number of loops in the resonant trajectory, as observed in the rotating

frame, determines p in the p:q ratio, so q can be easily computed from the value of p

and the ratio in Eq. (4.11). Then, the values for position and velocity obtained from

the surface of section and the p:q ratio obtained from the two-body approximation

are used as the initial condition in the corrections algorithm to compute the desired

resonant orbit in the CR3BP. However, these initial conditions, when employed in

the corrections algorithm described in Section 2.4, may not lead to a periodic orbit

with the exact same value of Jacobi constant as that of the energy level at which the

Poincaré section is computed. Therefore, the corrections scheme forces the algorithm

to search for a perpendicular crossing and to target a specific value of Jacobi con-

stant. These constraints ensure that the resulting unstable resonant orbit exists at

the correct energy level. This type of algorithm is labeled ‘Jacobi constant targeter’ in
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this investigation. This targeter is essentially identical to the single shooting routine

described in Section 2.4; the scheme is extended to incorporate one more variable,

that is, δCf . Recall the set of linear variational equations, written in matrix form

in Eq. (2.102), and the expression for Jacobi constant in Eq. (2.36). Using the same

simplifications discussed in Section2.4, the variational equations in Eq. (2.102) reduce

to,




δx0

δẏ0

δτf


 =




φ21 φ25 ẏf

φ41 φ45 ẍf

∂C
∂x0

∂C
∂ẏ0

0




−1

τf




δyf

δẍf

δCf


 (4.12)

The partials in Eq. (4.12) are calculated as,

∂C

∂x0

= 2x− 2(1− µ)(x+ µ)

(
√

(x+ µ)2 + y2 + z2)3
− 2µ(x− 1 + µ)

(
√

(x− 1 + µ)2 + y2 + z2)3
(4.13)

∂C

∂ẏ0

= −2ẏ (4.14)

and are evaluated at τf . This system of equations is further reduced by incorporating

the expression for the variation in the final time, δτf , given in Eq. (2.108) . This

expression can be substituted into Eq. 4.12, resulting in a system of two equations in

two unknowns, that is,


 δx0

δẏ0


 =


 φ41 − ẍf

ẏf
φ21 φ45 − ẍf

ẏf
φ25

∂C
∂x0

∂C
∂ẏ0



−1
 δẋf

∂Cf


 (4.15)

Recall that φ41, φ21, φ45, and φ25 are components of the STM. This strategy includes

two-body approximations to estimate the period of the orbit and a Jacobi constant

targeter. In combination, this technique is successfully employed to determine unsta-

ble resonant orbits from surfaces of sections.

4.2 Computation of Invariant Manifolds Associated with Resonant Orbits

The computation of invariant manifolds that are associated with unstable resonant

orbits requires the monodromy matrix. Given the STM after exactly one period
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of the orbit, the unstable and stable directions are available via the eigenvectors.

Generation of a series of trajectories in these directions is described in section 3.2.

The trajectories along the invariant manifolds corresponding to the unstable resonant

orbits possess their own distinctive behavior. However, the trajectories are tangled,

so plotting these trajectories in the xy-plane does not offer any insight. In contrast to

libration point orbits, the trajectories on the resonant orbit manifolds frequently pass

close to different resonances, but also remain in the vicinity of the original resonant

orbit in configuration space [5]. A Poincaré section that reflects the behavior in

the vicinity of these resonant periodic orbits and the manifolds also emerges. These

manifold trajectories aid in visualization and provide valuable insight concerning the

relationship between these manifolds and other structures in the phase space.

Two specific parameters are key in the computation of invariant manifolds as-

sociated with unstable periodic orbits and their display in a Poincaré section: the

size and the direction of the offset along the eigenvector. For libration point orbits,

this offset is assessed in both the positive and negative eigendirections to obtain the

global behavior of the stable and unstable manifolds, respectively. To “fill out” the

curves representing the invariant manifolds in the Poincaré section, it is desirable to

use a series of offsets and short integration times [5]. The offset values range from 0.1

to 10 km in the Jupiter-Europa and Saturn-Titan systems, which are similar to the

distances used in other studies [5]. It is observed that using more fixed points along

the orbit to compute the manifolds leads to more well-defined curves in the surface

of section.

As an illustrative example of the computation and representation of the invariant

manifolds associated with an unstable resonant orbit in a Poincaré map, consider the

2:3 resonant trajectory in Fig. 4.1. Observe that p = 2 but the orbit includes a double

loop in the vicinity of Titan. For reference, Table 4.1 includes the non-zero initial

conditions, eigenvalues, and the value of the Jacobi constant corresponding to this

periodic orbit, with an orbital period of 66.986 days. The eigenstructure from the

monodromy matrix in the vicinity of this orbit indicates that it is unstable with a
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large positive real eigenvalue. In fact, the stability index computed from Eq. 3.15 is

equal to ν = 6, 442.220. A noticeable feature of this resonant orbit is the formation of

a double loop in the vicinity of Titan. Hence, to distinguish this type of 2:3 resonant

orbit from other 2:3 resonant orbits, it is labeled as a “double-loop 2:3 resonant orbit”

in this investigation. To compute some of the stable and unstable manifolds associated

with this trajectory, a total of 40 fixed points are selected along the resonant orbit

at evenly spaced time intervals, represented as black dots in Fig. 4.1. A single offset

value of 10 km is defined in both the positive and negative eigen-directions. The

integration time is 50 non-dimensional time units, equivalent to 126.88 days. The

resulting trajectories along the manifolds are plotted in Fig. 4.2 in the xy-plane. The

stable manifolds are represented in blue and labeled W s
2:3 and the unstable manifolds

are plotted in magenta, labeled W u
2:3.
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Fig. 4.1. Double-loop Planar 2:3 Resonant Orbit in the Saturn-Titan System
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Table 4.1
Non-zero Initial Conditions, Unstable and Stable Eigenvalues, and
Jacobi Constant for the Double-loop 2:3 Resonant Orbit - Saturn-
Titan System

x (km) ẏ (km/sec) C λu λs

-1,195,287.8 -0.843470 2.978775 12,884.44 7.761298×10−5
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Fig. 4.2. Invariant Manifolds of the Double-loop Planar 2:3 Res-
onant Orbit in the Saturn-Titan System (Characteristic Distance
l∗ = 1, 221, 830)

As illustrated in Fig. 4.2, identifying a manifold structure or any characteristic

behavior emanating from this double-loop 2:3 resonant orbit becomes almost impos-
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sible to discern when the manifolds are simply propagated forward and backward in

time and plotted in configuration space. Yet, the goal of this investagation is an

understanding of the invariant manifolds as a whole and their relationship to other

dynamical structures. Potential transfers may exist between unstable resonant orbits

via these invariant manifolds. An alternative approach to view the manifold structures

and to pursue the dynamical relationships is Poincaré sections. The computation of a

surface of section that reflects invariant manifolds is similar to the process detailed in

section 3.3. The hyperplane Σ that defines the surface of section is placed to intersect

the unstable orbit of interest; in this example, Σ is located such that y =0. Then,

the manifolds originating near each fixed point along the unstable resonant orbit are

integrated backward and forward in time to compute the global stable and unstable

manifolds, respectively. These manifold trajectories are then integrated until they in-

tersect the hyperplane, defined by y = 0, and the intersecting points are recorded and

plotted. To illustrate the results of this method, consider the double-loop 2:3 resonant

orbit plotted in Fig. 4.1, and the set of initial conditions in Table 4.1. Although the

relationship between the manifolds representing the double-loop 2:3 resonant orbit

and other structures in phase space are not initially apparent, the manifold structure

is visually more apparent in a surface of section, as noted in Fig. 4.3. The returns on

the map that correspond to the unstable manifold trajectories (W u
2:3) are plotted in

magenta and the returns associated with the stable manifolds (W s
2:3) are represented

in blue; x and vx = ẋ are the quantities selected for plotting.

4.3 Resonant Orbits in the Jupiter-Europa System

Recall that the motivation for this investigation is expanding the role of invariant

manifolds in the design and optimization of interplanetary trajectories [2] [3] [4] [5].

Various authors consider these applications of invariant manifolds and have obtained

promising results [2] [3] [4]. The Europa Orbiter is a sample mission investigated by

Anderson and Lo for invariant manifold applications. The original Europa Orbiter
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Fig. 4.3. Surface of Section Reflecting the Invariant Manifolds of the
Double-loop Planar 2:3 Resonant Orbit in the Saturn-Titan System

trajectory was designed without the use of manifolds [51]. For example, various

techniques are examined by Anderson and Lo in considering low-thrust trajectory

design for Jovian moon missions, as well as the Europa Orbiter (EO) spacecraft.

In their investigations, Lo and Anderson (et al.) first use Poincaré sections to

search for unstable resonant orbits in support of the Europa Orbiter mission con-

cept [2] [3] [4]. The invariant manifolds from these unstable resonant orbits are then

computed and indicate the transitions of the Europa Orbiter trajectory between res-

onances; eventually the spacecraft is captured into an orbit around Europa. The tra-

jectory clearly exploits invariant manifolds associated with quasi-periodic orbits [3].

Extending the work of Lo and Anderson, this investigation focuses on the use of

Poincaré sections to search for unstable resonant orbits and to aid in visualization of
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their invariant manifold structure to search for potential resonance transitions. As

a baseline, this study begins with a detailed investigation of the invariant manifolds

associated with the two unstable resonant orbits involved in the EO trajectory, that

is, a 3:4 and a 5:6 resonant orbit, respectively. The unstable resonant orbits are

computed in the CR3BP using the technique described in Section 3.1.3. Two-body

approximations are used as the initial guess and a corrections algorithm yields the

periodic resonant orbits, subsequently plotted in Fig. 4.4(a) and Fig. 4.4(b). The cor-

responding initial conditions, Jacobi constant, unstable eigenvalue, and orbital period

for both resonant orbits are listed in Table 4.2.
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Fig. 4.4. Unstable Resonant Orbits in the Jupiter-Europa System

Once the unstable resonant orbits are identified and computed, their invariant

manifolds are calculated and displayed in a surface of section using the techniques

described in Section 4.2. The plots in Figs. 4.5-4.6 demonstrate the relationship be-

tween these resonant orbits, their manifolds, and the EO flyby trajectory as discovered

by Anderson [5]. Figure 4.5 represents the invariant manifolds computed in conjunc-

tion with the 3:4 resonant orbit. The stable manifolds are plotted in green, and the

unstable manifolds appear in red. The fixed points corresponding to the 3:4 and 5:6
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Table 4.2
Initial Conditions, Jacobi Constant (JC), Unstable Eigenvalue (λuns),
and Orbital Period for the 3:4 and 5:6 Unstable Resonant Orbits in
the Jupiter-Europa System

p:q x (km) ẏ (km/sec) JC λuns Period (days)

3:4 -959,949.50 9.2438487 2.9916395 1,036.1161 14.513326

5:6 -861,829.36 6.3698436 2.9916395 4,445.3874 21.9149861

resonant orbits are represented as blue and orange dots, respectively. The black dot

corresponds to the EO flyby trajectory. Similarly, the invariant manifolds correspond-

ing to the 5:6 unstable resonant orbit are apparent in the section plotted in Fig. 4.6. To

distinguish the 5:6 manifolds from the manifolds of the 3:4 resonant orbit, the stable

and unstable manifolds originating with the 5:6 orbit are plotted in blue and orange,

respectively. Recall that these sections are computed for the value of Jacobi constant

associated with the flyby trajectory, that is, C = Cflyby = 2.991639568304150. The

resemblance in the manifold structures associated with both orbits is immediately

obvious. The manifolds from one orbit closely follow the manifolds of the other, so

closely that it is difficult to distinguish between them. The energy level at which these

sections are computed is determined by first computing the EO flyby trajectory and

then calculating its energy level. From the section, it appears likely that a special re-

lationship exists between these two resonant orbits at this particular energy level [5].

The close alignment of the invariant manifolds verifies this conjecture. The actual

flyby trajectory possesses nearly the same state in phase space as some of the trajec-

tories on the invariant manifolds. Thus, the flyby trajectory is indeed shadowing the

invariant manifolds as it transitions between the resonances [5] [2] [3] [4].

With the purpose of gaining more insight into the problem, the plots in Fig. 4.5

and Fig. 4.6 are reproduced. The invariant manifolds associated with the 3:4 and 5:6

resonant trajectories are computed using a variety of offset values ranging from 0.1

to 10 km. The invariant manifolds originating with both orbits are computed from
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Fig. 4.5. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 3:4 Resonant Orbit and the Flyby Trajec-
tory (with Permission, Anderson [5])

a total of 40 fixed points evenly spaced in time along each orbit. The trajectories

along the stable manifold are propagated backwards in time for 20 non-dimensional

time units, equivalent to 11.3065 days. Similarly, the trajectories along the unstable

manifold are integrated forward in time for the same period of time. For a view of the

invariant manifolds as a whole and their relationship to other dynamical structures,

it is necessary to plot them against a background that includes these structures. The

set of initial conditions used to generate this surface of section is selected to be in

the vicinity of the resonant orbits, that is, −1.5 ≤ x0 ≤ −1 and −0.25 ≤ ẋ0 ≤
0.25. A planar problem, the bounds are defined with y = 0 and z0 = ż0 = 0; the

corresponding value of ẏ0 is calculated from the value of Jacobi constant using the
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ẋ

Flyby Orbit

W
s

5:6

W
u

5:6

5:6 Orbit

3:4

Orbit

Fig. 4.6. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 5:6 Resonant Orbit and the Flyby Trajec-
tory (with Permission, Anderson [5])

relationship in Eq. (3.21). In propagating the initial conditions, long integration

times are necessary to produce sufficient crossings to yield a dense and well-defined

map. For this particular example, an integration time of approximately 38 years is

employed to generate the background section in Fig. 4.7. The invariant manifolds

associated with the 3:4 resonant trajectory appear in the figure plotted against a

background map that inlcudes regions of both periodic and quasi-periodic motion.

The stable manifolds are plotted in green, and the unstable manifolds appear in

red. Similarly, the invariant manifolds originating from the 5:6 resonant trajectory

are plotted in Fig. 4.8. The magenta curves represent the stable manifolds, and the

unstable manifolds are orange in color.
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Fig. 4.7. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 3:4 Resonant Orbit and Other Resonant
Trajectories

From the plots in Fig. 4.7 and Fig. 4.8, it is clear that the invariant manifolds

corresponding to the 3:4 and 5:6 resonant orbits are closely related, but it is also

apparent that these manifolds travel to different regions in the map. Different areas

of the map are potentially associated with other unstable resonant orbits, possibly

leading to additional resonance transitions. Thus, it is necessary, at the given en-

ergy level, to further examine the relationship between the 3:4 and 5:6 resonances

and other structures that are not necessarily related to the EO trajectory. Hence,

some of the crossings of the invariant manifolds associated with the 3:4 resonant or-

bit are investigated using the methodology described in Section 4.1.1. Recall that

this approach is employed to estimate the period of the potential resonant orbit from

its intersection in the Poincaré map using two-body approximations. The estimated
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Fig. 4.8. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 5:6 Resonant Orbit and Other Resonant
Trajectories - Jupiter-Europa System

period and state from the map are then used as the initial guess in the corrections

algorithm to compute the corresponding unstable resonant orbit in the CR3BP. As a

result, 7:10, 11:14, 13:16, and 7:8 unstable resonant orbits are determined that expose

manifold structures similar to those relating the 3:4 and 5:6 resonances. The intersec-

tion of these multiple unstable resonant orbits are labeled in Fig. 4.7, and the actual

trajectories are plotted in Figs. 4.9(a)-4.9(d). For completeness, the corresponding

initial states, unstable eigenvalues, and periods associated with these resonant tra-

jectories are listed in Table 4.3. Note that the value of Jacobi constant reflecting the

energy remains constant at C = 2.991639568304150.

Once the unstable resonant orbits are identified on the surface of section, it is nec-

essary to compute their invariant manifolds to confirm that a transition is possible
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Fig. 4.9. Unstable Resonant Orbits in the Jupiter-Europa System

between these trajectories and the 3:4 and 5:6 resonant orbits. If such a relationship

exists, then returns on the map corresponding to the invariant manifolds associated

with each resonant orbit should approach the fixed point associated with each other

resonance and intersect the corresponding manifold trajectories. That is, on the sur-

face of section, the invariant manifolds of the 7:8 resonant orbit should approach each

of the fixed points on the map linked to the 7:10, 13:16, and 11:14 resonant orbits
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Table 4.3
Initial Conditions, Unstable Eigenvalue (λuns), and Orbital Period
for the 7:10, 11:14, 13:16, and 7:8 Unstable Resonant Orbits in the
Jupiter-Europa System (JC = 2.9916395, l∗ = 671101.96 km)

p:q x (km) ẏ (km/sec) λuns Period (days)

7:10 -1,028,550.00 11.181175 846.71229 35.692453

11:14 -91,420.045 7.9194395 5,215.8380 50.151184

13:16 -880,933.11 6.9392345 -110.22278 56.641668

7:8 -818,675.00 5.0670019 -28.149951 28.265081

to demonstrate that a transition exists between these resonances via their invariant

manifolds. Likewise, the invariant manifolds of the 7:10, 13:16, and 11:14 resonant

orbits should display a similar behavior. Thus, the stable and unstable manifolds cor-

responding to each of these orbits are computed and plotted in Figs. 4.10(a)-4.10(d).

The intersections with each of the resonant orbits are labeled in the Poincaré map

as well. The integration times that are required to compute the invariant manifolds

varies from orbit to orbit. Of course, the manifolds for orbits that are more un-

stable depart or approach the orbit faster than the manifolds associated with orbits

possessing a smaller stability index. In other words, the manifolds corresponding

to the 11:14 resonant orbit, with λu = 5, 215.8380, approach the other resonant or-

bits much faster than the manifolds associated with the 7:8 resonant trajectory, with

λs = −28.149951. As expected, the similarities between the manifold structures are

clear. At this particular energy, there exists a special relationship between more than

two resonant orbits. The manifold trajectories corresponding to each resonant orbit

approach each of the other resonant orbits identified in the section, as illustrated in

Figs. 4.10(a)-4.10(b).
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(a) 7:10 Resonant Orbit (b) 11:14 Resonant Orbit

(c) 13:16 Resonant Orbit (d) 7:8 Resonant Orbit

Fig. 4.10. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 7:10, 11:14, 13:16, and 7:8 Resonant Orbit
and Other Resonant Trajectories - Jupiter-Europa System

4.3.1 Homoclinic Connections in the Jupiter-Europa System

An intersection in the Poincaré map is an intersection in phase space. That

is, an intersection of the stable and unstable manifolds on the Poincaré section -

generated for a particular Jacobi constant - is a point that approaches the resonant

orbit when integrated into the future as well as into the past [5]. Such trajectory

is frequently termed a ‘homoclinic’ connection. Consider the invariant manifolds

associated with the 3:4 unstable resonant orbit in Fig. 4.7. A homoclinic connection

associated with the 5:6 resonant orbit can be determined from the intersection of
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the stable and unstable manifolds corresponding to the 3:4 resonance near the fixed

point on the Poincaré map corresponding to the 5:6 resonant orbit, as illustrated in

Fig. 4.11. Hence, the path of the resulting trajectory is associated with both resonant

orbits, that is, the 5:6 and the 3:4. To illustrate this relationship, the initial state

of this homoclinic connection is integrated forward and backward in time for a half

period and plotted in Fig. 4.12. For completeness, the initial conditions and orbital

period for this homoclinic connection are summarized in Table 4.4. The integrated

paths with the initial state near the return on the map of the 5:6 resonant orbit

follow the invariant manifolds of the 3:4 resonant orbit, and thus, asymptotically

arrive and depart the 3:4 resonant orbit after a half period. Since the manifolds

corresponding to the 3:4 resonant orbit intersect very near the 5:6 resonant orbit, the

homoclinic trajectory tends to follow both resonant paths. That is, for 0 ≤ τ ≤ 1
4
P ,

the homoclinic trajectory follows the 5:6 resonant trajectory, and for 1
4
P ≤ τ ≤ 1

2
P ,

it switches to shadow the 3:4 resonant orbit. For 1
2
P ≤ τ ≤ 3

4
P , it continues on the

3:4 resonant path, and finally, for 3
4
P ≤ τ ≤ P , it returns to follow the 5:6 resonant

trajectory, closing the cycle at the same point where it started.

(a) Invariant Manifolds of the 3:4 Resonance
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Fig. 4.11. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 3:4 Resonant Orbit, the Homoclinic Con-
nection and the 5:6 Unstable Resonant Orbit - Jupiter-Europa System
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Similarly, another homoclinic connection is also identified at the intersection of

the stable and unstable manifolds corresponding to the 7:10 resonant orbit, near the

return of the 7:8 resonance in the Poincaré map (Fig. 4.10(a)). The behavior of this

homoclinic connection is similar to that of the 3:4 homoclinic connection; such that it

cycles between the two resonances. That is, for 0 ≤ τ ≤ 1
4
P , the homoclinic trajectory

follows the 7:8 resonant path. At τ = 1
4
P , it switches to the 7:10 resonant orbit until

τ = 3
4
P . Finally, for 3

4
P ≤ τ ≤ P , it returns to the 7:8 resonant trajectory, arriving

at the initial state after one full period. Recall that the initial state is computed

from the intersection of the stable and unstable manifolds associated with the 7:10

resonant orbit near the return to the map of the 7:8 resonant path. To illustrate

the relationship between the homoclinic connection and the 7:8 and 7:10 resonant

orbits, the initial state computed from the Poincaré map is integrated forward and

backward in time for a half period, and the results are plotted in Fig. 4.13. The

corresponding initial conditions and orbital period for this homoclinic trajectory are

listed in Table 4.4. Likewise, this trajectory with initial state near the 7:8 resonant

follows the invariant manifolds of the 7:10 resonant orbit, and thus, approaches the

7:10 resonant trajectory asymptotically. The presence of these homoclinic trajectories

certainly suggests the possibility of a chaotic dynamical environment [5], as small

changes in initial conditions may lead to very different trajectories.

Table 4.4
Initial Conditions and Orbital Period for the 3:4 and 7:10 Homo-
clinic Connections - Jupiter-Europa System (JC = 2.9916395, l∗ =
671101.96 km)

Resonances x (km) ẏ (km/sec) Period (days)

5:6-3:4 -861,880.90 6.3713058 36.415757

7:10-7:8 -102,8550.00 11.181175 64.805980
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Fig. 4.12. Homoclinic Trajectory in the Vicinity of a 5:6 Resonant
Orbit - Jupiter-Europa System
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4.4 Resonant Orbits in the Saturn-Titan System

Given the Europa Orbiter flyby trajectory, it is expected that some special rela-

tionship exists between the unstable 3:4 and 5:6 resonant orbits in the Jupiter-Europa

system [5]; the flyby trajectory apparetly exploits invariant manifolds to transition

between resonances. This relationship between the invariant manifolds is demon-

strated in Section 4.3, but this type of relationship apparently also exists between

other resonances at the same energy level, that is, the Jacobi constant value that

corresponds to the EO trajectory. This type of relationship may not be unique to

this particular system and energy level; it is likely to appear in other systems defined

in terms of different µ and C values.

Consider the 2:3 double-loop resonant orbit plotted in Fig. 4.1. This particular

resonant orbit is associated with a Jacobi constant value of C = 2.97877552449866

and a mass fraction µ = 2.365805221385698 × 10−4, that is, the Saturn-Titan sys-

tem. Recall that the initial state and the unstable eigenvalue corresponding to this

trajectory are listed in Table 4.1. A series of unstable resonant orbits are computed

in the Saturn-Titan system, but the double-loop 2:3 resonant trajectory is selected

because it possesses the maximum absolute eigenvalue. The same methodology that

is employed to compute the invariant manifolds associated with the resonant orbits

in the Jupiter-Europa system is used again to investigate the manifold structure as-

sociated with this resonant trajectory in the Saturn-Titan system. A variety of offset

values, ranging from 0.1 to 10 km, and relatively short integration times (τ = 80

non-dimensional time units, equivalent to 203 days) are used to populate the curves

representing the stable and unstable manifolds in the Poincaré section. The results,

previously illustrated in Fig. 4.3, are now plotted in Fig. 4.14 against a background

that also includes some of the other dynamical structures at this particular energy

level. The unstable manifolds are represented in magenta, and the stable manifolds

are plotted in blue. Some of the stable and unstable manifold intersections are inves-

tigated, and by employing the strategy described in Section 4.1.1 in conjunction with
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a Jacobi constant targeter, a series of unstable resonant orbits are identified at this

particular energy level. The intersections on the map corresponding to the resulting

unstable resonant orbits are plotted as dots and labeled in Fig. 4.14. The actual

trajectories corresponding to the 7:10, 5:8, and 3:4 resonances appear in Fig. 4.15(a),

Fig. 4.15(b), and Fig. 4.15(c). One interesting feature that emerges in these unstable

resonant orbits is the formation of a double loop in the vicinity of Titan, as seen in

the 2:3 double-loop resonant orbit (Fig. 4.15(d)).

Fig. 4.14. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 2:3 Resonant Orbit and Other Resonant
Trajectories - Saturn-Titan System

To explore the possibility that a relationship exists between these four unstable

resonant orbits at the given energy level, it is necessary to examine the manifold

structure associated with each resonant orbit. If an intersection of the stable with

the unstable manifolds occurs very near the fixed point on the map that is linked to
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Fig. 4.15. Unstable Resonant Orbits in the Saturn-Titan System

each unstable resonant orbit, then a specific relationship is likely. From the manifold

structure of the double-loop 2:3 resonant orbit, a resonance transition is possible

between the 2:3 resonance and the 7:10, 5:8, and 3:4 resonances. By computing the

invariant manifolds that depart and arrive at these orbits using the numerical methods

previously described, this relationship is verified by the similarities in the manifold
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Table 4.5
Initial Conditions, Unstable Eigenvalue (λuns), and Orbital Period for
the 7:10, 5:8, and 3:4, Unstable Resonant Orbits in the Saturn-Titan
System (JC = 2.9787755, l∗ = 1221830.0 km)

p:q x (km) ẏ (km/sec) λuns Period (days)

5:8 -2,128,083.3 6.1123408 56,668.767 147.17650

7:10 -1,897,105.5 4.7290504 18,630.954 178.25534

3:4 -1,765,806.0 3.9159718 3,641.3163 81.894437

2:3 -119,5287.8 -0.843470 12,884.441 66.986191

structure. For comparison purposes, the invariant manifolds of the 7:10, 5:8, and 3:4

resonant orbits are displayed in a Poincaré section in Fig. 4.16, Fig. 4.17, and Fig. 4.18,

respectively. The similarity in the manifold structure is immediately obvious. The

manifolds associated with one orbit closely follow the manifolds corresponding to the

other orbits. The stable and unstable manifolds for each resonant orbit intersect at

a location on the map corresponding to the fixed point associated with the other

resonances, that is, [x = xp:q, ẋ = 0]. This confirms that resonant transition is also

available at this particular energy level through the invariant manifolds associated

with the various unstable resonant orbits.

4.4.1 Homoclinic Connections in the Saturn-Titan system

As discovered in the Jupiter-Europa, homoclinic connections also exist in the

Saturn-Titan system for a specified energy level. Consider the 5:7 resonant orbit

computed in the vicinity an intersection of the invariant manifolds emanating from

the double-loop 2:3 unstable resonant orbit illustrated in Fig. 4.20(a). The return on

the map corresponding to the fixed point representing the 5:7 resonant orbit is plotted

in Fig. 4.19(a) along with the stable and unstable manifolds of the 2:3 resonance. A

close-up view of the boxed region is highlighted in Fig. 4.19(b). The state associated
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Fig. 4.16. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 5:8 Resonant Orbit and Other Resonant
Trajectories - Saturn-Titan System

with the intersection of the manifolds near the 5:7 resonance is labeled in Fig. 4.19(b)

as ‘homoclinic trajectory’. This state corresponds to a homoclinic connection that

originates very near the 5:7 resonance, shadows the 5:7 resonant path for the first

quarter period, approaches the 2:3 resonance for half a period, and eventually returns

to the 5:7 resonant path for the remaining quarter of the period. Hence, its path

is closely related to both resonant orbits. To illustrate the resemblance between the

homoclinic trajectory and the 5:7 and 2:3 resonances, all three orbits are plotted in

Fig. 4.20. The initial state corresponding to this homoclinic connection, computed

from the Poincaré map in Fig. 4.19(b), is integrated forward and backward in time

for τ = 1
2
P . The resulting trajectories are displayed in Fig. 4.21 to illustrate how

each trajectory follows the unstable and stable manifolds to asymptotically approach



119

Fig. 4.17. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 7:10 Resonant Orbit and Other Resonant
Trajectories - Saturn-Titan System

the 2:3 resonance. For completeness, the initial conditions and orbital period for this

homoclinic connection are given in Table 4.6.

Table 4.6
Initial Conditions and Orbital Period for the Homoclinic Trajectory -
Saturn-Titan System (JC = = 2.9787755, l∗ = 1221830.0 km)

x (km) ẏ (km/sec) Period (days)

-1,812,655.7 4.2084642 178.89424



120

Fig. 4.18. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 3:4 Resonant Orbit and Other Resonant
Trajectories - Saturn-Titan System

(a) Invariant Manifolds of the 2:3 Resonance
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Fig. 4.19. Poincaré Section Illustrating the Relationship between the
Invariant Manifolds of the 2:3 Resonant Orbit, the Homoclinic Con-
nection and the 5:7 Unstable Resonant Orbit - Saturn-Titan System
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Fig. 4.20. Unstable Resonant Orbits and Homoclinic Connection in
the Saturn-Titan System
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5. SUMMARY AND RECOMMENDATIONS

5.1 Summary

Poincaré sections are effective in locating and computating unstable resonant or-

bits and displaying their manifold structures. Results from the analysis for the design

of a planar Europa Orbiter flyby trajectory are successfully reproduced in this inves-

tigation. The associated surface of section demonstrates that, for the specified energy

level, a relationship exists between the invariant manifolds of the two resonant orbits

involved in the flyby trajectory. Also notable is the extension of the relationship

between these two orbits to three more unstable resonant orbits at the same energy

level. In addition, two homoclinic trajectories are computed for the 3:4 and 7:8 reso-

nant orbits. The two homoclinic trajectories intersect at a point that is very near the

respective unstable resonant orbits in the Poincaré map. The intersection suggests

that a heteroclinic connection may exist between the 3:4 and 5:6 resonances, as well

as between the 7:8 and 7:10 resonances for certain energy levels.

The observation that a relationship exists between the manifolds associated with

the resonant orbits is explored. The relationship is not an isolated case. Various

unstable resonant orbits and their invariant manifolds are computed for a different

energy level in the Saturn-Titan system, and, as expected, similar results emerge.

At this particular energy level, such a relationship between the invariant manifolds

is extended to include four unstable resonant orbits, allowing for potential resonance

transfers. This type of relationship may not be unique to a specific system or energy

level.

Planar families of unstable resonant orbits in different systems are computed and

families of three-dimensional resonant orbits are observed to bifurcate from most of

these planar families of resonant orbits. The same type of resonant family is computed
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in, at least, two different systems. In fact, a particular family of three-dimensional

2:3 resonant orbits is also located for values of the mass fraction corresponding to the

Earth-Moon, Saturn-Enceladus, Saturn-Titan, and Jupiter-Europa systems.

5.2 Conclusions

Two significant observations are notable as a result of this numerical investigation:

(i) Poincaré sections are a powerful tool in the search for unstable resonant orbits at

different energy levels and the display of their invariant manifolds. The fact that

the invariant manifolds associated with these trajectories are closely related,

suggests that these resonances offer good candidates for resonance transition

at given energy levels. The Europa Orbiter flyby trajectory supplies evidence

for the utility of resonance transitions. The EO trajectory closely follows the

invariant manifolds associated with the 3:4 resonant orbit and, then, apparently

transitions between the 3:4 and 5:6 resonances [5].

(ii) The existence of multiple families of three-dimensional orbits in various systems

suggests that these families may exist for a wider range of mass ratio values,

and such families are likely to be related to each other.

5.3 Recommendations for Future Work

Exploration and exploitation of Poincaré sections for application to trajectory

design in astrodynamics has emerged only recently, but offers great insight. Further

development of the methodology to create a practical design tool can yield many

benefits. To reach that goal, some recommendations that build directly from this

work include:

(i) Further investigation of the relationship between the invariant manifolds corre-

sponding to unstable resonant orbits for different values of mass ratio and at

different energy levels is warranted.



125

(ii) The three-dimensional resonant families offer significant advantages for design

if the families are more completely mapped. The relationship between two-

dimensional and three-dimensional families can be clarified. The stability of

these families can be assessed and the manifolds explored. New techniques may

be required to utilize the manifolds because of their complexity.

(iii) The most significant task is likely to be transfer design tool. Identification of the

unstable resonant orbits, recognition of the resonance transitions, computation

of suitable trajectory arcs, and blending of the arcs into a variable trajectory

that yields a complete design is the goal. Note that the ultimate trajectory

design may be natural or include maneuvers.

New strategies and computational tools are ultimately required to accomplish

these objectives.
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