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ABSTRACT

Gordon, Dawn Perry M.S.A.A., Purdue University, August 2008. Transfers to Earth-
Moon L2 Halo Orbits Using Lunar Proximity and Invariant Manifolds. Major
Professor: Kathleen C. Howell.

Libration points in the Earth-Moon system have been a topic of great interest in
recent years. Not only are the L; and L, points potential staging nodes for further
exploration of nearby bodies, but a satellite placed in an Earth-Moon Ly halo orbit
can maintain continuous line-of-sight communications between the Earth and the
far side of the Moon indefinitely. Because of their importance, investigations into
transfers from Earth to the vicinity of these points are ongoing, as are strategies to
reduce the maneuver costs associated with such transfer trajectories. Preliminary
results indicate that one type of potentially low-cost transfer trajectory to Lo orbits
incorporates an insertion maneuver in close proximity to the Moon; the spacecraft is
inserted onto the stable manifold associated with the periodic libration point orbit.
This type of transfer trajectory is the focus of the current analysis. In particular,
the impact of the location of the manifold insertion maneuver near the Moon is
examined. Initially, transfers to selected planar Lyapunov orbits are computed using
a differential corrections process incorporating a tangential departure from a circular
Earth parking orbit as well as a tangential arrival at the manifold insertion point.
The maneuver costs resulting from various transfers are analyzed to determine the
impact of lunar proximity as well as the conditions that favor lower-cost transfers.
The analysis is extended to three-dimensional transfers to selected low-amplitude halo
orbits. The methodology to compute both planar and three-dimensional transfers is
similar; however, these three-dimensional transfers are no longer constrained to arrive
tangentially at the manifold insertion point. After computing several transfers with

varying sets of parameters, the effect of lunar proximity as well as any favorable



conditions leading to lower maneuver costs is noted. Key parameters that influence
the maneuver costs include the lunar altitude and the position along the manifold
surface when the maneuver occurs as well as the size of the Ly libration point orbit.

All of these elements can be exploited in transfer design.



1. Introduction

Since before recorded history, humans have looked to the stars. Many astronomers
and mathematicians have devoted their time and talents to the study of the solar
system and beyond, in hopes of reaching a better understanding of the workings
of the universe. Prior to the 1950’s, these investigations were all theoretical; there
was, after all, no vehicle capable of traveling beyond the Earth’s atmosphere. It was
not until after the launch of Sputnik in 1952, that space became accessible. Now,
the study of astrodynamics is not just a theoretical exercise; it is part of a critical
foundation for real-world applications as well.

In recent years, one particular type of mission has drawn great interest, that
is, scientific exploration in the vicinity of the libration points, particularly in the
Sun-Earth system. Focus has lately shifted to also include the Earth-Moon system.
With such scenarios, trajectories to libration point orbits are a high priority. These
low-cost transfers are enabled by the use of invariant manifolds with an energy level
of the same magnitude as the orbit itself. Once on a manifold, a spacecraft will
asymptotically approach the orbit requiring no orbit insertion maneuver. In fact, for
missions to libration point orbits, the transfer design has evolved from the familiar
Earth-to-orbit concept to an Earth-to-manifold strategy. However, in the Earth-
Moon system, the manifolds that asymptotically approach the libration point orbits
do not pass close to the Earth. Thus, the design of the Earth-to-manifold transfer
is a challenge. However, transfers to an Earth-Moon L, libration point orbit via
a manifold can still be achieved, for a reduced cost, by introducing a lunar flyby.
This investigation combines the use of manifolds and a lunar flyby by computing
transfers that incorporate a manifold insertion maneuver in close proximity to the
Moon. The effects of lunar proximity on the maneuver costs are determined and

scenarios resulting in low-cost transfers are identified.



1.1 Historical Contributions

The present work is only possible because it is built on a solid foundation dating
back over 230 years. One of the first stones in that foundation was placed by Euler
in 1772 when he published his work on the motion of the Moon, Theoria Motuum
Lunae [1]. In connection with this work, Euler offered a unique view of the Moon’s
motion relative to a rotating coordinate frame. His formulation is now represented
as the Circular Restricted Three-Body Problem (CR3BP) [2-4].

Euler was not the only mathematician of his time interested in the motion of
the heavenly bodies. During the same time period, contributions by Lagrange were
also significant. In the same year that FEuler published his lunar theory, Lagrange
predicted the existence of the Trojan asteroids in the Sun-Jupiter system; he based
this prediction on his determination of the triangular libration points in the CR3BP
[1]. Lagrange also worked extensively to apply the method of variation of parameters
and published Mécanique Analytique in 1788 [1].

The next two important contributors were Laplace and Jacobi. Laplace first
introduced the concept of a potential function, and his lunar theory, published in
1802, followed Euler’s. In 1836, Jacobi identified the only integral of the motion that
is currently known to exist in the CR3BP [2].

Poincaré forever changed mathematics and celestial mechanics; in fact, he is widely
known as the “father of dynamical systems.” His work, Méthodes Nouvelles de la
Meéchanique Céleste, was published in three volumes between 1892 and 1899 [1,5]. In
his works, Poincaré detailed the first significant observations concerning deterministic
chaos. He established the concept of nonintegrable dynamics and determined that the
CR3BP was not merely unsolved, but fundamentally unsolvable in closed-form [1,2].
Although a complete set of deterministic equations governs the motion in the CR3BP,
Poincaré deduced that the trajectories may still behave chaotically under certain
conditions. Yet, he also supported the existence of an infinite number of periodic

solutions [1,5].



At the beginning of the 20th century, other researchers built upon Poincaré’s work
in qualitative dynamics including Birkhoff in 1915 [3]. The investigation of periodic
orbits was continued in 1920 by Moulton but computational tools at the time were
limited. Moulton investigated periodic orbits in the vicinity of the collinear libration
points by truncating infinite expansions. In-plane and out-of-plane approximations
offered insight into the motion relative to the equilibrium points [6]. With the ad-
vent of greater computer processing power, numerical studies of the CR3BP have
become prominent since the 1960’s. Specifically, extensive numerical searches have
been undertaken to compute periodic orbits and orbit families [3,7-9]. Much of the
knowledge involving the CR3BP that was available by the mid-1960’s, both analytical
and numerical, was compiled by Szebehely in his text, Theory of Orbits, published in
1967 [3].

From the mathematics community, a significant jump from theoretical analysis
in the CR3BP to applications in engineering and NASA mission design occurred in
the mid-1960’s. Farquhar, a NASA engineer but also a Ph.D. student studying under
Breakwell at Stanford, was investigating communications architectures for the Apollo
missions. They observed that a useful libration point orbit, one with an out-of-plane
component, might exist in the CR3BP for the Earth-Moon application of interest. If
true, these orbits could support the planned Apollo 18 mission to land astronauts on
the far side of the Moon. Further exploration, using linear approximations relative
to Lo, as well as numerical computations, allowed the determination of a periodic
halo orbit in 1966. Although Apollo 18 was later canceled, the potential of the
halo orbit concept for “real” applications was demonstrated. A basic halo orbit was
incorporated into the trajectory for the International Sun Earth Explorer-3 (ISEE-3)
satellite, launched toward a Sun-Earth L; halo orbit in 1978. The satellite was the
first to successfully reach a libration point orbit [10,11]. Since ISEE-3, several missions
to Sun-Earth libration point orbits have been accomplished. A current example is

the James Webb Space Telescope (JWST), designed for observations of deep space



in the infrared spectrum from an Ly orbit [12]. The James Webb Space Telescope is
currently scheduled to launch in 2013.

The Earth-Moon libration points have also been the focus of interest in recent
years. Besides mention in the 2004 President’s Lunar Initiative, the L, and Lo points
may be useful staging nodes for further expansion to the Moon, Mars, or Sun-Earth L,
orbits [12]. Furthermore, as noted in 1966, Earth-Moon L, halo orbits can facilitate
constant communications between the Earth and the far side of the Moon, since a
satellite placed in one of these orbits maintains continuous line-of-sight to locations
on the surface of both bodies [10,13].

Because of the potential importance of the L; and L, equilibrium points in the
Earth-Moon system, investigations involving transfers from the Earth to these points
are critical, as are methods of reducing the maneuver costs associated with such
transfer trajectories. Two types of transfers to a libration point are identified by
Farquhar et al. [12], that is, direct and indirect. Direct transfers proceed from the
Earth to the L, or L; point without passing close to the Moon, while indirect transfers
include a close passage of the Moon, incorporating a maneuver, before continuing to
the libration point. Although direct and indirect transfers to the Earth-Moon L,
point require similar AV costs, indirect transfers to the Earth-Moon Ly point result
in much lower AV’s [12-14].

The direct and indirect classification can be extended to transfers from the Earth
to libration point orbits. For example, Rausch [15] exploits manifolds to directly
enter an Ly halo orbit. Also, the general direction of motion along the manifolds
associated with Ly orbits can easily encompass a close lunar flyby. With a focus on
the equilibrium point, an indirect transfer to the Ly point requires three maneuvers;
one to depart an Earth parking orbit, another when passing the Moon, and a final
insertion maneuver at Lo. However, for insertion into an orbit in the vicinity of Lo,
this last maneuver may be eliminated by use of a manifold associated with the orbit,
and the maneuver at the lunar flyby becomes the manifold insertion maneuver [15-17].

Parker and Born [17] numerically investigated various transfers to both L; and Ly halo



orbits using manifolds in the Earth-Moon system. The maneuver cost was generally
lower for transfer trajectories to Lo orbits with manifold insertion maneuvers in close
proximity to the Moon [17]. The flow along these trajectories is similar to the indirect
transfer described by Farquhar et al. [12]. In particular, a region along the family
of Ly halo orbits possesses low out-of-plane amplitudes. These orbits did yield more
cost-efficient transfers due to lunar flybys; however, there were few data points in this

particular region and there was no attempt to further explore it [17].

1.2 Problem Definition

Transfer trajectories with potentially lower costs, those including manifold inser-
tion maneuvers in close proximity to the Moon, certainly merit further investigation.
This analysis is focused on the transfer trajectory and the impact of the location
of the manifold insertion maneuver near the Moon, specifically lunar altitude and
the orientation relative to the Earth-Moon line. Trajectories departing various low
Earth orbits and arriving at orbits in the vicinity of L, are computed numerically and
maneuver costs are then calculated and compared. Specifically, transfers to selected

in-plane Lyapunov orbits as well as selected low-amplitude halo orbits are analyzed.

1.3 Outline

This work is organized in the following manner:
Chapter 2

The background information necessary for later problem formulation and analysis
is presented. This includes the equations of motion in the CR3BP, the integral of
the motion, and the equilibrium solutions. Also introduced is the state transition
matrix and its implementation in a general differential corrections process. Finally,

representative periodic orbits and their associated invariant manifolds are presented.



Chapter 3

The targeting process to determine orbit arcs and an analysis of transfer trajecto-
ries from the Earth to Earth-Moon Ly planar orbits comprise Chapter 3. The details
of the specific differential corrections process to determine these transfers are summa-
rized. Transfers to selected in-plane orbits, including a manifold insertion maneuver
near the Moon, are computed numerically using this process. The maneuver costs
are analyzed and compared to determine the impact of lunar proximity as well as
conditions favoring lower-cost transfers to the in-plane orbits.
Chapter 4

The analysis from Chapter 3 is extended to three-dimensional halo orbits. A
modified differential corrections process is used to numerically determine transfers to
selected low-amplitude, Lo halo orbits. These trajectories also incorporate a manifold
insertion maneuver near the Moon. Costs are computed and compared. Similar to the
analysis for in-plane transfers, the effect of lunar proximity as well as any favorable
conditions leading to lower maneuver costs are noted.
Chapter 5

The final chapter includes a summary of the work presented in preceding chapters.

Some recommendations for additional analysis are also offered.



2. Background

Ultimately, a spacecraft trajectory is influenced by many gravitational fields simul-
taneously including that of the Sun as well as nearby planets and moons. Because
the motion in a multi-body regime is not easily understood, it is often desirable to
first model the system in terms of only two or three gravitational fields. The relative
two-body problem is often employed to initially develop approximations for trajecto-
ries because there exists a closed-form analytical solution; however, this model is not
always sufficient. For example, design of a transfer to a libration point orbit requires
a three-body model because the libration points do not exist when only two bodies
are included. The mathematical formulation of the three-body problem includes 18
degrees of freedom, but only 10 integrals are known to exist; it therefore possesses no
closed-form solution [18]. The Circular Restricted Three-Body Problem (CR3BP) in-
corporates a simplified three-body model. Through a set of assumptions, the number
of degrees of freedom is reduced to six, but the formulation allows only one integral.
Thus, the CR3BP still does not yield a closed-form solution, but it is the simplest,
yet unsolved, gravitational problem [2]. Much insight can still be gained from the
problem through an examination of the sole integral of motion, the characteristics of
the known particular solutions, and the numerical integration originating with spe-
cific sets of initial conditions [18]. It is this model that forms the basis for the analysis
here.

Because an understanding of the CR3BP is so fundamental to the work presented
here, it is examined in more detail. First, the underlying assumptions are noted, the
equations of motion are derived, and the integral of the motion is identified. Next,
the location of the equilibrium points are discussed and the steps in a differential

corrections process to compute periodic solutions relative to these points are clarified.



Finally, the stability of the periodic orbits is discussed and some of the behavior in

the neighborhood of the periodic orbits is highlighted.

2.1 The Circular Restricted Three-Body Problem

The derivation of the equations of motion in the three-body problem begins with
a set of n particles. From the inverse-square law of gravity, the force on a particle ¢

due to a particle j is

Gmimj _
3 i
Ji

where i # j and G is the universal gravitational constant [19]. The relationship be-

Fi=- (2.1)

tween the two particles and their position vectors is apparent in Figure 2.1. Assuming

P.(m))

I _ P'(mi)

I

N
~

X
Figure 2.1. Definitions of particles and position vectors in the n-body problem.

constant masses, the law of motion is written, F; = m;7;. Then, summing over all n
particles and dividing by m;, the inertial acceleration of the i** particle, 7;, due to

the existence of the other particles becomes [19]

fema Yy M, (2:2)
j=lj#i It

Now, let n = 3 since only three bodies are being considered. The inertial acceleration

of body P3 due to the gravity of the remaining two particles is

. Gm1 GMQ
Ty = — 3 13 — 3 T23 (23>
T3 23




Vector equations of a form similar to that in Equation 2.3 may also be written for
particles P; and P,. These three second-order vector differential equations comprise

the general three-body problem.

2.1.1 Assumptions

The general three-body problem cannot be solved in closed-form and is difficult
to investigate. However, for many three-body combinations in the solar system, it is
possible to impose simplifying assumptions and reduce the general three-body prob-
lem to the Restricted Three-Body Problem (R3BP). The first of these assumptions
is based on the comparative masses. If one mass is much smaller than the other
two, then ms << mo < my. Although the motion of Pj is influenced by P; and P,
the motions of P, and P, are assumed to be independent of P;. Such an assump-
tion reflects combinations of interest in astrodynamics. For example, if P3 reflects a
spacecraft, the larger masses, P, and P, could represent celestial bodies such as the
Earth and the Moon. Since P3; does not influence the motion of P, or P, these two
bodies form an isolated two-body system, denoted the primary system [2,3]. Since
the two primaries represent a two-body problem, these bodies move on conic paths,
in general an ellipse, with respect to the barycenter, B, located at a focus. Thus, the
elliptic restricted three-body problem is defined. It is usually advantageous to further
simplify the primary motion. So, a second assumption is that these conic paths are
circular relative to B [2,3].

With these assumptions, the system in the CR3BP can be represented as in Figure
2.2. An inertial frame, I, comprised of the unit vectors X,Y,and Z , is defined such
that X and Y are in the plane of the primary motion and Z=XxY. (Unit vectors
are indicated with a caret.) Because B is fixed in the inertial frame, a rotating
frame, R, can be defined with B as the origin such that z is always aligned with both
primaries, § is perpendicular to # and in the plane of primary motion, and 2 = Z.

This frame R is rotating at a rate ¢ relative to the inertial frame. (Prime indicates
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Figure 2.2. Definitions of reference frames and position vectors in the CR3BP.

differentiation with respect to dimensional time.) In the rotating frame, the locations
of P, and P, are at fixed distances, D; and Dy, from B on the z-axis, while P; can

move freely through three-dimensional space. Equation 2.3 becomes

Gm1 — Gmg —
——g D= B (2.4)

P// —

using the notation defined above.

2.1.2 Nondimensionalization

Prior to any attempt to analyze Equation 2.4, it is useful to nondimensionalize
the scalar equations. Characteristic quantities are defined including length, [*, mass,

m*, and time, t*, as follows

l* - D1 + D2
m* =my + mg (2.5)
o (D1 + Dy)?

G(m1 + mg)
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Note that t* is defined such that the nondimensional value of the gravitational con-
stant, GG, will be equal to one [2]. Dividing by the characteristic quantities in Equation

2.5, leads to the following nondimensional vectors

- D
d=—
I
R
]5
p=I"
/
(2.7)
and nondimensional time, 7, such that
t
’7— _ —
t*
Next, define a nondimensional mass parameter y such that
mo
= 2.8
el (28)
m

From Equation 2.8 and the definition of the barycenter as the center of mass, the
nondimensional distances d; and dy between B and each of the primaries can be

evaluated as

D

dy = l*l =K (2.9)
D

dg = l*2 =1 — U

Finally, the angular velocity of the rotating frame with respect to the inertial frame,
that is, ', is equal to the mean motion, IV, because the orbits of the primaries are
circular. From the definition of mean motion, it is clear that N, and thus ¢, are equal

to the inverse of the characteristic time as follows [20]

, G(M; + My) 1
O =N=/—mMm L = — 2.10
(D14 D9)3 t* ( )
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Therefore, the nondimensional mean motion is obviously equal to 1

t*

n=Nt=—
t*

=1 (2.11)

Equation 2.11 implies that the angle between the rotating and inertial frame is equal

to the nondimensional time, 7.

2.1.3 Derivation of the Equations of Motion

Now that the characteristic quantities have been defined, the equations of motion
are derived in a nondimensional form that is conducive to further study. With the
characteristic quantities used to nondimensionalize Equation 2.4, the inertial acceler-

ation vector for Pj is rewritten

(1—p)

o I
p_ d3

d_s

7 (2.12)

<

where the vector p is expressed in terms of rotating components, p = x& + yy + 22,
and dots indicate a derivative with respect to nondimensional time, 7, relative to an
inertial observer [2]. The position vectors 7 and d in Equation 2.12 are evaluated in

terms of unit vectors defined in the rotating frame, that is,

T=(x+p—1)2+yjg+ 22 (2.13)

d= (v + p)i +yj+ 22

Note that 7 and d are modeled in three dimensions.

The scalar equations of motion are obtained only after the appropriate kinematic
expansion is available for the left side of Equation 2.12. Differentiating the posi-
tion vector p with respect to 7, using the basic kinematic equation twice, yields the
following expansion of the inertial acceleration of P3 expressed in terms of rotating

coordinates, x, y, and z, and their first and second derivatives [2]

p=(&—29—2)T+ (§+2&—y)y+ 22 (2.14)
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Substituting Equations 2.13 and 2.14 into Equation 2.12 yields the following three
scalar equations of motion for the CR3BP [2]

(I—p)(@+p) patp—1)

F—2)—x=— - — 3

. : I—wy py

y+2x—y:——( e ) T3 (2.15)
. A=z pz

= d3 r3

where

d=d] =/(z+p)?+1°+ 2

==Vt DR 2

The equations of motion may be expressed in terms of the partial derivatives of the

pseudo-potential function

_(1_H) poo Lo, 2
U= 7 +T+2(x +vy°) (2.16)

The equations of motion from Equation 2.15 are written as [18]

oUu
ooy U
o Y ox

oUu
y+ 20 = — 2.17
i+ 2 o (2.17)
.._3_U
Z_é?z

The scalar equations of motion (Equation 2.15 or 2.17) are nonlinear, coupled, second-
order differential equations with no closed-form analytical solution; however, insight

into the CR3BP can still be gained by analyzing the problem further.

2.1.4 Jacobi’s Integral

The set of scalar second-order differential equations in Equation 2.15 or 2.17 does
admit a constant. The integral of the motion in the CR3BP was first recognized

by Jacobi in 1836; thus, it is known as Jacobi’s Integral, and the resulting constant
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of integration is denoted Jacobi’s Constant [2]. Consistent with a process to seek
an energy-like constant, the dot product between the vector equations of motion in
Equation 2.17 and the velocity of P; with respect to the rotating frame, #ofs [18]
yields

ou ou . oU .

TE+ gy + 22 = a—:p n )+ 5, (2.18)

Since U is a function only of position, Equation 2.18 can be easily integrated resulting
in Jacobi’s Integral

v? =20 - C (2.19)

where v? = |#ps |2 = 1?4+ ¢* + 2%, and C is Jacobi’s Constant of integration [18].

2.2 Equilibrium Solutions

In the CR3BP, there exist five equilibrium solutions: three collinear points de-
termined by Euler in 1765 plus, after continued investigation by both Euler and
Lagrange, two triangular points identified by Lagrange in 1772 [2,4]. These solutions,
labeled libration points or Lagrange points, are solutions to Equation 2.17 under the

condition that both velocity and acceleration relative to the rotating frame are equal

to zero, that is, 32 = %—ly] = 52 = 0. Thus, it is apparent that [2]
oUu 1-— -1
Or  Jw+pP+y2+ 2270 -1+ p)? +y2+ 27
ou 1—
ov_ ] (L= p) 7~ o T lpy=0 (221)
%y (w42 +y?+ 277w =14 p)?+y? + 2]
ou 1-—
oYy _ (1—p)z —_ Mz = 0 (2.92)
0z e+ pP+y2+ 27 =14+ p)? +y2+ 27

For equilibrium points in the primary plane of motion, Equation 2.22 reduces to z = 0.
Equation 2.21 has two possible solutions. The first occurs when the expression in
brackets equals zero. This results in »r = d = 1, thus, two of the points, Ly and Ls,
lie at the vertices of equilateral triangles above and below the Z-axis as illustrated in
Figure 2.3. The other solution to Equation 2.21 requires a value of y equal to zero.

Hence, the remaining three points lie along the z-axis. Finally, Equation 2.20 can
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be reformulated into the following three scalar equations, each associated with one of

the three collinear equilibrium points

(I=p) p

=1
T-m2 % re
U +——1—M+’72
(’Yz+1)2
1 —p u
( )+ =H+3

73 (v3 +1)2

(2.23)

Equations 2.23 are numerically solved for the positions along the z-axis, relative to

the nearest primary, (71, 72, and 7y3) of the three equilibrium points. These positions

appear in Figure 2.3. The exact solutions to these equations vary depending on the

system. Labeling of these points varies in literature. For this analysis, L; is located

between the two primaries, Ly is on the far side of the smaller primary, P, and L3 is

found on the far side of the larger primary, P;.

Yz

y

i

Figure 2.3. Locations of the five equilibrium solutions, or libration
points, in the CR3BP; identified in the rotating frame.

MR
73 | 7 172

2.3 Periodic Orbits near the Collinear Libration Points

Infinitely many periodic orbits exist in the vicinity of the three collinear libra-

tion points. Because the CR3BP possesses no known closed-form analytical solution,
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these orbits are usually exposed through numerical integration. The computation of
a periodic orbit is very difficult, however, unless a reasonably close approximation for
the corresponding initial conditions are available. Then, an iterative differential cor-
rections process must still be successfully implemented to determine the desired orbit.
If the equations of motion are linearized relative to the libration points, approximate
analytical solutions to the variational equations yield initial conditions for some peri-
odic orbits close to the libration points [21]. These trajectories in the vicinity of the

libration points lead to many other solutions and families of periodic orbits.

2.3.1 In-Plane Periodic Trajectories and Three-Dimensional Halo Orbits

There are various types of families of periodic orbits that can be generated through
a differential corrections process, but only two families are of particular interest here.
The families that serve as the basis for this analysis include the planar Lyapunov
trajectories and the three-dimensional halo orbits. Portions of the Lyapunov families
emanating from the vicinity of the Earth-Moon L; and L, libration points appear in
Figure 2.4. The Lyapunov families in the vicinity of each of the collinear libration
points all possess similar characteristics. Lyapunov orbits are planar, that is, in the
xy-plane, as well as symmetric across the z-axis. Each of the three families extends
outwards from its libration point toward the nearest primary [6].

Unlike the planar Lyapunov families, the halo families of orbits are three-dimen-
sional. Sections of the L; and Ls halo families are plotted in Figure 2.5. These halo
families result from a bifurcation in the corresponding L; or Ly Lyapunov family [6].
The halo orbit family also extends from the vicinity of the libration point toward the
nearest primary; however, unlike the planar Lyapunov orbits, every periodic halo orbit
includes an out-of-plane component, i.e., an amplitude component in the z-direction,
Az. Along the Ly halo family, the Az-amplitude increases as the orbit moves toward
Ps. For Ls halos, the Az-amplitude first increases and then collapses back into the

xy-plane as the orbits approach the primary [6]. By definition, the halo orbits are
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symmetric across the xz-plane. Because the halo family results from a pitchfork bifur-
cation in the planar family, the bifurcation introduces two new branches that extend
both above and below the xy-plane. A halo family with a maximum out-of-plane ex-
cursion in the positive z-direction is labeled a northern halo family, while the family
with a maximum Az amplitude in the negative z-direction is termed southern [22]. In
general, if the position and velocity states for the CR3BP, in the six-element state vec-

T
tor,y=|az y 2z & vy 2 ] , satisfy the equations of motion (Equation 2.17), then

T
so do the states in the associated state vector, y= | z vy —z & ¢ —z | [22]. A

sample northern orbit (black) with the corresponding southern halo (red) is plotted in
Figure 2.6. Note that the direction of motion for both northern and southern orbits

about L; is clockwise when viewed in an xy-projection. However, when viewed from

x 10°
1.5 1
L1
1 b
/ ©  Moon
0.5 4
£ o
- |
-0.5 \
-1
-1.5
2 3 4 5
X (km) x105

Figure 2.4. Lyapunov families of orbits in the vicinity of L; and Ls;
Earth-Moon system.



18

x 10

rs
272
7

G
N
AN
AN

_

=
_

i

=
7

i
=
://///
G

\
!

)
TR
RN

\

T
K
S
:‘::‘:»’:\::“S‘\“
M

A
R
SRR
SO

y (km)

Figure 2.5. Halo families of orbits in the vicinity of L; and Ls; Earth-Moon system.

a yz-projection, the direction along the northern orbit is clockwise, but the direction

of motion along the southern orbit is counter-clockwise.

2.3.2 State Transition Matrix

Recall that Equations 2.17 model motion in the CR3BP. As noted previously,
there is no known closed-form analytical solution to these equations. Some particular
solutions (e.g., equilibrium points) can be identified and used as a basis for investi-
gation of the flow in their vicinity. Alternatively, any set of initial conditions can be

propagated forward numerically. Sensitivities of the flow to changes in those initial
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Figure 2.6. Symmetry between northern and southern halo orbits.

conditions can be significant. To gain insight into the sensitivities, it is useful to
examine the evolution of a state vector in the vicinity of a reference solution.
Assume that the system can be represented by nonlinear equations of motion in
the general form
y= (1) (2.24)
It is necessary to first identify a particular solution to the nonlinear differential equa-
tions. Label this solution as the reference trajectory, go(t). Note that the reference

solution is not necessarily constant. Define the relationship between the reference

trajectory, go(t), and a nearby trajectory, y(t), as

y(t) = Go(t) + 6y (t) (2.25)

This relationship is also illustrated in Figure 2.7. Given the nonlinear system in
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Figure 2.7. Relationship between reference and nearby trajectories.

Equation 2.24, expand about the reference solution in a Taylor series to generate a

set of linear variational equations, that is
8y = A(t)oy (2.26)

where A(t) = g—é _ is time-varying. Of course, A(t) is evaluated along the reference,
Yo

9o. The general solution to Equation 2.26 is

0y(t) = o(t,t0)dy(to) (2.27)

Because the solution (Equation 2.27) to Equation 2.26 is a transformation of the initial
condition, the matrix ¢(t,to) is termed the state transition matrix or STM [23]. In
general, ¢(ts, ;) relates a state vector at time ¢, to a state at time ¢;. The STM,

o(t, o), satisfies the following differential equation [23]

¢(t07 tO) =1
If A(t) is not solvable analytically, Equation 2.28 is numerically integrated simulta-

neously with the system equations of motion, Equation 2.24, to determine the STM

as a function of time.
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In the CR3BP, there are three position and three velocity states. For numerical
simulation, the scalar equations of motion in Equation 2.17 must be rewritten as the

following set of six first-order differential equations

Ty = Uy
Ty:Uy

o +5U
Uy = 27, + —

Y ox

27 +8U
Vy = — 2Ty —_—
Y ay
) oU
VU, = —

0z

Note that, in application to the CR3BP, the independent variable is nondimensional

time, 7. Thus, the six-element state vector, y, in Equation 2.24 is

( )
TI
Ty
T, T
y= = (2.30)
(. v
Uy
Vy
\ J
F
The Taylor series expansion about a reference solution, g, = ’ , yields linear
Vo
variational equations of the form of Equation 2.26 as follows
or or
= A(T) (2.31)

Y, o
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where the matrix, A, is a function of nondimensional time, 7, for the application of

interest, and

0 0 0 1 00
0 0 0 0 1 0
0O 0 0 0 01
A(r) = (2.32)
U Uyy U 0 20
Up Uy Uy —2 00
Uw Uy U, 0 00
and
0*U (L—p) p 30—p)(@+p)?  3ule—1+4p)?
= — 1 —_— —_——
Use ox? a3 r3 + ds + rd
*U (I—p) p  300=pwy*  3uy’
Uyy:@_y2:1_ B _ﬁ_l' pE + 5
U (1—p) p o 3(1—p)2*  3uz?
Uyy = dy? - B3 + PE + ro
U 31 —p)(r+py | 3ux—1+py
ey = Uye = oxry dd * rd
*U 31 —wp)(x+wpz  3Bulr—1+p)z
Ua:z - sz - 8:vz - d5 + 7:5
?U  3(1—pwyz  3uyz
Upe = Uy = dyz dd + rd
The solution to these variational equations in the CR3BP (Equation 2.31) is
( ) r 1 \
57“zf O Q12 P13 P P15 Pis d7T%0
0Ty P21 P22 P23 Pas Pas Do 0ry0
57”2 (STZ
rl P31 P32 P33 P31 P35 P36 0 (2.33)
0v, f Ga1 Pa2 a3 Qus Qa5 Pas dVz0
Ovyf P51 Ps2 P53 Psa G5 Pse dvyo
L ov, ) i P61 Pe2 Doz DPea Pes  Des 1L 0.0 J

This 36-element STM in Equation 2.33 may be more succinctly expressed using 3 x 3

submatricies as follows

57:]0 _ (brr ¢r'u 57_40 (2 34)

0v f ¢vr Qb'uv 51_)0
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where ¢, is a submatrix of the STM that relates change in final position to change
in initial position, ¢,, transfers a variation in initial velocity into a change in final
position, ¢,,. relates change in final velocity to change in initial position, and ¢,,
reflects a change in final velocity due to a variation in initial velocity. The STM for

the CR3BP in Equation 2.34, satisfies the differential equation

¢T‘7” ¢T"U _ A(T) ¢7"7“ QST"U (235>

é’l}?" é'[}’v (b'UT’ ¢’UU
where the matrix, A(7), is equal to that in Equation 2.32. The differential equation for

the STM in Equation 2.35 is integrated simultaneously with the CR3BP equations
of motion in Equation 2.17. Thus, sensitivities concerning trajectories nearby the
reference trajectory are available.

The validity of Equation 2.34 is based on the reference solution and nearby tra-
jectories that are evaluated over the same time period. It is potentially necessary to
compare the reference path and nearby trajectories that are propagated for different

times. To incorporate variable time, Equation 2.34 is modified as follows

or v O | ) OT a
pl_ | om0 CU 7 er (2.36)
&Uf ¢vr ¢vv 5770 %

Combining the previous relationship into one state transition matrix results in the

form
o7 o o F0) ] "
r rr rv TT
v ‘ 870 (2.37)
dvy Gor Do V(T)
oT

Equation 2.37 represents sensitivities of the final position and velocity to changes,

not only in initial position and velocity, but also in nondimensional time.

2.3.3 Differential Corrections Process to Determine Periodic Orbits

Computing a periodic orbit is equivalent to solving a two-point boundary value
problem when the initial and final states are identical. However, any periodic or-

bit possesses characteristics that can be exploited during the search process. For
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example, a corollary to the mirror theorem states that if, at two different times, a
mirror configuration occurs along a trajectory, then that trajectory is periodic [24].
So, for a trajectory crossing the xz-plane to be continuous and satisfy the mirror
theorem, two perpendicular xz-plane crossings must occur. Thus, it is not neces-
sary to propagate a full orbit. Instead, the starting point is selected as one of the
perpendicular crossings; the target point is then the second perpendicular crossing.
Because this approach allows for a nondimensional final time that is variable, the
STM in Equation 2.37 is used to approximate an adjustment in the initial condi-
tions, including 07, to produce a desired change in the final state. Depending on the
type of orbit desired, varying constraints and target conditions apply. For example,
the initial variations for a three-dimensional halo orbit are represented as elements
of the vector dyy = [ Sreo Oryo Orag Ovm Ovy OUo OT }T and the final vari-
ations are 6y = [ Srap Orys Or.p Svs; Ouyy Ou.s ]T, A periodic halo orbit is
symmetric across the xz-plane; therefore, the initial state is a perpendicular crossing
of the xz-plane and, to determine a periodic orbit, a second perpendicular crossing
of this plane is sought. So, a corrections process to determine a three-dimensional
halo orbit only allows changes in the initial velocity, vy, the initial position, o, and
nondimensional time, 7. All other initial variations must be zero. Since the trajec-
tory is integrated until a second zz-plane crossing, the targeted condition r,; = 0
is always satisfied, therefore, ér,; = 0. The other target conditions of interest are
vzr = 0 and v,y = 0 if determining a three-dimensional halo orbit, since these con-
ditions will constitute a perpendicular zz-plane crossing. However, for a corrections
process used to compute a planar Lyapunov orbit, the z-components of the initial

T
and final variations are zero; therefore, dyy = [ drgo 0ryo 0 Ovg O0vy O 67

T
and 0y = [ Orgr Oryr 0 duyp Ouyp O } . Only changes in vy and 7 are allowed
when calculating a planar Lyapunov orbit. Consistent with the three-dimensional

halo orbits, dr,; = 0, but now only v,y = 0 is required to satisfy the perpendicu-
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lar crossing requirement. Using the appropriate constraints and targets, the matrix

Equation 2.37 may be reduced to

0 P21 Qa5 Tyf 0720
5Urf = ¢41 ¢45 U:cf 5vy0 (238>
0V P61 Pe5  Vaf 0T

for a three-dimensional halo orbit or

O . ¢25 f'yf (S'Uyo (2 39)

6U:Jc f ¢45 Uy f ot

for a two-dimensional Lyapunov orbit. Equations 2.38 or 2.39 may then be solved
for the desired changes in the final state. Of course, iteration is required to reach the
desired final state to within some specified tolerance.

The basic differential corrections process can be summarized in terms of the fol-
lowing steps:

1. Assume an initial guess at the first perpendicular crossing. This guess may be
available from some linear approximation or various other options.

2. Integrate the equations of motion in Equation 2.17 and the differential equations
for the STM in Equation 2.28. Terminate the integration at the crossing of the xz-
plane.

3. Check the targeted states; for a three-dimensional periodic halo orbit, the
desired perpendicular crossing requires v,y = 0 and v,y = 0. If either |v,r| < e,
or |v,s| < €, where € is some acceptable error, a solution has been reached. If not,
let 0v,p = —v,y and dv,y = —v,y. For a planar periodic Lyapunov orbit, only the
condition v, s = 0 is necessary. If |v,r| < € the process has reached a solution, if it is
not, then let dv,y = —v,; and continue to step 4.

4. Derive a reduced STM, appropriate to the dimension of the target periodic
orbit. For example, Equation 2.38 is appropriate for a three-dimensional halo orbit
while Equation 2.39 is appropriate for a planar Lyapunov orbit. This reduced STM

is then used to solve for the estimated adjustments in the initial conditions (for a
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halo orbit dr,o and duvyg, for a Lyapunov orbit just duvy) to reach the target. Update
the initial conditions to incorporate the appropriate calculated changes and return to
step 2.

A sequence of iterations for a planar differential corrections process is plotted in Figure

2.8. The successive iterations determine the required initial conditions to define an Lo
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Figure 2.8. Progressive iterations from a differential corrections
scheme to compute an Ly Lyapunov orbit.

Lyapunov orbit. For this particular case, the corrections process is visually successful

in three iterations and requires six iterations to meet a tolerance of 1 x 10712

2.4 Mondromy Matrix

For periodic orbits, there is a significant STM, that is, the monodromy matrix,
evaluated after exactly one period, T, of the orbit. The monodromy matrix can
be determined using a number of different approaches. In some rare instances (for

example, the two-body problem), an analytical solution is available for the elements
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of the STM. Alternatively, in the CR3BP, given the initial conditions that correspond
to a periodic orbit, the state equations as well as the vector differential equation for
the STM can be integrated for exactly one period. However, it is also possible to
integrate for only one half-period and use the resulting STM at the half-period to
compute the monodromy matrix. If 7" is the time required to complete one period of

the orbit, then

0 -1 T 20 I
o(T,0) =G ¢ (T/2,0) Go(T/2,0) (2.40)
I —20 -1 0
where _ -
1 0 0 0 0 O
0O -1.0 0 0 O
0O 01 0 0 O
G =
0O 0 0 -1 0 O
0O 0 0 0 1 0
0O 0 0 0 0 -1
and
0 10
Q=1 -100
0 00

This result is valid because the STM is symplectic. It is well known that the STM

also possesses two other very useful properties, that is [20],

P(ta, to) = P(ta, t1)d(t1, o) (2.41)
d(to, t1) = ¢~ (t1, %0) (2.42)

The monodromy matrix is significant for numerous reasons. One observation in par-
ticular, is very useful in the transfer problem. The monodromy matrix contains linear
stability information for motion in the neighborhood of the periodic orbit. The in-
formation can be employed to determine transfers, i.e., trajectories that approach or

depart the periodic orbit [25].
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2.5 Stability of a Periodic Orbit

The stability of an orbit that is periodic relative to the rotating frame can be
studied using a combination of Floquet theory and Poincaré sections [2]. A Poincaré
section effectively reduces the dimension of the phase space by one. For example,
define a hyperplane, ¥, that is transverse to the flow in n-dimensional space. For a
three-dimensional system, ¥ is a plane. From some set of initial conditions in X, let
the system evolve. At the time that the path crosses this plane again, proceeding in
the same direction, mark the intersecting point. This point reflects a second crossing
of the hyperplane and, thus, the point in ¥ is denoted a first-return map. As time

increases, a series of points appears in X as seen in Figure 2.9. Note that a periodic

Figure 2.9. Multiple intersections of the hyperplane, ¥, by a single
trajectory; resulting plot on X is a Poincaré section.

orbit would be represented in this plane by a single point, denoted as a fixed point, z*,
since, on every pass, the orbit intersects the same location in the plane [2]. In general,
the plane ¥ can be sampled in terms of a state, for example, every crossing of the -
axis. Alternately, X can be sampled in time, e.g., every period. From Equation 2.27,
it is clear that 0y(7T") = ¢(7,0)dy(0). Thus, for this linear system, the monodromy
matrix maps the state forward by exactly one period. Therefore, the monodromy
matrix is a linear stroboscopic map for the fixed point in the vicinity of the reference
trajectory [15].

Stability information associated with the orbit is contained within the monodromy

matrix. Recall that linearizing the equations of motion (Equation 2.17) relative to the
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periodic orbit results in Equation 2.31, where A(t) is a continuous, periodic matrix;

therefore, Floquet theory can be applied to the STM, resulting in the following form
B(t,0) = F(t)e’ F~1(0) (2.43)

where F'(t) is a time-varying, periodic matrix and J is a constant diagonal matrix
of Poincaré exponents, w; [20]. After one period, where ¢t = T', F(T) = F(0); the
monodromy matrix is evaluated as the STM at ¢ = T and Equation 2.43 can be

rewritten in the form

e’ = F7H0)¢(T,0)F(0) (2.44)

Thus, F'(0) is a matrix containing the eigenvectors of the monodromy matrix. The
eigenvalues of the monodromy matrix, \;, are termed the characteristic multipliers

and are related to the Poincaré exponents, w;, as follows
w; T 1
A = e“t or w; = Tln()\i) (2.45)

The eigenvalues of the monodromy matrix offer information about the phase space
in the vicinity of the periodic orbit because A; (and the Poincaré exponents, w;)
reflect the linear stability of the fixed point in the map. Similar to the eigenvalues
of a constant coefficient system, the sign of the real part of the Poincaré exponents
determines the stability of the fixed point, z*. If Re(w;) < 0, then the fixed point, and
by implication the periodic orbit, is stable, while Re(w;) > 0 indicates instability [26].
The Poincaré exponents are functions only of the eigenvalues of the monodromy
matrix and the period; thus, the linear stability information of the orbit is completely
defined by the eigenvalues, which span the solution space of the linear system [25,26].
Furthermore, the solution space may be decomposed into, at most, three subspaces,
that is, the stable, unstable, and center subspaces. Specifically, an eigenvalue with
|(A:)| < 1 is considered stable and the corresponding eigenvector resides in the stable
subspace, E?, of the linear solution space. An eigenvalue with a magnitude [(\;)| >
1 is unstable and its corresponding eigenvector lies in the unstable subspace, E",

corresponding to the linear system. Finally, an eigenvalue with |(A;)| = 1 is neither
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stable nor unstable and the corresponding eigenvector reflects the center subspace,
E€ in terms of the linear variational equations [26].

According to Lyapunov’s Theorem, since the determinant of the monodromy ma-
trix is equal to one, the eigenvalues of the monodromy matrix must occur in reciprocal
pairs. Also, the monodromy matrix is always a real matrix; therefore, any complex
eigenvalues appear only in complex conjugate pairs as well. [22]. Furthermore, be-
cause the orbit is periodic, at least one eigenvalue must be equal to one. Since all
eigenvalues are reciprocal pairs, at least two eigenvalues are equal to one. For a
halo orbit, there is typically one pair of eigenvalues equal to one, another pair of
complex conjugate eigenvalues located on the unit circle, and a real reciprocal pair

corresponding to one stable and one unstable eigenvalue [6].

2.6 Invariant Manifolds

The eigenvectors of the monodromy matrix completely span the space of the
linear solution and can be decomposed into the three independent subspaces, E°,
E? and E*. Any trajectory originating in one of these subspaces will remain within
that subspace for all time. Thus, trajectories originating in the stable subspace will
approach the orbit asymptotically as ¢ — oo, while trajectories originating in the
unstable subspace will asymptotically approach the orbit as t — —oo. In the center
subspace, trajectories will neither approach nor depart the orbit as t — o0, that is,
motion relative to the orbit is bounded, perhaps periodic [26]. The directions defined
by the eigenvectors associated with the stable/unstable subspace of the linear system
are used to approximate the the direction of the local stable and unstable manifolds
[26]. The local stable/unstable manifolds are then propagated forward/backward in
time to compute approximations to the global manifolds in the nonlinear system.

For the majority of halo orbits, four eigenvectors span the center subspace and
one each spans the stable and unstable subspaces. So, for a fixed point, z*, on

a halo orbit, there is a four-dimensional center subspace, a one-dimensional stable
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subspace and a one-dimensional unstable subspace. The trajectory that exists in
the stable subspace for the nonlinear system is known as the one-dimensional stable
global manifold, W*. Similarly, the unstable nonlinear subspace trajectory is the
one-dimensional unstable global manifold, W*". The hyperplane, ¥, and therefore,
the fixed point, z*, may theoretically be placed at any point along the orbit. At
each fixed point, the eigenvalues of the monodromy matrix are the same; however,
the associated eigenvectors vary. Thus, the subspaces, E¥, and the manifolds, W*,
differ at each point reflecting the fact that the flow arrives and departs in different
directions at various points along the orbit. When a one-dimensional manifold is
computed for every fixed point around the orbit, a two-dimensional manifold surface

results [26].

2.6.1 Generating Stable and Unstable Manifolds

The determination of transfers toward and away from a periodic orbit benefits
greatly from the availability of the stable and unstable manifolds. To generate the
stable or unstable manifold associated with a periodic orbit, the eigenvector spanning
the corresponding subspace yields approximate initial conditions to begin the process.
The six-element eigenvector, £(Z#), corresponding to the fixed point, Z*, is calculated
from the monodromy matrix and then normalized with respect to its position only,
x, y, and z, such that -

& = ¢ (2.46)

a2+ y? + 22

The eigenvector is oriented in the six-dimensional direction defined in the correspond-

ing linear subspace. Because the local manifold, W] or W}, in the nonlinear system
is tangent to the subspaces E* and E" defined in the linear system, a small shift in
the direction of the normalized eigenvector can reasonably approximate the global
manifolds [26]. A simple illustration of the manifold, locally tangent to the linear
eigenvector directions, &,, appears in Figure 2.10. Because the eigenvector is directed

in either a positive or negative sense, the shift, d, in the direction of the eigenvector
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P:igure 2.10. Illustration of tangency between eigenvector directions,
V', and manifolds.

occurs as either positive or negative. The six-element initial condition vector used to

propagate the global manifold is calculated as follows
Yo = T+ + dE, (2.47)

A shift in the +&, direction results in manifolds W57 or WF while the shift in
—&, direction results in the manifolds W, or W% [26]. This new shifted initial
condition, 7, is then used to propagate the CR3BP equations of motion (Equation
2.17) forward in time if the initial condition corresponds to the unstable manifold or
backward in time if it corresponds to the stable manifold. This propagation creates
the global manifolds, W+, W5~ W¥t or W* . If a global manifold is computed
for each fixed point along the orbit, the manifold surface is generated [26]. For this
analysis in the Earth-Moon system, a shift distance of d = 50 km is used for all
manifold calculations. Stable (blue) and unstable (red) manifolds, generated from an
Ly halo orbit with out-of-plane amplitude, Az, equal to 20,000 km, appear in Figure
2.11.

The stable and unstable manifolds in Figure 2.11 illustrate a second type of sym-
metry in the CR3BP, that is, the symmetry of the stable and unstable manifolds across
the zz-plane due to time-invariance. If the state vector, y = | v y 2z & v 2 ]T,
satisfies the equations of motion when propagated forward in time (At > 0), then the
state vector, y = [ r —y z —& § —2% T, satisfies the equations of motion when

propagated backwards in time (At < 0) [22]. This symmetry is particularly obvious

in the xz-projection; it is clear that the stable and unstable manifolds overlap.



Z (km)
Z (km)
o

0 2 4 -2 0 2
x(km) y10° ykm) 4 10°
x10°
o
1/‘
— Moon
£ o
> Eart Z
-1
= ~ L
0 2 4
x (km) x10°

Figure 2.11. Stable (blue) and unstable (red) manifolds for a 20,000
km L; halo orbit.
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3. Transfers to L, Planar Lyapunov Orbits

The set of trajectories connecting low Earth orbits (LEO) and the manifolds associ-
ated with the Ly planar, Lyapunov orbits is the focus of this chapter. A numerical
differential corrections process is used to compute the desired transfers. Various de-
sign variables, including the altitude of the low Earth orbit, the size of the Lyapunov
orbit, the point along the Lyapunov orbit that serves as a basis to propagate the
targeted manifold, as well as the location of the manifold insertion point are varied to
compute a variety of transfers with manifold insertion maneuvers at varying altitudes
and orientations relative to the Moon. The maneuver costs, that is, the required
velocity discontinuities or AV’s; are calculated and compared to determine the effect

of lunar proximity as well as any design conditions favorable to lower costs.

3.1 Differential Corrections Process

Computation of these transfers is based on a numerical differential corrections
process as part of a targeting scheme. This process is very sensitive to changes in
conditions in the vicinity of the Earth, and targeting any point in the vicinity of the
Moon by varying the conditions at the Earth orbit is very difficult. The problem
is more easily approached by targeting a state backwards in time, that is, targeting
the conditions at the Earth orbit by varying the conditions at the manifold insertion
point and integrating the trajectory in negative time from the Moon to the Earth.
Because integration proceeds backwards in time, the term “initial conditions” always
refers to the state at the manifold insertion point and the term “final conditions”
implies the state at insertion onto the transfer path from the Earth orbit.

To develop a targeter for this problem, it is critical to define every element of the

initial state vector as a constraint or a control. The constraints will be fixed and not
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allowed to vary. The controls are adjusted to meet the target conditions. For this
scenario, the initial position, 7;, must remain constant, since the trajectory is initially
positioned on the manifold at a specified point by definition. However, the initial
velocity, v;, is the control and is adjusted to meet the target. For these planar cases,
only transfers tangent to the manifold at the initial intersection point are considered
to minimize the maneuver cost. Therefore, only the initial velocity magnitude, |v;],
varies, and the initial velocity direction, v;, is constrained to be tangent to the velocity,
Um, along the manifold at the insertion point.

The target conditions at the final time must also be specified. The departure from
the Earth, the target in the backwards targeting scheme, is defined as tangent to a low
Earth parking orbit, assumed to be circular. A tangential final state is accomplished
by targeting the final flight path angle, ¢, relative to the Earth. The desired flight
path angle is zero, that is, v = 0. To specify the size of the Earth parking orbit, the
final altitude, hy, above the Earth is also a target variable. The desired final altitude
is denoted hy. Thus, the final flight path angle and final altitude are evaluated as

) €f8 . ,Df
sn(ry) =~ 1o (3.1)

7| |vg]
hy = |75 — Re

where “7} is the final position of the spacecraft relative to the Earth and the symbol
R4 represents the radius of the Earth. These quantities are also defined in Figure
3.1.

Given the target values of the flight path angle and the altitude, the error between
the desired and actual values, at the final time, is calculated. This error is summarized

in vector form as follows
E, 75| — Rey — ha

E, — (effc . @f) — |6f}| |Uf| sin(vaq)
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trajectory

Figure 3.1. Definition of the target conditions: flight path angle, vy,
and altitude, hy.

Express the position and velocity vectors in Equation 3.2 in terms of components

defined relative to the rotating frame as

efjc = (SL’f + M)f + yfg) + Zfé (33)
vy = l"fi' +Z)f:g + Z.f:;f

Note, that the Z-components in Equation 3.3 are equal to zero for this planar case;
however, they have been included as variables so that these equations are valid when
later applied to a three-dimensional corrections process. This is true for all of the
following complete derivation. The differential corrections process includes a number
of iterations until the components of E, E; and E,, are both within some specified
tolerance. If the error is not sufficiently small, the value of the error, that is, 6 F, in
terms of a change in the initial state, d7;, is required to estimate the updated initial

conditions for the next iteration. To develop JE as a function of §y;, express 6F in
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terms of the variation in the final state, 03¢, via the STM that predicts dy; as a result

of the initial variation, i.e., dyj;. Recall that the state vector, ¥, is defined as

)
T

L
Il
—~
W
o
S~—

z

Vs

Note that § £ may be written for convenience in the following form

where 7 is nondimensional time and M is a 2 X 6 matrix

(wgtp) ’yf 2y

_ 67_‘5 6775 8775

OF ! !

M = 5 = (3.6)
us (@p+1)| 5| sin(ya) . vr|os | sin(va) . zp|og | sin(ya)
—ry - B T B A T
ki ki
0 0 0
d?f ers sin(Vd) :l]f ers sin(Vd) Zf ers, sin(vd)

—(ap ) = = A B

Assuming that the desired error is zero and, incorporating a variation in nondimen-

sional time, 7, Equation 3.5 becomes
_ _ o1
OE = —FE = M |¢(7¢,7:)00; + %(57’) (3.7)

The targeter is designed to stop the integration when the trajectory is closest to Earth;

this stopping requirement automatically satisfies the tangency condition. Therefore,

the second component in the error vector, F,, will always be forced to equal zero.
Recall the constraints on the initial conditions. The initial position is fixed; there-

fore, all variations in the elements in the initial position vector are zero and may
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be removed from ¢y;. The associated terms in the STM are also removed. The up-
dated error vector is now written only in terms of the variation in the initial velocity

components and nondimensional time, that is

$1a P15 P16 Ty
Gos Q25 P26 Yy O;
0Ey En P31 @35 P36 Zf 0Y;

0 0 Gaa Qa5 Qag Iy 0%
P54 P55 Ps6 Us T
Pos Pes Pes  Zf |

(3.8)

The direction of the initial velocity vector is also constrained; therefore, d2;, d7;, and
0z; are not independent. Adjusting one velocity component implies a corresponding
adjustment to the other. For example, given a change in ;, the velocity adjustments

in y; and Z; are computed in terms of d; and estimated as

5y = 0iry L (3.9)
Z;
Ty

Notice that there is a singularity in Equations 3.9 when z; is equal to zero. To
avoid this singularity, the targeter always determines the velocity updates in terms
of the largest initial velocity component. Equations 3.8 and 3.9 result in a set of four
independent equations with four unknowns and, thus, only one solution exists.

The overall differential corrections scheme is iterative. The steps in the targeting
process are summarized:

1. An initial AV for the transfer is estimated using one of two methods. If
no transfers to nearby manifold insertion points have been calculated, a rough grid
search of the solution space is used to determine an appropriate maneuver estimate.
If nearby transfers exist, then the AV magnitude of the nearby solution, added to
an appropriate weighting term and multiplied by the direction of the velocity of the

current manifold insertion point, is used as an initial guess for the corrections process.
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2. The equations of motion (Equation 2.17) in the CR3BP as well as the dif-
ferential equations for the STM (Equation 2.28) are propagated backwards until the
trajectory reaches its closest approach to Earth. This is the reference trajectory.

3. The error is calculated using Equation 3.2. If |E;| > 1 x 10712, Equations
3.8 and 3.9 are employed to compute a value for the update to the initial velocity
components. The velocity variation is merely an estimate for what is required to
eliminate the error and reach the desired altitude at Earth closest approach.

4. This variation is added to the initial velocity vector along the reference path,
creating a new set of initial conditions.

5. The new initial conditions initiate a new iteration. The process is repeated
until the error, |Ey|, is below the tolerance value of 1 x 10712,

Figure 3.2 includes a plot of the iterations necessary to target an 800-km Earth

altitude. (Recall that the process targets backwards in time.) This particular example

0.4 iter 1

iter 2

0.0 iter 3

7 = iter 4

= / / ?\\ iter 5

2 0 iter 6
O (A .

£ = / iter 7

> R Earth

02 O Moon

-0.4

0 0.2 0.4 0.6 0.8 1
X (nondim)

Figure 3.2. Iterations required in the differential corrections process
to target an 800-km Earth departure; CR3BP rotating frame.
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is successful within seven iterations, the first of which has an Earth departure altitude
of 61,720 km. The resulting transfer from an 800-km low Earth orbit to the manifold
insertion point appears in blue in Figure 3.3 along with the connecting manifold

(black) and Lyapunov orbit (orange).

x 10°
15 O Earth
o  Moon
1 L1
//\\
< P ; trajectory
> 0o #1 | — Lyapunov
\ ——— manifold
-0.5 .
-1 1
0 1 2 3 4
x (km) X 105

Figure 3.3. Transfer trajectory (blue), from an 800-km low Earth
orbit to the manifold insertion point near the Moon; resulting from
differential corrections process; CR3BP rotating frame.

3.2 Characteristics of Selected Transfers to Lyapunov Orbits

Using the differential corrections process, several transfers from an 800-km low
Earth orbit (LEO) to selected Lyapunov orbits are computed. Transfers to the par-
ticular Lyapunov orbit that is located at a bifurcation point are calculated for several
different design parameters. (This family of Lyapunov orbits bifurcates to the three-
dimensional family of halo orbits and, thus, the target Lyapunov orbit is a member

of both the two-dimensional and three-dimensional families.) The transfer trajectory
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characteristics are identified and those parameters that result in lower insertion costs
are used to calculate transfers to additional Lyapunov orbits.

Three design parameters are varied during this analysis. Because manifolds orig-
inating from different fixed points around the libration point orbit pass the Moon at
differing altitudes, the location along the orbit of these fixed points is varied. Also,
the manifold insertion maneuver is allowed to occur at different locations along the
manifold. This location is identified by the manifold insertion angle, ¢, between the
negative Z-axis and the radial line, in the zy-plane, connecting the Moon with the

manifold insertion point. An illustration of this angle appears in Figure 3.4. Finally,

manifold
insertion
point

Figure 3.4. Definition of angle, ¢, between the negative z-axis and
the radial line connecting the Moon and the manifold insertion point.

the size of the Lyapunov orbit itself is varied. For the purpose of this study, Lyapunov
orbits are characterized by their y-amplitude, y,, that is, the distance from the z-axis
to the maximum y value along the orbit.

The bifurcating orbit in the L, Lyapunov family corresponds to an orbit of size
Yo = 33,297 km. As plotted in Figure 3.5, ten stable manifolds originating from fixed
points spaced equally in time along the entire two-dimensional orbit are computed.
Trajectories to each of these ten manifolds are calculated for manifold insertion angles
of ¢ = 0°, 30°, 45°, 60°, and 90°. Note, that trajectories with negative lunar
altitudes, that is, below the lunar surface, at any point during the transfer between

the Earth orbit and the Lyapunov orbit are considered invalid and are not included
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Figure 3.5. Lyapunov orbit, y, = 33,297 km, and the manifolds
originating from fixed points spaced equally in time about the orbit.

in the analysis. The resulting feasible transfers to each of the manifolds appear in
Figure 3.6. Each trajectory is targeted to the point along the manifold when ¢ = 45°.
The insertion AV value for each trajectory is printed in the legend. From the plot in
Figure 3.6, it is obvious that the choice of manifold greatly affects the insertion cost.
For example, trajectories 2 (pink) and 9 (green) both incorporate manifold insertion
points at similar lunar altitudes; however, the AV for insertion from trajectory 9 is
0.422 km/s lower than arrival from trajectory 2. It is also apparent that the lunar
altitude affects the AV. Trajectories 4 (cyan) and 8 (light blue), which pass the Moon
at the lowest altitudes, also possess the lowest AV. The impact of the arrival angle
at the Moon, that is, ¢, on the maneuver magnitude is also significant. Costs for
the manifold insertion maneuver appear in Table 3.1. The data in the table includes
the AV, in km/s, at manifold insertion along each trajectory at the corresponding
value of ¢. The smallest AV values for the lowest lunar altitude trajectories, that is,

trajectories 4 and 8, both occur at ¢ = 45°.
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Figure 3.6. Transfers from an 800-km altitude LEO to a Lyapunov
orbit of amplitude y, = 33,297 km using various manifolds; ¢ = 45°.

Table 3.1 AV (km/s) at manifold insertion for various insertion angles, ¢.

Trajectory p=0° p=30° ¢p=45° ¢p=060° ¢ =90°
1 0.544 0.672 0.908 1.515  no convergence
2 0.524 0.654 0.875 1.429  no convergence
3 0.412 0.442 0.514 0.707 4.121
4 0.278 0.257 0.255 0.261 0.305
8 no convergence  0.400 0.395 0.397 0.431
9 no convergence  0.453 0.453 0.476 0.850

10 0.508 0.522 0.605 0.833 5.586
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The specific region of interest for this analysis includes trajectories with manifold
insertion points near the Moon. The two manifolds in Figure 3.5 that pass closest to
the Moon, with a pass distance above the lunar surface, originate from two distinct
regions along the Lyapunov path. The two regions that result in the lowest insertion
maneuver magnitudes are located in the upper left and center right of the Lyapunov
orbit. To further investigate these two areas along the orbit, additional manifolds are
numerically computed in these regions. Figure 3.7 includes representative manifolds

that originate from these two regions. Because a manifold insertion angle, ¢, equal

4
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Figure 3.7. Lyapunov orbit, y, = 33,297km, and manifolds originat-
ing from fixed points along the upper left (region A) and center right
(region B) of the orbit.

to 45° results in the lowest AV values for trajectories 4 and 8, the two trajectories
in this region of interest, the angle ¢ = 45° is selected for all subsequent transfers to
Lyapunov orbits. This value of ¢ may or may not yield the minimum AV for other
transfers; it is a reasonable selection, based on current data, to further investigate

the transfers.
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The trajectories computed for the region of interest, those that intersect manifolds
in close lunar proximity, may be divided into two categories, short and long times
of flight (TOF). The short TOF transfers intersect manifolds originating from region
A, while the long TOF transfers are associated with manifolds defined in terms of
fixed points located within region B. The transfer times from LEO to the manifold
insertion point near the Moon vary between 4.0 and 5.8 days for the short transfers
and between 8.6 and 14.1 days for the long transfers. A plot of the manifold insertion
cost (AV') versus the lunar altitude at the time of insertion for both short and long

TOF transfers appears in Figure 3.8. For both types of transfers, the AV decreases

short TOF transfer AV
0.4r long TOF transfer AV
I
0 0.35
§, 0.3
>
< 0.25
0.2
0.15 ' :
0 1000 2000 3000 4000

altitude (km)

Figure 3.8. Manifold insertion AV as a function of lunar flyby altitude
for short and long TOF transfers.

as the lunar altitude decreases; however, a short transfer requires a AV at least 0.1
km /s lower than a long transfer with similar lunar altitude. The short transfer (green)
as well as the long transfer (purple) resulting in the lowest AV for each family, are
plotted in Figure 3.9. The minimum AV among the short transfers is 0.185 km/s, a
value that is nearly half the lowest cost, that is, AV = 0.318 km/s, from the family
of long TOF transfers.

The insertion maneuver cost is also a function of the size of the target Lyapunov

orbit. Transfers to three additional Lyapunov orbits (of various sizes) are also deter-
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Figure 3.9. Short and long TOF transfers; lowest AV in each respec-
tive family. Short transfer: AV'=0.185 km/s, TOF=5.75 days. Long
transfer: AV'=0.318 km/s, TOF=14.10 days.

mined. The corresponding orbits are defined in terms of the y-amplitudes y, = 10, 627
km, y, = 49,012 km, and y, = 66,808 km. These orbits appear in Figure 3.10 along
with the previous orbit of size y, = 33,297 km. Since the long transfers possess a
higher insertion AV as well as a longer time of flight, only the short transfers are
computed for these additional Lyapunov orbits. Recall that all insertion maneuvers
occur at ¢ = 45°. The AV insertion cost versus lunar altitude at insertion for trans-
fers to all four orbits appears in Figure 3.11. The manifold tube extending from orbit
1, the smallest of the four orbits, does not pass very close to the Moon. This fact is
illustrated in Figure 3.11, where the curve of transfers to the smallest Lyapunov orbit
(orbit 1) is the very short green line to the right in the figure. The lowest lunar alti-
tude for a manifold from orbit 1 is 3,700 km. Although a lower AV may be achieved
by using a larger Lyapunov orbit and a lower lunar flyby altitude, orbit 1 is associated
with the lowest AV for transfers that pass the Moon at altitudes between 3,700 and

3,900 km. Also apparent in Figure 3.11, a correlation exists between the size of the
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Figure 3.11. Manifold insertion AV as a function of lunar flyby alti-
tude; short TOF transfers; four different target Lyapunov orbits.
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Lyapunov orbit and the rate of change of the insertion cost. Clearly, a lunar altitude
as low as possible is advantageous for a Lyapunov orbit of any size; however, if a
certain lunar altitude is desired, then an optimal size of libration point orbit can be
determined. The “optimal” orbit size will vary depending on the specified altitude.
From among all of the transfers plotted in Figure 3.11, the lowest cost transfer, i.e.,
AV=0.169 km/s, is a transfer to Lyapunov orbit 3, for which the manifold insertion

maneuver occurs at a lunar altitude of 89 km.
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4. Transfers to L, Halo Orbits

The analysis of transfers from low Earth orbit to planar Lyapunov orbits can be
expanded into three dimensions. Specifically, transfers to halo orbits of low out-of-
plane (Az) amplitudes are of interest. Recall that the halo family of orbits results
from a bifurcation in the Lyapunov family and that each orbit includes an amplitude
component in the z-direction, Az. Transfers to halo orbits require lower AV’s when
the manifold insertion maneuver occurs in close proximity to the Moon, consistent
with the work of Parker and Born [17]; however, the analysis of Parker and Born in
this region of transfers to low Az-amplitude orbits was not exhaustive. Also, because
tangent solutions are typically optimal, only trajectories that arrived at the manifold
insertion point tangentially were considered in this previous work [17]. During early
analysis in this current effort, the tangency constraint resulted in convergence diffi-
culty for several transfers; therefore, the constraint was removed from the differential
corrections process to allow for a greater number of control parameters as well as an
expansion of the possible solution space. Using this modified corrector, trajectories
from various low Earth orbits to selected low-Az halo orbit manifolds are successfully

computed.

4.1 Modified Differential Corrections Process

The differential corrections process in the three-dimensional problem is based on
the corrector used to develop planar transfers to Lyapunov orbits. However, to add
flexibility, the constraint that the trajectory must be tangent to the manifold at
the insertion point is removed. Once again, the trajectory is propagated in reverse
time and “initial conditions” actually constitute the state at the manifold insertion

point, while the term “final conditions” identifies the transfer insertion state from low
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Earth orbit. The constrained initial condition for this process is position, 7, only;
the velocity, vy, as well as nondimensional time of flight, may vary. The targeted
final conditions are the same as for the previous planar transfers; the trajectory must
depart tangentially from the low Earth orbit at a specified altitude. This translates
into a desired flight path angle, 74, that is equal to zero and a final Earth altitude, hy,
that is specified to be a desired final altitude, hy. Note that these target conditions do
not constrain the inclination of the low Earth orbit. Since this is a three-dimensional
problem using reverse propagation, the transfers will depart from Earth orbits of
various inclinations. Ultimately, this would affect any total cost.

Since the targeted conditions have not changed from those used for the planar
transfers, much of the former derivation associated with the corrections process is

applicable. The error vector, F, remains as derived previously, that is

_ E ‘ri| — Rgy — h
P L] ‘ f | ®© d (4.1)
Fy - (effc : @f) - |5ffc| |Uf| sin(7q)
and the resulting change in the error vector, § £, in terms of the change in the initial

state, 0y;, remains as

0FE = —FE = M(¢(7¢,7;)09; + ?(57) (4.2)
T

Recall that the state vector, ¥, is defined as

( )
Xz

(4.3)

<
I

z
\ Vs

The targeter terminates the integration when the trajectory reaches the closest ap-
proach distance relative to the Earth, which automatically satisfies the tangency

condition. Therefore, the second term in the error matrix, FEs, is forced to equal
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zero as before. Initial position, 7, once again remains fixed; therefore, in the correc-
tor equations the changes in the position components of the initial state vector are
zero and are removed from dy;. The resulting change in the error matrix is again

formulated as

ba P15 P16 Ty
P2 P25 P26 Yy 0T;
O, E, O34 O35 P36 i 0y

0 0 Gaa Qa5 Gug Ij 0%;
51 P55 Pse Uy 0T
Ges Pe5 Do Zf

Recall that M is a 2 x 6 matrix such that

(4.4)

Yr
All of the initial constraints and targeted final conditions are incorporated.

The matrix equation, Equation 4.4, is a system of two equations and four un-
knowns and therefore, infinitely many solutions. The minimum norm solution to a
general system of equations of the form a = B¢ where B is a known m X n matrix
and m < n is

¢=B"(BB")'a (4.5)
where BT(BBT)~! is denoted the pseudoinverse of the matrix B. This solution can

be easily proven by substituting Equation 4.5 into the original system as follows
a=BBY(BB")'a (4.6)

The minimum norm solution from the pseudoinverse approach is applied to the system
of equations in Equation 3.8. The targeting process remains similar to that for the
planar case and is summarized as follows:

1. Propagate the manifolds from regions on the orbit that result in near-lunar
flybys and obtain the manifold state at a specified insertion point. The initial focus is a

manifold that passes furthest from the Moon; assume a tangential arrival and generate
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a first guess for the AV. Experience with the planar problem and a fundamental
understanding of the affect of the AV magnitude on the flow of the planar transfer
trajectories aids considerably in the determination of AV magnitudes for these three-
dimensional trajectories. A range of potential AV magnitudes is generated; a gross
grid search over this range yields a satisfactory first guess.

2. The differential equations governing the CR3BP (Equation 2.17) and the STM
(Equation 2.28) are integrated in negative (nondimensional) time, using this initial
guess for the AV. The integration continues until the trajectory reaches its closest
approach to the Earth, creating a reference trajectory.

3. The error is calculated from Equation 4.1. An acceptable error tolerance is
|F1] < 1 x 1072, (Recall that Fy is forced to equal zero.) If the error does not
meet this requirement, an adjustment to the insertion maneuver is computed using
the pseudoinverse approach in Equation 4.4.

4. The resulting updates to the initial velocity components are added creating
a new set of initial conditions; this new initial state may or may not be tangential
to the velocity at the manifold insertion point. The integration process is repeated
to generate a new reference trajectory. Iterations continue until the error meets the
tolerance requirement of 1 x 10~'2 nondimensional units in position.

5. Recall that this process results in a transfer to one specified manifold. A new
manifold is selected, one that passes closer to the Moon; therefore, an initial guess
is required for the insertion AV to initiate a new corrections process to determine
a transfer to this new manifold. Again, for the first guess, a tangential arrival is
assumed. A guess for the AV magnitude is obtained from the previous solution.
This AV magnitude is added to an appropriate weighting term and applied tangent
to the new manifold insertion point. Then the corrections process is repeated.
Using this basic procedure, the differential corrector is able to obtain transfers to

several points around the manifold tube associated with an L, halo orbit of interest.
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4.2 Characteristics of Transfers to L, Halo Orbits

Trajectories between low Earth orbits and L, halo orbit manifolds are computed
using various design parameters. These parameters include the altitude of the LEO
orbit, the Az-amplitude of the three-dimensional Ly halo orbit, the location along the
halo orbit that is associated with the origin of the manifold, and the insertion angle,
¢, defined as the angle in the xy-plane, between the negative Z-axis and the line
radially connecting the Moon and the xy-projection of the manifold insertion point.
A halo family is continuous with an infinite number of orbits, which are typically
identified by their out-of-plane amplitude, Az. To produce representative orbits, halo
orbits are selected at 1,000 km intervals in Az. Thus, Az ranges between 1,000 km

and 10,000 km. This range of low Az-amplitude orbits appears in Figure 4.1. For this
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Figure 4.1. Representative low Az-amplitude Lo halo orbits.

analysis, halo orbits in a northern family are selected, but the results are applicable
to southern orbits as well.
Based on the previous planar analysis, manifolds that originate from two areas

along the halo orbit pass close to the Moon. One set of manifolds leads to short
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time of flight transfers and the other to transfers with long times of flight. Initially,
consider the effect of Earth altitude on both types of transfers. Several manifolds are
propagated from both regions for a selected halo orbit. For a given orbit, transfer
trajectories are computed from circular Earth orbits with altitudes over a range from
200 to 2,000 km; the transfers insert into various manifolds at manifold insertion
angles of ¢ = 0°, 30°, 45°, 60°, and 90°. Such transfers are computed for a variety
of halo orbits. The AV magnitude at the manifold insertion point is then compared
for the various trajectories. Recall that the altitude of the low Earth orbit is varied
between 200 km and 2,000 km. Over this range, the magnitude of the manifold
insertion maneuver does vary on the order of 1x10% m/s. However, the total AV, that
is, the manifold insertion AV plus the Earth orbit departure maneuver, is significantly
influenced by the altitude of the low Earth orbit. In general, the total AV varies on
the order of 1 x 10® m/s, an order of magnitude greater than the variation solely in
the manifold insertion AV. A transfer to a halo orbit such that Az = 6,000 km with
¢ = 60 ° illustrates this difference in magnitudes in Figure 4.2. The higher the LEO
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Figure 4.2. A comparison of the effect of Earth orbit altitude on the
manifold insertion maneuver and total AV. Minimum AV values for
transfers to a halo orbit of Az = 6,000 km; ¢ = 60°.
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altitude, the lower the total AV; this is consistent for all selected halo orbits and
insertion angles near the Moon. In this particular case, the manifold insertion AV
also decreased as the LEO altitude increased, but the decease is slight. Any increase
or decrease in the manifold insertion AV due to changes in LEO altitude become
insignificant when added to the total AV. In addition, this behavior in the Earth
departure maneuver is well known and expected. Therefore, it is more beneficial to
compare transfers using a single LEO altitude. In this case, an altitude of 500 km for
the Earth departure orbit is selected.

The general impact of lunar proximity on the manifold insertion AV is apparent
in a plot of lunar altitude versus the AV value. Figures 4.3, 4.5, 4.7, 4.9, and 4.11
each include such a plot for a different manifold insertion angle, ¢. For ¢ = 0° (Figure
4.3), only the short time of flight transfers are displayed; the differential corrections
process did not converge on a reasonable solution for any of the long transfers. The
remaining plots include both short and long transfers to all ten halo orbits. The
solid lines represent the short transfers, while the dashed lines indicate long transfers.
Consistent with the planar transfer analysis, if, at any point, the trajectory passes
below the lunar surface, it is considered invalid and is not included.

The AV at manifold insertion for short TOF transfers to all ten different halo
orbits that incorporate a manifold insertion angle of 0° appear in Figure 4.3. The
minimum AV for the short transfers does not correspond to the minimum lunar
altitude at insertion. For a 1,000-km Az halo orbit, the minimum AV, equal to 0.282
km/s, occurs at a lunar altitude of 2,240 km. As the Az-amplitude of the halo orbit
increases, the manifold corresponding to the minimum insertion AV passes the Moon
at higher altitudes. Thus, for a 10,000 km-Az halo (the largest halo orbit included
in the analysis), the minimum AV value of 0.489 km/s occurs at a lunar altitude of
5,670 km. It is also observed that the value of the minimum AV increases as the
Az-amplitude increases. The AV for the 10,000-km Az halo orbit is nearly twice the
value for the transfer to the 1,000 km Az halo orbit. Recall that these are the lowest

insertion costs available to the given halo orbit. In Figure 4.3, the lowest point on each
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curve represents the transfer to each particular halo orbit that possesses the minimum
insertion cost. Fach of these ten minimum AV transfers are plotted in Figure 4.4.
The transfers to each halo orbit are plotted in various colors, consistent with the
legend in Figure 4.3; the colors correspond to the Az value. The transfer arcs insert
onto manifolds; the manifold trajectory arcs appear in black and the orbits are plotted
in red. The point where the transfer changes to black corresponds with the location
of the manifold insertion AV. In the zoomed view, it is clear that the trajectory is
nearly tangent to the manifold at the insertion point for all of the transfers. Also,
the transfers to the higher-Az orbits proceed further out-of-plane than the transfers
to lower-Az halo orbits.

The manifold insertion angle is increased to ¢ = 30° and a new set of transfers
is computed. The insertion AV for both short and long TOF transfers is plotted
against lunar altitude at the time of insertion in Figure 4.5. Again, each curve in the

figure corresponds to a set of short of long TOF transfers to the specified halo orbit.
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Figure 4.3. Manifold insertion AV for short TOF transfers to halo
orbits between Az = 1,000 and Az = 10,000 km; ¢ = 0°.
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The AV histories for the short transfers possess the same general characteristics as
seen in the previous case when ¢ = 0°. The minimum AV ranges between values
of 0.269 km/s to reach a 1,000-km Az halo orbit and 0.456 km/s for delivery into a
10,000-km Az halo orbit. For both the short and long TOF transfers, the minimum
AV increases as the value of Az increases. However, in contrast to the short transfers,
the curves representing the long TOF transfers to a specified halo orbit, all indicate
that the minimum AV transfer is also the trajectory arc passing the Moon at the
lowest altitude. For the majority of the halo orbits, the short TOF transfers are
lower cost, that is, the arc with the overall minimum AV for delivery to the given
halo orbit exploits a short TOF transfer. However, the exceptions include transfers
to the 7,000-km, 8,000-km, and 9,000-km Az orbits; for halo orbits within this size
range, the overall minimum AV transfer is from the long TOF class. For each halo
orbit, the short or long transfer with the minimum insertion cost can be identified.

These ten minimum AV short and long TOF transfers to each specified halo orbit
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Figure 4.5. Manifold insertion AV for short (solid) and long (dashed)
transfers to halo orbits between Az = 1,000 and 10,000 km; ¢ = 30°.
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are plotted in Figure 4.6. From the figure, it is clear that the short transfers grow
increasingly out-of-plane as the out-of-plane Az-amplitude of the halo orbit increases;
this is also visible in the close-up view near the manifold insertion point. Also from
this close-up view, it is clear that the transfer trajectory, at the manifold insertion
point, possesses an increasing Z-component as the Az-amplitude increases. To reach
the halo orbits with higher Az values, for example 9,000 km (gray) and 10,000 km
(purple), the required AV is not tangent to the manifold direction. The trajectories
in Figure 4.6 also indicate another difference between the two categories of transfers.
Short TOF arcs are above the fundamental Earth-Moon plane; arcs with long times of
flight spend a significant interval below the Earth-Moon plane. There is also a change
in the characteristics of the long TOF transfer arcs when the halo orbit amplitudes
exceed 7,000 km (orange). The transfers begin expanding outward in the z- and
y-directions rather than further in the z-direction. This shift in the characteristics
of the transfer path coincides with the emergence of long transfers to halo orbits of
higher Az-amplitudes that possess lower AV insertion values than the short transfers.

The manifold insertion AV for transfers with ¢ = 45° are plotted in Figure 4.7.
One of the more noticeable features of the plot is the two distinct sets of curves for
the short transfers. This split occurs for all of the insertion angles, but it is most
prominent for this instance where ¢ = 45° as well as for ¢ = 60°. The initial estimate
of the AV magnitude that is used to generate transfers to the lower Az-amplitude
halo orbits is not sufficient to generate transfers to the higher Az-amplitude halo
orbits. These halo orbits with a larger out-of-plane amplitude required a different
initial estimate, resulting in the difference in curvature. This is true for all insertion
angles. Note that many of the features near the minimum AV value along the transfer
arcs that are present in the curves for lower ¢ angles also appear here for both short
and long TOF transfers. However, for halos with an Az-amplitude equal to 8,000 km
and higher, the solutions that pass the Moon and reach ¢ = 45° at the lower lunar
altitudes tend to be less predictable. For long TOF transfers to 9,000-km and 10,000-

km Az halo orbits, the corrections process did not converge for arcs with low lunar pass
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Figure 4.7. Manifold insertion AV for short (solid) and long (dashed)
transfers to halo orbits between Az = 1,000 and 10,000 km; ¢ = 45°.

altitudes. A solution may exist with a lower AV, but a more sophisticated differential
corrections process or a more accurate initial estimate is required. When ¢ = 45°, the
minimum AV value ranges between 0.264 and 0.431 km/s. These minimums occur
on a short TOF transfer to all halo orbits except the transfer to a halo of amplitude
Az = 7,000 km. This result is evident in Figure 4.7. The lowest point on each curve
in Figure 4.7 represents the long or short transfer arc with the minimum insertion
cost to each halo orbit. Transfers corresponding to these minimums for both the short
and long TOF transfers are plotted in Figure 4.8. The short transfer arcs possess the
same general characteristics; however, the nature of the long TOF transfers changes
significantly when the halo amplitude exceeds 6,000 km (dark red). Beyond this
Az-amplitude, the solutions are clearly not tangent at the manifold insertion point
as seen in the zoomed-in view. Recall that, for the long transfers to halo orbits
of amplitude 9,000 km (gray) and 10,000 km (purple), the insertion point occurs

at an unusually high lunar altitude. Given the insertion condition, these transfers
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Figure 4.9. Manifold insertion AV for short (solid) and long (dashed)
transfers to halo orbits between Az = 1,000 and 10,000 km; ¢ = 60°.

are not as cost efficient as the transfers to other orbits, i.e., those that include a
manifold insertion point in closer lunar proximity. From the figure, it is also apparent
that these transfers to halos with greater out-of-plane components possess different
characteristics because the manifold insertion point occurs farther from the Moon.
Not only are the AV vectors less tangent to the manifold velocity at insertion, but the
times of flight are shorter than the more typical “long” transfers, which have times
of flight from LEO to the manifold insertion maneuver ranging between 15.89 and
16.66 days. The transfer to a halo orbit of amplitude Az = 10,000 km (purple), in
particular, with a AV that occurs at the highest lunar altitude for this entire set of
transfers, is actually quite short; the time of flight to the insertion maneuver is only
5.08 days.

Efficient transfers still remain available when ¢ = 60°. A summary of such transfer
arcs are plotted in Figure 4.9 where the AV is plotted as a function of lunar altitude

for an insertion angle of ¢ = 60°. Similar to the curves in Figure 4.7 for transfers
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with an insertion angle of 45 °, two distinct sets of curves in Figure 4.9 appear for the
short TOF transfers. For this set of parameters the curve clearly shifts up for transfers
to larger-amplitude halo orbits. Much of the same general behavior reappears here,
consistent with the previous results for other ¢ angles. Again, the trajectories to the
higher-Az halos follow a much less predictable curve. For the short TOF transfers,
the minimum costs in Figure 4.9 occur at or near the lowest lunar altitude. For the
short transfers to higher-amplitude halo orbits (Az = 9,000 km and Az = 10,000
km), the usual increase in cost as the lunar altitude continues to decrease beyond the
minimum AV location is not present. Overall, the minimum values for AV ranged
from 0.262 to 0.407 km/s and always occurred on a short TOF transfer. The short and
long TOF transfers corresponding to the minimum AV along each curve appear in
Figure 4.10. It is evident that both the short and long TOF transfers to halo orbits
of amplitude Az = 7,000 km (orange) and higher are not tangent to the velocity
along the manifold at the insertion point. This results in a visible difference in the
characteristics representative of both types of transfers. For the short TOF transfers,
all those transfer arcs to halo orbits below Az = 6,000 km (dark red) are growing
increasingly out-of-plane at a fairly regular rate. As the out-of-plane amplitude of the
halo orbit becomes larger than 6,000 km, a large gap appears in the transfer arcs and
the remaining transfers progress out-of-plane in a less predictable manner. For the
long TOF transfers, there are characteristic changes similar to those seen at previous
values of ¢. Long transfers to halo orbits smaller than Az = 6,000 km shift further
below the fundamental plane as the size of the halo orbit increases. As the size of the
halo orbit increases beyond Az = 6,000 km, the transfers no longer change noticeably
in the z-direction; instead, the transfers are generally smaller and progress outwards
in the z- and y-directions with a further increase in Az.

The insertion cost for transfers from an Earth parking orbit such that the manifold
insertion maneuver occurs at ¢ = 90°, are plotted in Figure 4.11 as a function of lunar
altitude at insertion. For the short TOF transfers to halo orbits such that Az = 5,000

km and lower, the behavior is similar to that for lower values of ¢. For halo orbits
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larger than this Az-amplitude, the AV maneuver value still falls to a minimum value
as the distance to the Moon decreases and is followed by a sharp increase as the
lunar altitude continues to decrease; however, the minimums for the various halo
orbits are spread over a much larger range. The long transfers for halo orbits with
Az = 8,000 km and lower also exhibit behavior similar to that seen for lower ¢
values. However, for transfers to halos with larger amplitudes, the characteristics
differ. Proceeding from the highest lunar altitude to the lowest for a halo orbit of
amplitude Az = 8,000 km, the maneuver cost associated with the transfers suddenly
decreases at around 11,000 km altitude. After this sharp decrease in the AV value,
the cost continues to decrease with decreasing lunar altitude. For long TOF transfers
to a halo orbit of Az = 9,000 km, again consider the curve in Figure 4.11 as lunar
altitude decreases. A decrease in cost is apparent when the insertion point occurs
closer than 11,000 km lunar altitude; however, the decrease is more severe. The AV

then increases slightly as the lunar altitude continues to decrease. The AV value
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Figure 4.11. Manifold insertion AV for short (solid) and long (dashed)
transfers to halo orbits between Az = 1,000 and 10,000 km; ¢ = 90°.
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decreases again to the minimum value at the lowest lunar altitude. For transfers to
the Az = 10,0000 km halo orbit, the curves of insertion AV as a function of lunar
altitude behave similarly, but the minimum value occurs at the first sharp drop near
11,000 km lunar altitude. Note that, near the lowest lunar altitudes, the curves appear
to be cut off. However, these solutions actually pass below the lunar surface and are,
therefore, not valid. It is likely that a AV curve with more typical behavior could
be determined for the transfer to a halo orbit of Az = 10,000 km, but additional
halo orbits along the family and more manifolds are required. For halo orbits with
Az values of 9,000 km and 10,000 km, the minimum AV transfer occurs on a long
TOF trajectory. For all other halo orbits, the minimum AV solution occurs on a
short transfer. Transfers to each halo orbit, corresponding to these minimum AV
short and long TOF transfers, appear in Figure 4.12. These transfers, both short and
long, possess no clear pattern unlike those at previous ¢ values; however, they do
appear to be bounded within their respective regions. Also, for this insertion location
(¢ = 90°), the long TOF transfers actually approach the manifold insertion point
with a velocity that is closer to tangential. The exception is the long TOF transfer to
a halo obit of amplitude Az = 10,000 km (purple). This is the transfer corresponding
to the sharp decrease in AV that appears in Figure 4.11. Similar to the transfer to the
same halo orbit (Az = 10,000 km) for ¢ = 45°, appearing in Figure 4.8, this transfer
also incorporates a manifold insertion point much farther from the Moon than the
transfers to halo orbits of other sizes. Also, the transfer to the Az = 10,000 km halo
orbit is not tangent at the insertion point and requires an abbreviated time of flight to
the manifold insertion location equal to only 5.56 days; both of these characteristics
are also reflected in the transfer using ¢ = 45°.

Results from Figures 4.3-4.12 are collected in Figures 4.13 and 4.14.  For each
insertion angle, ¢, the short and long TOF transfers that result in the minimum
insertion AV are summarized in terms of cost and lunar altitude at insertion. In
Figure 4.13, the short TOF transfer cost (AV') and its corresponding lunar altitude

are plotted as a function of halo orbit amplitude (Az) for each of the manifold insertion
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lowest cost manifold insertion AV for short transfers
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Figure 4.13. Upper plot includes minimum short transfer manifold
insertion cost (AV') versus halo orbit Az-amplitude for various inser-
tion angles, ¢. Lower plot includes the corresponding lunar altitude
at which the minimum AV occurs.

angles, ¢. Figure 4.14 contains the same information for the long TOF transfers. In
general, the minimum AV corresponding to each type of transfer increases with Az;
this increase is more evident in the short TOF transfers. For halo orbits with lower Az
values, that is, less than 7,000 km, the short TOF transfers possess lower minimum
AV for all insertion angles. Also, the insertion cost decreases as ¢ increases. So, a
90° insertion angle in combination with a short TOF transfer yields the lowest cost
for any trajectory that inserts into a halo orbit with an Az value less than 7,000
km. For Az-amplitude values of 7,000 km and higher, either the short or long TOF
transfer may possess a lower AV depending on the insertion angle and Az value. For
example, for ¢ = 90°, the AV for a short TOF transfer is only slightly lower than
that for a long TOF transfer to a 7,000-km Az halo orbit. But, above an amplitude
of Az = 7,000 km, the long TOF transfer to the halo orbit has an increasingly lower
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lowest cost manifold insertion AV for long transfers
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Figure 4.14. Upper plot includes minimum long transfer manifold
insertion cost (AV') versus halo orbit Az-amplitude for various inser-
tion angles, ¢. Lower plot includes the corresponding lunar altitude
at which the minimum AV occurs.

AV than the short transfer. However, for ¢ = 60°, the cost of the short TOF transfer
is lower for transfers to halos with all Az values.

The lunar altitude at which the long TOF transfer with minimum cost occurs re-
mains fairly consistent, with two exceptions, as the size of the halo orbit changes. For
the long TOF transfers, the lunar altitude remains nearly constant as Az-amplitude
increases and is often between 200 and 2,000 km depending on the insertion angle.
For the majority of the transfers in this study, a lower insertion angle corresponds
to a lower lunar altitude. The two exceptions occur for insertion angles of ¢ = 45°
and ¢ = 90°. Recall that when ¢ = 45°, the corrections process did not converge
for trajectories with very low lunar altitudes at halo amplitudes of 9,000 and 10,000
km; therefore, the minimum AV transfer is not in the same region as the other cases.
Also, when ¢ = 90°, a sharp change in the AV cost for the transfer to a 10,000-km

Az-amplitude halo (seen in Figure 4.11) is noted. This fact results in a minimum AV
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at a much higher altitude than previously observed. For the short TOF transfers, the
lunar altitude at which the minimum AV occurs is less consistent across all sizes, Az,
of halo orbits. The lunar altitudes corresponding to the minimum AV for the various
insertion angles initially have similar values at an Az-amplitude of 1,000 km. As the
amplitude of the halo orbit increases, the values of the lunar altitudes corresponding
to the minimum AV for the various ¢ angles differ. When the insertion angle ¢ = 0°,
the curve of AV versus halo size (Az) possesses a fairly consistent positive slope as
Az increases. When ¢ = 90°, there is a downward trend as Az increases to 6,000
km, then the altitude begins to increase again. When ¢ = 60 °; there is initially little
change in altitude as Az increases. Then, after the Az reaches 6,000 km, the lunar
altitude tends to decrease as Az continues to increase. The other two ¢ angles of
30° and 45° both increase and decrease intermittently as the size of the halo orbit

increases.
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5. Summary and Recommendations

The focus of this investigation is transfer trajectories departing from low Earth orbit
and arriving at orbits in the vicinity of L, that incorporate manifold insertion ma-
neuvers in close proximity to the Moon. Of particular interest is the impact of the
manifold insertion maneuver location on AV costs, specifically the effects of lunar al-
titude and the angle with respect to the Earth-Moon line. The analysis is conducted
for transfers to two types of orbits. Transfers to selected planar Lyapunov orbits are
examined, then the analysis is extended to include transfers to selected low-amplitude
three-dimensional halo orbits.

Planar transfers to selected Lyapunov orbits are considered initially. A differential
corrections process is formulated to compute the section of the transfer between the
Earth orbit and the manifold insertion point. The transfer is constrained to depart
tangentially from a circular low Earth orbit and arrive tangent to the manifold at
the insertion point. Various parameters, including the location of the point along
the Lyapunov orbit from which the manifold originates, the manifold insertion angle,
and the size of the libration point orbit, are varied to explore the solution space.
Two distinct types of transfers result corresponding to two sections of the Lyapunov
orbit; transfers with short times of flight and those with long transfer times. For
the planar transfers, the short time of flight trajectories always result in lower AV
when compared to the longer transfers. Other characteristics also result in lower AV
costs. Transfers with manifold insertion angles of 45° relative to the Earth-Moon
line generally possess lower AV compared to transfers with various other insertion
angles. Furthermore, the AV decreases as the lunar altitude corresponding to the
manifold insertion point decreases. The size of the Lyapunov orbit also affects the
manifold insertion cost. A larger orbit may result in a smaller AV for transfers

with insertion points at very low lunar altitudes; however, the increase in AV over a
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specified increase in lunar altitude is much larger compared to that for transfers to
smaller orbits. So, as the lunar altitude increases, transfers to smaller orbits result in
lower costs.

The analysis is then extended to three-dimensional transfers for delivery to selected
low-amplitude three-dimensional halo orbits. Much of the same methodology that
applies to the planar transfers is incorporated into the three-dimensional analysis;
however, one important difference emerges. To further expand the solution space, the
transfer trajectories are no longer constrained to arrive tangentially at the manifold
insertion point. Consistent with the planar cases, these three-dimensional transfers
also fall into the two general categories of short and long times of flight, depending on
the origin of the connecting manifolds along the halo orbit. Although the solutions
for these transfers are less predictable since both the halo orbits and transfers proceed
out-of-plane, there are still some general features of the behavior. Of note, is that the
long time of flight transfer with the lowest computed AV to a particular halo orbit
tends to occur at the lowest lunar altitude; however, the cost corresponding to a short
time of flight transfer decreases with lunar altitude until a certain altitude is reached,
then increases again as lunar altitude continues to decrease. Also, the required AV
for any particular transfer tends to increase as the out-of-plane amplitude of the halo
orbit increases. For transfers to halo orbits with Az-amplitudes below 7,000 km,
short transfers with a manifold insertion angle of 90 degrees tend to possess lower
AV costs. Lower maneuver costs for transfers to halo orbits with Az-amplitudes at
or above 7,000 km occur for either short or long transfers depending on the specific
parameters associated with the transfer.

From the basic structure of the solutions in this study, additional development
could be very beneficial. For instance, rough grid searches are used to generate ini-
tial AV estimates for the transfers; then, the solution is determined using a basic
differential corrector. It may be useful to implement a more sophisticated differential
corrections process incorporating the solutions calculated in this study as a first esti-

mate. Now that there is a better understanding of the surface these solutions create,
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it may also be possible to identify different families of solutions. Furthermore, there is
no attempt to determine an optimal solution. The goal for this study is the generation
of initial guesses for processes such as optimization. Using the results of this analysis
in an optimization scheme is a reasonable ‘next step’ in further development of the
methodology. For applications, a higher fidelity ephemeris model is also necessary.
Thus, from this initial analysis, transfers from low Earth orbit to L, and L, libration

point orbits can be designed with explicit exploitation of lunar proximity.
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A. Constants

The following constants and characteristic values are used for computation throughout
the analysis:
Radius of the Earth: Rge . = Re = Rp, = 6378.14 km
Radius of the Moon: Rjyjoon = Rp, = 1738.2 km
(assumed minimum safe altitude for lunar pass is 10 km)
3-body Earth-Moon system nondimensional mass parameter: p = 0.01215057143
Earth-Moon system characteristic length: [* = 384388 km
Earth-Moon system characteristic time: ¢t* = 377239.8364 sec = 4.36620181 days
Earth-Moon system characteristic mass: m* = 6.0468 x 10% kg

Manifold offset distance: d = 50 km
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B. Initial Conditions for Short Transfers

In the following tables of initial conditions, manifolds are identified by the point on
the orbit from which they were propagated using an offset distance of d = 50 km
in the direction of the corresponding eigenvector. There are 5,000 points spaced
equally in time about each orbit. Point 1 occurs at the xz-plane crossing in the
negative y-direction and the points proceed in a clockwise manner about the orbit.
Also, all initial conditions are given in dimensional Earth-centered rotating frame

coordinates.
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C. Initial Conditions for Long Transfers

In the following tables of initial conditions, manifolds are identified by the point on
the orbit from which they were propagated using an offset distance of d = 50 km in
the direction of the corresponding eigenvector. There are 5,000 points spaced equally
in time about each orbit. Point 1 occurs at the zz-plane crossing in the negative
y-direction and the points proceed in a clockwise manner about the orbit. Also, all

initial conditions are given in dimensional Earth-centered rotating frame coordinates.
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