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ABSTRACT

The recent and upcoming increase in spaceflight missions to the lunar vicinity necessi-

tates methodologies to enable operations beyond the Earth. In particular, there is a pressing

need for a Space Domain Awareness (SDA) and Space Situational Awareness (SSA) architec-

ture that encompasses the realm of space beyond the sub-geosynchronous region to sustain

humanity’s long-term presence in that region. Naturally, the large distances in the cislunar

domain restrict access rapid and economical access from the Earth. In addition, due to the

long ranges and inconsistent visibility, the volume contained within the orbit of the Moon is

inadequately observed from Earth-based instruments. As such, space-based assets to supple-

ment ground-based infrastructure are required. The need for space-based assets to support

a sustained presence is further complicated by the challenging dynamics that manifest in

cislunar space. Multi-body dynamical models are necessary to sufficiently model and predict

the motion of any objects that operate in the space between the Earth and the Moon. The

current work seeks to address these challenges in dynamical modeling and cislunar accessi-

bility via the exploration of resonant orbits. These types of orbits, that are commensurate

with the lunar sidereal period, are constructed in the Earth-Moon Circular Restricted Three-

Body Problem (CR3BP) and validated in the Higher-Fidelity Ephemeris Model (HFEM).

The expansive geometries and energy options supplied by the orbits are favorable for achiev-

ing recurring access between the Earth and the lunar vicinity. Sample orbits in prograde

resonance are explored to accommodate circumlunar access from underlying cislunar orbit

structures via Poincaré mapping techniques. Orbits in retrograde resonance, due to their

operational stability, are employed in the design of space-based observer constellations that

naturally maintain their relative configuration over successive revolutions. Sidereal reso-

nant orbits that are additionally commensurate with the lunar synodic period are identified.

Such orbits, along with possessing geometries inherent to sidereal resonant behavior, ex-

hibit periodic alignments with respect to the Sun in the Earth-Moon rotating frame. This

characteristic renders the orbits suitable for hosting space-based sensors that, in addition to

naturally avoiding eclipses, maintain visual custody of targets in the cislunar domain. For

orbits that are not eclipse-favorable, a penumbra-avoidance path constraint is implemented
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to compute baseline trajectories that avoid Earth and Moon eclipse events. Constellations

of observers in both sidereal and sidereal-synodic resonant orbits are designed for cislunar

SSA applications. Sample trajectories are assessed for the visibility of various targets in the

cislunar volume, and connectivity relative to zones of interest in Earth-Moon plane. The

sample constellations and observer trajectories demonstrate the utility of resonant orbits for

various applications to sustain operations in cislunar space.
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1. INTRODUCTION

Over the past few decades, humanity has maintained a constant and sizable presence in the

near-Earth orbital realm. Naturally, in pushing the technological and scientific boundaries,

cislunar space is poised to become the next step for a sustained human presence in space.

National Aeronautics and Space Administration (NASA), as well as space agencies across the

globe, are eyeing a return specifically to the lunar vicinity. Recently completed missions in-

clude NASA’s Artemis I mission that transited out to the vicinity of the Moon, into a Distant

Retrograde Orbit (DRO), and back to the Earth, successfully testing the Orion spacecraft

and the Space Launch System (SLS) rocket [  1 ]. The Indian Space Research Organization

(ISRO) successfully landed the Chandrayaan-3 mission on the lunar south pole, demonstrat-

ing roving capabilities as well as conducting in-situ experiments to further understand the

composition of the Moon [ 2 ]. In January 2024, the JAXA Smart Lander for Investigating

Moon (SLIM) demonstrated successful lunar landing as well, making Japan the fifth coun-

try to soft-land on the Moon [ 3 ]. Looking ahead, beginning September 2025, additional

missions within NASA’s Artemis program are expected to demonstrate crewed lunar flybys

and lunar landings. In addition to lunar landers, missions are currently in development for

operation in libration point orbits near the Moon. NASA’s Lunar Gateway will operate in

an L2 Near Rectilinear Halo Orbit (NRHO) to enable access to the lunar surface, Mars, and

beyond [  4 ]. The Oracle spacecraft program, previously termed the Cislunar Highway Patrol

System (CHPS), is currently in development by the Air Force Research Laboratory (AFRL)

in collaboration with Advanced Space for launch in 2027 [  5 ]. The aim of this program is

to obtain and maintain custody of cislunar objects, along with assessing the capabilities of

current navigation techniques and processing algorithms in this domain.

In addition to governmental endeavors, propelled by NASA’s Commercial Lunar Payload

Services (CLPS) program, several commercially-backed missions to the lunar surface are

planned for launch within the next decade. The overarching goal of the program is to

“advance capabilities for science, exploration or commercial development of the Moon” [  6 ].

To that end, Astrobotic Technology was contracted to land its Peregrine lander, and to

deliver the VIPER rover aboard its Griffin lunar lander in 2023 and 2024 respectively. While
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the Peregrine Mission One suffered a propulsion anomaly that inhibited lunar landing, the

Griffin lander is on track for the planned late-2024 launch [ 7 ]. Other contractors include

Intuitive Machines, that recently became the first commercial-sector company to demonstrate

soft-landing on the lunar surface with their Nova-C class lunar lander, Odysseus. Also a

part of CLPS are Firefly Aerospace’s Blue Ghost Missions 1 and 2, targeting landings in the

northern lunar hemisphere and the lunar far-side, respectively [  6 ].

This anticipated increase in the number of commercial and governmental assets beyond

GEO necessitates regulation and constant monitoring of objects in space, similar to the Space

Domain Awareness (SDA) and Space Situational Awareness (SSA) architectures currently

in place in the sub-GEO regime. The United States Space Force (USSF) defines SDA as

the “timely, relevant, and actionable understanding of the operational environment that

allows military forces to plan, integrate, execute, and assess space operations” [  8 ]. SSA is

a subset of SDA and is defined as the foundational, current, and predictive knowledge and

characterization of space objects and space domain [ 8 ]. The sources of knowledge in the

space domain may be combinations of radar and/or optical sensors that are tasked with

detecting, tracking, and identifying objects in space. To operate such sensors, two classes of

trajectories that allow access in space are identified as being necessary [  9 ]:

• Lines of Communication (LOCs): trajectories along which assets traverse space, or

that connect them with bases of operations. In the context of cislunar space, LOCs in-

clude spacecraft recovery trajectories, or transfer pathways from the geocentric regime

to the cislunar realm.

• Key Orbital Trajectories (KOTs): orbits from which a spacecraft can support

users, collect information, or interface with other spacecraft. These may be inertial, i.e.,

defined relative to a celestial body, or orbital, i.e., defined relative to other trajectories.

However, a major challenge inherent to designing and operating spacecraft in these trajecto-

ries in cislunar space is the non-negligible gravitational influence of the Moon and the Sun

as compared to the Earth. The resulting complex dynamical environment is not sufficiently

modeled by Earth (or Moon) Keplerian dynamics. As such, a three-body dynamical model

that better reflects the complex behavior of trajectories in cislunar space is necessary.
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With the advent of technological improvements and computational capabilities, novel

techniques in trajectory design are available to support human spaceflight goals. Within

multi-body dynamical models, a class of trajectories that are recently being adopted for

spaceflight include resonant orbits. Conceptually, resonant orbits and their invariant man-

ifolds are familiar in the design of significantly low-cost and unusual trajectories in several

planet-moon systems [ 10 ]. The inherent stability of some resonant orbits is understood

for long-term mission design, while the intrinsically unstable trajectories are leveraged for

application towards transfer trajectory design for low propellant usage. For applications

in cislunar space, resonant orbits naturally remain phased with the lunar orbit while also

traversing across various different areas within cislunar space. In addition, such orbits are

also part of the network of trajectories that link the lunar vicinity with the near-Earth re-

gion. The availability of natural dynamical structures in the vicinity of these orbits broadens

the solution space of trajectories and also yields local coverage. Tools from dynamical sys-

tems theory are also available to characterize the flow associated with the orbits to build an

understanding of the complex cislunar dynamical regime.

1.1 Previous Contributions

1.1.1 Multi-Body Dynamics

The publication of Astronomia Nova by Johannes Kepler in 1609, in which he derived

the three laws of planetary motion using empirical methods, cemented his legacy in celestial

mechanics [ 11 ]. Since the laws were purely empirical, they did not offer a physical rationale

to support the resulting behavior. Only in 1687, when Isaac Newton derived the inverse

square force law, Kepler’s laws were confirmed to be a consequence of the natural force

of gravitation [  12 ]. In his publication, Newton also formulated his three laws of motion,

which have, coupled with the universal law of gravitation, shaped the current understanding

of the mechanics of the universe. Unsuccessfully, Newton also attempted to solve the N -

body problem, later pursued by Leonhard Euler in 1772. Euler formulated the three-body

problem, formulating the motion of three planetary bodies in a rotating coordinate frame [  13 ].

Joseph-Louis Lagrange, in the same year, computed equilibrium solutions in the three-body
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model, contributing additional insight into the problem. In 1836, Carl Gustav Jacob Jacobi

demonstrated that combining the conservation of energy and angular momentum renders an

integral of motion, termed the Jacobi integral [  13 ]. In 1893, then, Henri Poincaré termed the

three-body problem restricted, and offered a qualitative assessment of the problem. The work

by Poincaré forms the basis of chaos theory and the theory of dynamical systems. In 1881,

Poincaré introduced Poincaré mapping as a tool for the visualization of complex dynamical

behaviour [  13 ]. Due to the lack of technological capabilities until the 20th century, the

methods presented by Poincaré are only recently being adopted for solar system applications.

1.1.2 Resonant Orbits

The phenomenon of orbital resonance is well observed in the solar system and has long

been used to explain trends in seemingly chaotic behavior [ 14 ], [  15 ]. Specifically, the orbits

of comets in resonance with Jupiter are validated via resonance and associated transitions

[ 16 ], [  17 ]. In 1997, Belbruno and Marsden discussed the motion of short-period comets un-

der the effect of resonance, illustrating the temporary capture of the 3:2 and 2:3 resonant

comets around Jupiter [ 18 ]. In 2000, Koon, et al. theoretically demonstrated the role of

invariant manifolds in the low energy, planar resonant transfers and capture mechanisms

for the Jupiter family of comets [  19 ]. In 2001, Howell, Marchand, and Lo numerically con-

firmed those results and extended the analysis to spatial transfers [  20 ]. In 2010, Vaquero

employed Poincaré sections and dynamical systems techniques in understanding the rela-

tionships between the invariant manifolds of the 3 : 4 and 5 : 6 unstable resonant orbits in the

Jupiter-Europa system [ 21 ]. Vaquero, in 2013, also demonstrated the role of resonant orbits

in the design of planar and spatial transfer scenarios, along with cataloging resonant orbits

in the Saturn-Titan system [  22 ]. In 2018, Vutukuri employed resonances as transfer tools in

the design of trajectories between non-resonant, stable periodic orbits [  23 ]. Canales et al.,

in 2022, explore resonant orbits in the Mars-Deimos system as options for science orbits for

the exploration of both the martian moons [  24 ].
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1.1.3 Cislunar Space Situational Awareness

The problem of cislunar Space Situational Awareness (SSA), and specifically, the design

of trajectories in its support, is relatively new. Addressing the challenges associated with

complex cislunar dynamics and the need for sensors that can traverse the expanse of cis-

lunar space, several authors have investigated the applicability of libration point orbits for

obtaining observations near the lunar vicinity. Vendl and Holzinger demonstrated the ef-

fectiveness of retrograde orbits in synodic resonance for cislunar object tracking [  25 ]. Frueh

et al. discuss the visibility of space objects in various CR3BP periodic orbits as observed

from ground-based optical sensors [  26 ]. Cislunar orbit determination leveraging space-based

optical sensors is demonstrated by Thompson et al. for various observer-target orbit com-

binations [ 27 ]. In 2022, Dahlke et al. demonstrate the surveillance of targets in L2 and L3

Lyapunov orbits via sensors placed in various “touring orbits” in the CR3BP [  28 ]. Leverag-

ing the Bicircular Restricted Four-Body Problem (BCR4BP), Bhadauria et al. parameterize

visibility conditions as a function of time to determine the general visibility conditions [ 29 ].

Fowler and Paley apply numerical observability techniques to compute sets of observer-

target pairings for cislunar SSA [  30 ]. More recently, LeGrand et al. and Iannamorelli et

al. demonstrate cislunar tracking considering target visibility in various L2 halo orbits and

maneuvering trajectories, respectively [  31 ], [  32 ].

1.2 Scope of the Present Work

Building upon existing literature and recognizing the current needs, the primary goal of

the present work is the exploration of resonant orbits to sustain cislunar operations. The

challenging dynamics inherent to the cislunar regime are addressed by leveraging dynamical

models that more realistically model the motion of bodies in this space. As such, the Cir-

cular Restricted Three-Body Problem (CR3BP) and the Higher-Fidelity Ephemeris Model

(HFEM) are employed in the construction and validation of trajectories that aid in the long-

term sustenance of cislunar operations. Specifically, this investigation seeks to meet the

following research objectives:
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1. Construct and catalog Earth-Moon resonant orbits

Orbits with periods commensurate with the lunar sidereal period are constructed in

the Earth-Moon CR3BP. Families of planar and spatial resonant orbits corresponding

to various resonance ratios are introduced. From these families, options for orbits that

provide periodically repeating geometries relative to the Earth, Moon, and the Sun are

identified.

2. Demonstrate the utility of resonant orbits for access within cislunar space

Resonant orbits are explored as options for recurring access between the Earth and the

Moon. The applicability of proposed trajectories is demonstrated in both the CR3BP

and the HFEM models. Poincaré mapping techniques from dynamical systems theory

are employed to construct orbit chains that allow dictated excursions from the bound-

ing periodic orbit geometry. The impact of eclipse events on the trajectories is assessed,

and methods to construct eclipse-feasible baseline trajectories are implemented.

3. Design and assess trajectories for cislunar surveillance applications via met-

rics for visibility and connectivity

The utility of sidereal resonant orbits is demonstrated for applications towards con-

nectivity and coverage in cislunar space. Orbits exhibiting sidereal-synodic overlap

demonstrate flexibility with regards to illumination and visibility conditions. Orbits

for single observers as well as constellations of multiple space-based observers are de-

signed and assessed in the CR3BP and HFEM.

The methodologies and analyses discussed in the current work facilitate in building an un-

derstanding of the complex dynamics that manifest within the volume of cislunar space. The

work presented in this document is organized into the following chapters:

 Chapter 2: Dynamical Models 

In this chapter, the general N -body model is introduced, followed by simplifica-

tions that reduce the model to the cases of two and three bodies. The Circular

Restricted Three-Body Problem (CR3BP) is then introduced as the primary dy-

namical model for the current work. The relevant assumptions, equations of
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motion, and the mathematical framework for the model are detailed. Equilib-

rium solutions and zero velocity curves in the CR3BP are then presented within

the context of the Earth-Moon system. The Higher-Fidelity Ephemeris Model

(HFEM) is introduced for validating trajectories constructed in the CR3BP in a

higher-fidelity dynamical environment. Finally, coordinate transformations be-

tween the inertial and rotating CR3BP frames are derived.

 Chapter 3: Trajectory Construction via Numerical Methods  

This chapter introduces various approaches and techniques that are generally

employed in the numerical construction of periodic orbits in the CR3BP. The

state transition matrix is introduced, and the information offered by the matrix

is utilized in the development of differential corrections schemes. The general

formulation for single and multiple shooting algorithms is detailed and employed

in the construction of periodic orbits in the CR3BP. Methodologies for gener-

ating families of periodic orbits are then discussed. The concept of stability of

periodic orbits is detailed, followed by the different types of bifurcations in the

CR3BP. Finally, invariant manifolds for periodic orbits are detailed, and Poincaré

maps are introduced to aid the visualization of the complex dynamical motion

associated with the orbits.

 Chapter 4: Resonant Orbits  

This chapter introduces the concept of resonance, with emphasis on orbital reso-

nance. Resonant orbits in the two-body model are derived and visualized in both

the inertial and the rotating frames. The concepts of interior and exterior reso-

nances, as well as sidereal and synodic periods, are discussed. The methodology

of translating the initial conditions corresponding to two-body resonant orbits

into resonant orbits in the CR3BP is discussed. Families of sidereal resonant or-

bits corresponding to various resonance ratios and their associated geometries are

presented. Spatial resonant orbit families emanating from planar resonant orbits

in the Earth-Moon system are generated as well. Finally, sidereal resonant orbits
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pertaining to different resonance ratios that are additionally commensurate with

the lunar synodic period are identified.

 Chapter 5: Computation of Resonant Trajectories for Repeating Earth-

Moon Access 

This chapter introduces methodologies for the construction of trajectories that

yield repeating access between the neighborhoods of the Earth and the Moon.

Families of retrograde and prograde 2 : 1 sidereal resonant orbits are explored for

applications towards cislunar connectivity, but the methodologies are expandable

to other orbits as well. Access between the geosynchronous region and the Moon

is demonstrated via these orbits in both the CR3BP and HFEM. Orbits from the

prograde family are analyzed via Poincaré maps to expand access to the lunar

far-side. Orbits from the retrograde family are employed in the construction of

space-based sensor constellations to aid surveillance of the cislunar volume. Fi-

nally, techniques to detect and mitigate eclipse events are detailed to assess and

improve the operational feasibility of the proposed trajectories.

 Chapter 6: Constellations for Visibility and Connectivity in Cislunar

Space 

Metrics for assessing the utility of cislunar trajectories for visibility and connec-

tivity in this regime are introduced. Visibility criteria that are introduced include

line-of-sight availability, observed visual magnitude, and orientation relative to

solar, Earth, and lunar exclusion zones. Fixed target locations near the Moon,

as well as targets dispersed across the cislunar volume, are introduced and eval-

uated as viewed from candidate observer orbits. Additionally, leveraging known

periodic solutions in the Earth-Moon CR3BP, targets operating in cislunar orbits

are evaluated. Constellations that comprise of observers operating in sidereal and

synodic resonant orbits are constructed and evaluated for cislunar applications

in the Earth-Moon CR3BP and the Earth-Moon-Sun-Jupiter HFEM.

 Chapter 7: Concluding Remarks 

This chapter offers some concluding remarks based on the current work. The
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efficacy of resonant orbits for cislunar trajectory design is summarized, along

with their utility for SSA applications. Finally, recommendations for future

work in the investigation of resonant orbits and cislunar SSA are suggested.
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2. DYNAMICAL MODELS

The general scenario for an N -body problem is introduced, serving as the basis for the

derivation of subsequent dynamical models. The dynamical models that are relevant to

this investigation begin with the two-body dynamical model. Next, increasing the order

of fidelity, is the Circular Restricted Three-Body Problem (CR3BP) that incorporates the

gravitational influence of two bodies on a spacecraft, capturing the dynamical behavior that

is not adequately represented by standard Keplerian motion. Finally, the Higher-Fidelity

Ephemeris Model (HFEM) increases the fidelity of dynamical modeling by incorporating the

gravity of additional celestial bodies and their true ephemerides at any given epoch.

2.1 The N -Body Problem

The N -body problem is the most general model employed in celestial mechanics to il-

lustrate the interaction of bodies under their mutual gravitational attraction. Due to their

generally spherical shapes and the large relative distances, the bodies are modeled as point-

mass particles. Each body, denoted Pi, is assumed to be under the gravitational influence

of the remaining N − 1 bodies that together comprise the N -body system. Let the non-

negligible mass of each body be represented as Mi. An inertial frame is defined by the

dextral orthonormal triad {X̂, Ŷ , Ẑ} and centered on an inertially-fixed point, denoted O,

that locates each celestial body in space. Figure  2.1 illustrates the inertial frame, where

the quantity Ri represents the 3-dimensional position vector from point O to the respec-

tive body Pi. Applying Newton’s second law and incorporating the universal gravity as the

force model, the vector equation describing the motion of body Pi under the gravitational

influence of the other bodies in the system is,

MiR
′′
i = −G̃

N∑
j=1
j 6=i

MiMj

R3
ji

Rji (2.1)

where the relative position vector for Pi with respect to Pj is Rji = Ri − Rj, and G̃ ≈

6.674×10−20 km3 kg−1 s−2 is the universal gravitational constant. Note that bold characters
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denote vector quantities, and primes indicate the derivative with respect to dimensional time,

represented as T . The N -body problem is reformulated to produce a representation of the

motion for each Pi relative to a body, e.g., a central body Pq, under the gravitational influence

of the N − 1 bodies in the system. The resulting vector equation of motion is,

R′′
qi + G̃

(Mi +Mq)
R3

qi

Rqi︸ ︷︷ ︸
dominant

= G̃
N∑

j=1
j 6=i,q

Mj

(
Rij

R3
ij︸︷︷︸

direct

− Rqj

R3
qj︸ ︷︷ ︸

indirect

)
(2.2)

The second term on the left side of Equation ( 2.2 ), denoted the ‘dominant’ term, reflects

the gravitational acceleration of Pi due solely to the central body Pq. While it is termed

dominant as a consequence of the formulation of the relative equations of motion, the term

is, by no means, always the term with the largest magnitude or gravitational impact on the

motion of Pi. The term denoted ‘direct’ on the right side of Equation ( 2.2 ) encompasses the

gravitational influence of the other N − 2 bodies on Pi, from which the gravitational forces

of those bodies on Pq are subtracted via the term denoted ‘indirect’. Together, the direct

and indirect terms signify the perturbing accelerations on Pi due to the bodies that comprise

the N -body system.

Figure 2.1. Inertial frame representation of the N -body system.
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For each particle in the N -body system, the vector second-order differential equation in

Equation (  2.1 ) is easily rewritten as six scalar first-order differential equations. In total, then,

there are 6N coupled scalar nonlinear differential equations that govern the translational

dynamics of the system. Thus, an analytical solution requires 6N integrals of motion.

Only ten scalar constants are currently known: six that arise from conservation of linear

momentum, three from conservation of angular momentum, and one from the conservation

of energy. As such, the general N -body problem does not possess a closed-form analytical

solution. Nonetheless, leveraging the reformulation of Equation ( 2.1 ) into Equation (  2.2 ),

some specific cases of spacecraft motion arise that lay the groundwork for trajectory design.

2.2 The Two-Body Problem

The reformulation of the general N -body equations of motion in Equation (  2.1 ) into

the relative motion case in Equation (  2.2 ) leads to the convenient modeling of spacecraft

dynamics under the well-studied Keplerian motion. By setting the value of N = 2 in

Equation (  2.2 ), all the perturbing accelerations (direct and indirect terms) are zero, reducing

the problem to a single second-order vector differential equation, that is,

R′′
qi + G̃

(Mi +Mq)
R3

qi

Rqi = 0 (2.3)

Furthermore, for modeling the motion of a spacecraft relative to a celestial body (e.g., the

Earth), it is rightfully assumed that the mass of the spacecraft, Mi, is infinitesimal relative

to the mass of the celestial central body, Mq. As such, for this two-body case, the standard

gravitational parameter, µ̃, is approximated as µ̃ = G̃(Mi + Mq) ≈ G̃Mq. The resulting

equation of relative motion for the two-body case is then,

R′′
qi + µ̃

R3
qi

Rqi = 0 (2.4)

The relative formulation of the vector equation of motion conveniently reduces the problem

to six first-order scalar differential equations that require six integrals of the motion for a

solution. As such, there exists a closed-form analytical solution that governs the relative
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motion of two bodies, a result that has led to decades of applications in trajectory design.

For systems of more than two bodies (N > 2), however, the relative equation does not

possess a closed-form analytical solution. This fundamental limitation is a significant aspect

behind the current research focus in multi-body dynamics.

2.3 The Circular Restricted Three-Body Problem

To increase the fidelity of the dynamical modeling, the natural next step is the exam-

ination of a scenario where N = 3. Such a dynamical system is employed to model the

motion of a spacecraft under the gravitational influence of a planet-moon or a Sun-planet

pair. However, the increase in the fidelity of dynamical modeling is accompanied by an

increase in the complexity of the problem. The general three-body problem is formulated by

considering the motion of three bodies, Pi, of mass Mi for i = 1, 2, 3. Equation ( 2.1 ) is then

rewritten for only three bodies as,

M3R
′′
3 = −G̃M3M1

R3
13

R13 − G̃
M3M2

R3
23

R23 (2.5)

The solution for Equation ( 2.5 ) requires knowledge of the relative position vectors R13 and

R23. These position vectors are not available since P1 and P2 are influenced by the motion

of P3 and its instantaneous position. Solving for all three position vectors simultaneously

requires 18 integrals of motion; only 10 constants of the motion are available. However,

recall from the two-body problem that reformulation of the differential equation into relative

motion affords additional insight and yields an analytical solution. Repeating the process

for the case of three bodies, the relative motion of P3 with respect to both P1 and P2 is given

as,

R′′
13 + G̃

M1 +M3

R3
13

R13 = G̃M2

(
R32

R3
32

− R12

R3
12

)
(2.6)

R′′
23 + G̃

M2 +M3

R3
23

R23 = G̃M1

(
R31

R3
31

− R21

R3
21

)
(2.7)
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This formulation results in two second-order vector differential equations, that, together,

serve as the dynamical model for the time history governing R13 and R23. However, the

analytical solution is unavailable since this formulation still requires 12 integrals of the

motion. Although the problem does not possess a closed-form analytical solution, insight is

gained by introducing some simplifying assumptions to render the problem more tractable.

The following simplifications and assumptions originate with a general three-body problem

and yield a formulation of the three-body model that is termed the Circular Restricted

Three-Body Problem (CR3BP).

2.3.1 Simplifying Assumptions

The CR3BP is a stepping stone in orbital mechanics that builds upon insights from the

two-body model while incorporating some of the complexities of the N -body model. The

three bodies that comprise the system are P1 and P2, labeled the primaries, and the third

body, denoted P3, that may represent a spacecraft or a smaller celestial body. Assuming

that the motion of P3 under the gravitational influence of the other two bodies is of interest,

the following assumptions are introduced into the general three-body problem:

• The mass of P3 is infinitesimal relative to the masses of P1 and P2, such that M3 <<

M2 ≤ M1. This relationship is a reasonable assumption when modeling the motion of

a spacecraft under the influence of a set of larger primaries, for instance, a planet and

a moon. This assumption implies that P3 does not influence the motion of the two

primaries. Additionally, as remains true, the internal mass distributions of all bodies

are such that they are modeled as point masses.

• Being independent of P3, the motion of the primaries is modeled as an isolated two-

body system. The solution of the system is known to be a conic. In the systems of

interest, the behavior of the primary system is a closed planar conic orbit.

• The primaries P1 and P2 move on circular orbits about their mutual barycenter. The

mutual plane of motion of the two primaries is fixed. However, P3 is free to move in

any spatial dimension.
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The simplified model resulting from these assumptions is illustrated in Figure  2.2 . The

model is formulated in a reference frame that rotates with the motion of the primaries and

is centered on their mutual barycenter, denoted B. This rotating frame is denoted R and is

represented by the dextral orthonormal triad {x̂, ŷ, ẑ}, where the two primaries lie along the

x̂-axis. This rotating frame is oriented relative to an arbitrary inertial frame, denoted I and

represented by {X̂, Ŷ , Ẑ} such that the angle θ is measured in the plane of motion of the

primaries, as indicated in Figure  2.2 . The rate of change of θ, i.e., θ′, represents the angular

velocity of the primary system, that is constant for the circular orbits of the primaries. This

rate is also equal to the mean motion for the orbits of the primaries.

Figure 2.2. Representation of the rotating, {x̂, ŷ, ẑ}, and inertial frames
{X̂, Ŷ , Ẑ} in the CR3BP model.

2.3.2 Derivation of the Equations of Motion

To construct a generalized formulation that is agnostic to the bodies in the system,

and to minimize truncation and round-off errors resulting from numerical integration, it

is convenient to nondimensionalize the equations of motion associated with the CR3BP.

To nondimensionalize, the following characteristic quantities are first identified: l∗, m∗,

t∗, that are termed the characteristic length, characteristic mass, and characteristic time,
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respectively. The characteristic length is simply the mean distance between the two primaries

and is given as,

l∗ = R1 +R2 (2.8)

which is equal to the dimensional value of the distance between the primaries. Similarly, the

characteristic mass is the sum of the masses of the primaries, i.e.,

m∗ = M1 +M2 (2.9)

Finally, the characteristic time is selected such that the nondimensional mean motion of the

system is equal to unity. The dimensional mean motion of the system is,

N =
√
G̃m∗

l∗3 (2.10)

where G̃ represents the dimensional value of the universal gravitational constant. By defining

the characteristic time quantity as,

t∗ =
√

l∗3

G̃m∗
(2.11)

the nondimensional mean motion is evaluated as,

n = N · t∗ =
√
G̃m∗

l∗3 ·
√

l∗3

G̃m∗
= 1 (2.12)

In general, the dimensional values associated position, velocity, and time may be nondimen-

sionalized such that,

ri = Ri

l∗
(2.13)

vi = V i · t∗

l∗
(2.14)

t = T

t∗
(2.15)
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It is also useful to introduce the CR3BP mass parameter, denoted µ, that is defined as a

function of the masses of the primaries,

µ = M2

M1 +M2
= M2

m∗ (2.16)

For the Earth-Moon CR3BP system in this investigation, the value of this parameter is

equal to µ = 0.0121505842699404. Together with the characteristic quantities, the mass

ratio provides insight into the physical scale of the CR3BP system. Given the definition of

the mass ratio, the nondimensional masses of the primaries, denoted m̆i, are expressed as,

m̆1 = M1

m∗ = 1 − µ (2.17)

m̆2 = M2

m∗ = µ (2.18)

Using the standard definition for locating the center of mass of a system, it is straightforward

to locate the system barycenter, B, as well as the primaries, along the x̂-axis in the CR3BP

rotating frame. In general,

RB =
∑i=N

i=1 MiRi∑i=N
i=1 Mi

(2.19)

For the CR3BP primary system, the location of the center of mass as viewed from P1 is,

RB = M1 ·R1 +M2 ·R2

M1 +M2
(2.20)

⇒ R1 = M1 · 0 +M2 · l∗

m∗ (2.21)

⇒ r1l
∗ = µ ·m∗ · l∗

m∗ (2.22)

⇒ r1 = µ (2.23)

Since the nondimensional distance between the primaries is equal to unity, the location of

P2 from the barycenter is, thus, equal to r2 = 1−µ. Since the primaries lie along the x̂-axis,
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the nondimensional position vectors for the two primaries, expressed in the rotating frame,

are defined,

rP1 = [−µ, 0, 0]T (2.24)

rP2 = [1 − µ, 0, 0]T (2.25)

Let the nondimensional position vector, r, locate the spacecraft, denoted P3 in Figure  2.2 ,

where the subscript is removed for brevity. In the rotating frame, this vector is defined as,

r = xx̂ + yŷ + zẑ (2.26)

Relative to the primaries, the position of the spacecraft is then expressed in rotating coor-

dinates as,

r13 = (x+ µ)x̂ + yŷ + zẑ (2.27)

r23 = (x− 1 + µ)x̂ + yŷ + zẑ (2.28)

Recall that Equation ( 2.5 ) yields a dimensional expression for the general motion of P3

in terms of the masses of the primaries and the relative position vectors. Given the first

assumption in the CR3BP, that is, M3 << M1,M2, Equation (  2.5 ) reduces to,

R′′ = −G̃M1

R3
13

R13 − G̃
M2

R3
23

R23 (2.29)

where, again, R represents the position vector of P3 relative to the barycenter. To nondi-

mensionalize this equation, use the characteristic quantities to yield,

I d2r

dt2

(
l∗

t∗2

)
= −G̃(1 − µ)m∗

r3
13 · l∗3 r13l

∗ − G̃
µm∗

r3
23 · l∗3 r23l

∗ (2.30)
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Canceling the l∗ terms and substituting the value of t∗2 from Equation (  2.11 ),

I r̈ = −G̃(1 − µ)m∗r13

r3
13 · l∗3

(
l∗3

G̃m∗

)
− G̃

µm∗r23

r3
23 · l∗3

(
l∗3

G̃m∗

)
(2.31)

I r̈ = −1 − µ

r13
r13 − µ

r23
r23 (2.32)

where the dots indicate the derivative with respect to nondimensional time, t. It is noted

that Equation ( 2.32 ) includes the derivatives of the position of P3 with respect to an inertial

observer; for a set of differential equations in the rotating frame, further transformations

are required. The Basic Kinematic Equation (BKE) is leveraged to rewrite the derivatives

in rotating coordinates. Recall that the angular velocity of the CR3BP rotating frame, R,

relative to an inertial frame, I, is simply equal to the nondimensional mean motion of the

system and is expressed as,

IωR = nẑ (2.33)

Leveraging this quantity, the position vector of the spacecraft, expressed in rotating coordi-

nates as given in Equation ( 2.26 ), is differentiated with respect to nondimensional time to

produce,

I dr

dt =
R dr

dt +
(

IωR × r
)

(2.34)

I ṙ = ẋx̂ + ẏŷ + żẑ +
[
nẑ × (xx̂ + yŷ + zẑ)

]
(2.35)

I ṙ =
(
ẋ− ny

)
x̂ +

(
ẏ + nx

)
ŷ + żẑ (2.36)

Similarly, the second derivative yields,

I dṙ

dt =
R dṙ

dt +
(

IωR × ṙ
)

(2.37)

I r̈ =
(
ẍ− nẏ

)
x̂ +

(
ÿ + nẋ

)
ŷ + z̈ẑ +

{
nẑ ×

[(
ẋ− ny

)
x̂ +

(
ẏ + nx

)
ŷ + żẑ

]}
(2.38)

I r̈ =
(
ẍ− 2nẏ − n2x

)
x̂ +

(
ÿ + 2nẋ− n2y

)
ŷ + z̈ẑ (2.39)
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Combining the results of Equation ( 2.39 ) with the form produced previously in Equa-

tion ( 2.32 ) yields the nondimensional scalar equations of motion for the CR3BP as,

ẍ− 2ẏ − x = −(1 − µ)(x+ µ)
r3

13
− µ(x− 1 + µ)

r3
23

(2.40)

ÿ + 2ẋ− y = −(1 − µ)y
r3

13
− µy

r3
23

(2.41)

z̈ = −(1 − µ)z
r3

13
− µz

r3
23

(2.42)

where, recall from Equation (  2.12 ) that the value of the nondimensional mean motion, n, is

equal to unity. Additionally, the values for r13 and r23 are obtained from Equations (  2.27 )

and (  2.28 ). Together, then, the three scalar second-order nondimensional differential equa-

tions in Equations ( 2.40 ) – (  2.42 ) describe the motion of a spacecraft under the gravitational

influence of the two primaries in the CR3BP dynamical model and expressed in rotating

coordinates. Since time does not appear explicitly in these equations, the system is au-

tonomous.

As the formulation in Equations ( 2.40 ) – (  2.42 ) is developed in rotating coordinates, the

integral of the differential equations yields one pseudo-potential function, denoted U∗, that is

essentially an augmented potential function. The inertial potential function for the CR3BP

is expressed as,

U = (1 − µ)
r13

+ µ

r23
(2.43)

The pseudo-potential function for the CR3BP, then, simply augments Equation ( 2.43 ) as,

U∗ = (1 − µ)
r13

+ µ

r23
+ x2 + y2

2 (2.44)
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The differential equations of motion are also expressible as a function of the partial derivative

in Equation (  2.44 ). The resulting form of the equations of motion is,

ẍ− 2ẏ = ∂U∗

∂x
(2.45)

ÿ + 2ẋ = ∂U∗

∂y
(2.46)

z̈ = ∂U∗

∂z
(2.47)

Note that the equations of motion are coupled and nonlinear, and no general closed-form

solution is available. Analysis of the properties of these differential equations yields useful

particular solutions.

2.3.3 The Jacobi Constant

Since the potential function that yields the equations of motion for the CR3BP is au-

tonomous, the system is conservative. As such, there exists an energy-like quantity that is

constant for the problem formulation in the rotating frame. To compute this energy-like

integral, consider the nondimensional velocity vector in rotating coordinates,

Rv = Rṙ = ẋx̂ + ẏŷ + żẑ (2.48)

Then, the dot product between the velocity vector in Equation ( 2.48 ) and the form of the

acceleration of the particle in Equations (  2.45 ) – (  2.47 ) yields,

ẋẍ− 2ẋẏ = ∂U∗

∂x
ẋ (2.49)

ẏÿ + 2ẏẋ = ∂U∗

∂y
ẏ (2.50)

żz̈ = ∂U∗

∂z
ż (2.51)
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Adding the three scalar equations,

ẋẍ+ ẏÿ + żz̈ = ∂U∗

∂x
ẋ+ ∂U∗

∂y
ẏ + ∂U∗

∂z
ż (2.52)

Since U∗ is only a function of position and not time, the right side of Equation (  2.52 ) is equal

to the total derivative, dU∗

dt . Thus, integrating both sides of Equation ( 2.52 ) with respect

to nondimensional time yields the integration constant of interest, denoted C,

1
2
(
ẋ2 + ẏ2 + ż2

)
= U∗ − C

2 (2.53)

Rearranging the terms in Equation ( 2.53 ) supplies the following definition of the integration

constant C, hereby termed the Jacobi constant:

C = 2U∗ − v2 (2.54)

where v is the speed of the body P3 in the rotating frame. The Jacobi constant is inversely

proportional to the energy of the system and remains constant for ballistic propagation in the

CR3BP. While the existence of one integral of motion is not sufficient for a clear, closed-form

solution, it does aid numerical analysis. Specifically, the accuracy of a solution propagated

via numerical integration is assessed via the error in the instantaneous Jacobi constant

value along the trajectory. Additionally, for any given CR3BP system, the knowledge of

the Jacobi constant along any trajectory provides bounds on the natural dynamical motion

of the infinitesimal third body. Finally, the Jacobi constant is also leveraged to reduce the

dimension of the phase space, that furthers the understanding of the dynamics in the CR3BP

and aids trajectory design.

2.3.4 Equilibrium Solutions

Any equilibrium solutions that exist are a fundamental property of a dynamical system

that offer practical insight into its behavior over time. The equilibrium solutions in the

CR3BP are locations in the CR3BP rotating frame where all components of the velocity and
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acceleration vectors are zero. Thus, the time derivatives of all state components are equal

to zero, i.e., ẋ = ẏ = ż = 0, and ẍ = ÿ = z̈ = 0 at these locations. Substituting these values

into the equations of motion yields,

∂U∗

∂x
= x− (1 − µ)(x+ µ)

r3
13

− µ(x− 1 + µ)
r3

23
= 0 (2.55)

∂U∗

∂y
= y − (1 − µ)y

r3
13

− µy

r3
23

= 0 (2.56)

∂U∗

∂z
= −(1 − µ)z

r3
13

− µz

r3
23

= 0 (2.57)

If a particle is placed at any of the equilibrium solutions with zero velocity, the gravitational

and centrifugal forces cancel, and the particle remains stationary in the rotating frame

indefinitely. As such, these points are frequently termed the stationary points. In the

CR3BP, these solutions are labeled the libration points, or Lagrange points after the work

of Joseph-Louis Lagrange towards constructing the locations of two of the five points [  13 ].

In this investigation, the solutions are denoted the libration points and are represented as

Li. To compute the locations of these points, rearrange Equation ( 2.57 ) such that,

−z
(

1 − µ

r3
13

+ µ

r3
23

)
= 0 (2.58)

which is only true for values of z = 0. Thus, all libration points lie in the plane of motion of

the primaries, i.e., in the x̂ − ŷ plane in the CR3BP rotating frame. Let the values xeq and

yeq represent the locations of the libration points along the x̂ and ŷ axes. Consider, then,

the solution to Equation (  2.56 ), i.e., the case when yeq = 0 and the libration points lie along

the x̂-axis connecting the two primaries. Substituting this value into Equation (  2.55 ),

xeq − (1 − µ)(xeq + µ)
|xeq + µ|3

− µ(xeq − 1 + µ)
|xeq − 1 + µ|3

= 0 (2.59)

Define the terms A = sgn(xeq + µ) and B = sgn(xeq − 1 + µ) that arise from the removal of

the absolute value function. The following three cases then occur:

• Case 1: A > 0,B < 0 ⇒ −µ < xeq ≤ 1 − µ

39



• Case 2: A,B > 0 ⇒ 1 − µ < xeq ≤ ∞

• Case 3: A,B < 0 ⇒ −∞ < xeq ≤ −µ

With initial guesses that lie within the specified intervals for the CR3BP system of interest,

a Newton-Raphson root solving scheme is leveraged to compute the locations of the first

three libration points. Since the points lie on the x̂-axis, they are termed the collinear

libration points. Conventionally, these points are numbered as L1, L2, and L3, consistent

with their numbering in the three cases above. The point located between the primaries is,

thus, denoted L1, the point to the right of P2 is L2, and the point to the left of P1 is L3, as

represented in Figure  2.3 .

Figure 2.3. The libration points visualized in the CR3BP rotating frame.

In addition to the collinear libration points, there exist two additional equilibrium so-

lutions that lie off the x̂-axis. To determine their location, consider when yeq 6= 0. Use

Equation ( 2.56 ) and rearrange the equation,

yeq

(
1 − 1 − µ

r3
13

− µ

r3
23

)
= 0 (2.60)
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Since yeq 6= 0, the term in the parentheses must equal zero. Rearranging the terms,

1 − µ

r3
13

= 1 − µ

r3
23

(2.61)

Substituting Equation (  2.61 ) into Equation (  2.55 ),

x− (1 − µ)(x+ µ)
r3

13
− µ(x− 1 + µ)

r3
23

= 0 (2.62)

− x+
(

1 − µ

r3
23

)
(x+ µ) + µx+ µ2 − µ

r3
23

= 0 (2.63)

− x+ x+ µ− µx

r3
23

− µ2

r3
23

+ µx+ µ2 − µ

r3
23

= 0 (2.64)

µ

(
1 − 1

r3
23

)
= 0 (2.65)

⇒r23 = 1 (2.66)

Given this result, Equation ( 2.61 ) yields r13 = 1. Thus, the remaining two libration points

lie at the points where unit circles about the two primaries intersect. From the equation of

a circle,

(xeq + µ)2 + y2
eq = (xeq − 1 + µ)2 + y2

eq (2.67)

which is satisfied when xeq = 1
2 − µ. Substituting this value into the equation of a circle

about either of the primaries yields,

(xeq + µ)2 + y2
eq = 1 (2.68)

1
4 + y2

eq = 1 (2.69)

yeq = ±
√

3
2 (2.70)
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Thus, the locations of the two remaining libration points, denoted L4 and L5, are given as,

xL4,5 = 1
2 − µ (2.71)

yL4,5 = ±
√

3
2 (2.72)

where L4 is conventionally selected to possess a positive yeq-value. These points form

equilateral triangles with the two primaries and are, thus, termed the triangular or the

equilateral points. With the known locations of the libration points, the dynamics of the

system relative to these solutions are insightful.

2.3.5 Zero Velocity Surfaces

The existence of an integral of the motion for the CR3BP, i.e., the Jacobi constant,

provides bounds on the motion of the third body, P3, under natural propagation. For a

known Jacobi constant value, the magnitude of the rotating velocity of P3 is evaluated as,

v2 = 2U∗ − C (2.73)

It is immediately apparent that the right side of this equation must be positive. As such,

the following constraint arises,

C ≤ 2U∗ (2.74)

where the boundary C = 2U∗ delineates the regions of possible physical motion with re-

gions that are dynamically forbidden. Substituting the condition for this boundary into

Equation ( 2.73 ) yields

v2 = 2U∗ − C = 0 (2.75)

Equation ( 2.75 ) implies that the boundaries identify locations with zero relative velocity

magnitude in terms of rotating coordinates and confine the regions of possible motion for
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P3 in the CR3BP. Expanding the equation for the Jacobi constant for the cases when

Equation ( 2.75 ) holds,

C = (x2 + y2) + 2(1 − µ)
r13

+ 2µ
r23

(2.76)

Since an infinite number of sets of x, y, and z values satisfy Equation ( 2.76 ), all solutions

together represent a surface in 3D space. These solutions are termed the Zero Velocity

Surfaces (ZVS); for planar motion, these surfaces reduce to Zero Velocity Curves (ZVC) that

reflect a slice of the ZVS through z = 0. Regions outside the bounds of allowable motion

are, aptly, denoted the forbidden regions, and for a given value of the Jacobi constant, P3

cannot cross into these regions. Traversing through forbidden regions requires a change in

the Jacobi constant value, that may be achieved via a change in the velocity magnitude of

the particle. Further analysis of these surfaces and curves at various energy levels offers

great insight into the underlying dynamical environment.

The libration points corresponding to a specific CR3BP system must always lie on the

ZVS since, by definition, these equilibrium solutions require the relative velocity and accel-

eration magnitudes to be zero. For reference, the values of the Jacobi constant associated

with the libration points in the Earth-Moon systems are summarized in Table  2.1 . It is

noted that the values of the Jacobi constant decrease for successive libration points. The

zero velocity curves for various energy levels in the Earth-Moon CR3BP system appear in

Figures  2.4 and  2.5 . In each figure, the Earth and Moon are indicated by solid black mark-

ers; all the libration points are located via black stars. The blue curves identify regions that

are naturally accessible to the spacecraft at a given level of Jacobi constant (energy). For

instance, Figure  2.4(a) illustrates the bounds on possible motion when the Jacobi constant

value is equal to C = 3.3, which is greater than the Jacobi constant of the L1 libration point,

denoted CL1 . Two distinct regions about either primary emerge in this case; a spacecraft at

this energy value remains bounded within either of these regions and does not cross through

them naturally. In addition to these interior bounds, the larger blue curve illustrates an

exterior boundary on the range of possible motions, encompassing L3 and the triangular

libration points. As the Jacobi constant value decreases below this value, however, more
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regions in space become accessible, associated with an increase in the energy of the space-

craft. For a Jacobi constant value equal to that of L1, as illustrated in Figure  2.4(b) , the

bounding regions about the Earth and the Moon expand and converge to the location of L1.

Decreasing the Jacobi constant value further, for instance, the case when C = 3.18025 as

illustrated in Figure  2.4(c) , causes the interior bounds on the accessible regions to merge,

opening a gateway that links the regions in the proximity of the primaries. At this energy

level and lower, the spacecraft is able to naturally traverse through the interior neighborhood

of P1 and P2 without restrictions. Decreasing the Jacobi value to equal that of L2 results

in an expansion of the interior region and contraction of the exterior region, as apparent in

Figure  2.4(d) , converging at the location of L2.

Table 2.1. Jacobi constant values for the libration points in the Earth-Moon
CR3BP system (µ = 0.0121505842699404).

L1 L2 L3 L4 L5

3.18834 3.17216 3.01215 2.98799 2.98799

The next critical evolution in the ZVC is illustrated in Figure  2.5(a) , which occurs at

a Jacobi constant value greater than CL2 . At this energy level, the interior and exterior

bounds merge, allowing the L2 gateway to open and enabling access to the exterior of the

Earth-Moon system. Continuing to decrease the value of the Jacobi constant, as evident in

Figures  2.5(b) and  2.5(c) , the forbidden region shrinks rapidly, making it possible for the

spacecraft to travel extensively within the Earth-Moon domain and eventually opening up

the L3 gateway as well. When the Jacobi value is equal to or below CL4,5 , the zero velocity

curves disappear in the x̂-ŷ plane. Thus, the spacecraft is free to move around the primaries

or exit the system, as illustrated in Figure  2.5(d) . However, inaccessible regions may remain

beyond the plane [ 33 ].

2.4 The Higher-Fidelity Ephemeris Model

The Circular Restricted Three-Body Problem establishes a baseline that guides prelim-

inary orbit selection and analysis. However, to simulate real-world scenarios and achieve a
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(a) C > CL1 (b) C = CL1

(c) CL1C < CL2 (d) C = CL2

Figure 2.4. Evolution of the Zero Velocity Curves (ZVC) in the Earth-Moon
CR3BP system.

higher fidelity of dynamical modeling, it is necessary to incorporate additional forces that

influence the motion of spacecraft. Among these forces are the gravitational influences of

other celestial bodies that, in addition to affecting the motion of the spacecraft itself, impact

the orbits of other celestial bodies in the dynamical system. Doing so supplies higher fidelity

in modeling the orbits of the primaries themselves. Thus, the Higher-Fidelity Ephemeris

Model (HFEM) is leveraged to incorporate these additional gravitational forces and assess

the utility of any trajectories constructed in the CR3BP. In addition to incorporating grav-

itational forces, this model utilizes the true positions and velocities of the celestial bodies
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(a) CL2C < CL3 (b) C = CL3

(c) CL3C < CL4,5 (d) C = CL4,5

Figure 2.5. Evolution of the Zero Velocity Curves (ZVC) in the Earth-Moon
CR3BP system for additional energy levels.

that comprise the model. These planetary ephemerides are obtained via the DE440 SPICE

kernel from the Jet Propulsion Laboratory’s Navigation and Ancillary Information Facility

(NAIF) database [  34 ].

While the gravitational forces exerted by the Earth and the Moon dominate the motion

of a spacecraft operating in their respective vicinity, it is also useful to evaluate the impact

of other gravitational forces throughout the Earth-Moon system in general. This analysis

guides the selection of celestial bodies that comprise the HFEM utilized in this investigation.

As an example, Figure  2.6 illustrates the acceleration magnitudes due to various celestial
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bodies. Figure  2.6(a) illustrates the acceleration levels for various spacecraft locations along

the x̂-axis in the Earth-Moon CR3BP rotating frame. Similarly, the acceleration levels for

various locations along the ŷ- and the ẑ-axes appear in Figures  2.6(b) and  2.6(c) respectively.

Intuitively, the acceleration levels that appear in Figure  2.6(a) peak at the locations of the

Earth and the Moon. The Sun’s gravitational impact is typically an order of magnitude

lower than that of the Earth. At this epoch, the Sun’s influence is, surprisingly, comparable

to that of the Moon farther from its vicinity and near L3. While Jupiter’s gravity is the next

significant force in the three cases considered in Figure  2.6 , it is approximately four orders of

magnitude smaller than that of the Earth and the Moon. The remaining bodies plotted in

Equation (  2.1 ), Venus, Saturn, and Mars, perturb the spacecraft to an even lesser extent. For

this example, the epoch January 01, 2025 at 00:00:00 UTC is utilized to obtain the positions

of the celestial bodies relative to the spacecraft and the Earth-Moon system. The results

here are relatively consistent for other epochs, with the exception that the magnitudes of

acceleration imparted by Jupiter and Venus interchange at certain epochs. It is also possible

to compute the acceleration levels over a range of times and assess the average acceleration

magnitude due to each celestial body at various locations [  35 ].

Consistent with the insights from Figure  2.6 , this work is based on the Earth-Moon-Sun-

Jupiter ephemeris model for trajectory validation in a higher-fidelity dynamical environment.

The equations of motion in Equation (  2.2 ) are propagated where, depending upon the trajec-

tory, the Earth or the Moon is selected as the central body. Similar to the scheme employed

in the CR3BP, the relevant quantities for propagation in the HFEM are also nondimen-

sionalized for preserving numerical accuracy and scaling the spacecraft state components

consistently.

2.5 Coordinate Frame Transformations

By virtue of the model definition, most analyses in the CR3BP leverage the rotating

frame introduced in Figure  2.2 . However, visualization in inertial frames allows further

critical insight into the geometry and evolution of various trajectories [  17 ]. As such, frame

transformations between the CR3BP rotating frame and the inertial frame are necessary.
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(a) Variation in x−location.

(b) Variation in y−location.

(c) Variation in z−location.

Figure 2.6. Acceleration magnitudes in the Earth-Moon vicinity due to var-
ious celestial bodies. Epoch: January 1, 2025.
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2.5.1 Transforming between the CR3BP Rotating and an Arbitrary Inertial
Frame

Recall the inertial frame, denoted I, that orients the CR3BP rotating frame, denoted R,

as described in Figure  2.2 . Equation (  2.26 ) defines the nondimensional position vector that

locates the spacecraft (P3) relative to the system barycenter, B, as,

Rr = xx̂ + yŷ + zẑ (2.77)

where the pre-superscript indicates that the vector is expressed in terms of the rotating

frame coordinates. Similarly, the nondimensional position vector is expressed in inertial

coordinates as,

Ir = XX̂ + Y Ŷ + ZẐ (2.78)

Note that the angle θ orients the rotating frame relative to the inertial frame and is defined

as,

θ = n · (t+ t0) (2.79)

where n represents the nondimensional mean motion of the CR3BP primaries and is equal

to unity. If the two frames are aligned at initial time, then θ = t. Otherwise, the initial

angular offset in the orientation of the two frames is incorporated into the value of θ with

the addition of t0. In general, for a given θ value, the axes that constitute the rotating frame

are related to the inertial frame as follows,

x̂ = cos θX̂ + sin θŶ (2.80)

ŷ = − sin θX̂ + cos θŶ (2.81)

ẑ = Ẑ (2.82)
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These relationships yield the following direction cosine matrix (DCM) that relates the ro-

tating and inertial coordinates,

RCI =


cos θ sin θ 0

− sin θ cos θ 0

0 0 1

 (2.83)

Leveraging this DCM, an inertial position vector may be transformed into the rotating frame

as,

Rr = RCI · Ir (2.84)

where the vectors before and after the transformation are assumed to be column vectors. It

is also straightforward to produce the inverse transformation, i.e., transforming the position

vector from the rotating coordinates to the inertial frame as,

Ir = ICR · Rr (2.85)

where the DCM is now,

ICR =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1

 (2.86)

This process allows the transformation of a position vector between the rotating frame and

any arbitrary inertial frame. Recall from Equation ( 2.34 ) that the inertial velocity, I ṙ, is

determined from the rotating velocity, Rṙ, via the application of the BKE:

I ṙ = Rṙ +
(

IωR × Rr
)

(2.87)
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where I ṙ is expressed in terms of the rotating frame coordinates as,

I ṙ =
(
ẋ− ny

)
x̂ +

(
ẏ + nx

)
ŷ + żẑ (2.88)

Leveraging Equation (  2.85 ), I ṙ is also easily expressed in the inertial coordinate frame. In

general, it is possible to transform the full nondimensional state vector from the rotating to

the inertial frame. To do so, the sub-matrix ˙ICR is first constructed as,

d ICR

dt = d ICR

dθ
dθ
dt (2.89)

=


− sin θ − cos θ 0

cos θ − sin θ 0

0 0 0

 θ̇ (2.90)

where θ̇ is equal to the nondimensional mean motion, i.e., unity for the CR3BP. Together,

Equations (  2.86 ) and (  2.90 ) yield the following convenient full-state transformation from the

rotating to inertial coordinates,

X =

ICR 03×3

˙ICR ICR


︸ ︷︷ ︸

ICR

x (2.91)

where ICR is the 6 × 6 transformation matrix. The column vector x = [x y z ẋ ẏ ż]T

represents the state with respect to an observer in the rotating frame and expressed in
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rotating coordinates, while X = [X Y Z Ẋ Ẏ Ż]T is the inertial state expressed in inertial

coordinates. More explicitly, the full state transformation is given as,



X

Y

Z

Ẋ

Ẏ

Ż


=



cos θ − sin θ 0 0 0 0

sin θ cos θ 0 0 0 0

0 0 1 0 0 0

− sin θ − cos θ 0 cos θ − sin θ 0

cos θ − sin θ 0 sin θ cos θ 0

0 0 0 0 0 1





x

y

z

ẋ

ẏ

ż


(2.92)

Conveniently, the inverse of the full DCM supplies the transformation from inertial to rotat-

ing coordinates,

x =
(

ICR
)−1

X (2.93)

Note that, by definition of the rotating position and velocity vectors, Equations (  2.91 )

and (  2.93 ) yield transformations between the rotating frame and an inertial frame centered

on the system barycenter, B. When osculating Keplerian orbital elements are of interest, it

is also insightful to consider transformations to an inertial frame centered on either primary.

For transforming a barycentric rotating frame state to a P1-centered inertial frame, the base

point of the initial rotating frame state vector is shifted such that,

x =



x+ µ

y

z

ẋ

ẏ

ż


(2.94)
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Then, Equation (  2.91 ) is employed to produce the equivalent state vector in the P1-centered

inertial frame. Similarly, to evaluate the state vector in a P2-centered inertial frame, prior

to the transformation, the rotating frame vector is translated as,

x =



x− 1 + µ

y

z

ẋ

ẏ

ż


(2.95)

Following the translation, Equation ( 2.91 ) yields the analogous state vector in the P2-centered

inertial frame. Finally, in case a P1- or P2-centered inertial state vector is required to be

transformed into the CR3BP rotating frame, Equation (  2.93 ) is first directly applied to obtain

the equivalent primary-centered rotating state. A simple translation to the barycenter of the

primary system then supplies the desired state vector in the rotating frame.
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3. TRAJECTORY CONSTRUCTION VIA NUMERICAL

METHODS

In the absence of a closed-form solution, other approaches for investigating the long-term

dynamics to support desirable behavior are necessary. Dynamical Systems Theory (DST)

offers tools that allow the assessment of particular solutions within the CR3BP and HFEM

for trajectory design. First, the State Transition Matrix (STM) is introduced to quantify

state sensitivities within both models. Differential corrections techniques are then described

to modify initial guesses to achieve favorable dynamical behavior. Periodic orbits in the

CR3BP are introduced, followed by methods of computing families of periodic orbits that

exhibit similar characteristics. Linear stability analysis and bifurcation theory provide insight

into the qualitative nature of any constructed solutions. Finally, the invariant manifold

theory and Poincaré maps are valuable tools to incorporate other dynamical structures in

the trajectory design process. The approaches discussed in this chapter are detailed in the

context of general periodic orbits and trajectory generation in the CR3BP.

3.1 State Transition Matrix

Numerical integration of the equations of motion for the CR3BP and HFEM yields a

phase space portrait of the desired trajectory. It is also, then, useful to assess the behavior

in its vicinity and to produce information about other nearby dynamical structures. To

accomplish this task, the equations of motion are linearized relative to a nearby reference

path, yielding the State Transition Matrix (STM) [ 36 ]. The STM supplies a direct mapping of

a state at time t0 to a downstream time ti [ 37 ], and is employed to approximate the behavior

of a particle in a nonlinear system with respect to a reference solution. In trajectory design,

the STM aids in adjusting initial conditions in the CR3BP to yield desired behavior, and to

assess the stability characteristics of periodic solutions.

To derive the STM, first examine the variational equations. Under natural dynamics,

the nonlinear system of differential equations is represented as,

ẋ = f (x, t) (3.1)

54



where x is a nondimensional state vector with six elements, and t is the nondimensional

time. Let a particular reference path, or reference trajectory, be represented as x∗(t). Then,

a nearby trajectory evaluated at the same time is defined as,

x(t) = x∗(t) + δx(t) (3.2)

where δx(t) is the variation relative to the reference trajectory, as illustrated in Figure  3.1 .

Substituting Equation (  3.2 ) into Equation (  3.1 ) yields,

ẋ = f (x∗ + δx, t) = ẋ∗ + δẋ (3.3)

The Taylor series expansion for Equation (  3.3 ) about the reference solution, x∗(t), is straight-

forward as,

ẋ = f(x∗, t) + ∂f

∂x

∣∣∣∣∣
x∗

(x − x∗) + H.O.T.s (3.4)

Substituting in Equation (  3.3 ) on the left side of the equation yields,

ẋ∗ + δẋ = ẋ∗ + ∂f

∂x

∣∣∣∣∣
x∗
δx + H.O.T.s (3.5)

that further reduces to,

δẋ = ∂f

∂x

∣∣∣∣∣
x∗
δx + H.O.T.s (3.6)

Neglecting the higher-order terms, the Taylor series reduces to the linear approximation,

δẋ = ∂f

∂x

∣∣∣∣∣
x∗
δx = A(t)δx (3.7)
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Equation ( 3.7 ) represents the linear, time-varying variational equations, where the Jacobian

matrix, A(t), is evaluated along the reference solution, x∗. A solution to the Equation (  3.7 )

is,

δx(t) = Φ(t, t0)δx(t0) (3.8)

where Φ(t, t0) is the STM evaluated from time t0 to t, and is defined as,

Φ(t, t0) = eA(t−t0) (3.9)

The STM reflects the variations in the state at a time t, represented as xf = x(t), as a result

of any perturbations in the initial state, x0 = x(t0). Mathematically, this relationship is

expanded as the following matrix of partial derivatives,



δxf

δyf

δzf

δẋf

δẏf

δżf


=



∂x

∂xo

∂x

∂yo

∂x

∂zo

∂x

∂ẋo

∂x

∂ẏo

∂x

∂żo

∂y

∂xo

∂y

∂yo

∂y

∂zo

∂y

∂ẋo

∂y

∂ẏo

∂y

∂żo

∂z

∂xo

∂z

∂yo

∂z

∂zo

∂z

∂ẋo

∂z

∂ẏo

∂z

∂żo

∂ẋ

∂xo

∂ẋ

∂yo

∂ẋ

∂zo

∂ẋ

∂ẋo

∂ẋ

∂ẏo

∂ẋ

∂żo

∂ẏ

∂xo

∂ẏ

∂yo

∂ẏ

∂zo

∂ẏ

∂ẋo

∂ẏ

∂ẏo

∂ẏ

∂żo

∂ż

∂xo

∂ż

∂yo

∂ż

∂zo

∂ż

∂ẋo

∂ż

∂ẏo

∂ż

∂żo





δx0

δy0

δz0

δẋ0

δẏ0

δż0


(3.10)

Some important properties of the STM include [  38 ],

Φ(t, t) = Φ(0) = I (3.11)

Φ(t2, t0) = Φ(t2, t1)Φ(t1, t0) (3.12)

Φ(t0, t1) = Φ−1(t1, t0) (3.13)
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Additionally, the STM satisfies the following first-order matrix differential equation,

Φ̇(t, t0) = A(t)Φ(t, t0) (3.14)

Due to the lack of an analytical solution, to produce the elements of the STM at a time

t, Equation ( 3.14 ) is numerically integrated, with the initial value at t0 supplied by Equa-

tion (  3.11 ). For the CR3BP and HFEM, the associated 36 first-order scalar differential

equations, corresponding to each element of the STM, are numerically integrated simultane-

ously with the respective six first-order scalar equations of motion.

Figure 3.1. Representation of a reference trajectory and a trajectory in its neighborhood.

3.1.1 CR3BP Linear Variational Equations

To compute the STM in the CR3BP, the first-order variational matrix, A(t) from Equa-

tion (  3.7 ) is leveraged. The numerical integration of Equation ( 3.14 ) provides each element
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of the STM, since no analytical solution exists for this model. For the CR3BP, the A(t)

matrix is a 6 × 6 matrix of the form,

A(t) =



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

U∗
xx U∗

xy U∗
xz 0 2 0

U∗
yx U∗

yy U∗
yz −2 0 0

U∗
zx U∗

zy U∗
zz 0 0 0


(3.15)

where the elements U∗
ij represent the partial derivative of the CR3BP pseudo-potential func-

tion, ∂
2U∗

∂i∂j
. Using the definition of the CR3BP pseudo-potential function, these partial

derivatives are derived as,

U∗
xx = 1 − 1 − µ

r3
13

+ 3(1 − µ)(x+ µ)2

r5
13

− µ

r3
23

+ 3µ(x− 1 + µ)2

r5
23

(3.16)

U∗
yy = 1 − 1 − µ

r3
13

+ 3(1 − µ)y2

r5
13

− µ

r3
23

+ 3µy2

r5
23

(3.17)

U∗
zz = −1 − µ

r3
13

+ 3(1 − µ)z2

r5
13

− µ

r3
23

+ 3µz2

r5
23

(3.18)

U∗
xy = 3(1 − µ)(x+ µ)y

r5
13

+ 3µ(x− 1 + µ)y
r5

23
= U∗

yx (3.19)

U∗
xz = 3(1 − µ)(x+ µ)z

r5
13

+ 3µ(x− 1 + µ)z
r5

23
= U∗

zx (3.20)

U∗
yz = 3(1 − µ)yz

r5
13

+ 3µyz
r5

23
= U∗

zy (3.21)

These partial derivatives are evaluated along the reference trajectory or arc and, together

with Equation (  3.7 ), supply the elements of the STM.
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3.1.2 HFEM Linear Variational Equations

Similar to the CR3BP, the Jacobian matrix A(t) is also defined in the HFEM to allow

the numerical computation of the associated STM. Assume the mass of the spacecraft, Mi is

negligible relative to the masses of the celestial bodies in the HFEM. For the general HFEM,

the A(t) matrix is also a 6 × 6 matrix that takes the form,

A(t) =



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

Uxx Uxy Uxz 0 0 0

Uyx Uyy Uyz 0 0 0

Uzx Uzy Uzz 0 0 0


(3.22)

where the elements Uij represent the partial derivative of the ephemeris potential function,
∂2U

∂i∂j
. These partial derivatives are derived from Equation ( 2.2 ) and are evaluated along the

reference trajectory or arc. In terms of the position components of the spacecraft (denoted
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via the subscript i) relative to the HFEM central body (denoted via the subscript q), these

partials are derived as,

Uxx = G̃Mi

(
3x2

qi

R5
qi

− 1
R3

qi

)
+ G̃

N∑
j=1

j 6=i,q

Mj

(
3 (xqj − xqi)2

|Rqj − Rqi|5
− 1

|Rqj − Rqi|3

)
(3.23)

Uyy = G̃Mi

(
3y2

qi

R5
qi

− 1
R3

qi

)
+ G̃

N∑
j=1

j 6=i,q

Mj

(
3 (yqj − yqi)2

|Rqj − Rqi|5
− 1

|Rqj − Rqi|3

)
(3.24)

Uzz = G̃Mi

(
3z2

qi

R5
qi

− 1
R3

qi

)
+ G̃

N∑
j=1

j 6=i,q

Mj

(
3 (zqj − zqi)2

|Rqj − Rqi|5
− 1

|Rqj − Rqi|3

)
(3.25)

Uxy = G̃Mq

(
3xqiyqi

R5
qi

)
+ G̃

N∑
j=1

j 6=i,q

Mj

(
3(xqj − xqi)(yqj − yqi)

|Rqj − Rqi|5

)
= Uyx (3.26)

Uxz = G̃Mq

(
3xqizqi

R5
qi

)
+ G̃

N∑
j=1

j 6=i,q

Mj

(
3(xqj − xqi)(zqj − zqi)

|Rqj − Rqi|5

)
= Uzx (3.27)

Uyz = G̃Mq

(
3yqizqi

R5
qi

)
+ G̃

N∑
j=1

j 6=i,q

Mj

(
3(yqj − yqi)(zqj − zqi)

|Rqj − Rqi|5

)
= Uzy (3.28)

Note that the expressions here are, for consistency with Equation (  2.2 ), derived in terms

of dimensional quantities. For numerical integration, the CR3BP characteristic quantities

are leveraged to produce these expressions in terms of nondimensional values. Substituting

these Uij into Equation ( 3.22 ) yields the STM for the HFEM model.

3.2 Differential Corrections

A trajectory constructed in the baseline dynamical model does not always meet the

desired criteria; differential corrections are then employed until the desired or specified char-

acteristics are achieved. Relevant to this investigation is the application of a differential

corrections strategy towards constructing periodic orbits in the CR3BP and for transition-
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ing solutions from the CR3BP to the HFEM. This process is also termed a targeting problem,

since the algorithm aims to target a desired solution.

In theory, the shooting method is simply a multi-dimensional version of a Newton-

Raphson root solver. Many approaches exist for formulating a differential corrections al-

gorithm; various types of implementation methods are also possible. The strategy detailed

ahead is employed in this investigation. The initial step in formulating the differential correc-

tions algorithm is the selection of the design variable and constraint vectors. These vectors

are specific to the problem and the desired final state. In general, however, the design

variable vector is represented by a vector X and takes the form,

X =



X1

X2

X3
...

Xn


(3.29)

where n is the number of free variables in the problem, and X ∈ Rn. These free variables

are possibly position or velocity components, time along the trajectory, or in the case of

HFEM, the epoch at points along the trajectory. The problem is subject to m constraints

that together comprise the constraint vector, represented as F (X) and of the form,

F (X) =



F1(X)

F2(X)

F3(X)
...

Fm(X)


(3.30)

The goal of the differential corrections problem is to determine a design vector X∗ such that,

F (X∗) = 0m×1 (3.31)
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An initial guess for the design variable vector, X0, is iterated until the desired X∗ is achieved

to some acceptable tolerance. In general, for any Xj representing the design variable vector

at the jth iteration of the corrections process, F (Xj+1) is approximated using a first-order

Taylor series expansion as,

F (Xj+1) ≈ F (Xj) +DF (Xj)(Xj+1 − Xj) = 0 (3.32)

Here, DF (Xj) is an m× n matrix of the partial derivatives of the constraints with respect

to the free variables, and is evaluated at Xj as,

DF (Xj) = ∂F

∂Xj =



∂F1

∂X1

∂F1

∂X2
. . .

∂F1

∂Xn

∂F2

∂X1

∂F2

∂X2
. . .

∂F2

∂Xn

... ... . . .

∂Fm

∂X1

∂Fm

∂X2
. . .

∂Fm

∂Xn


(3.33)

From Equations (  3.31 ) and ( 3.32 ), an update equation to iteratively solve for Xj is formu-

lated as,

F (Xj) +DF (Xj)(Xj+1 − Xj) = 0 (3.34)

where, in general, ||F (Xj+1)|| < ||F (Xj)||. Equation (  3.34 ) is iteratively solved for Xj+1

until a certain tolerance ε is met, i.e.,

||F (Xj+1)|| < ε (3.35)

For this investigation, ε = 1 × 10−12 for most targeting problems. The update equation

represented in Equation (  3.34 ) takes different forms depending on the number of design

variables, n, and the number of constraint equations in the problem, m [ 39 ]. Specifically,

the following three cases arise:
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1. n = m

The number of free variables is equal to the number of constraints. Consequently, the

matrix DF (Xj) is a square matrix and is invertible. In general, only one solution

exists that is produced by solving for Xj+1 such that,

Xj+1 = Xj −DF (Xj)−1F (Xj) (3.36)

2. n > m

The number of free variables is greater than the number of constraints. As such,

infinitely many solutions exist. One approach for producing a solution is the minimum

norm approach, resulting in the following form of the update equation,

Xj+1 = Xj −DF (Xj)T
[
DF (Xj) ·DF (Xj)T

]−1
F (Xj) (3.37)

3. n < m

The number of free variables is less than the number of constraints. The system is,

thus, overdetermined and no exact solutions exist. However, with the application of

least squares, an approximate solution is produced,

Xj+1 = Xj −
[
DF (Xj)T ·DF (Xj)

]−1
DF (Xj)T F (Xj) (3.38)

In solving these equations iteratively, issues of importance include the radius of convergence,

the speed of convergence, and the efficiency of the process; the number of iterations for the

solution to converge impacts the result significantly.

3.2.1 Single Shooting

One implementation of a targeting algorithm is the single shooting method, that involves

correcting a single trajectory arc to reach a desired state. Single shooting algorithms are

frequently employed to target any state or combination of states. To demonstrate the con-

struction of solutions to targeting problems, an illustrative example is discussed that seeks
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to propagate a spacecraft from a fixed initial position state to a final desired position over a

fixed propagation time, allowing the initial velocity to vary. Figure  3.2 illustrates a schematic

of the procedure, where a representative initial guess vector for the actual path appears in

red, and the path that arrives at the targeted position, or the desired path, appears in black.

This example assumes propagation in the Earth-Moon CR3BP dynamical model.

Figure 3.2. Representation of a single shooting scheme targeting a desired position.

As an example, the initial position is not allowed to vary. The initial state vector is

then represented as x = [r0 v0]T , where r0 and v0 denote the initial position and the initial

velocity vectors. Since the initial position is fixed, the design vector is of the form,

X = v0 =


ẋ0

ẏ0

ż0

 (3.39)

The goal of the problem, then, is to determine the vd
0, or the desired initial velocity that is

necessary to achieve the desired position at the end of the propagation, rd. The constraint

vector for this problem is constructed as,

F (X) = rd − rf (v0) =


xd − xf (v0)

yd − yf (v0)

zd − zf (v0)

 (3.40)
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where the subscript f represents the position at the end of the propagation, and the subscript

d indicates the components of the desired final position. In this formulation, the Jacobian

matrix DF (X) is a 3 × 3 matrix,

DF (X) = ∂F

∂rf

∂rf

∂v0
(3.41)

=



∂(xd − xf (v0))
∂xf

∂(xd − xf (v0))
∂yf

∂(xd − xf (v0))
∂zf

∂(yd − yf (v0))
∂xf

∂(yd − yf (v0))
∂yf

∂(yd − yf (v0))
∂zf

∂(zd − zf (v0))
∂xf

∂(zd − zf (v0))
∂yf

∂(zd − zf (v0))
∂zf


·



∂xf

∂ẋ0

∂xf

∂ẏ0

∂xf

∂ż0
∂yf

∂ẋ0

∂yf

∂ẏ0

∂yf

∂ż0
∂zf

∂ẋ0

∂zf

∂ẏ0

∂zf

∂ż0


(3.42)

Note that the first matrix in Equation (  3.42 ) is simply −I3×3. In terms of the elements of

the STM, the Jacobian matrix for this problem is, thus, rewritten as,

DF (X) = −


Φ14 Φ15 Φ16

Φ24 Φ25 Φ26

Φ34 Φ35 Φ36

 (3.43)

Since the number of design variables is equal to the number of constraints in this problem,

the update equation in Equation ( 3.36 ) is employed until F (X∗) = 0. The resulting X∗

supplies the initial velocity that, at the end of the propagation, converges to the desired final

position.

3.2.2 Multiple Shooting

While the single shooting process is relatively straightforward to implement, there are

inherent limitations that render it unsuitable for various applications. For instance, when

the problem entails long times of flight and passage through numerically sensitive dynamical

regions, it is advantageous to utilize multiple short arcs that distribute the sensitivities

among various points along the targeted solution [  40 ]. Figure  3.3 illustrates a general multiple

shooting problem formulation. In contrast to the single shooting formulation, multiple nodes,
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or patch points, comprise the approximate solution prior to the corrections process. This

approximate solution is typically described by a set of n discrete points, xi, for i = 1, 2, ..., n,

where the propagation time between each point is denoted as ti. Together, these points

constitute n − 1 arcs that represent the approximate solution. In general, regardless of

the dynamical model, numerical propagation from each xi for its respective ti does not

coincide with the subsequent patch point, as illustrated in Figure  3.3 . In terms of the states

themselves, this fact is represented as,

xf
i 6= xi+1 for i = 1, 2, ..., n− 1 (3.44)

As such, the goal of the multiple shooting scheme is to determine the new set of discrete

points that, when propagated, together form a continuous trajectory, i.e., xf
i = xi+1. While

this general scheme represented in Figure  3.3 only reflects continuity in the state components,

continuity in other parameters (such as epoch in the HFEM) is also likely to be desired as

well.

Figure 3.3. Representation of a general multiple shooting scheme prior to corrections.

As an illustrative example, consider the case where t1 = t2 = ... = tn−1 = t. For this

fixed time multiple shooting scenario, the design vector is sized as 6n× 1, such that,

X =



x1

x2
...

xn


(3.45)
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This general formulation assumes that the position and velocity components of all patch

points are allowed to vary. For this problem, the constraint vector is constructed to ensure

full state continuity between the internal patch points. As such, the vector size is 6(n−1)×1

and appears as,

F (X) =



xf
1 − x2

xf
2 − x3

...

xf
n−1 − xn


(3.46)

The general goal for the problem is consistent with the single shooting scheme, i.e., to

determine the X∗ such that F (X∗) = 0 to the desired tolerance. The Jacobian matrix for

this problem is now sized 6(n− 1) × 6n and is constructed as,

DF (X) =



∂(xf
1 − x2)
∂x1

∂(xf
1 − x2)
∂x2

· · · ∂(xf
1 − x2)
∂xn

∂(xf
2 − x3)
∂x1

∂(xf
2 − x3)
∂x2

· · · ∂(xf
2 − x3)
∂xn

... ... . . . ...

∂(xf
n−1 − xn)
∂x1

∂(xf
n−1 − xn)
∂x2

· · · ∂(xf
n−1 − xn)
∂xn



(3.47)
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Note that ∂(−xi)
∂xi

= −I6×6. Additionally, ∂xf
i

∂xi

is simply the STM at the end of the prop-

agation of each arc. The remaining elements of the Jacobian matrix are all zero. Thus,

Equation ( 3.47 ) reduces to,

DF (X) =



∂xf
1

∂x1
−I6×6 06×6 · · · 06×6 06×6

06×6
∂xf

2
∂x2

−I6×6 · · · 06×6 06×6

... ... ... . . . ... ...

06×6 06×6 06×6 · · · ∂xf
n−1

∂xn−1
−I6×6



(3.48)

Then, since the number of free variables is more than the number of constraints, Equa-

tion (  3.37 ) is used here to iteratively compute the minimum norm solution. Multiple shoot-

ing schemes are employed in the construction of various trajectories in the CR3BP. In this

investigation, multiple shooting algorithms are leveraged to transition solutions from the

CR3BP to the HFEM.

3.3 Periodic Orbits

In addition to the equilibrium solutions (i.e., the libration points), another fundamental

type of behavior that arises in the CR3BP is an infinite variety of periodic motion. Specifi-

cally, there exist periodic orbits that traverse the vicinity of all the libration points, as well

as orbits in the neighborhoods of the two primaries in the rotating frame. However, simple

numerical integration of initial conditions may not yield solutions that are perfectly periodic.

Given an initial guess for a solution that is reasonably close to the desired solution, targeting

algorithms are employed to modify the initial conditions to achieve periodic solutions in the

CR3BP. An initial guess for a periodic orbit in the CR3BP is typically constructed from i)

a linear approximation of periodic behavior near the libration points, ii) primary-centered

two-body orbits, or iii) existing periodic solutions in the CR3BP.
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As a representative example, the construction of a planar periodic solution about the L1

libration point is introduced. These planar solutions, that exist in the vicinity of the collinear

libration points (i.e., L1, L2, and L3), are termed Lyapunov orbits, and are symmetric across

the x̂-axis in the Earth-Moon rotating frame. Leveraging this symmetry, let the initial state

vector for this orbit lie along the x̂-axis and be defined as,

x0 = [x0 0 0 0 ẏ0 0]T (3.49)

where the ẑ-components of position and velocity are zero in this planar case. Given that the

velocity along the x̂-direction is zero (i.e., ẋ0 = 0), and that the point lies along the x̂-axis

(i.e., y0 = 0), Equation (  3.49 ) indicates a perpendicular crossing of the x̂-axis. Then, the

application of the Mirror theorem permits corrections that yield a symmetric periodic orbit.

This theorem, proposed and proved by Roy and Ovenden in 1955, states that if N -point

masses are moving under their mutual gravitational forces, their orbits are periodic if, at two

separate epochs, a mirror configuration occurs [ 41 ]. Thus, with the initial point along the

orbit restricted to lie at one of the perpendicular crossings, the initial guess in Equation (  3.49 )

need only be integrated for half the orbit period, i.e., until the next perpendicular crossing

of the x̂-axis. In one implementation of this symmetric periodic orbit targeting scheme, the

design and constraint vectors are formulated as,

X =

ẏ0

t

 (3.50)

F (X) =

ẋf

yf

 (3.51)
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where t is the nondimensional propagation time. Equation (  3.51 ) represents targeting a

perpendicular crossing, i.e., for the final, converged X∗, F (X∗) = 0. The Jacobian matrix

for this problem is,

DF (X) =


∂ẋf

∂ẏ0

∂ẋf

∂t

∂yf

∂ẏ0

∂yf

∂t

 =

Φ45 ẍf

Φ25 ẏf

 (3.52)

where Φij represents the (i, j)th element of the STM at the end of the propagation, and

ẍf and ẏf are the time derivatives at the final time. Equation (  3.36 ) is then employed to

iteratively solve for the design variables, since the number of constraints and design vari-

ables is equal. Figure  3.4 illustrates the corrected L1 Lyapunov orbit in red, along with the

initial guess arc plotted in black. Note the two perpendicular crossings of the x̂-axis for the

corrected solution, whereas the initial guess does not intersect the x̂-axis perpendicularly at

the end of the propagation. While only half of the corrected orbit appears in Figure  3.4 ,

reflection of the states across the x̂-axis yields the complete planar periodic solution. It is

noted that the targeting scheme implemented here is representative of a general methodology

for the computation of periodic solutions. Typically, the construction of Lyapunov orbits

is achieved by simpler implementations that directly leverage the perpendicular crossings.

In such cases, recognizing the functional dependencies of the state components at the lo-

cation of the perpendicular crossing reduces the number of free variables and constraints

in the problem to one each. As a result, only the necessary free variables and constraint

equations are included, alleviating any numerical issues that may arise under more complex

implementations.

3.4 Continuation Schemes

The existence of a single periodic orbit as an isolated trajectory is not as insightful or

useful towards trajectory design as a group of orbits with similar characteristics or geometries.

Poincaré states that, in the CR3BP, the computation of a single periodic orbit potentially

leads to the determination of a set of periodic orbits, typically denoted a family [ 42 ]. The
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Figure 3.4. Computation of an L1 Lyapunov orbit through a perpendicular
crossing targeter in the Earth-Moon system.

process of continuation to produce a family of orbits offers valuable insight into the evolution

of stability and energy characteristics across the orbits. Two continuation schemes that are

utilized to compute orbit families in the CR3BP are introduced here. It is important to

note that the continuation schemes represent numerical processes that support dynamical

investigations. To avoid introducing numerical challenges that hinder dynamical insights, the

simplest numerical approach available is always employed. While each continuation strategy

offers advantages and disadvantages, no one scheme is superior, and the ability to discern

the best approach for a given scenario is key.

3.4.1 Natural Parameter Continuation

Natural parameter continuation leverages the knowledge of physical parameters associ-

ated with previously converged solutions to produce a family of similar solutions. These

physical parameters may be components of position or velocity, the Jacobi constant value,

or the time of flight (period) of a solution. In general, a sufficiently small perturbation ap-

71



plied to the initial state of a converged solution along one parameter yields the initial guess

for differential corrections of subsequent solutions. The initial conditions corresponding to

each member of a family of periodic orbits seed the initial guess for each subsequent orbit.

Iterative application of this process, thus, yields a family of topologically-related solutions.

For instance, examine the L1 Lyapunov orbit represented in Figure  3.4 . Selecting the

initial x position as the natural parameter of interest, a sufficiently small perturbation in x0 is

applied to determine the next member in the family of L1 Lyapunov orbits. Representative

members of the L1 Lyapunov family are illustrated in Figure  3.5 , with the color scheme

corresponding to the value of Jacobi constant for each orbit. The collinear libration points

are indicated by the black x-markers along the x̂-axis. Natural parameter continuation is

generally effective in the computation of families, given that the continuation parameter

evolves monotonically along the family. For more complex scenarios, it may be necessary to

continue along a different physical parameter to avoid missing orbits within a family due to

lack of convergence.

Figure 3.5. Family of L1 Lyapunov orbits constructed in the Earth-Moon
CR3BP via natural parameter continuation.
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3.4.2 Pseudo-Arclength Continuation

Pseudo-arclength continuation is an alternative continuation scheme that is particularly

useful when the physical parameters along an orbit family do not evolve monotonically, or

in cases when the shape of the family is unknown. While still employing prior converged

solutions to seed subsequent initial guesses, the fundamental difference in this approach arises

in the step direction: rather than stepping along a physical parameter, psuedo-arclength

schemes step along the direction tangent to the family [  43 ]. Let X∗
j−1 represent the n × 1

design vector for a previously converged solution, where, for an m × 1 constraint vector,

F (X∗
j−1) = 0. The m × n Jacobian matrix, DF (X∗

j−1), possesses a one-dimensional null

space when n−m = 1, that is,

∆X∗
j−1 = null(DF (X∗

j−1)) (3.53)

This vector dictates the direction of continuation to construct the subsequent solution. The

design or free variable vector for the next (jth) orbit is, thus, computed as,

Xj = X∗
j−1 + s∆X∗

j−1 (3.54)

where s denotes the step size along the family tangent vector. The implementation of this

continuation scheme adds the following scalar constraint to the targeting problem,

FPAC(Xj) = (Xj − X∗
j−1)T · ∆X∗

j−1 − s (3.55)

Equation (  3.55 ) is appended to the original constraint vector, F (Xj) to yield the new,

augmented constraint vector,

G(Xj) =

 F (Xj)

FPAC(Xj)

 (3.56)
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To accommodate the additional constraint, the Jacobian matrix for this scheme is also ap-

pended with the partial derivative ∂FPAC

∂Xj

. The resulting augmented Jacobian matrix is of

the form,

DG(Xj) = ∂G(Xj)
∂Xj

=

DF (Xj)

∆X∗T
j−1

 (3.57)

This augmented Jacobian is an n × n square matrix. A simple, iterative update equation

yields the desired X∗
j such that G(X∗

j) = 0. As an example, members from the family

of the L2 Lyapunov orbits are obtained using pseudo-arclength continuation and appear in

Figure  3.6 . The orbits are colored by their Jacobi constant value. While natural parameter

continuation suffices for most orbits considered in this investigation, the merits of pseudo-

arclength continuation are recognized for complex geometries or non-monotonic evolution of

physical parameters along an orbit family.

Figure 3.6. Family of L2 Lyapunov orbits constructed in the Earth-Moon
CR3BP via pseudo-arclength continuation.
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3.5 Stability of Periodic Orbits

With the availability of periodic orbits in the CR3BP, the next step is an understanding

of the behavior of these orbits to leverage their characteristics towards spacecraft trajectory

design. One variable that offers useful insight is the linear stability of a periodic orbit and

its evolution across a family. The linear stability for a periodic orbit is associated with its

Φ, and the assessment of the elements that change along an orbit. Thus, it is necessary

to investigate the properties of the full cycle STM, that is, the STM at precisely one full

period along an orbit, also termed the monodromy matrix. For an orbit of precise period T,

the monodromy matrix is represented as Φ(T, 0) or Φ(T+ t0, t0). The matrix is constructed

originating from any point along an orbit. The six eigenvalues from the monodromy matrix,

λj, possess a constant value along the orbit. Additionally, since the CR3BP is a time-

invariant system, Lyapunov’s theorem applies [  44 ]. Thus, for any periodic orbit, if λj is an

eigenvalue of the monodromy matrix, λ−1
j is also an eigenvalue. Owing to the periodic nature

of the orbit, at least one eigenvalue from the monodromy matrix is equal to one. Because of

their existence in reciprocal pairs, it is apparent that at least two eigenvalues of a periodic

orbit are equal to unity. This pair of eigenvalues is also identified as the trivial pair. Since

the monodromy matrix is real, if any of the four remaining eigenvalues are complex, they

occur in complex conjugate pairs, represented as λj = a ± bi. If the magnitude of the real

part of such eigenvalues is greater than one, the resulting solution is linearly unstable; if

the magnitude of the real part is less than or equal to one, the resulting solution is linearly

stable. Solely imaginary eigenvalues of the form λj = ±bi correspond to oscillatory motion,

and the solution neither grows or decays over time [  45 ]. In summary, the following three

cases occur that determine the linear stability of a periodic orbit in the CR3BP:

• Unstable Eigenvalues: If |λj| > 1, then the eigenvalue is linearly unstable, and the

periodic orbit is defined as unstable. These eigenvalues lie beyond the unit circle, and

any perturbation along the orbit grows with time.

• Stable Eigenvalues: If |λj| < 1, then the eigenvalue is linearly stable. These eigen-

values lie within the unit circle.
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• Marginally Stable Eigenvalues: If |λj| = 1, then the eigenvalue is marginally

stable. These eigenvalues lie on the unit circle.

Note that the existence of even one unstable eigenvalue renders the orbit unstable. For stabil-

ity, however, all eigenvalues of the monodromy matrix are required to be stable. Nonetheless,

due to the reciprocal nature of eigenvalues in the CR3BP, the existence of a stable eigenvalue

guarantees the existence of a corresponding unstable eigenvalue. Therefore, only unstable

and marginally stable orbits – those with all eigenvalues equal to one – exist in the CR3BP.

3.5.1 Stability Index

One useful measure for the stability of an orbit is the stability index, νj, that is a function

of the eigenvalues of the monodromy matrix, λj [ 46 ], [ 47 ]. For any periodic orbit, the value

of νj is evaluated as,

νj = 1
2

(
||λj|| + 1

||λj||

)
(3.58)

Due to the reciprocal pairs of eigenvalues in the CR3BP, each periodic orbit is characterized

by three unique stability indices. Owing to the unity pair of eigenvalues, at least one stability

index for all periodic orbits in the CR3BP equals unity. If any of the remaining two stability

indices are greater than unity, the orbit is unstable in a linear sense. Conversely, if the values

of all three stability indices are less than or equal to unity, the orbit is linearly stable. The

magnitude of the stability index itself informs the evolution of the stability properties for

an orbit, where larger magnitudes indicate faster departure from the vicinity of the baseline

orbit.

3.6 Periodic Orbit Bifurcations

Analyzing the stability for a family of periodic orbits leads to the concept of bifurcations

and bifurcating orbits. By definition, a bifurcation occurs when there is a change in the form

or character of the stability across a family [  45 ], [ 48 ]. For instance, such changes occur when

the stable or marginally stable eigenvalues of a periodic orbit cross the unit circle, causing the
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corresponding eigenvalues of orbits further along the family to become unstable. Qualitative

changes such as these result in the formation of bifurcating orbits, possibly signaling new

families of periodic solutions or, in some cases, delivering the end of a family of solutions.

When a new family arises as a consequence of a bifurcation, the bifurcating orbit is common

to both families. There are three ways in which a change in the stability properties of a

family of periodic orbits signals the occurrence of a bifurcation [  49 ]:

• Tangent Bifurcation: A pair of eigenvalues moves along the unit circle and collides

at the value +1 on the real axis, and then continues to the real axis, as illustrated

in Figure  3.7(a) . When a tangent bifurcation occurs at an extremum of the Jacobi

constant value along a family, it does not result in the formation of a new family of

periodic solutions. Such bifurcations are denoted cyclic folds.

• Period Doubling Bifurcation: A pair of eigenvalues moves along the unit circle

and collides at the value -1 on the real axis; then the eigenvalues shift to the real axis,

as illustrated in Figure  3.7(b) .

• Secondary Hopf Bifurcation: Two pairs of eigenvalues collide on the unit circle,

but off the real axis, and split into the complex plane, as illustrated in Figure  3.7(c) .

By investigating the eigenvalues from the monodromy matrix for various orbits along a family,

bifurcations are frequently identified. In this investigation, tangent and period doubling

bifurcations are explored to yield additional families of periodic orbits in the Earth-Moon

CR3BP.

3.7 Invariant Manifold Theory

Much insight emerges when solutions to differential equations are explored via both

classical analysis techniques and a global geometric approach. The former involves analyzing

individual trajectories and their properties, while the latter approach is based in the phase

space of a dynamical system and involves understanding the global behavior of the flow. The

structure and geometry of the phase space is investigated by exploring periodic solutions as

well as the local flow associated with these particular solutions [ 50 ]. The knowledge of the

77



(a) Tangent bifurcation (b) Period-doubling bifurcation (c) Secondary Hopf bifurcation

Figure 3.7. Change in eigenvalue structure associated with each type of bifurcation [  48 ].

flow structure is frequently leveraged towards trajectory design, especially involving transfers

between unstable orbits [  51 ], [  52 ]. The following section introduces the methodology to

compute stable and unstable manifolds for periodic orbits.

3.7.1 Manifolds for Periodic Orbits

Invariant manifolds corresponding to an unstable periodic orbit are constructed by dis-

cretizing the orbit into a specified number of fixed points, represented by x∗. Recall from

Section  3.5 that the eigenvalues of the monodromy matrix, as computed at any fixed point

along a periodic orbit, remain precisely the same along the orbit. The eigenvectors, however,

corresponding to each point on the orbit reflect the natural flow near that specific fixed

point and, thus, vary along the orbit. Therefore, the eigenvectors are determined along var-

ious fixed points on the orbit to accurately compute the associated manifolds. Let λS and

λU = 1
λS

denote one pair of the stable and unstable eigenvalues of the periodic orbit. The

components of their corresponding eigenvectors, vS and vU , are decomposed as,

vS = [xS yS zS ẋS ẏS żS]T (3.59)

vU = [xU yU zU ẋU ẏU żU ]T (3.60)

The eigenvectors are normalized in terms of three position components, three velocity com-

ponents, or the full six element state. Normalization along the position components allows
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the physical characterization of the states, and is the selected strategy for normalization in

this investigation. Then, the normalized states of the stable and unstable eigenvectors are

evaluated as,

vW S = vS√
x2

S + y2
S + z2

S

(3.61)

vW U = vU√
x2

U + y2
U + z2

U

(3.62)

A point on a half-manifold is located by stepping off a fixed point along the direction of

the stable and unstable eigenvectors. The positive half branch of the stable manifold, W S+,

departs the fixed point along the positive direction of the stable eigenvector, vS, while the

negative half branch, W S−, departs along the negative direction of the stable eigenvector,

−vS. Similarly, the positive half branch of the unstable manifold, WU+, departs along the

positive direction of the unstable eigenvector, vU , while the negative half branch, WU−,

departs along the negative direction of the unstable eigenvector, −vU . A nondimensional

perturbation, denoted by d, is introduced relative to the fixed point in the direction of the

eigenvectors. The selection for the value of d is crucial: if the value of d is too large, the

resulting point might not lie on the manifold itself; if the value is too small, the trajectory

remains in the vicinity of the fixed point for a longer time, leading to little progress along

the manifold trajectory and the accumulation of numerical integration error. Once an ap-

propriate value of d is selected, the point on the local stable and unstable half-manifolds is

evaluated as,

xS± = x∗ ± d · vW S (3.63)

xU± = x∗ ± d · vW U (3.64)

where ± corresponds to the positive and negative directions along each manifold. This

process is repeated for each fixed point along the periodic orbit to produce trajectories that

lie on its stable and unstable manifolds. Trajectories that lie on the true stable manifold
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asymptotically approach the orbit in time, while trajectories on the actual unstable manifold

asymptotically depart the orbit when propagated forwards in time.

The construction of periodic orbit manifolds is illustrated within the context of an L2

Lyapunov orbit in the Earth-Moon system represented in Figure  3.8 . The orbit, plotted in

black, is discretized into 50 fixed points spaced evenly in time, and a step-off distance of

d = 40 km is selected. Trajectories that lie on the negative stable/unstable half-manifolds

appear in light blue/red, while those on the positive stable/unstable half-manifolds appear

in dark blue/red. Together, the stable manifold trajectories comprise the stable manifold

surface, while the set of unstable manifold trajectories comprise the unstable manifold surface

of the periodic orbit. Visualizing the projection of the manifolds onto the configuration

space aids in the identification of trajectories that naturally approach and depart the orbit

in time. While the trajectories in Figure  3.8 appear to remain in the vicinity of the orbit for

the selected propagation time, longer propagation intervals reflect more complex geometries

that are difficult to assess solely by their projection in configuration space. As such, other

tools for analyzing flow behavior to identify useful characteristics are explored.

Figure 3.8. Trajectories on the stable (blue) and unstable (red) manifold for
an L2 Lyapunov orbit in the Earth-Moon CR3BP.
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3.8 Poincaré Maps

Poincaré sections or maps are a valuable tool to represent systems of differential equa-

tions as maps, a concept first utilized by Henri Poincaré in his analysis of the CR3BP [  42 ].

Exploiting maps to understand chaos is quite effective with extensive development in the

last few decades. This type of formulation allows a continuous time system (flow) to be

reduced to the examination of an associated discrete time system (map). The advantages of

the technique include:

• Reduction of dimension: The construction of a Poincaré map eliminates at least

one variable in the problem, reducing the study to a lower dimensional system.

• Understanding of global dynamics: In a lower dimensional analysis, Poincaré

maps offer insight into the global dynamics of a system, often highlighting trends that

might not otherwise be apparent.

• Conceptual clarity: Concepts that are otherwise too complex to interpret in terms

of ordinary differential equations are concisely stated for the corresponding Poincaré

map.

Within the context of the CR3BP, Poincaré mapping techniques are leveraged in the investi-

gation to exploit other dynamical structures within the vicinity of various periodic orbits. To

construct a Poincaré map for a trajectory in the CR3BP, an (n−1) dimensional hyperplane,

denoted Σ, is defined such that the flow is transverse to the hyperplane, i.e., the trajectory

possesses some component normal to the plane. The hyperplane Σ is defined after specific

time intervals, or after specific geometries.

Consider a periodic orbit Γ, and let x∗ be a state along the orbit. The hyperplane Σ is

transverse to Γ at x∗. A trajectory through x∗ crosses Σ at x∗ in time T, where T is the

period of the orbit. Trajectories that originate on Σ in a sufficiently small neighborhood of x∗

intersect Σ in the vicinity of x∗ in approximately the time T. In general, a state x is evolved

through the flow until it crosses the hyperplane and returns to the map at P(x), where P(·)

represents the Poincaré map for the system. Figure  3.9 illustrates a Poincaré map, where

the hyperplane appears in pink and is denoted Σ. The periodic orbit, Γ, originates at x∗ on
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the map and returns to the exact same point after precisely one period; as such, periodic

orbits are aptly denoted as fixed points within the context of a Poincaré map. In contrast,

when a second point x that lies near the fixed point is propagated for precisely one period,

the return to the map is recorded at a different location, denoted P(x) in Figure  3.9 .

Figure 3.9. Representation of a Poincaré map with the representative hyperplane Σ.

Poincaré maps are particularly useful for understanding the stability of periodic solutions

in the CR3BP. The stability properties associated with a fixed point on a Poincaré map are

correlated with the stability of the periodic orbit. For a fixed point x∗ on a hyperplane Σ,

consider an initial state x0 in the vicinity of the fixed point. The initial state is propagated

numerically for a given time interval, and its intersections with the hyperplane are recorded

as P1(x0), P2(x0), and so on, until the last return Pn(x0). If subsequent returns to the map

approach the fixed point x∗ on the hyperplane, the orbit is considered ‘stable’. If the returns

appear to diverge from the fixed point, the periodic orbit is unstable. If the returns to the

map are disordered, the orbit is considered to be chaotic. The first case corresponds to stable

manifolds associated with the fixed point, while the second case is representative of unstable

manifold returns.

Recall the invariant manifolds for the L2 Lyapunov orbit illustrated in Figure  3.8 . To

visualize dynamical behavior near the orbit for longer propagation times, a Poincaré map is
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constructed. For this planar orbit in R4, a geometric hyperplane Σ is defined by fixing one of

the four coordinates, reducing the problem to a surface in R3. In this case, Σ is defined to be

y = 0, or intersections with the x̂-axis. The local stable and unstable manifolds constructed

from fixed points along the periodic orbit are propagated numerically for approximately

10.15 nd (45 days), or 3 periods of the orbit. Any intersections with the hyperplane of the

global stable and unstable manifolds are recorded. As an example, the values of x and ẋ

at each intersection are used to visualize the returns to the map, but other variables may

also be employed. Note that the Jacobi constant value for this map is fixed. As such, the

remaining unknown state component, ẏ, for each trajectory represented on the map may

be recovered to obtain the full state vector. Figure  3.10 illustrates the resulting Poincaré

map, zoomed-in near the location of the orbit, where each point on the map corresponds

to a return. The blue points are associated to returns of the stable manifold trajectories,

while the red points correspond to returns of unstable manifold trajectories. To obtain more

returns to the map, the manifold trajectories are propagated for longer times; for denser

curves within the map, more fixed points along the underlying periodic orbit are considered.

Some of the regions of interest on the map include locations where the stable and unstable

manifolds intersect, which correspond to homoclinic connections [  33 ]. Additionally, black

curves bound the regions of possible returns to the map at this value of the Jacobi constant.

Maps are frequently employed in the computation of low-cost and even natural transfers

between orbits in the CR3BP.
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Figure 3.10. Poincaré map for an L2 Lyapunov orbit with the hyperplane Σ : y = 0.
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4. RESONANT ORBITS

This investigation is focused on an in-depth analysis of resonant orbits and their character-

istics in the CR3BP. The concept of mean motion resonance is introduced in this chapter,

followed by the construction of sidereal resonant orbits in the two-body model and their

transition to the Earth-Moon CR3BP. Planar orbit families corresponding to different res-

onances are evaluated. Spatial analogs for various planar orbits families are obtained and

their stability is evaluated. Finally, various sidereal resonant orbits that exhibit synodic

resonance as well are introduced.

4.1 Orbital Resonance

The phenomenon of resonance is a direct consequence of subtle gravitational effects that

determine the dynamical structure of the solar system [ 11 ]. In general, the type of resonance

in a system that is most relevant here occurs when there exists a simple numerical relationship

between frequencies or periods (both orbital and rotating) of two or multiple bodies. Within

the scope of orbital mechanics, it is useful to analyze this relationship between planetary

bodies and leverage it towards identifying favorable orbital characteristics.

4.1.1 Occurrences in the Solar System

The basic theory behind observed orbital resonances in the solar system is discussed.

Planetary systems have been observed to demonstrate two types of resonant behaviors [  53 ]:

• Mean Motion Resonance:

Mean motion resonance occurs when the orbital periods (inversely, the mean motions)

for two celestial bodies orbiting the same central body exist as a ratio of small integers.

The impact of mean motion resonance is observed over shorter time scales.

• Secular Resonance:

Secular resonance arises when the slow frequencies of orbital precession are commen-

surable, resulting in synchronized orbital precession that changes the eccentricity and
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inclination of the smaller resonant body. The impact of secular resonance is observed

over longer time scales, such as thousands over years.

The focus of this investigation is mean motion resonance, also termed orbit-orbit resonance.

Resonances are typically described via simple integer ratios of periods, denoted generally as

p : q. For two bodies A and B in mean motion resonance, this ratio is equal to PB :PA, where

PA and PB are the periods for the orbits of bodies A and B, respectively. Notably, the orbits

of Pluto and Neptune are in a 2 : 3 mean motion resonance, i.e., for approximately every two

revolutions of Pluto around the Sun, Neptune orbits the Sun three times. A special case

of orbit-orbit resonance is observed in the Jovian system, where the periods of Ganymede,

Europa, and Io are in two consecutive mean motion resonances. Specifically, Io is in a 2 : 1

resonance with Europa, which is in a 2 : 1 resonance with Ganymede. The geometry of the

resonance, however, is such that triple conjunctions of the moons never occur: whenever a

conjunction between any pair occurs, the third moon is always at least 60◦ away [  54 ], [ 55 ].

This phenomenon was first observed by Pierre-Simon Laplace, and has since been noted to

occur in extrasolar systems as well [ 56 ].

The occurrence of resonance in a system potentially leads to the long term stabilization

of the orbits involved, as in the case of Neptune and Pluto; in other scenarios, resonance

destabilizes the orbits. Another example of stabilization due to resonance is observed in the

Hilda group of asteroids that exist in a 3 : 2 resonance with the orbit of Jupiter [  57 ]. However,

in the same region, resonance destabilization is associated with the Kirkwood gaps in the

asteroid belt between Mars and Jupiter, at the locations corresponding to 3 : 1, 2 : 1, 5 : 2,

and 7 : 3 mean-motion resonances with Jupiter [  58 ]. Similar destabilization is also observed

in the Cassini Division in the rings of Saturn that are cleared out due to a 2 : 1 resonance

with Saturn’s moon Mimas [  59 ].

4.2 Resonant Orbits in the Two-Body Model

Resonance in the two-body model serves as a foundation for later transition to the higher-

fidelity CR3BP. Of the possible closed-form solutions in the two-body model, elliptical orbits,

that is, closed orbits in the inertial frame, are the focus of this investigation. Consider a
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spacecraft, denoted with the subscript s, on an elliptical orbit around the Earth. Then, the

spacecraft is said to be in orbital resonance with the Moon around the Earth if the spacecraft

completes p orbits around the Earth in the same time that the Moon completes q revolutions

around the Earth, where p and q are positive integers. Mathematically, this relationship is

expressed as,

p

q
= Ns

N$
= P$

Ps

(4.1)

where P$ is the period of the Moon and Ps is the period of the spacecraft. The quantities

N$ and Ns are the mean motions of the Moon and the spacecraft, respectively, evaluated as,

Ni =

√√√√G̃Mi

a3
i

(4.2)

Here, G̃Mi = µ̃i is the gravitational parameter associated with the central body (Earth,

in this case), and ai is the semi-major axis in the Moon or the spacecraft orbit. Together,

Equations ( 4.1 ) and (  4.2 ) yield the following relationship between the resonance ratio and

the semi-major axes for the two bodies in resonance,

p

q
= Ns

N$
=

√√√√a3
$

a3
s

(4.3)

For a spacecraft in resonance with the Moon orbiting the Earth, the knowledge of the semi-

major axis of the Moon, a$, aids in the computation of the semi-major axis of the spacecraft

orbit, as, for any given resonance ratio p : q. The value of as is then determined as,

as =
(
q2a3

$

p2

)1
3 (4.4)

Equation (  4.4 ) is employed to construct orbits in the two-body model for the required reso-

nance ratio. To simplify the analysis and to aid their eventual transition into the Earth-Moon

CR3BP, the resonant orbits are constructed assuming a circular lunar orbit.
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As an illustrative example, consider a spacecraft orbiting the Earth in a planar 3:4 mean

motion resonance with the Moon. Since the focus is the two-body model, recall that the

Moon is modeled as massless and does not influence the motion of the Earth. Assume that

the gravitational parameter value of the central body, Earth, is equal to 398600.44 km3/s2.

Then, the semi-major axis of the spacecraft orbit, as, is determined using Equation (  4.4 )

with the ratio p : q = 3 : 4, and is equal to 466088.99 km. Next, the initial state vector for the

resonant orbit in the two-body inertial frame is defined as IX0,2B = [X0 Y0 Z0 X ′
0 Y ′

0 Z ′
0]T .

Here, the superscript I represents the inertial frame, and the primes denote derivatives with

respect to dimensional time. Since the resonant orbit is planar, the initial values of position

and velocity along the Ẑ direction, i.e., Z0 and Z ′
0, are equal to 0. Assume that at initial

time, denoted T = 0, the spacecraft is located at an apse. The initial position in the Ŷ

direction and the initial velocity in the X̂ direction are equal to 0, i.e., Y0 = 0 and X ′
0 = 0.

The eccentricity of the orbit of the spacecraft is selected such that at the initial time, the

spacecraft lies beyond the orbit of the Moon, i.e., at apogee relative to the Earth. In this

case, the eccentricity is selected as es = 0.8, a value that corresponds to an apogee distance

of ra = 838960.19 km. Thus, the initial position along the X̂ direction is X0 = −ra. The

magnitude of the initial velocity is then determined as,

V0 =
√

2µ̃
( 1
R0

− 1
2as

)
(4.5)

where R0 is the magnitude of initial position. Recall that the components of velocity in

the X̂ and Ẑ directions are zero. Thus, based on Equation ( 4.5 ), the final component of

the initial state vector, Y ′
0 , is determined to be equal to 0.30825 km/s, acting along the

negative-Ŷ direction since the spacecraft is at apogee. The initial state vector is, thus, given

as,

IX0,2B = [−838960.199 km 0 0 0 0.30825 km/s 0]T (4.6)

The resonant orbit that results from these initial states in the inertial frame is illustrated in

black in Figure  4.1(a) . The orbit of the Moon, assumed to be circular, appears in grey as well.
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When the orbit is propagated for multiple revolutions in the two-body model and visualized

in the rotating frame, specifically for p = 3 orbital periods (also equal to q = 4 orbits of the

Moon), additional characteristics emerge. Equation (  2.93 ) provides the transformation from

the inertial to an Earth-centered Earth-Moon rotating frame. The resulting orbit appears

in Figure  4.1(b) in black, with the Earth and the Moon denoted by black markers.

(a) Earth-centered inertial frame (b) Earth-Moon rotating frame

Figure 4.1. Orbit in 3 : 4 resonance with the Moon constructed in the Earth
two-body model and plotted in an Earth-centered inertial and Earth-centered
rotating frames.

For the 3 : 4 resonance ratio, the spacecraft orbits the Earth three times in the same time

interval required for the Moon to orbit the Earth four times. A stark difference between

the inertial and rotating frame views of the resonant orbit is the formation of loops that

appear in Figure  4.1(b) . The number of loops that appear in this frame correspond to

the value of p in the p : q resonance ratio for any resonant orbit. For this resonance ratio,

the loops represent the periapse passes along the orbit: at periapses, the velocity of the

spacecraft around the Earth is faster than the velocity of the Moon in its orbit, a fact that

renders the spacecraft to seemingly reverse its direction of motion in orbit. In addition to

highlighting their unique geometry, the transformation into the rotating frame also precedes

the construction of resonant orbits in the CR3BP. When the two-body orbit is propagated for

multiple revolutions, specifically for p = 3 periods in this example, it repeats 3 times in the

inertial frame view in Figure  4.1(a) . However, in the rotating frame view in Figure  4.1(b) ,
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the orbit is closed and appears to complete one full revolution in that time, without repeating

over itself. As such, the apparent period of the resonant orbit in the rotating frame view is

equal to p ·Ps, where Ps is period of the spacecraft in the conventional two-body model, and

is evaluated as,

Ps = 2π
√
as

µ̃
(4.7)

Here as is the semi-major axis of the orbit, and µ̃ is the gravitational parameter of the

central body. For this example, the period of the spacecraft is equal to Ps = 36.65 days; in

the rotating frame, the orbit appears closed over 3 · Ps = 109.96 days.

4.2.1 A Note on Nomenclature: Sidereal vs. Synodic Resonant Orbits

In trajectory design, resonant orbits are frequently described by both sidereal and synodic

periods. These periods, specifically within the context of the Earth-Moon dynamical system,

are described [  60 ]:

• Sidereal Period: the time required for the Moon to complete a 360◦ revolution and

return to the same orientation relative to the “fixed” stars as viewed from the Earth.

The lunar sidereal period is equal to its orbital period of 27.3217 days.

• Synodic Period: the time required for the Moon to appear in the same location

relative to both the Earth and the Sun as viewed from the Earth. The lunar synodic

period is approximately equal to 29.53 days, and is also the period of the lunar phases.

For the orbits in this investigation, specifically, orbits of spacecraft in mean motion reso-

nance with the Moon, the relevant quantity is the sidereal period of the Moon. Recall from

Equation (  4.1 ), mean motion resonance entails the period of revolution, or the orbital pe-

riod of the bodies involved. As such, the sidereal period of the Moon is employed in the

determination of the resonance ratio and the construction of resonant orbits. These orbits

are, thus, more appropriately termed “sidereal resonant orbits”; for brevity, they are simply

denoted “resonant orbits” in this investigation. Where the lunar synodic period is employed,

the term “synodic resonant orbits” is explicitly used to avoid confusion.
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4.3 Resonant Orbits in the CR3BP

The determination of resonant orbits in the CR3BP builds upon resonant orbits as first

constructed in the two-body model. However, one major distinction that arises between

resonant orbits in the two models is the difference in resonance ratios. For resonant orbits

in the two-body model with perfect integer resonance ratios, the equivalent orbits in the

CR3BP no longer possess precise integer ratios, but approximate rational fractions. Thus,

for 3 : 4 resonant orbits in the CR3BP, the spacecraft completes p orbits around the Earth

in approximately the time required for the Moon to complete q orbits around the Earth.

Nonetheless, such orbits in the CR3BP are precisely periodic in the rotating frame and, as

demonstrated in the following sections, exhibit the same rotating frame geometries as their

two-body counterparts.

One approach for constructing resonant orbits in the Earth-Moon CR3BP, the initial

guess is generated from the analogous resonant orbit in the two-body model. Return to the

3 : 4 resonant orbit in the two-body problem as seen in Section  4.2 . The two-body model

assumes the Moon to be massless, clearly no longer true in the CR3BP. Consequently, the

additional gravitational effect of the Moon perturbs the orbit in the CR3BP and initially

results in an orbit that is not periodic. Therefore, the initial conditions corresponding to

the periodic orbit in the two-body model require adjustments via a differential corrections

scheme for the construction of its analog in the CR3BP. To illustrate this process, recall

the six-element dimensional initial state vector for the 3 : 4 resonant orbit in the two-body

inertial frame, i.e.,

IX0,2B = [−838960.199 km 0 0 0 0.30825 km/s 0]T (4.8)

Using Equation (  2.93 ), the following vector is produced that represents the initial state for

the spacecraft in the Earth-Moon rotating frame centered on the Earth,

RX0,2B = [−838960.199 km 0 0 0 1.92480 km/s 0]T (4.9)
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The initial state vector in Equation (  4.9 ) is then converted into rotating CR3BP nondimen-

sional coordinates, along with a coordinate shift to the Earth-Moon barycenter at the origin.

The resulting nondimensional CR3BP state in the rotating frame is,

Rx0 = [−2.19269 0 0 0 1.87954 0 ]T (4.10)

Propagating the initial state in Equation ( 4.10 ) for one period in the rotating frame (approx-

imately 110 days, or for p = 3 revolutions in the inertial frame) using the CR3BP nonlinear

equations of motion results in a trajectory that is neither closed nor periodic in the rotating

frame. As such, a corrections scheme is necessary to adjust the initial conditions and produce

a periodic resonant orbit in this model. The single shooting scheme employed to construct

the L1 Lyapunov orbit in Section  3.3 is adopted to produce the periodic trajectory. The ini-

tial state from Equation ( 4.10 ) seeds the initial guess for the perpendicular crossing targeter.

Adjusting the six-element nondimensional initial state in the CR3BP rotating frame yields,

Rx0,corr = [−2.19269 0 0 0 1.89204 0 ]T (4.11)

In dimensional units, this initial state vector is rewritten as,

Rx0,corr = [−843635.11 km 0 0 0 1.93761 km/s 0 ]T (4.12)

The corrected resonant orbit appears in red in Figures  4.2(a) and  4.2(b) in the Earth-centered

inertial and Earth-Moon rotating frames, respectively. Notably, in the inertial frame, the

three revolutions of the spacecraft are not perfectly overlaid as in the case of the two-body

orbit in Figure  4.1(a) . Instead, the gravitational perturbations applied by the Moon cause

oscillations about the line of apsides. In the rotating view in Figure  4.2(b) , the initial guess

from the two-body model appears in black. For this particular orbit, the two-body solution

supplies an appropriate initial guess in the CR3BP, and minimal departures in geometry

are observed. The corrected orbit possesses a period of 109.57 days and a Jacobi constant

value equal to 2.14178. While this corrections strategy directly supplies the resonant orbit

in the CR3BP from the two-body initial guess, other strategies, such as continuation in the
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CR3BP mass ratio value, µ, are sometimes leveraged to deliver CR3BP resonant orbits as

well [ 61 ].

(a) Earth-centered inertial frame (b) Earth-Moon rotating frame

Figure 4.2. Orbit in 3 : 4 resonance with the Moon constructed in the Earth-
Moon CR3BP and plotted in the inertial and rotating frames.

4.3.1 Osculating Orbital Elements: CR3BP Resonant Orbits

Visualizing resonant orbits in the inertial and rotating frames allows insight into their

varying geometries. The orbits exhibit notable features in the rotating frame that are unique

to sidereal resonant orbits. Given that the definition of resonant orbits originates in two-

body Keplerian orbits, it is also useful to assess the orbital elements for orbits in dynamical

models of higher fidelity. While the orbital elements are defined only in the context of the

two-body model, osculating orbital elements provide insight into the orbital analogs in other

models as well.

To produce the osculating orbital elements in the CR3BP, the osculating conic section

is constructed at each point in time. This osculating conic orbit, one that exists about the

central body in the absence of perturbations, is tangent to the actual orbit at every point

with the same velocity as the actual orbit at that precise point [ 62 ]. In the Earth-Moon

CR3BP, the third-body perturbations from the Moon significantly vary the orbital elements

in comparison to the Keplerian analogs. To produce these osculating orbital elements, the
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Earth-centered inertial states that appear in Figure  4.2(a) are employed to evaluate the

osculating orbital elements at each point in time. Let Rk and V k denote the dimensional

position and velocity vectors in inertial coordinates at each time step, tk. The first step in

delivering the orbital elements is the availability of the osculating orbital angular momentum

vector and its magnitude, i.e.,

hk = Rk × V k (4.13)

hk = ||hk|| (4.14)

Next, the eccentricity vector evaluation yields the osculating eccentricity for the orbit,

ek = V k × hk

µ̃
− Rk

Rk

(4.15)

ek = ||ek|| (4.16)

where µ̃ is the dimensional gravitational parameter for the central body. Next, the osculating

inclination appears as,

ik = arccos
(
hk,Ẑ

hk

)
(4.17)

where hk,Ẑ is the component of the angular momentum along the Ẑ direction. For the

osculating right ascension of the ascending node (RAAN), denoted Ωk, the osculating angular

velocity vector is first determined as,

ω̃k = [0 0 1]T × hk (4.18)

Then, the following two cases arise that are considered in the computation of the osculating

RAAN,

Ωk =


arccos

(
ω̃k,X̂

ω̃k

)
ω̃k,Ŷ ≥ 0

2π − arccos
(
ω̃k,X̂

ω̃k

)
ω̃k,Ŷ < 0

(4.19)
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Next, the osculating argument of periapsis is determined for the following two options for

the osculating eccentricity vector,

ωk =


arccos

(
ek · ω̃k

ekω̃k

)
ek,Ẑ ≥ 0

2π − arccos
(

ek · ω̃k

ekω̃k

)
ek,Ẑ < 0

(4.20)

For completeness, the relationships for producing the osculating true anomaly are,

θ∗
k =


arccos

(
ek · Rk

ekRk

)
ek · Rk ≥ 0

2π − arccos
(

ek · Rk

ekRk

)
ek · Rk < 0

(4.21)

Finally, the osculating semi-major axis value is a function of the inertial position,

ak = 1
2
Rk

− V 2
k

µ̃

(4.22)

Using the osculating semi-major axis, the osculating orbital period is available as well, allow-

ing a direct comparison of the two-body and the CR3BP resonance ratios. The osculating

orbital period is,

Pk = 2π

√√√√a3
k

µ̃
(4.23)

As an example, Figure  4.3(a) illustrates the relevant osculating orbital elements for the 3 : 4

CR3BP resonant orbit in Figure  4.2 . The osculating semi-major axis appears in Figure  4.3(a) ,

where the black line indicates the “ideal” semi-major axis, i.e., the value associated with the

3 : 4 resonant orbit in the two-body model, determined via Equation ( 4.4 ). Notably, the

osculating value oscillates about the ideal value, with “spikes” corresponding to perigee and

perilune passes. Figure  4.3(b) illustrates the osculating resonance ratio for this particular

orbit, where the black line indicates the precise value of the ratio, i.e., 3
4 = 0.75. Visualizing

the osculating resonant ratio illustrates the difference between the two-body resonant ratio
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and the approximate resonant ratio that manifests in higher-fidelity models. Figure  4.3(c) 

illustrates the osculating eccentricity for the three-body orbit, where the black line denotes

the eccentricity of the underlying two-body resonant orbit from Figure  4.1 that seeded the

initial guess for the CR3BP construction. Here, the perturbations to the two-body conic that

manifest in the CR3BP become apparent at the locations of close encounters with both the

primaries as well. While not illustrated here, the osculating inclination and RAAN values

for this orbit are also available. Since the orbit is planar and prograde, the inclination and

RAAN remain constant and equal to zero for each time step. For spatial resonant orbits,

close lunar passes may perturb these orbital elements significantly as well.

(a) Osculating semi-major axis (b) Osculating orbital period

(c) Osculating eccentricity

Figure 4.3. Osculating semi-major axis, orbital period (resonance ratio), and
eccentricity for the 3 : 4 resonant orbit in the CR3BP.
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4.3.2 Interior and Exterior Resonant Orbits

Depending on the resonance ratio, resonant orbits are classified as interior or exterior

resonances. For an integer resonance ratio of p : q, orbits with p > q are denoted interior

resonant orbits. The periods of these orbits, as viewed in the inertial frame, are shorter than

the period of the Moon. In general, these orbits remain interior to the Earth-Moon system.

Alternatively, when p < q, the orbits are termed exterior resonant orbits. The orbital periods

in this case are longer than the period of the Moon. The geometries of these orbits exhibit

excursions beyond the Earth-Moon system, with potential opportunities for closer passes of

the two primaries. The 3 : 4 orbit in Figure  4.2 is an exterior resonant orbit, characterized

by its long period and excursions beyond the lunar orbit, as apparent in Figure  4.2(a) .

4.4 Families of Planar Earth-Moon Resonant Orbits

The existence of a periodic resonant orbit in the CR3BP guarantees the existence of a

family of resonant orbits. In contrast to resonant orbits in the two-body model that exist as

isolated solutions for a given resonance ratio and eccentricity, families of resonant orbits in the

CR3BP cover a range of suitable options. Although the orbits in a family of solutions exist

over a range of periods and, as a result, are nearly resonant, they exhibit resonant behavior

and characteristics that retain the utility of the underlying sidereal resonant orbits. These

additional orbits are typically constructed by varying a physical parameter, such as a position

or velocity coordinate via natural parameter continuation (Section  3.4.1 ), or by continuing

along the direction tangent to the family via pseudo-arclength continuation (Section  3.4.2 ).

In this investigation, natural parameter continuation and perpendicular crossing targeting

algorithms are employed to evolve families of resonant orbits. The first orbit in the family is

produced via an initial guess from the two-body model. This process is repeated for various

resonance ratios within the Earth-centered two-body model.

Families of planar sidereal resonant orbits corresponding to various resonance ratios are

constructed in the Earth-Moon CR3BP and appear in Figures  4.4 –  4.7 . In each figure, the

left column illustrates representative members of the orbit families colored by their Jacobi

constant values. For each family, the orbits highlighted in black represent the direction of
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motion along the orbit. The columns on the right reflect the evolution of the stability index,

obtained via Equation (  3.58 ), plotted in blue on the left vertical axis as a function of the

Jacobi constant along the orbit family. Also plotted in the right column is the evolution

of the period in the CR3BP (i.e., the period in the rotating frame), appearing in red along

the right vertical axis for each family. Overall, the orbit families illustrate vastly differing

geometries and stability properties spanning various energy levels. This characteristic of

resonant orbits renders them particularly useful for trajectory design in the cislunar domain,

since access to various regions within this space is available via their expansive geometries

and energy levels. The corrected nondimensional initial states, values of Jacobi constant, and

nondimensional period for selected orbit members from each resonant family are summarized

in Table  4.1 . Since the orbits are planar and symmetric about the x̂-axis, the initial state

vector is of the form x0 = [x0 0 0 0 ẏ0 0]T . The values provided in Table  4.1 correspond to

orbits from each family that are closest in period to their respective “ideal” resonant ratio.

4.5 Families of Spatial Earth-Moon Resonant Orbits

The availability of planar resonant orbit families and the evaluation of their stability

properties enables the search for three-dimensional resonant orbit families [  63 ]. The avail-

ability of such solutions opens additional dynamically viable regions for spacecraft pathways

over various values of the Jacobi constant. To construct spatial families of resonant orbits,

the eigenvalue structure along their planar analogs is investigated in search of bifurcating

orbits. Specifically, certain tangent bifurcations from planar resonant families bifurcate into

spatial resonant families [  22 ].

Once the bifurcating orbit is identified, a slight perturbation in the initial state corre-

sponding to the orbit is introduced in the ẑ-direction. Then, the initial state to construct the

first spatial orbit is of the form x0 = [x0 0 ∆z 0 ẏ0 0]T , where ∆z is the perturbation along

the ẑ-direction. This perturbed state is adjusted for periodicity using a three-dimensional

targeting scheme focused on perpendicular crossings, during which the value of the initial

position in the ẑ-direction is held fixed. Following a strategy for natural parameter continua-

tion, as employed in the construction of planar families of resonant orbits, families of spatial
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(a) 1 : 1 resonant orbit family (b) 1 : 1 stability and period evolution

(c) 1 : 2 resonant orbit family (d) 1 : 2 stability and period evolution

(e) 1 : 3 resonant orbit family (f) 1 : 3 stability and period evolution

Figure 4.4. Families of planar resonant orbits corresponding to various 1 : q
resonant ratios obtained in the Earth-Moon CR3BP.
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(a) 2 : 1 resonant orbit family (b) 2 : 1 stability and period evolution

(c) 2 : 3 resonant orbit family (d) 2 : 3 stability and period evolution

(e) 2 : 5 resonant orbit family (f) 2 : 5 stability and period evolution

Figure 4.5. Families of planar resonant orbits corresponding to various 2 : q
resonant ratios obtained in the Earth-Moon CR3BP.
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(a) 3 : 1 resonant orbit family (b) 3 : 1 stability and period evolution

(c) 3 : 2 resonant orbit family (d) 3 : 2 stability and period evolution

(e) 3 : 4 resonant orbit family (f) 3 : 4 stability and period evolution

Figure 4.6. Families of planar resonant orbits corresponding to various 3 : q
resonant ratios obtained in the Earth-Moon CR3BP.
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(a) 4 : 1 resonant orbit family (b) 4 : 1 stability and period evolution

(c) 4 : 3 resonant orbit family (d) 4 : 3 stability and period evolution

(e) 4 : 5 resonant orbit family (f) 4 : 5 stability and period evolution

Figure 4.7. Families of planar resonant orbits corresponding to various 4 : q
resonant ratios obtained in the Earth-Moon CR3BP.
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Table 4.1. Initial conditions for selected planar resonant orbits in the Earth-
Moon CR3BP system.

Resonance Ratio x0 [nd] ẏ0 [nd] C Period [nd]

1 : 1 0.153862 3.140080 2.093600 6.282755

1 : 2 0.181659 2.905124 1.817405 12.544220

1 : 3 4.056387 -3.944789 1.386438 18.848089

2 : 1 0.148266 3.115805 2.658738 6.282734

2 : 3 0.968292 1.121194 2.938193 16.504591

2 : 5 -2.687986 2.277306 2.784109 31.414921

3 : 1 0.892859 -0.765710 2.649782 6.282625

3 : 2 0.399518 1.465157 2.853480 12.564971

3 : 4 0.254937 2.307397 2.171259 25.131392

4 : 1 0.071268 4.519106 3.293543 6.282760

4 : 3 1.435953 -1.104885 2.259758 18.851590

4 : 5 0.506067 1.232588 2.599756 31.358859

resonant orbits are produced as well. Each subsequent orbit in the family is incremented by

a fixed value in the ẑ-direction, and the resulting initial state is iteratively corrected. Incre-

ments in the positive ẑ-direction result in northern spatial resonant orbits, while stepping

in the negative ẑ-direction results in southern spatial resonant orbits. Spatial analogs for

the planar resonant orbit families from the previous section are illustrated in Figures  4.8 –

 4.10 . To highlight the complex out-of-plane geometry that manifests in the rotating frame,

projections on the x̂ − ŷ, ŷ − ẑ, and x̂ − ẑ planes for a single orbit from each family appear

in the figures in grey as well. Additionally, the evolution of the orbital period and stability
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index for the given orbits are plotted as a function of the Jacobi constant value for each

family. Section  4.5 summarizes the initial value for the x- and z-positions and the y-velocity,

Jacobi constant, and the period for selected members from each family of spatial resonant

orbits.

Table 4.2. Initial conditions for selected spatial resonant orbits in the Earth-
Moon CR3BP system.

Resonance Ratio x0 [nd] z0 [nd] ẏ0 [nd] C Period [nd]

1 : 1 0.157512 -0.065407 2.975925 2.063267 6.282874

1 : 2 0.400017 -0.847935 0.830551 1.589312 12.542272

1 : 3 0.908786 3.080866 -0.531585 1.165613 18.839069

2 : 1 0.163711 -0.063925 2.820262 2.660795 6.275032

2 : 3 0.209035 0.915128 0.968818 1.223816 18.815016

2 : 5 -2.249466 1.312564 1.819059 2.519744 31.393848

3 : 1 -0.703637 0.430252 0.081939 2.928229 6.261122

3 : 2 0.310545 -0.215848 1.625235 2.578213 12.528079

3 : 4 0.456989 -0.828089 0.696201 1.824712 25.057990

4.6 Resonant Orbits with Sidereal-Synodic Overlap

For certain sidereal resonant orbit families in the CR3BP, it is possible to identify mem-

bers that, in addition to being nearly sidereal resonant with the Moon, exhibit lunar synodic

resonance as well. This characteristic arises due to the orbits being nearly sidereal resonant,

a characteristic that allows the family of sidereal resonant orbits to span a wide range of

orbital periods in the rotating frame. Thus, the orbits retain favorable geometries and sta-

bility properties inherent to their sidereal resonant structure, with the added advantage of
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(a) 1 : 1 resonant orbit family (b) 1 : 1 stability and period evolution

(c) 1 : 2 resonant orbit family (d) 1 : 2 stability and period evolution

(e) 1 : 3 resonant orbit family (f) 1 : 3 stability and period evolution

Figure 4.8. Families of spatial resonant orbits corresponding to various 1 : q
resonant ratios obtained in the Earth-Moon CR3BP.
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(a) 2 : 1 resonant orbit family (b) 2 : 1 stability and period evolution

(c) 2 : 3 resonant orbit family (d) 2 : 3 stability and period evolution

(e) 2 : 5 resonant orbit family (f) 2 : 5 stability and period evolution

Figure 4.9. Families of spatial resonant orbits corresponding to various 2 : q
resonant ratios obtained in the Earth-Moon CR3BP.

106



(a) 3 : 1 resonant orbit family (b) 3 : 1 stability and period evolution

(c) 3 : 2 resonant orbit family (d) 3 : 2 stability and period evolution

(e) 3 : 4 resonant orbit family (f) 3 : 4 stability and period evolution

Figure 4.10. Families of spatial resonant orbits corresponding to various 3 : q
resonant ratios obtained in the Earth-Moon CR3BP.
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repeatability with respect to the orientation of the Sun in the Earth-Moon rotating frame.

This characteristic is particularly relevant for Space Situational Awareness (SSA) operations

beyond the vicinity of the Earth, where illumination and visibility conditions are evaluated

[ 29 ].

As an example, consider the orbits illustrated in Figure  4.11 that represent members

from the 4 : 2 and 5 : 3 sidereal resonant orbit families. The two orbit families are produced

from period-doubling bifurcations from the planar 2 : 1 resonant orbit family. Because of

the nature of the bifurcation, the periods of the resulting orbits in the rotating frame are

longer and approximately twice the lunar sidereal period. Apparent from the geometry of

the orbits in Figure  4.11(a) , a spacecraft in this orbit encounters the Moon twice over two

sidereal periods. There exists a repeating pathway from the Earth to the Moon, followed by

a natural return towards the vicinity of the Earth. This return is followed by an excursion

out towards L3 and back towards the Earth and the GEO belt in the prograde direction. At

the half-period mark, or after approximately one sidereal period, a second lunar encounter

occurs, causing a shift in the osculating Right Ascension of the Ascending Node (RAAN) for

the orbit. The spacecraft then departs on this shifted plane towards the Earth and L3 and

eventually returns to the Earth.

The evolution of the family of orbits and their characteristics is more complex in the

example of the second orbit family that appears in Figure  4.11(c) . In this case, the planar

bifurcating orbit is characterized by a period that is longer than the lunar sidereal period.

The resulting spatial orbit, thus, possesses a period that is longer than twice the sidereal

period. This deviation from the predicted 4 : 2 resonance grows larger as the orbit family

is numerically continued farther beyond the Earth-Moon plane due to an increase in the

orbital period. Additionally, the geometry of the orbits evolves to accommodate the increased

period, with the appearance of an additional apoapse, i.e., loop in the rotating frame. As

a result, these orbits are denoted the 5 : 3 spatial resonant orbit family. In contrast to the

4 : 2 spatial orbits, these orbits do not pass near the GEO belt. Nevertheless, the orbits,

with options possessing large ẑ amplitudes, span the cislunar volume and are operationally

stable.
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(a) 4 : 2 resonant orbit family (b) 4 : 2 stability and period evolution

(c) 5 : 3 resonant orbit family (d) 5 : 3 stability and period evolution

Figure 4.11. Families of spatial resonant orbits that bifurcate from the pro-
grade 2 : 1 planar resonant orbit family.
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Interestingly, the evolution of the orbital period as a function of the Jacobi constant for

the 5 : 3 family appears as the red curve in Figure  4.11(d) . Orbits with higher ẑ-amplitudes,

i.e., larger excursions beyond the Earth-Moon plane, exist at lower values of Jacobi constant

(higher energies) and possess longer periods. By visualizing the ratio of the lunar synodic

period, 29.53 days, with the period of each orbit along the family, orbits that are in synodic

resonance are identified. Figure  4.12(a) illustrates this ratio of periods as a function of the

Jacobi constant, where the black line identifies a member from the orbit family that is in 2 : 5

synodic resonance (or 1:5
2). This synodic resonance implies that, for every two revolutions

of this orbit in the rotating frame, the Moon completes five synodic periods. The synodic

resonant orbit is plotted as viewed in the Earth-Moon rotating frame in Figure  4.12(b) in

blue; the orbit in black illustrates a lower-amplitude orbit in the family to demonstrate the

evolution of the orbit geometry along the family. While the synodic resonant orbit does not

approach as closely to the GEO belt (plotted in grey) as other interior resonant orbits, it

does cover the Earth-Moon volume substantially with close lunar flybys.

(a) Period across the family (b) Bifurcating and synodic resonant members

Figure 4.12. Evolution of the orbital period for the sidereal 5:3 sidereal
resonant family. The bifurcating (black) and synodic resonant (blue) orbits
appear in the Earth-Moon rotating frame.

While the sidereal resonant orbit with a synodic overlap as identified in Figure  4.12 

provides one option with utility for cislunar operations, other near-sidereal resonant orbits

exist that are commensurate with the lunar synodic period as well. Especially from the planar
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families of resonant orbits, due to the large ranges of orbital periods spanned by the family,

more options for orbits that exhibit a sidereal-synodic overlap are identified. Figure  4.13 

illustrates sample planar sidereal resonant orbits that possess synodic resonant members.

The vertical axes in the left column of the plots in Figure  4.13 represent the ratio of the

lunar synodic period, approximately 29.53 days, with the period of the orbits in the family

as evaluated in the rotating frame. Integer ratios from these plots are identified, highlighting

several options for orbits with the sidereal-synodic overlap. However, for practical purposes,

it is useful to consider the orbits that exhibit a smaller resonance order, since those members

tend to possess shorter periods in the rotating frame. Figures  4.13(b) ,  4.13(d) and  4.13(f) 

illustrate selected synodic resonant members from their sidereal resonant orbit families. As

expected, the orbits display their characteristic sidereal resonant geometries, with the added

advantage of synodic resonance with the Moon.
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(a) 1 : 2 family (b) Synodic resonant orbits

(c) 2 : 1 family (d) Synodic resonant orbits

(e) 4 : 3 family (f) Synodic resonant orbits

Figure 4.13. Members from various planar sidereal resonant orbit families
with orbits that are commensurate with the lunar synodic period.

112



5. CONSTRUCTION OF RESONANT TRAJECTORIES FOR

REPEATING EARTH-MOON ACCESS

There is increasing general interest in trajectories within the cislunar regime in support of

wide ranging types of activities, including Space Domain Awareness (SDA) and Space Situ-

ational Awareness (SSA) operations. The expanse of cislunar space, extending beyond the

geosynchronous (GEO) belt and towards the lunar orbit, necessitates trajectories that are

able to span this vast volume while maintaining Earth access [  64 ]. To design trajectories

to sustain commercial activities, aid surveillance applications, and consistently monitor cis-

lunar space, orbits with repeating geometries under natural dynamical motion offer clear

advantages. Earth-Moon sidereal resonant orbits naturally remain phased with the lunar

orbit while also traversing various different regions within cislunar space, and providing a

recurring link between the lunar vicinity and the near-Earth region. The availability of

natural dynamical structures in the vicinity of the resonant orbits allows additional options

for expanding the scope of cislunar coverage. Sample orbits in a 2 : 1 sidereal resonance are

identified as appropriate options to support and maintain a long-term presence in cislunar

space. Such orbits are constructed in the Earth-Moon CR3BP and validated in the HFEM

to assess their utility for space applications. In light of operational considerations in cislunar

space and, specifically, eclipsing due to the Earth and the Moon, techniques to identify and

mitigate eclipses for sidereal resonant trajectories are introduced.

5.1 Earth-Moon 2:1 Sidereal Resonant Orbits

With their expansive geometries and availability at various energy levels, orbits charac-

terized by different sidereal resonant ratios with the Moon provide a wide array of options

for cislunar applications. Periodic orbits in a 2 : 1 resonance with the lunar sidereal period

are of particular interest for applications focused towards suppporting cislunar SSA, due to

their shorter orbital periods and geometries that allow recurring and rapid access between

the Earth and the Moon. These 2 : 1 orbits may be retrograde or prograde relative to the

Earth, possessing periods that are approximately equal to the lunar sidereal period in the
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rotating frame. In Figure  5.1 , members from the retrograde and prograde orbit families in

2 : 1 resonance are plotted as viewed in the Earth-Moon rotating and Earth-centered inertial

frames, where each orbit is colored by its Jacobi constant value. In each plot, the orbit

in black highlights the direction of motion along the orbit. Due to natural resonance with

the lunar orbit, a spacecraft placed in an orbit from either family completes two revolutions

about the Earth in approximately the time that the Moon requires to complete one Earth

revolution. This fact is evident by visualizing the motion in the Earth-centered inertial

frame, as demonstrated in Figures  5.1(c) and  5.1(d) , where each elliptical lobe corresponds

to a time of flight (TOF) of approximately half the lunar sidereal period. Between the two

families, a wide range of Jacobi constant values and, thus, energy options are available.

Due to their retrograde nature, the retrograde orbits in Figure  5.1(a) are characterized

by lower Jacobi constant values and relatively higher energies. Within the subset of these

orbits, the members possessing higher values of Jacobi constant undergo natural apsidal

precession against the lunar orbit with each subsequent lunar encounter. This characteristic,

predictably, only appears for orbits with lower perigee radii and apogees close to the lunar

orbit, i.e., the more “eccentric” orbits. Because of their characteristic low Jacobi constant

(high energy) values, transfers to and from other dynamical structures and orbits of interest

may necessitate significant propellant costs. However, these properties render these 2 : 1

orbits operationally stable and potentially useful for surveillance missions.

The prograde orbit family, as seen in Figure  5.1(b) , exists in a higher Jacobi constant

range of values and possesses lower energies. As apparent in the rotating frame view, as these

orbits evolve, they deliver a considerable coverage of the Earth-Moon plane as well, most

notably providing access from the vicinity of the Earth out towards the Moon in the prograde

direction. Because of their resonant nature, this Earth-Moon access naturally repeats with

every period of these orbits as well. Apsidal precession is also observed in the prograde orbit

family, where orbits with lower perigee radii appear more eccentric and precess in the same

direction as the motion of the Moon in its orbit. In the inertial frame views in Figures  5.1(c) 

and  5.1(d) , the dashed curve represents the lunar orbit – the higher the Jacobi constant

value, the further the orbit extends towards the orbit of the Moon with an increasing value

of its maximum radius relative to the Earth.
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(a) Retrograde 2 : 1, rotating frame (b) Prograde 2 : 1, rotating frame

(c) Retrograde 2 : 1, inertial frame (d) Prograde 2 : 1, inertial frame

(e) Retrograde 2 : 1, stability and period (f) Prograde 2 : 1, stability and period

Figure 5.1. Members from the Earth-Moon 2 : 1 retrograde and prograde
resonant orbits constructed in the CR3BP.
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For the subsets of the retrograde and prograde 2 : 1 resonant orbit families in Figure  5.1 ,

the stability indices are evaluated and plotted in blue in Figures  5.1(e) and  5.1(f) as a function

of the Jacobi constant value. For the retrograde family, the orbits become linearly unstable

as the Jacobi constant increases. While the orbits are linearly unstable, the magnitude of the

stability index is relatively small, indicating that the invariant manifolds associated with the

orbit remain in the vicinity of the orbit for several revolutions before their eventual departure.

For reference, the period of the orbits appears in red in Figure  5.1(e) as well. Overall, the

periods are shorter than the lunar sidereal period; the retrograde apsidal precession in the

inertial frame arises as a result, where the spacecraft appears to move against the lunar orbit

to maintain the near-resonance.

A similar evolution of the stability indices and orbital periods for the prograde 2 : 1 family

appears in Figure  5.1(f) in blue and red, respectively. The prograde orbits tend to be more

unstable than their retrograde counterparts and, while the orbital period is approximately

equal to the lunar sidereal period for a majority of the orbits, the orbits with higher Jacobi

constant values possess significantly longer periods. The higher magnitude of the stability

index suggests the existence of strong unstable and stable manifolds associated with these

orbits that further extend the natural reach of spacecraft moving along these orbits.

5.1.1 Mapping the Cislunar Plane

With their unique geometries, several orbits from the family for both retrograde and pro-

grade 2 : 1 resonant orbits present convenient opportunities for cislunar observation. How-

ever, of particular interest are orbits that guarantee natural ballistic access between the

Earth and the Moon. As an example, from Figure  5.1(a) , an orbit with a radius of perigee

equal to the radius of the geosynchronous orbit (GEO) is identified. A spacecraft on this

orbit repeatedly approaches and departs the GEO belt in the retrograde direction. In addi-

tion to providing access to GEO, the same orbit spans out to the vicinity of the Moon and

the L1 libration point on the Earth-outbound leg. Since the orbit is periodic, this GEO-

Moon passage recurs with every revolution, approximately once every lunar sidereal period.

As such, this particular orbit provides repeated direct links between the more familiar and
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accessible GEO region, and the outer reaches of cislunar space in the neighborhood of the

lunar orbit. Figure  5.2(a) illustrates a view of the orbit in the Earth-Moon rotating frame,

and Section  5.1.1 summarizes the relevant orbital characteristics. The orbit possesses a low

Jacobi constant value of 0.8964. This value corresponds to a relatively high orbital energy,

not surprising given the size of the orbit. Additionally, although the resonance ratio is not

a perfect integer, the orbit is closed and periodic as observed in the rotating frame.

Table 5.1. Characteristics of the selected 2 : 1 resonant orbits.

Orbit Jacobi Constant Period [days] Stability Index

Retrograde 2 : 1 0.8964 25.96 8.59

Due to this favorable pathway connecting these high-interest cislunar subspaces, this

particular orbit, with a perigee radius approximately equal to 42, 164 km, is selected for

further analysis as a sample scenario. The time of flight between the GEO belt and the

perilune radius of the orbit, and vice versa, is approximately 7.15 days. A spacecraft in

this orbit is able to depart the Earth from the GEO region in the retrograde direction,

approach the Moon to within 8, 500 km of the lunar surface, and return to the GEO belt,

again in the retrograde direction, within a 14.3 day time frame. Again, it is noted that due

to the periodicity of the orbit, this 14.3 day span for a GEO-Moon-GEO transit repeats

approximately once a month.

When the orbit is propagated for about 20 revolutions (approximately 507 days) using the

CR3BP equations of motion, the resulting trajectory completely maps out the Earth-Moon

planar subspace of the cislunar region without deviations from its inherent geometry. This

multi-revolution trajectory is plotted in Figure  5.2(c) as viewed in the Earth-centered inertial

frame, with the arrow indicating the retrograde nature of this trajectory. An operational

advantage of the orbit is that, due to the lunar sidereal resonance, the natural precession

observed in the inertial frame persists with subsequent revolutions as well. Additionally,

note that the inherent retrograde 2 : 1 orbit geometry is maintained over this 507 day period

as viewed in the Earth-Moon rotating frame for 20 revolutions in Figure  5.2(a) .
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A prograde resonant counterpart is identified from Figure  5.1(b) , one that possesses a

perigee radius equal to the radius of GEO. The relevant characteristics for this orbit are

listed in Section  5.1.1 . The perilune altitude for this orbit is approximately 8, 330 km. This

orbit possesses a higher Jacobi constant value and period than its retrograde counterpart.

With the longer period, the time of flight from GEO to the Moon, and vice versa, is ap-

proximately 7.82 days, which repeats with successive revolutions. Figure  5.2(d) illustrates

multiple revolutions of the orbit as seen in the Earth-centered inertial frame. Because of

the longer period of the orbit relative to its retrograde 2 : 1 counterpart, and due to smaller

precession after subsequent lunar encounters in the inertial frame, it requires a significantly

longer interval for the orbit to completely map the Earth-Moon plane in the inertial frame.

Specifically, it requires 34 revolutions (approximately 956 days) to map the Earth-Moon pla-

nar subspace. Despite the shifting apogee as apparent in the inertial frame, the orbit perigee

maintains tangency with the GEO belt, that appears in grey for reference. This particular

multi-revolution trajectory associated with the prograde 2 : 1 resonant orbit, as seen in the

Earth-Moon rotating frame, is plotted in Figure  5.2(b) .

5.1.2 Lunar Free Returns

When considering pathways that traverse between the GEO belt and the vicinity of the

Moon, it is also useful to investigate lunar free return trajectories. Within the context of the

Earth-Moon domain, lunar free returns are trajectories that transfer from the Earth to the

lunar vicinity and, without requiring any propulsive maneuvers, return to the vicinity of the

Earth [ 65 ]. These trajectories were exploited in the Apollo era, guaranteeing safe crew return

in case of emergencies or communications disruptions. For supporting mission operations

in cislunar space, such trajectories are, thus, potential avenues for transfer options between

the Earth and the Moon, without risking the loss of spacecraft. For transit specifically from

the GEO belt, it is useful to assess the transfer times and energy levels of lunar free returns

against those of the 2 : 1 resonant orbits identified in Section  5.1.1 .

Lunar free returns are typically constructed from an Earth-centered departure ellipse and

a Moon-centered hyperbola, where the hyperbola shifts the velocity vector by a sufficient
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(a) Retrograde 2 : 1, rotating frame (b) Prograde 2 : 1, rotating frame

(c) Retrograde 2 : 1, inertial frame (d) Retrograde 2 : 1, inertial frame

Figure 5.2. Retrograde and prograde 2 : 1 sidereal resonant orbits with
perigee radii equal to the geosynchronous orbit radius propagated for mul-
tiple revolutions in the CR3BP.

margin to guarantee an Earth return. Because of the close proximity to both the Earth and

the Moon, the CR3BP serves as the appropriate dynamical model in the generation of such

trajectories. Lunar free returns are characterized as being either cislunar, where the perilune

lies between the Earth and the Moon, or circumlunar, with a perilune that occurs on the lunar

far-side. These trajectories also exhibit varying characteristics depending upon whether their

Earth-departure orbits are prograde or retrograde. Finally, while spatial free returns exist,

only Earth-Moon planar trajectories are investigated here for a direct comparison against

the 2 : 1 resonant orbits.
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Free returns in the CR3BP were originally analyzed in-depth by Schwaniger [ 66 ], who nu-

merically targeted free returns in the Earth-Moon system. In this investigation, the method-

ology detailed by Pavlak is adopted for the construction of planar free return trajectories in

the Earth-Moon CR3BP [  67 ]. Similar to the determination of sidereal resonant orbits, this

approach relies on transitioning a two-body initial guess to the CR3BP using differential

corrections techniques. The process initiates at the periapsis of the Earth-centered ellipse,

termed the translunar injection (TLI) point. A summary of the process is as follows:

1. The initial Earth-centered TLI states are determined in the inertial frame.

2. The states are transformed to the Earth-Moon rotating frame, centered on their

barycenter.

3. The trajectory is propagated to produce the final velocity at a crossing of the x̂-axis

near the Moon.

4. Differential corrections are applied to render the x̂-component of the final velocity

equal to zero, yielding a perpendicular crossing of the x̂-axis.

Since these free returns are symmetric, only the outbound leg of the trajectory (i.e., departing

from the Earth) is targeted numerically. Additional constraints, namely Earth departure

altitude, lunar arrival altitude, and Earth departure flight path angle are incorporated into

a multiple shooting scheme to compute the desired free return trajectory [  67 ]. Once a lunar

free return trajectory is generated, natural parameter continuation in the perigee/perilune

altitude produces families of free returns. For this investigation, continuation in perilune

altitude is considered to analyze the evolution in the time of flight and Jacobi constant value

along the family of trajectories that depart from the GEO belt.

To obtain a direct comparison against the 2 : 1 sidereal resonant orbits, consider an Earth-

departure altitude of 35, 700 km, approximately equal to the altitude of the GEO belt. A

fixed Earth-departure flight path angle of 0◦ is assumed. Then, perilune altitudes at lunar

arrival are varied to construct a family of free return trajectories for the same departure

location from the Earth. These families are either circumlunar (i.e., perilune occurs at the

lunar far-side), or cislunar (perilune occurs at the lunar near-side), and depart along both
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the retrograde and prograde directions. All four cases appear, plotted in the Earth-Moon

rotating frame, in Figure  5.3 . For clarity in their geometries, only the Earth-outbound legs for

the free return trajectories appear. Additionally, while there exists a perpendicular crossing

of the x̂-axis at perilune for all trajectories, the departure from Earth is not a perpendicular

crossing. Thus, at the TLI point and at the end of the symmetric Earth-inbound leg (not

shown), the trajectories do not close, i.e., they are not periodic orbits. In each family in

Figure  5.3 , the lunar arrival altitude varies between 1, 500 km and up to 20, 000 km. Each

trajectory is colored by its Jacobi constant value.

(a) Circumlunar with retrograde departure (b) Circumlunar with prograde departure

(c) Cislunar with retrograde departure (d) Cislunar with prograde departure

Figure 5.3. Families of lunar free return trajectories departing from a
35, 700 km altitude Earth orbit constructed in the Earth-Moon CR3BP.
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The variation in the one-way time of flight and the associated Jacobi constant value for

each of the four free return cases is plotted in Figure  5.4 as a function of the perilune altitude.

In each plot, the solid curves represent prograde departures from the Earth departure orbit,

while retrograde departures are reflected along the dashed curves. Figure  5.4(a) represents

the characteristics of circumlunar free returns, where the one-way TOF increases with an

increase in the perilune altitude. There is a significant Jacobi constant gap in the prograde-

departure (solid) and retrograde-departure (dashed) curves, due to the high energy of the

retrograde trajectories. The planar free returns that depart the Earth along the prograde

direction arrive at their respective lunar orbits sooner than the trajectories departing the

Earth in the retrograde direction. In general, the circumlunar free returns exhibit relative

short times of flight, bounded between approximately 3.5 and 5.5 days.

Similarly, Figure  5.4(b) summarizes the characteristics of the cislunar free returns plotted

in Figures  5.3(c) and  5.3(d) . It is immediately apparent that for departures from the same

Earth orbit, cislunar free returns take significantly longer to arrive at the same perilune

altitude as their circumlunar counterparts. The TOF range spanned by these trajectories is

between 6 and 15 days. Additionally, the times of flight decrease as a function of increasing

perilune radius, also evident in Figure  5.3(d) and Figure  5.3(c) , where the ŷ-amplitude of

the trajectories decreases as the arrival location moves further from the Moon.

(a) Circumlunar free returns (b) Cislunar free returns

Figure 5.4. Evolution of one-way time of flight and the Jacobi constant value
for circumlunar and cislunar free returns as a function of the perilune radius.
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While circumlunar free returns provide lunar far-side access, further analysis of the cislu-

nar free returns yields direct comparisons against the 2 : 1 retrograde and prograde resonant

orbits that are tangent to the GEO belt. For accessing higher perilune altitudes, the families

of cislunar free returns provide options for faster transit from the GEO region to the vicinity

of the Moon, as evident in Figure  5.4(b) . For reference, the outbound times of flight of the

retrograde and prograde 2 : 1 sidereal resonant orbits are indicated for their corresponding

perilune altitudes by the square and circular markers, respectively, along the blue curves.

The Jacobi constant values of the orbits are also indicated on the red curves in Figure  5.4(b) .

Immediately, a relationship between these sidereal resonant orbits and the family of lunar

free returns departing from the same Earth-altitude is identified. For periodicity, the free

returns must cross the x̂-axis perpendicularly at perilune; additionally, the Earth-outbound

time of flight must be approximately one-fourth of the lunar sidereal period. Certain com-

binations of Earth-departure altitudes and lunar arrival altitudes for cislunar free returns

yield periodic orbits that exist in a 2 : 1 sidereal resonance with the Moon. In the example

trajectories departing from GEO in Figures  5.3(c) and  5.3(d) , the corresponding periodic

lunar free returns are actually the 2 : 1 resonant orbits identified in Section  5.1.1 . Due to the

inherent constraints on the period of resonant orbits, not all lunar free returns are resonant

periodic orbits. Specifically, circumlunar free returns are defined by shorter times of flight

and, thus, cannot satisfy the natural resonance criterion. Cislunar free returns exhibit longer

times of flight and, when propagated for longer times, demonstrate near-resonant periodic

behavior. Thus, the lunar free returns that are closed periodic orbits in the rotating frame

exist in a 2 : 1 sidereal resonance with the Moon. While non-periodic lunar free returns

provide options for rapid transfers from the Earth to the lunar vicinity, periodic lunar free

returns provide repeating options that sustain the transfer pathways for months.

5.1.3 Access to the Lunar Far-Side

From a more comprehensive support infrastructure in cislunar space, it may be necessary

to access the lunar far-side. Specifically, observations from the vicinity of the Earth-Moon

L2 libration point and, consequently, the lunar far-side can enable SSA operations where
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direct line-of-sight with the Earth is not always available. Since they do not circumvent

the lunar orbit, the retrograde and prograde families of 2 : 1 resonant orbits are suited for

interior observations and providing pathways within the volume encompassed by the lunar

orbit. As such, access to the near-side of the Moon only is directly available via these orbits,

and opportunities for obtaining observations of the lunar far-side are lacking. However, while

the 2 : 1 prograde resonant orbits remain circumlunar themselves, the natural flow associated

with these orbits allows access to the far side of the Moon via invariant manifolds. The linear

instability of the prograde 2 : 1 resonant orbits is, thus, exploited in designing trajectories

that yield periodic excursions to the lunar far-side. Periodic orbit chains are constructed

that extend the range of access to the lunar far-side.

The 2 : 1 prograde resonant orbit with a perigee radius equal to the radius of GEO is

selected to design trajectories that enable lunar far-side access. Noting the instability of the

selected prograde resonant orbit, as mentioned in Section  5.1.1 , its invariant manifolds are

constructed to identify excursions from the underlying periodic orbit. Trajectories that lie

on its stable manifold asymptotically approach the orbit over time, while trajectories on its

unstable manifold depart the orbit when propagated in forward time. By leveraging Poincaré

maps, trajectories on these manifolds that traverse beyond the Moon are identified.

To obtain the trajectories on its invariant manifolds, the orbit is discretized into 500

fixed points. From each fixed point, a manifold step-off value of d = 40 km is employed

to step along the associated unstable and stable eigenvector directions. For this example,

Poincaré maps are constructed by locating the hyperplane, Σ, at y = 0. The Jacobi constant

value for the map is fixed and, in this case, equal to the Jacobi constant of the selected

2 : 1 resonance at C = 2.5946. The manifold trajectories are propagated for 30 nd, that is

approximately equal to 130 days or 5 revolutions of the underlying orbit. While propagating

for long times is not necessary, it encompasses any deviations from the periodic orbit that

may yield useful excursions. The intersections with the hyperplane of the trajectories on the

stable and unstable manifolds are recorded. Since the orbit and its manifold trajectories are

planar, the full 4-dimensional state corresponding to each intersection with the hyperplane

is available.
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The x-ẋ projection of the Poincaré map appears in Figure  5.5 , where returns associated

with trajectories on the stable manifold appear in blue, and returns of the unstable manifold

trajectories appear in red. The location of the Moon is indicated by the solid black marker.

Additionally, bounds on the returns of the manifold trajectories appear as black curves

computed via the ZVCs at this Jacobi constant value.

Figure 5.5. Poincaré map (Σ : y = 0) for the returns of the stable (blue) and
unstable (red) manifold trajectories for the prograde 2 : 1 resonant orbit.

Of particular interest are the locations on the map where the stable and unstable re-

turns intersect, as these indicate the existence of a homoclinic connection to the orbit. A

homoclinic connection is a maneuver-free transfer trajectory that connects the orbit to itself,

allowing deviations from the orbit geometry while guaranteeing a return to the periodic or-

bit [  50 ]. While the Poincaré map depicts several homoclinic connections, intersections that

correspond to an x̂-value beyond the Moon are of interest, since the underlying trajectories

are circumlunar. The trajectories would, thus, allow excursions to the lunar far-side from the

original 2 : 1 cislunar orbit. One such homoclinic connection is identified, corresponding to an

x̂-value of approximately 1.378. Propagating the stable and unstable manifold trajectories
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in forward and backward time, respectively, yields the trajectory in Figure  5.6 as viewed in

the Earth-Moon rotating frame. The 2 : 1 resonant orbit appears in black, along with the

radius of the GEO belt indicated by the grey circle. The intersection of the manifolds that is

obtained from the Poincaré map in Figure  5.5 is represented by the black star. Clearly, the

homoclinic connection preserves the geometry of the orbit, but with an acceptable deviation

that allows circumlunar transit. Note that both forward/backward manifold trajectories

possess the same energy value.

Figure 5.6. Homoclinic connection to the 2 : 1 resonant orbit.

Notably, the deviation in geometry for the underlying orbit, i.e., the 2 : 1 resonance

that appears in black, originates from a Moon-centered orbit. Specifically, the structure of

the manifold trajectories shadows the geometry of orbits belonging to the Moon-centered

H1 family of orbits [  68 ]. The homoclinic connection identified in Figure  5.6 leverages the

flow associated with the H1 orbit at the same energy level as the 2 : 1 resonant orbit to

achieve circumlunar access. Additionally, as observed in Figure  5.6 , the selected stable

and unstable manifold trajectories exhibit near-perpendicular crossings of the x̂-axis in the

rotating frame. It is then possible to seed these manifold trajectories as initial guesses into a
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perpendicular crossing targeter, producing a precisely periodic solution that shadows the flow

associated with the homoclinic connection. This new periodic orbit appears in Figure  5.7 in

the Earth-centered inertial and rotating frames and reflects the dynamical behavior of both

the 2 : 1 and the H1 orbits at this energy level. This 2 : 1-H1 orbit chain possesses a period

of approximately 87.93 days and reflects a geometry that provides excursions to the lunar

far-side from the baseline prograde 2 : 1 resonant orbit.

(a) Earth-centered inertial frame (b) Earth-Moon rotating frame

Figure 5.7. Periodic orbit constructed via a homoclinic connection to the
2 : 1 resonant orbit in the CR3BP.

As is true for all periodic orbits computed in the CR3BP, the existence of this new periodic

orbit indicates the existence of a family of orbits with similar geometries. Figure  5.8(a) 

illustrates a subset of this orbit family as visualized in the Earth-Moon rotating frame, with

the orbits colored by their respective Jacobi constant values. Evidently, the ŷ-amplitude of

the orbits reduces significantly as the Jacobi constant increases, indicating a decrease in the

orbit period as well. The perigee radius increases, while the perilune radius decreases with

an increase in the Jacobi constant value, with the smallest orbits “shrinking” closer to the

lunar vicinity. The evolution of the orbital period and stability index as a function of the

Jacobi constant appears in Figure  5.8(b) . It is noted that the extent of the 2 : 1-H1 orbit

family is restricted to the energy levels at which the underlying homoclinic connection exists

[ 69 ].
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(a) Orbit family in the rotating frame (b) Stability and period evolution

Figure 5.8. Family of the 2 : 1-H1 periodic orbits constructed in the Earth-Moon CR3BP.

5.2 Space-Based Observers in Retrograde Resonant Orbits

For the purposes of surveying cislunar space, trajectories for multiple space-based ob-

servers that together constitute a network of sensors is designed. Due to their unique ge-

ometries that span the Earth-Moon plane and their short periods, the 2 : 1 retrograde and

prograde families of resonant orbits identified in Figure  5.1 offer options to conduct obser-

vations in space. Specifically, the natural sidereal resonance allows the accessibility between

the geosynchronous region and the lunar vicinity to persist for multiple revolutions. An

accompanying advantage that arises due to this resonance is that the configuration relative

to other spacecraft in similar orbits is sustained naturally with time as well. Thus, for a

selected chief orbit, additional spacecraft located in nearby orbits from the same family nat-

urally remain in the relative vicinity of other spacecraft in the network. Such a network of

sensors is significant for surveying cislunar space and supporting Space Situational Aware-

ness (SSA) needs. Each spacecraft in the system, together comprising a constellation of

observers, is assumed to operate independently of the other spacecraft in the system. The

resonance between the orbits and the Moon and, by design, other observers in the constel-

lation, ensures that the relative phasing of the spacecraft in the constellation is naturally

maintained, without necessitating active control for the baseline network [  70 ], [  71 ].
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To demonstrate the design of a cislunar observer constellation, a spacecraft is placed in

the 2 : 1 retrograde orbit with perigee at GEO, and designated the chief. Recall that this

particular orbit is defined with a Jacobi constant value of 0.8964 and a period of 25.96 days,

as described in Section  5.1.1 . As demonstrated in Section  5.1.1 , the chief spacecraft situated

in this orbit repeatedly and, without maneuvers, travels between the vicinity of the Earth

and the Moon. Another observer, termed the deputy, is then placed in a second orbit from

the family of 2 : 1 retrograde orbits to facilitate observations and provide redundancy to sus-

tain cislunar operations. The Jacobi constant value of this orbit is approximately 0.8721,

and its period is 25.96 days. While the selection of the deputy orbit and the number of

deputies is free, this example deputy orbit is determined such that the spacecraft remains

over time within reasonable proximity of the chief vehicle. A long-term surveillance scenario

is simulated by analyzing the chief and deputy trajectories over multiple revolutions. Specif-

ically, 20 revolutions of both the spacecraft are propagated using the CR3BP equations of

motion, that corresponds to approximately 507 days. The resulting trajectories are plotted

in blue and pink for the chief and deputy, respectively, in the Earth-Moon rotating frame in

Figure  5.9(b) . In Figure  5.9(a) , the Earth-centered inertial frame view of the trajectories is

plotted as well, where the multiple revolutions of the orbits are more apparent. The natural

2 : 1 sidereal resonance causes the orbits to continually precess in the retrograde direction,

eventually overlapping themselves in the inertial frame as well.

The deputy orbit is defined such that its inertial precession is similar to that of the chief

orbit, thereby guaranteeing that the relative configuration of the observers is generally main-

tained over time without requiring phasing maneuvers. Figure  5.10(a) and Figure  5.10(b) 

represent the distance between the spacecraft over one revolution (approximately 26 days)

as well as the full 507-day period, respectively. This isochronous distance between the chief

and the deputy over one period of the orbits, as plotted in Figure  5.10(a) , remains bounded

between 350 km and 8, 500 km, with their closest approach to each other occurring at per-

ilune. Intuitively, the farthest separation between the spacecraft occurs when they are closest

to the Earth.

The closest approach with the Moon occurs at an altitude of approximately 8, 400 km for

the chief orbit, and at 8, 700 km for the deputy. These values, as illustrated in Figure  5.11 ,
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(a) Earth-centered inertial frame (b) Earth-Moon rotating frame

Figure 5.9. Trajectories of the chief (blue) and deputy (pink) spacecraft
constructed in the Earth-Moon CR3BP for 20 revolutions or approximately
507 days.

(a) Relative distance over one revolution (b) Relative distance over 20 revolutions

Figure 5.10. Distance between the two spacecraft over one and 20 revolutions
of the orbits in the CR3BP.

repeat for the full 20-revolution propagation and without deviation from the bounds seen

over one period. Notably, the link between the vicinity of the Earth near GEO and the

lunar vicinity is preserved for both the orbits over 20 revolutions, yielding opportunities

for GEO-Moon-GEO transit once every month. It is also useful to assess the speed of the

deputy relative to the chief and appears in Figure  5.12 as seen over one revolution and the 20
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revolution case. For the majority of the propagation time, the speed of the deputy relative

to the chief is below 100 m/s. Intuitively, the spikes that appear in Figure  5.12(a) align with

the perigee locations of the spacecraft. Extending the analysis to the 20 revolution case, the

relative speeds are consistently maintained without maneuvers.

(a) Lunar distance over one revolution (b) Lunar distance over 20 revolutions

Figure 5.11. Distance between the Moon and the chief (blue) and deputy
(pink) over one and 20 revolutions of the orbits in the CR3BP.

(a) Relative speed over one revolution (b) Relative speed over 20 revolutions

Figure 5.12. Speed of the deputy spacecraft relative to the chief over one
and 20 revolutions of the orbits in the CR3BP.
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5.2.1 Validation in the HFEM

While the Earth-Moon CR3BP provides preliminary insight into the behavior of the tra-

jectories, transitioning the trajectories into the HFEM delivers additional understanding into

the dynamics of the underlying structures and their validity in the presence of perturbations.

This fact is especially valid for long-term analysis, as in the case of the 507 days-long tra-

jectories of the chief and the deputy spacecraft. The long-term behavior of two spacecraft in

their respective orbits is modeled via the Earth-Moon-Sun-Jupiter HFEM, with the Earth

selected as the central body.

To replicate the full mapping of the Earth-Moon plane seen in Figure  5.9(a) , the CR3BP

stack of 20 revolutions of the chief and deputy orbits is seeded into an ephemeris multi-

ple shooting scheme. Considering the long duration targeted in this corrections scheme, the

multiple shooting algorithm incorporates intermediate maneuvers along the trajectory to aid

the convergence process such that the desired geometry is preserved [ 72 ]. As an example,

four maneuvers of 100 m/s each are initially allowed over the course of the full stack for

both sets of trajectories. The resulting converged ephemeris trajectory, with the intermedi-

ate maneuvers included, is then supplied as an initial guess to target the same trajectory

with a reduced maximum allowable maneuver magnitude. Incrementally stepping down the

maximum allowable maneuver magnitude, a completely ballistic ephemeris trajectory that

is analogous to the ballistic CR3BP 20-revolution stack is constructed for both orbits.

The resulting ballistic ephemeris trajectories for both the chief and the deputy spacecraft

appear in Figure  5.13 . The Earth-centered inertial J2000 view of the trajectories appears

in Figure  5.13(a) , while the Earth-Moon rotating frame view is plotted in Figure  5.13(b) .

Note that while only the x̂-ŷ and X̂-Ŷ projections of the trajectories are plotted here, the

trajectories exhibit spatial excursions in both frames. It is also apparent from both views in

Figure  5.13 that, in configuration space, the ephemeris trajectories for both spacecraft retain

their inherent CR3BP geometries, aided by the stacking corrections process. Additionally,

recall that in the CR3BP, the 20-revolution trajectory maps the entirety of cislunar space

(in the Earth-Moon plane) in approximately 507 days; in this ephemeris model, the same

pattern appears over the course of 523 days. The ephemeris validation reveals additional
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possible advantages of these retrograde resonances for space-based sensor applications. The

clear recurring passageway between the GEO region and the lunar vicinity persists without

deterministic maneuvers along the baseline paths. The perigee radii for both the chief and

deputy spacecraft remain tangent to, or in the proximity of, the geosynchronous orbit radius.

(a) ECI J2000 frame (b) Earth-Moon rotating frame

Figure 5.13. Ephemeris trajectories for the chief (blue) and deputy (pink)
spacecraft constructed in the Earth-Moon-Sun-Jupiter HFEM for 20 revolu-
tions.

It is also useful to compare the distance between the chief and deputy spacecraft in the

HFEM over the course of a single revolution, as well as the 20-revolution period, plotted

in Figure  5.14 . The bounds on the spacecraft distance are generally consistent with the

values observed in the CR3BP. There are notable spikes in the relative distance between the

two spacecraft, and these increased distances reflect a secular growth in the phase difference

between the two spacecraft. While the trajectories remain close generally, phase control

strategies may be implemented to target periapsis times and mitigate the increased phase

difference [ 73 ]. The distance between the Moon and the two spacecraft over one revolution

and 20 revolutions appears in Figure  5.15 . In the CR3BP, the closest approach to the Moon

occurs at the altitudes of 8, 400 km and 8, 700 km for the chief and the deputy, respectively;

the same values drop to about 7, 581 km and 8, 289 km for the two spacecraft in the HFEM.
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(a) Relative distance over one revolution (b) Relative distance over 20 revolutions

Figure 5.14. Distance between the two spacecraft over one and 20 revolutions
in the HFEM.

(a) Lunar distance over one revolution (b) Lunar distance over 20 revolutions

Figure 5.15. Distance between the Moon and the chief (blue) and the deputy
(pink) over one and 20 revolutions in the HFEM.

5.3 Eclipse Avoidance Strategies

A major challenge for spacecraft operating in cislunar space is eclipsing due to the Earth

and the Moon, since passing through their shadows may strain the power and thermal

systems onboard spacecraft [  74 ], [  75 ]. Transit through the shadow of a celestial body has

the potential to affect the delivery of spacecraft power by pushing the onboard hardware to
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temperatures below acceptable operational limits [  76 ]. As a result, spacecraft trajectories

are typically subject to constraints on the eclipse duration that must be satisfied for nominal

mission operations. In addition to these challenges, passage through shadow regions impacts

illumination and visibility conditions, that is crucial to assess the utility of trajectories for

cislunar operations [  29 ]. Thus, as an important step, it is necessary to accurately identify

and mitigate any eclipses that may hamper nominal spacecraft operations in cislunar space.

Eclipse mitigation may involve simply a reduction in length of the longest eclipse duration,

a reduction in the frequency of eclipses, or an avoidance of eclipses altogether [ 77 ], [ 78 ].

The process of identifying eclipsing events, along with methodologies to avoid eclipses are

discussed.

5.3.1 Eclipse Identification

Due to its accuracy and potentially reasonably close passes of the Earth and Moon, the

current investigation utilizes the conical eclipse model for the detection of eclipse events. The

shadow regions behind the Earth and the Moon are modeled by the umbra and penumbra

cones. Figure  5.16 represents the geometries of the penumbra (light grey) and umbra (dark

grey) shadow cones in this model identified by their vertices V1 and V2, and cone half-angles

γ and η, respectively [ 79 ], [  80 ]. Passage through the umbra is characterized by a period of

total eclipse, while the penumbra region causes partial eclipsing. The center of the Sun is

denoted via S in the schematic, while the center of the occluding body, that is either the

Earth or the Moon in this case, is denoted via O. The relevant quantities that determine

the eclipse cone geometries are computed as,

dp = rO · rSO

rS + rO

(5.1)

du = rO · rSO

rS − rO

(5.2)

where ri represents the equatorial radius of the celestial bodies. The radius of the Sun, that is

the primary source of light in the system, is represented by rS, while rO represents the radius

of the occluding body. For this investigation, either the Earth or the Moon may occlude
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the spacecraft from being illuminated by the Sun and, thus, are the two occluding bodies

considered. The cone half-angles that characterize the penumbra and umbra are calculated

as,

γ = arctan
(
rO

dp

)
(5.3)

η = arctan
(
rO

du

)
(5.4)

V1 V2
OS

dp du

γ η

rso

Figure 5.16. Representation of penumbra (light grey) and umbra (dark grey)
cone geometries for eclipse identification.

It is convenient to visualize the trajectories of interest in the Sun-body rotating frame

to gain intuition regarding the occurrence of eclipses. As such, orbits constructed in the

CR3BP are transformed from the Earth-Moon rotating frame to the Sun-Earth and the Sun-

Moon rotating frames as appropriate; trajectories produced in the Earth- or Moon-centered

ephemeris models are transformed from their respective inertial frames to the same rotating

frames as well. Since the penumbra and umbra cones are oriented along the horizontal axis

in the Sun-body rotating frames, the conditions for locating passage through the shadow

regions are defined directly within the context of those frames. For passage through the

penumbra, both of the following two conditions are met,

rS−sc > rSO (5.5)

rO−sc sin ζ ≤
(
dp + rSO · rO−sc

rSO

)
tan γ (5.6)
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where rij represents the position vector between the various bodies, and rij represents the

distance between the bodies. The angle ζ locates the spacecraft relative to the cone axes

and is computed as,

ζ = arccos
(

rSO · rO−sc

||rSO|| ||rO−sc||

)
(5.7)

While, by definition, the umbra is contained entirely within the penumbra, it is useful to

compute the conditions for passage through the umbra cone as well. Similar to the penum-

bra case, the following two conditions dictate whether the spacecraft is located within the

occluding body’s umbra cone, i.e,

rS−sc > rSO (5.8)

rO−sc sin ζ ≤
(
du − rSO · rO−sc

rSO

)
tan η (5.9)

For each state along the trajectory of interest, passage through the penumbra and umbra

cones is recorded. For any points that lie within the umbra and/or the penumbra regions,

the total duration of each eclipse event is then evaluated as,

Tecl = TU + TP

2 (5.10)

where TU and TP denote the time spent within the umbra and penumbra, respectively. This

scaled value of the total time in shadow serves as a proxy for the effect of the eclipse time

on the power and thermal requirements of the spacecraft [  76 ].

The process of identifying eclipses due to occlusion from the Earth and the Moon is

demonstrated using a spatial 3 : 1 resonant orbit from the family computed and illustrated

in Figures  4.10(a) and  4.10(b) . A sample orbit from the family is selected and possesses a

period of 27.22 days. To analyze the effects of eclipses, the CR3BP trajectory is transitioned

to the Earth-Moon-Sun-Jupiter HFEM with the Earth as the central body. As an initial

guess, the epoch at the beginning of the trajectory is selected as July 08 2025 00:00:00

UTC. This initial point occurs at perigee along the trajectory. The ephemeris trajectory is
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propagated for multiple revolutions, specifically 408 days (15 revolutions), to deliver a sense

of the possible occlusion periods over a longer horizon that a spacecraft in such a trajectory

may encounter. The resulting ephemeris trajectory appears in Figure  5.17 as viewed in the

Earth-Moon rotating, Earth-centered inertial, and the Moon-centered inertial frames.

(a) Earth-Moon rotating frame (b) Earth-centered inertial frame

(c) Moon-centered inertial frame

Figure 5.17. Spatial 3 : 1 sidereal resonant orbit constructed in the HFEM
for 408 days. The orbit of the Moon appears in grey in the Earth-centered
inertial frame view.

The inertial ephemeris trajectory from Figure  5.17 is transformed to the Sun-Earth ro-

tating frame, with the various views in this frame plotted in Figure  5.18 . The penumbra

(pink) and umbra (blue) cones cast by the Earth’s shadow in this Sun-Earth rotating frame

highlight the locations along the trajectory that remain under partial or total eclipse. Specif-
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ically, the plot of the ŷ-ẑ frame in Figure  5.18(d) provides a view looking down the shadow

cone axes; any portion of the trajectory that passes through the cones in this view, and

lies behind the Earth, undergoes Earth eclipse events. These locations of partial (penumbra

passage) and total (umbra passage) eclipse are highlighted by the dark red and blue mark-

ers, respectively. As expected, the large spatial component of this trajectory relative to the

Earth ecliptic results in minimal eclipsing events. Only three eclipse events occur, lasting

92.31 min, 67.55 min, and 50.97 min each. Over the course of 408 days, these eclipses are

spaced 163.4 and 153.8 days apart. The same analysis is repeated in the Sun-Moon rotating

frame to evaluate the impact of lunar eclipses over the same time period. In Figure  5.19 , the

different views of the trajectory in this frame are plotted with a zoomed-in view near the

Moon. Given the equatorial radius of the Moon, the penumbra cone in this frame is signifi-

cantly smaller than the Earth penumbra, and appears in red in Figures  5.19(a) and  5.19(b) .

The umbra cone, while plotted in blue, is smaller still and is completely encompassed by

the penumbra cone in the plots. Passage through the lunar umbra will only occur for tra-

jectories that possess short perilune radii. For the current trajectory of the 3 : 1 resonant

orbit, the spacecraft remains outside of these narrow cones, with only one instance of a lunar

eclipse that is highlighted in Figure  5.18(d) , lasting just under 6 min. Naturally, unmodeled

perturbations, as well as errors in modeling and/or navigation, can easily shift the path to

increase the eclipse frequency and duration. However, for this particular resonant trajectory

in general, eclipses due to the Earth’s shadow dominate. While the potential for operational

disruptions due to eclipses is dictated by the specific hardware onboard, these eclipse events

and the geometries relative to the Sun-body axes guide the computation of reference solu-

tions that are eclipse feasible. Depending upon the mission needs, as well as the spacecraft

hardware limitations, different approaches are suitable for addressing eclipsing concerns.

5.3.2 Geometry-Informed Epoch Selection

The geometries exhibited by sidereal resonant orbits, along with their inherent stability,

renders such orbits favorable for predicting and mitigating eclipses. Naturally, one of the

driving factors for eclipses and their severity is the corresponding trajectory epoch, since such
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(a) x̂ − ŷ view (b) Isometric view

(c) x̂ − ẑ view (d) Zoomed-in ŷ − ẑ view

Figure 5.18. Spatial 3 : 1 sidereal resonant trajectory in the ephemeris model
as viewed in the Sun-Earth rotating frame with the penumbra (pink) and
umbra (blue) regions indicated.

timing determines the orientation of the trajectory relative to the Sun-Earth and Sun-Moon

axes. Within the context of this investigation, the trajectory epoch is defined as the initial

time at a specific state along the ephemeris analog of the trajectory of interest. As such,

when possible, variation in this initial time, or trajectory insertion epoch, is the simplest

and most economical approach for producing eclipse-friendly solutions.

As an example, the spatial 3 : 1 resonant orbit transitioned to the ephemeris model in

Figure  5.17 is considered. For the original trajectory epoch specified as July 08 2025, three

instances of Earth eclipses are identified along the path over 408 days. The geometry for
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(a) x̂ − ŷ view (b) Isometric view

(c) x̂ − ẑ view (d) Zoomed-in ŷ − ẑ view

Figure 5.19. Spatial 3 : 1 sidereal resonant trajectory in the ephemeris model
as viewed in the Sun-Moon rotating frame with the penumbra (pink) region
indicated.

this resonant trajectory is such that, for certain epochs, there exist ephemeris solutions that

avoid eclipses entirely. For instance, if the trajectory insertion epoch date of May 09 2025

04:00:00 UTC is selected as an alternative, the resulting ephemeris trajectory passes outside

the shadow regions of both the Earth and the Moon. In Figure  5.20 , the Sun-Earth rotating

frame view is plotted for this trajectory over the same 408-day propagation period. Looking

down the Sun-Earth axis in Figure  5.20(d) , it is apparent that the spacecraft passes outside

of the penumbra (pink) and umbra (blue) cones, thus evading periods of partial or total

eclipse that may hinder spacecraft operations. Additionally, for this epoch, the spacecraft
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avoids all lunar eclipses as well, as illustrated in Figure  5.21 . Although the adjustment of the

trajectory insertion epoch yields an eclipse-free solution in this sample case, the geometries

for other orbits of interest might not produce desirable solutions. In such cases, additional

constraints are implemented to compute eclipse feasible solutions.

(a) x̂ − ŷ view (b) Isometric view

(c) x̂ − ẑ view (d) Zoomed-in ŷ − ẑ view

Figure 5.20. Spatial 3 : 1 sidereal resonant trajectory in the ephemeris model
as viewed in the Sun-Earth rotating frame for the updated trajectory insertion
epoch. The trajectory does not pass through the penumbra and umbra cones
cast by the Earth.
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(a) x̂ − ŷ view (b) Isometric view

(c) x̂ − ẑ view (d) Zoomed-in ŷ − ẑ view

Figure 5.21. Spatial 3 : 1 sidereal resonant trajectory in the ephemeris model
as viewed in the Sun-Moon rotating frame for the updated trajectory insertion
epoch. The trajectory does not pass through the penumbra cone cast by the
Moon.

5.3.3 Penumbra Avoidance Path Constraint

For a trajectory insertion epoch that is not flexible, additional constraints in the tra-

jectory design process are incorporated to compute eclipse-free solutions directly in the

ephemeris model. Depending upon the geometry of the trajectory in the Sun-body rotating

frame, the solution produced by incorporating the constraints may no longer be ballistic, or

may include deviations from the baseline orbit geometry to avoid the shadow cones. One
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formulation of a constraint to mitigate the severity of eclipses is a penumbra avoidance path

constraint [ 79 ], [  80 ], that is evaluated as,

Fpathj =
∫ τj+Tj

τj

H (rS−sc − rSO) · (fpen − |fpen|) dt (5.11)

where the path constraint, denoted Fpathj, is added to the constraint vector in the HFEM

multiple shooting corrections algorithm. The variables τj and Tj denote the epoch and

propagation time for the jth arc segment in the multiple shooter. The term H (rS−sc − rSO)

is a Heaviside function that describes the condition for passage through penumbra, i.e., that

the spacecraft is located behind the occluding body as viewed in the Sun-body rotating

frame. Finally, the function fpen in Equation (  5.11 ) assesses the location of the spacecraft at

each point along the arc to determine whether the point lies within the penumbra shadow

cone. This function is computed as,

fpen = rO−sc sin ζ −
(
dp + rSO · rO−sc

rSO

)
tan γ (5.12)

To yield an eclipse-free solution, in addition to constraints that ensure position, velocity, and

epoch continuity along the trajectory segments, this path constraint is incorporated directly

into the ephemeris multiple shooting scheme.

As an example, return to the multi-revolution spatial 3 : 1 trajectory in the ephemeris

model computed in Figures  5.17 –  5.19 . For the trajectory insertion epoch in this sample case,

July 8 2025 00:00:00 UTC, several instances of eclipses due to both the Earth and the Moon

are detected. Without modifying the trajectory insertion epoch, the trajectory is recomputed

in the ephemeris model, now with the addition of the penumbra avoidance path constraint

along with the usual ephemeris targeting continuity constraints. The path constraint is

implemented for both the Earth and the Moon to remove predicted eclipse events, as well as

to prevent any further downstream eclipse events. This re-converged trajectory appears in

Figures  5.22 and  5.23 , illustrating the various views of the trajectory as plotted in the Sun-

Earth and Sun-Moon rotating frames. The Earth and the Moon penumbra cones appear

in red in their respective rotating frames. In both cases, looking down the ŷ-ẑ axes in
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Figures  5.22(d) and  5.23(d) illustrates the clear gap in the trajectory as it passes around the

penumbra cones, circumventing the shadow regions entirely. Thus, for the entirety of the 15

revolutions (408 days) of the trajectory, eclipses due to the Earth and the Moon are avoided

for a previously unfavorable epoch. In this example, no maneuvers are necessary to achieve

eclipse avoidance for the selected epoch. More importantly, the original characteristics of

the trajectory are retained without any significant departure from the underlying resonant

geometry.

(a) x̂ − ŷ view (b) Isometric view

(c) x̂ − ẑ view (d) Zoomed-in ŷ − ẑ view

Figure 5.22. Sun-Earth rotating frame views of the spatial 3 : 1 resonant orbit
constructed with the penumbra avoidance path constraint. The trajectory
circumvents the penumbra and umbra cones cast by the Earth.
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(a) x̂ − ŷ view (b) Isometric view

(c) x̂ − ẑ view (d) Zoomed-in ŷ − ẑ view

Figure 5.23. Sun-Moon rotating frame views of the spatial 3 : 1 resonant orbit
constructed with the penumbra avoidance path constraint. The trajectory
circumvents the penumbra cone cast by the Moon.

The effectiveness of the penumbra avoidance path constraint is apparent in examples

where trajectories reflect eclipses that may hamper nominal operations. The implementation

of the path constraint can also be adjusted such that the eclipse-free solution clears the Earth

and Moon shadow cones with larger buffer zones. One strategy to accommodate errors in

eclipse modeling and prediction is to inflate the radii of the occluding bodies, forcing the

path constraint to clear the penumbra cones by a larger margin of error. Additionally, to

ensure the accurate detection of eclipsing events, the propagation time step may be fixed

and sufficiently reduced to detect passage through the penumbra cones.
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6. CONSTELLATIONS FOR VISIBILITY AND

CONNECTIVITY IN CISLUNAR SPACE

Owing to the vastness of cislunar space, it is useful to assess the proposed trajectories for

their utility towards Space Situational Awareness (SSA) applications. Metrics that inform

the qualitative nature of the trajectories for visibility and connectivity within cislunar space

are introduced. Sample constellations are designed, leveraging both sidereal and synodic

resonant behaviors, to assess the visibility and connectivity within this space supplied by the

orbits of interest. While the selection of some combination of orbits in a cislunar constellation

is mission specific, constellation design methodologies that incorporate multiple observers in

orbits from the same periodic orbit families, as well as orbits of varying geometries and

energy levels, are introduced.

6.1 Measuring Visibility within Cislunar Space

To establish a comprehensive SSA architecture in cislunar space, the need for space-

based sensors has been recognized [  27 ], [  81 ]. With the availability of unique vantage points

across the domain of cislunar space, space-based sensors may be utilized for the detection

and tracking of objects in space, especially beyond GEO and in the vicinity of the Moon.

Observations from space-based sensors are crucial for supporting autonomous navigation,

communication, and sustaining operations beyond the Earth. For optical sensors in space,

an inherent operational challenge is that the asset or target of interest in space may not

be visible, or the viewing conditions may not be feasible for the onboard hardware. These

conditions for evaluating the visibility of a target, as viewed by space-based optical observers,

are discussed in the context of cislunar space.

6.1.1 Line-of-Sight (LOS)

A primary requirement for tracking and communicating with assets in space is line-of-

sight. In the Earth-Moon CR3BP, line-of-sight between two spacecraft in their respective
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orbits may not be possible when the target is occluded by either the Earth or the Moon. For

line-of-sight to exist, the following constraint arises,

arccos
(

rO−Pi
· rO−T

||rO−Pi
|| ||rO−T ||

)
≤ arctan

(
rPi

||rO − rPi
||

)
(6.1)

where i = 1, 2 correspond to the Earth and the Moon, respectively. The value rPi
represents

the radius of either body, and rPi
represents the location of either body relative to their

barycenter, B, as defined in the Earth-Moon rotating frame. The subscripts O and T denote

the observer and the target, respectively. When Equation (  6.1 ) is satisfied for either or

both of the primaries, there exists no line-of-sight between the the observer and target and,

consequently, observation and communication are not possible.

6.1.2 Limiting Magnitude

In astronomy, the visual magnitude is a measure of the brightness of an object [  29 ]. The

visual magnitude of a space-based target as seen by an observer is critical in determining

the brightness and, by extension, how “visible” a target is [  82 ]. The magnitude of an object

is computed as,

MT = MS − 2.5 log
[

2 Cd r
2
T

3 π2 r2
OT

(sinψ + (π − ψ) cosψ
]

(6.2)

where Cd is the reflection parameter of the target, rT is the radius of the target, i.e., an

indicator of its size. The angle ψ is the Sun-target-observer angle and is termed the solar

phase angle. The value MS is the visual magnitude of the Sun and is constant at −26.74.

The magnitude scale is reverse logarithmic, and a lower value of the magnitude is indicative

of a brighter object. For reference, Figure  6.1 illustrates the orientation of the target relative

to the Sun and the observer. The utility of any space-based observer may be assessed by

quantifying how bright various targets will appear to the observer, and whether the obtained

value is less than some limiting magnitude. While this limiting magnitude is inherently a

function of the sensor aperture and properties of the detector, a representative value of

Mlim = 20 is employed in this investigation. Thus, when a target possesses a magnitude less
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than Mlim, it is assumed to be visible to the observer. In this investigation, all targets are

characterized as Lambertian spheres with a rT = 3.54 m and a diffuse reflection coefficient

equal to Cd = 0.5 [ 26 ]. Finally, since the Earth-Moon CR3BP is the primary dynamical

model in this investigation, the magnitude of each target is directly computed in the Earth-

Moon rotating frame, with the position of the Sun obtained via the SPICE Toolkit and

transformed directly into this frame [  83 ].

Figure 6.1. Schematic for the visual magnitude of a target as viewed by a
space-based observer.

6.1.3 Exclusion Zones

For targets that lie close to the line-of-sight with the Sun, the Earth, or the Moon, the

brightness of the celestial body causes the target to be backlit as viewed by the observer.

As such, any onboard optical sensors may be unable to obtain or maintain custody of the

target, if solely optical measurements are considered. To identify the severity of this effect,

exclusion zones are defined for each body. These conical zones, such as the solar exclusion

zone depicted in Figure  6.1 , are centered on the observer and expand out towards the celestial

body. The exclusion angle, denoted σi, is the cone half-angle that defines the exclusion zone

cast by the body. The angle κ locates the target relative to the axis of the exclusion zone,
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as defined in Figure  6.1 . For a target to be visible in space, then, the following exclusion

condition is defined,

κ(t) > σi (6.3)

where σi represents the exclusion angle for each of the three bodies. The solar exclusion

angle is represented as σS, σE represents the Earth exclusion angle, and σM defines the lunar

exclusion zone. Table  6.1 summarizes the nominal values for the cone half-angles employed

in this investigation to describe these exclusion zones. For a target to be visible to the

observer at any time, Equation (  6.3 ) must be satisfied for exclusion resulting from all three

celestial bodies at that time.

For challenges with solar exclusion, the long range between the Sun and the observer (and

target) is leveraged to inform a solar phase angle that minimizes exclusion. From Figure  6.1 ,

it is apparent that,

κ+ ψ ≈ 180◦ (6.4)

When κ ≤ σS, the target lies within the solar exclusion zone and is not visible to the

observer. Thus, a relative phasing between the observer and target is desired such that

ψ ∈ [0, 180 − σS]. By phasing the observer appropriately, the impact of solar exclusion on

the visibility of a target is reduced.

Table 6.1. Constraints on target illumination.

Parameter Symbol Value

Limiting magnitude Mlim 20

Solar exclusion angle σS 30◦

Earth exclusion angle σE 10◦

Lunar exclusion angle σM 10◦
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Modified Lunar Exclusion Zone

For targets in cislunar space and, in particular, those operating in the vicinity of the

Moon, lunar exclusion imposes significant restrictions on visibility [  27 ]. While the nominal

value of the lunar exclusion zone defined in Table  6.1 aids preliminary analyses, one method-

ology of increasing the fidelity of modeling the lunar exclusion zone considers the brightness

of the Moon itself. Depending upon the lunar phase as seen by the space-based observer,

the Moon may appear full (i.e., brightest), or new (i.e., dimmest). Intuitively, this cycle is

equivalent to the phases of the Moon as seen by the Earth every lunar synodic period. Dur-

ing a full Moon event, as viewed by the observer, the target will be completely backlit. As

such, exclusion due to the Moon is maximized, and σM(t) = σM = 10◦. Conversely, during a

new Moon, the Moon is the dimmest as viewed by the observer, and σM(t) = 0◦. Based on

the lunar phase viewed by the observer at any time, then, the modified lunar exclusion zone

is defined as a function of the lunar phase angle, denoted χ(t), and illustrated in Figure  6.2 .

The case of χ(t) = 0◦ occurs when Moon lies between the observer and the Sun and causes

no exclusion; when χ(t) = 180◦, the Sun-observer-Moon orientation occurs and results in

maximum lunar exclusion. Based on the value of χ(t) for every time step, the lunar exclusion

zone angle is instantaneously determined as,

σM(t) = 10◦ · χ(t)
180◦ (6.5)

where χ(t) is measured in [◦], and the value 10◦ is the standard, constant lunar exclusion

angle defined in Table  6.1 . Equation (  6.5 ), then, essentially scales the nominal value of the

lunar exclusion angle based on the brightness of the Moon.

Lunar Exclusion Cone (LEC)

For a given solar phase, the illumination of the Moon may be such that Earth ground-

based observations of a target located between the Earth and the Moon may not be possible

due to lunar exclusion. As such, this conical volume centered at the Earth and facing out

towards the Moon is identified as a high priority zone for maturing the current tracking and
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Figure 6.2. Schematic for the modified lunar exclusion zone defined as a
function of the lunar phase viewed by the observer.

surveillance capabilities in cislunar space [  84 ]. As a conservative estimate, a fixed cone with

a 30◦ half-angle is employed to characterize this zone. Periodic orbits near the L1 and L2

libration points offer options that remain in the lunar vicinity and inside this 30◦ surveillance

cone, also called the “cone of shame” [  84 ]. In this investigation, this region is denoted the

Lunar Exclusion Cone (LEC).

6.1.4 Selection of Targets

While it is not possible to uniquely examine the visibility for every point in cislunar

space, a representation of the quality of an observer trajectory is assessed by determining

the visibility of various targets. To assess the ability of an observer to track various locations

within cislunar space, the following three options are considered:

• Targets within the LEC: Since the LEC is recognized as a high priority region, the

volume defined by the 30◦ half-angle cone facing the Moon is considered. Targets are

considered to be fixed positions that are randomly sampled from a uniform distribution

of points in this cone. In the current work, the length of the LEC is assumed to equal
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500, 000 km, extending just beyond the the L2 libration point. Figure  6.3(a) illustrates

an example distribution of targets located in the LEC.

• Targets within the cislunar domain: It is also possible to randomly sample var-

ious target locations across the entire volume of the cislunar domain. Since only the

knowledge of the target positions is assumed, depending upon their velocity, targets

may be able to rapidly access other locations of interest. Figure  6.3(b) illustrates a

sample distribution of targets dispersed across the spherical volume of cislunar space.

In the current work, the radius of this sphere is equal to 500, 000 km and encompasses

all the libration points.

• Targets operating in cislunar orbits: The knowledge of existing periodic orbits in

the Earth-Moon CR3BP also provides insight into the possible locations of targets. By

considering targets operating in various periodic orbits, the knowledge of their velocity

at a given energy level is also available. In this investigation, five representative targets

are considered that operate independently near the L1, L2, L4, and L5 libration points.

An additional target is assumed to operate in a spatial Distant Retrograde Orbit

(DRO). These sample target orbits are represented in Figure  6.3(c) as viewed in the

Earth-Moon rotating frame. The visibility of any number of the five possible target

orbits is evaluated.

The first two approaches represent the probable locations of targets in cislunar space, whereas

the third approach is guided by the possible locations of targets. For visibility, each target

is instantaneously evaluated for following conditions as viewed by the observer:

1. There exists line-of-sight between the observer and target.

2. The visual magnitude of the target is less than the limiting magnitude.

3. The target lies outside the solar exclusion zone.

4. The target lies outside the Earth exclusion zone.

5. The target lies outside the modified lunar exclusion zone.
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For any observer-target pair, these metrics allow a preliminary assessment of the visibility

of the target as viewed by the observer.

(a) Targets in the LEC (b) Targets in the cislunar domain

(c) Targets in cislunar orbits

Figure 6.3. Sample targets identified within various regions in cislunar space.

6.2 Measuring Connectivity within Cislunar Space

For the purposes of quantifying the connectivity supplied by cislunar trajectories, the

Earth-Moon plane is delineated into zones, as described in Figure  6.4 . It is possible, then,

to characterize the trajectories of spacecraft of interest as they traverse through these zones.

For any orbit, the following two figures of merit quantify the connectivity supplied by a

spacecraft in that orbit:
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• Time spent in each zone: For each orbit, the time spent in each zone is computed

over a single period of the orbit. Notably, Zone 1 in Figure  6.4 is approximately

coincident with a planar projection of the LEC; as such, coverage within Zone 1 is

recognized as high priority.

• Revisit rate per zone: For orbits that traverse through multiple zones (e.g., sidereal

resonant orbits with expansive geometries), the time it takes for the orbit to revisit

each zone is also computed. The frequency with which each orbit traverses through

the zones may guide the selection of orbits that yield broad coverage and connectivity

within the Earth-Moon plane.

Given the vastness of the cislunar domain, spacecraft operating in multiple different orbits

are necessary to provide comprehensive coverage and connectivity. Together with orbits that

possess sweeping geometries, orbits that provide localized access are assessed as constellations

of spacecraft.

Figure 6.4. Schematic for the cislunar planar zones of interest.
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6.3 Example: Visibility and Connectivity via the 1:1 Synodic Resonant Mem-
ber of the 2:1 Sidereal Resonant Orbit Family

To demonstrate the assessment of visibility and connectivity metrics in cislunar space,

an orbit from the family of prograde 2 : 1 resonant orbit family is selected. Specifically, the

orbit identified in Figure  4.13(d) that exhibits a sidereal-synodic overlap is assessed, since

visibility conditions are commensurate with the lunar synodic period. This orbit appears in

Figure  6.5 as viewed in the Earth-Moon rotating frame, with the various zones indicated as

well. The geometry of the orbit is such that it passes through all zones once per revolution in

the rotating frame. To locate the Sun for assessing the visibility, the initial epoch is assumed

to be January 01 2025. The initial direction of the Sun at this epoch appears in Figure  6.5 .

Figure 6.5. Orbit in 1 : 1 lunar synodic resonance from the 2 : 1 prograde
sidereal resonant orbit family.

6.3.1 Connectivity in the Earth-Moon Plane

The connectivity supplied by this orbit for cislunar operations is described by the values

indicated in Table  6.2 . Recall that the orbit is 1 : 1 synodic resonant in the rotating frame;
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as such, its dimensional period is precisely equal to 29.53 days. Over this period, the orbit

remains in Zone 1 the longest, for approximately half the period. Noting the symmetry

of the orbit relative to the Earth-Moon axis, the orbit remains within Zones 2 and 4 for

approximately 1.86 days each. Finally, the remaining 10.78 days are spent in Zone 3 near

the L3 libration point. While the excursion to L3 and Zone 3 may not be required for cislunar

SSA needs, the close access to the lunar vicinity in Zone 1, along with the Earth approaches

in Zones 2 and 4, renders this orbit favorable for cislunar coverage.

Table 6.2. Connectivity values for the 1 : 1 synodic resonant orbit.

Time Spent [days] Revisit Rate [days/rev]

Zone 1 15.03 14.50

Zone 2 1.86 27.67

Zone 3 10.78 18.75

Zone 4 1.86 27.67

6.3.2 Visibility of Targets in the LEC

The efficacy of an observer operating in the 1 : 1 synodic resonant member of the 2 : 1 side-

real resonant family is assessed for targets located inside the Lunar Exclusion Cone (LEC).

In this investigation, 5, 000 points are randomly distributed inside the LEC, as illustrated

in Figure  6.3(a) . The targets are stationary, and there is no assumed knowledge of their

velocity. For various points along the observer in its orbit, the number of targets that are

visible to the observer at each time is computed. The results over one synodic period appear

in Figure  6.6 , where the vertical axes represent the number of targets, out of 5000, that are

visible to the observer at the sampled time step along the orbit. For reference, the observer

is assumed to be located at apolune (near L3) at initial time. Intuitively, as the observer

approaches the vicinity of the Moon, after traversing through Zone 4, the number of visible

targets increases. The phasing of the observer and the Moon is such that when the observer is

at the half-period mark (near L2), the Sun is located towards L3; thus, solar exclusion effects
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also reduce. The modified lunar exclusion zone leverages the instantaneous location of the

Sun and, as apparent in Figure  6.6(d) , when the observer is far away from the Moon, lunar

exclusion does not occur. When the observer is close to the Moon, the Sun-Moon-observer

phasing is such that lunar exclusion is minimized. Figure  6.6(e) illustrates the overall target

visibility considering all the visibility conditions together. Overall, solar exclusion is the

most limiting effect. Notably, since this orbit is in 1 : 1 synodic resonance with the Moon,

the visibility of targets obtained over the demonstrated case of one revolution will persist

over subsequent revolutions as well.

6.3.3 Visibility of the Cislunar Domain

A similar analysis of targets in the cislunar domain, defined in Figure  6.3(b) , yields a

visibility assessment of the cislunar volume. As a representative example, 5, 000 points are

sampled from this volume to represent stationary targets that are dispersed throughout cis-

lunar space. The number of targets that are visible to the observer under various conditions

appear in Figure  6.7 . In general, the volume is well observed in the presence of solar, Earth,

and lunar exclusion zones. The limiting magnitude is the predominant factor that restricts

the visibility of the targets. However, the number of targets visible to the observer in Fig-

ure  6.7(a) is commensurate with the solar phase angle. Thus, multiple observers may be

incorporated such that their phase is offset from the solar phase angle to improve the overall

visibility.

6.3.4 Visibility of the Cislunar Target Orbits

The final strategy of assessing the visibility capabilities of an observer orbit is by evalu-

ating the targets in the representative periodic orbits illustrated in Figure  6.3(c) . The same

initial conditions are assumed for the observer, with the spacecraft initially located at apol-

une and the Sun oriented at the epoch January 01 2025. The observer, and the targets in

their orbit, are propagated for one synodic period and appear in Figure  6.8(a) as viewed in

the Earth-Moon rotating frame. Figure  6.8(b) illustrates the visual magnitude of each target

as viewed by the observer over the propagated synodic period, where the black line indicates
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(a) Targets with visible magnitude (b) Targets outside solar exclusion

(c) Targets outside Earth exclusion (d) Targets outside lunar exclusion

(e) Overall target visibility

Figure 6.6. Visibility of fixed-position targets in the LEC as viewed by the
1 : 1 synodic resonant observer.
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(a) Targets with visible magnitude (b) Targets outside solar exclusion

(c) Targets outside Earth exclusion (d) Targets outside lunar exclusion

(e) Overall target visibility

Figure 6.7. Visibility of fixed-position targets in the cislunar domain as
viewed by the 1 : 1 synodic resonant observer.
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the limiting magnitude. Considering all the visibility conditions together, the number of

days that each target is visible to the observer are summarized in Table  6.3 . Evidently, solar

exclusion is the predominant issue that inhibits visibility for all the planar targets. This

result is intuitive since all the objects lie in the same plane as the solar exclusion zone. De-

spite the higher magnitude values for the libration point orbits seen in Figure  6.8(b) , passage

through the solar exclusion zone limits their visibility. For the target in the spatial DRO,

however, the magnitude constraint is dominant.

(a) Observer and target orbits (b) Visual magnitude of targets

Figure 6.8. Visual magnitude of targets in various periodic orbits as viewed
by the 1 : 1 synodic resonant observer.

Table 6.3. Visibility of targets in cislunar orbits for one period of the 1 : 1
synodic resonant orbit. The phasing of the observers and the targets assumes
an initial epoch of January 01 2025.

Target Orbit Number of Days Visible Predominant Visibility Issue

L1 Halo 16.4 Solar exclusion

L2 Halo 14.9 Solar exclusion

DRO 27.9 Limiting magnitude

L4 SPO 14.7 Solar exclusion

L5 SPO 14.3 Solar exclusion
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One option for mitigating the challenges imposed by a sensor’s limiting magnitude is

varying the relative phase of the observer, the target, and the Sun. Without any modifica-

tions to the target in its orbit, and with the initial location of the observer fixed at apolune,

the epoch is allowed to vary. This change in epoch induces a variation in the solar phase

angle, as illustrated in Figure  6.9 . For this set of observer and target orbits, there exists

an epoch, specifically January 30 2025, that results in the lowest visual magnitude over the

course of the propagation. Additionally, for the minimum magnitude case that appears in

Figure  6.9 in yellow, the locations of the highest magnitude of the target coincide with the

passage of the target through the solar exclusion zone. This configuration, that occurs at

the initial epoch of January 31 2025, yields the ideal visibility conditions for the target in

the DRO as viewed from the observer. The updated visibility values for each target at this

epoch appear in Table  6.4 . Clearly, in addition to the improved visibility of the DRO, this

observer phasing relative to the Sun increases the visibility of the remaining targets as well.

Figure 6.9. Variation in the visual magnitude of a target in a spatial DRO
as a function of the initial epoch. The observer is located in a 1 : 1 synodic
resonant orbit.

6.4 Designing for Connectivity Leveraging Sidereal Resonance

Combinations of space-based observers in various orbits together provide options for the

constant surveillance of and connectivity within cislunar space, with monitoring capabilities
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Table 6.4. Visibility of targets in cislunar orbits for one period of the 1 : 1
synodic resonant orbit. The phasing of the observers and the targets assumes
an initial epoch of February 01 2025.

Target Orbit Number of Days Visible

L1 Halo 17.9

L2 Halo 16.5

DRO 28.3

L4 SPO 18.1

L5 SPO 18.7

for specific regions of interest as well. Periodic orbits computed in the CR3BP are consid-

ered to demonstrate localized access for focused operations in cislunar space. For instance,

in addition to observations toward the Earth, L1 libration point orbits are applicable for

monitoring the near-side of the Moon; L2 libration point orbits, then, are useful for survey-

ing the lunar far-side. Broader access of cislunar space, such as the volume of space near

the Earth but beyond GEO, as well as the neighborhood of the L3 libration point, is more

broadly achievable by leveraging resonant orbits that traverse larger areas. Various sidereal

resonant orbits are incorporated into the design of the observer orbits due to their expansive

geometries. Additionally, libration point orbits with periods that are commensurate with

resonant orbits and, as a result, also resonant with the lunar orbit period are identified. The

resonance between the constellation orbits and the Moon and, by design, other observers in

the constellation, ensures that the relative phasing of the spacecraft in the constellation is

naturally maintained. As an example, the selection and analysis of orbits for a four-satellite

constellation is detailed; one of the four is a Data Relay Satellite (DRS) that periodically

approaches the Earth near the GEO belt, while the remaining three spacecraft are assumed

to be observers in cislunar space.
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6.4.1 Orbits for Data Relay Satellites

To conduct and maintain operations in support of cislunar SSA, it is necessary to fa-

cilitate periodic communications and data relay between the space-based observers and the

Earth. However, the large volume of cislunar space that requires surveillance and, conse-

quently, the long distances between observers in the lunar vicinity and the Earth, introduces

challenges to sustain constant ground-based communications. These concerns are alleviated

by potentially incorporating a Data Relay Satellite (DRS) into the constellation architecture.

The wide variety of geometries available in CR3BP periodic orbits allows the selection of

a DRS orbit such that it periodically interfaces with observers in specific cislunar regions

of interest, such as the libration points, while also passing close to the Earth. Thus, when

direct communications with the Earth are not possible, but information relay to the Earth

is necessary, data from the observers may be communicated to the Earth by means of the

DRS. Favorable characteristics of periodic orbits suitable for the DRS include short periods,

repeated and close encounters with both the Earth and the Moon, and the orbital stability

to sustain long-term operations as well. Additionally, the DRS must be phased such that it

encounters the observers in their orbits periodically as well, ideally without the necessity of

phasing maneuvers. Given these characteristics, sidereal resonant orbits offer viable options

for hosting a cislunar DRS. One example of orbits that facilitate cislunar surveillance and

data relay from the observer satellites to the Earth is the family of prograde orbits in 2 : 1

sidereal resonance with the Moon illustrated in Figure  5.1(b) . A DRS in such an orbit re-

peatedly encounters the neighborhood of the L1 and L2 libration points as well as the Moon,

presenting opportunities for transferring data from observers in such orbits to the Earth.

Thus, in addition to facilitating cislunar coverage for surveillance, the 2 : 1 resonance family

provides options for orbits that for periodic data relay between the Earth and the observer

satellites that comprise the surveillance constellation.

6.4.2 Orbits for Space-Based Observers

While the selection of the DRS orbit supplies global coverage of cislunar space, a focus

on the specific regions of interest within the entire volume of space is critical to facilitate
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surveillance [  64 ]. As such, periodic orbits that provide localized coverage near the lunar

vicinity are necessary. However, as previously noted, spacecraft in orbits near the L2 point

do not establish a direct line-of-sight for communications with the Earth. Nevertheless,

by incorporating the DRS into a surveillance constellation, these challenges are potentially

mitigated. Various CR3BP periodic orbits are introduced and examined as potential hosts

for observer satellites with on-board sensors that collect surveillance data. Even beyond

sidereal resonant orbit families, a wide variety of CR3BP periodic orbit families are available

that exhibit varying geometries, such as the subsets from the families of L1 and L2 Lyapunov

orbits illustrated in Figures  3.5 and  3.6 . These families provide options for periodic orbits

that possess periods that are approximately equal to, or an integer ratio of, the period of

2 : 1 sidereal resonant orbits. To interface with other vehicles in a constellation and maintain

a relative phasing, specific orbits in a sidereal resonance with the lunar orbit are identified.

Resonant orbits characterized by other resonance ratios are also considered, given their

footprint throughout cislunar space. Interior resonant orbits with shorter periods remain

interior to the Earth-Moon system and typically pass close nearby to either the Earth or

the Moon, or both. Such a feature is particularly useful for surveillance capabilities inside

the LEC, i.e., the 30◦ cone from the Earth to the Moon, within which ground-based SSA

capabilities are limited. Thus, space-based sensors in these resonant orbits facilitate the

tracking of natural objects and assets in cislunar space. Some examples of interior resonant

orbits that are suitable for Earth-Moon surveillance include, but are not limited to, members

from the families of 3 : 1 and 4 : 3 sidereal resonances. In addition to offering cislunar coverage,

these orbits also encounter prograde 2 : 1 resonant orbits with every revolution, thus allowing

inter-satellite communications and potential periodic data relay.

6.4.3 Sample Constellation Orbits

The selection of some combination of orbits for the design of a cislunar constellation

is mission specific; however, an example of the selection process and analysis is discussed.

The DRS is assumed to be operating in a 2 : 1 resonant orbit selected from the orbit family

in Figure  5.1(b) . The remaining three satellites, i.e., the observers, are distributed across
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cislunar space for a wide-ranging but also localized set of surveillance requirements. A 3 : 1

resonant orbit, and two 1 : 1 sidereal resonant members from the L1 and L2 Lyapunov orbit

families are selected as the observer orbits. Table  6.5 lists the Jacobi constant values and the

orbital periods for the selected orbits, all plotted in Figure  6.10 as viewed in the Earth-Moon

rotating frame. The 2 : 1 DRS orbit is plotted in black, with the radius of a geosynchronous

orbit indicated in blue. While this particular orbit is not precisely tangent to the GEO

altitude, it passes the GEO belt fairly closely in the prograde direction. Notably, the 2 : 1

orbit periodically approaches the vicinity of the other observers, thus, allowing recurring

opportunities for data relay away from the Earth. The selected 3 : 1 resonant orbit, plotted

in purple, is defined with a higher Jacobi constant value than the other observers and, thus,

exists at a lower energy level. Clearly, the perigee of this orbit is similar to the perigee radius

for the prograde 2 : 1 resonant orbit. The observer in this 3 : 1 orbit completes three Earth

revolutions in one month. The remaining two observers operate in approximate 1 : 1 sidereal

resonant L1 and L2 Lyapunov orbits that are plotted in blue and green, respectively. While

the low amplitude of the L2 Lyapunov orbit inhibits line-of-sight communications with the

Earth, the selected DRS orbit passes sufficiently close to the L2 Lyapunov orbit to relay data

back to the Earth from the lunar far-side.

Table 6.5. Characteristics of the selected sidereal resonant constellation orbits.

Spacecraft Orbit Jacobi Constant Period Perilune Altitude
[-] [days] [km]

DRS 2 : 1 Resonant 2.7029 28.07 11,268.53
Observer 1 3 : 1 Resonant 3.1302 28.07 65,343.97
Observer 2 1 : 1 L1 Lyapunov 2.9148 28.07 5,551.87
Observer 3 1 : 1 L2 Lyapunov 2.9350 28.07 22,58.36

A number of criteria are employed to evaluate the applicability and feasibility of the

selected observer orbits for surveillance applications. First, for observers to obtain valuable

surveillance data, in particular in the regions that the Earth ground-based systems are unable

to collect data, time within the Lunar Exclusion Cone (LEC) is evaluated. Next, to minimize

the reliance on direct communications with the Earth, the ability of the observers in their
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Figure 6.10. Selected orbits for a set of satellites in a constellation as viewed
in the Earth-Moon rotating frame and computed in the Earth-Moon CR3BP.

orbits to interface with the DRS in its orbit is examined. This metric is assessed in terms

of line-of-sight access between the two spacecraft as well as the relative distance between

the spacecraft over time. For spacecraft that are within 120, 000 km of each other at a

given time, it is assumed that inter-satellite communications allow the relay of data from

the observer to the DRS to occur. Naturally, the spacecraft onboard hardware drives the

inter-satellite communications capabilities; however, this distance is the assumed nominal

value in the current work and may be modified as necessary. Based on this maximal range

for communications, the relative phasing between the DRS and the observers is analyzed as

well.

Observers in the Lunar Exclusion Cone

To gauge the ability of the spacecraft in the observer orbit to track objects within the

specialized region of interest, i.e., the Lunar Exclusion Cone (LEC), the total time spent

within the cone by each orbit is evaluated. For the constellation as a whole, the goal is
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defined as at least one observer collecting data from inside the LEC at all times, since any

objects in this region are not visible from the Earth. The 30◦ LEC is illustrated in Figure  6.11 ,

with the locations along each orbit that fall within the cone indicated by the bold trajectory

arcs. Over the course of 28.07 days, the DRS in the 2 : 1 resonant orbit remains inside the

cone for 9.32 days, or about 33% of its orbital period. However, the observer orbits remain

within the cone for 9.33, 17.32, and 25.84 days for the 3 : 1, L1 Lyapunov, and L2 Lyapunov

orbits, respectively. These times correspond to approximately 33%, 61%, and 92% of the

propagation times. Thus, over intervals when ground-based SSA from the Earth is lacking,

the observers are able to track and survey objects and activity near the Moon. Also apparent

in Figure  6.11 is that this particular 1 : 1 sidereal resonant L2 Lyapunov orbit remains almost

entirely inside the LEC, offering constant monitoring capabilities from the lunar far-side.

Figure 6.11. Constellation orbits located within the Lunar Exclusion Cone
(LEC) illustrated in yellow.
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Line-of-Sight with the DRS

Since the observers rely on the DRS for contact with the Earth when direct communi-

cations are unavailable, line-of-sight (LOS) with the DRS in its orbit must be maintained.

Equation ( 6.1 ) is employed to evaluate the LOS constraint. For the orbits in this sample

constellation, locations at which there exists no LOS between the DRS and each observer

appear in Figure  6.12 , as identified by the red markers in each plot. For the 3 : 1 resonant

orbit observer, the Earth prohibits line-of-sight with the relay satellite for a total of 0.32 days

or 7.6 hrs over the course of 28.07 days. For the observer in the L1 Lyapunov orbit, the total

time over which the constraint is violated is approximately 0.35 days or 8.5 hrs, spread out

over three separate intervals during approximately one sidereal month. For the L2 Lyapunov

orbit in Figure  6.12(c) , the lack of a line-of-sight and, thus, lack of data relay opportunities,

occurs for a longer total duration: 0.6 days or 14.5 hrs over three intervals due to the Earth

and two intervals due to the Moon. However and, in most part due to the geometry of the

2 : 1 resonant orbit, the communications link for all the observers with respect to the DRS

persists for the majority of the trajectory.

Distance Relative to the DRS

For data relay from the observer satellites to the DRS in the 2 : 1 resonant orbit, the

distance of each observer relative to the relay satellite is also examined. The total time

that each observer is within communications range relative to the relay satellite (i.e., within

120, 000 km) serves as a metric to evaluate the efficacy of the observer orbits. As an example,

consider the isochronous distance for the second observer, i.e., the observer in the 1 : 1 L1

Lyapunov orbit, relative to the DRS in its 2 : 1 resonant orbit. As a preliminary guess, the

DRS is assumed to be located at apolune and the observer at perilune at initial time (t = 0).

The initial conditions at those states for both orbits are propagated forwards in time using

the CR3BP equations of motion for approximately one sidereal period. The isochronous

relative distance and velocity between the two spacecraft is then evaluated. The data relay

time is calculated, that is simply the total time that the observer is within the selected

nominal range relative to the DRS.
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(a) 3 : 1 resonant observer

(b) L1 Lyapunov observer (c) L2 Lyapunov observer

Figure 6.12. Line-of-sight between the DRS and various observers. Red
markers indicate locations without line-of-sight between the DRS and each
observer spacecraft.

The relative distance between the two spacecraft is determined over the propagation

time, that is one month. In Figure  6.13(b) , the resulting distance is plotted as a function

of time; the black line indicates the range limit below which data relay is assumed to be

possible between the spacecraft. Clearly, despite the proximity of the orbits in configuration

space, the initial relative phasing causes the spacecraft to deviate in phase from each other

downstream. As such, the observer is outside the allowable data relay range for the majority

of the propagation time, i.e., for a total of 27.73 days of the 28.07 day propagation time.

The instances within communication range are indicated by the bold arcs in each plot in
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Figure  6.13 . For reference, the relative velocity between the two spacecraft is assessed as

well and appears in Figure  6.13(c) . For the times when the observer is within range of the

DRS, its velocity relative to the DRS is excessively high, approaching almost 1.75 km/s,

and data transmission may be significantly inhibited. Thus, the preliminary guess for the

relative phasing between the DRS and the observer (apolune and perilune, respectively) is

not feasible, and other strategies to determine more suitable phasing options are sought.

(a) Rotating frame (b) Relative distance (c) Relative velocity

Figure 6.13. DRS and an observer in the L1 Lyapunov orbit propagated from
apolune and perilune, respectively. The isochronous distance and the relative
velocity between the two spacecraft is also plotted.

An angular representation for the locations along the DRS and the observer orbits is

necessary to determine the ideal relative phasing between the two spacecraft. However,

in contrast to Keplerian orbits, locations along CR3BP periodic orbits cannot be directly

represented by angles, e.g., the true anomaly, mean anomaly, or eccentric anomaly, due to

their complex geometries. This challenge is especially significant when working with resonant

orbits due to their repeating geometries. For example, in the inertial frame, the 3 : 1 resonant

orbit traces out three “elliptical-type revolutions” about the Earth. An alternative cyclic

metric that represents the passage of time along the orbit allows the relative phasing between

orbits to be assessed. The trigonometric encoding methodology detailed by Lafarge et al. is

adopted to discretize the orbit into angular locations [  85 ]. This angle, termed the encoding

angle, is evaluated as,

ξi = tpo · 2π
T

(6.6)
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where T is the period of the orbit, and tpo is the time since a fixed reference state along

the path (tpo ∈ [0,T]). The selection of the fixed reference state along the orbit is arbitrary,

and is assigned to be apolune in this investigation. Thus, ξ0 = 0 corresponds to apolune,

and ξT/2 = π corresponds to the half-period location along the orbit. Specific locations

along the orbits for the DRS and the observers are then discretized and represented by their

respective encoding angles. For the DRS orbit and for the observer in the 1 : 1 sidereal L1

Lyapunov orbit, the locations along the orbits represented by their encoding angles appear

in Figure  6.14 .

Figure 6.14. Trigonometric encoding for the DRS orbit and the 1:1 L1 Lyapunov orbit

For each ξDRS and ξobs encoded angle along both orbits in Figure  6.14 , the corresponding

states are propagated for one sidereal period in the CR3BP. A contour plot identifying the

time that both spacecraft are within relay range (relative distance ≤ 120, 000 km) over the

course of one month is generated for each encoding angle combination. The resulting map

appears in Figure  6.15(a) . Previously, the preliminary guess for the phasing between the

2 : 1 resonant orbit for the DRS and the L1 Lyapunov orbit for the observer is assumed

as an initial phase represented by ξDRS = 0 [rad] and ξobs = π [rad], that yields only

0.33 days of relay time over one month. This particular phasing guess lands in the purple
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region in Figure  6.15(a) , yielding the lowest possible relay time. However, by selecting

phase combinations in the brighter regions of the map in Figure  6.15(a) , configurations that

naturally yield longer relay times are identified. Options that lie in the yellow regions may

provide opportunities for up to 8 days of data relay over one sidereal period. The locations

at which the spacecraft are within communications range are denoted by the bold arcs in

Figure  6.15(c) , and the red markers locate the initial locations of the DRS and the observer in

their respective orbits. The CR3BP trajectories propagated over five months corresponding

to both the DRS and the observer, appear in Figure  6.15(d) as plotted in an Earth-centered

inertial view. As the DRS in its 2 : 1 orbit, in black, precesses in the inertial frame to maintain

its resonance with the Moon, the 1 : 1 Lyapunov orbit follows over subsequent revolutions.

Since the orbital periods are all in equal resonance with the Moon and, as a result, with

each other, the feasible phasing over one month persists over time as well. Consequently,

the relative distance between the L1 observer and the DRS is consistent over five months, as

apparent in Figure  6.15(b) . The two spacecraft maintain their relative phase as determined

from the contour plot, and the relay time as evaluated over one month persists through

longer propagation times as well. For a five month propagation time, a total of 42.02 days

of relay opportunities exist between the observer and the DRS. This value corresponds to

approximately 30% of the propagation time, a significant difference from the preliminary

guess that yields relay opportunities for only approximately 1.2% of the propagation time.

The same process is repeated for the other observers in the constellation. Rather than

guessing and checking, angle encoding and contour plots are leveraged to determine the

phase difference between the DRS and each observer such that the time within a specified

communications range is maximized. Additionally, while the total relay time is the primary

metric in this investigation, this methodology is adaptable for the determination of the

relative phase to accommodate other desired criteria as well for various other applications.

The methodology is easily adapted for the other observers in the constellation as well.

For the observer in the 3 : 1 resonant orbit, the contour plot to determine the ideal relative

phasing appears in Figure  6.16 . The ideal phase that maximizes relay time corresponds to

∆ξ = π [rad], yielding 3.5 days of relay opportunities per revolution, and is propagated

for five sidereal periods. The locations at which data relay windows occur are indicated
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(a) Contour plot for total relay time (b) Relative distance

(c) Relay locations, rotating frame (d) Relay locations, inertial frame

Figure 6.15. Contour plot for relative phasing and data relay times for the
observer in the 1 : 1 L1 Lyapunov orbit (blue) and the DRS (black).

in Figure  6.16(c) as viewed in the rotating frame, with the red markers locating the initial

position of each spacecraft. Another notable feature for this particular resonant orbit, in

addition to its proximity to the lunar vicinity, is repeatable passes to the vicinity of the

GEO belt, as plotted in blue in Figure  6.16(c) and in the inertial frame in Figure  6.16(d) .

Thus, while the total time for data relay to the relay satellite in the 2 : 1 resonant orbit may

be limited, as identified by the contour plot, the observer spacecraft in this orbit is able to

communicate directly with the Earth as well. Over five months, because of their periods, the
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phasing with the DRS is maintained without a requirement for maneuvers. Such is apparent

in Figure  6.16(b) , where the relay opportunities repeat every month.

(a) Contour plot for total relay time (b) Relative distance

(c) Relay locations, rotating frame (d) Relay locations, inertial frame

Figure 6.16. Contour plot for relative phasing and data relay times for the
observer in the 3 : 1 resonant orbit (purple) and the DRS (black).

Finally, a similar analysis for the 1 : 1 L2 Lyapunov orbit reveals the ideal phasing for data

relay to the DRS orbit as well, as demonstrated in Figure  6.17 . The ideal phasing predicted

by the contour plot in Figure  6.17 , resulting in over 4.5 days of relay time, is non-intuitive

for this particular orbit. The locations at which the observer is within range of the DRS,

indicated by the bold markers in Figure  6.17(c) and Figure  6.17(d) , occur as the DRS is

departing the lunar vicinity and en route to the vicinity of the Earth. Thus, the observer
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is able to transfer surveillance data from the lunar far-side to the DRS for further relay to

the Earth. For this orbit as well, the relative phasing for the two spacecraft persists over

subsequent revolutions, and the observer is within 120, 000 km of the DRS for 24.3 days

over five months, as apparent in Figure  6.17(b) . In addition to the relay opportunities

when the observers are within the nominal communications range of the DRS, each observer

maintains line-of-sight with the DRS for over 95% of the propagation time. Also, besides

the observer in the L2 Lyapunov orbit, the orbits themselves possess geometries such that

direct communications with the Earth are possible as well.

(a) Contour plot for total relay time (b) Relative distance

(c) Relay locations, rotating frame (d) Relay locations, inertial frame

Figure 6.17. Contour plot for relative phasing and data relay times for the
observer in the 1 : 1 L2 Lyapunov orbit (green) and the DRS (black).
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Velocity Relative to the DRS

While the line-of-sight and range considerations for data relay are critical, it is also useful

to compare the velocities of the observers relative to the DRS. The relative velocity metric

is especially significant for the locations at which the constellation spacecraft are within the

nominal communications range of 120, 000 km. For this analysis, the ideal relative phase

determined for each observer is employed. The DRS and the observers are propagated

for five months each; since the orbits are periodic, the behaviors over this time horizon

reflect the general behavior that appears over longer times as well. The relative velocities

for each observer are evaluated, with the locations at which each observer is within the

nominal communications range of the DRS indicated via the bold arcs. For the observer

in the L1 Lyapunov orbit, the relative velocity during data relay lies between 170 m/s and

530 m/s, as evident in the plot in Figure  6.18(b) . For the observer in the 3 : 1 resonant orbit,

Figure  6.18(a) illustrates the velocity with respect to the DRS in the 2 : 1 resonant orbit. At

the relay locations, this velocity is bounded between 480 m/s and 750 m/s, that coincides

with apogee on the resonant orbit. Finally, for the L2 Lyapunov observer, the relay velocity

is between 375 m/s and 680 m/s, as apparent in Figure  6.18(c) .

Connectivity and Coverage

For each spacecraft in the constellation, the connectivity in cislunar space is measured

using the metrics introduced in Section  6.2 . The time spent by the DRS and each observer

in each zone is computed, along with the time it takes for the spacecraft to revisit that zone.

Observers 2 and 3, located in L1 and L2 Lyapunov orbits respectively, operate only in Zone

1, as is apparent in Figure  6.19 . However, for the DRS and the observer in the 3 : 1 resonant

orbit, it is useful to compute the time spent and the revisit rate for each cislunar zone of

interest. Table  6.6 summarizes the values for the two spacecraft for each parameter and

zone. The complex geometry of the 3 : 1 orbit, i.e., observer 1, allows access to all the zones

in the cislunar plane frequently, with the spacecraft predominantly operating in Zones 1, 2,

and 4. The DRS, on the other hand, stays inside Zones 1 and 3 for the majority of time, but
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(a) 3 : 1 observer

(b) L1 Lyapunov observer (c) L2 Lyapunov observer

Figure 6.18. Velocity of each observer relative to the DRS computed in the
Earth-Moon CR3BP.

access to the Earth is achieved through Zones 2 and 4 for approximately 8 hrs each once

every sidereal period.

HFEM Validation

The constellation orbits are transitioned into the Earth-Moon-Sun-Jupiter HFEM model

for further validation. The geometry-preserving transition process employed in the case of

the retrograde observers in Section  5.2 is implemented to produce multi-revolution HFEM
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Figure 6.19. Constellation orbits and the cislunar zones of interest.

Table 6.6. Connectivity values for spacecraft in the sidereal constellation over
one orbital period.

Zone
DRS Observer 1

Time Spent Revisit Rate Time Spent Revisit Rate
[days] [days/rev] [days] [days/rev]

1 15.11 12.96 9.88 9.10
2 0.34 27.73 8.18 9.94
3 12.26 15.80 1.81 13.13
4 0.34 27.73 8.18 9.94

baselines for the four spacecraft in the constellation. The model epoch is selected as February

24 2025, 00:00:00 UTC.

The corrected ephemeris trajectories appear in Figure  6.20 for the 3 : 1 resonant orbit

observer in purple, and the 2 : 1 resonant trajectory for the DRS in black. The trajectories

are plotted in the J2000 Earth-centered inertial frame in Figure  6.20(b) , also demonstrating

the recurring Earth-Moon access via both orbits. Due to the stacking transition process,

the trajectories generally retain their CR3BP geometries. Phasing between the orbits is
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also maintained to the same levels as observed in the CR3BP model. The trajectories are

propagated for a total of 184 days; over this interval, the observer is within 120, 000 km of

the DRS for approximately 22 days. The periodic interface between the observer and DRS

is apparent in Figure  6.20(c) . The relative velocities over the same time period are plotted

in Figure  6.20(d) , with the bold arcs highlighting the relay opportunities. For the observer

in the L1 Lyapunov orbit, a similar transition process yields the observer trajectory in Fig-

ures  6.21(a) and  6.21(b) in the rotating and inertial frames, respectively. The observer passes

within nominal communications range for 49.6 days of the 184-day time period. Consistent

with previous examples, the relative phasing between the two spacecraft is maintained due

to the appropriately phased initial guess generated in the CR3BP model. The geometries

are generally bounded as well, but may be refined to yield “tighter” trajectories if desired.

Finally, Figure  6.22 represents the results of transitioning the L2 Lyapunov orbit into the

ephemeris model. The observer interfaces with the DRS once a month and at relative ve-

locities < 1 km/s. As such, the observer is able to sustain lunar far-side surveillance with

the opportunity to communicate and transmit relevant data to the DRS as necessary. No-

tably, the ballistic phasing and surveillance characteristics translate from the CR3BP into

the HFEM. The selection of orbits that are in equal sidereal resonances with the Moon,

as well as each other, assists in maintaining the relative configuration of the constellation

spacecraft in both the models.

6.5 Designing for Visibility Leveraging Sidereal-Synodic Overlap

Sidereal resonant orbits are a primary focus of this investigation. However, it is also

possible to leverage orbits that exhibit a sidereal-synodic overlap to marry the advantages

of the sidereal geometry with the predictability of synodic resonances. This predictability

is especially sought for visibility and illumination analysis, since orbits in synodic resonance

exhibit repeating orientations relative to the Sun. Specifically, the 2 : 5 synodic resonant

orbit from the family of 5 : 3 spatial resonant orbits identified in Figure  4.12(b) is selected.

Although there exist options for synodic resonant orbits with shorter periods, this orbit

traverses the cislunar volume spatially, providing additional vantage points for observations

180



(a) Rotating frame (b) J2000 inertial frame

(c) Relative distance (d) Relative velocity

Figure 6.20. 3:1 resonant observer (purple) and the 2:1 resonant DRS (black)
in the Earth-Moon-Sun-Jupiter HFEM.
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(a) Rotating frame (b) J2000 inertial frame

(c) Relative distance (d) Relative velocity

Figure 6.21. 1:1 resonant L1 Lyapunov observer (blue) and the 2:1 resonant
DRS (black) in the Earth-Moon-Sun-Jupiter HFEM.
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(a) Rotating frame (b) J2000 inertial frame

(c) Relative distance (d) Relative velocity

Figure 6.22. 1 : 1 resonant L2 Lyapunov observer (green) and the 2:1 resonant
DRS (black) in the Earth-Moon-Sun-Jupiter HFEM.
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and visibility beyond the Earth-Moon plane. The spatial geometry of the orbit is also

favorable for achieving line-of-sight with assets on the lunar far-side.

Table 6.7. Characteristics of the selected resonant orbit with sidereal-synodic overlap.

Parameter Value

Jacobi Constant 3.0127

Period [days] 73.81

Maximum Spatial Excursion [km] 91, 040

Perilune Altitude [km] 69, 000

A sample constellation of multiple space-based observers operating in the 2 : 5 synodic

resonant orbit is designed. Comprehensive surveillance could, in such a scenario, be achieved

by phasing the sensors such that they pass through different regions of cislunar space at the

same time. From an operations standpoint, this architecture offers redundancy in cislunar

coverage, since a volume that is swept by one observer is revisited by the other observers

in the network. Additionally, depending upon the selection of the primary orbit, concerns

regarding communications with the Earth may be alleviated. In contrast to a spacecraft

located behind the Moon, all observers in the network have the opportunity to directly

interface with Earth-based ground stations.

As an example, four space-based observers are located in this orbit. For resonant orbits,

a natural choice for the initial phasing of the observers is the locations of apses or, in the

Earth-Moon rotating frame, along the loops around the orbit. Two observers are placed

at two of the four periapses along the orbit that appear around either side of the Earth.

The remaining two are located at two of the four apoapses, one near L3 and the other at

the orbit perilune. Figure  6.23 illustrates the four observers at their initial locations along

the orbit as viewed in the Earth-centered inertial and Earth-Moon rotating frames. Note

that in the Earth-centered inertial frame, two of the observers (blue and red) are overlaid

due to the coincidence of periapses at that point. In The visibility of cislunar targets in the

representative orbits introduced in Figure  6.3(c) is assessed for each observer. In Figure  6.24 ,
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each subplot illustrates the visual magnitude of all the targets as seen by each observer in

the constellation. Notably, at every instant in time, all the targets are visible to at least one

observer. The high spatial component of the observer orbits in this constellation, along with

the synodic phasing, allow for favorable viewing conditions.

(a) Earth-centered inertial frame (b) Earth-Moon rotating frame

Figure 6.23. Initial locations of four observers phased along the 2:5 synodic
resonant orbit in the CR3BP as seen in the Earth-centered inertial and Earth-
Moon rotating frame.

The advantages of selecting a synodic resonant orbit are apparent when eclipsing events

are considered. Using the geometry of the observer trajectories in the Sun-Earth and Sun-

Moon rotating frames, the trajectory insertion epoch for each observer in the constellation

is determined such that no eclipsing events occur. This insertion epoch is selected as Jan 12

2025 00:00:00 UTC for each observer, propagated simultaneously from each initial location.

The Sun-Earth and Sun-Moon rotating frame views for each observer trajectory, propagated

for two orbit period (approximately 147.62 days) are plotted in Figures  6.25 and  6.26 , where

the colors identifying each observer are consistent with those in Figure  6.23 . The Earth and

Moon penumbra cones appear in red and blue respectively. The resulting trajectories avoid

both Earth and Moon eclipses naturally, as is evident in the ŷ-ẑ projections in Figures  6.25(d) 

and  6.26(d) . Due to the underlying synodic resonant of the orbits, this favorable orientation

for the entire network of observers repeats every synodic period as well, allowing significant

flexibility in the trajectory selection process without any increase in the overall computational

185



(a) Observer 1 (b) Observer 2

(c) Observer 3 (d) Observer 4

Figure 6.24. Visual magnitude of the various targets as viewed by each
observer in the constellation.

cost. Another advantage of this particular orbit, along with the observer spacing, is that the

observer lines-of-sight are maintained with the other spacecraft in the network, as an option

for inter-satellite communications as necessary.
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(a) x̂ − ŷ view (b) Isometric view

(c) x̂ − ẑ view (d) Zoomed-in ŷ − ẑ view

Figure 6.25. Sun-Earth rotating frame views of the 2 : 5 synodic resonant
orbit. Careful selection of the trajectory epoch ensures that none of the ob-
servers pass through the Earth’s penumbra.
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(a) x̂ − ŷ view (b) Isometric view

(c) x̂ − ẑ view (d) Zoomed-in ŷ − ẑ view

Figure 6.26. Sun-Moon rotating frame views of the 2 : 5 synodic resonant
orbit. For the selected epoch, the observers circumvent the lunar penumbra.
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7. CONCLUDING REMARKS

In the coming decades, numerous spacecraft are expected to populate cislunar space, reaching

beyond the geosynchronous orbit region and out to the lunar vicinity. The complex cislunar

dynamical environment necessitates the use of new and unique multi-body trajectories for

sustaining long-term operations. In this investigation, resonant orbits are incorporated into

the trajectory design process to explore the range of cislunar trajectories as options for

Space Situational Awareness (SSA). The properties of the proposed orbits facilitate their

long-term viability, that is validated in higher-fidelity dynamical models. Techniques for the

construction of constellations that support cislunar SSA are presented. Metrics for visibility

and connectivity in space are introduced to assess the utility of the proposed trajectories for

cislunar applications.

7.1 Construction of Resonant Orbits

One of the primary objectives of the current work is the construction and analysis of

resonant orbits and their associated properties for incorporation into future mission scenar-

ios. Although the original foundation for resonant orbits is the two-body dynamical model,

resonant orbits in the three- and N -body dynamical models are obtained. Specifically, the

dynamics of resonant orbits in the Circular Restricted Three-Body Problem (CR3BP) are de-

tailed in the Earth-Moon system, with relevant trajectories validated in the Higher-Fidelity

Ephemeris Model (HFEM) as well. The tools and techniques necessary to explore periodic

orbits in the CR3BP are developed, and their functionality, specifically within the context

of resonant orbits, is demonstrated via examples.

Both planar and spatial families of orbits in sidereal resonance are identified in the Earth-

Moon CR3BP. Depending upon the resonance ratio, the orbits in these families offer a variety

of solutions that span wide ranges of energy (Jacobi constant) levels. The evolution of the

linear stability of the orbits is assessed, providing insight into the versatility of these orbits

for cislunar applications. While sidereal resonant orbits exhibit expansive geometries that

span the orbital plane of the Moon and beyond, the benefits of synodic resonant behavior

are recognized. Orbits from sidereal resonant families that are commensurate with the lunar
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synodic period in the rotating frame are identified for applications pertaining to illumination

and visibility constraints in cislunar space.

7.2 Cislunar Access via Sidereal Resonant Orbits

Earth-Moon sidereal resonant orbits constructed in the CR3BP offer options for trajecto-

ries that span the volume of cislunar space. The orbits explored in this investigation possess

unique geometries that traverse the vicinity of both the Earth and the Moon, providing

recurring pathways between the two bodies. In addition to this favorable connectivity, the

orbits maintain their resonance with the lunar orbit over time and demonstrate behavior

feasible for long-term mission applications in the complex cislunar regime.

Orbit families in 2 : 1 resonance with the lunar sidereal period offer favorable options to

support cislunar operations as well. Retrograde and prograde orbits are identified that pro-

vide high- and low-energy options connecting the geosynchronous orbit region to the vicinity

of the Moon. The retrograde family provides options for operationally stable orbits that

continually survey cislunar space. Conversely, the linearly unstable prograde 2 : 1 resonant

orbits provide options for excursions to the lunar far-side. By leveraging dynamical systems

theory and Poincaré mapping techniques, novel periodic orbits are uncovered that extend

trajectories past the lunar orbit as well.

7.3 Resonant Trajectories for Sustaining Cislunar Space Situational Awareness

To address the specific needs for cislunar SSA, trajectories for space-based observers are

constructed in the Earth-Moon CR3BP and validated in Earth-Moon-Sun-Jupiter HFEM.

From these observer orbits, the visibility of various targets is assessed. The criteria considered

for visibility include line-of-sight between the observer and the target, visual magnitude

of the target with the true Sun position at each instant in time, and solar, Earth, and

lunar exclusion conditions. The fidelity of lunar exclusion zone modeling is improved by

introducing the modified lunar exclusion zone that incorporates the lunar phase as seen by

the observer. Fixed-position target points in the vicinity of the Moon are assessed, as well

as targets dispersed in the spherical cislunar volume as a whole. Additionally, to account
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for possible target locations within cislunar space, representative periodic orbits from the

CR3BP are identified to assess their visibility from various observers. Metrics for quantifying

connectivity in cislunar space are introduced; for resonant orbits with complex and unique

geometries, these metrics provide insight into their coverage of the cislunar plane.

Sample constellations that incorporate both sidereal and sidereal-synodic resonant orbits

are designed for the surveillance of the cislunar domain. As an example, orbits in sidereal

resonance with the Moon and with each other comprise one such constellation, allowing

periodic interface between the spacecraft in the network. Challenges in phasing resulting

from the varying resonance ratios are addressed via phasing maps that preserve the natural

configuration of the constellation over time in both the CR3BP and the ephemeris models.

Another example constellation demonstrates the selection of spatial sidereal-synodic res-

onant orbits, with the observers in the constellation phased along the same periodic orbit.

The synodic resonance is leveraged to identify epochs that naturally yield eclipse-free solu-

tions for all the observers in the network. Additionally, the visibility of targets in various

cislunar orbits is assessed for the observers in the constellation. The choice of the spatial

periodic orbits, along with the relative phasing of the spacecraft, allows each target to be vis-

ible to at least one observer at all instants in time. Together, the two sample constellations

demonstrate the versatility of resonant orbits for trajectory design in support of cislunar

SSA operations.

7.4 Recommendations for Future Work

The techniques presented in this investigation lay the groundwork for the further incor-

poration of resonant orbits into trajectory design for cislunar applications. Some avenues for

future work are suggested:

• Solar exclusion zone avoidance

Solar exclusion is one of the predominant issues that inhibits target tracking as viewed

from the space-based sensors considered in the current work. Sidereal-synodic reso-

nant orbits provide flexible options for phasing relative to the Sun to mitigate these

challenges; however, incorporating an exclusion zone avoidance path constraint may
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allow the computation of observer trajectories that consistently observe the desired

target(s). One implementation of such a constraint may build upon the penumbra

avoidance path constraint detailed in this investigation.

• Resonance transitions for phase modification

For the orbits considered in the current work, the challenges with visibility and connec-

tivity are inherently tied to the period of the underlying resonant orbit. By temporarily

varying the period of the underlying orbit, i.e., by transitioning to a different resonant

orbit, these issues may be alleviated. Trajectories may, then, be constructed with tran-

sitions between multiple different resonance ratios that maintain cislunar accessibility

with minimal propellant expenditure.

• Resonant orbit station-keeping strategies

Long-term reference trajectories that adequately retain the baseline orbit geometry re-

quire orbit maintenance and station-keeping strategies. The implementation of existing

as well as novel station-keeping techniques specific to resonant orbits is warranted.
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A. VISIBILITY AND RANGE METRIC REFERENCE VALUES

In the current work, nominal values for visibility and connectivity metrics, including the

limiting magnitude and various exclusion angles, as well as the range for communications

are assumed for preliminary analysis. The values employed in this investigation are repre-

sentative examples; the trajectory design and analysis framework is adaptable to incorporate

other values as necessary. In the following subsections, the nominal values assumed in the

current work are summarized, along with the ranges of existing values in literature.

A.1 Limiting Magnitude

The reference limiting magnitude values employed by various authors are detailed in

Table  A.1 . In the current work, a nominal limiting magnitude value of Mlim = 20 is utilized

to obtain a broad evaluation of the observer performance. For further analysis and, to

accommodate for various optical sensor apertures, lower values of the limiting magnitude

may be utilized.

Table A.1. Reference values for limiting visual magnitude.

Author Limiting Magnitude

Thompson et al. [  27 ] 13 − 16

Frueh et al. [ 26 ], [  86 ] 20

Bhadauria et al. [  29 ] 20

Vallado et al. [ 82 ] 16.5 − 17.5

Worthy et al. [ 87 ] 12 − 15

Vendl et al. [ 25 ] 17 − 20

A.2 Exclusion Angles

The current work characterizes the solar, Earth, and lunar exclusion zones as conical

volumes within which targets are not visible to space-based optical observers. Table  A.2 
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summarizes the exclusion angles employed by various authors in modeling these exclusion

zones. In this investigation, the nominal values that describe these exclusion zones are

σS = 30◦, σE = 10◦, σM = 10◦ for the Sun, Earth, and the Moon, respectively. To

further increase the fidelity of lunar exclusion modeling, a modified lunar exclusion model

is introduced that scales this nominal lunar exclusion zone as a function of the lunar phase

as viewed by the observer. Depending upon the spacecraft onboard hardware and sensor

characteristics, the exclusion angles may be varied to assess the visibility of targets from

space-based observers.

Table A.2. Reference values for exclusion metrics.

Author
Solar Exclusion Earth Exclusion Lunar Exclusion

[deg] [deg] [deg]

Thompson et al. [  27 ] 30 10 10

Bhadauria et al. [  29 ] 50 35 30

Vallado et al. [ 82 ] 30 - 10

Fowler et al. [ 30 ] 30 - -

Kinzly et al. [  88 ] 10 10 10

Somavarapu et al. [ 89 ] 15 - -

A.3 Range Metric for Satellite Communications

The current work employs a range metric to identify opportunities for communications

between satellites in a constellation. This nominal range value, that serves as a means to

design the constellation orbits for periodic interfacing, is selected as 120, 000 km. While inter-

spacecraft communications are inherently tied to the onboard hardware and signal properties,

this value is selected for the preliminary design of trajectories for the vastness of cislunar

space. Reference architectures for inter-spacecraft communication include the LIAISON

system investigated by Hill et al., demonstrating orbit determination via satellite crosslink

for ranges up to 86, 000 km [ 90 ]. More recently, the China National Space Administration’s
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(CNSA) Queqiao relay satellite, operating in an L2 halo orbit to provide a communications

link for the Chang’e-4 lander on the lunar far-side, has demonstrated communications ranging

up to 79, 000 km between the spacecraft [  91 ]. Finally, the Lunar Pathfinder satellite, that

seeks to provide communications services around the Moon, is expected to be equipped with

hardware that can accommodate ranges up to 100, 000 km [ 92 ], [  93 ]. Thus, while the nominal

value employed in this investigation permits preliminary analysis, for further refinement of

the constellation architecture and to account for spacecraft specifications, shorter ranges

may be considered.
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