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“This is how it should be done: lodge yourself on a stratum, experiment with the

opportunities it offers, find an advantageous place on it, find potential movements of

deterritorialization, possible lines of flight, experience them, produce flow conjunctions here

and there, try out continuums of intensities segment by segment, have a small plot of new

land at all times.” 

1
 

- Gilles Deleuze and Félix Guattari

For my children, Neil and Wyatt, and my partner, Caroline —

1
 ↑ «Voilà donc ce qu’il faudrait faire: s’installer sur une strate, expérimenter les chances qu’elle nous offre, y

chercher un lieu favorable, des mouvements de déterritorialisation éventuels, des lignes de fuite possibles, les
éprouver, assurer ici et là des conjonctions de flux, essayer segment par segment des continuums d’intensités,
avoir toujours un petit morceau d’une nouvelle terre.»[ 1 ]
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ABSTRACT

Increasingly, space flight missions are planned to traverse regions of space with com-

plex dynamical environments influenced by multiple gravitational bodies. The nature of

these systems produces motion and regions of sensitivity that are, at times, unintuitive,

and the accumulation of trajectory dispersions from a variety of sources guarantees that

spacecraft will deviate from their pre-planned trajectories in this complex environment, ne-

cessitating the use of a targeting process to generate a new feasible reference path. To

ensure mission success and a robust path planning process, trajectory designers require in-

sight into the interaction between the targeting process, the baseline trajectory, and the

dynamical environment. In this investigation, the convergence behavior of these targeting

processes is examined. This work summarizes a framework for characterizing and predicting

the convergence behavior of perturbed targeting problems, consisting of a set of constraints,

design variables, perturbation variables, and a reference solution within a dynamical sys-

tem. First, this work identifies the typical features of a convergence basin and identifies a

measure of worst-case performance. In the absence of an analytical method, efficient numer-

ical discretization procedures are proposed based on the evaluation of partial derivatives at

the reference solution to the perturbed targeting problem. A method is also proposed for

approximating the tradespace of position and velocity perturbations that achieve reliable

convergence toward the baseline solution. Additionally, evaluated scalar quantities are in-

troduced to serve as predictors of the simulation-measured worst-case convergence behavior

based on the local rate of growth in the constraints as well as the local relative change in

the targeting-employed partial derivatives with respect to perturbations.

A variety of applications in different dynamical regions and force models are introduced

to evaluate the improved discretization techniques and their correlation to the predictive

metrics of convergence behavior. Segments of periodic orbits and transfer trajectories from

past and planned missions are employed to evaluate the relative convergence performance

across sets of candidate solutions. In the circular restricted three-body problem (CRTBP),

perturbed targeting problems are formulated along a distant retrograde orbit and a near-

rectilinear halo orbit (NRHO) in the Earth-Moon system. To investigate the persistence
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of results from the CRTBP in an ephemeris force model, a targeting problem applied to

an NRHO is analyzed in both force models. Next, an L1-to-L2 transit trajectory in the

Sun-Earth system is studied to explore the effect of moving a maneuver downstream along

a trajectory and altering the orientations of the gravitational bodies. Finally, a trans-lunar

return trajectory is explored, and the convergence behavior is analyzed as the final maneuver

time is varied.
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1. INTRODUCTION

Space flight missions, such as those contributing to NASA’s Artemis and Gateway programs,

are increasingly leveraging dynamical structures in complex multi-body regimes. Addition-

ally, there is a growing capability and desire to utilize on-board computing resources to

conduct in-flight trajectory targeting. With mission success and crew safety at risk, tra-

jectory designers and guidance, navigation, and control engineers require insight into the

performance of these targeting algorithms as they produce new reference trajectories to ac-

commodate the inevitable accumulation of dispersions that bring them off the pre-planned

path. Strategies to measure and predict the robustness of a given combination of a reference

trajectory and a targeting solution at the early stages of a mission design are crucial to

mission success.

1.1 Motivation

One measure for assessing targeting robustness in spaceflight applications is the ability of

a targeting scheme to determine a feasible trajectory in the presence of dynamical sensitivity.

If the mission trajectory and targeter cannot accommodate sufficiently large dispersions,

the result is unpredictable targeting behavior and, potentially, a failure to converge on an

acceptable solution or, perhaps, any solution at all. When issues with convergence behavior

emerge late in the mission design process, significant resources are wasted, and substantial

rework must be completed. When convergence problems are identified during a mission, a

compromise in mission objectives or a threat to crew safety may occur.

The objective of this effort is a characterization of the region around a reference solution

for which a targeting strategy reliably converges upon a new feasible reference path. This

region in perturbation space, denoted the convergence basin, is determined by an interaction

between the dynamical properties of the reference, or baseline, path and the selection of the

targeting scheme, including the constraints, design variables, and update formulation. Tradi-

tionally, sensitivity to perturbations is assessed through simulating the targeting process for

a set of discrete points in the perturbation space and ensuring that the resulting simulations

meet some convergence criteria. Yet, this discretized approach is computationally intensive,
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requiring multiple numerically-integrated predictions and matrix inversion calculations. This

investigation seeks to improve the analysis of convergence behavior by strategically employ-

ing discretized methods and introducing a basin metric produced from 1st- and 2nd-order

state transition tensors evaluated solely on the reference path.

While the positive identification of a single reference solution with optimal convergence

behavior from among a solution set is a desirable ultimate goal, such a comprehensive un-

dertaking to guarantee optimality requires the full knowledge of nonlinearities in the region

around the solution. Instead, the identification of unacceptable reference solutions with local

information up to a given order serves to strategically reduce the solution space in the trajec-

tory design process, allowing computational and human resources to focus further analysis

on references that are likely acceptable.

1.2 Previous Contributions

Previous investigations have explored the characterization and improvement of conver-

gence behavior for corrections schemes based on Newton-Raphson approaches [ 2 ]–[ 10 ]. In

the field of applied mathematics, the convergence basin and its properties are investigated

within the context of root-finding algorithms [  2 ]. Local convergence analysis examines the

radius of convergence around a particular local solution while semilocal convergence analysis

is focused on determining convergence conditions of the iterative process for an initial guess

[ 3 ]. Rall, Chen, Argyros and others develop strategies for determining the local convergence

radii of a multidimensional Newton-Raphson corrections problems with the convergence at

particular rates, e.g., quadratically or superlinearly; however, these approaches require anal-

ysis of derivatives continuously across the region of perturbation space[  4 ], [  6 ]–[ 9 ]. In the

dynamical systems of interest to this investigation, this analysis is not possible, so the ex-

act regions for which the Newton-Raphson process converges at a particular rate cannot

be exactly determined. At the boundaries of these main basins, the convergence behavior

becomes more complex. For polynomial root-finding algorithms in the complex plane, these

boundaries between main basins form intricate fractal patterns [ 2 ], [ 10 ].
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Because the nonlinearity of dynamical systems impacts the effectiveness of linear analysis

techniques, other investigations focused on the development of measures of nonlinearity.[ 11 ]–

[ 17 ] In estimation applications, measures of nonlinearity are employed to select between

linear and nonlinear filter designs[ 11 ]–[ 13 ]. Junkins et al. define a nonlinearity index to

quantify the change in the state transition matrix via a discretized sampling of trajectories

[ 14 ], [ 15 ]. Park and Scheeres investigate nonlinear uncertainty propagation for spacecraft

trajectories by deriving a local nonlinearity index to measure the deviation between a Taylor

series solution constructed from state transition tensors of up to a given order and the true

nonlinear system propagation for a sampled local neighborhood [ 16 ]. Jenson and Scheeres

introduce a semianalytical tensor eigenpair measurement of nonlinearity to quantify the

contribution of higher-order state transition tensors and determine directions of maximum

nonlinearity [ 17 ].

The quantification of convergence behavior, directly and by proxy, is applied to the cor-

rections in the flow of dynamical systems. Epitropakis and Vrahatis apply Newton’s method,

as well as alternative strategies, to the determination of regions of attraction for periodic

orbits in nonlinear systems [  2 ]. Oguri, Oshima, Campagnola, Gawlik, Marsden and other

authors employ the Cauchy-Green tensor and measures of stretching in the state transition

matrix to trajectory design problems [ 18 ], [  19 ]. Harden and Spreen apply finite-time Lya-

punov exponents (FTLEs) to node, or patch point, placement in a Two-Level Targeter (TLT)

strategy within the CRTBP and ephemeris force models, respectively [ 20 ], [ 21 ]. Additionally,

Spreen investigates the use of state transition tensors above 1st-order in calculating FTLE

values across arcs within a targeting problem [  21 ], [  22 ]. Then, FTLE values are also applied

as weightings in the minimum norm update computation to improve the convergence be-

havior of the TLT [  23 ]. By assuming that trajectory segments possessing a large magnitude

of dynamical stretching correspond to a reduction in the validity of the linear corrections

process, these investigations demonstrate improvements in the convergence behavior of the

targeting algorithm. Muralidharan’s investigation into robust station-keeping algorithms

utilizes both the magnitude and direction of dynamical stretching through analysis of the

Cauchy-Green tensor[  24 ], [ 25 ]. The methodology in this investigation seeks to expand on
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these results by measuring the convergence basin directly and correlating this measurement

with the dynamical properties of the reference.

1.3 Current Work

The primary focus of this investigation is the development of a strategy for the prediction

of convergence behavior amongst a set of possible reference solutions in the trajectory design

process. From this overarching goal, the following specific objectives are put forth to build

upon fundamental observations about convergence behavior, devise computationally-efficient

characterizing parameters, and investigate applicability across a diverse and representative

set of mission design problems:

1. Develop both a theoretical and an associated empirical measurement technique to char-

acterize the convergence basin for a given reference solution in a defined targeting

problem.

To eventually predict the convergence behavior for a reference solution, the defini-

tion of an interesting and practical aspect of this behavior is necessarily required for

subsequent prediction. The property to be measured is first defined theoretically and

without consideration of the possibility of exact analytical measurement. Measurement

techniques based on empirical sampling are devised with consideration for both accu-

racy and computational efficiency. The exploration of measurement approximations,

including the treatment of simultaneous perturbations in both position and velocity,

lends insight into potential benefits and the limitations of a predictive metric.

2. Develop a scalar metric, evaluated on each reference solution, with the capability to

predict significant trends in the convergence basin measurement across a set of reference

solutions.

Analysis of the standard structure of a targeting problem motivates the derivation of

a predictive metric from local behavior in the vicinity of the reference solution. The

correlation of the basin measurements with this predictive metric are assessed and com-

pared to Lyapunov exponent-based approaches. After demonstrating the applicability
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of this approach for preliminary single-arc problems, the extension to problems with

multiple arcs (e.g., multiple-shooting) and more complex constraint functions demon-

strate its broader value and capacity for extension to more complex trajectory design

problems.

3. Verify the applicability of the predictive metric and compare its efficacy to alterna-

tive quantities through its application to a variety of design problems within various

dynamical environments.

Many mission design problems lead to large design spaces, and the ability to triage

the potential design alternatives with preliminary analysis tools is critical to focus

on the most promising candidates. This investigation seeks to assess the ability of a

predictive metric to identify unacceptable designs from a diverse set of applications,

including the selection of candidate orbits within a periodic orbit family, correction

maneuver placement along a previously-defined trajectory, and changes in the base

epoch for a mission trajectory concept. Additionally, the ability to predict convergence

behavior in different dynamical environments, i.e., the circular restricted three-body

problem (CRTBP) as well as higher-fidelity models, is critical to demonstrating broad

applicability.

The execution of this research plan yields powerful preliminary analysis tools for eliminating

unacceptable solutions from a design space and focusing higher-fidelity perturbation analysis

on more promising designs. In addition, the a priori determination of metrics that predict

convergence behavior may improve the on-board planning of maneuvers.

19



2. DYNAMICAL MODELS

Dynamical models offer varying levels of fidelity and insight into the motion of a space-

craft within an environment dominated by the gravitational attraction of various bodies. In

particular mission scenarios where the motion is predominantly influenced by two gravita-

tional bodies moving in a nearly-circular orbit, e.g., the Earth-Moon vicinity, the simplifying

assumptions of the CRTBP produce a dynamical model that yields insight via equilibrium so-

lutions and an integral of the motion in a rotating reference frame. Structures and attributes

of the underlying flow revealed through analysis of the CRTBP assist in determining quali-

tative behavior that may persist in higher-fidelity force models. In contrast, higher-fidelity

N -body models that use planetary ephemerides to model the precise locations of relevant

gravitational bodies yield more accurate descriptions of the spacecraft motion at the expense

of limited access to dynamical systems analysis techniques.

2.1 Gravitational N -Body Problem

Newtonian mechanics details the development of a dynamical model for a system com-

prised of N bodies. An illustration of such a system appears in Figure  2.1 with unit vectors

X̂, Ŷ , and Ẑ representing an inertial reference frame I. Though, in reality, bodies do not

possess perfectly-symmetric mass distributions, each body is assumed to be spherically sym-

metric. The movement of the body of interest Pi with mass m̃i relative to an inertially-fixed

base point B under the influence of only gravitational forces is represented via the vector

differential equation

m̃i

Id2r̃Bi

dt̃2
= −G̃

N∑
j=1
j 6=i

m̃im̃j

r̃3
ji

r̃ji (2.1)

where r̃i is the position vector of Pi relative to an inertially-fixed base point, m̃j is the mass

associated with each of the other primaries Pj, r̃ji is the position vector from Pj to Pi, G̃

is the universal gravitational constant in the appropriate dimensional units, and B denotes

the barycenter of the system. Quantities marked above by a tilde (∼) represent quantities

with dimensional units, e.g., kilometers or seconds. Note that in Equation (  2.1 ), the left

superscript I denotes derivatives, i.e., rates of change, with respect to time as observed in
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Figure 2.1. N -Body Gravitational Model in the Inertial Frame

the inertial reference frame, and unbolded quantities denote vector magnitudes. Though this

dynamical model for the N -body problem incorporates an arbitrary number of bodies, the

absence of a closed-form analytical solution and integrals of the motion limit its usefulness

in understanding the fundamental dynamical properties of the system.

2.2 Circular Restricted Three-Body Problem

While the N -body problem offers limited insight into the natural motion, a special case

involving only three bodies is frequently used to identify qualitative flow properties through

the search for equilibrium solutions and an integral of the motion. In systems with a small

satellite and two major gravitational bodies, such as a spacecraft in star-planet or planet-

moon systems, the CRTBP supplies a framework for investigating spacecraft motion and

preliminary mission design before transitioning to a higher-fidelity model.
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The three-body problem consists of three bodies P1, P2, and P3 with masses m̃1, m̃2, and

m̃3, respectively. A vector differential equation for the motion of P3 relative to an inertially

fixed point as viewed by an inertial observer is described through Equation ( 2.1 ) such that

m̃3

Id2r̃B3

dt̃2
= −G̃m̃3m̃1

r̃3
13

r̃13 − G̃
m̃3m̃2

r̃3
23

r̃23 (2.2)

for the case when N = 3. An illustration of the three-body problem appears in Figure  2.2 .

This formulation consists of 18 state variables (3 bodies each with 3 position states and 3

Figure 2.2. Three-Body Gravitational Model in the Inertial Frame

velocity states) and only 10 known integrals of motion [ 26 ]. Therefore, an analytical solution

cannot be determined.

Simplifying assumptions are enforced to further explore the problem. The mass m̃3 of

body P3 is assumed negligible in comparison to those of P1 and P2, and, therefore, P3 does not

influence the motions of P1 and P2. By convention, P1 and P2 are defined as the primaries,

where P1 is the larger body. This primary system satisfies the conditions for the two-body
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problem. Consequently, its motion represented by a conic section, and the barycenter B

lies along the vector r̃12 that connects the two primaries, as illustrated in Figure  2.2 . This

motion is further assumed to be circular about the system barycenter, B, with mean notion

Ñ . A spacecraft in the vicinity of Earth and the Moon or the Sun and Earth, for example,

is reflected by these assumptions.

2.2.1 Characteristic Quantities

Reformulating the CRTBP in terms of non-dimensional units yields benefits to both nu-

merical and theoretical analysis of the problem. First, the difference in dimensional state

variable magnitude, illustrated in the Earth-Moon system, where the Moon orbits relative

to the Earth with approximate distance and velocity of 384,000 km and 1 km/s, respec-

tively, produces challenges to the numerical computation of solutions. The process of scaling

the state variables results in quantities that possess similar orders of magnitude, aiding in

numerical analysis. Second, thoughtful non-dimensionalization allows generalization of the

problem through a single parameter, µ. Both benefits arise from selecting constant charac-

teristic quantities related to the two-body dimensional mean motion of the primaries, Ñ , for

example,

Ñ =

√√√√G̃(m̃1 + m̃2)
r̃3

12
(2.3)

as quantities to non-dimensionalize the system. The characteristic mass, m∗, is defined as

the sum of the primary masses, i.e.,

m∗ = m̃1 + m̃2 (2.4)

The characteristic length l∗ is defined as the distance between the two primaries,

l∗ = r̃12 (2.5)
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and represents the semi-major axis of the simplified primary system. The characteristic time,

t∗, is written

t∗ =
√

l∗3

G̃m∗
(2.6)

such that the non-dimensional gravitational constant, G, is equal to unity and represents

the reciprocal of the mean motion of the primary system. This identity for the gravitational

constant is shown as

G = G̃
m∗t∗2

l∗3 = 1 (2.7)

Following from the selection of characteristic quantities, the non-dimensional mean motion

of primary system, N , is also equal to one, i.e.,

N = Ñt∗ =
√
G̃m∗

l∗3
l∗3

G̃m∗
= 1 (2.8)

Therefore, the circular orbit of the primary system possesses a period of 2π in non-dimensional

time.

The vector differential equation defining motion in the system is rewritten in a non-

dimensional form using the characteristic quantities of the primary system and a mass pa-

rameter. Defining this non-dimensional mass parameter, µ, as the ratio of the mass of P2 to

the primary system mass, written

µ = m̃2

m∗ (2.9)

yields additional quantities relating characteristic quantities and system distances

1 − µ = m̃1

m∗ (2.10)

r̃B1

l∗
= µ (2.11)

r̃B2

l∗
= 1 − µ (2.12)
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Furthermore, non-dimensionalization of the position vectors,

ρ = r̃B3

l∗
(2.13)

ddd = r̃13

l∗
(2.14)

rrr = r̃23

l∗
(2.15)

along with the introduction of a non-dimensional time variable, t,

t = t̃

t∗
(2.16)

allows for substitution into Equation (  2.2 ), yielding a non-dimensional second order vector

differential equation,
Id2ρ

dt2
= −1 − µ

d 3 ddd − µ

r 3 rrr (2.17)

This formulation of the dynamical model accomplishes the goals of non-dimensionalization

and generalization of the problem in terms of a single parameter.

2.2.2 Rotating Frame

Within the CRTBP, the Keplerian motion of the primary system is circular and confined

to a plane. The non-inertial, rotating reference frame R, is defined with an origin at the

barycenter B and a unit vector x̂ fixed on the line between P1 and P2, as illustrated in Figure

 2.2 . The unit vector ẑ is directed along the orbital angular momentum vector of the primary

system and, therefore, perpendicular to the orbital plane of the primary bodies. Finally,

unit vector ŷ completes the right-handed system and is defined as the cross product of the

ẑ and x̂ unit vectors, i.e., ẑ × x̂. The reference frame rotates uniformly about the ẑ axis

with a period of 2π.
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Further analysis of the CRTBP is facilitated by the transition to the rotating reference

frame R. The position vector from the barycenter to P3, ρ, is defined in the rotating frame

as

ρ = xx̂ + yŷ + zẑ (2.18)

and its projection in the x̂-ŷ plane is illustrated in Figure  2.3 . The vector ρ̇ denotes the

Figure 2.3. Circular Restricted Three-Body Problem Expressed in the Rotating Frame

non-dimensional time derivative with respect to an observer in the rotating frame,

ρ̇ =
Rdρ

dt
= ẋx̂ + ẏŷ + żẑ (2.19)

In this notation, a dot denotes the non-dimensional time derivative with respect to an ob-

server in the rotating frame.

Due to the terms in the inertial formulation of the force model and the state representa-

tion in terms of a rotating frame, a kinematic expansion is required to relate the derivatives

with respect to a rotating observer to those with respect to an inertial observer. The Basic
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Kinematic Equation, also referred to as the Transport Equation, is employed to expand the

left side of Equation ( 2.17 ), generating the expressions,

Idρ

dt
=

Rdρ

dt
+ IωR × ρ (2.20)

Id2ρ

dt2
=

Rd2ρ

dt2
+ 2IωR ×

Rdρ

dt
+ IωR × IωR × ρ (2.21)

for the first and second non-dimensional time derivatives relative to an inertial observer.

Employing the definition IωR = N ẑ, where n is constant, Equation ( 2.21 ) yields

Id2ρ

dt2
= (ẍ− 2Nẏ −N2x)x̂ + (ÿ + 2Nẋ−N2y)ŷ + z̈ẑ (2.22)

for the inertial acceleration of ρ as expressed in the rotating coordinate system. Since the

right sides of Equations (  2.17 ) and( 2.21 ) must be equal, and recalling that N = 1, the

expressions are rearranged to generate a second-order vector derivative in terms of the scalar

components of the state variables ρ and ρ̇ as well as the parameter µ, i.e.,

ρ̈ =


ẍ

ÿ

z̈

 =


2ẏ + x− (1−µ)(x+µ)

d 3 − µ(x−1+µ)
r 3

−2ẋ+ y − (1−µ)y
d 3 − µy

r 3

− (1−µ)z
d 3 − µz

r 3

 (2.23)

where the nonlinear system is not a direct function of time. Thus, when converted to the

rotating frame, the dynamical model reflects an autonomous system. Though a closed-form

analytic solution is not available for the coupled and nonlinear differential equations, the

system does permit a search for an integral of the motion and equilibrium solutions.

2.2.3 Integral of the Motion

In the CRTBP, one integral of the motion emerges from the formulation of the differential

equations, i.e., the Jacobi Constant. This single constant of the motion assists in determin-

ing equilibrium solutions and bounded regions for motion of the infinitesimal third body.

An alternative representation of the differential equations in terms of a “pseudo-potential”
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function, U , proves useful in determining a constant of the motion. This pseudo-potential

function augments the gravitational potential energy with rotational energy that accommo-

dates the rotation of the frame in the new formulation of the differential equations and is

defined as

U = 1 − µ

d
+ µ

r
+ x2 + y2

2 (2.24)

Thus, an equivalent representation of the Equation (  2.23 ), expressed in scalar form, appears

as

ẍ− 2ẏ = ∂U
∂x

(2.25)

ÿ + 2ẋ = ∂U
∂y

(2.26)

z̈ = ∂U
∂z

(2.27)

Operating on the differential equations in Equation (  2.25 )-( 2.27 ) via a scalar dot product,

or inner product, with the velocity relative to a rotating observer, i.e., ρ̇ · ρ̈, results in

ẋẍ+ ẏÿ + żz̈ = ∂U
∂x

ẋ+ ∂U
∂y

ẏ + ∂U
∂z

ż (2.28)

where the terms containing ẋẏ cancel. From the left side of Equation (  2.28 ), integration

with respect to non-dimensional time yields the expression

∫
(ẋẍ+ ẏÿ + żz̈) dt = 1

2(ẋ2 + ẏ2 + ż2) + const. = ρ̇2

2 + const. (2.29)

Since the pseudo-potential is a function of only x, y, and z, the right side of Equation ( 2.28 )

represents the total derivative of U∗ with respect to non-dimensional time, resulting in

∫ (
∂U
∂x

ẋ+ ∂U
∂y

ẏ + ∂U
∂z

ż

)
dt = U + const. (2.30)

28



Combining results from Equations (  2.28 )-( 2.30 ) while consolidating the separate constants

of integration produces an equation for a single constant, i.e.,

C = 2U − ρ̇2 (2.31)

where C is the constant of integration, and the unbolded ρ̇ denotes the l2-norm of the vector

ρ̇. The constant C is the Jacobi Constant and provides the only known integral of motion

for the CRTBP, representing an energy-like quantity for the CRTBP in the rotating frame.

2.2.4 Equilibrium Solutions

Additional insight into the dynamical environment is gained via computation of equi-

librium solutions of the CRTBP. An equilibrium solution satisfies the governing differential

equations when all derivatives with respect to a rotating observer are zero. Enforcing this

condition on Equations (  2.25 )-( 2.27 ) by setting the expressions on the left to zero provides

a convenient representation, written as

∂U
∂x

∣∣∣∣∣
ρeq

= −(1 − µ)(xeq + µ)
d 3

eq

− µ(xeq − 1 + µ)
r 3
eq

+ xeq = 0 (2.32)

∂U
∂y

∣∣∣∣∣
ρeq

= −(1 − µ)yeq

d 3
eq

− µyeq

r 3
eq

+ yeq = 0 (2.33)

∂U
∂z

∣∣∣∣∣
ρeq

= −(1 − µ)zeq

d 3
eq

− µzeq

r 3
eq

= 0 (2.34)

where the subscript eq refers to equilibrium states. The conditions in Equation (  2.34 ) are

only satisfied when zeq = 0; therefore, all equilibrium solutions exist in the primaries’ orbital

plane.

Noting that yeq = 0 satisfies Equation ( 2.33 ), the equilibrium solutions on the x̂-axis are

explored. Following this assumption, Equation (  2.32 ) is rewritten in the form

−(1 − µ)(xeq + µ)
|xeq + µ|3

− µ(xeq − 1 + µ)
|xeq − 1 + µ|3

+ xeq = 0 (2.35)
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which includes three regions for possible equilibrium solutions, −∞ < xeq < −µ, −µ <

xeq < 1 − µ, and 1 − µ < xeq < ∞, resulting from singularities at the primary bodies. Since

Equation (  2.35 ) lacks an analytical solution, iterative numerical methods prove successful in

approximating solutions in these three regions, labelled the collinear libration points, first

discovered by Euler. These three points are denoted L1, L2, and L3, in order of decreasing

Jacobi Constant. First identified by Lagrange, two additional equilibrium solutions also

exist, located off of the x̂-axis when deq = req = 1. By substituting these values of unity

into Equations (  2.32 ) and (  2.33 ), these libration points, i.e., L4 and L5, are determined at

the vertices of equilateral triangles formed with additional vertices at P1 and P2. The L4

point has an off-axis component yeq > 0, and the L5 point is its reflection across the x̂-axis.

Figure  2.4 illustrates all five libration points, also commonly labelled Lagrange points, in the

Earth-Moon system. The determination of Lagrange points for a given system serves as a

Figure 2.4. Lagrange Points in the Earth-Moon System to Scale
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starting point for exploring the associated periodic motion n the system, as viewed in the

rotating frame, and the bounded regions of space.

2.3 Higher-Fidelity N -Body Ephemeris Model

Dynamical models that capture the epoch-dependency due to the forces of N gravita-

tional bodies are required to construct higher-fidelity reference trajectories at later stages

in the mission design process. To begin analysis of such a system, the equations of motion

for a satellite Pi with mass mi in an N -body system with respect to an inertially-fixed base

point, given in Equation (  2.1 ), are manipulated to express the governing equations for the

satellite’s relative motion with respect to a central gravitation body Pq with mass mq, i.e.,

Id2rqi

dt2
= −G(mi +mq)

r3
qi

rqi +G
N∑

j=1
j 6=q,i

mj

(
rij

r3
ij

− rqj

r3
qj

)
(2.36)

where rqi represents the position vector from the central body to the body of interest. The

assumption of spherically-symmetric bodies persists in this formulation, and the governing

equations are formulated in terms of non-dimensional quantities according to the character-

istic quantities of a selected analogous system in the CRTBP. The first term on the right

side of Equation ( 2.36 ) represents the mutual gravitational attraction of the bodies Pq and

Pi. For the specific case of the two-body problem where N = 2, a closed-form solution

exists and is represented geometrically via conic sections. The second term on the right side

of Equation ( 2.36 ) represents the summation of perturbing accelerations on the bodies Pi

and Pq due to additional gravitational bodies in the model. In this investigation, the mass

mi is assumed negligible compared to the masses of other bodies in the model. Numerical

integration of Equation (  2.36 ) facilities the computation of state histories for the body of

interest, e.g., a spacecraft.

Existing software tools and data sets are useful for the numerical integration of the

spacecraft motion. In this investigation, numerical integration within the N -body ephemeris

model is conducted with state variables expressed in the J2000 inertial reference frame using

the Adaptive Trajectory Design (ATD) software tool developed at Purdue University[ 27 ].
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NASA’s Navigation and Ancillary Information Facility SPICE toolkit is incorporated for

planetary ephemeris data [  28 ]–[ 30 ]. The data set used for the state history of gravitational

bodies is Development Ephemeris 430 (DE430), and data for the orientation of Earth is

contained in Planetary Constants Kernel 10 (PCK 10)[ 29 ]. These data sets provide state

and orientation information of gravitational bodies for the ranges of epoch time explored in

this investigation.
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3. DIFFERENTIAL CORRECTIONS

For the dynamical systems of interest, the equations of motion take the form of coupled,

ordinary differential equations without a closed-form solution. Therefore, a reference space-

craft trajectory that satisfies a given set of constraints cannot be determined analytically.

The search for a solution takes the form of a two-point boundary value problem, and itera-

tive numerical methods provide a path to solve the problem. A class of numerical methods

referred to as differential corrections, including collocation and discrete methods, are fre-

quently employed to determine a reference solution [  31 ], [  32 ]. In particular, a differential

corrections scheme based on the Newton-Raphson method is a common approach to solve

these problems in astronautical applications due to its relative ease of implementation and

convergence properties.

3.1 Newton-Raphson Differential Corrections Process

A multivariate formulation of the Newton-Raphson method, improved by Isaac Newton,

Joseph Raphson, and Thomas Simpson and, perhaps, more appropriately named the Simpson

Method [  33 ]–[ 37 ], is employed to compute constrained solutions to a system of equations.

The root-finding algorithm updates a set of n design variables, represented in vector form

by X , to determine a solution under a set of m constraints, F , such that

F(X ∗) = 0 (3.1)

where 0 is the zero vector of length m [ 21 ], [ 38 ], [ 39 ]. The asterisk (∗) denotes quantities

associated with the reference, or baseline, solution in Equation (  3.1 ). In general, an ini-

tial guess for the design variables will result in non-zero values for the components of the

constraint vector, i.e.,

F(X ) 6= 0 (in general) (3.2)
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An update to the design variables vector, δX , is sought to drive the design variables toward a

solution, satisfying Equation ( 3.1 ). A Taylor series expansion of the constraint vector about

the current design variable values leads to the following relation

F(X + δX ) = F(X ) + ∂F(X )
∂X δX + Higher-Order Terms (3.3)

where ∂F
∂X denotes the design Jacobian. By truncating the series at 1st-order and supposing

the update will yield a solution, i.e., X + δX = X ∗, Equation ( 3.3 ) is revised as

F(X ∗)︸ ︷︷ ︸
0

= F(X ) + ∂F(X )
∂X δX (3.4)

Under these assumptions, the design variable update δX is defined as the solution to the

equation

−F
∣∣∣
X

= ∂F
∂X

∣∣∣∣∣
X
δX (3.5)

where notation (·)
∣∣∣
X

implies evaluation with the current design variable values, X . The

number of solutions to Equation (  3.5 ) depends on the structure of the differential corrections

problem.

In practice, the design variable-constraint relation, F(X ), represents a nonlinear system

of equations. Due to the 1st-order approximation of the variational relationship employed

in the Newton-Raphson process, these nonlinearities preclude the numerical determination

of an exact solution, and, thus, iterative processes are employed until the constraint vector

converges to a pre-determined tolerance. A targeting problem is defined as a particular

formulation of governing equations, design variables, and constraints for which a reference

solution is sought.

The method of computing the design variable update depends on the quantity of design

variables and constraints. For a fully-constrained problem (i.e., n = m), the design variable

update is straightforward to determine. Assuming the design Jacobian matrix ∂F
∂X is not
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singular, a matrix inversion applied to Equation ( 3.5 ) leads to a design variable update

computed as

δX = −∂F
∂X

∣∣∣∣∣
−1

X
F
∣∣∣
X

(3.6)

Thus, a unique solution exists for the design variable update.

3.1.1 The Minimum-Norm Solution in Under-Constrained Problems

When the problem is under-constrained (i.e., n > m), an infinite number of solutions

exist that satisfy Equation ( 3.5 ). The solution corresponding to the minimum change in the

design variable vector magnitude, i.e., the minimum-norm solution, is sought for two major

reasons. First, the large design variable updates may represent changes velocity or thrusting

acceleration, potentially signaling increasing propellant cost. Additionally, large updates in

the nonlinear system may push the design variables outside of the region of applicability of

the 1st-order approximation provided by the design Jacobian. To determine the minimum-

norm solution to Equation ( 3.5 ), a constrained optimization problem is formulated, i.e.,

minimize: δX T δX

subject to: ∂F
∂X

∣∣∣∣∣
X
δX + F

∣∣∣
X

= 0
(3.7)

With the introduction of a vector of Lagrange multipliers, λ, a cost functional, J , is mathe-

matically described by

J = δX T δX + λT

(
∂F
∂X

∣∣∣∣∣
X
δX + F

∣∣∣
X

)
(3.8)

The minimum-cost solution arises from the condition that the partial derivatives of J with

respect to δX and λ are equal to zero, expressed

(
∂J

∂(δX )

)
= 2δX − ∂F

∂X

∣∣∣∣∣
T

X
λ = 0 (3.9)

(
∂J

∂λ

)
= ∂F
∂X

∣∣∣∣∣
X
δX + F

∣∣∣
X

= 0 (3.10)
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respectively. By algebraic manipulation, an expression for δX is uncovered in terms of the

Lagrange multipliers via Equation ( 3.9 ), i.e.,

δX = 1
2
∂F
∂X

∣∣∣∣∣
T

X
λ (3.11)

and substituted into Equation ( 3.10 ) to develop an expression for λ in terms of known

quantities, i.e.,

λ = −2
∂F
∂X

∣∣∣∣∣
X

∂F
∂X

∣∣∣∣∣
T

X

−1

F
∣∣∣
X

(3.12)

Substitution of Equation (  3.12 ) into Equation (  3.11 ) yields the minimum-norm solution for

δX that satisfies the constraining relation from Equation ( 3.5 ), i.e.,

δX = −∂F
∂X

∣∣∣∣∣
T

X

∂F
∂X

∣∣∣∣∣
X

∂F
∂X

∣∣∣∣∣
T

X

−1

F
∣∣∣
X

= −∂F
∂X

∣∣∣∣∣
−P

X
F
∣∣∣
X

(3.13)

where the superscript −P is shorthand notation for the Moore-Penrose pseudo-inverse. This

result is used to compute design variable updates for implementations with more design

variables than constraints.

3.1.2 The Least-Squares Solution in Over-Constrained Problems

For completeness, the computation of a design variable update when the problem is over-

constrained (i.e., n < m) is examined. In general, no vector δX solves the Equation (  3.5 )

for over-constrained problems, so an optimization problem is formulated in search of the

solution that minimizes the norm of the residual error, called the least-squares solution, i.e.,

minimize:
(
∂F
∂X

∣∣∣∣∣
X
δX + F

∣∣∣
X

)T (
∂F
∂X

∣∣∣∣∣
X
δX + F

∣∣∣
X

)
(3.14)

A cost functional, JO, is introduced and expressed

JO =
(
∂F
∂X

∣∣∣∣∣
X
δX + F

∣∣∣
X

)T (
∂F
∂X

∣∣∣∣∣
X
δX + F

∣∣∣
X

)
(3.15)
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To find the critical point, partial derivative of JO with respect to δX set to zero and repre-

sented mathematically as

(
∂JO

∂(δX )

)T

= 2∂F
∂X

∣∣∣∣∣
T

X

∂F
∂X

∣∣∣∣∣
X
δX + 2∂F

∂X

∣∣∣∣∣
T

X
F
∣∣∣
X

= 0 (3.16)

By solving Equation ( 3.16 ) for δX , the least-squares solution for the design variable update

is revealed as

δX = −

∂F
∂X

∣∣∣∣∣
T

X

∂F
∂X

∣∣∣∣∣
X

−1
∂F
∂X

∣∣∣∣∣
T

X
F
∣∣∣
X

(3.17)

assuming the matrix inversion is possible. Because there is not an a priori guarantee that

the constraint vector magnitude is reducible to a chosen tolerance, the design variables and

constraints should be selected to avoid the case of an over-constrained system.

3.2 Quadratic Convergence of Newton’s Method

Under assumed conditions, a Newton-Raphson algorithm is expected to converge quadrat-

ically from a sufficiently-close initial guess to a local solution, X ∗ [ 40 ], [  41 ]. An outline of

the proof demonstrates this property in the case of a fully-constrained targeting problem.

A reformulation of Equation ( 3.6 ) to determine the (k+ 1)th iteration of the design variable

vector yields

X k+1 = X k − ∂F
∂X

∣∣∣∣∣
−1

X k

F
∣∣∣
X k

(3.18)

where the superscript denotes the iteration associated with the design variable values. Noting

that F
∣∣∣
X ∗ = 0 is trivially added, the solution X ∗ is subtracted from both sides of Equation

( 3.18 ) to evaluate the difference from the solution, i.e.,

X k+1 − X ∗ = X k − X ∗ − ∂F
∂X

∣∣∣∣∣
−1

X k

(
F
∣∣∣
X k

− F
∣∣∣
X ∗

)
(3.19)

With the introduction of a scalar parameter η ∈ [0, 1], the Fundamental Theorem of Calculus

implies

F
∣∣∣
X k

− F
∣∣∣
X ∗ =

∫ 1

0

∂F
∂X

∣∣∣∣∣(
X ∗+η(X k−X ∗)

)(X k − X ∗)dη (3.20)
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The quantity ∂F
∂X

∣∣∣
X ∗

(
X k − X ∗

)
is added and subtracted inside the integral so that Equation

( 3.20 ) is equivalently expressed

F
∣∣∣
X k

− F
∣∣∣
X ∗ =

∫ 1

0

∂F
∂X

∣∣∣∣∣
X ∗

+ ∂F
∂X

∣∣∣∣∣(
X ∗+η(X k−X ∗)

) − ∂F
∂X

∣∣∣∣∣
X ∗

 (X k − X ∗)dη

=
∫ 1

0

∂F
∂X

∣∣∣∣∣
X ∗

(X k − X ∗)dη

· · · +
∫ 1

0

∂F
∂X

∣∣∣∣∣(
X ∗+η(X k−X ∗)

) − ∂F
∂X

∣∣∣∣∣
X ∗

 (X k − X ∗)dη

(3.21)

Limiting the values of X k to the region about X ∗ for which ∂F
∂X is locally K-Lipschitz, the

Triangle Inequality of Integrals and the sub-multiplicative property of the l2-norm allow the

statement of an inequality from Equation ( 3.21 ), i.e.,

∥∥∥∥∥F ∣∣∣
X k

− F
∣∣∣
X ∗ − ∂F

∂X

∣∣∣∣∣
X ∗

(X k − X ∗)
∥∥∥∥∥ ≤

∫ 1

0

∥∥∥∥∥∂F
∂X

∣∣∣∣∣(
X ∗+η(X k−X ∗)

) − ∂F
∂X

∣∣∣∣∣
X ∗

∥∥∥∥∥‖X k − X ∗‖dη

≤
∫ 1

0
K‖X ∗ + η(X k − X ∗) − X ∗‖ ‖X k − X ∗‖dη

(3.22)

The resulting inequality in Equation ( 3.22 ) is simplified and expressed as

∥∥∥∥∥F ∣∣∣
X k

− F
∣∣∣
X ∗ − ∂F

∂X

∣∣∣∣∣
X ∗

(X k − X ∗)
∥∥∥∥∥ ≤

∫ 1

0
Kη‖X k − X ∗‖2dη = K

2 ‖X k − X ∗‖2 (3.23)

Along the combined addition and subtraction of ∂F
∂X

∣∣∣−1

X k

∂F
∂X

∣∣∣
X ∗(X k − X ∗), taking the l2-norm

in Equation ( 3.19 ) allows the substitution of Equation ( 3.23 ), i.e.,

‖X k+1 − X ∗‖ ≤
∥∥∥∥∥I − ∂F

∂X

∣∣∣∣∣
−1

X k

∂F
∂X

∣∣∣∣∣
X ∗

∥∥∥∥∥‖X k − X ∗‖

· · · +
∥∥∥∥∥∂F
∂X

∣∣∣∣∣
−1

X k

∥∥∥∥∥
∥∥∥∥∥F ∣∣∣

X k
− F

∣∣∣
X ∗ − ∂F

∂X

∣∣∣∣∣
X ∗

(X k − X ∗)
∥∥∥∥∥

≤
∥∥∥∥∥I − ∂F

∂X

∣∣∣∣∣
−1

X k

∂F
∂X

∣∣∣∣∣
X ∗

∥∥∥∥∥‖X k − X ∗‖ + K

2

∥∥∥∥∥∂F
∂X

∣∣∣∣∣
−1

X k

∥∥∥∥∥‖X k − X ∗‖2

(3.24)
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The assumption that ∂F
∂X is locally K-Lipschitz yields the expression

∥∥∥∥∥I − ∂F
∂X

∣∣∣∣∣
−1

X k

∂F
∂X

∣∣∣∣∣
X ∗

∥∥∥∥∥ =
∥∥∥∥∥∂F
∂X

∣∣∣∣∣
−1

X k

(
∂F
∂X

∣∣∣∣∣
X k

− ∂F
∂X

∣∣∣∣∣
X ∗

)∥∥∥∥∥
≤ K

∥∥∥∥∥∂F
∂X

∣∣∣∣∣
−1

X k

∥∥∥∥∥‖X k − X ∗‖
(3.25)

Substituting the result of Equation ( 3.25 ) into Equation ( 3.24 ) yields

‖X k+1 − X ∗‖ ≤ 3K
2

∥∥∥∥∥∂F
∂X

∣∣∣∣∣
−1

X k

∥∥∥∥∥‖X k − X ∗‖2 (3.26)

By further limiting the possible values of X k to the neighborhood about the solution X ∗

where the condition
∥∥∥ ∂F

∂X

∣∣∣∣∣
−1

X k

∥∥∥ < ∥∥∥ ∂F
∂X

∣∣∣∣∣
−1

X ∗
< 2M is satisfied, the result of Equation (  3.26 ) is

rewritten as

‖X k+1 − X ∗‖ < 3KM
∥∥∥∥∥∂F
∂X

∣∣∣∣∣
−1

X k

∥∥∥∥∥‖X k − X ∗‖2 (3.27)

where K and M are scalars. When supposing ‖X k − X ∗‖ is sufficiently small, e.g.,

‖X k − X ∗‖ < 1
6KM =⇒ ‖X k+1 − X ∗‖ < 1

2‖X k − X ∗‖ (3.28)

Equation (  3.27 ) demonstrates that each subsequent update converges quadratically to the

local solution. Importantly, no known analytic methods exist for verifying these assumptions

or computing the associated constants within the dynamical systems and targeting problems

of interest in this investigation. Therefore, this result only provides assurance that some

region exists about the solution that demonstrates quadratic convergence.

3.3 Computation of Partial Derivatives

For targeting problems based on a Newton-Raphson corrections process, the computation

of updates to the design variables is dependent on the partial derivatives of constraints with

respect to these design variables, i.e., the design Jacobian ∂F
∂X . In scenarios where the varia-

tional relationship or its time derivative is conducive to relatively-simple analytic expression,

straightforward computation or numerical integration, respectively, is useful in evaluating
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the design Jacobian. Alternatively, finite difference methods, a class of numerical methods,

are useful in evaluating partial derivatives with cumbersome mathematical representations

and time derivatives due to their ease of implementation. The selection of a particular

method involves a trade-off between complexity in derivation and computation time.

3.3.1 The State Transition Matrix

In the analysis of nonlinear systems of differential equations, the numerical integration

of the State Transition Matrix (STM) provides a 1st-order approximation of relationship

between the variation in the state at a final time, x(t; x0, t0), and the resulting variation

in the state at an initial time, x0, along an integrated trajectory segment within a given

dynamical system via a partial derivative, i.e., ∂x
∂x0

. Beginning with a system governed by

the ordinary differential equation, i.e.,

dx(t; x0, t0)
dt

= f(x(t; x0, t0), t) (3.29)

the partial derivative of the governing equations with respect to the initial state is expressed

∂

∂x0

(
dx(t; x0, t0)

dt

)
= ∂f(x(t; x0, t0), t)

∂x(t; x0, t0)
∂x(t; x0, t0)

∂x0
= A(t)∂x(t; x0, t0)

∂x0
(3.30)

where A(t) = ∂f
∂x

. Due to the independence of x0 and t, the order of differentiation is

mutable, and Equation ( 3.30 ) is rewritten

d
dt

(
∂x(t; x0, t0)

∂x0

)
= A(t)∂x(t; x0, t0)

∂x0
(3.31)

The STM is defined as the matrix derivative Φ(t, t0) = ∂x
x0

, so Equation (  3.31 ) is expressed

in a more compact form by
dΦ(t, t0)

dt
= A(t)Φ(t, t0) (3.32)

revealing the differential equation that governs the STM as it evolves in time. The initial

condition for integration of the STM is the identity matrix, i.e., Φ(t0, t0) = I. Intuitively,

a variation in state at the initial time is equal to itself. With this initial condition and
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governing equations from Equation ( 3.32 ), numerical integration of the states and STM can

be conducted simultaneously.

Though explicit state variable constraints are common in space flight trajectory targeting

problems, quantities that are functions of state variables, e.g., altitude and flight path angle,

at the end of a trajectory segment are frequently incorporated as constraints. A set of

terminal constraints are represented by the vector g(x(t; x0), t). The use of the chain rule

for differentiation yields the expression

∂g(x(t; x0, t0), t)
∂x0

= ∂g(x(t; x0, t0), t)
∂x(t; x0, t0)

∂x(t; x0, t0)
∂x0

= ∂g(x(t; x0, t0), t)
∂x(t; x0, t0)

Φ(t, t0)
(3.33)

The required partial derivatives are shown to be a function of the STM and the derivatives

with respect to the state at the final time. Scenarios may arise that lead to impractical

derivations of ∂g
∂x

and A(t) or numerical difficulties with the integration of the STM. In

these situations, the computation of partial derivatives through finite differencing provides

an alternative to analytic differentiation and numerical integration.

3.3.2 Partial Derivatives via Finite Difference

Finite difference methods are a class of numerical methods that approximate the deriva-

tive, or local slope, of a function at a desired point by evaluating the function at a number

of discrete points in its vicinity. Though various strategies exist for selecting points for

evaluation, e.g., forward and backward differencing, this investigation applies the method of

central differencing for the numerical computation of derivatives. To illustrate the central

differencing process, a scalar function f(x), dependent on a scalar independent variable x,

is introduced, and the slope is approximated by a secant line, i.e.,

∂f(x)
∂x

= f(x+ h) − f(x− h)
2h (3.34)

where the evaluated points are perturbed by the small value h from the centrally-located

point of interest. As the value of h approaches zero, the secant line collapses to the tangent
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at the desired point, and the actual derivative is recovered. However, a value of zero for

h in Equation ( 3.34 ) produces a singularity, so, in practice, the value of h is chosen to be

sufficiently small without introducing numerical errors.

The central difference method extends to approximate partial derivatives in problems

with multiple constraints and multiple independent variables. Given a targeting problem

with the constraint vector F(X ) as a function of the design variable vector X , the design

Jacobian ∂F
∂X is constructed by conducting central differencing for each individual design

variable Xi. The standard basis vectors ei are defined as vectors of length n, the length

of X , with a value of one as the ith component and zeros elsewhere. Similar to scalar

expression Equation ( 3.34 ), the partial derivative of F with respect to Xi is approximated

through central differencing as a vector expressed by

∂F
∂Xi

∣∣∣∣∣
X

= F(X + hei) − F(X − hei)
2h (3.35)

The design Jacobian matrix is constructed from these independent partial derivatives and

expressed mathematically as

∂F
∂X

∣∣∣∣∣
X

=
[

∂F
∂X1

∣∣∣
X

. . . ∂F
∂Xn

∣∣∣
X

]
(3.36)

Because the central difference method only requires the capability to evaluate F for different

values of the design variables, the strategy is straightforward to implement when analytic

differentiation and numerical integration processes are impractical.

3.4 Single-Shooting Differential Corrections

A single-shooting differential corrections strategy is commonly implemented to solve a

two-point boundary value problem with constraints and design variables located at the initial

and final times along a single propagated trajectory segment. To illustrate the mechanics of

a single-shooting targeting problem, an example is constructed concerning a spacecraft that

undergoes ballistic motion in the Earth-Moon system according to the governing equations
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of the CRTBP, detailed in Equation (  2.23 ). The spacecraft is constrained to have its actual

position ρ1 match a desired position ρ1,d at a fixed future time t1 = 4 days, i.e.,

F = ρ1 − ρ1,d = 0 (3.37)

To achieve the satisfaction of this constraint, the velocity ρ̇0 at the initial time t0 is updated,

simulating an impulsive maneuver by the spacecraft. The design variable vector is, therefore,

expressed as

X = ρ̇0 (3.38)

The design Jacobian is computed via elements of the numerically-integrated STM and is

expressed
∂F
∂X = ∂ρ1

∂ρ̇0
(3.39)

This declaration of constraints and design variables completes the formulation for a fully-

constrained targeting problem (n = m) with n = 3 and m = 3.

To compute a solution, the targeting problem requires values for the initial conditions

and desired position. The initial state is expressed via dimensional position and velocity

vectors as

ρ̃0 =
[
100, 000 100, 000 0

]T

km, ˙̃ρ0 =
[
−0.85 −1 0

]T

km/s (3.40)

The selected target position at the final time is expressed

ρ̃1,d =
[
−100, 000 −50, 000 0

]T

km (3.41)

Because the problem is fully-constrained, candidate values for the initial velocity ρ̇0 are

computed iteratively according to Equation ( 3.6 ), seeking the unique local solution. The

magnitude of the residual constraint error, ‖F‖, at each iteration is shown in Figure  3.1a 

and decreases quadratically with each design variable update, a well-known property of

Newton-Raphson corrections within the local vicinity of a solution [  41 ]. The differential

corrections process requires 5 iterations, concluding when the constraint error magnitude is
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(a) Constraint Error Convergence (b) Evolution of Trajectories at Each Iteration

Figure 3.1. Convergence Process in a Fully-Constrained, Single-Shooting Example

reduced to a value below the selected convergence tolerance of 1 m. As the design variables

are updated, the resulting trajectories, plotted in Figure  3.1b , evolve with each iteration.

The first and second targeting iterations produces relatively large changes as the terminal

position approaches the target point. The subsequent iterations produce finer changes to

refine the trajectory in the vicinity of the target. The convergence behavior demonstrated

in Figures  3.1a and  3.1b represent typical characteristics of a targeting problem with a

reasonable initial guess.

An under-constrained targeting problem is formulated by augmenting the design variables

defined in Equation (  3.38 ). Removing the implicit constraint on the time-of-flight, the value

of the final time t1 is appended to the design variable vector to produce a new targeting

problem, i.e.,

X =

ρ̇0

t1

 , F = ρ1 − ρ1,d = 0 (3.42)

and the problem satisfies the condition n > m with n = 4 and m = 3. Maintaining the

position constraint in Equation (  3.37 ), the design Jacobian for the new targeting problem is

expressed
∂F
∂X =

[
∂ρ1
∂ρ̇0

dρ1
dt1

]
=
[

∂ρ1
∂ρ̇0

ρ̇1

]
(3.43)
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Because the targeting problem is under-constrained, an infinite number of solutions exist

which satisfy the Newton-Raphson update relation in Equation (  3.5 ), and the minimum-

norm solution in Equation ( 3.17 ) is selected for the design variable update.

With the initial conditions given in Equation (  3.40 ), the single-shooting differential cor-

rections process is conducted to determine a solution to the targeting problem. At each

iteration, the constraint error magnitudes and resulting trajectory arcs, shown in Figures

 3.2a and  3.2b , respectively, exhibit trends similar to the fully-constrained scenario with

quadratic convergence to a local solution. By augmenting the design variable vector to in-

(a) Constraint Error Convergence (b) Evolution of Trajectories at Each Iteration

Figure 3.2. Convergence Process in an Under-Constrained, Single-Shooting Example

clude the final time t1, the converged solution is different than the particular local solution

to the fully-constrained problem. In fact, the solution computed in the under-constrained

targeting problem is not unique and exists as part of a local continuous family of solutions.

3.5 Constraint Manifolds and Continuation

A constraint manifold emerges from an under-constrained targeting problem and com-

prises a continuous set of solutions that evolve smoothly in the space comprised of the set

of design variables, denoted design space or X -space, e.g., the components of ρ̇0. For all

solutions X ∗ on a constraint manifold, there exists a solution that satisfies

F(X ∗ + ε) = 0 , 0 ≤ ‖ε‖ < εo (3.44)
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where εo is arbitrarily small and ε is a vector in X -space. The case where Equation ( 3.44 ) is

only satisfied for ε = 0 corresponds to the locally-unique point solution of a fully-constrained

targeting problem.

The linear approximation provided by the design Jacobian ∂F
∂X gives insight into the form

of the constraint manifold. Assuming ∂F
∂X evaluated at a particular solution X ∗ possesses

full rank with n > m, the null space of the matrix is defined as the vector space spanned by

Null
(
∂F
∂X

∣∣∣∣∣
X ∗

)
= {0, q1, . . . , qn−m} where ∂F

∂X

∣∣∣∣∣
X ∗

qi = 0 (3.45)

The null vectors qi associated with the linear system are locally tangent to the (often non-

linear) constraint manifold at the particular solution X ∗ [ 42 ], [  43 ]. Within the linearized

problem, the null vectors intuitively reflect directions of change in the design variables that

will not result in changes in the (already-satisfied) constraint values. For a fully-constrained

problem with a design Jacobian of full rank, the null space consists exclusively of the zero

vector. In the particular scenario of n−m = 1, as in the under-constrained targeting prob-

lem defined by Equation ( 3.42 ), a continuation method that is guided by the single resulting

null vector is useful in computing the 1-dimensional constraint manifold.

Various continuation methods exist to search for new solutions located on the same

constraint manifold as a known particular solution. A 1-dimensional constraint manifold

is represented by a single-parameter family of solutions to its associated targeting problem.

Natural parameter continuation is commonly used to generate an initial guess for neighboring

solutions in single-parameter family by perturbing some physical parameter in the system,

e.g., position in the x̂ direction. While natural parameter continuation has an intuitive

physical significance, the selection of a natural parameter is not always obvious, relying

on previously-built intuition or trial-and-error. Pseudo-arclength continuation is another

frequently-used strategy that leverages a fixed step in null vector of the design Jacobian

evaluated at the current solution to generate an initial guess [  42 ], [  43 ]. Though lacking the

same physical significance as a natural parameter, pseudo-arclength continuation is simple

to implement and follows changes in slope of the constraint manifold with a sufficiently small

step length.
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The pseudo-arclength continuation method for a single-parameter family begins with an

existing ith particular solution, X ∗(i), to search for a new (i+ 1)th solution on the constraint

manifold. The null vector of the design Jacobian evaluated at the existing solution, i.e., q1
(i),

defined in Equation (  3.45 ), represents the tangent to the constraint manifold at that point.

To ensure the new solution is displaced from the existing solution and, therefore, yields novel

information about the manifold, an augmented constraint vector G is formulated to enforce

a step of length s, i.e, the pseudo-arclength, in the q1
(i) direction relative to the existing

solution, i.e.,

G =

 F(
X − X ∗(i)

)T
q1

(i) − s

 (3.46)

The introduction of this additional constraint produces a fully-constrained problem with a

square augmented design Jacobian matrix expressed as

∂G
∂X =

 ∂F
∂X

q1
(i)T

 (3.47)

Because the multiplication of a null vector with negative one is also a null vector, the

continuation process is possible in both the q1
(i) and −q1

(i) directions.

Returning to the under-constrained targeting problem outlined in Equation ( 3.42 ), pseudo-

arclength continuation is useful to compute additional solutions along the constraint mani-

fold. Discrete solutions on a portion of the constraint manifold are found by continuing in a

non-physical, non-dimensional pseudo-arclength of s = 0.01. A sampling of trajectories on

this portion of the constraint manifold are plotted in Figure  3.3a . The trajectory of the initial

solution is colored red with subsequent results of the continuation process shifting from blue

to yellow as distance along the manifold increases. Visually, it is evident that each solution

begins from the same position ρ0 at the initial t0 and terminates at the same target point

ρ1,d. The slope in position of each solution at the initial point varies, confirming a variation

in values for initial velocity, ρ̇0, a design variable across the solution family. To observe

changes in the time-of-flight design variable t1, the constraint manifold is plotted in X -space

in Figure  3.3b , where the axes locating each solution are ẋ0, ẏ0, and t1. The ẑ component
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(a) Constraint Error Convergence (b) Evolution of Trajectories at Each Iteration

Figure 3.3. Constraint Manifold in an Under-Constrained, Single-Shooting Example

of initial velocity is always equal to zero for these planar trajectories and, therefore, is safely

omitted. Though the representation of the constraint manifold appears continuous, Figure

 3.3b is comprised of densely-packed discrete solutions, colored to reflect correspondence with

the trajectories in Figure  3.3a . The continuation follows a single direction of the null vector,

so the initial solution is located at one end of the manifold segment and represented by a red

circle. Additionally, the solution computed from the fully-constrained example, defined by

Equations (  3.37 ) and (  3.38 ), is represented by a red diamond. The fully-constrained point

solution coincides with the under-constrained constraint manifold, illustrating its connection

to the underlying under-constrained problem and the increase in dimension of the manifold

as a design variable is added to the targeting problem formulation.

3.6 Multiple-Shooting Differential Corrections

In contrast to a single-shooting corrections process, multiple-shooting differential cor-

rections involve the subdivision of a trajectory into multiple segments. Illustrated in an

instructive analogy to the game of golf by Spreen [  21 ], a multiple-shooting strategy provides

significant advantages in many targeting scenarios. From a mission design perspective, this

subdivision allows the convenient inclusion and concurrent targeting of maneuvers along the

entire trajectory. Directly affecting the targeting process, the shortened propagation times
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for each arc reduce the impact of compounding numerical error and help to mitigate the dif-

ficulties associated with complex dynamical regimes. Though a variety of multiple-shooting

formulations exist, including two-level algorithms that divide corrections for position conti-

nuity and other constraints between an inner and outer loop, respectively [  23 ], [  44 ]–[ 48 ], the

multiple-shooting method used in this investigation is inspired by the work of Grebow [ 38 ]

and Pavlak [ 39 ] and produces updates to satisfy all of the constraints in parallel.

Additional notation is useful upon dividing the overall trajectory into smaller segments.

Illustrated in Figure  3.4 , the multiple-shooting problem is formulated in terms of k segments

and k+1 nodes, enumerated i = 0, . . . , k by convention. The placement of nodes is commonly

Figure 3.4. Schematic Representation of Multiple-Shooting Trajectory Segments

based on planned maneuvers or strategies that aim to improve the convergence behavior of

the targeting problem [  20 ], [ 22 ]. The numerical integration of each segment is defined in

terms of an initial time ti, a final time ti+1, and an outgoing state, denoted with a plus

(+), that serves as the initial condition for the propagation. The integrated final state, or

incoming state, at the end of the trajectory segment is denoted with a minus (−). Naturally,

a ballistic trajectory qua ballistic requires continuity between the incoming and outgoing

state, and this state continuity constraint is mathematically expressed as

F =

ρ−
i − ρ+

i

ρ̇−
i − ρ̇+

i

 = 0 (3.48)

for each applicable node. To allow a maneuver modelled as an impulsive velocity change, the

velocity component of the state continuity constraint is omitted. In this multiple-shooting
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formulation, the time variables and the outgoing (+) state are assumed to be independent,

and the incoming (−) states are functions of these independent variables, i.e.,

ρ−
i

ρ̇−
i

 = f(ρ+
i−1, ρ̇

+
i−1, ti−1, ti) (3.49)

Therefore, the times and outgoing state variables are frequently incorporated into the set of

design variables for a multiple-shooting problem.
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4. CONVERGENCE BASIN ANALYSIS

In flight, the true motion of a spacecraft inevitably deviates from its pre-planned reference

trajectory due the differences between the modeled dynamics and the actual forces from

the environment and the spacecraft itself, e.g., unmodeled gravitational forces and maneu-

ver execution error. Additionally, knowledge of the true spacecraft motion is, in practice,

unattainable and limited to discrete state estimations, themselves influenced by sources of

navigation error. To incorporate these deviations from the pre-planned reference solution,

the capability to attain new reference solutions during flight is critical to predict future

motion and control the spacecraft to satisfy mission constraints.

4.1 Perturbed Targeting Problems

The pre-planned reference trajectory is assumed to be a solution to an associated target-

ing problem. In this investigation, the terms “reference” and “baseline” are used interchange-

ably to denote a known solution that is intended for the nominal trajectory. Deviations from

this pre-planned reference solution are modeled as changes in a set of perturbation variables,

represented in vector form by Y with length p, that cause the spacecraft to move along a

perturbed trajectory. As the solution to a targeting problem, the original reference solution

satisfies the set of constraints F , i.e.,

F(X ∗,Y∗) = 0 (4.1)

at particular values of the design variables and perturbation variables, X ∗ and Y∗, respec-

tively. The perturbation variables may be comprised of elements of the design variable vector

X and may incorporate additional variables in the problem. For example, an initial velocity

may comprise the design variables in a problem while the perturbation variables may consist

of the initial position, the initial velocity, or the entire initial state.

When a change in perturbation variables, δY , is applied to the original reference solution,

the resulting perturbed trajectory, in general, does not satisfy the constraints. To compute
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a new solution, a Newton-Raphson corrections process is applied to a perturbed targeting

problem to update the design variables via the solution to

F |(X ,Y) = −∂F
∂X

∣∣∣∣∣
(X ,Y)

δX (4.2)

rewritten from Equation (  3.5 ). The design variable update δX at each iteration is computed

with the design Jacobian and constraint vector evaluated at the evolving values of X and

Y via matrix inversion or the minimum-norm solution. If a variable, such as the spacecraft

position at a given time, is incorporated in the set of perturbation variables, Y , but not

in the set of design variables, X , it remains unchanged in the corrections process. The

computation of a new solution that is the same as the reference solution is only possible if

all perturbation variables are also design variables; otherwise, the perturbations persist in

the new solution.

The concept of the constraint manifold for a targeting problem solution, defined by

Equation (  3.44 ), is extended to account for the introduction of perturbation variables. In

a perturbed targeting problem, a constraint manifold is comprised of a continuous set of

solutions that evolve smoothly in the space defined by the union of the design and perturba-

tion spaces, X -space and Y-space, respectively. For all solutions (X ∗,Y∗) on a constraint

manifold, there exists a solution on that manifold that satisfies

F(X ∗ + εX ,Y∗ + εY) = 0 , 0 ≤ ‖εX ‖ < εo,X , 0 ≤ ‖εY‖ < εo,Y (4.3)

where εo,X and εo,Y are arbitrarily small and εX and εY are in the X - and Y-spaces, respec-

tively. Two solutions are located on the same constraint manifold if they are connected by

continuous solutions on the manifold. Notably, continuation may be required in both X and

Y to connect the new solution to the reference solution.

The convergence basin, or basin of attraction, for a given reference solution in a perturbed

targeting problem is defined as the region in perturbation space, or Y-space, for which

each associated new solution is linked to the reference solution by continuation along a

constraint manifold. For cases where more than one constraint manifold exists globally, each
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constraint manifold possesses its own local main convergence basin, typically bounded by

chaotic behavior. Therefore, assurance that perturbations remain within the main basin

implies that the perturbed targeting problem reliably converges to a related solution and

avoids unpredictable convergence behavior.

4.1.1 Example: Polynomial Root-Finding

A polynomial root-finding problem is introduced to visualize the properties of any con-

vergence basin in perturbation space. A scalar constraint function, f(z), is a function of a

complex number z, i.e.,

f(z) = z3 − 2z − 4 = 0 (4.4)

with roots at z∗ = −1+i, −1−i, 2. In this scenario, the design variables and the perturbation

variables are both defined as the real and imaginary components of z = x+ iy, meaning the

perturbation space is represented as the complex plane. The resulting perturbed targeting

problem is expressed as

F = (x+ iy)3 − 2(x+ iy) − 4 = 0, X =
[
x y

]T

, Y =
[
x y

]T

(4.5)

This relatively simple 3rd-order polynomial exposes the major characteristics and the com-

plexity of convergence basins in general.

Newton-Raphson corrections schemes are applied to each point in a dense sampling of

the perturbation space, and two useful visualizations of the convergence basins are produced.

In Figure  4.1a , the perturbation space (complex plane) is colored according to the converged

root of the corrections process. The perturbation space is roughly split into thirds, corre-

sponding to the three complex roots of the polynomial, with large main basins are separated

by a fractal boundary layer with chaotic behavior. In Figure  4.1b , the complex plane is

colored according to the number of iterations required to attain a solution to within the se-

lected tolerance value. This method is frequently used to visually represent the convergence

basin [  2 ], [ 49 ], [ 50 ]. The number of iterations required to produce a solution as the initial

guess is perturbed outward from a local solution increases monotonically as long as the initial
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(a) Solved Root in Complex Plane (b) Iterations in Complex Plane

Figure 4.1. Convergence Behavior for a 3rd-Order Polynomial Example

perturbation resides within the main basin. This structure for a monotonic main basin in

the local vicinity of a solution and boundary regions of chaotic convergence behavior forms

the foundation of this investigation.

4.1.2 Example: Equilibrium Points in the CRTBP

As the model for the constraint function is updated to more complex nonlinear equations,

the inherent structure of the convergence basin in perturbation space persists; however, the

patterns are less intuitive than those in the polynomial model. To investigate this behavior,

the equilibrium locations in the Earth-Moon CRTBP are determined via Newton-Raphson

targeting. Since the equilibrium points exist in the x̂-ŷ plane, the equations of motion from

Equation (  2.23 ) are used to constrain the planar accelerations, ẍ and ÿ, to equal 0. The x

and y position components are selected as both design variables and perturbation variables

for this perturbed targeting scenario. The velocities are set to 0 by the definition of an

equilibrium point. The perturbed targeting problem is expressed as

F =

x− (1−µ)(x+µ)
d 3 − µ(x−1+µ)

r 3

y − (1−µ)y
d 3 − µy

r 3

 = 0 , X =

x
y

 , Y =

x
y

 (4.6)
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and is fully-constrained, leading to unique point solutions. A similar analysis of a system

with primary bodies of equal mass in the CRTBP is conducted by Zotos [ 50 ].

For initial points in a dense sampling of the primary orbital plane, the resulting conver-

gence basins are again examined through plotting the roots, i.e., the converged solutions, and

the required number of iterations in Figures  4.2a and  4.2b , respectively. In Figure  4.2a , each

(a) Solved Root in the Plane (b) Iterations in the Plane

Figure 4.2. Convergence Behavior for Equilibrium Points in the CRTBP

equilibrium solution is marked as a green dot, and the initial guesses across the plane are

colored with a dot according the converged Lagrange point. A local vicinity for each solution

is visible for which the perturbations return to the solution. However, the global geometry of

these basins is less easily articulated than for the geometry of the 3rd-order polynomial exam-

ple, and the chaotic boundaries do not align with any obvious intuition about the problem.

In Figure  4.2b , a local main basin — no matter the size — for which the required number

of iterations increases monotonically is visible for each equilibrium point. The characteristic

structure of locally-organized main basins within a chaotic boundary region persists in the

equations governing this dynamical system. A—presumably unintended—artistic represen-

tation of the global convergence behavior of a highly-complex, nonlinear perturbed targeting

problem is illustrated by Jackson Pollock’s appropriately-titled Convergence (1952) [ 51 ],

shown in Figure  4.3 , where the viewer may imagine small islands of monotonic convergence

behavior amidst a tumultuous, chaotic sea.
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Figure 4.3. Convergence (1952) by Jackson Pollock, Copyright by Pollock-
Krasner Foundation / Artists Rights Society (ARS) [ 51 ]

4.2 Convergence Basin Width

In space flight applications, the convergence behavior of interest corresponds to that of the

main basin associated with the reference solution. Perturbations that carry the spacecraft

into a region of chaotic convergence behavior present significant risks to crew safety and

mission success. Therefore, the robust design of a trajectory and targeting scheme should

ensure that any expected perturbations remain within the main basin. A parameter or metric

to characterize the main basin is sought that successfully quantifies this robustness.

A schematic of the main basin for a reference solution is illustrated in Figure  4.4 as a

means to construct an appropriate characterization measure. The reference solution is repre-

sented by the black point; the colored contours emanating from this point reflect theoretical

continuous regions for which the perturbed targeting problem converges within various iter-

ation limits, kmax. As the contours shift from green to yellow, more iterations are required

to converge from a perturbed trajectory to a feasible solution in the vicinity of the reference.

The red area reflects the chaotic region bounding the main basin where the convergence be-

havior is unpredictable. The basin width, ‖δY (kmax)‖, is defined as the radius of the largest

hyper-sphere such that all enclosed points converge within kmax iterations. The construc-

tion of the defining hyper-sphere in the plane, i.e., a circle, is illustrated in Figure  4.4 for
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Figure 4.4. Theoretical Basin Width

kmax = 2. As long as kmax is selected to be sufficiently small, the basin width defines a key

feature of the main basin. Ideally, the theoretical basin width is determined by continuously

traversing the perturbation space.

The theoretical basin width is only truly known if an analytical solution exists to describe

the perturbation space. Since the convergence basins cannot be determined analytically in

the problems of interest, numerical methods are required to approximate the measurement.

Illustrated in Figure  4.5a , a naïve discretization of the perturbation space is the closest

method to approximating a continuous interrogation of the space, assuming the spacing be-

tween points is sufficiently refined. Another similar approach is the discretization along a

series shells defined by hyper-spheres with increasing radii, illustrated in Figure  4.5b . These

discretization methods do not directly utilize information about the perturbed targeting

problem, and, due to their brute-force nature, these approaches are computationally expen-

sive and impractical, requiring a full targeting simulation at each discretized point in the

p-dimensional perturbation space.

4.3 First-Order Basin Analysis

The costly-nature of the naïve discretization strategies motivates the identification of a

more discriminating discretization technique that focuses analysis in directions that are likely
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(a) Regular Grid (b) Expanding Shells

Figure 4.5. “Naïve” Perturbation Space Discretization Schemes

correlated with the theoretical basin width measurement. An intuitive heuristic method to

limit the number of targeting simulations necessary to approximate the basin width is a

search in the direction in perturbation space that produces the largest change in the con-

straint vector. Information gathered from the 1st-order derivatives assists in this process. The

perturbation Jacobian ∂F
∂Y represents the change in the constraints with respect to changes in

the perturbation variables, and its singular value decomposition (SVD) provides information

about the local maximum rate of change.

4.3.1 Singular Value Decomposition

The SVD, first discovered independently by Eugenio Beltrami (1835-1899) and Camille

Jordan (1838-1921) with later substantial theoretical contributions by James Joseph Sylvester

(1814-1897), Erhard Schmidt (1876-1959), and Hermann Weyl (1885-1955) [ 52 ], provides an

informative factorization of a real m-by-n matrix. Originally developed for the investiga-

tion of bilinear systems of equations [  53 ], the SVD allows the factorization of the matrix

A ∈ Rm×n expressed as

A = UΣV T (4.7)
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with U ∈ Rm×m, Σ ∈ Rm×n, and V ∈ Rn×n. Further examination of these matrices yields

valuable insight.

This decomposition is meaningfully understood in terms of singular vectors and singular

values. The diagonal matrix Σ is comprised of the singular values σi for i = 1, . . . , k where

k = min{m,n}. The singular values are computed as the square roots of the k leading

eigenvalues of ATA and AAT . The singular values of A are shown to be non-negative by

first asserting that AAT and ATA are positive semi-definite matrices with non-negative

eigenvalues. This property is demonstrated for ATA by observing

xT (ATA)x = xTATAx

= (Ax)T (Ax)

= ‖Ax‖2

≥ 0

(4.8)

and is similarly shown for AAT . By convention, the positive square roots are selected, and

the singular values are arranged in descending order such that σ1 ≥ σ2 ≥ · · · ≥ σk. The

columns of the unitary matrices U and V are comprised of the left and right singular vectors,

ui and vi, computed as the eigenvectors of AAT and ATA, respectively, and are arranged

in correspondence to the appropriate singular value, σi. The singular values and singular

vectors satisfy a relationship expressed as

σiui = Avi (4.9)

and the SVD is rewritten as

A = UΣV T =
[
u1 . . . um

]

σ1 0

. . .

0 σk


[
v1 . . . vn

]T

(4.10)

where the additional rows or columns of zeros are omitted from m×n matrix Σ for simplicity.

Further, the maximum, or dominant, singular value of A is equivalent to its l2-norm, i.e.,
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σ1 = ‖A‖. The largest possible scaling between the magnitudes of x and Ax is achieved

when x is parallel to the dominant right singular vector, v1. Information revealed by the

SVD is, therefore, useful in determining the direction of a perturbation that will yield the

largest change in the constraint vector magnitude.

4.3.2 Principal Direction Analysis

The relationship between changes in the perturbation variables and their resulting changes

in the constraints gives insight into the structure of the convergence basin, permitting a more

focused discretization technique. By applying the SVD, the perturbation Jacobian ∂F
∂Y eval-

uated at the reference solution is expressed

∂F
∂Y

∣∣∣∣∣
(X ∗,Y∗)

= UΣV T =
[
u1 . . . um

]

σ1 0

. . .

0 σk


[
v1 . . . vp

]T

(4.11)

which is a particular expression of the general decomposition in Equation (  4.10 ). The right

singular vectors vi comprise an orthonormal basis and are denoted the principal directions

in perturbation space (Y-space). Based on the 1st-order approximation of the perturbation

Jacobian, perturbations applied in these principal directions produce changes in the con-

straints, scaled by the singular values σi, in the corresponding constraint space (F -space)

directions along the left singular vector ui. Because the actual function that maps changes

in the perturbation variables to changes in the constraints is, generally, nonlinear, the appli-

cability of this approximation degrades as the magnitude of the perturbation increases. The

principal directions provide insight into the local structure of the convergence basin where

linear corrections processes are useful and predictable.

Intuitively, the principal direction associated with the dominant singular value is likely to

correspond to the theoretical basin width, because perturbations in this dominant principal

direction produce the largest increase in ‖F(X ,Y)‖. Therefore, the perturbation space is

discretized by steps along the ±v1 directions, as illustrated on the schematic convergence

basin in Figure  4.6 . Employing the same discretization method along the remaining prin-
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Figure 4.6. Principal Direction Analysis

cipal directions provides additional value for a variety of reasons. In scenarios without a

clearly-dominant singular value, e.g., σ1 ≈ σ2, the constraint vector magnitude may increase

uniformly in multiple orthogonal directions, and a search in these additional principal di-

rections is useful to determine the limiting behavior. Also, discretization in the remaining

principal directions helps to determine if nonlinearity affects the local main convergence basin

in unpredictable ways. In this way, the principal direction analysis is intended to provide a

reasonable approximation for the worst-case convergence behavior.

In this investigation, the implementation of principal direction analysis (PDA) is de-

signed to measure the approximate basin width to within a chosen tolerance. The process

is initialized with a sufficiently small step along v1, and a new solution is found via the

Newton-Raphson corrections process. If number of iterations required to compute a solution

is less than or equal to the iteration limit, the lower bound for the basin width measurement

is set to the present perturbation magnitude, and the process is repeated for a perturbation

magnitude scaled by 1.1, chosen to allow growth but avoid large changes in behavior. When

a targeting problem requires a number of iterations greater than the limit to reach conver-

gence, the upper bound for the basin width measurement is set to the present perturbation

magnitude, and a bisection process is initiated to refine the lower and upper bounds. The

bisection process is concluded when a relative error less than 0.1% is achieved. The analysis
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is repeated for the positive and negative directions associated with each principal direction,

i.e, ±vi, and the convergence basin width is approximated as the minimum value across

all directions. For the regular grid or expanding shell discretization methods, the number

of targeting simulations required increases exponentially with the number of perturbation

variables p. In contrast, the number of simulations required for PDA increases linearly with

p, providing an efficient strategy for approximating the convergence basin width.

4.4 Finite Time Lyapunov Exponent-Based Metrics

The identification of a single, evaluated metric to characterize the local convergence be-

havior at a reference solution is sought. In contrast to computationally-intensive discretiza-

tion methods that characterize convergence behavior directly through the full simulation

of numerous targeting problems, previous investigators infer convergence properties in the

neighborhood of a baseline solution via the computation of dynamical properties evaluated

at the baseline solution itself. Particularly, quantities derived from the Cauchy-Green tensor

are employed to characterize the amount of dynamical stretching in state perturbations over

time [ 20 ]–[ 25 ].

The left and right Cauchy-Green tensors (CGTs) are expressed in terms of the STM as

ΦΦT and ΦT Φ, respectively, where the connection to the SVD of Φ is apparent. The eigen-

values of the CGTs, corresponding to the singular values of the STM, represent stretching or

contracting magnitudes of variations along principal axes of a fixed-volume hyper-ellipsoid in

phase space. The principal axes at the initial and final times are computed as the respective

eigenvectors of the right and left CGTs, equivalent to the right and left singular vectors of the

STM. In connection to the SVD, the largest stretching magnitude computed from the CGT

is equal to the largest singular value, or l2-norm, of the STM. The local Lyapunov exponent

(LLE) measures the maximum rate of exponential growth in an infinitesimal variation at the

initial time over an infinite time horizon, i.e.,

LLE = lim
T →∞

1
T

ln(‖Φ(t0 + T, t0)‖) (4.12)
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where T is the horizon time. One definition of deterministic chaos in a dynamical system is

the possession of a positive LLE [  54 ]. Knowledge of the flow characteristics over an infinite

time horizon is impractical—notably, impossible—and may be undesirable when studying

the effects of perturbations over a fixed time-of-flight. Therefore, a finite-time formulation,

denoted the finite-time Lyapunov exponent (FTLE), is introduced and expressed as

FTLE = 1
T

ln(‖Φ(t0 + T, t0)‖) (4.13)

to quantify the rate of stretching in state variations over a finite horizon time. Incorporating

insight from investigations by Spreen that omit division by the horizon time [ 21 ], analogous

quantities are introduced to quantify the largest magnitudes of stretching in the design

Jacobian and perturbation Jacobian matrices, i.e.,

λX = ln
∥∥∥∥∥∂F

∂X

∣∣∣∣∣
(X ∗,Y∗)

∥∥∥∥∥
 (4.14)

λY = ln
∥∥∥∥∥∂F

∂Y

∣∣∣∣∣
(X ∗,Y∗)

∥∥∥∥∥
 (4.15)

Because both Jacobian matrices play a role in the perturbed targeting problem, these FTLE-

inspired quantities serve as candidate metrics to investigate for correlations with measured

convergence basin width values. Intuition dictates that larger values of λX or λY , reflecting

larger growth in the magnitude of constraint vector, are likely to correlate with a smaller

region associated with the main convergence basin.

4.5 Perturbation Variable Tradespace

Combined perturbations in position and velocity are frequently of interest to trajectory

designers in space flight applications. A single basin width measurement along an associated

vector comprised of these dimensionally-dissimilar quantities in perturbation space lacks an

intuitive physical interpretation and is of limited use. A trajectory designer may seek to

compute the magnitude of a perturbation in position that may be accommodated in combi-

nation with a given magnitude of a velocity perturbation. Therefore, the broader tradespace

63



that describes convergence behavior for combinations of perturbation magnitudes in position

and velocity has significant value. Ideally, an analytical or sufficiently-dense numerical rep-

resentation of the convergence basin would provide this tradespace, defining the boundary

of an iteration contour, comparable to a Pareto frontier, that balances the magnitudes of

individual position and velocity perturbations for each iteration limit. Unfortunately, this

tradespace suffers from the same lack of an analytical representation as the individual posi-

tion and velocity sub-problems, and a full numerical representation is impractical for rapid

analysis. The simple application of PDA to a problem with dissimilar perturbation variables

does not provide significant insight, because the principal directions correspond to fixed di-

rections and relative proportions of position and velocity perturbations that represent single

points in the tradespace. A new strategy is required to approximate the relationship between

allowable perturbations in dissimilar variables.

Analysis of the tradespace for a state perturbation applied at a particular time is begun by

decomposing the perturbation variable set, Y , into the subsets Y1 and Y2, representing the

position and velocity components, respectively. The perturbation Jacobian ∂F
∂Y is decomposed

into a block matrix form, i.e.,
∂F
∂Y =

[
∂F
∂Y1

∂F
∂Y2

]
(4.16)

where, for example, Y1 = ρ0 and Y2 = ρ̇0 for a perturbation at some initial time t0. The

block components of Equation ( 4.16 ) are expressed in their SVD form as

∂F
∂Y i

∣∣∣∣∣
(X ∗,Y∗)

= UiΣiV
T

i =
[
ui,1 . . . ui,m

]

σi,1 0

. . .

0 σi,ki


[
vi,1 . . . vi,pi

]T

(4.17)

where pi is the length of Y i and ki = min{m, pi}. By convention, the singular values and

singular vectors are arranged in descending order of singular value. These block components

represent the perturbation Jacobian matrices of the independent position and velocity sub-

problems, and the vector vi,1 is the dominant singular vector in each sub-problem.

Based on empirical analysis, a heuristic model is introduced to approximate the con-

vergence tradespace in position and velocity perturbations. The dominating features of the
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iteration contours that define the tradespace are approximated by interrogating the plane

formed by the independent principal directions v1,1 and v2,1, denoted as the principal plane.

This approximation reduces the discretization from the full six-dimensional space (i.e., spa-

tial position and velocity) to the discretization of points along the parameterized vector η(s),

i.e.,

η(s) =

 sv1,1

(1 − s)v2,1

 , s ∈ [0, 1] (4.18)

as schematically illustrated in Figure  4.7a . A line search and bisection method similar to

(a) Principal Plane Discretization (b) Ideal Principal Plane Condition

(c) Principal Plane Projection Angle

Figure 4.7. Principal Plane Tradespace Analysis

that employed in PDA is conducted for each value of the parameter s to explore characterize
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convergence behavior in the plane. Approximation of the true tradespace with the measured

convergence behavior in the principal plane is supported if the dominant combined and

independent principal directions, i.e., v1, v1,1, and v2,1, lie in a plane.

The principal plane heuristic model assumes the critical features of the tradespace lie in

a single plane. With the assumption that the dominant singular vector, v1, corresponds to

the critical behavior of the physically-unintuitive combined position and velocity perturba-

tion space, the principal plane model implies the vector v1 is a linear combination of the

orthogonal vectors v1,1 and v2,1, i.e.,

βv1 = α1

v1,1

0

+ α2

 0

v2,1

 (4.19)

A three-dimensional schematic of the three vectors constructing the principal plane is illus-

trated in Figure  4.7b with Y1-space in a plane and Y2-space as the orthogonal vector. In

general, the co-planar of the assumption of the principal plane heuristic is not satisfied and,

even in the linear system derived from the perturbation Jacobian, these vectors may not

lie in a plane, as illustrated in Figure  4.7c . The angles θi for each subspace, are defined to

measure this deviation, i.e.,

θi = ∠
(
projYi

v1,vi,1
)

(4.20)

where ∠(·, ·) is the angle between two vectors and projYi
(·) is the projection of a vector onto

Y i-space. However, convergence behavior in the principal plane is likely to offer valuable

insight into the tradespace when the co-planar assumption is satisfied or very-nearly satisfied,

i.e., θi ≈ 0. At the very least, convergence behavior that is unacceptable in the principal

plane is guaranteed to be equally or more unacceptable in a fuller discretization strategy.

The conditions under which the three dominant vectors are co-planar, i.e., θi = 0, are

determined by assuming v1 is a linear combination of v1,1 and v2,1. By the properties of

the SVD, v1 is an eigenvector of ∂F
∂Y

T ∂F
∂Y with eigenvalue σ1, implying

σ2
1

αv1,1

v2,1

 = ∂F
∂Y

T ∂F
∂Y

αv1,1

v2,1

 (4.21)
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where terms are colored red and blue to assist in readability and highlight their association

with Y1 and Y2, respectively. The expansion of the right side of the equation reveals the

necessary conditions such that these dominating principal directions lie in a principal plane,

i.e.,

∂F
∂Y

T ∂F
∂Y

αv1,1

v2,1

 =
[

∂F
∂Y 1

∂F
∂Y 2

]T [
∂F
∂Y 1

∂F
∂Y 2

] αv1,1

v2,1



=
[
U1Σ1V

T
1 U2Σ2V

T
2

]T [
U1Σ1V

T
1 U2Σ2V

T
2

] αv1,1

v2,1



=

V1ΣT
1U

T
1 U1Σ1V

T
1 V1ΣT

1U
T
1 U2Σ2V

T
2

V2ΣT
2U

T
2 U1Σ1V

T
1 V2ΣT

2U
T
2 U2Σ2V

T
2


αv1,1

v2,1



=

 V1ΣT
1 Σ1V

T
1 V1ΣT

1U
T
1 U2Σ2V

T
2

V2ΣT
2U

T
2 U1Σ1V

T
1 V2ΣT

2 Σ2V
T

2


αv1,1

v2,1



=

αV1ΣT
1 Σ1V

T
1 v1,1 + V1ΣT

1U
T
1 U2Σ2V

T
2 v2,1

αV2ΣT
2U

T
2 U1Σ1V

T
1 v1,1 + V2ΣT

2 Σ2V
T

2 v2,1



(4.22)

By substituting Equation (  4.22 ) into the left side of Equation (  4.21 ), the top row is expressed

as
σ2

1αv1,1 = αV1ΣT
1 Σ1V

T
1 v1,1 + V1ΣT

1U
T
1 U2Σ2V

T
2 v2,1

= (ασ2
1,1 + σ1,1σ2,1u1,1

T u2,1)v1,1

· · · + σ2,1(σ1,2u1,2
T u2,1v1,2 + · · · + σ1,k1u1,k1

T u2,1v1,k1)

(4.23)

where the right side contains components in all v1,j directions. The left side of Equation

( 4.23 ) is directed along the vector v1,1, but the right side contains components in all v1,j

directions. A possible contradiction is evident, because the principal directions v1,j form an

orthonormal basis. Therefore, this condition is only true if the constraint principal directions

u1,1 and u2,1 are parallel, or u1,1
T u2,1 = 1. Additionally, note that these conditions are

approximately met if the singular values are dominant, i.e., σ1,1, σ2,1 � σ1,j, σ2,j for j 6= 1.

The same conditions are implied via an analysis of the bottom row of Equation ( 4.22 ).
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Two conditions emerge in assessing the assumption that the dominant principal directions

share a plane. The angle between the constraint principal directions u1,1 and u2,1 and the

relative magnitudes of the singular values suggest criteria expressed as follows

∠(u1,1,u2,1) ≈ 0 (4.24)

σi,1

σi,2
� 1 (4.25)

that are expected to correlate with θi ≈ 0. If these conditions are met, the co-planar assump-

tion is reasonable, supporting the use of the principal plane heuristic model to approximate

the tradespace. If evidence suggests that the co-planar assumption on the dominant princi-

pal directions is not reasonable for a given perturbed targeting problem, the principal plane

heuristic model may still provide insight; however, convergence performance may be lower

than that measured on the plane.

4.6 Second-Order Basin Analysis

While analysis of the Jacobians in the perturbed targeting problem give some insight into

the local structure of the convergence basin for a reference solution, these 1st-order analy-

sis techniques yield theoretically-limited information. Though intuition suggests that large

changes in the constraints for relatively small perturbations, implied by large singular values,

are likely to result in convergence difficulties, the evidence supporting this idea is not con-

tained in the linear model itself. In fact, if the actual system closely follows the local linear

model, a linear differential corrections process has little difficulty computing suitable updates

and achieving convergence even for highly-sensitive problems with large degrees of stretch-

ing. Difficulties with linear differential corrections strategies arise from the nonlinearity or

curvature in the problem that degrade the applicability of the linear model. In principle, a

nonlinear targeting problem with a very high degree of linear stretching (i.e., high singular

values) but very low curvature should be a better candidate for linear differential corrections

than a nonlinear targeting problem with a very low degree of linear stretching (i.e., small

singular values) but relatively significant curvature. Therefore, a methodology is introduced
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to incorporate 2nd-order effects as a predictor of convergence behavior in perturbed targeting

problems.

Various methods exist for computing a measure of nonlinearity in a nonlinear system.

Junkins and Singla propose a method for expressing the nonlinearity of a system as the

difference between the linear approximations of a nonlinear system at a mean state and

a worst-case empirically-sampled state [  14 ], [  55 ]. Park and Scheeres employ sampling to

evaluate the worst-case relative contributions of higher-order state transition tensors for

uncertainty progagation in complex dynamical regimes [  13 ], [  16 ]. A strategy proposed by

Hahn and Edgar employs the linear controllability and observability Grammians evaluated

at both the reference state and empirically-sampled points, seeking to link a nonlinearity

measure to a particular stable, control-affine system [ 56 ]. Avoiding a costly sampling process,

Jenson and Scheeres evaluate the local relative contribution of nonlinear terms associated

with the local dynamics tensors and state transition tensors of kth-order where each of the

k dimensions is length-n through the use of tensor eigenpairs [ 17 ]. This investigation seeks

to propose a measure of nonlinearity that both avoids empirical sampling by evaluating

quantites on the reference solution and relates to a particular perturbed targeting problem

instead of the general dynamical flow of the state. The proposed strategy to measure 2nd-

order nonlinearity is motivated by a desire to quantify the local rate of change in the design

Jacobian with respect to changes in the perturbation variables at the reference solution.

4.6.1 Convergence Basin Metric

The derivation of a 2nd-order metric begins with an observation regarding the typical ap-

proach for evaluating the design Jacobian in differential corrections processes. As suggested

in the variational equation defining the Newton-Raphson design variable update, expressed

in Equation (  3.5 ), the partial derivatives are evaluated along each iteration of the perturbed

trajectory rather than the baseline solution. In other words, the design Jacobian ∂F
∂X is

evaluated at the current values of the design and perturbation variables (X ,Y) in contrast
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to the values of the baseline solution (X ∗,Y∗). With terms evaluated at both (X ,Y) and

(X ∗,Y∗), a matrix quantity,

Ψ = ∂F
∂X

∣∣∣∣∣
−1

(X ∗,Y∗)

∂F
∂X

∣∣∣∣∣
(X ,Y)

(4.26)

and an associated scalar value,

ψ = max{σmax(Ψ), σmin(Ψ)−1} (4.27)

are defined where σmax and σmin denote the maximum and minimum singular values, re-

spectively. For scenarios with under-constrained targeting problems where the inverse of

the rank-k matrix does not exist, the pseudo-inverse is used instead, and the kth-smallest

singular value is substituted for the minimum. These quantities are employed to develop

a measure of similarity between the design Jacobian matrices evaluated at the two points.

Assuming continuity of the derivatives in the neighborhood of the solution, the matrix Ψ

approaches the identity matrix as the perturbed trajectory is brought arbitrarily close to the

baseline solution, i.e.,

lim
(X ,Y)→(X ∗,Y∗)

Ψ = I, lim
(X ,Y)→(X ∗,Y∗)

ψ = 1 (4.28)

As the value of ψ increases from 1, a larger difference exists between the linear models

associated with the design Jacobian matrices evaluated at the baseline solution and the

perturbed trajectory, reflecting the effect of nonlinear terms in the problem.

A sample scenario is introduced to visualize the correlation between the features in the

contour map of number of required iterations and the scalar ψ across the perturbation space

for a perturbed targeting problem. In this scenario, the reference solution is generated from a

segment along a planar Lyapunov orbit about the Earth-Moon L2 point in the CRTBP. The

targeting problem is formulated to constrain the position at the final time to its reference

value on the periodic orbit, and the design variables consist of the planar velocity components

at the initial time. For simplicity, the perturbation variables are defined as the set of design
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variables, allowing the map of the perturbation space to function as a visualization of the

design variable space as well. In mathematical notation, the sample perturbed targeting

problem is formulated as

F = ρ−(tf ) − ρd , X = ρ̇+(t0) , Y = ρ̇+(t0) (4.29)

From the full targeting simulations in a discretized grid across the perturbation space, the

iterations required for convergence and the quantity ψ, evaluated at each initial point, are

plotted in Figures  4.8a and  4.8b , respectively. In these plots, the reference solution is rep-

(a) Iterations in Perturbation Space (b) ψ in Perturbation Space

Figure 4.8. Sample Correlation Between ψ and Convergence Basin Features

resented by the origin. A trough in ψ, passing through the reference solution, is visible in

Figure  4.8b that aligns with the region of rapid convergence in Figure  4.8a . In the lower-left

corner, structural ridges defined by elevated values of ψ correspond to the transition into

chaotic convergence behavior. In the upper-right, the transition to chaos is not clearly repre-

sented in the map of ψ; however, these structures in the iteration plots appear to relate to the

iterative nature of a Newton-Raphson corrections process. A small sampling of perturbations

that originate across the upper-right boundary cross the lower-left boundary on subsequent

iterations. From this example, boundaries associated with the changing design Jacobian

matrix and pseudo-boundaries associated with the iterative update process are visible as key
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features of convergence basins in perturbed targeting problems. The quantity ψ, related to

the relative similarity of the design Jacobian matrices at the reference solution and across

the perturbation space, appears to correlate with some visible boundaries in the convergence

basin. Though ψ is useful in characterizing the convergence basin, the computation of the

quantity still requires the evaluation of the design Jacobian at numerous discrete points in

the perturbation space.

In pursuit of a metric that is evaluated solely on the reference solution, quantification of

the local change in ψ near the reference solution is useful in characterizing the local relative

nonlinearity in the problem. Through a Taylor series expansion about the reference solution,

the design Jacobian along the perturbed trajectory is approximated as

∂F
∂X

∣∣∣∣∣
(X ,Y)

≈ ∂F
∂X

∣∣∣∣∣
(X ∗,Y∗)

+ ∂2F
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

(δY ⊗ I) (4.30)

where ⊗ is the Kronecker product. In this formulation, the 2nd-order partial derivative term

is reformatted, or flattened, from a m× n× p tensor into a m× (np) matrix, i.e.,

∂2F
∂X∂Y =

[
∂2F

∂X ∂Y1
∂2F

∂X ∂Y2
. . . ∂2F

∂X ∂Yp

]
(4.31)

where p is the number of perturbation variables in Y [ 57 ], [  58 ]. Substituting the expansion

of the design Jacobian into Equation (  4.26 ) yields a local approximation of the similarity

matrix Ψ, i.e.,

Ψ ≈ ∂F
∂X

∣∣∣∣∣
−1

(X ∗,Y∗)

∂F
∂X

∣∣∣∣∣
(X ∗,Y∗)

+ ∂2F
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

(δY ⊗ I)
 (4.32)

Distribution of the inverse term allows the simplification of Equation ( 4.32 ), i.e.,

Ψ ≈ I + ∂F
∂X

∣∣∣∣∣
−1

(X ∗,Y∗)

∂2F
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

(δY ⊗ I) (4.33)
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Thus, the deviation of this quantity from identity, denoted the normalized change in the

Jacobian, reduces to

∆Ψ = ∂F
∂X

∣∣∣∣∣
−1

(X ∗,Y∗)

∂2F
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

(δY ⊗ I) (4.34)

and is a function of the partial derivatives evaluated at the reference solution (X ∗,Y∗) and

the perturbation δY . Intuitively, if a small normalized change in the Jacobian is desired for a

large perturbation magnitude, the contribution from the expression ∂F
∂X

∣∣∣−1

(X ∗,Y∗)
∂2F

∂X ∂Y

∣∣∣
(X ∗,Y∗)

,

denoted the normalized rate of change in the design Jacobian, should be as small as possible.

Therefore, the basin metric, denoted γ, is then defined as

γ =
∥∥∥∥∥∂F
∂X

∣∣∣∣∣
−P

(X ∗,Y∗)

∂2F
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

∥∥∥∥∥
−1

(4.35)

written in a general form with the pseudo-inverse. Representing a more gradual relative

change in the design Jacobian across the perturbation space, larger basin metric values

are expected to correlate with the larger measured values of basin width. Values of γ are

straightforward to compute via the l2-norm of the flattened n × (np) matrix; however, this

approach corresponds to a singular vector of length np instead of the perturbation vector of

length p, prohibiting a physical interpretation of the associated singular vector. Therefore,

higher-order tensor analysis methods are useful in extracting additional information about

the normalized change in the Jacobian in perturbation space.

4.6.2 Higher-Order Singular Values and Singular Vectors

A variety of methods exist to extend the SVD from matrices to tensors of higher order.

Though none of the existing higher-order analogs preserve all of the properties of the matrix

SVD, many methods select critical properties of interest, e.g., lower-rank tensor approxi-

mation or decomposition into a core tensor and multiple matrices [  52 ], [  59 ]–[ 61 ]. A theory

of singular values and singular vectors for higher-order tensors proposed by Lim provides a

particularly useful framework for the analysis of the normalized change in the Jacobian in

perturbation space [ 61 ]. This extended theory of singular values and singular vectors yields
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an improved method for computing the basin metric γ as well as a direction in perturbation

space associated with the largest normalized change in the Jacobian.

The definition of higher-order singular values and singular vectors begins with an ex-

amination of the Rayleigh quotient, xT Ax
‖x‖2 , for a symmetric matrix, A. The eigenvalues and

eigenvectors of A are the critical values and critical points, respectively, of a constrained

optimization problem expressed as

L(x, λ) = xTAx − λ(‖x‖2 − 1) (4.36)

where ‖ · ‖ represents the l2-norm and λ is a Lagrange multiplier. In an analogous manner,

the singular values and singular vectors of an—in general—non-symmetric matrix A ∈ Rm×n

are the critical values and critical points of the constrained optimization problem expressed

L(x,y, σ) = xTAy − σ(‖x‖‖y‖ − 1) (4.37)

It is worth reinforcing that, unlike the assumptions for Equation (  4.36 ), A can be any real

matrix of size m×n. The critical values and points, i.e., solutions for which ∇L(xc,yc, σc) =

0, satisfy the expressions

σcxc = Ayc , xc

‖xc‖
= u , yc

‖yc‖
= v (4.38)

which is equivalent to the relationship between singular values and singular vectors of a

matrix in Equation (  4.9 ). With this definition, the important property Lim seeks to preserve

in a higher-order extension is that the singular values and singular vectors reflect the critical

points for the scaling magnitude and directions of the higher-order tensor [ 61 ].

Though the definition of singular values and singular vectors is generalized to tensors

of an arbitrarily large degree under lk-norms with arbitrary integer values of k [ 61 ], the

particular extension of the SVD to a tensor of 3rd-order (i.e., A ∈ Rm×n×p) under the l2-

norm provides benefits to the analysis of a perturbed targeting problem. The 3rd-order tensor

A is comprised of elements aj1,j2,j3 where j1 = 1, . . . ,m, j2 = 1, . . . , n, and j3 = 1, . . . , p. To

74



reflect “multiplication on 3 sides” [  61 ], a multilinear functional A(x1,x2,x3) is defined and

expressed mathematically as

A(x1,x2,x3) =
m∑

j1=1

n∑
j2=1

p∑
j3=1

aj1,j2,j3x
(1)
j1 x

(2)
j2 x

(3)
j3 (4.39)

where the superscript (k) represents multiplication of the vector across the kth-dimension.

The singular values and singular vectors are defined as the critical values and points as-

sociated with the quotient A(x1,x2,x3)
‖x1‖‖x2‖‖x3‖ and are the solution to a constrained optimization

problem formulated as

L(x1,x2,x3, σ) = A(x1,x2,x3) − σ(‖x1‖‖x2‖‖x3‖ − 1) (4.40)

The critical values and points of this optimization problem satisfy the expressions

A(Im,x2,x3) = σx1

A(x1, In,x3) = σx2

A(x1,x2, Ip) = σx3

(4.41)

‖x1‖ = ‖x2‖ = ‖x3‖ = 1 (4.42)

which are analogous to the conditions in Equations (  4.9 ) and (  4.38 ). The solution for xi is

denoted the mode-i singular vector. Consistent with the matrix definition, the l2-norm of A

is then equal to the largest singular value, i.e.,

‖A‖ = σmax(A) (4.43)

This theory of singular values and singular vectors is directly applicable to the problem of

determining the local maximum normalized change in the Jacobian in perturbation space

for a particular solution to a perturbed targeting problem.
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With a higher-order definition of singular values, the basin metric, expressed in Equation

( 4.35 ), is reformulated in terms of its tensor basin metric analog, i.e.,

γ′ = σmax

∂F
∂X

∣∣∣∣∣
−P

(X ∗,Y∗)

∂2F
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

−1

(4.44)

where the argument is reformatted as a 3rd-order tensor in (n× n× p)-form. This quantity

is interpreted as maximum norm of the normalized change in Jacobian, i.e., ‖∆Ψ‖, that

is achievable by a perturbation δY of unit length. The mode-3 singular vector associated

with the largest singular value, v′, represents the direction of this perturbation. In this

investigation, the tensor basin metric γ′ and the mode-3 singular vector v′ are computed via

the fmincon function in MATLAB as the solution to the constrained optimization problem

expressed in “flattened” form as

maximize:
∥∥∥∥∥∂F
∂X

∣∣∣∣∣
−P

(X ∗,Y∗)

∂2F
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

(v′ ⊗ In)
∥∥∥∥∥

subject to: ‖v′‖ − 1 = 0
(4.45)

which is equivalent to the formulation in Equation (  4.40 ). The information provided by the

mode-3 singular vector v′ makes it useful as an additional 2nd-order principal direction to

augment the 1st-order PDA method for approximating the convergence basin width.

4.6.3 Computing Second-Order Partial Derivatives

As with the computation of 1st-order partial derivatives, both analytical and numerical

methods exist for computing the 2nd-order partial derivatives in a perturbed targeting prob-

lem. When analytical expressions for these quantities or their time derivatives are readily

available, the direct computation or numerical integration of these derivatives is an expedient

strategy. However, when the expressions are impractical to derive or induce numerical diffi-

culties, central differencing facilitates a straightforward computation strategy at the expense

of additional function calls and numerical trajectory propagations.

76



Where analytic 2nd-order derivatives of the equations of motion exist and are convenient

to derive, such as in the CRTBP, the higher-order state transition tensors are numerically

integrated in time along the reference trajectory. To derive the relationship between the

2nd-order state transition tensor and its time-derivative, notation is borrowed in part from

Majji, Junkins, and Turner as well as Park and Scheeres [  16 ], [  57 ]. For a dynamical system

defined as in Equation (  3.29 ), the time-derivative of the STM is rewritten from Equation

( 3.32 ) in an element-wise form, i.e.,

dΦi,a

dt
=

n∑
α=1

∂f i

∂xα

Φα,a (4.46)

where the subscripts denote the indices in ascending modal direction. For example, Φ2,1

dictates the element in the 2nd place for mode-1 (i.e., the 2nd row) and the 1st place for

mode-2 (i.e., the 1st column). The 2nd-order state transition tensor is then governed by the

ordinary differential equation given by

dΦi,ab

dt
=

n∑
α=1

 ∂f i

∂xα

Φα,ab +
n∑

β=1

∂2f i

∂xα∂xβ

Φα,aΦβ,b

 (4.47)

and is numerically integrated with the initial condition Φi,ab(t0) = 0. Note that the state

and STM are required to integrate this differential equation, so the state and state transition

tensor histories are integrated together along the trajectory.

Central differencing is an alternative method to compute higher-order partial derivatives

to characterize a perturbed targeting problem. The direct central differencing of the 1st-order

partial derivative is one strategy for computing the 2nd-order derivative, i.e.,

∂2F
∂Xi∂Yj

∣∣∣∣∣
(X ,Y)

=
∂F
∂Xi

(X ,Y + hej) − ∂F
∂Xi

(X ,Y − hej)
2h (4.48)
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where h is a small step size and ej is a vector with one in the jth-place and zeros else-

where. Alternatively, the 2nd-order partial derivatives are computed directly from function

evaluations via

∂2F
∂Xi∂Yj

∣∣∣∣∣
(X ,Y)

=

F(X + hei,Y + hei) − F(X − hei,Y + hei)

− F(X + hei,Y − hei) + F(X − hei,Y − hei)
4h2 (4.49)

While the central differencing methods are straightforward to implement, computation with

very small values of h is subject to sources of numerical error associated with catastrophic

cancellation and loss of significance [  21 ]. Therefore, care is required to ensure the computed

partial derivatives yield meaningful information about the system.

4.7 Effects of Constraint Scaling

Frequently, scale factors are applied to improve the numerical conditioning of the con-

straints in a targeting problem. The use of non-dimensional state variable quantities in a

set of constraints are one common application of this practice. The scaling of the constraint

vector is also potentially advantageous with the introduction of dimensional quantities or

quantities derived from the states, e.g., flight path angle relative to a primary body measured

in degrees, that may produce a mismatch in the order of magnitudes of constraint values

and partial derivatives. Therefore, an understanding of the effects of constraint scaling on

the computed design variable update and the characterization strategies is of interest.

In the Newton-Raphson update process outlined in Equations (  3.6 ) and (  3.17 ), the com-

putation of the design variable update is unaffected by scaling of the constraints. To demon-

strate this property, a scaled constraint vector is introduced as

F̄ = SFF (4.50)

78



where SF is a square m×m matrix with positive entries on the main diagonal and zeros else-

where. The partial derivatives with respect to the design variables X and the perturbation

variables Y are given by
∂F̄
∂X = SF

∂F
∂X (4.51)

∂F̄
∂Y = SF

∂F
∂Y (4.52)

and a similar procedure produces scaled partial derivatives of higher order. From Equation

( 3.6 ), the design variable update δX in a fully-constrained corrections problem is computed

via

δX̄ = ∂F̄
∂X

∣∣∣∣∣
−1

(X ,Y)
F̄
∣∣∣
(X ,Y)

=
SF

∂F
∂X

∣∣∣∣∣
(X ,Y)

−1

SFF
∣∣∣
(X ,Y)

= ∂F
∂X

∣∣∣∣∣
−1

(X ,Y)
S−1

F SFF
∣∣∣
(X ,Y)

= ∂F
∂X

∣∣∣∣∣
−1

(X ,Y)
F
∣∣∣
(X ,Y)

= δX

(4.53)

Similarly, the design variable update is demonstrated to be independent of constraint scaling

in an under-constrained problem by observing

δX̄ = ∂F̄
∂X

∣∣∣∣∣
T

(X ,Y)

∂F̄
∂X

∣∣∣∣∣
(X ,Y)

∂F̄
∂X

∣∣∣∣∣
T

(X ,Y)

 F̄
∣∣∣
(X ,Y)

= ∂F
∂X

∣∣∣∣∣
T

(X ,Y)
ST

F

SF
∂F
∂X

∣∣∣∣∣
(X ,Y)

∂F
∂X

∣∣∣∣∣
T

(X ,Y)
ST

F

−1

SFF
∣∣∣
(X ,Y)

= ∂F
∂X

∣∣∣∣∣
T

(X ,Y)
ST

FS
−T
F

∂F
∂X

∣∣∣∣∣
(X ,Y)

∂F
∂X

∣∣∣∣∣
T

(X ,Y)

−1

S−1
F SFF

∣∣∣
(X ,Y)

= ∂F
∂X

∣∣∣∣∣
T

(X ,Y)

∂F
∂X

∣∣∣∣∣
(X ,Y)

∂F
∂X

∣∣∣∣∣
T

(X ,Y)

−1

F
∣∣∣
(X ,Y)

= δX

(4.54)
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Neglecting numerical issues arising from a poorly-conditioned problem, the design variable

update is unaffected by the constraint scaling. Therefore, the form of the convergence basin

remains unchanged; however, the number of iterations required to converge from each per-

turbed point to a solution increases or decreases depending on the new relative magnitude

of the convergence tolerance.

Though the form of the convergence basin remains unchanged in Y-space, the right

singular vectors of ∂F
∂Y

∣∣∣
(X ∗,Y∗)

employed in the PDA strategy and their associated singular

values change when the constraints are scaled. Though the right singular vectors remain

orthogonal as a property of the SVD, the vectors are collectively rotated in the perturbation

space as the constraint scale factors evolve. To illustrate this evolution in the singular

values and singular vectors, the sample targeting problem along an L2 Lyapunov orbit in

the Earth-Moon system, formulated in Equation ( 4.29 ), is re-examined with the constraint

scaling matrix SF , expressed

SF(ξ) =

1 0

0 ξ

 (4.55)

as a function of the parameter ξ. For the scaled perturbation Jacobian matrix, ∂F̄
∂Y

∣∣∣
(X ∗,Y∗)

, the

angular change in the dominant right singular vector v1 is plotted in Figure  4.9a for ξ ranging

from 10−5 to 105. In this targeting scenario, the principal directions rotate by approximately

(a) Dominant Right Singular Vector (b) FTLE-Based Quantity

Figure 4.9. Example Impact of Constraint Scaling on Perturbation Jacobian-
Derived Quantities
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7 deg as the scaling parameter ξ is varied. While a small angular deviation is unlikely to

significantly alter the PDA-measured basin width in the monotonic portion of the main basin,

other systems and targeting problems may lead to larger angular deviations. Similarly, the

FLTE-based quantity λ̄Y , a function of the maximum singular value of ∂F̄
∂Y

∣∣∣
(X ∗,Y∗)

as shown

in Equation ( 4.15 ), is computed for the range of values for the ξ parameter and plotted in

Figure  4.9b . Though the FLTE-based quantity in the scaled problem cannot be directly

computed from the value in the unscaled problem, an inequality bounds the value of λ̄Y , i.e.,

λ̄Y = ln
∥∥∥∥∥∂F̄

∂Y

∣∣∣∣∣
(X ∗,Y∗)

∥∥∥∥∥


= ln
∥∥∥∥∥SF

∂F
∂Y

∣∣∣∣∣
(X ∗,Y∗)

∥∥∥∥∥


≤ ln
‖SF‖

∥∥∥∥∥∂F
∂Y

∣∣∣∣∣
(X ∗,Y∗)

∥∥∥∥∥


(4.56)

Plotted in Figure  4.9b , this inequality provides an upper bound for λ̄Y , expressed as

λ̄Y ≤ λY + ln (‖SF‖) (4.57)

From the figures, it is clear that the values of λ̄Y and the orientation of the principal directions

is dependent on ξ and, therefore, the relative scaling of the constraint functions. Additionally,

the “correct” scaling parameter is not necessarily obvious a priori for an arbitrary perturbed

targeting problem.

The basin metrics and higher-order singular vectors associated with the normalized rate

of change in the design Jacobian are invariant under a scaling operation on the constraint

values. The matrix norm-approximated γ and the higher-order singular value γ′, defined in

Equations ( 4.35 ) and ( 4.44 ), respectively, have analogous basin metrics γ̄ and γ̄′ in the scaled

problem defined by the parameter ξ in Equation (  4.55 ). The normalized rate of change in
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the design Jacobian is invariant to the scaling of the constraints, assuming the scaling the

matrix is diagonal with positive entries, i.e.,

∂F̄
∂X

∣∣∣∣∣
−P

(X ∗,Y∗)

∂2F̄
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

= ∂F
∂X

∣∣∣∣∣
−P

(X ∗,Y∗)
S−1

F SF
∂2F
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

= ∂F
∂X

∣∣∣∣∣
−P

(X ∗,Y∗)

∂2F
∂X∂Y

∣∣∣∣∣
(X ∗,Y∗)

(4.58)

so the basin metric value and the mode-3 singular direction v′, defined in Equation (  4.45 ),

are theoretically unchanged. The change in magnitude of γ̄′ and the angular deviation of v′

in the plane are depicted in Figures  4.10a and  4.10b for a values of ξ ranging from 10−5 to 105.

The values of the basin metric have an error on the order of 10−12 or less, and the mode-3

(a) Basin Metric (b) Mode-3 Singular Vector v′

Figure 4.10. Example Impact of Constraint Scaling on Normalized Change
in Design Jacobian-Derived Quantities

singular vector changes orientation by angular deviations on the order of 10−6 deg. Because

these values are computed via a constrained optimization problem, the tolerances in the

optimizer as well as other numerical errors result in these very small deviations, sometimes

observed as noise, from their theoretically-constant nature. An advantage to these quantities

derived from the normalized change in the design Jacobian is that unique values characterize

each perturbed targeting problem, irrespective of constraint scaling.
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5. APPLICATION TO AN EARTH-MOON DISTANT

RETROGRADE ORBIT

A set of perturbed targeting problems related to a distant retrograde orbit (DRO) in the

Earth-Moon system is introduced to evaluate the validity of the proposed strategies, i.e,

the 1st-order FTLE-inspired metrics, the 2nd-order basin metric, PDA, and the principal

plane approximation, in characterizing the influence of state perturbations on convergence

behavior. The selected DRO underlying the following scenarios is a particular member of

a family of planar periodic orbits in the Earth-Moon CRTBP, and the limitation of its

motion to the x̂-ŷ plane permits an intuitive representation of planar position and velocity

perturbation subspaces in two-dimensional figures as a means to visualize the convergence

behavior. As a periodic solution in the CRTBP, the selected DRO has an orbital period of

T ≈ 13.2 days and lunar distance of 70,000 km at the x̂-crossing with a −ŷ-directed velocity

in the rotating frame as viewed by a rotating observer. This particular periodic orbit is

notable for analysis, because it provides a representation in the CRTBP of the destination

orbit for the Orion spacecraft in the Artemis I mission [  62 ]–[ 64 ]. The convergence behavior

of perturbed targeting problems involving single- and two-maneuver scenarios on the DRO

is studied to evaluate the various characterization strategies introduced in this investigation.

5.1 Single-Maneuver Targeting

Modeling the targeting of an initial station-keeping maneuver for a spacecraft arriving

on various points along the DRO, a single-maneuver targeting scenario is formulated that

implements a velocity change at the initial time to target the position of the 70,000 km

lunar distance at an x̂-crossing downstream. The maneuver time, t0, is measured relative

to the propagation from a x̂-crossing of the reference motion at tref = 0, and the time of

the targeted crossing, t1, reflects two periods of the orbit beyond the reference time, i.e.,

t1 = 2T . The reference motion associated with a maneuver time of t0 ≈ 0.54T is illustrated

in Figure  5.1a . A scenario with a total time-of-flight corresponding to less than one period

of the DRO is illustrated in Figure  5.1b with a maneuver time of t0 ≈ 1.54T , exactly one
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(a) Maneuver at t0 ≈ 0.54T (b) Maneuver at t0 ≈ 1.54T

Figure 5.1. 70,000 km DRO Trajectory and Single-Maneuver Reference Locations

period less than in Figure  5.1a . The dashed line in the figure reflects the untraveled segment

of the reference DRO, and the arrow represents the flow direction of the periodic orbit.

The perturbed targeting problem is formulated such that the planar velocity components

at the initial time, t0, serve as design variables to target the desired final position vector,

ρd, at the final time t1 under the influence of perturbations in initial position and velocity.

Mathematically, these constraints, design variables, and perturbation variables are expressed

as

F = ρ(t1)− − ρd , X = ρ̇(t0)+ , Y =

Y1

Y2

 =

ρ(t0)+

ρ̇(t0)+

 (5.1)

where the target position is expressed most clearly in its dimensional form, i.e.,

ρ̃d =
[
70, 000 + r̃B2 0 0

]T

km (5.2)

where r̃B2 is the dimensional distance from the system barycenter to the Moon. To char-

acterize the convergence behavior across a range of possible mission designs, the maneuver

84



time, t0, associated with the arrival point along the orbit, is varied from tref to 6 hours prior

to t1.

Because the full set of perturbation variables is comprised of dimensionally-dissimilar

position and velocity components, the perturbation subspaces, Y1 and Y2, corresponding

to planar initial position and velocity, respectively, are first individually analyzed. The

execution of a “naïve” discretization scheme, e.g., regular grid or expanding shells, requires a

non-trivial amount of computation time, especially when repeated over numerous values of t0;

therefore, the PDA discretization scheme that exploits information from the derivatives at the

reference solution yields approximate results for a preliminary analysis of candidate maneuver

times. The largest perturbation magnitude for which the targeting problem converges within

3 iterations is measured along each principal direction in the Y1 and Y2 subspaces, and the

results are depicted in Figure  5.2a and  5.2b , respectively. Each vector vi,j represents the left

(a) Position Perturbation Subspace (b) Velocity Perturbation Subspace

Figure 5.2. Individual Principal Direction Measurements for the Single-
Maneuver DRO Scenario with a 3-Iteration Limit

(or mode-2) singular vector of ∂F
∂Yi

∣∣∣
(X ∗,Y∗)

associated with the singular value σi,j and signifies

principal directions of growth from the 1st-order derivative as defined in Equation (  4.17 ).

For example, the dominant right singular vector in the velocity perturbation subspace is

expressed as v2,1. Defined in Equation (  4.45 ), each vector v′
i is the dominant mode-3 singular

vector associated with the tensor ∂F
∂Yi

∣∣∣−1

(X ∗,Y∗)
∂2F

∂X ∂Yi

∣∣∣
(X ∗,Y∗)

and reflects the direction with the

largest normalized rate of change in the design Jacobian.
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In Figure  5.2a , the position basin measurements express the largest physical perturbations

in position in each vector direction for which the targeting problem converges within 3

iterations. The trends are seen more clearly by comparing the resulting measurements in

each direction to the overall minimum value that defines the basin width measurement.

Figures  5.3a ,  5.3b , and  5.3c show the measurements along the vectors v1,1, v1,2, and v′
1,

respectively, compared to the overall minimum value in black. Discretization along the

(a) Measurements Along v1,1 (b) Measurements Along v1,2

(c) Measurements Along v′
1

Figure 5.3. Individual Principal Direction Measurements for the Single-
Maneuver DRO Scenario Compared to Minimum

dominant right singular vector, v1,1, and the vector v′
1 yield nearly identical results, visually

represented by the overlapping nature of the blue and yellow points in the figure. This finding

signals that the perturbation directions in position-space that generate the largest growth

in the constraint vector as well as the largest normalized change in the design Jacobian are

approximately aligned. In this scenario, therefore, the additional computational complexity
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of computing v′
1 is not necessary to approximate the convergence basin width; however, the

additional computation of the 2nd-order information is useful in supporting the validity of

the 1st-order results. Depicted by the higher values associated with the orange points, a

larger allowable perturbation is observed in the v1,2-direction, correlating with a smaller

singular value and less expected growth in the constraint vector. As the maneuver time

approaches 25 days, the measurements along the v1,2 vector exceed the analysis limit of 10

non-dimensional units, represented by the dashed line.

In Figure  5.2b , a similar analysis of perturbations in Y2-space, i.e., the velocity compo-

nents at time t0, reveals similar findings. The basin width measurements along the vectors

v2,1 and v′
2 are visually indistinguishable, suggesting that the directions corresponding to

the largest growth in the constraint vector as well as the largest growth in the normalized

change in the design Jacobian are nearly aligned. For a limit of 3 iterations in the correc-

tions process, the PDA-approximated basin width for each maneuver time is given by the

minimum measured value in Figures  5.2a and  5.2b across all of the principal directions.

By repeating this PDA process for various differential corrections iteration limits, a char-

acterization of the local main convergence basins is produced for range of possible of maneu-

ver times. The basin width measurements for perturbations in the initial position across the

set of possible maneuver times are colored in Figure  5.4a for limits of 3 through 8 iterations.

For all of the analyzed iteration limits, a consistent trend is observed in the basin width

measurement as the maneuver time is varied. The local minima and maxima, reflecting

times for which the convergence basin is largest or smallest relative to the nearby maneuver

times, occur at roughly the same values of t0 for each iteration limit. A sharp decrease in the

convergence basin width, or basin contraction, is evident at a maneuver time of t0 ≈ 6.08

days ≈ 1.4 non-dimensional time units, highlighting a duration in time for which the target-

ing problem is particularly sensitive to perturbations in position. Notably, the convergence

behavior does not display obvious signs of periodicity despite the periodic nature of the

underlying motion in the reference solution.

For comparison, the evaluated basin metrics that incorporate information from 2nd-order

derivatives in the perturbed targeting problem are shown in Figure  5.4b . Obtained as the

result of the constrained optimization problem in Equation ( 4.45 ), the quantity γ′
1, defined
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(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 5.4. Single-Maneuver DRO Scenario PDA Basin Width Measurements
and Evaluated Basin Metrics

in Equation ( 4.44 ), is the higher-order singular value associated with v′
1 and the largest

normalized change in the design Jacobian due to position perturbations. Defined in terms

of the matrix l2-norm in Equation ( 4.35 ), the quantity γ1 approximates the quantity γ′
1

without the need for an iteratively-solved optimization problem. The values of γ1 and γ′
1

overlap in Figure  5.4b , signifying that the additional computational complexity in solving

the optimization problem is not necessary in this particular scenario. In contrast to the

PDA-measured basin width values in Figure  5.4a , the evaluated basin metrics in Figure  5.4b 

do not require any simulation of the targeting problem itself but instead rely solely on the
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partial derivatives evaluated at the reference solution. Comparing Figures  5.4a and  5.4b ,

the same trends in convergence behavior appear in the measured basin width values and the

evaluated basin metrics. Most importantly, the severe basin contraction at t0 ≈ 6.08 days is

predicted in the evaluated quantities.

The convergence behavior for this single-maneuver targeting problem under perturba-

tions in the initial velocity is characterized in terms of the PDA-measured basin width and

evaluated basin metric values in Figures  5.4c and  5.4d . In Figure  5.4c , the trend in conver-

gence behavior as the maneuver time is changed is generally consistent across the range of

iteration limits. However, a departure from the underlying trend appears with limits of 6

or more iterations for t0 > 21 days, visually depicted by the irregular, scattered nature of

the measurements. This scattered departure from the trend indicates that the local main

convergence basin is not be well-defined for limits of 6 or more iterations, and perturbation

space has already transitioned into the chaotic region between monotonic basins. This find-

ing highlights the importance of choosing sufficiently-low iteration limits to ensure the PDA

strategy is accessing the main basin around the reference solution. Where the iteration limit

is appropriate for the characterizing the main basin, the evaluated basin metrics, γ2 and γ′
2,

plotted in Figure  5.4d , are useful predictors of the measured behavior. The expansion and

contraction of the convergence basin as the maneuver time is varied correlates directly with

the evaluated 2nd-order basin metric values, which themselves provide similar information.

While the basin metrics derived from the normalized change in the design Jacobian neces-

sitate the computation of 2nd-order partial derivatives, the FTLE-inspired quantities defined

in Equation ( 4.14 ) and ( 4.15 ) only require 1st-order derivative information. The FTLE-

inspired quantities associated with the design Jacobian, position perturbation Jacobian, and

velocity perturbation Jacobian, expressed as λX , λY1 , and λY2 , respectively, are relevant.

However, the formulation of this perturbed targeting problem in Equation ( 5.1 ) results in

the equivalence of λX and λY2 , so the values of λY1 and λY2 for the range of maneuver times

is shown in Figure  5.5 . The values are multiplied by a constant of −1, because the FTLE-

inspired quantities are expected to vary inversely with the size of the convergence basin. Put

simply, greater growth in the constraint vector is posited to yield smaller main convergence

basins. Though some features correlate with the structure, including some minima and max-
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Figure 5.5. FTLE-Inspired Quantities in the Single-Maneuver DRO Scenario

ima, of the measured basin widths in Figures  5.4a and  5.4c , the significant feature of the

basin contraction at t0 ≈ 6.08 days is not captured by the FTLE-inspired quantities. These

results confirm the possible effectiveness of FTLE-inspired quantities in indirectly predicting

convergence behavior in previous investigations while demonstrating the potential limitations

of these strategies that only employ 1st-order derivative information.

The information gained about the convergence behavior in the individual position and

velocity perturbation subspaces from discretization through PDA or the evaluated metrics

provides practical guidance for identifying poorly-performing maneuver times and down-

selecting from the set of design alternatives. However, by their nature, the strategies for the

investigation of the perturbed targeting problem used to this point do not reflect the com-

bined impact of perturbations in position and velocity on the convergence behavior. There-

fore, the investigation shifts to incorporate full state perturbations in a position-velocity

tradespace analysis.

Scenarios with two different values of the maneuver time t0 are examined to investigate

the principal plane discretization technique as a viable, more computationally-efficient alter-

native to a brute-force discretization scheme in determining the position-velocity tradespace.
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The maneuver times are selected to produce conditions that represent both the satisfaction

and violation of the in-plane conditions, described by Equations ( 4.20 ), ( 4.24 ), ( 4.25 ), that

support the heuristic use of the principal plane as a determiner of features critical to the

tradespace. Figure  5.6a includes a plot of the angle between the dominating right singular

vectors, denoted the constraint principal directions, in Y1 and Y2, i.e., ∠(u1,1,u2,1), which

is equal to zero in the ideal case of the principal plane, as t0 evolves along the two periods of

the reference DRO. Figure  5.6b displays the ratios between the two largest singular values

(a) Angle Between Constraint Principal Direc-
tions

(b) Singular Value Ratio

(c) Principal Direction Projection Angles

Figure 5.6. Principal Plane Conditions for Single-Maneuver DRO Targeting

in the Y1 and Y2 perturbation subspaces, i.e., σi,1
σi,2

, which is ideally much greater than unity,

as the maneuver time is similarly varied. Examining the case where t0 ≈ 0.54T , the angle

between the dominating constraint principal directions is small, and the ratios of the singular

values suggest that clearly-dominating principal directions exist. Together, these conditions
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imply that the dominant principal directions at t0 ≈ 0.54T in Y , Y1, and Y2 very-nearly lie

in a principal plane. As predicted, the three directions v1, v1,1, and v2,1 are approximately

co-planar, illustrated by the nearly-zero values of θ1 and θ2 from Equation (  4.20 ) in Figure

 5.6c . Alternatively, if the maneuver time is displaced downstream by exactly one period

of the DRO to t0 ≈ 1.54T , the angle ∠(u1,1,u2,1) is nearly 90 deg, and the ratio of the

singular values is close to one, indicating the lack of clearly-dominating principal directions

in the Y1 and Y2 subspaces. These conditions violate the principal plane assumptions and,

consequently, do not produce co-planar v1, v1,1, and v2,1 vectors, as indicated by the large

angular deviations in Figure  5.6c . Therefore, the scenario where t0 ≈ 0.54T represents con-

ditions that support the use of the principal plane approximation, and the scenario where

t0 ≈ 1.54T suggests that the principal plane approximation may not fully represent the

tradespace. These two scenarios are selected for more detailed analysis of the tradespace

under both favorable and unfavorable conditions.

5.1.1 Favorable Principal Plane Conditions (t0 ≈ 0.54T )

While PDA provides an efficient characterization of the convergence behavior induced

by independent position and velocity perturbations as the design parameter t0 is varied, the

interrogation of the targeting problem at a single value of t0 ≈ 0.54T permits a demonstration

of the correlation between the theoretical basin widths and the PDA-measured approximate

basin width values. Illustrated in Figure  5.7a , the planar position perturbation subspace is

discretized, and the number of iterations required to converge to a solution is recorded as

the color associated with the point of the initial perturbation. The principal directions of

the perturbation Jacobian ∂F
∂Y1

, v1,1 and v1,2, are plotted in white and labelled according to

their singular value. In the position perturbation subspace, the local main basin develops

monotonically outward from the origin, and the direction along which the number of required

iterations increases the most rapidly corresponds to the principal direction with the dominant

singular value σ1,1 = 16.36. In the orthogonal principal direction, the singular value σ1,2

has a significantly smaller value of 0.47, signifying that the constraint vector magnitude

locally experiences less growth for a perturbation of the same size. Figure  5.7a confirms the

92



(a) Iterations to Converge (b) Evaluated Scalar ψ

Figure 5.7. The Position Perturbation Space Y1 for Single-Maneuver DRO
Targeting (t0 ≈ 0.54T )

expected behavior as the number of required update iterations increases more gradually in

this direction. For comparison, the natural log of the scalar ψ, defined in Equation ( 4.27 ),

is evaluated for each initial perturbation in Y1 and plotted in Figure  5.7b . The quantity

ψ serves as a scalar metric for the change in the design Jacobian when evaluated at the

reference solution and at each perturbed initial condition. The mode-3 singular vector v′
1,

plotted in white, is directed toward the steepest gradient in ψ, and the boundary in the lower

left corner of Figure  5.7a where the iteration count rapidly transitions to red and chaotic

behavior corresponds to the rapid change in ψ in Figure  5.7b . Additionally, regions where

ψ is small correspond to regions of rapid convergence to a solution. The connection of the

2nd-order metrics γ1 and γ′
1 to the local largest rate of change in ψ and the vector v′

1 helps

explain their effectiveness as a relative measure of convergence basin width.

Similar behavior is observed in the velocity perturbation subspace in Figure  5.8a where

the local structure of the convergence basin is captured by the principal directions and

their singular values. In Figure  5.8b , the evaluated measure of change in the Jacobian at

each perturbed point, ψ, increases rapidly in the direction associated with the vector v′
2,

corresponding to the largest local normalized change in the design Jacobian at the reference

solution. The vectors v2,1 and v′
2, representing growth in the constraint vector and change
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(a) Iterations to Converge (b) Evaluated Scalar ψ

Figure 5.8. The Velocity Perturbation Space Y2 for Single-Maneuver DRO
Targeting (t0 ≈ 0.54T )

in the design Jacobian, respectively, both point toward the nearest boundary of the main

basin.

The characterizations of the tradespace of allowable position and velocity perturbations

via the principal plane approximation and a full discretization across expanding shells are

compared under favorable conditions for the principal plane assumption. In this planar

analysis, the expanding shell discretization is conducted by selecting discrete points on circles,

reflecting this analysis of planar perturbations, of increasing radius in the position and

velocity perturbation subspaces. A targeting problem is simulated for each possible pair

of perturbed initial conditions from the position and velocity subspaces. To illustrate the

critical features of the tradespace, each point in Figure  5.9a corresponds to the maximum

number of iterations required to converge to a solution for over all points of a given pair of

position and velocity perturbation magnitudes, i.e., a pair of two particular circles in the

planar position and velocity subspaces. For example, state perturbations within a circle in

position space with a radius of 200 km and within a circle in velocity space with a radius

of 1 m/s always convergence in 5 or fewer iterations. In the scenario, the contours that

define iteration limits in the tradespace have a nearly-linear form. Similar to the depictions

of the independent perturbation subspaces in Figures  5.7a and  5.12a , the gradient begins to
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(a) Expanding Shell Discretization (b) Principal Plane Approximation

Figure 5.9. Position-Velocity Tradespace for Single-Maneuver DRO Target-
ing (t0 ≈ 0.54T )

increase for limits of greater than 6 iterations as the main basin transitions toward chaotic

behavior. The results of a principal plane analysis are depicted in Figure  5.9b where each

point represents the largest magnitude along the parameterized principal plane search vector

η(s), defined in Equation ( 4.18 ), for which all targeting simulations converge within a given

iteration limit. The principal plane is constructed from the vectors v1,1 and v2,1, arising

from the 1st-order perturbation Jacobian, because higher-order singular vector analysis yields

approximately-equivalent information in this case, as observed in Figures  5.2a and  5.2b . As

predicted from the satisfaction of the co-planar conditions, the limited discretization along

the vectors η(s) in the principal plane accurately approximates the locations of the iteration

contours produced in the broader expanding shell analysis. Arising from a more focused

strategy, this prediction comes with a substantially lower computational cost.

By employing the scalar quantity ψ from Equation (  4.27 ), a purely-evaluated strategy

lends insight into the form of the position-velocity tradespace without the need for any

iterative targeting simulations. Shown in Figure  5.10 , the maximum value of ψ, measuring

the difference between the design Jacobian at the perturbed point, ∂F
∂X

∣∣∣
(X ,Y)

and the design

Jacobian at the reference solution, ∂F
∂X

∣∣∣
(X ∗,Y∗)

, is plotted for each combination of position and

velocity perturbation magnitudes in the full expanding-shell discretization and visualized

with interpolated shading to illustrate the behavior. The diagonal contours of constant color
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Figure 5.10. Evaluated Scalar ψ in the Position-Velocity Tradespace for
Single-Maneuver DRO Targeting (t0 ≈ 0.54T )

match the tradespace representations depicted in Figures  5.9a and  5.9b . Though the form

of the simulated tradespace is apparent in the plot of this evaluated quantity, the upper

bound for the color scale, reaching saturation at lnψ = 5, is manually selected to highlight

this similarity, limiting its use in determining the exact locations of the constant-iteration

contours and the chaotic boundary region. However, the correlation between the tradespace

and the values of ψ at each point demonstrate the connection between the form of the main

basin and the normalized change in the design Jacobian.

5.1.2 Unfavorable Principal Plane Conditions (t0 ≈ 1.54T )

The second targeting scenario chosen for analysis is associated with a maneuver time of

t0 ≈ 1.54T , reflecting unfavorable conditions for the co-planar assumption in the principal

plane heuristic. In Figures  5.6a ,  5.6b , and  5.6c , the high angular difference between the

dominant constraint principal directions and the low singular value ratio of the independent

subspaces reflect the measured deviation of the principal directions from a single principal

plane. First, the individual position and velocity perturbation subspaces are characterized

to show how the basin structure relates to the principal directions and singular values.
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Illustrated in Figure  5.11a , the principal directions v1,1 and v1,2 in the position subspace

possess singular values of 3.45 and 2.13, respectively, predicting a more uniform growth in

the constraint vector and development of the convergence basin in all directions near the

origin. As shown in Figure  5.11a , this behavior is confirmed from the simulation of discretized

(a) Iterations to Converge (b) Evaluated Scalar ψ

Figure 5.11. The Position Perturbation Space Y1 for Single-Maneuver DRO
Targeting (t0 ≈ 1.54T )

points in the planar perturbation space. At each perturbed initial condition, the scalar ψ is

evaluated to measure the change in the design Jacobian from the reference, and the results

are plotted in Figure  5.11b . The vector v′
1 appears to point in the direction of the most

rapid change in ψ near the reference solution, located at the origin, and the boundary of the

main basin seen in Figure  5.11a corresponds to elevated values of ψ. However, the vector

v′
1, a function of the 1st- and 2nd-order derivatives in the problem, does not point directly

at the bounding structure for high iteration counts. This behavior is not unexpected due to

the very large magnitude of the perturbations compared to the Earth-Moon system and the

influence of higher-order terms away from the neighborhood of the reference solution.

With singular values of 2.38 and 1.51 for the matrix ∂F
∂Y2

∣∣∣
(X ∗,Y∗)

, the velocity perturbation

subspace, plotted in Figure  5.12a , exhibits similar uniformity of development for small iter-

ation counts. With this more uniform development of the basin, the principal directions are

not visually distinguished for this maneuver time as easily as the scenario with a maneuver

97



(a) Iterations to Converge (b) Evaluated Scalar ψ

Figure 5.12. The Velocity Perturbation Space Y2 for Single-Maneuver DRO
Targeting (t0 ≈ 1.54T )

at t0 ≈ 0.54T , shown in Figure  5.8a . However, the ambiguity does not, in fact, significantly

impact the error in the PDA-measured basin width for sufficiently-small iteration limits,

because this uniformity implies that any measurement direction that is a linear combination

of the principal directions with similar singular value magnitudes yields a similar growth rate

in the constraints. In Figure  5.12b , the vector v′
2, indicating the direction with the largest

normalized change in the design Jacobian due to velocity perturbations, is directed toward

the bounding structure of the main basin, and the structure itself appears to correspond to

elevated values of ψ in the Y2 perturbation space.

Due to its nonconformity with the principal plane assumptions, the maneuver time

of t0 ≈ 1.54T offers an opportunity to examine deviations between the position-velocity

tradespace in principal plane and the fuller expanding shell discretization. The points in

Figure  5.13a are colored according to the maximum number of iterations required to con-

verge on a solution for each pair of position and velocity perturbation magnitudes. Similar

to the previous scenario, the required iteration count steeply increases in the tradespace for

limits of 6 iterations and above. This behavior is reflected in the results of the principal

plane approximation, computed by simulating targeting problems in plane constructed from

v1,1 and v2,1 and displayed in Figure  5.13b where the iteration contours become densely-
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(a) Expanding Shell Discretization (b) Principal Plane Approximation

Figure 5.13. Position-Velocity Tradespace for Single-Maneuver DRO Target-
ing (t0 ≈ 1.54T )

packed. In this scenario, the principal plane approximation slightly over-predicts the allow-

able perturbation magnitudes in the tradespace, suggesting that the actual critical features

of the tradespace exist outside of the principal plane. This result is not surprising due to

its violation of the principal plane assumptions. However, the tradespace represented in the

principal plane yields a reasonable approximation for a preliminary analysis of the perturbed

targeting problem and chosen maneuver time for a significantly-reduced number of targeting

simulations.

As an alternative to the principal plane approximation, the evaluated quantity ψ is

computed across the full position and velocity perturbation space to produce insight into

the position-velocity tradespace. Depicted in Figure  5.14 , the maximum value of ψ for pairs

of position and velocity perturbation magnitudes in the 4-dimensional (planar position and

velocity) expanding-shell discretization reflect the evolution of the design Jacobian, i.e., the

partial derivatives used in the differential corrections process, in the perturbation space.

The boundary of the dark blue region, signifying a relative similarity between the Jacobian

matrices at the perturbed point and reference solution, correlates with boundary of the

boundary of the main basin depicted in Figure  5.13a . Though intervention is required to

select the upper limit for the coloration of the space, the form of the evolution of ψ and the

critical features of the tradespace are consistent. This result indicates that the form of the

99



Figure 5.14. Evaluated Scalar ψ in the Position-Velocity Tradespace for
Single-Maneuver DRO Targeting (t0 ≈ 1.54T )

convergence basin is related to the normalized change in the design Jacobian as perturbations

are applied to the reference solution.

5.2 Two-Maneuver Targeting

A related targeting problem with two maneuvers is formulated to assess the convergence

behavior characterization strategies from this investigation in a scenario that uses a multiple-

shooting differential corrections strategy. Employing motion in the vicinity of the same

underlying DRO, the first maneuver is executed at a fixed time of t0 = 0 and located at the

defining 70,000 km x̂-axis crossing, previously at tref , in the reference solution. A second

maneuver is executed at time t1 downstream, which is treated as parameter for studying

possible design alternatives. Chosen to highlight connections to the single-maneuver scenario,

reference trajectories are illustrated for t1 ≈ 0.54T and t1 ≈ 1.54T in Figures  5.15a and  5.15b ,

respectively. These impulsive maneuvers target the full reference state at t2 = 2T , and the

constraints are formulated to allow the position at t1 to vary while being continuous across

the incoming (superscript −) and outgoing (superscript +) states. State perturbations are
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(a) Maneuver at t1 ≈ 0.54T (b) Maneuver at t1 ≈ 1.54T

Figure 5.15. 70,000 km DRO Trajectory and Two-Maneuver Reference Locations

introduced at the first maneuver time, t0, and the resulting perturbed targeting problem is

formulated as

F =


ρ(t1)− − ρ(t1)+

ρ(t2)− − ρd

ρ̇(t2)− − ρ̇d

 , X =


ρ̇(t0)+

ρ(t1)+

ρ̇(t1)+

 , Y =

Y1

Y2

 =

ρ(t0)

ρ̇(t0)

 (5.3)

where ρd and ρ̇d denote the desired final position and velocity vectors on the reference orbit.

To ground the analysis in a concrete scenario, this targeting problem is intended to reflect a

possible method for station-keeping on the reference DRO after the execution of the single-

maneuver arrival problem discussed above. To characterize the convergence behavior across

a range of possible mission designs, the time of the second maneuver, t1, is varied from 6

hours after t0 to 6 hours before t2, covering nearly two periods of the reference DRO.

The PDA strategy is implemented to study the impact of independent perturbations in

initial position and velocity on the convergence behavior as t1 is varied in this multiple-

shooting problem. The principal directions consist of the set of j right singular vectors of
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∂F
∂Yi

∣∣∣
(X ∗,Y∗)

and the mode-3 singular vectors of ∂F
∂X

∣∣∣−1

(X ∗,Y∗)
∂2F

∂X ∂Yi

∣∣∣
(X ∗,Y∗)

, denoted vi,j and v′
i,

respectively. The largest magnitude of position perturbation to result in convergence within

3 iterations is plotted in Figure  5.16a for each principal direction over the range of possible

times for t1. The dashed lines represent a chosen upper limit of 10 non-dimensional units that

(a) Position Perturbation Subspace (b) Velocity Perturbation Subspace

Figure 5.16. Individual Principal Direction Measurements for the Two-
Maneuver DRO Scenario with a 3-Iteration Limit

prevent the computation of preposterously large measurements. Similarly, the basin width

values measured via PDA in the velocity subspace is shown in Figure  5.16b . In the position

subspace, discretization and simulation along the dominant right singular vector, v1,1, and

the direction of the largest normalized rate of change in the design Jacobian, v′
1, yield similar

results for the basin width approximations across the majority of maneuver times, and the

vector v1,2 with a smaller singular value permits larger perturbation magnitudes. However,

deviations from this trend are evident in two regions. First, discretization in all 3 directions

produce similar basin width measurements when t1 is approximately 10 days downstream

from the initial time. Additionally, when the time of the maneuver at t1 is over 21 days after

the initial perturbation, the basin width measurements across the principal directions result

from discretization along v1,1. In the velocity subspace, the basin width approximation is

dominated by measurements in the v2,1 and v′
2 directions that visually overlap in Figure

 5.16b . These results reinforce the potential limitations of the heuristic that motivates PDA

as an approximation for the basin width and the benefits of discretizing in all principal

directions as a mitigation strategy.
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A more complete description of the convergence behavior is attained by varying the

targeting iteration limit from 3 to 8 and selecting the minimum basin width value for each

principal direction. The PDA-measured basin width in the Y1 subspace, associated with

planar position perturbations at t0, is plotted in Figure  5.17a for each update iteration limit.

The evaluated basin metrics γ1 and γ′
1, defined in Equations (  4.35 ) and (  4.44 ), respectively,

(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 5.17. Two-Maneuver DRO Scenario PDA Basin Width Measurements
and Evaluated Basin Metrics

for each candidate maneuver time t1 are plotted in Figure  5.17b . Upon visual inspection,

strong correlation exists between the trends of the basin width measurements and the basin

metric values at the reference solutions as the parameter t1 evolves. Importantly, the abrupt
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basin contraction at t1 ≈ 20.2 days is predicted by the basin metric values and confirmed

in the PDA-measured basin widths. The basin widths and metric values for the Y2 velocity

subspace are plotted in Figures  5.17c and  5.17d , respectively. Again, the forms of the basin

width contours and the basin metric values share key features, and the contraction in the

basin width is predicted by the values of γ2 and γ′
2. In this targeting scenario, the values of

γi, produced by the matrix norm, and the values of γ′
i, higher-order singular values resulting

from the optimization problem in Equation ( 4.45 ), are approximately equivalent and provide

similar insights into the problem.

An alternative characterization of the convergence behavior according to the FTLE-

inspired, evaluated quantities from Equations ( 4.15 ) and ( 4.14 ) does not possess as strong

of a predictive capability. The FTLE-inspired quantities from the independent perturbation

Jacobian matrices and the design Jacobian matrix are shown in Figure  5.18 . None of these

Figure 5.18. FTLE-Inspired Quantities in the Two-Maneuver DRO Scenario

metrics fully predict the behavior observed in Figures  5.17a and  5.17c , and, in particular,

none of the FTLE-inspired metrics predict the rapid decrease in basin width at t1 ≈ 20.2

days, suggesting that the increased cost of computing 2nd-order derivatives for the basin

metrics is warranted.
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Analogous to the single-maneuver targeting problem, the principal plane conditions de-

tailed in Equations ( 4.24 ), (  4.25 ), and (  4.20 ) are examined to select one favorable and one un-

favorable time for the maneuver at t1 for detailed analysis of the position-velocity tradespace.

Analysis of the linear models suggests the principal plane heuristic approximation is likely to

correlate with the theoretical tradespace when there is a small angle between the dominant

constraint-space principal directions, i.e., ∠(u1,1,u2,1) ≈ 0, and a large ratio of singular val-

ues in the independent subspaces, i.e., σi,1
σi,2

� 1. The values of the constraint-space angle and

the singular value ratio are plotted in Figures  5.19a and  5.19b , respectively. As predicted, the

(a) Angle Between Constraint Principal Direc-
tions

(b) Singular Value Ratio

(c) Principal Direction Projection Angles

Figure 5.19. Principal Plane Conditions for Two-Maneuver DRO Targeting
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satisfaction of these conditions correlates with nearly co-planar principal directions v1, v1,1

and v2,1, which is confirmed by the plots of the angular deviation θi from Equation ( 4.20 )

depicted in Figure  5.19c . From inspection of these results, the maneuver time of t1 ≈ 1.54T

is favorable for an approximation of the tradespace via analysis of the principal plane due to

its nearly co-planar principal directions and dominant singular values of the perturbation Ja-

cobian matrices ∂F
∂Y1

∣∣∣
(X ∗,Y∗)

and ∂F
∂Y2

∣∣∣
(X ∗,Y∗)

. Alternatively, the maneuver time of t1 ≈ 0.54T

is unfavorable for the application of the principal plane heuristic due to its large out-of-plane

angles and singular values of similar magnitude. Interestingly, this observation is the reverse

of the single-maneuver targeting analysis, highlighting the importance of incorporating both

the trajectory and the targeting problem formulation in convergence basin analysis.

5.2.1 Favorable Principal Plane Conditions (t1 ≈ 1.54T )

An exploration of the two-maneuver scenario with t1 ≈ 1.54T is begun by first assessing

the alignment of the principal directions in the independent position and velocity perturba-

tion subspaces with form of the local main convergence basin. Given perturbations at the

time of the first maneuver, t0, the number of iterations required to achieve convergence is

plotted across Y1, or the position subspace, in Figure  5.20a . The principal direction vectors

(a) Iterations to Converge (b) Evaluated Scalar ψ

Figure 5.20. The Position Perturbation Space Y1 for Two-Maneuver DRO
Targeting (t1 ≈ 1.54T )
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v1,1 and v1,2 are plotted in white and labelled according to the associated singular values

of ∂F
∂Y1

∣∣∣
(X ∗,Y∗)

. In the plane, a dominant direction with the most rapid change in required

iterations clearly exists and is closely aligned with the dominant singular vector v1,1. Figure

 5.20b depicts the values of ψ, a measure of the similarity of the design Jacobian matrix
∂F
∂X

∣∣∣
(X ,Y)

at each perturbed point to the matrix at the reference solution, and the vector v′
1

that reflects the direction with the largest local normalized change in the design Jacobian

matrix. In this perturbed targeting scenario, the values of ψ are relatively-low compared to

the values of previously-examined scenarios and develop with some symmetry in the pertur-

bation space. In contrast, the increase in iterations and the edge of the main basin observed

in Figure  5.20a does not exhibit the same symmetry. The misalignment between these re-

sults suggests that the difficulty in the corrections process observed in the initial position

perturbation subspace is not primarily driven by change in the design Jacobian across that

space but, instead, by another mechanism. Because the partial derivatives in the problem are

computed with the dependency assumptions for multiple-shooting problems from Equation

( 3.49 ), all interactions between perturbations in the position at the time t0 and the state

variables at the times t1 and t2 as the trajectory is updated beyond the first iteration are

not captured in this method, revealing a limitation in its descriptive capability.

The convergence behavior in the initial velocity perturbation space, Y2, is described by

both the local growth in the constraints and the normalized change in the design Jacobian

matrix. The number of iterations required to converge to a new solution is plotted across the

Y2 space with the principal directions v2,1 and v2,2 in Figure  5.21a , and the corresponding

depiction of the values of ψ in the space are plotted in Figure  5.21b with the vector v′
2. In

Figure  5.21a , the dominant singular value of ∂F
∂Y2

∣∣∣
X ∗,Y∗)

is three orders of magnitude larger

than smaller singular value, and the form of the convergence basin follows the structure

of the right singular vectors. Additionally, the direction with the largest local normalized

change in the design Jacobian matrix, indicated by the mode-3 singular vector v′
2, is closely

aligned with the dominant singular vector v2,1 and the steepest gradient in the iteration

count. In contrast to the results in the Y1 space, convergence in the Y2 space appears to be

largely driven by the predicted local growth in the constraints and the normalized change in

the design Jacobian.
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(a) Iterations to Converge (b) Evaluated Scalar ψ

Figure 5.21. The Velocity Perturbation Space Y2 for Two-Maneuver DRO
Targeting (t1 ≈ 1.54T )

To characterize the tradespace of position and velocity perturbations, the principal plane

approximation is compared to a discretization across a series of expanding shells in the full

perturbation space. Because the scenario with a maneuver time of t1 ≈ 1.54T satisfies

the assumption of nearly co-planar directions v1,1, v2,1, and v1, the critical features of the

tradespace are expected to appear in an interrogation of the principal plane, constructed via

v1,1 and v2,1. The tradespace characterized by the maximum number of iterations required

to converge to a solution for each pair of position and velocity perturbation magnitudes is

plotted in Figure  5.22a . The results of the principal plane analysis is illustrated in Figure

(a) Expanding Shell Discretization (b) Principal Plane Approximation

Figure 5.22. Position-Velocity Tradespace for Two-Maneuver DRO Targeting
(t0 ≈ 1.54T )
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 5.22b where each point represents the largest magnitude along the vector η(s), defined in

Equation ( 4.18 ), in the principal plane for which all targeting simulations converge within

a given iteration limit, indicated according to the color of the point. As predicted from

analysis of the co-planar conditions, limiting the discretization of the perturbation space to

the parameterized vectors η(s) in the principal plane provides an accurate approximation

for the iteration Pareto frontiers in the broader analysis via an expanding shell discretization

while requiring fewer simulations.

The form of the position-velocity tradespace is compared to the trends in ψ across the full

state perturbation space, plotted in Figure  5.23 . Each pair of position and velocity perturba-

Figure 5.23. Evaluated Scalar ψ in the Position-Velocity Tradespace for Two-
Maneuver DRO Targeting (t0 ≈ 1.54T )

tion magnitudes is colored according to the maximum evaluated magnitude of ψ, measuring

the largest normalized change in the design Jacobian across the perturbation space. Though

the upper bound of the color gradient is intentionally selected to make any similarity in form

apparent, the underlying values are unchanged by this choice. The independent analysis of

velocity perturbations in Figure  5.21a suggests that values of ψ correlate with the form of

the basin for perturbations with relatively significant velocity perturbations and relatively

small perturbations in position, roughly corresponding to transition from orange to yellow
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in Figure  5.23 . Analysis of the independent position perturbation space did not demonstrate

a clear correlation with ψ, consequently, the form of the tradespace is not predicted by the

values of ψ where position perturbations have the largest contribution.

5.2.2 Unfavorable Principal Plane Conditions (t1 ≈ 0.54T )

For the two-maneuver DRO targeting scenario where the second impulsive event is exe-

cuted at t1 ≈ 0.54T , the singular values of the independent perturbation Jacobian matrices

are closer in magnitude, suggesting a more uniform development of the convergence basin

and a more challenging characterization process. The Y1 perturbation space, defined as

perturbations in position at the time of the first maneuver t0, is shown in Figure  5.24a 

with each point colored according to the number of targeting iterations required to achieve

convergence. The right singular vectors of ∂F
∂Y1

∣∣∣
(X ∗,Y∗)

are drawn on the figure with their cor-

(a) Iterations to Converge (b) Evaluated Scalar ψ

Figure 5.24. The Position Perturbation Space Y1 for Two-Maneuver DRO
Targeting (t1 ≈ 0.54T )

responding singular values, and the form of the basin for small iteration counts is structured

along these directions. Additionally, the evolution of the design Jacobian correlates with

the structure that limits the main basin at high iteration limits, as shown via the plot of ψ

values at each point in Figure  5.24a , which also includes the direction of the maximum local

normalized change in the design Jacobian due to perturbations in initial position, v′
1. Over-
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all, the information gained by the perturbation Jacobian matrix and the normalized change

in the design Jacobian matrix from the reference provides insight into the basin structure.

The perturbation subspace associated with change in the initial velocity possesses a more

complex structure of the local main basin. Plotted in Figure  5.25a , the convergence basin

emanates from the origin with greater uniformity for small iteration counts, a characteristic

that is predicted by the relative magnitudes of the singular values σ2,1 and σ2,2. For regions

(a) Iterations to Converge (b) Evaluated Scalar ψ

Figure 5.25. The Velocity Perturbation Space Y2 for Two-Maneuver DRO
Targeting (t1 ≈ 0.54T )

where the iteration count exceeds 6 in this velocity perturbation subspace, nonlinear effects

begin to dominate, and the structure of the basin develops less predictably. The values of

ψ in the subspace are plotted in Figure  5.25b , and regions with elevated values of ψ appear

to correlate with the locations of iteration contours in the top left portions of the figures.

The directions v2,1 and v′
2 continue to correlate closely with the direction that results in the

steepest iteration gradient in the monotonic region. Therefore, even in convergence basins

with more ambiguous, uniform local development and significant contributions from nonlin-

ear terms, the directions computed from the partial derivatives evaluated at the reference

solution provide useful information about the local structure.
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The scenario with a maneuver event at t1 ≈ 0.54T is selected due to conditions that

violate the co-planar assumption of the principal plane strategy; therefore, a difference is

expected between the tradespaces generated via the 4-dimensional discretization via expand-

ing shells and the principal plane analysis. The position-velocity tradespace associated with

the fuller expanding shell method is plotted in Figure  5.26a , and the tradespace resulting

from the linear searches along the parameterized vectors η(s), defined in Equation (  4.18 ),

that comprise the principal plane are shown in Figure  5.26b . For iteration limits of 6 and

(a) Expanding Shell Discretization (b) Principal Plane Approximation

Figure 5.26. Position-Velocity Tradespace for Two-Maneuver DRO Targeting
(t1 ≈ 0.54T )

fewer, the contours derived from the principal plane analysis mirror those of the more com-

plete discretization of the perturbation space. In fact, the low iteration count region is

represented in a plot of ψ in the joint perturbation space in Figure  5.27 by the blue-colored

region, associated with small changes in the design Jacobian matrix. As the iteration limit

increases, however, the tradespace approximation in the principal plane overestimates the

allowable combinations of position and velocity magnitude for which the targeting problem

always converges within a given number of iterations. As apparent in the depiction of the

independent velocity subspace in Figure  5.25a , the tradespace develops less predictably for

these higher iteration limits, especially in regions of the principal plane that possess a larger

component in the velocity subspace. This complexity is observed in the depiction of ψ in the

same velocity-dominated region of the tradespace. Though not a perfect characterization
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Figure 5.27. Evaluated Scalar ψ in the Position-Velocity Tradespace for Two-
Maneuver DRO Targeting (t0 ≈ 0.54T )

of the tradespace, the principal plane analysis provides a reasonable approximation for the

upper limit of convergence performance in the full perturbation space, and the knowledge

obtained from the co-planar criteria provides an apt warning that the approximation may

struggle to approximate the critical features.
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6. APPLICATION TO EARTH-MOON L2 SOUTHERN HALO

ORBITS

As potential destination orbits for spacecraft conducting scientific activities in the vicinity

of the Moon, the family of L2 halo orbits are a focus of ongoing research. In particular,

the Near Rectilinear Halo Orbits (NRHOs), a subset of this periodic orbit family, garner

significant attention as the destination orbit for NASA’s Gateway mission, consisting of a

crewed outpost in the lunar vicinity [ 65 ]–[ 67 ]. The periodic orbit family is obtained through

analysis of the CRTBP and results from a bifurcation from planar motion about the L2

point, i.e., a particular member of the L2 Lyapunov family of periodic orbits. Each member

of the L2 halo orbit family has a counterpart with motion that is reflected across the x̂-ŷ

plane, and the “southern” subset of the family corresponds to trajectories with an apolune in

the −ẑ direction. A sampling of periodic orbits in the Earth-Moon L2 southern halo family

are depicted in Figure  6.1a , beginning with the bifurcating planar orbit and ending with the

NRHO with a perilune distance equal to the lunar radius. This family consists of periodic

(a) L2 Southern Halo Family (b) 9:2 NRHO

Figure 6.1. L2 Southern Halo Family in the Earth-Moon Rotating Frame
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orbits that exist in three spatial dimensions, vary greatly in their proximity to the primary

gravitational bodies, and possess differing stability properties; thus, investigation of the

L2 southern halo orbit family is a useful application for the characterization of convergence

behavior. The particular NRHO, possessing 9:2 lunar synodic resonance, is plotted in Figure

 6.1b and serves as a representation of the reference motion for the Gateway mission in the

CRTBP. The nearly-stable 9:2 NRHO is characterized by a large apolune distance, oriented

out-of-plane relative to the Earth-Moon orbital plane, and a relatively close perilune passage

near the Moon, both denoted in Figure  6.1b , providing dynamically-interesting reference

motion for the study of convergence in perturbed targeting problems.

6.1 Convergence Behavior Across the L2 Southern Halo Family

A scenario is considered where a trajectory designer seeks to identify potential periodic

orbits for a mission from the L2 southern halo orbit family. Supposing the engineer seeks

to maintain the geometry and period of the reference orbit, a preliminary station-keeping

concept is considered that involves the execution of a maneuver at apolune to target back to

the reference apolune position at a fixed time-of-flight downstream that is an integer multiple

of the orbital period. To investigate the permissible error in the spacecraft state at the time

of the targeting and maneuver execution, a perturbed targeting problem is formulated and

represented as

F = ρ(t1) − ρd , X = ρ̇(t0) , Y =

Y1

Y2

 =

ρ(t0)

ρ̇(t0)

 (6.1)

where the set of perturbation variables is decomposed into Y1 and Y2, representing the

initial position and velocity vectors, respectively. The desired final position, ρd, is defined as

the position of the apolune point for the reference periodic orbit, and the propagation time,

t1, is fixed within the targeting problem.

The convergence behavior of the perturbed targeting problem is investigated across a

sampling of L2 southern halo orbits for fixed times-of-flight, and the case where t1 is equal to

1 period of the underlying periodic orbit is examined first. Measurements of the independent

Y1 and Y2 perturbations subspaces via PDA provide insight into the trends in convergence
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behavior across family of reference orbits. For each subspace Y i, the principal directions

of discretization are comprised of the vectors vi,j for j = 1 . . . pi, i.e., the right singular

vectors of ∂F
∂Yi

∣∣∣
(X ∗,Y∗)

, and the vector v′
i, i.e., the mode-3 singular vector associated with the

largest singular value of ∂F
∂X

∣∣∣−1

(X ∗,Y∗)
∂2F

∂X ∂Yi

∣∣∣
(X ∗,Y∗)

. For the independent position and velocity

perturbation subspaces, the basin width magnitudes in each principal direction are plotted

in Figure  6.2a and  6.2b , respectively, with a limit of 3 targeting iterations for each sampled

trajectory in the L2 southern halo orbit family, uniquely defined by its perilune radius. In

(a) Position Perturbation Subspace (b) Velocity Perturbation Subspace

Figure 6.2. Individual Principal Direction Measurements 1-Period Halo Tar-
geting with a 3-Iteration Limit

Figure  6.2a , the minimum basin width value across the set of directions is associated with

the vector v′
1, corresponding to the direction with the largest local normalized change in

the design Jacobian due to 2nd-order influences. Though these measurements are roughly

equivalent to information gained from the vectors associated with the perturbation Jacobian,

the limiting behavior switches between v1,2 and v1,1 at the trajectory with a reference

perilune radius of approximately 11,000 km. Thus, discretization solely along the dominant

direction in the Y1 subspace driving growth in the constraints, reflected in the vector v1,1,

does not provide sufficient information to approximate the basin width across the family

of orbits. A similar phenomenon is observed in Figure  6.2b , where the limiting feature

of the convergence basin for the selected iteration limit switches between v2,2 and v2,1

but is consistently aligned with the vector v′
2, reflecting the dominant direction of relative
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nonlinearity to 2nd order. These results indicate that the local relative nonlinearity across

the perturbation space characterizes the basin width in these targeting scenarios rather than

the local linear rate of growth in the constraint vector.

The convergence basins associated with these targeting problems are further characterized

by taking the minimum basin width value obtained via the PDA measurement technique for

a range of iteration limits. For a 1-period time-of-flight, the basin width measurements for

perturbations in the initial position across the family are colored in Figure  6.3a for limits of 4

through 8 iterations. For most of the reference trajectories, the trend is consistent across the

(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 6.3. 1-Period Halo Targeting PDA Basin Width Measurements and
Evaluated Basin Metrics

range of iteration limits; however, scattered behavior is visible at limits of 7 and 8 iterations

for reference trajectories with perilune radii less than 20,000 km. This non-smooth behavior
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is indicative of traversal into the chaotic region between main basins in perturbation space

and suggests that limits above 6 iterations fail to guarantee predictable convergence to the

main basins of the reference solutions in this perilune range. The basin metrics γ1 and γ′
1,

computed via Equations ( 4.35 ) and ( 4.44 ), respectively, in the Y1 subspace measure the local

normalized rate of change in the design Jacobian for each targeting problem and are plotted

in Figure  6.3b . Across the range of reference orbits, the basin metric essentially captures the

(relatively simple) features of the trends in measured convergence basin width for targeting

scenarios with 1-period times-of-flight. Additionally, the value of basin metric is observed to

be insensitive to the method of computation. In other words, the matrix-norm approximation

in Equation (  4.35 ) produces similar results to the more costly higher-order singular value

computation in Equation (  4.44 ). Similar analysis of the Y2 velocity subspace indicates that

the trends in the PDA-measured basin width across the set of reference trajectories, shown in

Figure  6.3c , are also reflected in the plots of the basin metrics γ2 and γ′
2, shown in Figure  6.3d .

Defined by Equation (  4.15 ), the values of the FTLE-inspired metrics λY1 and λY2 , which

utilize 1st-order information about local growth rate in constraints, are plotted in Figure  6.4 

and do not accurately predict the relative convergence behavior for reference trajectories with

perilune radii of less than 10,000 km. This result suggest that the relative nonlinearity in

Figure 6.4. FTLE-Inspired Quantities for 1-Period Halo Targeting
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each Y i perturbation subspace, measured via γi or γ′
i, is the dominant factor in convergence

behavior for the 1-period perturbed targeting problem across the set of reference orbits.

More complex trends in convergence behavior are observed by increasing the time-of-flight

in these perturbed targeting problems to 2 periods of the underlying reference orbits. The

PDA-measured basin widths in Figure  6.5a for iteration limits from 4 through 8 characterize

the trends in convergence behavior in the Y1 position perturbation subspace for these 2-

period fixed-time targeting problems. As the reference trajectories evolve in perilune radius,

(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 6.5. 2-Period Halo Targeting PDA Basin Width Measurements and
Evaluated Basin Metrics

contractions in the convergence basin are indicated by rapid decreases in the measured basin

width values. The measurements are truncated at a lower limit of 1 m, illustrated with a

dashed line, reflecting the point beyond which the convergence basin is impractically small
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and dominated by numerical tolerances in the problem. While the basin width measurements

in Figure  6.5a are computed via numerous targeting simulations, basin metrics γ1 and γ′
1,

plotted in Figure  6.5b , are evaluated at the reference solutions. Comparison of Figures  6.3a 

and  6.5b results in the observation that basin width contractions, or local minima, correlate

with local minima in the basin metrics for the same reference trajectories. Additionally—

though the magnitudes differ—the qualitative form of the trends in basin metric matches

that of the measured basin width values. Figures  6.5c and  6.5d represent the PDA-measured

basin width, truncated at 1 µm/s, and evaluated basin metric values, respectively, in the Y2

velocity perturbation subspace, and the same predicative capability is observed. In contrast,

the FTLE-inspired metrics λY1 and λY2 in Figure  6.6 fail to correlate with the measured local

minima in convergence behavior across the family of reference orbits. However, the FTLE-

Figure 6.6. FTLE-Inspired Quantities for 2-Period Halo Targeting

inspired metrics appear to roughly reflect the trend in convergence behavior in the absence of

these contracting regions, producing an incomplete but situationally-useful characterization.

Extending the analysis to a reference trajectory with a 3-period time-of-flight from apol-

une to apolune provides supporting evidence that the evaluated basin metric values constitute

a useful measure of relative basin width across the family of reference orbits. The width of the

convergence basin in the Y1 position subspace is plotted in Figure  6.7a for different iteration
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limits to produce a physical characterization of the main basin for each reference trajectory.

In Figure  6.7b , the basin metric values, γ1 and γ′
1, in the Y1 subspace are evaluated along

(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 6.7. 3-Period Halo Targeting PDA Basin Width Measurements and
Evaluated Basin Metrics

each reference solution, indexed by the perilune distance. Consistent with the 1-period and

2-period targeting scenarios, the basin metrics—both roughly equivalent despite their differ-

ing computation methods—follow the form of the PDA-measured basin width values across

the family of solutions. Additionally, the trend in basin metric values, plotted in Figure

 6.7d , serve to predict the relative trend in basin width measurements in the Y2 velocity

subspace in Figure  6.7c . While the FTLE-inspired values, defined in Equation ( 4.15 ), for

each perturbation subspace match the general change in convergence behavior as the refer-

ence orbit increases in perilune radius, the evolution of the FTLE-inspired quantities does
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not predict the local minima in the basin width measurements that occur across the family.

The additional computational burden in producing the 2nd-order partial derivatives for the

Figure 6.8. FTLE-Inspired Quantities for 3-Period Halo Targeting

evaluation of the γi basin metric values is justified by their strong correlation with the PDA-

measured basin width values and the weaker correlation with the 1st-order FTLE-inspired

quantities. Overall, the information gained from the local normalized rate of change in the

design Jacobian, measuring nonlinearity in the perturbed targeting problem at the reference

solution, yields a relative performance metric that allows for the prediction and comparison

of convergence behavior across a set of reference trajectories in the L2 southern halo orbit

family without the need for numerous simulations of the iterative targeting problem.

6.2 Convergence Behavior for Targeting Problems in the 9:2 NRHO

The representation of particular events in a mission, e.g., the application of constraints or

the execution of maneuvers, at discrete points are not the only use for nodes, or patch points,

along a trajectory. Frequently, nodes are employed in multiple-shooting problems to alter the

problem in a way that improves the convergence behavior without changing the functional

design of the mission [ 20 ]–[ 22 ]. To accommodate these “support” patch points, full state
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continuity constraints are added to the targeting problem, ensuring equality between the

incoming and outgoing states at the associated times. Due to its utilization as the reference

motion for NASA’s Gateway mission [ 65 ]–[ 67 ], the L2 southern NRHO that possesses a 9:2

synodic resonance with the period of the Earth-Moon orbital motion is chosen to investigate

the impact of a support patch point on convergence behavior.

6.2.1 Targeting on the 9:2 NRHO with a Support Patch Point

With the inclusion of a support patch point, a study of potential locations along the

reference trajectory and a comparison to an equivalent “unsupported” single-shooting prob-

lem are naturally of interest. The perturbed targeting problem in Equation (  6.1 ), previously

applied across the family of L2 southern halo orbits, serves as an appropriate single-shooting

problem for comparative analysis. On the reference solution, the spacecraft is located at the

apolune point along the 9:2 NRHO at both the initial and final times. After the inclusion

of initial state perturbations, impulsive changes in velocity are employed to target back to

the reference apolune position after a fixed time-of-flight. The addition of a support patch

point requires the extension from a single-shooting to a multiple-shooting problem. While

the position at the final time, t2, is still constrained to the desired position vector, ρd, the

constraint vector is augmented to produce full state continuity at time t1, associated with

the support patch point. To allow movement of this patch point in the full 6-dimensional

phase space, the outgoing position and velocity vectors at t1 are appended to the set of

design variables. The perturbed targeting problem is consequently expressed as

F =


ρ(t1)− − ρ(t1)+

ρ̇(t1)− − ρ̇(t1)+

ρ(t2)− − ρd

 , X =


ρ̇(t0)+

ρ(t1)+

ρ̇(t1)+

 , Y =

Y1

Y2

 =

ρ(t0)+

ρ̇(t0)+

 (6.2)

By varying t1 as a parameter on the reference solution, the effect of the placement of the

support patch point on the convergence behavior is studied. An example configuration,

propagated in the CRTBP, is illustrated in Figure  6.9 . The parameterized value of t1 is

123



Figure 6.9. Reference Solution for 9:2 NRHO Targeting with Support Patch Point

varied from t0 = 0 to t2 = 2T , where T is the period of the underlying 9:2 NRHO, allowing

the impact of the support patch point’s placement to be predicted and measured.

Characterization of the convergence behavior for the set of targeting problems parame-

terized by t1 is first accomplished by measuring the basin width through the PDA method.

Plotted in Figure  6.10a , the width of the 3-iteration convergence basin in the Y1 position

perturbation subspace is measured along 4 directions, v1,j for j = 1, 2, 3 and v′
1, associated

with the perturbation Jacobian defined (Equation ( 4.17 )) and the normalized rate of change

in the design Jacobian (Equation ( 4.45 )), respectively. The partial derivatives in the prob-

lem are computed via numerical integration of the state transition tensors according to the

equations of motion that govern the CRTBP. By choosing a sufficiently small iteration limit,

the convergence behavior in the monotonic region in the vicinity of the reference solution is

measured. The measured basin width along the dominant right singular vector of ∂F
∂Y1

∣∣∣
(X ∗,Y∗)

,
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(a) Position Perturbation Subspace (b) Velocity Perturbation Subspace

Figure 6.10. Individual Principal Direction Measurements for 9:2 NRHO
Targeting with Support Patch Point for a 3-Iteration Limit

denoted v1,1, and the dominant mode-3 singular vector of ∂F
∂X

∣∣∣−1

(X ∗,Y∗)
∂2F

∂X ∂Y1

∣∣∣
(X ∗,Y∗)

, denoted

v′
1, are approximately equal across the domain of t1, signifying that the largest directions of

absolute change in the constraint vector and relative change in the design Jacobian are nearly

aligned at the reference solution. In this particular problem, therefore, the vectors v1,1 and

v′
1 are interchangeable as discretization directions for developing a preliminary description

of the convergence behavior. Analogous measurements in the 4 directions in the Y2 velocity

perturbation subspace in Figure  6.10b yield similar results, indicating that critical features

of the local main basin lie along the directions associated with the nearly-interchangeable

vector directions v2,1 and v′
2 for this particular perturbed targeting problem.

By only recording the minimum value measured in each direction of PDA strategy, the

convergence behavior of the multiple-shooting problem with a support patch point at t1
is compared to that of the analogous single-shooting problem for limits of 4 through 8

iterations. The PDA-measured basin width values in the Y1 subspace are plotted in Figure

 6.11a for each value of t1 and colored according to the corresponding iteration limit. For a

given value of t1, the basin width intuitively grows larger as the iteration count increases,

and the values fall closer together for higher iteration counts, signifying the steep gradient

associated a boundary of the main basin. Plotted as dashed lines for comparison, the basin

widths at each iteration limit for the single-shooting problem lack a support patch point
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(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 6.11. 9:2 NRHO Targeting PDA Basin Width Measurements and
Evaluated Basin Metrics with Support Patch Point

and, therefore, do not depend on t1. Figure  6.11a demonstrates that the inclusion of a

support patch point improves the convergence behavior for some values of t1 and worsens

the convergence behavior for others. The rapid contractions in the convergence basin width

are associated with placement of the support patch point near the two perilune passes of

the reference solution, a region of significant dynamical sensitivity due the proximity to the

Moon. The plots of γ1 (Equation (  4.35 )) and γ′
1 (Equation (  4.44 )) in Figure  6.11b also

display steep decreases in the basin metric values near these perilune passes, predicting

the measured behavior. The method of computation of the basin metric—whether through

the simpler matrix-norm or the optimization to yield the higher-order singular value–does

126



not have a significant impact on the prediction in this particular scenario. The baseline

value of γ′
1 in the single-shooting problem is plotted as a dashed line in Figure  6.11b . By

comparing to the constant single-shooting value, the basin metric values at each t1 correlate

with whether the inclusion of the support patch point will improve or worsen the measured

convergence basin width in Figure  6.11a , providing an locally-evaluated predicative measure

of the convergence behavior relative to both other potential times of t1 and to the simpler

single-shooting formulation. Though the trends in the basin metric values closely follow

those of the PDA measurements, an exception occurs for the segment between the initial

apolune and the first perilune where the basin metrics γ1 and γ′
1 overestimate the relative

basin sizes. However, an improvement in convergence behavior is still both predicted and

measured. Subsequent analysis of the convergence behavior in the Y2 velocity subspace

yields comparable findings. The PDA measurements in Figure  6.11c reflect reductions in the

basin width when the support patch point is placed near perilune on the reference orbit, and

changes in the convergence behavior relative to the dashed single-shooting basin width are

correlated with the relative changes in γ2 and γ′
2 in Figure  6.11d . Avoiding the numerous

targeting simulations required to compute the PDA measurements, the locally-evaluated

basin metrics, γ1 and γ2, predict the relative convergence performance in comparison to

other values of the parameter t1 as well as the absence of a support patch point.

Though the local minima in basin width are located at the perilune locations on the

reference orbit, the basin contracts to for a duration of time before and after this point of

closest approach of the Moon. The 2nd-order basin metric values for both the position and

velocity subspaces are plotted together in Figure  6.12a , where the time of the first perilune,

t1 = 0.5T , is marked with a dashed red line. By visual inspection, times of entering and

exiting the contracted duration are approximated as t1 = 0.42T and t1 = 0.64T , respectively.

In Figure  6.12b , the locations of these approximate boundaries in the convergence contraction

are plotted on the reference orbit. It is apparent that the basin contraction is not restricted

to the immediate vicinity of the perilune point but is instead distributed across a significant

portion of the reference trajectory.

As alternative predictors of convergence behavior, the FTLE-inspired quantities are com-

puted for the various possible placements of the support patch point. The quantities λYi
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(a) Basin Metric Values (b) Locations on Reference

Figure 6.12. First Perilune Basin Contraction for 9:2 NRHO Follow-On Targeting

for i = 1, 2, defined in Equation (  4.15 ), and λX , defined in Equation (  4.14 ), are plotted in

Figure  6.13 with a multiplication by -1 across the domain of the parameter t1 from 0 to

2T . Consistent with the plots of the basin width measurements in Figure  6.11a and  6.11c ,

Figure 6.13. FTLE-Inspired Quantities for 9:2 NRHO Targeting with Sup-
port Patch Point

there is a large degree of growth in the constraint vector due to changes in perturbation and

design variables at the perilune passes. Qualitatively, the FTLE-inspired quantities λYi
and

λX mirror the trends in the basin width measurements over much of the domain of t1. These
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results suggest the measures of absolute growth in the constraint vector and the relative

change in the design Jacobian due to perturbations are positively correlated in this particu-

lar scenario. In other words, support patch point placements with larger local sensitivity in

the constraints also have larger local sensitivity in the design Jacobian. However, the basin

metric values remain a more consistent indicator of the relative convergence properties of

the parameterized perturbed targeting problems.

In the independent subspaces consisting solely of position or velocity, a comparison of

basin metric values across a set of solutions provides mission designers with insight into

potentially problematic trajectories, and the basin width measurements allow engineers to

disqualify reference trajectories with convergence basins that cannot accommodate expected

position or velocity trajectory dispersions derived from guidance and navigation performance.

However, an accurate description of the position-velocity tradespace allows for the determi-

nation of unsuitable solutions in the really-existing presence of combined perturbations in

position and velocity. To begin this analysis, two times of interest are selected for the place-

ment of support patch point at t1 by examining features in the evolution of the basin metric

in the independent subspaces. The basin metric values γ′
1 and γ′

2, reproduced in Figure

 6.14 , significantly reduce in magnitude at the two perilune passes and plateau at relatively

consistent value between them. For a support patch point placed at t1 = 6.80 days, there

Figure 6.14. Basin Metric Values for 9:2 NRHO Targeting with Support Patch Point
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is relatively little change in the predicted convergence behavior for neighboring values of

t1, and the PDA-measured basin width values, shown in Figures  6.11a and  6.11c , level off,

confirming this prediction. Relative to the changing parameter t1, a support patch point

at t1 = 6.80 days sits in the “stable” center of the plateau. A support patch point placed

at t1 = 8.23 days along the reference trajectory has similar convergence behavior according

to the basin metric and PDA measurements; however, the support node is positioned at an

“unstable” edge edge of the plateau, or the beginning of a rapid change in the size of the

convergence basin as the parameter t1 evolves. Because the support patch points at t1 = 6.80

days and t1 = 8.23 days yield similar results for independent analyses of the position and

velocity subspaces but are differently situated with respect to evolution of the convergence

behavior in t1, these times are selected for tradespace analysis.

To characterize the position-velocity tradespace, the results of a 6-dimensional expanding

shell discretization and the reduced principal plane discretization are compared. The princi-

pal plane discretization strategy assumes that the critical limiting features of the tradespace

exist in a plane constructed by the the dominant right singular vectors of the perturbation

Jacobian matrices in the independent position and velocity perturbation subspaces, i.e., v1,1

and v2,1. The principal plane heuristic approximation is assumed to be most applicable

when these direction are co-planar with the dominant right singular vector of the combined

perturbation Jacobian matrix, v1, and the Equations ( 4.24 ), (  4.25 ), and ( 4.20 ) outline the

criteria to assess this applicability. First, the angles between the dominant left singular

vectors in the individual subspaces, defined in Equation (  4.24 ) and shown in Figure  6.15a ,

are computed. When the vectors u1,1 and u2,1 are aligned, the co-planar assumption that

supports the principal plane approximation is upheld, and small angular deviations suggest

that the assumption is reasonable. For t1 = 6.80 days and t1 = 8.23 days, the angular

deviations are approximately 26 deg and 15.5 deg, respectively. Though the vectors are not

nearly orthogonal, intuition does not necessarily provide guidance on if these deviations are

“sufficiently” small, so the other criteria are consulted to assess the expected validity of a

principal plane approximation. From the criteria in Equation ( 4.25 ), the relative levels of

dominance of the singular vectors are computed as the ratios of the largest to second-largest

singular values in the independent subspaces and plotted across the domain of t1 in Figure
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(a) Constraint Principal Direction Angle (b) Singular Value Ratio

(c) Principal Direction Projection Angles

Figure 6.15. Principal Plane Conditions for 9:2 NRHO Targeting with Sup-
port Patch Point

 6.15b . In both the Y1 and Y2 subspaces, the singular value ratios fall between 1 and 10

for the times of interest. Large magnitudes of the ratios are preferred to support the prin-

cipal plane heuristic approximation, so a direct measurement of the co-planar nature of the

vectors v1,1, v2,1, and v1 is required. Reflecting the co-planar criteria in Equation ( 4.20 ),

Figure  6.15c depicts the angle between the subspace directions vi,1 and the projection of

the vector v1 in that subspace. The small angular deviations from the principal plane show

that the three vectors are nearly co-planar in the full 6-dimensional space, and this property

supports the validity of the principal plane discretization strategy as a potentially useful

approximation of the tradespace.

The position-velocity perturbation tradespace is characterized via two methods: the

naïve expanding shell discretization and the principal plane approximation. To determine
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the tradespace via expanding shells, position perturbation vectors are computed from 30

longitudinal angles and 15 latitudinal angles that are evenly spaced on sphere with a con-

stant radius, i.e., constant position perturbation magnitude. Position perturbation vectors

are then computed via the same process for spheres of increasing radii. The process is

repeated in the velocity subspace to generate velocity perturbation vectors from similarly

expanding spherical shells. For each pair of pre-generated position and velocity perturbation

vectors, a full iterative targeting problem is simulated. For the scenario with a support

patch point placed at t1 = 6.80 days, the resulting tradespace is depicted in Figure  6.16a ,

where each point corresponds to the maximum number of iterations required to converge to

a new solution for the associated pair of position and velocity perturbation magnitudes. As

(a) Expanding Shell Discretization (b) Principal Plane Approximation

Figure 6.16. Position-Velocity Tradespace for 9:2 NRHO Targeting with
Support Patch Point (t1 = 6.80 days)

a more computationally-efficient alternative, the principal plane approximation restricts the

discretization to points along the parameterized vector η(s), defined in Equation (  4.18 ), and

results in the tradespace approximation in Figure  6.16b . Comparing the results obtained

from the two methods, the principal plane approximation provides an accurate characteriza-

tion of the position-velocity tradespace for 5 or fewer iterations and a slightly over-generous

but useful prediction for greater iteration counts. When the analysis is repeated with a

support patch point placed at t1 = 8.23 days, the expanding shell discretization produces

the tradespace depicted in Figure  6.17a . For comparison, the principal plane discretization
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(a) Expanding Shell Discretization (b) Principal Plane Approximation

Figure 6.17. Position-Velocity Tradespace for 9:2 NRHO Targeting with
Support Patch Point (t1 = 8.23 days)

technique produces the tradespace in Figure  6.17b . As before, the principal plane analy-

sis renders a useful and more efficient approximation of the position-velocity tradespace for

a preliminary assessment. Though the method slightly overestimates the allowable pairs

of position and velocity magnitude for a given iteration limit, the results are reasonable,

suggesting that the critical features that define the tradespace exist in the vicinity of the

principal plane. The independent PDA analyses and combined principal plane approxima-

tion provide insight into the convergence basin widths and position-velocity perturbation

tradespaces for both possible support patch point times.

6.2.2 Follow-On Single-Shooting Corrections on the 9:2 NRHO

To further examine the convergence behavior of perturbed targeting problems along the

9:2 NRHO, a follow-on single-shooting problem is introduced. Suppose that the support

patch point is repurposed to provide an additional correction maneuver to clean up any

error after the targeting and execution of the first correction maneuver. The correction

maneuver at time t1 leverages a change in impulsive velocity change to mitigate the effect of

a simultaneous state perturbation on the targeting of a desired final position at the reference

apolune point at the final time t2, illustrated in Figure  6.18 . This perturbed targeting
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Figure 6.18. 9:2 NRHO Follow-On Reference Solution

problem formulation is expressed mathematically as

F = ρ(t2)− − ρd , X = ρ̇(t1)+ , Y =

Y1

Y2

 =

ρ(t1)+

ρ̇(t1)+

 (6.3)

where ρd is the position vector associated with the apolune point on the 9:2 NRHO reference

orbit. In keeping with the previous scenario, the convergence behavior of the perturbed

targeting problem is investigated as t1, the time of the perturbation and maneuver, is varied

across two periods of the underlying orbit.

To characterize the form of the local convergence basin, the convergence basin width is

measured in the 4 principal directions with a limit of 3 iterations in the targeting process. As

defined in Equations (  4.17 ) and ( 4.45 ), the first 3 principal directions correspond to the right

singular vectors of the local perturbation Jacobian matrix, i.e., vi,j with j = 1, 2, 3 in the
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Y i subspace, and the final principal direction is the dominant mode-3 singular vector of the

normalized rate of change in the design Jacobian. Figures  6.19a and  6.19b show the width

of the convergence basin in each direction for the Y1 position perturbation subspace and Y2

velocity perturbation subspace, respectively. In both subspaces, the vector v′
i, associated

(a) Position Perturbation Subspace (b) Velocity Perturbation Subspace

Figure 6.19. Individual Principal Direction Measurements for 9:2 NRHO
Follow-On Targeting for a 3-Iteration Limit

with nonlinearity in the design Jacobian ∂F
∂X

∣∣∣
(X ∗,Y∗)

at the solution, consistently produces

the minimum width measurement, meaning the worst-case performance is aligned with the

direction that possesses the largest relative measure of nonlinearity. For various intervals

along the evolution of the parameter t1, the measurements in the vi,1 and vi,2 directions

exhibit a switching behavior, alternating in which direction most closely approximates the

minimum value. For rapid analysis, the vectors v′
i produce a useful upper bound for the

convergence basin width at a given iteration limit.

The convergence behavior of the perturbed targeting problem is characterized by the

minimum measured value from the PDA method as the parameter t1 varies across two periods

of the underlying periodic orbit. For limits from 3 to 8 iterations, the PDA-measured basin

width is plotted in Figure  6.20a for perturbations in the Y1 subspace, i.e., initial position.

Across the possible values of t1, there exist local minima that provide evidence for 5 rapid

contractions in the main convergence basin; these local minima also appear in plots of the

basin metrics γ1 and γ′
1, measures of nonlinearity defined in Equations (  4.35 ) and (  4.44 ),
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(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 6.20. 9:2 NRHO Targeting PDA Basin Width Measurements and
Evaluated Basin Metrics with Support Patch Point

respectively, shown in Figure  6.20b . The overall forms of the plots of basin width and

basin metrics are also consistent, indicating that changes in the convergence basin are driven

and predicted by the local nonlinearity. The PDA-measured basin widths for perturbations

in the Y2 subspace, i.e., initial velocity, are plotted in Figure  6.20c . The dashed lines

represent a chosen upper limit of 10 non-dimensional units that prevent the computation of

preposterously large measurements. Similarly, the values of t1 with the smallest convergence

basin widths also have local minima in the basin metric quantities shown in Figure  6.20d .

The efficacy of the basin metric values is explainable by noting that the vectors v′
i and values

γ′
i are related through the higher-order singular vectors and values of ∂F

∂X

∣∣∣−1

(X ∗,Y∗)
∂2F

∂X ∂Yi

∣∣∣
(X ∗,Y∗)

.

The vectors v′
i are shown to correspond to the directions of the worst-case basin features in
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Figures  6.19a and  6.19b , and the basin metrics γ′
i evaluated at the reference solution serve as

a relative indicator of convergence behavior as measured via iterative targeting simulations.

For comparison, the FTLE-inspired quantities derived from the perturbation and design

Jacobian matrices are investigated as a relative predictor of convergence behavior. The

velocity vector at the time t1 comprises both X and Y2 in this problem, so the values of λY2

and λX , defined in Equations (  4.15 ) and ( 4.14 ), respectively, are equivalent. Plotted with a

multiplication by -1 in Figure  6.21 to reflect the expected inverse nature of the relationship

between the convergence basin width and dynamical stretching, the values of λY1 and λY2

across the evolution of the parameter t1 exhibit very little correlation with the PDA-measured

basin width values in Figures  6.20a and  6.20c . The only features hinted at by the FTLE-

Figure 6.21. FTLE-Inspired Quantities for 9:2 NRHO Follow-On Targeting

inspired quantities reflect the narrowing of the convergence basin at the close perilune passes.

Therefore, these results suggest that the evolution of the convergence behavior depends

more on the measures of nonlinearity, i.e., γ′
1 and γ′

2, than on the magnitude of growth in

the constraint vector across the perturbation and design variable spaces represented by the

FTLE-inspired quantities.

While descriptions and predictions of the convergence behavior for independent perturba-

tions in position or velocity are useful, a characterization of the position-velocity tradespace

requires additional analysis. Because a characterization of the position-velocity perturbation

tradespace via naïve discretization techniques across the entire sampling of the parameter t1
bears a prohibitive computational burden, two particular times for t1 are selected to study
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the efficacy of the principal plane approximation in representing the tradespace. The two

times of interest are chosen by examining the key features in the plots of the subspace basin

metrics γ′
1 and γ′

2 over the parameter patch point time parameter depicted in Figure  6.22 . At

Figure 6.22. Basin Metric Values for 9:2 NRHO Follow-On Targeting

t1 = 6.80 days, the both convergence basin width and the basin metric values experience a

substantial reduction, indicating a rapid narrowing of the convergence basin for a perturba-

tion and maneuver at that time. However, near t1 = 8.23 days, the width of the convergence

basin experiences relatively little change, sitting in an region of relatively consistent conver-

gence behavior. Interestingly, the previous multiple-shooting problem exhibits the opposite

behavior where the convergence behavior changes slowly near t1 = 6.80 days and rapidly

near t1 = 8.23 days. This feature demonstrates the need to couple both the dynamics on

the trajectory and the particular problem formulation when characterizing convergence be-

havior. In the hypothetical mission scenario with a multiple-shooting problem and follow-on

single-shooting problem, the value of t1 should be chosen to create favorable convergence

behavior in both targeting problems.

Because the principal plane approximation relies on the idea that the critical features

of the tradespace exist in a single plane within the higher-dimensional perturbation space,

it is necessary to assess indications of this behavior through the co-planar criteria outlined

in Equations (  4.24 ), (  4.25 ), and ( 4.20 ). Indicating the directions with the largest degree
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of 1st-order stretching, the right singular vectors v1,1 and v2,1 are co-planar with v1 when

their complementary vectors u1,1 and u2,1 are parallel. The angle between these constraint

place vectors is plotted in Figure  6.23a across the domain of t1, and the angular difference is

not negligible. By observing the singular value ratios in Figure  6.23b , it is evident that the

(a) Constraint Principal Direction Angle (b) Singular Value Ratio

(c) Principal Direction Projection Angles (d) Mode-3 Singular Vector Projection Angles

Figure 6.23. Principal Plane Conditions for 9:2 NRHO Follow-On Targeting

independent position and velocity subspaces do not have clearly-dominant singular values.

Taken together, the large angular difference and lack of dominating singular values indicates

that singular vectors v1,1, v2,1, and v1 are not likely to be co-planar, and this prediction

is confirmed through direction computation of non-negligible projected angular differences

in Figure  6.23c . Therefore, there is little evidence to support the claim that the tradespace

is well-approximated within a plane defined by v1,1 and v2,1. This result is not surprising

when viewed within the context of the switching behavior observed in Figures  6.19a and
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 6.19b where the vectors v1,1 and v2,1 are not consistently useful in measuring the basin

widths of the independent subspaces. However, the vectors associated with the largest

normalized changes in the design Jacobian matrix, v′
1 and v′

2, are demonstrated to indicate

the direction associated with the minimum basin width, and an analogous angular measure

expressed as ∠
(
projYi

v′,v′
i

)
is plotted in Figure  6.23d . The negligible angular difference

indicates that the three vectors are nearly co-planar and supports the use of a discretization

across a principal plane comprised of v′
1 and v′

2 to approximate the tradespace.

The ability of the principal plane approximation to capture the key features of the

position-velocity perturbation tradespace is assessed through comparison to more complete

expanding shell discretizations. For a patch point placed at t1 = 6.80 days where the conver-

gence behavior is rapidly changing, the tradespace generated from the naïve discretization

scheme is plotted in Figure  6.24a . Each point is colored according to the maximum number

(a) Expanding Shell Discretization (b) Principal Plane Approximation

Figure 6.24. Position-Velocity Tradespace for 9:2 NRHO Follow-On Target-
ing (t1 = 6.80 days)

of iterations required to achieve convergence over a given pair of spheres in the position

and velocity subspaces, each discretized by 30 longitudinal and 15 latitudinal angles. The

iteration counts increase sharply as the colors transition from green through yellow to red,

indicating a boundary in the main basin. Reducing the number of targeting simulations to

points along the parameterized vector η(s), altered slightly from its formulation in Equation

( 4.18 ) to be a linear combination of the vectors v′
1 and v′

2, the principal plane approximation
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of the tradespace is depicted in Figure  6.24b . The nearly-vertical boundary for perturba-

tions with a roughly 2 km component in position is apparent in both the full discretization

as well as the principal plane approximation, and the iteration contours are consistent be-

tween the two methods for limits between 4 and 6 iterations with few exceptions. At high

iteration counts, the allowable velocity component is occasionally over-predicted in the prin-

cipal plane approximation, indicating a departure into chaos for these iteration limits in

the reduced analysis; however, the true boundary is still evident from visual inspection. A

similar comparison is conducted between the expanding shell discretization, shown in Figure

 6.25a , and the principal plane approximation, shown in Figure  6.25b , for a node placed at

t1 = 8.23 days from the reference apolune point. Near this value of t1, the convergence

(a) Expanding Shell Discretization (b) Principal Plane Approximation

Figure 6.25. Position-Velocity Tradespace for 9:2 NRHO Follow-On Target-
ing (t1 = 8.23 days)

behavior within the position and velocity subspaces is relatively constant, and the principal

plane analysis that incorporates the directions with the largest local 2nd-order nonlinearity

provides a representative approximation of the tradespace. In both scenarios, the princi-

pal plane approximation provides useful insight into the position-velocity tradespace while

reducing the discretization and, therefore, the targeting simulation requirement from a 6-

dimensional space to a 2-dimensional plane.

A natural question in the characterization of the convergence behavior for a targeting

problem with a trajectory governed by the CRTBP is to inquire about the ability to ex-

trapolate results to a higher-fidelity ephemeris force model. To investigate this question, a
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reference solution based on the Earth-Moon 9:2 NRHO is produced in an ephemeris force

model, defined in Equation ( 2.36 ), with gravitational influence from the Earth, Moon, and

Sun. In an inertial reference frame with the Earth as the central body, an initial condition

at time t1 is given in dimensional units by

r̃(t0) =


−122, 269.633

−298, 632.161

−229, 602.973

 km,
Idr̃

dt̃
(t0) =


−325.445

−794.869

−611.134

 m/s (6.4)

where the notation in Equation ( 2.36 ) is abbreviated such that r denotes the position vector

from the Earth to the spacecraft. The trajectory, depicted in the Earth-Moon rotating frame

in Figure  6.26 , is propagated for a time-of-flight equivalent to 2 periods of the underlying

9:2 NRHO in the CRTBP. An analogous targeting problem is formulated such that a per-

Figure 6.26. 9:2 NRHO Follow-On Ephemeris Reference Solution
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turbation from the reference solution is applied at the maneuver time t1, a parameter for

study, to target back to the reference position at the final time t2. The perturbed targeting

problem is expressed as

F = r(t2)− − rd , X =
Idr

dt
(t1)+ , Y =

Y1

Y2

 =

 r(t1)+

Idr
dt

(t1)+

 (6.5)

where the desired final position vector is given by

r̃d =


92, 019.878

383, 356.665

117, 470.635

 km (6.6)

In this scenario, the perturbation, propagation, and targeting is conducted in the Earth-

centered J2000 inertial frame.

For the analogous scenario in the CRTBP, the basin width measurement appears to be

governed by the vectors associated with the largest normalized change in the design Jacobian

due to perturbations, so these vectors, v′
i, for the Y i subspaces are employed to characterize

the convergence basin width in the higher-fidelity scenario. In the ephemeris force model, the

tensor quantity ∂F
∂X

∣∣∣−1

(X ∗,Y∗)
∂2F

∂X ∂Yi

∣∣∣
(X ∗,Y∗)

is computed via central differencing on the reference

solution for a range of values of t1 to produce the mode-3 singular vectors v′
i and basin metric

values γ′
i. In the Y1 position perturbation subspace, the convergence basin width with limit

of 4 iterations, chosen sufficiently small to produce information about the local main basin,

is measured in the v′
1 direction and plotted in black in Figure  6.27a . For comparison, the

position subspace basin width values from the CRTBP-governed scenario across the same

values of t1 are reproduced in Figure  6.27a in red. The same basin contractions, or local

minima, are apparent in both data sets though slightly offset in time to reflect the difference

in reference trajectories and force models. In addition the overall qualitative trends are

consistent between the two force models, and the magnitudes of the allowable perturbations

are similar. The values of γ′
1, measuring the largest 2nd-order nonlinearity at the reference

solutions, are plotted in black and red in Figure  6.27b for the problems in the ephemeris and
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(a) 4-Iteration Position Basin Width (b) Position Basin Metric

(c) 4-Iteration Velocity Basin Width (d) Velocity Basin Metric

Figure 6.27. CRTBP and Higher-Fidelity Ephemeris Model 9:2 NRHO
Follow-On Targeting

CRTBP models, respectively. Again, the results are consistent between the two scenarios,

and the evaluated values of γ′
1 in both the CRTBP and higher-fidelity models are useful in

predicting the simulation-measured basin width results. The basin width measurements for

a 4-iteration limit and the basin metric values in the Y2 velocity perturbation subspaces are

plotted in Figure  6.27c and  6.27d , respectively, with the higher-fidelity results in black and

the CRTBP results in red. In general, the convergence characteristics over the parameter t1
within the CRTBP are preserved as the trajectory and problem are transitioned to satisfy

the higher-fidelity equations of motion, so the lower-fidelity model offers valuable insight into

higher-fidelity analog.

As the maneuver time parameter is varied across the time-of-flight, five contractions in

the convergence basin, where the allowable perturbation magnitudes for a given iteration
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limit are smaller, are evident in both models. The locations of these contractions along the

reference periodic orbit in the CRTBP are plotted in red in Figure  6.28a . In this model,

(a) CRTBP Model (b) Ephemeris Earth-Moon-Sun Model

Figure 6.28. 9:2 Follow-On Targeting Basin Contraction Locations

two points, overlapping in the figure, correspond to the perilune point, and two points are

situated just after the apolune point on each revolution. The fifth basin contraction occurs

within the first revolution at a mean anomaly of approximately 118 deg from perilune. In

the Earth-Moon-Sun ephemeris force model, the predicted and measured basin contractions,

depicted in Figure  6.28b , are plotted against the reference solution. The similarity in the

placement of these sensitive regions around the trajectory is evident. The information gained

from analysis in the CRTBP provides insight into the regions in the higher-fidelity model

that cannot accommodate large state perturbations in the targeting process.

145



7. APPLICATION TO TRANSFER TRAJECTORIES IN AN

EPHEMERIS FORCE MODEL

Though the CRTBP and the periodic orbits that it governs are frequently of interest in tra-

jectory and targeter design problems, transfer trajectories in a higher-fidelity ephemeris force

model allow for an exploration of the proposed convergence behavior prediction and measure-

ment strategies in dynamically-interesting regions of space. To examine these techniques in

complex dynamical regimes, hypothetical targeting scenarios and reference solutions based

on previously-flown spaceflight missions are produced. By varying a parameter in the design

of these targeting problems and solutions, the relative convergence properties with respect

to design alternatives are studied.

7.1 Sun-Earth L1-to-L2 Transit Trajectory

To explore the correlation of the predictive evaluated quantities and the numerically-

produced basin width measurements in a complex dynamical environment, a transfer trajec-

tory that leverages structures in the Sun-Earth system is constructed to represent motion

similar to the Genesis mission. The Genesis mission trajectory, reproduced in Figure  7.1 from

NASA’s mission website [  68 ], entered into an L1 halo orbit to collect solar wind samples be-

fore leveraging dynamics near the L2 point to return to Earth [  69 ]. A trajectory, shown

Figure 7.1. Genesis Mission Trajectory (Reproduced from NASA.gov [ 68 ])
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in Figure  7.2 , is generated based on work in support of the Genesis mission [ 70 ], [  71 ] and

corrected to be continuous in position and velocity in an ephemeris force model, consisting of

the Sun, Earth, and Moon. In Figure  7.2 , the entire trajectory, as viewed in the Sun-Earth

Figure 7.2. Genesis-Like Trajectory with L1-to-L2 Transit of Interest

rotating reference frame, is represented as a dashed orange line, and the blue portion denotes

the portion that consists of a departure from the L1 halo orbit, transit to the L2 vicinity, and

return to the Earth vicinity. This final segment, traversing the L1 and L2 vicinities with a

relatively close pass of the Earth-Moon system, provides a dynamically-interesting reference

trajectory that serves as the baseline solution to a proposed targeting problem and the focus

of convergence analysis. Two characterizations of the convergence basin are assessed: (i) as

the spacecraft moves downstream along the reference trajectory and (ii) as the arrival epoch

is offset over the course of 28 days. These applications reflect typical analyses that may be

of interest to mission designers.

7.1.1 Convergence Basin Analysis Along the Baseline Trajectory

Knowledge of the convergence behavior along a baseline trajectory allows mission design-

ers to determine times when re-targeting to correct for accumulated errors is more or less

likely to converge upon a new feasible solution. Therefore, a perturbed targeting problem
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is formulated to characterize the convergence behavior across a set of reference solutions

parameterized by the time t1 that moves downstream along the full reference. Starting from

an initial time, t0, the spacecraft travels along the reference path; however, a state pertur-

bation is introduced and a differential corrections process is executed at the targeting epoch

t1. The corrections process leverages a change in the inertial velocity at t1 to target back to

the reference position vector, rd, at the fixed final epoch t2. Mathematically, the perturbed

targeting problem is formulated as

F = r(t2)− − rd , X =
Idr

dt
(t1)+ , Y =

Y1

Y2

 =

 r(t1)+

Idr
dt

(t1)+

 (7.1)

where r represents the inertial position vector from the Earth to the spacecraft in the J2000

inertial frame. The trajectory and the nodes associated with t0, t2, and a candidate for

t1 are depicted in Figure  7.3 in the Sun-Earth rotating frame with the origin at the Sun-

Earth barycenter. Because the reference frame does not pulsate to incorporate the changing

Figure 7.3. Reference Solution for Targeting Along the L1-to-L2 Transit

distance between the bodies, the positions of the Sun and Earth along the x̂-axis evolve in

time in this reference frame.
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The convergence behavior is measured and predictive quantities are evaluated on refer-

ence solutions defined by t1 as it moves between the initial and final epochs, t0 and t2. Across

the set of baseline solutions, the basin width, defined for the iteration limit of 5 iterations, for

perturbations in the position at t1 is numerically measured via the PDA method and plotted

in Figure  7.4a . In this plot, the time along the trajectory is measured as the difference

(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 7.4. PDA Basin Width Measurements and Evaluated Basin Metrics
for Targeting Along the L1-to-L2 Transit

between the parameter t1 and the fixed t0, reflecting the elapsed time since the last perilune

along the L1 halo orbit. In general, as the targeting epoch is brought closer to the final

time, the basin width increases, indicating an expansion of the main basin. However, the

generally positive trend is punctuated by local minima and maxima, representing intervals

of time for which convergence is easier and more difficult, respectively. Figure  7.4b shows

the evaluated basin metrics γ1 and γ′
1, which both reflect the local normalized rate of change
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in the design Jacobian due to perturbations in position at t1. However, these quantities

differ in their method of calculation. While γ1, defined in Equation ( 4.35 ), approximates

the quantity with the l2 matrix norm of a flattened 3-dimensional tensor, the basin metric

γ′
1, defined in Equation (  4.44 ), is a function of the largest higher-order singular value of

the tensor, computed via an optimization problem. In this scenario, both methods produce

similar results, as apparent by their overlapping nature in Figure  7.4b , and the basin metric

values correlate strongly with the trends in the measured basin width in Figure  7.4a . For

perturbations in the velocity subspace, the basin width measurements, defined for a limit

of 5 iterations and plotted in Figure  7.4c , also have a strong correlation with the relative

behavior of their associated basin metric values in Figure  7.4d as t1 progresses downstream.

The valleys in convergence basin width and metric signify regions along the trajectory

for which the differential corrections process is particularly sensitive to state perturbations

and may fail to reliable converge to a reference solution on the same constraint manifold. To

represent the convergence properties along the reference trajectory, the basin widths in the

position perturbation subspace are reproduced in Figure  7.5a . The local minima in basin

(a) Position Basin Width (b) L1-to-L2 Transit

Figure 7.5. Locations Along the Baseline Trajectory with Constricted Con-
vergence Basins for Targeting Along the L1-to-L2 Transit

width, marked in black, occur at three locations along the trajectory and accompany regions

of basin constriction, marked in red on either side. The corresponding locations along the
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reference trajectory are marked in Figure  7.5b in black and red, as appropriate. The second

local minimum occurs at the closest pass to the Earth-Moon vicinity, a region commonly

identified as dynamically sensitive. However, the first and third local minima may not fit

within the intuition of a mission designer. The ability to predict these minima with the

evaluated basin metric and efficiently confirm their existence with the PDA discretization

strategy is valuable, because it provides key insights into a particular combination of a tar-

geting formulation and trajectory design options without requiring large batches of targeting

simulations.

The PDA discretization strategy generates points along a reduced set of vectors in the

perturbation space, and the minimum result across these directions is recorded as the approx-

imate basin width for a given combination of targeting problem and reference solution. The

Y1 and Y2 subspaces, each possess three dimensions, and the first three directions are taken

as the right singular vectors vi,j for j = 1, 2, 3 of ∂F
∂Yi

∣∣∣
(X ∗,Y∗)

, indicating the principal direc-

tions of change in the constraint vector due to perturbations in Y i at the solution. The final

direction in the PDA corresponds to the dominant mode-3 singular vector of the normalized

rate of change in the design Jacobian, i.e., ∂F
∂Yi

∣∣∣−1

(X ∗,Y∗)
∂2F

∂X ∂Yi

∣∣∣
(X ∗,Y∗)

. This vector, v′
i, indicates

the direction of the largest relative change in the partial derivatives used for targeting. The

measurement results in each of these four directions for the position and velocity perturba-

tion subspaces are captured in Figures  7.6a and  7.6b , respectively. Diving into the results

(a) Position Perturbation Subspace (b) Velocity Perturbation Subspace

Figure 7.6. Individual Principal Direction Measurements for Targeting Along
the L1-to-L2 Transit for a 5-Iteration Limit
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of the individual measurement directions of the PDA method gives insight into the link be-

tween the basin width and the basin metric. As the targeting epoch is moved downstream,

the measurements in the vi,1 and v′
i directions consistently represent the minimum value,

indicating that the basin is smallest in directions with larger growth in the constraint vector

and larger relative change in the design Jacobian matrix. Because the PDA strategy does

not interrogate the entire perturbation space, it is possible that even smaller measurements

are available in unexplored directions; however, the PDA-measurement provides an upper

bound for the basin width along the trajectory and is able to positively identify unfavorable

targeting conditions.

The correlation between the PDA-measured basin width and evaluated basin metric

values is further explored by examining the FTLE-based quantities, defined in Equations

( 4.15 ) and ( 4.14 ). For this targeting scenario, Y2 and X both consist of the outgoing velocity

at the time t1, so λX is equivalent to λY2 . As the targeting time moves in downstream along

the reference trajectory, the values of −λY1 and −λY2 are plotted in Figure  7.7 . These

Figure 7.7. FTLE-Based Quantities for Targeting Along the L1-to-L2 Transit

quantities are multiplied by -1 to reflect the expected inverse relationship between stretching

in the constraint vector and the size of the convergence basin. In Figure  7.7 , a small dip is

visible where t1 is approximately 90 days downstream from the initial time. This dip appears

to correspond with the increased sensitivity as the spacecraft passes the Earth-Moon vicinity;
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however, the other basin width minima are not represented in the FTLE-based quantities.

While the basin metrics γ′
i are related to the vectors v′

i through the higher-order singular

value and singular vector computation, λYi
are functions of the singular values corresponding

to the vectors vi,1. Though vi,1 and v′
i produce similar basin width measurements in Figures

 7.6a and  7.6b , the lack of correlation of the basin widths and the values of λYi
suggests that

the strategies associated with the tensor ∂F
∂Yi

∣∣∣−1

(X ∗,Y∗)
∂2F

∂X ∂Yi

∣∣∣
(X ∗,Y∗)

, i.e., v′
i and γ′

i, possess more

predictive power.

7.1.2 Convergence Basin Analysis with Varying Arrival Epochs

Another possible mission design task is assessing changes in the targeting feasibility for

new reference trajectories generated by varying the epoch of key events. To simulate this

task, new baseline trajectories are produced by shifting the arrival epoch for the original

baseline trajectory, plotted in Figure  7.2 , in single day increments over the course of 28 days,

capturing the effects of lunar phasing by spanning approximately one period of the Moon’s

orbit around Earth. The original baseline trajectory, plotted in Figure  7.2 , is conceived

as possessing a +0 day epoch offset. To preserve the basic geometry of the transfer, this

original reference trajectory is discretized into a series of patch points which are transitioned

to the Sun-Earth rotating frame via the ATD software package to maintain the relevant

dynamical structures from the Sun-Earth CRTBP. At each new epoch, the transit segment

and approximately 4.5 periods of the L1 halo orbit structure are transitioned back into

the Earth-Centered J2000 inertial frame and re-targeted to achieve state continuity and fix

the arrival epoch at the offset value by employing a multiple-shooting targeter within the

ATD software package. This transition and re-targeting process results in 28 new baseline

trajectories, plotted in Figure  7.8 against the entire original dashed trajectory, that begin

at the final crossing of the x̂-ẑ plane along the L1 halo orbit. These new reference solutions

all possess a similar geometry but reflect changes in the positioning and orientation of the

gravitational bodies, providing a set of design alternatives for convergence basin analysis.

A perturbed targeting problem is formulated to target back to the position at the arrival

epoch t1 of each epoch-shifted reference solution by imposing a change to in the velocity at t0,
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Figure 7.8. Reference Solution for Targeting for Epoch-Shifted L1-to-L2 Transits

corresponding to the final crossing of the x̂-ẑ plane along the L1 halo orbit. Mathematically,

this problem is expressed in the inertial frame as

F = r(t1)− − rd , X =
Idr

dt
(t0)+ , Y =

Y1

Y2

 =

 r(t0)+

Idr
dt

(t0)+

 (7.2)

and the partial derivatives are computed via a central differencing scheme. For each baseline

trajectory across the 28 days survey, the basin width in the position perturbation subspace,

measured via numerous targeting simulations leveraging the PDA strategy, for a limit of 5

targeting iterations is plotted in Figure  7.9a . The basin width has local minima associated

with epoch shifts of +14 and +25 days, and the convergence basin expands to allow larger

perturbations for arrival epoch offsets of +7 and +18 days. Defined in Equation (  4.44 ), the

basin metric, computed via state transition tensors for each baseline trajectory, is plotted

in Figure  7.9b for the position perturbation subspace. As observed previously, the relative

features present in the basin metric for each epoch-shifted trajectory mirror the features

seen in the measured basin width. As the arrival epoch is varied, all the expansions and

contractions of the local convergence basin are represented in the purely-evaluated basin

metric quantity, γ′
1. The basin width and basin metric values in the velocity subspace for

each epoch-shifted solution are plotted in Figures  7.9c and  7.9d , respectively. Again, the local
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(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 7.9. PDA Basin Width Measurements and Evaluated Basin Metrics
for Targeting for Epoch-Shifted L1-to-L2 Transits

minima and maxima are visible in both sets of data, indicating that a relative comparison of

basin metric values is a useful predictor of changes in the convergence behavior within the

set of reference solutions.

Intuitively, the rate of growth in the constraint vector is a factor in the convergence

behavior of a given perturbed targeting problem, so the FTLE-based quantities, λY1 and

λY2 , are investigated for any correlation with the basin width. The FTLE-based quantities,

defined in Equation  4.15 , are multiplied by -1 for each epoch-shifted solution and plotted

in Figure  7.10 . Local maxima in the plotted values occur at +7 and +18 indicate lower

sensitivity in the constraints and correspond to the basin width local maxima in Figures

 7.9a and  7.9c . Lower values in Figure  7.10 at the +25 day epoch-shifted solution have some

correlation to the measured local minimum in basin width; however, the basin contraction
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Figure 7.10. FTLE-Based Quantities for Targeting for Epoch-Shifted L1-to-L2 Transits

at the +14 day shifted solution is not predicted by the values of λY1 and λY2 . Overall, the

basin metric, measuring the relative rate of change in the partial derivatives of the targeting

problem, appears to predict the relative convergence behavior better than the FTLE-based

quantities that measure the rate of change in the constraints.

7.2 Trans-Lunar Return Transfer Trajectory

To investigate convergence behavior along a trans-lunar return trajectory, a segment of

the Artemis I mission is selected to generate a transfer under an ephemeris force model with

gravitational influence from the Earth, Moon, and Sun. In the Artemis I mission, the Orion

spacecraft travels along a DRO in the Earth-Moon system with a reference distance of 70,000

km from the Moon and execute a series of maneuvers to return to the Earth [  62 ]–[ 64 ]. To

represent this motion, a 70,000 km reference DRO is transitioned to satisfy the equations

of motion in the ephemeris force model, shown in dashed gray in Figure  7.11 , and a trans-

lunar return leg, shown in solid black, consists of two maneuvers, i.e., the DRO Departure

(DRD) and Return Powered Fly-By (RPF) maneuvers, and the Entry Interface (EI) point,

associated with the atmospheric entry conditions of the spacecraft. This reference motion

is based on a representation of the Artemis I trajectory in the CRTBP employed by Spreen
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Figure 7.11. Artemis I-Like Lunar Return Reference Trajectory in the Earth-
Moon Rotating Frame

[ 21 ]. Though the motion possesses components in three dimensions, the projection of the

reference trajectory into the x̂-ŷ plane in the Earth-Moon rotating frame is sufficient for

visualization and, therefore, displayed in Figure  7.11 .

Because atmospheric entry carries significant risks to the mission and spacecraft, con-

straints are imposed on the EI point to control the entry conditions. Two constraints are

formulated in terms of angles with respect to an Earth-centered, body-fixed reference frame

that follows the rotation of the Earth. This rotating reference frame is defined in terms of

the vector î, aligned with the prime meridian in the equatorial plane, the vector k̂, pointed

toward the North pole, and the vector ĵ, completing the triad as k̂ × î in the equatorial

plane. In this investigation, the orientation of the Earth relative to the J2000 inertial frame

is computed via the SPICE toolkit. The longitude, θlon, and the latitude, θlat, are expressed

mathematically as

θlon = tan−1
(

r · ĵ

r · î

)
(7.3)

θlat = sin−1
(

r · k̂

‖r‖

)
(7.4)

157



where the proper quadrant of θlon is computed from the component signs. Another common

constraint on entry conditions is the inertial flight path angle of the spacecraft relative to

the Earth. The sine of the flight path angle, θfpa, is constrained and computed as

sin(θfpa) =
r · Idr

dt

‖r‖ ‖ Idr
dt

‖
(7.5)

Finally, the altitude of the spacecraft from the Earth’s surface, halt, is frequently used to

define the interface point and is, therefore, a natural constraint on the entry conditions.

Assuming a spherical Earth with a constant radius RE = 6378.137 km, the altitude is

computed via

halt = ‖r‖ −RE (7.6)

While alternative quantities of interest exist, these four scalar quantities serve to constrain

the body-fixed position and the flight path angle of the spacecraft, requiring at least four

design variables to produce a fully- or under-constrained targeting problem.

A perturbed targeting problem is devised with four design variables that act to produce

a new solution under the influence of state perturbations, and the reference trajectory in

Figure  7.11 is the baseline solution to this targeting problem. Suppose the epoch time at EI,

denoted t2, is 17:19:00 UTC on 11 December 2022. Working backward along the trajectory,

a node at the epoch t1 represents the time of of targeting and execution of the final maneuver

in the mission. At this targeting epoch, a perturbation is applied, modeling an error in the

state of the spacecraft, and differential corrections are employed to compute a change in the

velocity at t1 as well as a variable time-of-flight to target a set of EI constraints. At the EI

epoch, the longitude and latitude are constrained to 120 deg W and 20 deg S, respectively.

The flight path angle is constrained to −5.8 deg at an altitude of 121.92 km. This set of
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design variables, perturbation variables, and constraints results in a perturbed targeting

problem formulated as

F =



θlon(t2) − (−120 deg)

θlat(t2) − (−20 deg)

sin(θfpa(t2)) − sin(−5.8 deg)

halt(t2) − 121.92 km


, X =

 Idr
dt

(t1)

t2

 , Y =

Y1

Y2

 =

 r(t1)
Idr
dt

(t1)

 (7.7)

As t1 is moved backward from EI, the impact of the placement of this targeting epoch on

the convergence behavior is studied.

The basin metric is compared to the PDA-measured basin width to assess its ability to

predict changes in the convergence behavior as the targeting epoch is moved from 1 hour to

12 hours before EI in 30 minute increments. For limits of 1 to 8 iterations in the targeting

process, Figure  7.12a the PDA-measured basin width in the Y1 position subspace as t1 is

varied. As the iteration count increases, the basin width measurements grow closer together,

indicating the approach of a bounding structure of the main basin. As t1 moves backward

in time from 1 hour to 12 hours before EI, the basin width measurements generally decrease

gradually; however, a pronounced decrease in the convergence basin width occurs when t1

is placed 3.5 hours before EI. For this maneuver placement, the basin width drops from

approximately 900 km to only about 5 km with an 8-iteration limit. Plotted in Figure  7.12b ,

the basin metric in the position subspace, γ′
1, defined in Equation (  4.44 ), is a measure of

the relative rate of change in the partial derivatives used for targeting as the solution is

perturbed. As t1 varies, the trends in γ′
1 mirror the trends seen in the measured basin width,

and the local minima at 3.5 hours before EI is predicted. The velocity basin width, depicted

in Figure  7.12c , also decreases rapidly at this targeting epoch, dropping from roughly 50

m/s to 5 m/s, and the plot of γ′
2 in Figure  7.12d predicts this basin contraction. The FTLE-

based quantities, measuring the maximum degree of local stretching in the constraints, are

plotted in Figure  7.13 , and, in contrast to the basin metric, the values of λYi
and λX do not

predict the observed decrease in the size of the basin. Of the available quantities, the basin

159



(a) Position Basin Width via PDA (b) Position Basin Metric

(c) Velocity Basin Width via PDA (d) Velocity Basin Metric

Figure 7.12. PDA Basin Width Measurements and Evaluated Basin Metrics
for Trans-Lunar Return

metric, measuring the local nonlinearity in the targeting problem, is the best predictor of

the measured convergence behavior in this scenario.

The predictive capability of the convergence basin metric provides valuable information

where a visual inspection of the trajectory for known sources of sensitivity may fail to produce

insight. The location of the targeting node when t1 is placed 3.5 hours prior to EI is depicted

on the reference trajectory in the Earth-Moon rotating frame in Figure  7.14 . From viewing

the trajectory in the Earth-Moon rotating frame, there are no obvious indications, e.g., close

proximity to a primary body, that convergence basin rapidly decreases in the vicinity of the

point associated with t1 = 3.5 hours. A close-up view of the trajectory in the Earth-Centered

J2000 inertial frame, shown in Figure  7.15 , also does not bear any intuitive hallmarks of
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Figure 7.13. FTLE-Based Quantities in Trans-Lunar Return Targeting

Figure 7.14. Trans-Lunar Return Reference Trajectory in the Earth-Moon
Rotating Frame with Location of Basin Contraction

dynamical sensitivity. Nonetheless, a constriction in the convergence basin is measured

at this point, and the basin metric provides a method for predicting the existence of this

narrowing without the need for running numerous costly targeting simulations.

Though the computation of the position-velocity perturbation tradespace via a full 6-

dimensional expanding shell discretization is impractical for this investigation, the interaction
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Figure 7.15. Trans-Lunar Return Reference Trajectory in the Earth-
Centered J2000 Frame with Location of Basin Contraction

of position and velocity perturbations for a targeting epoch 3.5 hours before EI is estimated

via the more efficient principal plane approximation. In this scenario, the principal direction

associated with the smallest basin measurement in the position PDA is given along the v1,3

direction, or the right singular value corresponding to the smallest singular value of the

perturbation Jacobian matrix ∂F
∂Y1

∣∣∣
(X ∗,Y∗)

. However, all directions in the analysis, including

v1,1 and v′
1 that correspond to largest growth in the constraints and largest normalized

change in the design Jacobian, respectively, exhibit the steep decrease in measurements at

this epoch. This result suggests that more significant higher order effects beyond 2nd order

may happen to align most closely with the vector v1,3 at this contraction point. In the Y2

velocity perturbation subspace, however, the minimum measurement corresponds with v′
2,

the direction of largest normalized change in the design Jacobian matrix. From these analyses

of the independent subspaces, the vectors v1,3 and v′
2 are selected to define the principal

plane, and the results of the measurements in this plane are shown in Figure  7.16 . From this

tradespace, a mission designer is able to determine if a given pair of position and velocity

perturbation magnitudes are likely to converge reliably to new solution on the constraint
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Figure 7.16. Principal Plane Approximation for t1 = 3.5 Hours Prior to EI
in Trans-Lunar Return Targeting

manifold of the baseline solution. For example, while perturbations of 4 km and 1.75 m/s

are independently accommodated, the combination of the two perturbations, if oriented in

the wrong direction, falls in a region with high iteration counts that appears to traverse

the chaotic boundary of the main convergence basin. In this mission scenario, however, the

mission designer would do well to shift the targeting epoch out of the contracted region and

into a region where the allowable perturbations are orders of magnitude larger.
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8. CONCLUDING REMARKS

As space flight missions are developed to leverage structures within complex multi-body dy-

namical environments, the ability to design trajectories and targeting schemes in a concurrent

manner, taking into account the convergence behavior in determining new feasible solutions

that incorporate inevitable perturbations, is essential to mission success. Traditionally, mis-

sion designers rely on techniques such as Monte Carlo simulations that require substantial

computational and human resources within the verification and validation stage of a mission.

Additionally, the capability to compute information a priori about favorable and unfavorable

targeting and maneuver times along a reference trajectory would provide valuable on-board

flexibility. The methodologies presented in this investigation seek to address these items

by leveraging information about the rates of change in both the constrained quantities and

targeting-employed partial derivatives of those constraints with respect to perturbations

from the reference trajectory. The insight gained from these local analyses yield methods to

reduce the computational effort in approximating the worst-case convergence performance

with a series of perturbed targeting simulations and predictive metrics that closely correlate

with worst-case performance in targeting problems. The results of the present investigation

is are summarized below.

8.1 Discretization Techniques for the Measurement of Convergence Behavior

In pursuit of an empirical description of convergence behavior, the definition of a per-

turbed targeting problem is formalized in terms of a set of constraints, design variables,

and perturbation variables. The space consisting of variations in the perturbation variables

around a particular solution is characterized in terms of a local main basin with typically-

monotonic convergence behavior and surrounding regions of chaotic convergence behavior.

The number of iterations required to converge to a solution on the same constraint manifold

is employed as a useful characterization of the space to identify the main basin and the

boundary. For a given maximum iteration count, the basin width is defined as the largest

hyper-sphere for which all perturbations converge to a solution onto the same constraint

manifold, providing a theoretical measure of worst-case performance. In the absence of an
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analytic description, numerical discretization techniques are necessary to approximate the

measurement.

As an alternative to brute force discretization techniques, the simulation of perturbed

targeting problems along principal directions informed by partial derivatives at the reference

solution is presented. A first method is proposed that employs the SVD of the perturbation

Jacobian matrix, or the derivative of the constraints with respect to the perturbation vari-

ables. This method produces an orthogonal set of right singular vectors in the perturbation

space that correspond to principal directions of scaling in the constraints. The use of the

dominant singular vector is justified by positing that large magnitudes of growth in the con-

straints correlate to challenges in the corrections process, and the remaining vectors provide

an orthogonal set to verify the results. This PDA method reduces the discretization from

a problem that grows exponentially as the number of perturbation elements increases to a

problem that grows linearly with the perturbation variables. A second method is formulated

by observing that the bounding structures of the basin correlate to large relative changes in

the design Jacobian matrix, i.e., the partial derivatives employed in the differential correc-

tions process. Higher-order singular vectors are computed to determine the direction with

the largest degree of relative local nonlinearity. Both methods are employed in the principal

direction analysis to produce a more-efficient approximation of the worst-case convergence

performance.

For applications in a variety of regions of space and in both the CRTBP and ephemeris

force models, the basin width measurements in each principal direction are recorded to gain

insight into the factors driving the structures of convergence basins. In general, the worst-

case convergence performance is found to occur along the direction associated with the

largest normalized change in the design Jacobian matrix. Frequently, measurements in this

direction are determined to align with the measurements in the direction of largest growth in

the constraints; however, this property is not guaranteed and is partially dependent on the

relative scaling of the constraints. Though the nonlinearity-associated higher-order singular

vector requires the additional computation of 2nd-order partial derivatives and the solution

to a constrained optimization problem, its value as a discretization direction for producing

an efficient upper bound for the worst-case convergence behavior is notable.
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For perturbations of mixed dimensional quantities, such as perturbations in position and

velocity, a strategy for producing a tradespace is presented. A heuristic method is devel-

oped with the assumption that the critical features of the tradespace lie in a plane within the

higher-dimensional combined perturbation space. Criteria are outlined to test if the assump-

tion is justifiable in a given case, and the principal plane approximation method is defined

in terms of discretization along a series of parameterized vectors, based on the worst-case

principal directions in the two individual subspaces. The results of the principal plane ap-

proximation are compared to the tradespace produced by a brute force discretization scheme,

and the approximation is found to provide significant value in efficiently characterizing the

coupled effect of position and velocity perturbations.

8.2 Predictive Metrics for Preliminary Convergence Analysis

Even improved discretization schemes require the simulation of iterative targeting prob-

lems, so an effective characterization of worst-case convergence behavior is sought that solely

employs information from the reference solution itself. This work investigates scalar values

that are functions of the local partial derivatives in the perturbed targeting problem as pre-

dictors of the relative worst-case convergence behavior amongst a set of reference solutions.

First, quantities based on the FTLE are defined to quantify the maximum rate of growth

in the constraints relative to changes in the perturbation variables based on the linearized

system. The FTLE-inspired quantities are related to the principal directions of growth in the

constraint vector through the SVD of the perturbation Jacobian. Second, the basin metric is

introduced as a measure of the largest local normalized change in the design Jacobian matrix

and is connected to the previously-defined nonlinearity-associated principal direction.

The relative convergence behavior of sets of solutions to perturbed targeting problems

is studied and compared to evaluated quantities. The changes in convergence behavior are

characterized as a perturbation and maneuver time is moved downstream along various

reference trajectories based on segments of past and planned missions, including planar and

spatial periodic orbits, a Sun-Earth L1-to-L2 point transit trajectory, and a trans-lunar return

trajectory, and in the CRTBP and ephemeris force models. Additionally, the characterization
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of convergence behavior is applied to a changing arrival epoch for a Sun-Earth L1-to-L2

point transit trajectory. While the FTLE-based quantities are found to correlate somewhat

with the general trends in basin width, the basin metric, quantifying local nonlinearity,

consistently mirrors the evolving basin width across the set of solutions. Without running

any iterative targeting simulations, the computation of the locally-evaluated basin metric

allows for the identification of solutions with unfavorable convergence behavior.

8.3 Recommendations for Future Work

Areas for future work that could enhance and continue this investigation are summarized

as follows:

1. Investigate the combined problem of the evolution of perturbations and the evolution of

the convergence basin as a node is moved downstream along a reference trajectory.

In this investigation, the evolution of the worst-case convergence behavior as a patch

point node is moved downstream along a reference trajectory is explored. At the node,

the perturbations are modeled as instantaneous changes in the state, applied at the

same time as the targeting process and execution of the maneuver. This procedure

gives insight into the size of the perturbation that the targeting process is able to

accommodate; however, the investigation could be furthered by applying the pertur-

bation upstream at a reference time and comparing its evolution to the basin width as

the targeting and maneuver are delayed.

2. Investigate the ability to predict the effect of the incremental implementation of con-

straints in the targeting process.

For difficult-to-converge targeting problems, a known strategy to assist in convergence

is to incrementally impose constraints until a satisfactory trajectory is determined.

Frequently, this process is conducted through trial-and-error, relying on the intuition

of a specialist. The characterization and prediction strategies developed in this in-

vestigation could provide insight into the development of a formal methodology for

identifying which constraints to apply and in which order.
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3. Investigate the use of these strategies in measuring and predicting the effect of changes

in the targeting scheme on convergence behavior.

Numerous alterations to the Newton-Raphson corrections scheme are expected to

change the convergence behavior in the vicinity of a particular solution. Possible

changes to the targeting scheme include the use of design variable weighting in the

minimum-norm update, the implementation of an attenuation factor or line search al-

gorithm, and the incorporation of higher-order derivatives into the update equation.

The strategies and methods outlined in this investigation are possible tools to study

the effects of these enhancements on convergence and to potentially provide a process

for selecting changes to the targeting scheme with the greatest impact.
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