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“We were just a lot of kids. With cut fingers, lumpy heads and whining tenor

voices. We liked our game of mibs as well as the next rumple hair... But we liked

the rockets more.”

- Ray Bradbury, “King of the Grey Spaces”, 1943

This work is dedicated to my family: past, present, and future.
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ABSTRACT

Stuart, Jeffrey R. Ph.D., Purdue University, August 2014. A Hybrid Systems
Strategy for Automated Spacecraft Tour Design and Optimization. Major Professor:
Kathleen C. Howell.

As the number of operational spacecraft increases, autonomous operations is

rapidly evolving into a critical necessity. Additionally, the capability to rapidly gen-

erate baseline trajectories greatly expands the range of options available to analysts

as they explore the design space to meet mission demands. Thus, a general strategy

is developed, one that is suitable for the construction of flight plans for both Earth-

based and interplanetary spacecraft that encounter multiple objects, where these

multiple encounters comprise a “tour”. The proposed scheme is flexible in implemen-

tation and can readily be adjusted to a variety of mission architectures. Heuristic

algorithms that autonomously generate baseline tour trajectories and, when appro-

priate, adjust reference solutions in the presence of rapidly changing environments

are investigated. Furthermore, relative priorities for ranking the targets are explicitly

accommodated during the construction of potential tour sequences. As a conse-

quence, a priori, as well as newly acquired, knowledge concerning the target objects

enhances the potential value of the ultimate encounter sequences. A variety of trans-

fer options are incorporated, from rendezvous arcs enabled by low-thrust engines to

more conventional impulsive orbit adjustments via chemical propulsion technologies.

When advantageous, trajectories are optimized in terms of propellant consumption

via a combination of indirect and direct methods; such a combination of available

technologies is an example of hybrid optimization. Additionally, elements of hybrid

systems theory, i.e., the blending of dynamical states, some discrete and some con-

tinuous, are integrated into the high-level tour generation scheme. For a preliminary
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investigation, this strategy is applied to mission design scenarios for a Sun-Jupiter

Trojan asteroid tour as well as orbital debris removal for near-Earth applications.
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1. INTRODUCTION

Autonomous spacecraft guidance, navigation, and control (GNC) systems are increas-

ingly attractive for ground operations and, also, for the complex scenarios envisioned

to meet space-based commercial, scientific, and exploration goals. For example, au-

tonomous GNC systems can assist ground-based human operators supporting mission

design as well as flight operations and enable mission scenarios wherein spacecraft,

either singly or as part of a multiple-spacecraft network, are required to operate inde-

pendently from external commands. The distinguishing feature of such autonomous

procedures is comparatively little human-in-the-loop interaction as compared to tra-

ditional mission design and navigation scenarios; this increased autonomy is advan-

tageous at all stages of mission formulation and operation. Additionally, self-reliant

GNC systems possess the potential to reduce spacecraft response times where de-

lays are introduced by communications lags and human-in-the-loop interactions. Au-

tonomy is particularly important for deep space missions where there is significant

response-time delay and sporadic communication due to the physical distance be-

tween the vehicle and the Earth. A strategy that independently and adaptively

accommodates the GNC requirements, from generating baseline trajectories to active

control schemes relative to the reference path in an effort to satisfy specified mission

objectives, is therefore highly desirable.

1.1 Problem Definition

A framework is proposed for the general strategy of automating generation of tra-

jectories wherein at least one spacecraft (variously termed “chaser”, “servicer”, “sur-

veyor”, or “probe”) completes a series of rendezvous encounters with various celestial

objects, or “tours”. Specific implementations of the tour construction framework call



2

upon a variety of schemes and algorithms to address the processes required for com-

plete trajectory design. While many missions are limited to one spacecraft, several

near-future applications require the coordination of multiple independently acting

vehicles. Thus, while this investigation focuses primarily upon the construction of

high-value tours for a single vehicle, options for multiple spacecraft are explored.

Note that operations in close proximity to the target objects are not modeled; rather,

the selection of the visited targets, the ordering of the encounter sequence, and the

transfer from the vicinity of one object to the next are the focus of this investigation.

This process for the construction of encounter sequences may be applied to a variety

of mission architectures and to different dynamical force environments. In this in-

vestigation, the removal of artificial debris objects near the Earth and the surveying

of primordial asteroids serve to demonstrate the flexibility of the general framework.

The automated procedure incorporates several key considerations including:

• the definition of the mathematical model governing the natural motion of the

target objects and the chaser vehicle,

• the generation of individual transfer options,

• the search or coordination method used to construct the encounter sequences,

• the relative priority ranking of the target objects, and

• the transition of the resulting trajectories to higher-fidelity models as well as

flight operations scenarios,

where a variety of algorithms or schemes may be applied to components of the design

process. These considerations are addressed for specific mission concepts by incorpo-

rating elements of direct and indirect optimization techniques, numerical methods,

hybrid systems theory, dynamical systems theory, evolutionary search algorithms,

multi-agent coordination methods, and, when necessary, minimal human-in-the-loop

interaction. The automated schemes within this framework are each flexible in im-

plementation and are readily adapted to a variety of spacecraft mission scenarios.
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1.2 Previous Work

The construction of tour trajectories along which robotic spacecraft encounter

several celestial bodies has a rich history, dating from the time of the Mariner 10

spacecraft [1] and the conception of the Planetary Grand Tour by Gary Flandro [2]

as well as Michael Minovitch. [3,4] Furthermore, automation has been a key enabling

capability in the design of spacecraft trajectories, however, most advances in automa-

tion have focused upon the generation and optimization of individual transfer arcs

between targets of interest or pre-specified end-to-end sequences. For example, the

software package STOUR reliably aids in the construction of specific flyby sequences,

however many key aspects of the trajectory must be defined and pre-determined by

human operators. [5] Thus, the generation of individual end-to-end trajectories has

historically required significant human-in-the-loop interaction and intuition; one re-

cent example is the tour of Saturn’s moons completed by the Cassini spacecraft. [6]

In recent years, however, there has been a growing interest in mission concepts that

involve vast design spaces that are generally intractable for adequate exploration

via traditional trajectory design techniques. Furthermore, these trajectory design

problems typically incorporate both discrete and continuous variables in their formu-

lation, where this challenging mixture of variables is a specific example of a “hybrid

system”. [7] Accordingly, several recent investigations have focused on automating

the process for constructing potential reference trajectories in support of particular

mission scenarios, in particular, the selection of high-value encounter sequences. For

instance, the Global Trajectory Optimization Competition has posed a variety of

tour scenarios for its design challenges, usually eliciting a wide variety of solution

approaches in response. [8] In some instances, the solution approaches developed dur-

ing the course of the competition have been extended and published in peer-reviewed

journals. [9–12] On the other hand, the recently developed software package EMTG

reliably produces potential interplanetary trajectories comprised of brief flyby encoun-

ters. [13] Additionally, Ceriotti and Vasile incorporated an ant colony optimization
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algorithm within a scheme to generate interplanetary gravity-assist trajectories. [14]

Furthermore, several independent investigations have sought to automate the gener-

ation involving flyby sequences of planetary satellites, for example, various proposed

missions to Europa [15] and the other Galilean satellites. [16,17] However, the encoun-

ters in the majority of these studies have been brief flybys, rather than full rendezvous

allowing for an extended loiter time near the target object. Furthermore, transfers

are usually computed using simplified gravity models with analytical conic solutions.

While relatively few investigations focus on rendezvous options or environments re-

quiring higher-fidelity dynamical models, graph-based methods that generate paths

between discretely defined nodes have been applied to the selection of transfer options

between orbits in multi-body regimes. [18]

Two specific mission scenarios, asteroid survey tours and debris mitigation, are

considered as test cases for the general rendezvous tour construction framework.

While no spacecraft missions have targeted these objects to date, several preliminary

efforts have sought to automate the construction of tour trajectories of the respective

bodies. Investigations have been completed into the construction of Trojan asteroid

survey tours by Izzo [19], Canalias [20], and Matsumoto [21], though these authors

implement global search algorithms that produce single tours comprised of brief flyby

encounters, optimized end-to-end. Perozzi [22] investigates the construction of Main

Belt and near-Earth asteroid tour trajectories incorporating both rendezvous and

flyby options, while Barbee [23] considers rendezvous and flyby opportunities as two

different mission architectures. However, both investigations use Lambert arcs to

approximate the timing and propellant costs to transfer between target asteroids. In

contrast, scenarios wherein the targets and order are not pre-defined have, thus far,

rarely been applied to the particular problem of debris mitigation, though recently

Missel and Mortari have applied a genetic algorithm to path pre-planning [24] and

Barbee et al. examined a model of the Traveling Salesman Problem. [23]



5

1.3 Overview of Present Work

Within this investigation, a systematic, general framework is developed for the

construction of tour sequences, and subsequently, trajectories. A variety of rendezvous

tour architectures, as well as techniques that enable the generation of encounter se-

quences, are examined. The body of this investigation is organized as follows:

• Chapter 2: The general formulation of the rendezous tour design process is sum-

marized and the tasks associated with the automated generation of trajectories

are described. The selection of appropriate dynamical models, the determina-

tion and ranking of potential targets, the computation of transfer options, and

the selection of a search strategy for tour generation are introduced. Baseline

models and algorithms that are readily adapted to specific mission scenarios are

presented.

• Chapter 3: The scheme for generating rendezvous sequences is applied to the

active removal of debris objects near to the Earth. Analytical approximations

for the propellant cost to transfer between targets are developed, and algorithms

suitable for the coordination of multiple operating spacecraft are adapted for

use within the context of the general tour design process. High value targets

for removal are detailed.

• Chapter 4: Specific debris mitigation and removal scenarios incorporating multi-

ple independently operating chaser spacecraft are investigated. The limitations

of near-term mitigation strategies are explored and specific high-value encounter

sequences are suggested.

• Chapter 5: The tour construction scheme is adapted for the scenario wherein a

single robotic spacecraft is used to survey the population of Trojan asteroids.

Rendezvous arcs connecting specific target asteroids are enabled by a novel low-

thrust propulsion system. A search scheme balancing propellant consumption,

loiter time at the asteroids, and potential scientific return is implemented. An
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automated process to transition feasible encounter sequences constructed using

lower-fidelity models to higher-accuracy, end-to-end trajectories is developed.

• Chapter 6: A variety of scenarios for survey missions of the Trojan asteroid

swarms are considered. Preliminary results generated using lower accuracy ap-

proximations are transitioned to higher fidelity simulations and several options

for end-to-end, that is, Earth-departure to mission termination, are explored.

• Chapter 7: A summary of the investigation and concluding remarks are pre-

sented. Potential avenues for future investigation are offered.
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2. OVERVIEW: THE TOUR CONSTRUCTION PROCESS

The construction of a feasible tour trajectory and, ultimately, successful flight along

the path is a non-trivial task necessitating a careful blend of human-in-the-loop inter-

actions with automated processes that aid in the exploration of potential solutions.

Once a particular mission concept has been selected for investigation, there are typi-

cally several interrelated tasks, as parts of the larger trajectory design problem, that

must be accomplished before a detailed reference path is generated incorporating a

model fidelity and design maturity that is sufficient for operations or for more in-

depth study. These tasks within the trajectory design process must, in general, be

adjusted with respect to one another and can be automated to varying degrees. In

general, the automated construction of tour trajectories proceeds consistent with four

high-level functions:

1. Mission conception: the formulation of the mission goals and constraints;

2. Definition of natural dynamical models : the selection of a minimal dynamical

model suitable for rapid preliminary analysis while retaining sufficient dynam-

ical fidelity;

3. Automated tour generation: the automated process whereby potential trajecto-

ries are constructed, composed of three sub-tasks:

(a) Relative target value assessment : determining a set of potential individual

targets and assessing their relative priority, if any;

(b) Rendezvous computation: computing and applying the propellant costs as

well as the timing required for transfer from one object to another;

(c) Search strategy implementation: the ordered selection of targets for indi-

vidual spacecraft and the production of encounter sequences; and,
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4. Mission operations : the transition of preliminary trajectory results to higher

fidelity models suitable for eventual mission operations.

A notional diagram of the design flow and the high-level functions, including the de-

sign tasks, in a proposed rendezvous tour mission architecture is displayed in Fig. 2.1.

The three circles representing the design tasks, as sub-components of a tour gener-

ation strategy, are overlapped to reflect the interrelated nature of the tasks. Design

considerations within one category can significantly influence available options in an-

other element. Techniques and algorithms comprising the various design tasks of the

tour creation process are developed and applied to two specific mission scenarios. The

algorithmic procedures are not tailored to the specific test cases, however, and are

readily adapted to a wide variety of other trajectory design architectures. Overviews

of the tour generation components are introduced, along with general solution pro-

cesses for specific tour design tasks.

Mission operations 

Rendezvous 

computation 

Relative 

target value 

Search 

strategy 

Automated Tour 
Generation 
Procedure 

Model of  

natural motion 

Mission 

concept 

Figure 2.1.. Conceptual schematic of the tour design framework
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2.1 Mission conception

Any spacecraft mission is proposed to satisfy a specific set of goals, from the

gathering of valuable scientific information to the demonstration of a key technical

capability. Specific, measurable objectives for the mission are then formulated such

that, when the objectives are met, the mission goals are also satisfied. These objec-

tives, along with pertinent technical and economic restrictions, then drive the design

of the spacecraft, trajectory, and other mission operations. While a large variety of

current and future missions are under investigation by a variety of government agen-

cies, universities, and private companies, an element common to several proposed

mission concepts is the desire to encounter multiple objects of interest, where each

encounter involves an extended duration in the near vicinity of the target body. Two

specific mission scenarios, the active removal of debris objects near to the Earth and

surveys of the enginmatic Trojan asteroids, are explored in this analysis.

2.2 Definition of natural dynamical models

A mathematical model incorporating the natural dynamics governing the motion

of the target objects as well as the operating spacecraft is a critical component of

an automated trajectory design process. Of course, the specific mission application

and the desired level of fidelity drives the development of this model. At the core

of this investigation is the general formulation of a strategy to generate rendezvous

tours, thus, the mathematical representation of the dynamical model leads directly

to the construction of initial and target states for departure and arrival at the desired

target bodies. Accordingly, a basic dynamical model is developed that is suitable for

adaptation to assess the motion of the target debris objects as well as the Trojan

asteroids for the two sample architectures.



10

2.2.1 Basis for natural motion: the N-body problem

Though humanity has puzzled for millenia on the motion of the stars and planets,

Newton’s law of universal gravitation supplied a firm physical and mathematical basis

for Kepler’s earlier kinematical observations of planetary motion. Indeed, Newton’s

law is fundamental and remains a widely applied concept in preliminary mission

design, even though Einstein’s theory of general relativity, a more detailed model

of gravity, is now readily available. Using modern vector notation, the model for

universal gravitation is written

Fg = −GMm

d3
d (2.1)

where Fg is the vector gravitational force due to a point mass PM , of mass M , acting

on point mass Pm, with mass m, the relative position vector is d (directed from PM to

Pm), and the scalar G is the Universal Gravitational Constant. Note that vectors are

indicated by bold-type. Also included in Newton’s Philosophiæ Naturalis Principia

Mathematica [25] are his equally famous three laws of motion. The well-known second

law states that the change in the momentum of a particle is directly proportional to

the sum of the forces acting on the particle. This relationship is mathematically

represented as

F = mr̈ (2.2)

where F is the vector force resultant, r is the position vector of the particle with

respect to an inertially fixed base point, and dots indicate a derivative with respect

to time from the perspective of an inertial observer. From the law of motion in

Eq. (2.2), and incorporating the gravity force representation in Eq. (2.1), the system

is expanded to include N point masses. As a result, the motion of a particle Pi in

inertial space is written

mir̈i = −G
n∑
j=1
j 6=i

mimj

d3
ji

dji. (2.3)

In Eq. (2.3), the vector ri denotes the position of particle Pi with respect to an

inertially fixed base point and the vectors dji denote relative displacements such that
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dji = ri − rj. This system of N particles is represented in Fig. 2.2, with the vectors

ri and dji annotated.

1P

2P
iP

jP

nP

2r

1r

ir

jr

nr

jid

Inertial Base Point

Figure 2.2.. Diagram of N -body problem

In mission scenarios, the gravitational environment is frequently dominated by

a massive central body while offering perturbations due to smaller and / or more

distant gravitating bodies. Thus, an accurate model for point masses moving under

the influence of gravity is supplied by the relative vector equation of motion for a

particle Pi moving with respect to a central body Pq:

r̈qi +
G(mi +mq)

r3
qi

rqi = G
n∑
j=1
j 6=i,q

mj

(
rij
r3
ij

− rqj
r3
qj

)
(2.4)

where additional bodies are denoted by the subscript j. The ephemerides, i.e., po-

sitions and velocities of the celestial bodies, are available from the Jet Propulsion

Laboratory’s HORIZONS database [26]. The relative position vector rij is defined

rij = rqj − rqi (2.5)
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where all positions are known relative to the central body q. Therefore, the natural

dynamics of the spacecraft in an inertial frame are mathematically modeled as

fn(t, rqi) = −G(mi +mq)

r3
qi

rqi +G

n∑
j=1
j 6=i,q

mj

(
rij
r3
ij

− rqj
r3
qj

)
(2.6)

where the system is time varying and the symbol fn represents the net gravitational

acceleration governing the position vector rqi. Numerical integration of these vector

equations of motion is readily adjusted for any number of gravitating bodies, where

the number does not, in general, alter other aspects of the rendezvous tour generation

function such as the target-to-target transfer model and the implementation of the

optimization algorithm.

2.3 Tour generation: relative target value assessment

The selection and prioritization of a set of target bodies is a critical step in the

formulation, construction, and analysis of potential rendezvous trajectory develop-

ment. This relative ranking of targets can encompass a variety of factors and could,

in fact, be re-ordered during the path planning process or during the actual oper-

ations. For example, an imminent conjunction with a high probability of collision

might be detected between two debris objects, necessitating the near-term removal of

one or both targets. Assuming some identified scope for the analysis, subsets of tar-

get bodies are selected from the full target populations via several heuristic methods;

while this winnowing process is intrinsically human-in-the-loop, a variety of filtering

processes are readily automated. Once target sub-sets are defined, individual target

objects are assigned a scalar priority ranking that, in general, represents the value of

an encounter with an object relative to others. Recall that the two sample scenarios

in this investigation represent very different problems, i.e., (i) tour design for a Trojan

asteroid mission, and (ii) a debris mitigation strategy for Earth-based objects. Thus,

a priority value metric may represent either the expected scientific return from the

asteroid encounters or a simulated hazard level posed by an individual debris object.
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2.4 Tour generation: rendezvous computation

The accurate and efficient computation of transfer links between target objects

plays a key role in the construction of viable encounter sequences that satisfy typ-

ical rendezvous mission objectives. Often, simplified cost estimates or models can

be used to speed computation during initial searches through the available design

space. However, results from any “simplified” search must retain sufficient fidelity

such that potential tour sequences may be successfully transferred to higher fidelity

models while retaining the desirable tour characteristics. A variety of propulsive

technologies are available to effect changes in the natural motion of the touring, or

chaser, spacecraft. Such capabilities range from well-established chemical engines to

more efficient electric thrusters to advanced technologies such as solar sails. How-

ever, each propulsive technique offers unique advantages and challenges in terms of

both the physical capability as well as the required analysis and computational meth-

ods to simulate spacecraft operation. Multiple propulsive models are investigated to

assess their potential within the context of multiple-encounter rendezvous missions

while simultaneously demonstrating the adaptability of the general framework for the

construction of viable tour sequences. In particular, a variety of low-thrust models

are adapted for use in the construction of asteroid encounter surveys while simpli-

fied cost estimates, analogous to chemical and electrical thruster performance, are

implemented for the mitigation of debris near to the Earth. Furthermore, a general

procedure for differential corrections is developed, where this scheme is adaptable to

a wide variety of trajectory design scenarios.

2.4.1 Basis for rendezvous computation: a general corrections procedure

The determination of trajectories and transfers within a multi-body regime is a

natural example of a two-point boundary value problem (2PBVP). Though many

techniques for numerically computing solutions to 2PBVPs exist, an algorithm com-

prised of constraints and free variables [27], based on a generalization of Newton’s
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method, is employed here because of its simplicity in formulation and a recent his-

tory of successful applications [28]. Begin with a general design vector X of n free

variables Xi, that is, a vector of design variables,

X =



X1

X2

...

Xn


(2.7)

where the objective is to determine a solution vector that satisfies a set of m con-

straints of the form

F (X) =



F1(X)

F2(X)
...

Fm(X)


= 0. (2.8)

One possible set of design variables that is applicable in this problem is position,

velocity, and time while potential constraints include path restrictions on position and

velocity as well as limits on the energy level of an orbit. When the constraint vector

F (X) includes quantities downstream from X as a result of numerical simulation,

the algorithm can be used to implement a shooting process [29].

After the free variables are selected and the constraints are defined, an algorithm

is developed that iterates from an initial guess of the solution, X0, toward a true

solution. To construct this algorithm, the constraint vector F (X) is expanded to

first order in a Taylor series about the initial guess X0

F (X) ≈ F (X0) +DF (X0)(X −X0) (2.9)

where X is assumed close to X0. The Jacobian matrix DF (X) is an m×n gradient

matrix

DF (X) =
∂F (X)

∂X
=


∂F1

∂X1

∂F1

∂X2
. . . ∂F1

∂Xn

∂F2

∂X1

∂F2

∂X2
. . . ∂F2

∂Xn

...
...

. . .
...

∂Fm

∂X1

∂Fm

∂X2
. . . ∂Fm

∂Xn

 (2.10)
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that relates changes in the constraint vector F (X) to changes in the state vector

X. Recalling the goal to satisfy the constraints such that F (X) = 0, Eq. (2.9) is

reformulated as an iterative function, that is

F (Xi) +DF (Xi)(Xi+1 −Xi) = 0 (2.11)

and Xi+1 is computed until the constraint vector falls below a certain specified tol-

erance ‖F (Xi+1)‖ < ε. The norm of the full constraint vector may not always yield

the best performance and such criteria can be adjusted as necessary. When the num-

ber of constraints and free variables are equal, m = n, then the update process is

straightforward and the multi-dimensional Newton’s method [29] is employed such

that at each step

Xi+1 = Xi −DF (Xi)
−1F (Xi) (2.12)

where the Jacobian matrix DF (Xi) is square and, so long as it is non-singular,

invertible. If n > m, there are infinitely many solutions, so a single solution is

determined from among many options by computing the vector Xi+1 nearest to Xi.

This Minimum-Norm solution [30] is evaluated

Xi+1 = Xi −DF (Xi)
T
[
DF (Xi)DF (Xi)

T
]−1

F (Xi) (2.13)

where Eq. (2.13) uses an orthogonal projection of DF (Xi) to compute Xi+1 and,

thus, the solution Xi+1 typically retains the properties of the previous solution Xi.

Differential corrections is a powerful tool in orbit and transfer design, as well as

other aspects of spacecraft mission analysis and operations, and the implementation

of the process in terms of a general constraint-variable corrections procedure is the

primary algorithm used in this analysis. The general algorithm is summarized as

follows:

1. Determine all free variables and all functional dependencies, construct the vari-

able vector X, and generate an initial guess X0.

2. Define all constraints in the problem, formulate them in terms of equality con-

straints, and fill the constraint vector F (X) = 0.
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3. Calculate the Jacobian matrix DF (X) = ∂F (X)
∂X

, that is, the gradient of the

constraints with respect to the free variables.

4. Use Newton’s method (Eq. (2.12)), a Minimum-Norm solution (Eq. (2.13)), or

an acceptable alternative, to iterate until the constraint falls below an acceptable

tolerance, ‖F (Xi+1)‖ < ε.

Assuming all constraints are formulated as equality constraints and the initial guess

X0 is sufficiently close to a true solution, this algorithm converges quadratically [29].

The constraint-variable procedure is used to generate all orbits and unconstrained

low-thrust transfers in this analysis.

2.4.1.1 Variational equations and the state transition matrix

For many applications in the astrodynamics, the corrections algorithm includes

the evaluation of the elements of a constraint vector from states obtained via nu-

merical integration. The update equation is then based on a Jacobian matrix which,

for its construction, requires some method to map variations in the initial states to

variations in the final states. The first step in determining these variational rela-

tionships is a baseline solution x∗(t) to the equations of motion (the symbol ∗ here

indicates a reference trajectory). For nonlinear systems, determination of a baseline

solution entails numerical integration of a scalar set of n first-order ordinary differ-

ential equations (ODE). Thus, the equations of motion ẋ = f(x) are propagated

for some time interval [t0, t] from an initial state x∗0 to obtain x∗(x∗0, t). Several

ODE solvers are available, for example, MATLAB R©’s ode45 and ode113 functions or

Adams-Bashforth-Moulton integrators in Fortran [31].

With the known trajectory x∗(x∗0, t), nearby solutions are generated by employing

a continuation process. Variations between the final state along the known trajectory

and the positions and velocity vectors corresponding to the nearby solutions are de-
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termined by approximating the impact of variations in the initial state on x∗(x∗0, t).

To model a nearby path, define a new initial state

x0 = x∗0 + δx0 (2.14)

where δx0 is a small variation. The variation at the terminal time, t, is then

δx(t) = x(x0, t)− x∗(x∗0, t)

= x(x∗0 + δx0, t)− x∗(x∗0, t).
(2.15)

The process of representing a neighboring arc relative to a reference trajectory is

illustrated in Fig. 2.3. Expanding the term x(x∗0 + δx0, t) and linearizing about the

0x

0 x

*

0x

( )t x

0( , )tx x

* *

0( )tx x

Varied Trajectory

Reference Trajectory

Figure 2.3.. A reference trajectory with nearby path

reference trajectory for an assumed small initial variation yields

δx(t) =
∂x

∂x0

δx0 (2.16)

as in Kahlil [32]. The matrix derivative ∂x
∂x0

is evaluated along the reference path and

linearly maps variations in the initial state x0 to changes in the state downstream,

x(x0, t). This transformation matrix is denoted the State Transition Matrix (STM)

and is defined

Φ(t, t0) =
∂x

∂x0

. (2.17)
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When t = t0 and, thus, x = x0, Eq. (2.17) indicates that Φ(t0, t0) = I, that is, the

initial STM is the identity matrix. Differentiating Eq. (2.16) with respect to time

produces
d

dt
(
∂x

∂x0

) =
∂

∂x0

dx

dt
=

∂f

∂x0

=
∂f

∂x

∂x

∂x0

=
∂ẋ

∂x

∂x

∂x0

(2.18)

where the partial differential matrix is defined ∂ẋ
∂x

= A(t). Substituting Eq. (2.17)

into Eq. (2.18) produces the matrix differential equation

Φ̇(t, t0) = A(t)Φ(t, t0). (2.19)

Thus, a system with n state variables requires the integration of n2 additional dif-

ferential equations for the availability of the STM. However, if the system is time-

invariant, the matrix A is constant, the analysis simplifies and the STM is evaluated

as Φ(t) = eAt [33].

2.4.1.2 Finite differencing

In some instances, numerical simulations using the STM to evaluate the elements

of the Jacobian matrix are not productive, prohibitively difficult in a large-scale prob-

lem, or computationally expensive. Therefore, an alternative approach to calculate

these values is useful. Numerical finite-differencing is common when a slight loss

in accuracy is offset by an increase in computational efficiency which is acceptable.

Central differencing is the most popular of the finite-differencing options because of

the balance between accuracy and the number of function evaluations as well as the

ease of implementation [29]. In central differencing, the derivative of the jth scalar

constraint Fj with respect to the ith scalar state variable Xi is approximated as

∂Fj
∂Xi

≈ Fj(Xi + h)− Fj(Xi − h)

2h
(2.20)

where h is a “small” step in the value of the variable. In this investigation, a step size

of h = 10−5 nondimensional units typically supplies an acceptable trade-off between

truncation error and round-off error.
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2.4.1.3 Single and multiple shooting

In astrodynamics trajectory design problems, targeting or shooting methods are

common. A shooting scheme typically involves numerical integration along one or

more arcs; the initial state along each arc is generally corrected to achieve a specified

objective. Any shooting procedure can be implemented in a corrections algorithm.

The general corrections procedure used in this investigation does not place restrictions

on the selection of either the variables in the state vector X or the constraints in the

vector F (X). However, some terminology to distinguish between various applications

of the process is helpful. Consider the vector X = {x0, t}T that includes the initial

6D vector state x0 and the propagation time t along a path. Then, the arc possesses a

target terminal point, xT , such that the constraint is expressed F (X) = xt−xT . The

vectors xt and xT , defined via the constraint F , can involve a complete state vector

or a subset of the states. All free variables correspond to a single initial state and time

and all constraints are evaluated by a progapation from that specified initial state for

the predetermined time interval t (denoted by the superscript t). This application of

the corrections algorithm is labeled “single shooting”; a diagram appears in Fig. 2.4.

A general corrections procedure is not restricted to single states and one time in-

terval to define a trajectory; in fact, segmenting a single arc into several sub-arcs offers

many advantages. For example, an end-to-end trajectory might require one or many

close passages of a primary, necessitating a complex path with high numerical sensi-

tivity. Then, the linear corrections procedure is more successfully applied to shorter

arcs that each represent a small time interval along the entire path. Corrections of the

state and, possibly time corresponding to each arc, are evaluated simultaneously using

a shooting method. Simultaneously updating the interior points is denoted “multi-

ple shooting” and the procedure can be implemented using a free variable-constraint

algorithm. The scheme is implemented in this analysis by adding the interior points

to the design vector X. For example, collect a set of n points xi that represent a
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Figure 2.4.. Diagram of single shooting

sequential series of arcs and define the initial states corresponding to each arc to seed

n numerical propagations of possibly varying duration ti. The goal is the construction

of a smooth trajectory connecting all n points in series to a terminal point xT ; this

case is illustrated in Fig. 2.5. Then, the constraint vector F (X) includes elements of

the form xi − xti−1 that ensure continuity between the terminal point of one arc and

the initial point of the following arc. Thus, the algorithm corrects a state vector X

including the n state vectors xi and, if desired, the progapation times ti. In addition

to state constraints, other types of constraints are often implemented in a corrections

process; specific constraints pertinent to this analysis are discussed in subsequent

chapters.

2.5 Tour generation: search strategy

Even in the most simplified form, tour design is an NP-hard problem, meaning

that the solution space grows exponentially with a linear growth in the number of

potential targets. Therefore, once targets are selected and transition options, with
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Figure 2.5.. Illustration of a series of arcs in a multiple shooting scheme

the associated costs, are computed (if pre-computation of these links is even feasi-

ble), a computationally efficient search method must still be implemented. While

strict tree enumeration is a practical scheme for very small scale problems, this solu-

tion method quickly becomes intractable for even moderately-sized problems. Thus,

many graph search methods, such as Dijkstra’s algorithm [34] and branch-and-bound

tree searches [35], have been developed over the last century. Furthermore, given that

the construction of spacecraft tour trajectories can be posed as a specific example of

the classic Traveling Salesman Problem (TSP), a wide variety of solution techniques

are available. [36] One heuristic algorithm based upon the foraging behavior of ants,

ant colony optimization (ACO), [37] has gained much interest as a solution scheme

for a wide variety of applications, from the classic Traveling Salesman Problem (TSP)

to the routing of information in data networks to the organization of jobs within a

factory. [38] In particular, ACO is easy to implement as well as relatively computa-

tionally efficient such that trade studies may be rapidly performed. While ACO has

a history of successful implementation in discrete system formulations, the algorithm
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also has the potential to be adapted to scenarios with continuous trade-spaces, such

as astrodynamics. The ACO implementations in this preliminary investigation are

intended as illustrative examples, not rigorous examinations of the performance of

the search method and the effect of varying search parameters.

2.5.1 Basis for search strategies: traditional ant colony optimization

Standard ant colony optimization (SACO) is a stochastic route-finding algorithm

patterned after the foraging behavior of ant colonies wherein ants alternately explore

for food and follow pheromone trails to known food sources. Once a source of food

is discovered, the ants instinctively locate a route that is near-optimal in terms of

travel distance to the food source while retaining the ability to adapt to changing

environments and opportunities. The process relies on the continued laying and

dissipation of pheromone trails such that favorable trails are reinforced while other

routes decay as their use declines. This process is inherently robust while ensuring

near optimal performance as well as allowing for a variety of static and dynamic

applications. [39]

Typical SACO applications assume a discrete set of N targets, or nodes, with

single, bi-directional links, such that an “ant” traveling from location A to location

B can travel equally easily in the opposite direction for the same cost. As illustrated

in Fig. 2.6, these networks are usually sparse, that is, not every pair of nodes is

connected. In most applications, the goal is to traverse the network from one node

to another or to create a circuit of all nodes, both for the least cost. Many SACO

applications simplify the model to represent one cost, for example, the travel time

between cities in the classic Traveling Salesman Problem (TSP). The ant colony

algorithm mimics the foraging behavior of ant colonies by performing a series of

parallel searches wherein sets of virtual ants construct individual routes through the

network. During each round of parallel searches, termed a “generation”, multiple ants

are released such that the individual ants construct independent sets of encounter
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Figure 2.6.. Schema of sample network on which ant colony optimization
can be applied. Links between objects can be traveled in both directions.

sequences. To construct routes during the kth generation, each individual ant, after

placement at a random initial object, travels from node to node, following these

behavioral rules at each encountered node:

1. Exploration: With some “exploration” probability γ, travel to a randomly se-

lected new node, where the parameter γ decreases from 1 to some steady-state

value 0 < γss < 1 over succeeding generations; else,

2. Following : Stochastically select an unvisited node with the “following” proba-

bility

Pi,j =
τi,jB

β
i,j∑

τi,jB
β
i,j

(2.21)

where Pi,j is the probability for traveling from the ith node to the jth node, τi,j

is the pheromone level on the link, Bi,j is the quality of the connection, and β

is a weighting parameter consistent across all connections.

3. When the ant reaches the desired target destination, terminate search.
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The number of ants, i.e., Na, is an adjustable parameter in the algorithm. For the

applications in this investigation, the exploration probability in the kth generation is

defined to be

γ = γss + (1− γss)e
− k−1

lnNg (2.22)

where γss is the lowest desired exploration probability and Ng is the total number of

generations over which the search is enacted. This definition of exploration probabil-

ity ensures a smooth exponential decay from a probability of 1 in the first generation

to the base probability, γss. The term involving the natural logarithm yields a con-

sistent decay of exploration likelihood regardless of the number of generations. After

each succeeding ant generation, the pheromone levels along each individual link are

updated via

τi,j = (1− ρ)τi,j +Qi,j (2.23)

with the decay rate ρ and pheromone update parameterQi,j. Note that this pheromone

increase, Qi,j, corresponding to a given link is often either zero (if only the best routes

and, therefore, the best links, are reinforced) or some function that is dependent on

the performance metric associated with those tours that include the particular leg

in question. A common pheromone update procedure involves an increase of the

pheromone level on each link of the best tour by the summed quality of each link on

said tour, that is

Q =
Ne∑

j=2,i=j−1

Bi,j (2.24)

where Q = Qi,j for each (i, j) link along the best tour and Ne is the total number of

nodes traversed. Under this update model, the best tour acquires the highest Q value.

A variation on this update strategy assigns this same pheromone increase across all

tours. After a pre-determined number of generations, this procedure is terminated

and the best tour is returned. Due to the stochastic features of the algorithm and

the recognized tendency of ACO algorithms to quickly “lock” onto potential solu-

tions, several runs are typically completed and the best route from among the runs

is returned as the solution. For ACO algorithms as a whole, local information is
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supplied by the link quality, Bi,j, while global “goodness” information is preserved in

the pheromone concentrations, τi,j. Thus, in most SACO applications, the number of

generations, number of ants, γ, β, ρ, and selection criteria for pheromone updates are

all adjustable parameters. However, the determination of the best set of search pa-

rameters is highly problem dependent and, particularly for multi-objective problems,

requires operator intuition and judgment of desirable outcomes. For this preliminary

investigation, example sets of search parameters sufficient to produce sample results

are chosen for each mission scenario considered.

2.6 Mission operations

Estimated rendezvous costs may be suitable for preliminary searches, but higher

fidelity dynamical and spacecraft performance models are required for detailed analy-

sis and, ultimately, flight operations. Thus, given estimated performances of potential

encounter sequences, a straightforward and, ideally, automated transition to detailed

trajectory plans must be accomplished. This transition process can be as simple as

an ordered list of encountered objects between analysis tools. However, transmission

of higher-level information, for example, mission epochs and nominal thrust profiles,

is desirable. Some aspects of the transition of preliminary mission plans to both

higher fidelity models as well as dynamic, flight operations scenarios are addressed.

Specifically, Trojan asteroid tour trajectories, enabled by low-thrust propulsion and

constructed using a simplified models of natural dynamics, are optimized end-to-end

within the context of higher fidelity gravity simulations for a variety of electrical power

sources for the thruster. Likewise, the behavior of debris removal spacecraft are re-

evaluated and, when necessary, re-ordered via auction and bidding [40,41] algorithms

that dynamically adapt pre-planned encounter sequences to a changing environment.



26

3. POTENTIAL DEBRIS MITIGATION SEQUENCES -

SOLUTION APPROACH

The general automated procedure to produce rendezvous tours is adapted for an active

debris removal campaign. However, due to the number of debris objects currently in

Earth orbit, multiple spacecraft or “chasers” will be required to encounter and operate

upon multiple debris objects in order to engender a significant reduction in the debris

population. To support the goal of active debris removal, several objectives for the

automated tour construction strategy are formulated for this preliminary analysis:

• a rapid and accurate procedure to compute estimated transfer costs between

Earth-centered orbits;

• a search strategy that supplies information relevant to the complete mitigation

of hazardous debris populations; and,

• a systematic approach to coordinate the actions of multiple operating spacecraft

within the context of a rapidly evolving debris environment.

The tasks of the general tour design framework are adapted to satisfy these objectives,

as displayed in Fig. 3.1. After an overview, each task in the trajectory design pro-

cess is explored in depth. To support active debris mitigation, the trajectory design

scenario for a single spacecraft is modeled as a vehicle routing problem (VRP) where

the objective is a spacecraft that encounters a large number of debris objects while

being constrained in terms of available propellant. However, since a single chaser

can only encounter a limited number of debris objects, the use of multiple spacecraft

operating as independent agents within a larger system is investigated. In particular,

ant colony optimization as well as auction and bidding processes are examined as

methods to coordinate the operation of the debris-mitigating satellites for both pre-
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Figure 3.1.. Conceptual schematic of the tour design procedure, adapted
for the generation of multiple-spacecraft debris removal campaigns

mission planning and real-time adjustments to baseline designs. The chaser employs

either a chemical or electrical propulsion system while debris mitigation operations

require some finite time interval within the close vicinity of the object, so transfer du-

ration and spacecraft loiter time must also be addressed. Proximity operations at the

debris objects are not explicitly modeled in this analysis but some assumed cost is ap-

plied at each encounter to represent these activities. Though this penalty potentially

entails some additional propellant expenditure, the exact form of this cost depends

heavily upon the objects under consideration. For example, a small object may be

collected by a servicer spacecraft and, thus, increase the inert mass of the system.

Alternatively, the main vehicle may deploy de-orbit packages at the larger objects,

where this decrease in vehicle mass can incur an additional penalty to the propellant

expenditure. Furthermore, the servicer spacecraft is typically restricted to relatively

short-term missions, as opposed to multi-year operations. Short-term responses im-

ply that large changes in the motion of the spacecraft must be generated via the

on-board propulsion systems rather than natural, but slow, perturbations in the mo-
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tion of the orbiting bodies. Though this analysis employs a simplified computational

scheme that abstracts many of these considerations, preliminary target sequences and

the expected mitigation costs may still be assessed. Furthermore, while this inves-

tigation does not explicitly incorporate launch or on-orbit resupply considerations,

the proposed approaches are readily modified for application to scenarios where the

mitigation architecture includes a supply station or other “home-base” in addition to

the chaser spacecraft.

3.1 Mission concept and historical background

The current population of debris objects in Earth orbit, and the projected growth

in the size of this population, are concerns to many governmental agencies, private

companies, and other participants in the space industry. Debris objects pose a haz-

ard to active spacecraft, often necessitating maneuvers to avoid dangerous close ap-

proaches, while collisions between debris objects have the potential to create a cascad-

ing build-up of debris in near-Earth orbit. [42] Indeed, in February 2009, an on-orbit

collision occurred between an active Iridium communications satellite and a defunct

Cosmos satellite wherein the Iridium satellite was lost and large amount of new de-

bris objects were released. [43] At the same time, active anti-satellite system tests,

such as the Fengyun-1C [44] and USA-193 [45], have contributed greatly to the debris

environment. The Fengyun-1C test was particularly disruptive as it generated a large

amount of debris in an already relatively highly-populated orbit. [46] On the other

hand, because of careful planning of the American anti-satellite test, the fragments

from USA-193 quickly decayed into the atmosphere. Accordingly, satellite disposal

policy and active debris removal campaigns are a topic of international discussions.

The long-term evolution of debris populations has been the focus of many analy-

ses, and the improved accuracy in collision prediction and error estimation is a topic

of on-going investigation. For example, Liou, [47] Loftus, [48] and Lewis [49] have

demonstrated the positive effect of active debris mitigation on long-term debris popu-



29

lations. Likewise, many advancements have occurred in the detection, tracking, char-

acterization, and prioritization of artificial objects orbiting the Earth. [50–54] Less

attention, however, has focused on trajectory design and analysis to mitigate the

existing debris objects, though Peterson [55] has published preliminary results that

include the identification of high-priority debris objects and a ∆V cost analysis for

disposal missions; furthermore, Castronuovo [56] and Braun et al. [57] have proposed

preliminary debris mitigation mission concepts. Additionally, Healy [58] analyzes the

capability of a rapid-response architecture wherein an orbiting spacecraft is deployed

in response to a specific collision event. These studies, however, typically presup-

pose a fixed order of target encounters or are restricted to general order-of-magnitude

analyses. As noted previously, however, some investigations have incorporated au-

tomated vehicle routing processes into the construction of viable debris encounter

sequences. [23, 24] On the other hand, market-based auction algorithms have been

successfully applied to spacecraft constellation design and operations, [59–61] though

they have yet to be employed in mitigation strategies for space debris or for similar

spacecraft routing problems.

Potential mitigation strategies may be classified in terms of a variety of elements

of the mission architecture. While an exhaustive survey of all currently proposed

mitigation approaches has yet to be completed, an overview sufficient for the current

investigation is included in Table 3.1. Red text indicates the assumed architectures

for this particular investigation. Since not all mitigation strategies are technologically

feasible for all debris types, multiple debris mitigation architectures are required to

significantly reduce the debris population. Furthermore, even when a mitigation plan

is crafted to target a specific portion of the debris population, economic realities may

limit the full impact that such a strategy might realize. For example, an architecture

based on chaser spacecraft rendezvous and subsequent deployment of de-orbit pack-

ages to multiple large debris objects within a short time frame entails relatively high

propellant costs and, therefore, necessitates either a large number of spacecraft or the

presence of on-orbit supply depots for the chaser vehicles. Thus, while preliminary
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results indicate that the proposed mitigation strategy is capable of a significant re-

duction in the hazard posed by debris objects within a relatively short time frame,

the full impact is necessarily limited in scope and must be supplemented by alternate

approaches for debris removal.

3.2 Natural motion: Earth-centered Keplerian orbits

High-fidelity numerical models, such as the planetary ephemerides, as well as

simulations provide accuracy and precision when predicting the motion of celestial

objects, albeit at a sometimes prohibitive computational expense. Thus, analytical

models and simplified numerical simulations are of great utility, particularly in the

preliminary stages of mission analysis and design. The simplest model of orbital

motion is the relative motion of two gravitating bodies under their mutual attraction,

also known as Kepler’s Problem. One advantage of this formulation is that it admits

an analytical solution to the nonlinear equations of motion and, thus, enables rapid

analysis and computation for a wide variety of mission scenarios. While many classic

treatises rigorously develop the analytical solution to Kepler’s Problem from the laws

posed in Newton’s Principia, [25] references that are readily accessible to modern

audiences include Oribital Mechanics by Prussing & Conway, [62] Fundamentals of

Astrodynamics and Applications by Vallado & McClain, [63] and Fundamentals of

Astrodynamics by Bate, Mueller, & White. [64] The present investigation omits the

full mathematical derivation of the analytical expressions for the two-body problem,

however key concepts and relations are summarized.

The law of motion from Eq. 2.3 for two gravitating point masses moving under

their mutual influence ultimately simplifies to the relative equation of motion

d̈ = −µC
d3
d (3.1)

where d is the relative displacement vector between the two celestial objects. The

gravitational parameter is defined µC = G(M1 + M2) where M1 and M2 are the

masses of the two particles. In this system, the barycenter B, or center of mass, of
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the two gravitating bodies is taken as the origin of the inertially fixed reference frame

defined by unit vectors X̂, Ŷ , Ẑ forming a right-hand coordinate system. The symbol

‘^’ denotes a unit vector. Under this simplified dynamical regime, the motion of the

two gravitating bodies reduce to conic paths where one focus of each conic section

is collocated with the barycenter B of the two bodies.1 However, when the second

body is negligibly small compared to the primary body, i.e., M2 � M1, then the

center of mass of the larger gravitating body approaches the system barycenter and,

consequently, the inertial base point of the coordinate frame. The larger particle is

then termed the “central body”. The gravitational parameter the two-body motion

then reduces to µC ≈ GMC , where MC = M1. This approximation holds for many

cases of interest, including the motion of a spacecraft near to the Earth.

3.2.1 Definition of the conic orbital elements

The N -body problem possesses 10 conserved quantities, or integrals of motion,

namely the scalar energy of the system, the 3-vector angular momentum of the two

particles, and two 3-vectors defining the system linear momentum. But, the relative

motion of two gravitating bodies reduces to a set of 6 governing differential equations.

Thus, Kepler’s problem admits an analytical solution wherein the relative motion of

the two bodies is completely described without the need for numerical propagations

of the equations of motion. By combining the momentum vectors, another conserved

vector quantity, the eccentricity vector

e =
ḋ× h
µC

− r̂, (3.2)

a special form of the Laplace-Runge-Lenz vector, [65] is revealed. The angular mo-

mentum vector h = d× v, where v = ḋ with respect to an inertial observer, and the

eccentricity vector e determine the size, shape, and orientation of the motion with

respect to the barycenter. However, as these two vector quantities are interrelated,

1A special instance of this latter scenario forms the basis for the circular restricted three-body
problem, as discussed in Section 5.2.
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the specific energy of the system must also be incorporated into the description of

motion.

While Cartesian coordinates are a general, and very useful, formulation for ex-

pressing the motion of spacecraft or other celestial objects, two-body motion is equiv-

alently described using a set of elements defining conic sections, the Keplerian orbital

elements. This set of variables allows the time-varying position and velocity states to

be expressed as a function of five constants and one time-dependent variable, greatly

simplifying the procedure for modeling the motion of the object through space. Six

classical conic elements, along with several related values, are illustrated in Figs. 3.2

and 3.3 and are defined as follows:

• Semi-major axis, a: determines the size, and therefore the energy, of the orbit

and, for closed elliptical orbits, is defined to be the median distance of the

orbiting body from the central body.

• Period, P: the time taken to travel one full circuit around the orbit, directly

related to the semi-major axis.

• Mean motion, n: the average angular rate of change of the particle moving along

the orbit, directly related to the semi-major axis.

• Eccentricity, e: the magnitude of the eccentricity vector e. This quantity defines

the shape of the orbit, where e = 0 indicates a perfectly circular orbit and

0 < e < 1 an elliptical orbit. For values of e ≥ 1, the orbit is unbound from the

central body and has either a parabolic (e = 1) or hyperbolic (e > 1) shape.

• Inclination, i: the angle between the orbital plane and the XY -plane of the

inertial reference frame, i.e., the angle between the inertial Z-axis and the orbital

angular momentum h. Defined to be i ∈ [0◦, 180◦].

• Righ Ascension of the Ascending Node (RAAN), Ω: specified to be the angle

between a fixed direction in the inertial frame (where the inertial frame is typ-

ically defined such that this direction is the X-axis) and the point where the
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orbit crosses the XY -plane from negative to positive Z values. Defined to be

Ω ∈ [0◦, 360◦).

• Argument of periapse, ω: the angular displacement of the origin-periapse vector

e from the line of nodes (the intersection of the orbital plane of motion and the

XY -plane). Defined to be ω ∈ [0◦, 360◦).

• True anomaly, θ∗: the time dependent angle between the current position vector

of the orbiting object d and the line of apsides e. Defined to be θ∗ ∈ [0◦, 360◦).

• Argument of latitude, θ: the angle between the line of nodes and the position

vector d, such that θ = ω + θ∗. Defined to be θ ∈ [0◦, 360◦).

• Eccentric anomaly, E: the angle between the line of apsides and the line from

the center of the elliptical orbit to a point on the auxiliary circle. This secondary

point is defined such that it is colinear with the true position of the smaller body

and this formed line is perpendicular to the line of apsides.

• Mean anomaly, M : the angle swept out around the center of the elliptical path

by the mean motion as time advances, i.e.,

M = n(t− tp) (3.3)

where t is the time since the most recent periapse passage tp.

The semi-major axis and eccentricity describe the size and shape of the orbit, whereas

the inclination, RAAN, and argument of periapse orient the orbit with respect to

the inertial coordinate frame with origin at the barycenter. The remaining time

dependent variables θ∗, E, M , and θ are interchangable from a computational (but

not necessarily operational) viewpoint and are used to define the state of the orbiting

body at any instant in time. Only six independent constants from the list of conic

elements are necessary to uniquely define the state of the orbiting body. Thus, many

transformations between the orbital elements, as well as the Cartesian coordinates d

and v, are available. A complete process for transforming between Keplerian orbital

elements and Cartesian coordinates is detailed by Vallado. [63]
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Figure 3.2.. Conic orbital elements in plane of motion.

3.2.2 Relationships involving the conic elements

While no single scalar value conveys all the information required to fully describe

the orbital motion of a spacecraft or other small body, certain subsets of the Keplerian

elements can, with the appropriate transformations, offer valuable insight into the

behavior of the orbiting particle. For instance, the semi-major axis and eccentricity

predict the lowest and highest points in the orbit via

dp = a(1− e) (3.4)

da = a(1 + e) (3.5)

where dp and da are, respectively, the radii of periapse (closest approach) and apoapse

(furthest recession) of the orbiting particle with respect to the central body. These

two equations combine to produce

a =
1

2
(dp + da) (3.6)



36

Figure 3.3.. Conic orbital elements with respect to inertially fixed frame.
Earth is used as central body for illustrative purposes; conic elements are
defined identically for any central body.

where this relation is consistent with the definition of the semi-major axis. Further-

more, the semi-major axis fully defines the time dependency of the motion about the

gravitating body via the relations

P = 2π

√
a3

µC
(3.7)

and

n =

√
µC
a3

(3.8)

where the orbital period and mean motion are functions only of the semi-major axis

and the gravitational parameter. Recall that the gravitational parameter µC is com-

monly approximated using only the mass of the central body when the secondary

body is negligibly small, for example spacecraft or debris objects.

Any one of the time-varying angular variables θ∗, E, M , or θ can be tracked over

a given time interval to construct the full state history of the particle however, in
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practice, the mean anomaly is the most easily computed value, from Eq. (3.3). Once

the mean anomaly is determined for a particular epoch, the equivalent eccentric

anomaly is obtained via Kepler’s Equation

M = E − e sinE (3.9)

where both the mean and eccentric anomalies are expressed in radians. In general,

Eq. (3.9) must be numerically solved since no closed form solution exists. The true

anomaly is recovered from the eccentric anomaly by using the relation

tan
θ∗

2
=

√
1 + e

1− e
tan

E

2
(3.10)

with the argument of latitude θ readily obtained thereafter. The scalar values for the

current radius and velocity are obtained from the standard conic expressions

d =
p

1 + e cos θ∗
(3.11)

v =

√
2µC
d
− µC

a
(3.12)

where the semi-latus rectum is defined by

p =
h2

µC
(3.13)

with h the scalar magnitude of the angular momentum vector h = d×v, a conserved

quantity for two-body motion. For the special case of circular orbits (e = 0), the

anomaly values are equivalent, i.e., θ∗ = E = M , and the magnitudes of the radius

and velocity become constants, although the vector quantities d and v vary with

time.

3.3 Relative target priority: debris groups and collision threat

The build-up of defunct satellites and rocket bodies as well as fragmentary objects

poses a hazard to all currently operating and future satellite missions. Two distinct

hazards are posed by these objects: i) direct collision with an active object, wherein
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even a small fragment can disable an operating satellite, and ii) a collision between

defunct objects leading to the generation of still more debris fragments. In fact, if

several collisions occur, a runaway cascade of collisions could disable a large number of

active satellites and completely obstruct access to entire regions of Earth orbit. Such

a runaway chain of collisions is termed the “Kessler effect”. [42] While the removal of

large, defunct objects is the preferable method to reduce fragmentation events, there

are enough fragments currently in orbit that schemes dedicated to removing these

smaller objects is also desirable.

3.3.1 Debris classification taxonomies

One critical element of debris mitigation is the identification and classification of

potential target objects. While the technology to identify and track objects orbiting

the Earth has existed for several decades, only recently have attempts been made to

produce a systematic classification scheme for artificial debris objects. [50–52] These

taxonomic schemes draw upon many physical characteristics, from orbit regime to

size and shape to material composition, for determining the origin, current status,

and potential orbital evolution of the debris objects. A modified set of Früh’s tax-

onomic categories for artificial satellites is detailed in Table 3.2; note that many

of these classifications are available using remote observation techniques. Once the

observed and inferred physical characteristics of an object have been collected, the

long-term evolution and hazard level of the artificial satellite may be assessed. As in

Table 3.1, red text in Table 3.2 indicates specific debris classifications that serve as a

focus of this preliminary investigation. In particular, large objects that are likely to

contribute to the future growth of the debris population, due to shedding and frag-

mentation events, are preferentially targeted for removal. Furthermore, if a collision

event occurs, the expedited removal of the resulting fragments from Earth orbit is

desirable, therefore, medium-sized objects (that is, larger than 10 cm and, thus, able

to be tracked using current observation capabilities) are also targeted for disposal.
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Note that since proximity operations are not explicitly modeled, no restrictions apply

to certain descriptor categories.

Table 3.2. Physical characteristics for taxonomic classification of artificial
debris objects.

Descriptor Classification

Orbit regime LEO MEO GEO HEO

Orbit control controlled / active uncontrolled / defunct

Attitude controlled spinning tumbling

Fragmentation intact fragment

Material single few composite of many

Size large (>1.5m) medium small (<10cm) micro (<1cm)

Shape regular convex regular with concavities irregular

Area to mass high (HAMR) medium (MAMR) low (LAMR)

ratio (AMR) >2 m2/kg >0.8 m2/kg

3.3.2 Selection of target debris groups

Given the tens of thousands of debris objects in Earth orbit, careful selection

of potential targets of interest is a necessary step in the formulation of a feasible

mitigation strategy. Investigations by Peterson [55] and Lewis et al. [66] identify

specific debris objects and categories that pose the highest long-term threat in terms

of probability and severity of collision. These objects are typically large, intact ob-

jects, e.g., defunct satellite buses or rocket bodies from the upper stages of launch

systems. Furthermore, as demonstrated by Peterson, these high-risk objects usually

form a taxonomic group in terms of physical characteristics such as orbit regime as

well as body size and shape. In particular, the LEO regime is of particular concern

because of the high density of objects with large relative velocities and correspond-
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ingly high-energy collision events. In contrast, LEO altitudes readily allow for the

definitive termination of debris objects via atmospheric re-entry. Thus, a viable mit-

igation strategy for large LEO objects is the attachment of de-orbit packages such as

propulsive modules or drag-inducing devices.

Based upon Peterson’s analysis, a test case in this investigation is the active miti-

gation of the SL-8 / Kosmos upper stage rocket bodies. The identical size and shape

of each of these target objects enables the easy replication of any chaser spacecraft

attachment mechanism as well as the deployable de-orbit package. Indeed, the major

distinguishing factor among the SL-8 rocket bodies is the orbital behavior of the ob-

jects. The vast majority of the 295 currently extant Kosmos upper stages (as of July

4th, 2013) reside in nearly circular orbits with three distinct altitude / inclination

groupings at roughly 760 km / 74◦, 970 km / 83◦, and 1570 km / 74◦, as illustrated

in Fig. 3.4. But, the target rocket bodies are widely distributed in right ascension of

the ascending node (RAAN) and phase within their respective orbit planes.

Figure 3.4.. Orbital period and inclination with respect to the equator of
the target SL-8 / Kosmos upper stage rocket bodies. Elements extracted
from public NORAD Two-Line Element set dated July 4, 2013. [67]
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While the preventative removal of a relatively small number of large debris ob-

jects is logistically easier than the removal of small objects after a fragmentation

event, enough such events have occurred that a feasibility analysis of the disposal of

fragments is also desirable. For example, the Iridium-Kosmos collision in February

2009 [43] and the Fengyun-1C anti-satellite test [44] produced a large number of frag-

ments that, over time, have necessitated many avoidance manuevers from operating

satellites, for instance, the Earth observatories comprising the A-Train constella-

tion. [68] While many fragments have decayed since the collision events, the majority

of the small objects remain in orbit, roughly 69% from Iridium 33, 77% from Kosmos

2251, and 88% from Fengyun-1C. The bulk of the fragments from these events reside

within a 700-900 km altitude band and are closely grouped in orbit inclination, as

evident in Figs. 3.5, 3.6, and 3.7. However, the fragment orbits do vary in eccentricity

and orbit plane, the latter due to nodal drift caused by zonal harmonics in the Earth’s

gravity field. While no convenient fragment groups are readily apparent, the objects

are filtered for orbital characteristics that are amenable to a preliminary transfer cost

analysis. Therefore, only objects residing in nearly circular orbits (eccentricity lower

than or equal to 0.025) and above 700 km altitude are considered in the test cases

examined. Objects lower than this critical altitude are typically moving along orbits

that are rapidly decaying and, thus, active removal is not required. The mitigation

techniques for these small objects generally fall into two broad categories: (i) the

collection and storage of the debris object on-board the servicer spacecraft, or (ii)

the alteration of the orbital path of the fragment such that an eventual decay into

Earth’s atmosphere is assured. In the event that no consumable resource is used for

these mitigation operations, the number of objects mitigated by a single spacecraft

may then be arbitrarily large assuming sufficient propellant remains to transfer from

one object to another.
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Figure 3.5.. Orbital period, inclination, eccentricity, and orbits of the
target Iridium 33 fragments. Orbits display grouping in right ascension
of ascending node. Elements extracted from public NORAD Two-Line
Element set dated April 24, 2014. [67]

3.3.3 Collision threat posed by individual objects

Extensive research has been conducted into the analysis of collision risks between

orbiting bodies; Chan [69] supplies a summary of many modern collision prediction

techniques while the National Research Council offers periodic assessments of the
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Figure 3.6.. Orbital period, inclination, eccentricity, and orbits of the
target Kosmos-2251 fragments. Orbit plot omitted. Elements extracted
from public NORAD Two-Line Element set dated April 24, 2014. [67]

debris mitigation capabilies of NASA. [70] The computation of the collision risk posed

by individual close approaches between orbiting bodies is beyond the scope of the

current investigation, but, such information is readily incorporated into the process

for the generation of debris removal tours. When necessary, the hazard posed by an

individual debris object is randomly assigned a value w on the interval [0.5,1.5], where

this value is easily updated with time to simulate a dynamic environment wherein

collision risks are continually assessed and updated.
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Figure 3.7.. Orbital period, inclination, eccentricity, and orbits of the
target Fengyun-1C fragments. Orbit plot omitted. Elements extracted
from public NORAD Two-Line Element set dated April 24, 2014. [67]

3.4 Rendezvous computation: conic cost approximations

For this preliminary investigation, only a simplified, rapidly-computed cost ap-

proximation is desired for the debris mitigation mission scenario. Thus, the general

corrections procedure detailed in Section 2.4.1 is omitted and analytical rendezvous

propellant cost estimates are developed. Some form of the corrections procedure

is, however, necessary for the construction of true rendezvous solutions between the
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target debris objects. Due to the clustering of the debris object orbits in terms of

inclination and the near-circularity of the motion, the majority of the propellant is

expended to adjust the size and orientation of the orbit. For a chaser spacecraft

traveling from one target to another within the same group, maneuvers are neces-

sary to adjust the altitude, change the orbital plane, and to match the phase of the

destination object. That is, the total rendezvous cost is approximated via

∆V = ∆Valt + ∆Vpc + ∆Vph (3.14)

where ∆Valt is the cost to alter the spacecraft altitude, ∆Vpc reflects the maneuver

to change the orbit plane, and the cost of the phasing maneuvers are represented by

∆Vph. The propellant expenditure for each purpose is assumed to be decoupled and

only a simplified cost model is desired. Hence, analytical expressions estimating the

maneuver magnitude for the chaser rendezvous with the debris objects are readily

developed for this preliminary analysis.

The analytical cost estimates assume an impulsive maneuver capability, i.e., thrust

is delivered by a high impulse system that operates only for short durations. Since

engines using chemical propellants are the only technology capabable of delivering

this performance within the near-term, the analytical approximations are best suited

for analyzing mission scenarios enabled by chemical propulsion. However, for archi-

tectures where a more efficient low-thrust system is desirable, the transfer cost for

electrical thrusters is approximated from the impulsive cost estimates. Peterson [55],

using Edelbaum’s low-thrust optimization methods, [71] demonstrates that the ∆V

cost for small changes in altitude (i.e., less than 5,000 km) are nearly equivalent using

either impulsive- or continuous-thrust models. Thus, changes to the servicer space-

craft orbit phase are also roughly equal using the phasing method implemented. In

contrast, the cost to shift the plane of motion is comparable in terms of an 8/5 ratio,

that is, low-thrust / impulsive systems. For clarity, note that an impulsive maneuver

equal to 1 km/s in ∆V changes the orbital plane by approximately 8◦, whereas an

equal amount of ∆V delivered by an electrical engine alters the plane by only 5◦.
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Therefore, the total cost for the transfer effected by a low-thrust system from one

debris object to another is easily summarized

∆Vlt = ∆Valt +
8

5
∆Vpc + ∆Vph (3.15)

where the impulsive transfer costs are defined as in Eq. (3.14).

3.4.1 Altitude adjustment ∆V cost

The most efficient method within a two-body environment to transfer between co-

planar, circular orbits of differing altitudes is the Hohmann transfer, i.e., an elliptical

transfer orbit with a periapse altitude equal to the altitude of the smaller orbit and

an apoapse radius equivalent to the semi-major axis of the larger orbit. [72] The

Hohmann transfer between two orbits is illustrated in Fig. 3.8. Accordingly, recalling

Eq. (3.6), the semi-major axis of the Hohmann ellipse is defined as

aH =
1

2
(dCD + dCT ) (3.16)

where dCD = aCD and dCT = aCT are the radii of the circular departure and arrival

orbits, respectively. Thus, from Eq. (3.12), the velocity magnitude within the circular

orbits is

vC =

√
µC
dC

(3.17)

where µC = 3.986×105 km
s

, the gravitational parameter for the Earth, and the velocity

at the apses of the transfer ellipse are

vH =

√
2µC
dC
− µC
aH

(3.18)

where the radius dC is that of either the departure or target orbit. Since the maneuver

is tangential, the magnitude required to shift from one of the circular orbits to the

equivalent point on the Hohmann ellipse is then

∆VH = ‖vH − vC‖ (3.19)
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and, therefore, the total estimated cost for the change in the orbit altitude is

∆Valt = ∆VHD + ∆VHT . (3.20)

Note that the Hohmann transfer is reversable, i.e., the cost to transfer from an or-

bit with a higher altitude to an orbit with a lower altitude is exactly equal to the

transfer from the smaller to the larger orbit. Using the fragments from the Iridium

33 satellite as a demonstration, one fragment is selected and the ∆V cost to change

the orbit of a chaser spacecraft from the selected object to all other Iridium 33 frag-

ments is computed. The resulting costs are displayed in Fig. 3.9. Note the nearly

linear relationship between the change in semi-major axis and the required propellant

expenditure.

Orbit raise 

Orbit raise 

Orbit lower 

Orbit lower 

Figure 3.8.. Sketch of Hohmann transfer between circular orbits.
Hohmann cost to transfer from lower to upper orbit is identical to re-
verse tranfser, apart from direction of applied velocity change. Raising
the orbit requires tangential burns in the velocity direction while lowering
the altitude necessitates maneuvers anti-parallel to orbital velocity.



48

−150 −100 −50 0 50 100 150
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

Change in a, km

∆
V

,
k
m

/
se

c

Figure 3.9.. Altitude (semi-major axis) change costs for Iridium 33; for
low changes in altitude the cost is approximately linear.



49

3.4.2 Plane change ∆V cost

In short-duration mitigation missions for which zonal drift and other pertubative

effects are negligible, changes in the orbit plane are likely to be accomplished via the

expenditure of propellant. If the current and destination orbits intersect in physical

space, then the transfer may be implemented using a single impulse. Note that,

generally, the required magnitude of a single impulse ∆Vsi maneuver when the orbits

interest is evaluated as

∆V 2
si = V 2

D + V 2
T − 2VDVT cos η (3.21)

where VD and VT are the speeds along the departure and target orbits at the point

of intersection, respectively, and it is assumed that the velocity vectors are in the

same plane. The angle η is the angle between the velocity vectors. Note that in the

case when departure and destination orbits are identical but the planes of motion

differ, reflected in different nodal crossings (i.e., RAAN), the shift in the orbit plane

is accomplished by a single impluse at one of the two intersections along the orbital

tracks. Furthermore, given the nearly circular orbits in which the target debris objects

reside, the cost to transfer between orbit planes is easily approximated as

∆Vpc = 2Vc sin
∆Ω

2
(3.22)

where ∆Ω is the difference in RAAN between the initial and arrival orbit planes and

Vc is the circular orbit velocity, as illustrated in Fig. 3.10. Using this formulation,

the cost of the transfer maneuver is estimated simply from the classical elements

describing the target orbits without any requirement to locate the intersection points

between the spacecraft paths. Recall the three groupings of SL-8 rocket bodies in

Fig. 3.4. One object from each group is selected, where the plane change maneuver

from the selected target orbit to any other upper stage within its own group yields

Fig. 3.11. For all three families or groups, the cost associated with small values of ∆Ω

results in a nearly linear relationship between ∆Ω and ∆V , as expected, and requires

approximately 1 km/s to enable about an 8◦ change in RAAN.
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Figure 3.10.. Intersection velocities along departure (blue) and target
(purple) debris orbits. Note that difference in RAAN ∆Ω is equal to the
angular difference between the two velocities.

Figure 3.11.. Plane change costs for three SL-8 rocket body groupings.
For low changes in RAAN, the cost is approximately linear.
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3.4.3 Phasing ∆V cost

While shifting the orbital plane and the altitude of the chaser spacecraft to that of

the debris objects is a necessary step in the rendezvous process, the required maneuver

that is necessary to match the phase of the target object must also be incorporated

into the cost model. Due to the low eccentricity of the orbits for the selected debris

objects, differences in phase are straightforwardly expressed in terms of changes in

the argument of latitude, ∆θ, that is, the varying times associated with the object’s

crossing of the equatorial plane of Earth. One strategy to match the phase of the

chaser to that of the target is a boost of the chaser spacecraft into a loiter orbit with

a different period from that of the debris object; then, after some wait interval, the

differences in mean motion will bring the chaser and target within close proximity.

After any difference in the argument of latitude is eliminated, a second burn returns

the chaser spacecraft to a circular orbit matching the orbit of the debris object. A

notional respresentation of this process appears in Fig. 3.12, where the number of

revolutions, n, of the chaser spacecraft along the phasing ellipse and, m, the target

object on its circular path are independently adjustable. The required period of the

phasing orbit that is occupied by the chaser, PE, is computed via

nPE = PC
(
m+

∆θ

2π

)
(3.23)

where PC is the period of the debris object in the circular orbit and the difference

in the argument of latitude, ∆θ, between the chaser and target varies between ±π

radians. The integers n and m represent the number of revolutions n of the chaser

spacecraft along the phasing orbit and the revolutions m of the debris object in the

target orbit. Once an appropriate size for the phasing orbit is determined, the total

propulsive cost for the phasing maneuvers is

∆Vph = 2‖VE − VC‖ (3.24)

where VE is the speed on the phasing ellipse at the circular orbit altitude, i.e., at

either periapse or apoapse depending upon whether the debris object is trailing or
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leading the chaser spacecraft, respectively. Recall that two burns are required for

phasing, hence the factor of 2 in Eq. (3.24). The relevant apse speed on the phasing

orbit is obtained from

VE =

√
2µ

aC
− µ

aE
(3.25)

where the elliptical and circular semi-major axes aE and aC are calculated via(
P
2π

)2

=
a3

µC
. (3.26)

Recall that the gravitational parameter of the Earth is µC = 3.986× 105 km
s

.

Figure 3.12.. Illustration of debris object orbit and phasing orbit for the
spacecraft. If the debris object leads the chaser spacecraft, a phasing orbit
smaller than the debris orbit is used.

A trade-off between the phasing and debris orbital periods and propellant cost

is available for the phasing portion of the rendezvous maneuvers. The revolution

numbers n and m in Eq. (3.23) can be independently adjusted, but, if more than

one phasing revolution about the Earth is incorporated, the most successful strategy

maintains n = m so that differences in orbital periods and, consequently, the required

propellant expenditures, are reduced. Thus, the trade-space for a single shift in orbit

phasing from one debris object to another is reduced to simply the balancing of the

duration, represented by the number of phasing revolutions n, and the required ∆V

from the propulsion system. The phasing maneuver costs across the three target

groupings of the SL-8 rocket bodies and for two phasing durations, n = 10 and
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n = 100, are plotted in Fig. 3.13. Note the linear relationship between ∆V and

number of phasing revolutions as well as cost and the required change in argument of

latitude. These linear relationships break down if the phasing maneuver is attempted

for a low number of orbital periods. For this preliminary investigation, the revolution

number n is fixed for any particular solution run, however more sophisticated search

methods incorporating both transfer time and cost could be implemented. [73]

a. ∆V cost for 10 periods, n = m = 10. b. ∆V cost for 100 periods, n = m = 1.

Figure 3.13.. Phase change cost for three SL-8 upper stage families.

3.5 Search strategy: ant colony optimization and the vehicle routing

problem

Many search strategies are capable of reliably producing potential trajectories for

spacecraft operations of a single vehicle without the need to coordinate actions with

other vehicles. Ant colony optimization, however, offers the added advantage that it

is readily adaptable for scenarios where multiple spacecraft must interact and coor-

dinate behavior. One natural application for ACO is the solution of vehicle routing

problems (VRP); [38,74] the generation of debris mitigation tours is a specific exam-

ple. However, one critical factor incorporated into any search strategy is the fact that
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the chaser spacecraft is not infinitely capable but instead possesses limited propul-

sive reserves and mitigation capability, here represented by the on-board number of

de-orbit packages or a limited carrying capacity for fragmented pieces of satellites.

In most ACO applications, the objective is to traverse the network from one node

to another or to create a circuit of all nodes, in both cases, for the least cost. However,

for debris mitigation spacecraft with limited capability, the network-spanning route is

split into discrete sequences that can be addressed by one individual vehicle. In this

case, an “ant” representing a chaser spacecraft traverses all potential debris targets

with a “reset” after a chaser spacecraft has exhausted either its propellant (∆Vcap)

or de-orbit package (pcap) reserves. For an individual ant, the number of resets is

equivalent to the number of chaser spacecraft that are required to implement all

encounter sequences. This concept is notionally presented in Fig. 3.14, where the

dashed, colored links indicate sequences followed by individual chaser spacecraft (the

“ant”, in turn, travels all dashed connections). For this investigation, the target-to-

target transfer model is simplified to one equivalent ∆V cost as evaluated by Eq. (3.14)

or (3.15). Thus, once an initial debris target is specified, the set of accessible targets

is readily computed. However, the construction of the optimal encounter sequence,

particularly when coordinated with other nearby chaser spacecraft, is a non-trivial

process for all but the the simplest models of transfer cost. Recall that the altitude

and plane-change costs are determined entirely by the geometry of the target debris

orbits while the phasing cost is dependent upon the selection of the phasing number

n. Consequently, because two factors contribute to the transfer cost, the total ∆V

requirements for a chaser to transfer from target A to B to C is not necessarily

equivalent to the associated cost if target B is omitted, e.g., A to C.

Recall from Section 2.5.1 that the ant colony algorithm mimics the foraging be-

havior of ant colonies by performing a series of parallel searches wherein sets of virtual

ants construct individual routes through the network. However, the rules that the

ants obey when traversing the network are extended as follows:
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Figure 3.14.. Schema of a sample debris network on which ant colony
optimization can be applied. Links between objects can be traveled in
both directions. Colored, dashed connections are traversed by specific
chaser vehicles.

1. Exploration: With some “exploration” probability γ, the “ant” travels to a

randomly selected new node, where the parameter γ decreases from 1 to some

steady-state value 0 < γss < 1 over succeeding generations; else,

2. Following : Stochastically select an unvisited node with the “following” proba-

bility

Pi,j =
τi,jB

β
i,j∑

τi,jB
β
i,j

(3.27)

where Pi,j is the probability for travel from the ith node to the jth node, τi,j is

the pheromone level on the link, Bi,j is the quality of the connection, and β is

a weighting parameter.

3. Reset : If the chaser spacecraft exhausts either its set of de-orbit packages or

propellant capacity, place the ant at a randomly selected, but unvisited, debris

object with full mitigation and propellant capacities.

4. When all nodes / debris objects have been traversed, terminate the search for

the individual ant. The total number of resets that the ant must perform
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represents the number of chaser spacecraft required to effect the constructed

mitigation sequences.

Once each individual ant has completed its search during the kth generation, global

information on successful routes is conveyed to succeeding generations via the creation

and dissipation of virtual pheromones. For the mitigation of artificial debris objects,

the individual link quality is defined

Bi,j = ∆Va:i→j = ∆Vcap −
∑

∆Vp (3.28)

where ∆Va:i→j is the remaining propulsive capability of the chaser spacecraft at arrival

at the target object, ∆Vcap is the initial mitigation spacecraft propellant reserve, and∑
∆Vp is the summed propellant expenditure for the links previously followed by

the spacecraft. Note that while the link quality is simplified to an evaluation of the

∆V cost for this mission scenario, the travel time and the importance of the target

objects have been successfully incorporated into the link quality metric for other

mission scenarios; [73] this expanded capability is discussed in greater detail in the

solution approach to the construction of asteroid survey tours.

Global information on beneficial routes through the network are conveyed to indi-

vidual ants via the creation and dissipation of pheromone values associated with spe-

cific object-to-object transfer options. This updated pheromone represents a transfer

of information from one generation of ants to the next such that ants in later gen-

erations possess a higher probability of producing higher-value encounter sequences.

After each succeeding generation of ants, the pheromone levels along each individual

link are updated via Eq. (2.23). Furthermore, if the pheromone level on an individual

link falls below a certain threshold, ρL, the pheromone level on that transfer option

is set to zero. This logic removes the need to explicitly compute travel probabilities

that are already nearly zero as compared to trails with higher reinforcement levels.

Note that the pheromone increase, Qi,j, corresponding to a given link is either zero

(if only the best routes and, therefore, the best links, are reinforced) or some func-

tion that is dependent on the performance metric associated with tours that include
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the particular leg in question. For the debris mitigation scenario, the pheromone

update procedure increases the pheromone on each link of the current best tour over

all previous generations by the value 1/Q where the quality value Q is defined to be

Q = CscNsc +
Nsc∑
k=1

∆Vk (3.29)

and where Nsc is the number of spacecraft or, equivalently, the number of “resets”

required to encounter all debris objects, Csc is a constant scaling factor, and ∆Vk

is the propellant consumed by the kth chaser spacecraft. The scaling constant Csc

is essentially a weighting factor that, if set sufficiently high, allows the number of

required chaser spacecraft to dominate the propellant consumption, that is the total

∆V expenditure, of the individual spacecraft. Under this update model, the best

tour acquires the lowest Q value. After a pre-determined number of generations, this

procedure is terminated and the best tour is returned.

3.6 Mission operations: coordination of flight operation for multiple ve-

hicles

A bidding and auction process is applied to the coordination and modification

of the debris removal sequences for multiple service spacecraft within the context of

real-time flight operations. The auction scheme reduces the necessity for constant

human-in-the-loop monitoring of the debris mitigation spacecraft while simultane-

ously assisting in the assignment of time-critical targets to the operating vehicles.

In the auctions, individual spacecraft bid to remove specific debris objects through

simple serial auctions where all available spacecraft bid to select the next object to

visit. Under nominal conditions, the top bid collected from each spacecraft is then

the next target object along their baseline routes as determined by the ACO scheme.

However, for certain contingencies, e.g., a particular debris object poses an imminent

threat of collision or a chaser spacecraft becomes deactivated, the auction process

alters the operation of the spacecraft swarm in real time. Generally, for the type of

auctions in this investigation, no advantage ensues by under-bidding but over-bidding
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may offer benefits (e.g., a servicer can increase the attractiveness of its bid by un-

derestimating the propellant cost). Therefore, this general process is not currently

“incentive compatible”, i.e., honesty may not be the best bidding strategy for an in-

dividual spacecraft. [40] However, in this investigation, the mitigation spacecraft are

assumed to be honest, a reasonable assumption when all chasers are operated by the

same company or agency. In the event that the spacecraft are operated by competing

entities, a system of salvage rights could be instituted in which the “owner” of the

debris object sells the rights to recover valuable resources to the highest bidder, a

system that would be incentive compatible, but that is not currently implemented

here.

A key element of the auction process is the bidding function; an appropriate choice

incorporates one or more performance metrics from the current problem. For tours

that encounter and mitigate debris objects, several important considerations include:

the propulsive capability of the chaser spacecraft, the ability of the spacecraft to

physically handle the object, the relative threat posed by the debris objects, and

the time-to-rendezvous and mitigate the target object in question. Recall that the

phasing duration is pre-selected and, therefore, translated into an equivalent ∆V cost.

Accordingly, a bidding function is defined for the case when the kth spacecraft bids

upon the jth object, namely

Bj,k = wWj p
R
k ∆V M

k:i→j (3.30)

where the bid B is a function of the relative threat posed by the object (w), the

number of de-orbit packages remaining on the servicer spacecraft (p) after mitigating

the subject target object, and the remaining propulsive capability (∆Vk) after the

servicer transfers from its current (debris object) orbit to the target orbit, as computed

by Eq. 3.28.2 The weighting parameters W , R, and M are adjusted to modify the

relative importance of each metric on the overall bid. Note, also, that if one of

2Note that this bidding function could potentially be used as the link quality metric in the ACO
implementation. However, as the target threat is highly variable over time, it could, in fact, be un-
known at the time of the construction of the preliminary encounter sequence. Accordingly, individual
target threat was omitted during the construction of initial target sequences.
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the weighting parameters is equal to zero, the bidding function is then insensitive

to that particular metric. If equal weighting is employed in this bidding function,

the auction process favors the removal of the highest threat objects using the most

capable spacecraft, i.e., the vehicle assuring the highest likelihood of success.

A serial, simple auction is implemented, wherein bids are solicited at periodic

intervals Υ. The simple auction process is advantageous in that it is decentralized as

well as relatively flexible and robust in the event of a chaser spacecraft failure or the

addition of debris objects. Furthermore, updates to the object threat w are readily

computed and incorporated into the bidding process. The process for the simple

auction during each bidding period is implemented as follows:

1. All hazard levels posed by the target objects are reassessed and communicated

to the chaser spacecraft, also termed “agents”.

2. If a chaser spacecraft is busy, either traveling between debris objects or currently

mitigating a target object, it does not bid.

3. If a chaser is not busy, it then constructs bids for all debris objects that can be

accessed given the remaining propellant.

4. The agent then reports its top n bids, where n is the number of other chaser

spacecraft participating in the auction process.

5. Each spacecraft that bids is first assigned its top bid. If another spacecraft places

a higher winning bid on the same object, then the losing agent is assigned to

its second highest bid, etc.

6. In the event that several bids are equal, the assignment of targets is random.

Once an agent has been awarded a specific target, the spacecraft transfers to the orbit

of the specified debris object, expending the required propellant ∆V . Furthermore,

the mitigation capability of the chaser spacecraft is updated, representing the usage of

consumable resources to remove the targeted debris object. Note that, in the bidding
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process, debris objects that have been assigned to a specific servicer spacecraft are

then removed from future bids, even if the rendezvous and mitigation of the rocket

body has not been completed. Larger values of Υ increase the likelihood of simulta-

neous bids. For this investigation, the value of Υ is set to a value such that all chaser

spacecraft complete the mitigation of their respective targets before a new round of

bidding is announced. Though not specifically modeled, one intriguing application is

a modification of the auction implementation process such that an auction is called

only when a high collision risk conjunction event is detected. The spacecraft all follow

their nominal routes, constructed from the ACO process, and only adjust behavior at

the appearance of an imminent threat. The simple auction process is advantageous

because it is decentralized and relatively flexible and robust in the event of a chaser

spacecraft failure or the emergence of additional debris objects. Furthermore, updates

to the object threat value w are readily computed and incorporated into the bidding

process.
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4. POTENTIAL DEBRIS MITIGATION SEQUENCES -

RESULTS

A variety of debris mitigation architectures are investigated and potential removal

options enabled by near-term technologies are detailed. A diverse set of debris ob-

jects are targeted for removal, from large intact bodies to smaller debris fragments.

Preliminary tour options generated by the automated tour construction scheme reveal

the infrastructure needed for complete removal of the target objects. Enhancements

to spacecraft autonomy are demonstrated, particularly when the actions of multiple

spacecraft must be coordinated. Feasible target sets are indentified for mission ar-

chitectures using near-term technologies while potential avenues for enhanced future

capabilities are discussed.

4.1 Preliminary searches with multiple spacecraft

Potential tour sequences are generated and analyzed in terms of the required

number of mitigation spacecraft as well as the performance of individual chasers. Ant

colony optimization is employed to create preliminary encounter paths and determine

the required number of spacecraft for complete mitigation of the target families. The

ACO algorithm is employed to generate potential tour sequences for each set of target

debris objects.

4.1.1 SL-8 rocket body groups

The ACO algorithm is employed to generate potential tour sequences for each

of the three sets of expended SL-8 rocket bodies. Since a short-term, i.e., less than

one year, mitigation mission is desired, the chaser spacecraft are assumed to have a
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chemical propulsion system on-board. Furthermore, at each encounter with an SL-8

upper stage, the servicer spacecraft affixes module capable of altering the orbit of the

debris object onto a rapidly decaying path, where each mitigation spacecraft carries

with a limited number of these de-orbit packages. For this investigation, the same

search parameters (e.g., spacecraft propellant capacity, number of ants, decay rate)

are applied to each large debris grouping. These parameters are detailed in Table 4.1;

note that these search parameters are selected as representative examples, while more

detailed analysis is required to determine the optimal set of search criterion. Recall

that the altitude of the rocket bodies is consistent across each family, such that

propellant costs to alter the chaser spacecraft altitude within each family is negligible.

Table 4.1. Spacecraft, tour, and ACO parameter values, common to all
runs targeting large debris bodies.

Quantity Value

Propellant capacity of chaser spacecraft (∆Vcap), km/s 2

Number of de-orbit packages per chaser spacecraft (pcap) 8

Phasing revolution number (n = m) 30

Number of generations (Ng) 100

Number of ants (Na) 20

Link quality weight in link probability (β) 1

Pheromone decay rate (ρ) 0.05

Pheromone lower threshold (ρL) 10−5

Base exploration probability (γss) 0.1

Spacecraft number scaling factor (Csc) 10
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4.1.1.1 Family 1 - 760 km altitude

Tours are generated for the mitigation of the 39 SL-8 rocket bodies residing in

760 km altitude orbits. Recall that each tour, or “ant”, respresents mitigation se-

quences for multiple chaser spacecraft. The performance of individual ants is exam-

ined in Fig. 4.1, where the required number of spacecraft for full removal of the target

grouping as well as the average propellant per chaser are plotted for the last gener-

ation of the ACO run. The “Tour Number” is, in fact, the “ant” number. Across

all the tours (ants), note the variance in the number of spacecraft required to ac-

complish the goal. Furthermore, there is an inverse relationship between the average

∆V expended per ant and the required number of chasers. This result supports the

intuitive notion that chaser spacecraft with higher propulsive capability could gener-

ally reduce the required number of spacecraft for full mitigation. Similar trends are

observed for the other target groupings at 970 and 1570 km altitudes. Recall that,

as with most stochastic algorithms, the ACO search is typically run several times in

order to improve the likelihood of discovery of the true global optimum. However, as

the goal of this investigation is the generation of high-value prospective tours that are

subsequently optimized in higher fidelity models, even singular runs provide valuable

insight into the characteristics of optimal spacecraft tours. Furthermore, in instances

were several runs of ACO are performed with identical parameters, the resulting best

solutions from each run typically require the same number of chaser spacecraft for

complete mitigation.

Examination of the best mitigation tour, as produced by the ACO algorithm

in the 45th generation, reveals that a minimum of 13 spacecraft are necessary for

complete, short-term mitigation of all members of the 760 km altitude family. While

this number is economically infeasible, a smaller set of mitigation spacecraft could still

result in a significant reduction in the population of upper stages. Figures 4.2 and 4.3

aid in identifying particular high-return-on-investment sequences; information on the

individual performance of specific spacecraft is conveyed in Fig. 4.2 whereas Fig. 4.3
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(a) (b)

Figure 4.1.. “Ant” performance at last generation of ACO tour generation
for 760 km altitude SL-8 rocket bodies.
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illustrates the clustering in the orbit planes for the encounter sequences. Note that

average phases and altitudes are not displayed as the plane change dominates the

∆V rendezvous cost for these upper stages. Two particular spacecraft, numbers 5

and 6 in the figures, encounter 4 and 5 debris objects in two distinct RAAN regions,

17◦ and 262◦, respectively. Note that neither chaser reaches the propellant cap of

2 km/s or the de-orbit package capacity of 8. Yet, these two sequences present

the best options for short-term, chemical-enabled mitigation of the selected objects;

other mission architectures could increase the performance of the chaser spacecraft

by incorporating more efficient propulsion systems, by exploiting long-term drifts due

to spherical harmonics, or incorporating resupply depots for the chaser spacecraft.

(a) (b)

Figure 4.2.. Number of encountered debris objects and ∆V expenditure
for each chaser spacecraft along the best found tour of 760 km family.

4.1.1.2 Family 2 - 970 km altitude

The ACO heuristic selection strategy is applied to the mitigation of the 114 upper

stages in the 970 km altitude regime, where the best constructed tour, from the 98th

generation, requires 26 chaser spacecraft for full removal of the targets. As before,



66

(a) (b)

Figure 4.3.. Orbits and mean RAAN of encountered debris objects for
each chaser spacecraft along the best found tour of 760 km family. Color
of orbit indicates mitigation by different chaser spacecraft. Diamonds are
average RAAN across all encounters while crosses indicate specific RAAN
values.
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this number of spacecraft is currently not realizable, however Figs. 4.4 and 4.5 reveal

several possibilities for high-return mitigation progressions. Two sequences exhaust

all de-orbit packages on their respective carrier spacecraft, while nearly half of the

followed routes actually encounter 5 or more debris objects. Furthermore, most of

the tour sequences expend more that three-quarters of the chaser propellant reserves,

indicating that a moderate increase in propulsive capability could significantly reduce

the number of spacecraft required. Likewise, mitigation of this target grouping, in

particular, may benefit heavily from the use of refueling stations or other home-base

architectures.

(a) (b)

Figure 4.4.. Number of encountered debris objects and ∆V expenditure
for each chaser spacecraft along the best found tour of 970 km family.

4.1.1.3 Family 3 - 1570 km altitude

The 29 target objects at the 1570 km altitude are examined for potential mitiga-

tion tours. The best tour emerged from the ACO procedure in the 52nd generation and

requires 13 chaser spacecraft for complete mitigation. Similar to the previous exam-

ples, Figs. 4.6 and 4.7 reveal the best potential for high-return encounter sequences.
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(a) (b)

Figure 4.5.. Orbits and mean RAAN of encountered debris objects for
each chaser spacecraft along the best found tour of 970 km family. Color
of orbit indicates mitigation by different chaser spacecraft, up to the 15th

chaser. All subsequent encounters are plotted in grey. Diamonds are
average RAAN across all encounters while crosses indicate specific RAAN
values.
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As in the mitigation tours for the first target family, two spacecraft encounter 5 and

4 debris objects, respectively, in two distinct RAAN regions, centered on 341◦ and

47◦. Other than these two moderate encounter counts, all other potential spacecraft

progressions in this region encounter a maximum of 2 upper stages, indicating a crit-

ical need to incorporate either long-term relative RAAN drift or a similar enabling

architecture for the full depletion of this debris reservoir.

(a) (b)

Figure 4.6.. Number of encountered debris objects and ∆V expenditure
for each chaser spacecraft along the best found tour of 1570 km family.

4.1.1.4 Combined families 1 and 3

Two of the SL-8 rocket body groups, specifically those at 760 km and 1570 km

altitudes, reside in orbits with nearly identical inclinations of 74◦, reducing the plane

change necessary for rendezvous. Accordingly, transfer costs between these target

debris objects may be achievable using chemical propulsion systems, even with the

significant altitude change required to transfer between the debris groups. Therefore,

a search for mitigation sequences of these combined debris object sets is performed

via the ACO algorithm. The best tour, constructed in the 44th generation, removes
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(a) (b)

Figure 4.7.. Orbits and mean RAAN of encountered debris objects for
each chaser spacecraft along the best found tour of 1570 km family. Color
of orbit indicates mitigation by different chaser spacecraft. Diamonds are
average RAAN across all encounters while crosses indicate specific RAAN
values.
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all 68 rocket bodies using 22 chaser vehicles, with the performance of individual

spacecraft displayed in Figs. 4.8 and 4.9. Recall that 26 total spacecraft are required

for complete removal of the two groups when targeted separately. Note that, in

general, the chaser spacecraft readily switch between altitudes and no consistent

grouping in phase is exhibited. On the other hand, the RAAN of the encountered

objects remains tightly grouped for each individual spacecraft, indicating that the

plane change cost dominates over other components of the rendezvous. Seven chaser

spacecraft encounter 4 or more empty upper stages, though there is no discernable

clustering in the average operating RAAN or altitude of these specific vehicles.

(a) (b)

Figure 4.8.. Number of encountered debris objects and ∆V expenditure
for each chaser spacecraft along the best found tour of combined 760 km
and 1570 km altitude families of SL-8 upper stages.

4.1.2 Small debris fragments

The complete removal of the fragments emanating from the Iridium-Kosmos colli-

sion and the Fengyun 1-C anti-satellite test is assessed using the ant colony heuristic.

Recall that the ACO algorithm, in addition to creating routes for individual chaser
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(a) (b)

(c) (d)

Figure 4.9.. Orbits and orbital elements of encountered debris objects for
each chaser spacecraft along the best found tour of combined 760 km and
1570 km altitude families. Color of orbit indicates mitigation by different
chaser spacecraft. Triangles, diamonds, and hexagrams are average alti-
tude, RAAN, and phase, respectively, across all encounters while crosses
indicate specific orbital element values of encountered objects.
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spacecraft, provides the total number of spacecraft that are necessary to mitigate all

the debris objects in a given family. A high-efficiency, low-thrust electrical propulsion

system enables the chaser spacecraft to transfer from the orbit of one debris to an-

other. While such a mission architecture necessarily entails spacecraft operation over

multiple years, the simplified rendezvous cost analysis omits any long-term natural

effects such as secular drifts in the orbital line of nodes. The parameters relevant to

the mitigation of the small debris fragments are detailed in Table 4.2. The current

orbits of the fragments are extracted from the NORAD Two-Line Element (TLE) set

dated April 24, 2014, however some objects originating from the fragmentation events

are omitted from this repository due to limitations on tracking capability. Thus, the

debris groups targeted in this analysis represent only a fraction of the total population

of the Iridium 33, Kosmos-2251, and Fengyun 1-C fragments currently in orbit.

Table 4.2. Spacecraft, tour, and ACO parameter values, common to all
runs targeting fragmented debris objects.

Quantity Value

Propellant capacity of chaser spacecraft (∆Vcap), km/s 3.4

Maximum number of fragments (pcap) 100

Phasing revolution number, (n = m) 30

Number of generations (Ng) 100

Number of ants (Na) 20

Link quality weight in link probability (β) 1

Pheromone decay rate (ρ) 0.05

Pheromone lower threshold (ρL) 10−6

Base exploration probability (γss) 0.1

Spacecraft number scaling factor (Csc) 100
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4.1.2.1 Iridium 33 fragments

The TLE is filtered for low-eccentricity (that is, e < 0.025), high-altitude (a > 700

km) fragments originating from the Iridium 33 communications satellite. The result-

ing 126 fragments are then set as the targets for the ant colony heuristic. The per-

formance of the individual ants is examined in Fig. 4.10, where the required number

of spacecraft for full removal of the target grouping as well as the average propellant

per chaser are plotted for the last generation of the ACO run. As before, the “Tour

Number” is the “ant” number. As with the mitigation tours of the SL-8 rocket bodies,

there is an inverse relationship between the average ∆V expended per ant and the

required number of chasers. Similar trends are observed for the other fragmented de-

bris objects. Note that, generally speaking, the tours of the debris fragments enabled

by a low-thrust system require fewer resets and, consequently, fewer chaser vehicles

than the best performing tour of the 114 SL-8 rocket bodies at 970 km altitude. This

is attributable, in part, to the clustering in orbital plane of the Iridium fragments.

However, the higher efficiency of electrical thrusters over chemical engines also plays

a significant role, even with the higher plane change costs of low-thrust propulsion.

The best mitigation tour, from the 87th generation of the ACO scheme, requires

18 spacecraft for complete mitigation of all fragments from the Iridium 33 satellite.

As before, Figs. 4.11 and 4.12 reveal beneficial encounter sequences. Five servicer

spacecraft encounter and mitigate more than 10 debris objects while nearly half

of the required vehicles approach the maximum propulsive capability of 3.4 km/s

∆V . Examination of the orbital elements of the encountered fragments for each of

the chaser spacecraft reveals distinct clustering in RAAN with comparatively larger

spreads in the object altitude and phase. This close clustering indicates that the plane

change dominates the propellant cost of the object-to-object transfer. Accordingly,

rendezvous schemes that exploit the relative nodal drift of inclined orbits under the

influence of zonal harmonics are of great interest to improve the operational efficiency

of the individual spacecraft.
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(a) (b)

Figure 4.10.. “Ant” performance at last generation of ACO tour genera-
tion for Iridium 33 fragments.

(a) (b)

Figure 4.11.. Number of encountered debris objects and ∆V expendi-
ture for each chaser spacecraft along the best found tour of Iridium 33
fragments.
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(a) (b)

(c) (d)

Figure 4.12.. Orbits and orbital elements of encountered debris objects for
each chaser spacecraft along the best found tour of Iridium 33 fragments.
Color of orbit indicates mitigation by different chaser spacecraft. Trian-
gles, diamonds, and hexagrams are average altitude, RAAN, and phase,
respectively, across all encounters while crosses indicate specific orbital
element values.
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4.1.2.2 Kosmos-2251 fragments

Encounter sequences are generated for the 270 nearly circular, high-altitude Kosmos-

2251 fragments from the satellite catalog. The best mitigation tour emerges from the

54th generation of the ACO scheme and requires 42 spacecraft for the removal of all

fragments. High-value routes followed by specific chaser spacecraft are displayed in

Figs. 4.13 and 4.14. As with the Iridium 33 fragments, five servicer spacecraft en-

counter and mitigate 10 or more debris objects. However, a larger proportion, nearly

three-quarters, of the required vehicles approach the maximum propulsive capability

of 3.4 km/s ∆V . As before, the RAAN of the encountered orbits are tightly grouped

for each individual vehicle whereas the altitude and phase exhibit wide dispersions.

(a) (b)

Figure 4.13.. Number of encountered debris objects and ∆V expendi-
ture for each chaser spacecraft along the best found tour of Kosmos-2251
fragments.

4.1.2.3 Fengyun 1-C fragments

The ant colony heuristic is applied to the removal of the 970 most recently tracked

fragments from the Fengyun 1-C anti-satellite test.The best mitigation tour arises
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(a) (b)

(c) (d)

Figure 4.14.. Orbits and orbital elements of encountered debris objects
for each chaser spacecraft along the best found tour of Kosmos-2251 frag-
ments. Color of orbit indicates mitigation by different chaser spacecraft.
Triangles, diamonds, and hexagrams are average altitude, RAAN, and
phase, respectively, across all encounters while crosses indicate specific
orbital element values.
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from the 40th generation of the ACO scheme and requires 97 spacecraft for complete

mitigation of all targets. While this is an impractically large number of required

spacecraft, certain vehicles follow high-value trajectories, as displayed in Figs. 4.15

and 4.16. Three chasers encounter and mitigate 15 or fragments while nearly all of

the vehicles consume the maximum propulsive capability of 3.4 km/s ∆V . As with

the previous scenarios targeting medium-sized debris fragments, phase and altitude

considerations do not restrict target selection. However, the plane change continues

to dominate the transfer cost, indicating a critical need for more efficient rendezvous

schemes.

(a) (b)

Figure 4.15.. Number of encountered debris objects and ∆V expendi-
ture for each chaser spacecraft along the best found tour of Fengyun 1-C
fragments.

4.2 Flight operations for multiple spacecraft coordinated with auctions

While the ACO search algorithm reliably produces high-value target sequences,

the auction coordination method readily re-routes chaser spacecraft to address con-

tingencies such as the detection of an imminent conjunction with a high probability
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(a) (b)

(c) (d)

Figure 4.16.. Orbits and orbital elements of encountered debris objects
for each chaser spacecraft along the best found tour of Fengyun 1-C frag-
ments. Color of orbit indicates mitigation by different chaser spacecraft.
Triangles, diamonds, and hexagrams are average altitude, RAAN, and
phase, respectively, across all encounters while crosses indicate specific
orbital element values.
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of physical collision. Two sample cases are considered for the auction process: (i) the

mitigation of rocket bodies in the median altitude grouping at 970 km, and (ii) the

removal of Iridium 33 fragments. Whereas the ACO algorithm typically requires a

large fleet of chaser spacecraft for complete mitigation of the target objects, a more

feasible set of 6 mitigation spacecraft is used in the auction algorithm. While this

number of chasers is still somewhat large, the resulting interactions between the six

spacecraft highlight several of the advantages of the auction and bidding process. For

the auction runs, the initial targets of the highest performing chaser spacecraft from

the previously conducted ACO searches are also specified as the initial target objects

of the bidding spacecraft. The subsequent path of the chaser spacecraft is determined

solely by the auction and bidding process. For each test case, two auction scenarios

are considered: (i) one incorporating only the propellant and mitigation capability

margins of the chaser spacecraft as well as (ii) one case that additionally includes the

current debris hazard level. In both cases, the appropriate weighting factors M , R,

and W in Eq. (3.30) are set to either 1 or 0 depending on the case. At the initiation

of each round of bidding, the threat level wj posed by each debris object is randomly

assigned from a uniform distribution on the interval [0.5, 1.5]. This changing target

importance, selected as an extreme example, is formulated on purpose to illustrate

the capability of the auction algorithm to address a highly dynamic problem space.

4.2.1 SL-8 rocket bodies - family 2

As a sample case, the auction process is applied to the mitigation of SL-8 rocket

bodies in the median altitude grouping at 970 km. Recall that the chaser spacecraft

targeting these upper stages use chemical propulsion and have a limited number of

de-orbit packages to affix to the target debris objects. Information on the 6 selected

baseline sequences is summarized in Table 4.3. Note that a few chaser spacecraft

operate within relatively close orbital planes and, therefore, could potentially target

the same debris objects during the course of operations.
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Table 4.3. Baseline target sequences from ACO tour generation within
target family of SL-8 upper stages at 970 km altitude.

Auction ACO Average

SC Num. SC Num. Num. Enc. RAAN, deg. ∆V , km/s

1 7 8 16 1.646

2 8 8 38 1.940

3 2 7 330 1.887

4 1 6 32 1.533

5 4 6 350 1.503

6 11 6 78 1.985



83

The results of the auction algorithm are summarized in Table 4.4, along with

a comparison of the equivalent results from the ACO sequence generation process.

As is apparent, the auctioned sequences without incorporation of the threat level

outperform the ACO progressions in terms of propellant consumption and the number

of rocket body encounters. This improved outcome highlights two key considerations

when using this particular implementation of ACO: i) while good target sets might

be identified, the possibility always exists that individual spacecraft performance

might be improved by adjusting its encounter sequence; and ii) even though the

total required number of spacecraft are reliably predicted, individual targets may

potentially be shifted from one chaser queue to another. In contrast, when the hazard

level is incorporated into the bidding, the chaser spacecraft encounter fewer rocket

bodies, but at a higher ∆V cost. However, those objects that are encountered are, on

average, those with the highest removal priority. The performance of the individual

chaser spacecraft is illustrated in Figs. 4.19 and 4.20. Two chaser spacecraft, in

particular, auction spacecraft numbers 2 and 4, are the source of all the conflicting

bids that must be resolved via the auction algorithm. These two chaser spacecraft

operate largely within the same RAAN region - at nominal RAAN values of 38◦ and

32◦, respectively - and often target the same debris objects, particularly when threat

level is incorporated into the bid. The respective targets orbits are colored orange

and blue in Figs. 4.19 and 4.20.

4.2.2 Debris fragments - Iridium 33

The auction and bidding scheme is implemented to coordinate the mitigation

actions of six chaser spacecraft targeting fragments originating from the Iridium 33

satellite. The chaser spacecraft use high-efficiency electrical propulsion systems and

possess the capability to encounter and mitigate a large number of debris fragments.

As before, the bidding spacecraft are seeded from the six best performing vehicles

from the ant colony heuristic, with characteristics highlighted in Table 4.5. For this
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Table 4.4. Performance comparison of ACO and auction methods, 6 chaser
spacecraft, target family of SL-8 upper stages at 970 km altitude.

Solution method

Auction Auction

Quantity ACO M=R=1,W=0 M=R=W=1

Total number of objects mitigated∗ 41 43 40

Average consumed ∆V , km/s 1.749 1.694 1.842

Average threat mitigated† – 1.04 1.18

Number of conflicting bids – 1 3

∗From total of 114 orbiting debris objects.

†From uniform distribution over range [0.5,1.5].

(a) Orbits (b) Relative Performance (c) Key

Figure 4.17.. Mitigation sequences and agent performance resulting from
auction process for 970 km altitude SL-8 rocket bodies, threat omitted
from bid (M=R=1,W=0). Glyphs indicate performance relative to other
chaser spacecraft (“agents”) as well as a spacecraft before any mitigation
actions and the remaining debris population.
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(a) Orbits (b) Relative Performance (c) Key

Figure 4.18.. Mitigation sequences and agent performance resulting from
auction process for 970 km altitude SL-8 rocket bodies, threat included in
bid (M=R=W=1). Glyphs indicate performance relative to other chaser
spacecraft (“agents”) as well as a spacecraft before any mitigation actions
and the remaining debris population
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mitigation scenario, the average operating planes of all chaser spacecraft are grouped

within relatively close proximity, recalling the large concentration of target fragments

from the Iridium 33 satellite.

Table 4.5. Baseline target sequences from ACO tour generation within
target Iridium 33 fragments.

Auction ACO Average

SC Num. SC Num. Num. Enc. RAAN, deg. ∆V , km/s

1 4 13 52 3.364

2 11 13 27 3.302

3 1 12 39 3.392

4 2 12 49 3.381

5 3 12 44 3.376

6 9 9 43 2.246

As before, the ACO sequences are compared to the equivalent results from the auc-

tion algorithm, as displayed in Table 4.6. The auctioned sequences that do not assess

the threat level greatly outperform the ACO progressions in terms of the fragments

encountered. However, due to the much larger number of encounters, the average

consumed propellant per chaser vehicle is also higher. For the case when hazard level

is reflected in the spacecraft bids, the bidding vehicles still encounter more fragments

than the equivalent ACO sequences, with a lower ∆V cost as well. As with the previ-

ous auction incorporating relative threat levels, objects with higher removal priority

are preferentially targeted. Furthermore, because the 6 chaser spacecraft operate in

orbit planes that are relatively close to one another, a large number of conflicting

target selections were resolved via the auction algorithm. The performance of the

individual chaser spacecraft is illustrated in Figs. 4.19 and 4.20.
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Table 4.6. Performance comparison of ACO and auction methods, 6 chaser
spacecraft, target Iridium 33 fragments.

Solution method

Auction Auction

Quantity ACO M=R=1,W=0 M=R=W=1

Total number of objects mitigated∗ 71 93 76

Average consumed ∆V , km/s 3.177 3.252 3.149

Average threat mitigated† – 0.995 1.258

Number of conflicting bids – 23 31

∗From total of 126 orbiting debris objects.

†From uniform distribution over range [0.5,1.5].

(a) Orbits (b) Relative Performance (c) Key

Figure 4.19.. Mitigation sequences and agent performance resulting
from auction process for Iridium 33 fragments, threat omitted from bid
(M=R=1,W=0). Glyphs indicate performance relative to other chaser
spacecraft (“agents”) as well as a spacecraft before any mitigation actions
and the remaining debris population.
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(a) Orbits (b) Relative Performance (c) Key

Figure 4.20.. Mitigation sequences and agent performance resulting
from auction process for Iridium 33 fragments, threat including in bid
(M=R=W=1). Glyphs indicate performance relative to other chaser
spacecraft (“agents”) as well as a spacecraft before any mitigation actions
and the remaining debris population
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4.3 Potential debris mitigation sequences - summary and conclusions

The general rendezvous trajectory desgin framework is adapted to the mitigation

of debris in orbit about the Earth and a classification scheme for space debris miti-

gation architectures is proposed. While no one mitigation method is suitable for all

types of debris objects, strategic selection of target objects and enabling technolo-

gies can yield a significant positive impact on the current size and future growth of

the debris population. Specifically, the expended upper stages of the SL-8 launch

system as well as the fragments originating from the Iridium-Kosmos collision and

the Fengyun 1-C anti-satellite tests are preferentially targeted for removal. The nat-

ural dynamics of the chaser spacecraft are simplified to the two-body problem, for

which analytical solutions to the equations of motion are available. Further, by selec-

tively targeting objects residing in low eccentricity orbits, analytical approximations

to the object-to-object transfer costs are developed for both chemical and electrical

propulsion systems. These simplified costs, applicable to both chemical and elec-

trical propulsion, are readily computed and allow for the rapid estimation of the

performance of the debris removal vehicles. Since multiple spacecraft are needed to

mitigate a significant portion of population of debris objects near to the Earth, tra-

jectory design and reconfiguration schemes that directly address multiple operating

vehicles are investigated. The ant colony heuristic search algorithm generates baseline

encounter sequences for chaser spacecraft and reliably predicts the minimum num-

ber of spacecraft needed for complete removal of the target populations. Short-term

mitigation of entire debris families using current technologies requires an infeasible

number of chaser spacecraft, but a more moderate number of vehicles may still make

significant reductions in the population of debris objects. While searches enabled

by the ACO method produce high-value rendezvous chains, the highly dynamic na-

ture of the near-Earth debris population may necessitate the adjustment of the flight

paths of the mitigation spacecraft. Thus, an auction and bidding algorithm is insti-

tuted wherein the mitigation actions of multiple chaser vehicles, seeded by the best
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encounter sequences from the ACO results, are coordinated without any need for

human-in-the-loop interaction. In general, the encounter sequences composed by the

auction algorithm improve upon the equivalent tours arising from the ACO algorithm

in both propellant consumption as well as number of debris object mitigated with the

additional benefit that imminent threats posed by individual debris objects may be

swiftly addressed upon detection. In fact, proper formulation of the auction process,

combined with an appropriate update scheme for target priority, potentially retains

both the positive features of the combined ant colony / auction approach.

4.3.1 Debris mitigation - recommendations for future investigation

Traditional technologies, assisted by novel search and coordination methods, can

enable a nontrivial reduction in the current debris population near to the Earth. How-

ever, there are many potential avenues for further investigation and development. One

critical capability is an improved scheme for the transfer between debris objects; a

technique exploiting long-term differential drifts in orbital plane could supplement

current chemical and electrical propulsion systems, whereas near-term technologies

such as solar sails may obviate propellant requirements, and limitations, entirely.

Furthermore, easing restrictions on the eccentricity of the target objects could enable

a more complete survey of the available tour options. On the other hand, the auto-

mated tour construction scheme can be readily extended to incorporate the concept

of resupply of individual chasers or the presence of a “home base” for the operating

spacecraft.
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5. END-TO-END ASTEROID SURVEY TOURS -

SOLUTION APPROACH

The tour trajectory design framework for application to the construction of survey

tours of the Sun-Jupiter L4 Trojan asteroids is enabled by a low-thrust propulsion

system. As with active debris mitigation, objectives are formulated that support the

goal of exploration of the Trojan asteroids:

• a method to rapidly compute low-thrust transfers within the asteroid swarm;

• the direct incorporation of potential scientific merit in the construction of as-

teroid encounter sequences; and,

• an automated process to transition from simplified dynamical models to higher

fidelity regimes.

Considering these objectives, the specific modifications to the process to encompass

asteroid tours are illustrated in Fig. 5.1. The target asteroids are clustered in dy-

namically stable regions associated with specific equilibrium solutions available only

in the restricted three-body problem. Therefore, the influence of multiple gravitat-

ing bodies is explicitly modeled at the lowest reasonable fidelity to ultimately deliver

accurate results. The generation of end-to-end tour trajectories, that is, from Earth

departure to termination of operations within the asteroid swarm, is decomposed into

several distinct steps, each of which individually benefits from automation. First, lo-

cally optimal low-thrust arcs, comprised of the spacecraft departure path from one

asteroid and the rendezvous with another asteroid, are independently generated using

a hybrid optimization scheme. The hybrid optimization method blends (i) the low-

dimensionality of indirect, calculus of variations approaches with (ii) the numerically

robust computation of solutions by direct, gradient-based methods. Next, subsets
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Figure 5.1.. Conceptual schematic of the tour design procedure, adapted
for the construction of Trojan asteroid surveys

of these rendezvous arcs are sequenced with coast arcs in the vicinity of the target

asteroids to produce a tour trajectory within the asteroid swarm. Tour generation

within the asteroid swarm is accomplished via either (i) an enumerated tree search

that generates all potential tour solutions for a pre-determined thrust arc duration or

(ii) an ant colony optimization algorithm that has been extended for use in routing

problems with continuous solution spaces and offers a trade-off between timing and

propellant consumption. Furthermore, the ant colongy search scheme directly incor-

porates potential scientific value into the selection of target asteroids whereas the tree

search approach enables the inclusion of scientific merit as a post-processing step. The

resulting tours exploit natually advantageous departure and arrival conditions while

simultaneously providing ample coast time in close proximity to the encountered as-

teroids. Sample outbound legs from the Earth to the asteroid swarm are then joined

to the pre-determined asteroid sequences resulting in prospective end-to-end baseline

trajectories. While the optimization of end-to-end trajectories is a non-trivial task

with numerous solution approaches, the VSI engine model that is employed in this
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investigation enables a scheme wherein the full trajectory optimization is split into

a series of individual thrust arc optimizations. This optimization approach of sepa-

rating the spacecraft path into individual thrust arcs has been demonstrated to yield

the overall optimal rendezvous trajectory. [75] The automated algorithm includes a

variety of electrical power sources for the low-thrust propulsion system as well as

criteria for the use of natural dynamical models of varying fidelity.

5.1 Mission concept and historical background

Asteroids located in all regions of the solar system are objects of past, present

and proposed future missions. Such examples include NASA’s Dawn mission to the

Main Belt asteroids Vesta and Ceres [76], the Hayabusa [77] and OSIRIS-REx [78]

sample return missions to Near-Earth Objects (NEOs), and the NASA Decadal study

proposing a mission to the Sun-Jupiter Trojan asteroid swarm at a projected cost of

less than $900M in fiscal year 2015 dollars. [79] Most recently, NASA’s Asteroid Redi-

rect Initiative is a high priority, i.e., the plan to retrieve a small near-Earth asteroid

and return it to a stable orbit within the Earth-Moon system for further study. [80]

Desjean [81] offers another high-level perspective on a potential mission to the Sun-

Jupiter Trojan asteriods. Typical asteroid tour design and analysis investigations are

automated searches to narrow the selection of candidate objects of interest [19] or

the analyses produce tours effected by conventional chemical engines. [20] However,

the inclusion of low-thrust propulsion technology into asteroid tours has emerged as

a possibly enabling capability as well. [82, 83]

While a variety of optimal control approaches reliably produce feasible low-thrust

trajectories, these techniques often include an a priori assumption for the form of the

spacecraft trajectory or thrust control law, frequently employ patched conic models,

and/or are typically limited to brief fly-by encounters of the objects of interest. In

contrast, low-thrust trajectories implemented with a VSI engine generally entail opti-

mal engine operation time histories and, accordingly, no assumed form for the thrust
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profile. [84] Therefore, a variable specific impulse (VSI) engine that varies the optimal

thrust magnitude is selected to simplify the construction of rendezvous solutions. [85]

As a consequence, no coasting arcs are required for rendezvous and the initial genera-

tion of optimal trajectories is less restrictive in terms of thrust duration. Examples of

VSI engines include the Variable Specific Impulse Magnetoplasma Rocket (VASIMR)

currently under development by the Ad Astra Rocket Company [86] and the Electron

and Ion Cyclotron Resonance (EICR) Plasma Propulsion Systems at Kyushu Uni-

versity in Japan. [87] Optimal control laws applied to the operation of VSI thrusters

are typically based upon Lawden’s Primer Vector Theory [88] and Pontryagin’s Min-

imum/Maximum Principle. [89] However, most VSI studies, such as those completed

by Volle [90], Senent et al., [91] and Stuart et al., [92] focus on the generation of point

solutions for individual transfer or rendezvous arcs. More recent work by Stuart et al.

places the operation of a VSI engine within the context of end-to-end (flight initiation

to termination) rendezvous tour trajectory generation. [75, 93–95]

Optimization strategies are generally decomposed into two types: (i) indirect

methods that apply the calculus of variations, [96, 97] and (ii) direct methods that

are either gradient-based, e.g., sequential quadratic programming, [98] or hueristic,

such as the genetic algorithm. [99] However, recent advances in trajectory design ap-

proaches have combined these disparate optimization algorithms into so-called “hy-

brid” optimization schemes that retain the key advantages of the base algorithms

while alleviating the respective weaknesses. For example, Gao and Kluever [100] as

well as Stuart and Howell [94] blend low-dimensioned indirect methods, supplying a

thrust control law, with more robust direct optimization of a cost function. Much

work has also been completed to hybridize global heuristic methods with gradient-

based schemes. [101–103]

Hybrid systems theory is the study of dynamical systems incorporating both dis-

crete and continuous variables. [7] Typical applications within the discipline of astro-

dynamics include the combination of two or more propulsion systems, e.g., low-thrust

engines and solar sails, [104, 105] or switching between dynamical regimes. [106] Of
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particular interest, however, are hybrid propulsion systems combining conventional

high-impulse thrusters with low-thrust engines, such as those investigated by Edel-

baum [107], Johnson, [108] and others. [109–111]

5.2 Natural motion: Sun-Jupiter restricted three-body problem

A Keplerian model is not always sufficient to adequately describe the motion of a

spacecraft or celestial object, even when perturbative effects can be analytically ex-

pressed, and the gravitational influence of multiple bodies must be directly modeled.

In compensation for modeling and computational difficulties, these multi-body sys-

tems afford solutions that emerge only when more than one gravity field is present. For

instance, the motion of the Trojan asteroids leading and trailing Jupiter in its motion

around the Sun are clustered in the vicinity of the L4 and L5 libration points, pseudo-

equilibrium solutions not available in two-body models. Given the many successful

results from applications of the two-body problem, the next step is an expansion of

the trajectory options by exploring the motion of three bodies under their mutual

gravitational attraction. In 1967, Victor Szebehely authored an in-depth analysis of

the Three-Body Problem (3BP) in his book, Theory of Orbits [112]. Much of the

problem formulation here follows that in Szebehely.

The model for the general equation of motions (EOM), Eq. (2.3), is initially fo-

cused on three masses in the model, i.e., N = 3. So, reducing Eq. (2.3) to three

particles and selecting the point P3 as the body of interest results in

r̈3 = −Gm1

d3
13

d13 −G
m2

d3
23

d23 (5.1)

where the mass m3 has been factored from both sides of the equation. To solve this

equation analytically requires knowledge of the motion of P1 and P2, and without

a priori time histories for r1 and r2, the motion for all three bodies must be evalu-

ated simultaneously. Such a complete set of vector differential equations represents

18 scalar first-order differential equations (DE). Thus, 18 integrals are required for

a complete closed-form solution. However, only ten integrals of motion are known:
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six from conservation of system linear momentum, three from conservation of system

angular momentum, and one from conservation of system energy. Since an insufficient

number of analytical constants are available, the three-body problem must, of neces-

sity, be investigated primarily through numerical methods. But, a few simplifying

assumptions produce much insight without the loss of significant fidelity.

The first simplifying assumption in the 3BP involves the mass of the third particle

P3; the mass of P3, i.e. m3, is assumed neglegible in comparison to the masses of the

other two bodies, m1 and m2. Therefore, the motion of the massive points P1 and

P2, generally termed the “primaries”, are unaffected by the motion of P3. Such an

assumption reflects a wide variety of interesting systems. For example, P3 might be

a spacecraft while P1 and P2 are more massive bodies forming a two-body system

(e.g., Sun/Earth/spacecraft or Jupiter/Io/spacecraft). Merely for convenience, it is

further assumed that m1 > m2; then, P1 is labeled the larger primary while P2 de-

notes the primary of smaller mass. Since the motions of P1 and P2 no longer depend

on P3, they represent a two-body system with a known conic solution, as discussed

in Section 3.2. For most systems of interest, this conic is closed and, for simplicity,

can be approximated as circular. So, one additional simplification assumes P1 and

P2 move in circular orbits around their common barycenter, B. This selection of a

circular orbit, in constrast to an elliptical path for the primaries, is not necessary but

reasonably represents many cases of interest. One notable representative example is

a primary system comprised of the Sun and one of the planets. These simplifica-

tions reduce the general three-body problem to the Circular Restricted Three-Body

Problem (CR3BP).

The differential equation in Eq. (5.1) specifies the motion of P3 relative to an

inertially fixed observer, but an inertially fixed view is not always the most appropriate

for problem formulation or visualization. An inertial frame, I, is defined with the unit

vectors X̂, Ŷ , Ẑ forming a right-hand coordinate system with origin at the barycenter

of the primaries, B. For convenience, frame I is constructed such that the plane

containing the conic motion of the primaries is spanned by the unit vectors X̂ and
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Ŷ . The unit vector Ẑ is then directed along the orbital angular momentum vector

of the primary orbit. A rotating frame, R, is defined relative to the inertial frame

by a rotation through an angle θ about the Ẑ axis; unit vectors x̂, ŷ, ẑ represent this

coordinate frame, with Ẑ ‖ ẑ. The angle θ is constrained such that the unit vector x̂

remains directed from P1 to P2 at all times. Therefore, a coordinate transformation

from frame R to frame I has the form
X̂

Ŷ

Ẑ

 =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1



x̂

ŷ

ẑ

 (5.2)

where the rotation matrix is labeled the Direction Cosine Matrix (DCM). Because

the transformation from R to I consists of only a simple rotation about the common

ẑ, Ẑ axis, the XY -plane is the same as the xy-plane. Figure 5.2 supplies a schematic

representing the system in the CR3BP, with the rotating and inertial frames as well

as the paths of the primaries illustrated.

B

1P

2P

3P13d

3r

1r

X̂

Ŷ

ˆ ˆ,Z z

x̂



23d

2r

Figure 5.2.. Schematic representing the circular restricted three-body
problem
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With the previous simplifications, it is convenient to nondimensionalize the equa-

tions of motion in Eq. (5.1). The fundamental properties of length, mass, and time

generate the characteristic quantities. To denote length, define

l∗ = r1 + r2 (5.3)

where ri = |ri|, the magnitude of the position vector locating the primaries relative

to B. Because the primaries move in closed circles, the quantities r1, r2, and l∗ are

constant. A second characteristic quantity involves mass, that is, the sum of the

primary masses

m∗ = m1 +m2 (5.4)

where m1 and m2 are the dimensional masses of the larger and smaller primaries,

respectively. Finally, the characteristic time, t∗, is constructed such that the value of

the nondimensional universal gravitational constant, G, becomes unity, thus

t∗ =

√
(r1 + r2)3

G(m1 +m2)
=

√
l∗3

Gm∗
. (5.5)

Given the characteristic quanties, some useful nondimensional parameters are then

defined, i.e.

µ =
m2

m∗
=
r1

l∗
(5.6)

1− µ =
m1

m∗
=
r2

l∗
(5.7)

r =
r3

l∗
(5.8)

di =
di3
l∗

(5.9)

where Eq. (5.6) yields the nondimensional distance of the larger primary with respect

to the system barycenter and Eq. (5.7) defines the nondimensional distance of P2

from the barycenter. The characteristic quantities in the Sun-Jupiter system, used

to model the behavior of the Trojan asteroids, appear in Table 5.1. Note that the

primary mass ratio µ for the Sun-Jupiter system is representative of many other

natural systems (e.g., µ = 0.0002366 for the Saturn-Titan system).
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Table 5.1. Trojan asteroid and Sun-Jupiter system parameter values.

Quantity Value

Solar mass (MS), kg 1.9891×1030

Jupiter mass (MJ), kg 1.8986×1027

Gravitational Constant (G), km3

kg·sec2
6.67428×10−20

Mass parameter (µSJ) 9.53816×10−4

Sun-Jupiter distance (l∗), km 7.78412×108

Characteristic Time (t∗), sec 5.95911×107

Characteristic Time (t∗d), days 6.89712×102

The equations of motion for P3 are then reformulated within the context of a

rotating reference frame. Because the characteristic time t∗ is also the inverse of the

mean motion, n, of the primaries in their respective orbits, the angle θ between the

inertial frame and the rotating reference frame is simply the nondimensional time t,

thus θ = nt = t. The frame R is centered on the system barycenter, so the vector

r = (x, y, z)T is easily defined as the nondimensional displacement vector of particle

P3 from the system barycenter, represented in terms of the rotating coordinates.

Therefore, the variables in r are displacements in the directions of the corresponding

unit vectors (x̂, ŷ, ẑ), i.e., r = xx̂+ yŷ + zẑ. Then, the relative displacement vectors

d1 =


x+ µ

y

z

 d2 =


x+ µ− 1

y

z

 (5.10)

reflect the distances of P3 from the two primaries, with corresponding distances

d1 =
√

(x+ µ)2 + y2 + z2 (5.11)

d2 =
√

(x+ µ− 1)2 + y2 + z2 (5.12)
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in nondimensional units. Now, the six-dimensional state vector corresponding to the

particle P3, expressed in terms of the rotating reference frame is defined

x =

rv
 (5.13)

where r has been previously defined. The three-element vector v is the velocity of

body P3 with respect to the barycenter, as viewed by an observer in R, so v =

ẋx̂ + ẏŷ + żẑ. The equations of motion (EOM), derived by non-dimensionalizing

Eq. (5.1), are then written in the form

ẋ = f(x) =

ṙv̇
 =

 v

fn(r,v)

 (5.14)

where fn represents the acceleration of the spacecraft. The scalar elements of fn, in

terms of the rotating coordinates, that is

fn =


2ẏ + x− (1−µ)(x+µ)

d31
− µ(x+µ−1)

d32

−2ẋ+ y − (1−µ)y

d31
− µy

d32

− (1−µ)z

d31
− µz

d32
,

 (5.15)

are relative to a rotating observer and, thus, include centrifugal and Coriolis terms

in addition to the gravitational terms. The acceleration representing these natural

dynamics is formulated in terms of a pseudo-potential function, that is

U∗ =
1− µ
d1

+
µ

d2

+
1

2
(x2 + y2) (5.16)

containing only position, not velocity, terms. Equation (5.15) can then be expressed

fn =


2ẏ + ∂U∗

∂x

−2ẋ+ ∂U∗

∂y

∂U∗

∂z

 (5.17)

where the dynamical terms containing only position states have been replaced by

partials of the psuedo-potential.
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The pseudo-potential function is particularly useful. The function U∗ supplies a

succinct expression for an integral of motion, that is, the Jacobi Constant C. To

determine an expression for Jacobi Constant, begin with expressions for the nondi-

mensional kinetic energy

K =
1

2
(ẋ2 − 2ẋy + y2 + ẏ2 + 2xẏ + x2 + ż2) (5.18)

and the nondimensional gravitational potential energy

U = −1− µ
d1

− µ

d2

(5.19)

corresponding to the particle P3. Split the kinetic energy expression into separate

terms such that

K = K0 +K1 +K2 (5.20a)

K0 =
1

2
(x2 + y2) (5.20b)

K1 = xẏ − ẋy (5.20c)

K2 =
1

2
(ẋ2 + ẏ2 + ż2). (5.20d)

Since the potential energy in Eq. (5.19) includes no time derivatives, then, according

to Lanczos [113], there exists an integral of motion

CI = K2 + U −K0 =
1

2
(ẋ2 + ẏ2 + ż2)− 1− µ

d1

− µ

d2

− 1

2
(x2 + y2) (5.21)

where CI is a constant of integration. Recall the definition of the pseudo-potential

from Eq. (5.16), and this constant is also expressed

v2 = 2U∗ − C, (5.22)

where C is the Jacobi Constant.

5.2.1 Equilibrium solutions and stability

Computation of equilibrium solutions is a sensible first step in the analysis of

nonlinear dynamical systems such as the CR3BP. Equilibrium solutions are often
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available analytically and may be the only particular solutions that are immediately

apparent. If the velocity of P3 relative to the rotating frame is set equal to zero,

equilibrium points are then determined as the locations where relative acceleration is

also zero. Thus, from Eq. (5.17), the partials

∂U∗

∂x
=
∂U∗

∂y
=
∂U∗

∂z
= 0 (5.23)

determine the location of any points with zero relative motion. As a matter of no-

tation, the symbol U∗q indicates a partial of the psuedo-potential with respect to the

variable q (e.g., U∗x = ∂U∗

∂x
). Five equilibrium points, typically labelled the libration

or Lagrange points, exist in the CR3BP, all lying in the xy-plane of primary motion,

such that the state vector for these equilibrium solutions is xeq = (xi, yi, 0, 0, 0, 0)T

where xi and yi are the coordinates of the i-th equilibrium point. These five points

appear in Fig. 5.3 relative to the Sun-Jupiter rotating frame, with locations to scale.

The points L4 and L5 are located analytically such that

x4,5 =
1

2
− µ (5.24a)

y4,5 = ±
√

3

2
(5.24b)

and are commonly termed the equilateral or triangular points since they form equilat-

eral triangles with the two primaries. Unfortunatly, the collinear points L1, L2, and

L3 do not possess such closed-form solutions and must be determined numerically in

an iterative process. Because the collinear points lie on the x-axis, the coordinates

y and z are equal to zero, while the x coordinates are typically expressed as the

functions

x1 = 1− µ− ι1 (5.25)

x2 = 1− µ+ ι2 (5.26)

x3 = −µ+ ι3 (5.27)
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where the variables ιi are defined as displacements from the nearest primary (Earth

for L3 and the Moon for L1 and L2). The precise locations of the collinear points are

then determined by solving the following nonlinear relationships

f1(ι1) = ι1 + µ− 1 +
1− µ

(1− ι1)2
− µ

ι21
= 0 (5.28)

f2(ι2) = ι2 + µ− 1− 1− µ
(1− ι2)2

− µ

ι22
= 0 (5.29)

f3(ι3) = ι3 + µ− 1− 1− µ
ι23
− µ

(1− ι3)2
= 0. (5.30)

Given a reasonably accurate initial guess, Newton’s method [114] is used to iteratively

solve for ιi using the following update equation

ι
(k+1)
i = ι

(k)
i −

fi(ι
(k)
i )

f ′i(ι
(k)
i )

(5.31)

Figure 5.3.. Libration points in the Sun-Jupiter system (Sun and Jupiter
size not to scale)
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where ι
(k)
i is the approximation of ιi associated with the k-th iteration and iteration

is terminated when |ι(k+1)
i − ι

(k)
i | falls below a certain tolerance ε. The computed

locations, in both dimensional and nondimensional units, of the five libration points

in the Sun-Jupiter system are summarized in Table 5.2.

Table 5.2. Sun-Jupiter libration point locations

Non-dimensional Dimensional, km (×108)

Point x y x y

L1 0.93236701 0 7.25765684 0

L2 1.06882909 0 8.31989414 0

L3 -1.00039742 0 -7.78721379 0

L4 0.49904618 0.866025404 3.88463548 6.74124584

L5 0.49904618 -0.866025404 3.88463548 -6.74124584

The five libration points are equilibrium solutions and, by definition, possess zero

relative motion with respect to the primaries. Thus, they are often proposed as

respositories of natural bodies as well as potential sites for communications or ob-

servational spacecraft. However, the stability of the equilibrium solutions is a key

component in evaluating the viability of long-term stability for celestial objects as

well as station-keeping and transfer costs. Before stability is determined, the motion

near an equilibrium solution is formulated in a systematic way. To this end, define a

state x near an equilibrium solution xeq as

x = xeq + δx (5.32)

where the vector δx is a small perturbation. Given the EOMs in Eq. (5.14), expanding

the vector f in terms of the six-dimensional state x in a Taylor series yields

f(x) = f(xeq + δx) = f(xeq) +
∂f(x)

∂xeq
δx+H.O.T. (5.33)
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but, since ẋ = ẋeq + δẋ and f(x) = ẋ, Eq. (5.33) reduces to

δẋ =
∂f(x)

∂xeq
δx = A6(t)δx+H.O.T. (5.34)

where the higher-order terms converge to zero as x appoaches xeq. The 6× 6 matrix

A6(t) contains the linearized dynamics relative to the reference

A6(t) =
∂f(xeq)

∂x

∣∣∣∣
x=xeq

=



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

U∗xx U∗xy U∗xz 0 2 0

U∗xy U∗yy U∗yz −2 0 0

U∗xz U∗yz U∗zz 0 0 0


(5.35)

where U∗ν% indicates the second-partial derivatives with respect to the variables ν and

%; that is, U∗xy = ∂2U∗

∂x∂y
, etc. Evaluated at the libration points, this matrix is constant

since the reference solution xeq is constant and does not evolve with time.

The stability of the libration points is investigated using Lyapunov stability anal-

ysis. A solution is considered stable when it remains bounded in a small region as

the system evolves in time. Mathematically, this criterion is equivalent, in a scalar

sense, to stating that a solution to Eq. (5.14), ψ(t), is stable if for any small initial

perturbation δ > 0 there is a solution φ(t) such that

|φ(t0)− ψ(t0)| < δ (5.36)

that stays bounded with respect to ψ(t)

|φ(t)− ψ(t)| < ε (5.37)

for t ≥ t0 and a small perturbation ε > 0. Since the equilibrium points are stationary,

the vector solutions xeq are Lyapunov stable if there is a ε > 0 for a specified δ > 0

such that

|x(t0)− xeq| < δ (5.38)
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and

|x(t)− xeq| < ε (5.39)

for t ≥ t0. If this condition is not satisfied, then the point is unstable. Alternatively,

if

lim
t→∞

x(t) = xeq (5.40)

the point is asymptotically stable.

The Lyapunov stability of the libration points is then determined via linear anal-

ysis and the constant matrix A6. Define the eigenvalues γi for i = 1, 2, . . . , 6 with

associated eigenvectors γ̃i. In general, the eigenvalues are complex with the real part

determining the stability of the equilibrium point:

• if <[γi] < 0 for all i, the point is asymptotically stable,

• if <[γi] > 0 for any i, the point is unstable,

• if <[γi] = 0 for some i and <[γi] < 0 for the remaining i, then the linear motion

is oscillatory, the point is “marginally stable” in the linear system, and the

nonlinear behavior is indeterminate.

If more than one of these conditions on the real part of the eigenvalues is satisfied for

any given A6, then motion near the equilibrium point will exhibit some combination

of contracting, expanding, and oscillatory terms. As an example from the Sun-Jupiter

system, motion near the collinear points L1, L2, and L3 can exhibit stable, unstable,

and oscillatory behavior, since the matrix A6 has one negative real eigenvalue, one

positive real eigenvalue, and four purely imaginary eigenvalues associated with each

of these locations. In contrast, the Sun-Jupiter equilateral points possess purely

imaginary eigenvalues so the linear motion is marginally stable and the nonlinear

behavior must be determined using higher-order stability analysis. Szebehely [112]

discusses the stability of the triangular points in detail and concludes that the two

points are stable for 0 < µ < 0.03852. Thus, the Sun-Jupiter L4 and L5 are non-

linearly stable, a result verified by the presence of the long-term, stable population of
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the Trojan asteroids in the close vicinity of these points. The Sun-Jupiter libration

point stability behavior is typical of most of the solar system CR3BPs because of

their relatively low values for the parameter µ.

5.3 Relative target priority: potential scientific merit of an asteroid en-

counter

For asteroid tour scenarios, an important consideration is the relative scientific

value attached to particular asteroids or specified combinations of asteroids, that

is, the relative value in terms of scientific data or resource discovery for specific

asteroid sequences. Thus, tour design schemes that incorporate a relative priority

or importance metric, either within the sequence generation procedure or as part

of data post-processing, can be a valuable tool in satisfying scientific or economic

mission objectives as well as technical requirements. All primordial celestial bodies

are of great scientific interest and offer insight into the formation and evolution of

the solar system. In fact, Near-Earth and Main Belt asteroids have already been

visited [76, 77] and several missions currently under development plan to encounter

still more. [78,80] However, one high priority for a future mission is a visit to the Sun-

Jupiter Trojan asteroid swarm. [79] This latter case serves as a motivating example

for this investigation.

The Trojan asteroids as a whole offer great potential for valuable scientific insight;

however, specific target asteroids may possess uncommon or even unique characteris-

tics that warrant higher priority in mission planning scenarios. The Trojan asteroids

reside in two clusters around the Sun-Jupiter L4 and L5 libration points, the more

numerous “Greek” and smaller “Trojan” camps, respectively. Twelve target asteroids

from the larger L4 swarm are selected for this preliminary investigation, where the

asteroids all reside in generally low inclination orbits with respect to the solar system

ecliptic plane. However, these objects still possess a range of physical characteristics

that serve to distinguish them and allow for a relative ranking of potential scientific
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merit. Indeed, two target asteroids, 624 Hektor and 3548 Eurybates, are included

specifically because they offer the possibility of higher than average scientific returns.

Table 5.3 lists the target asteroids along with their osculating orbital elements on

October 3, 2021 and the relative priority ranking used in this investigation.1 The

following sections detail the scientific considerations that aid in distinguishing higher

priority targets among the selected asteroids.

Table 5.3. Asteroids selected as bodies of potential scientific interest in
the L4 Trojan asteroid swarm. Osculating orbital elements at epoch 3
Oct. 2021, with relative priority w.

Name a, AU e i, deg Ω, deg ω, deg θ∗, deg w

624 Hektor 5.25 0.023 18.16 342.9 187.7 236.8 2

659 Nestor 5.14 0.116 4.53 350.8 342.3 69.4 1

1143 Odysseus 5.21 0.090 3.14 221.3 239.3 277.0 1

1869 Philoctetes 5.16 0.064 3.98 43.9 325.2 8.9 0.5

3548 Eurybates 5.19 0.088 8.06 43.6 27.0 342.7 2

4057 Demophon 5.22 0.118 2.88 24.3 61.6 288.2 0.5

4138 Kalchas 5.15 0.043 2.10 208.1 162.8 36.0 1

5012 Eurymedon 5.24 0.084 5.00 34.8 333.6 25.6 0.5

5652 Amphimachus 5.19 0.074 1.90 281.8 102.7 11.7 0.5

7152 Euneus 5.13 0.061 3.71 113.1 307.7 332.0 0.5

8241 Agrius 5.15 0.044 4.34 22.7 264.6 132.1 0.5

8317 Eurysaces 5.30 0.047 0.94 208.2 113.2 92.9 0.5

1A more complete discussion of the motion of bodies in orbit about a single central body, e.g., the
Sun, is provided in Sect. 3.2
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5.3.1 Asteroid spectral types

The Sun-Jupiter Trojan asteroid swarm is composed of two distinct spectral group-

ings, D-type asteroids that are a dark burgundy hue (the so-called “redder” group)

as well as C- and P-type asteroids that possess a more blue-grey color (the “less-red”

set). [115,116] These observations from the NASA Infrared Telescope Facility and the

WISE telescope indicate that the L4 Trojan asteroid swarm is composed of primor-

dial bodies with a composition that may be distinct from the brighter red main belt

asteroids as well as the icy Kuiper belt objects. In fact, these asteroids are among the

oldest extant bodies in the solar system and may be the only remaining samples from

this region of the early accretion disk. Any prospective spacecraft tour of the Trojan

swarm that encounters at least one object from each spectral group, therefore, offers

a much greater potential for scientific return than a comparable tour that encounters

objects of only one, or of unknown, spectral type. Of the twelve target asteroids

in this preliminary investigation, two (624 Hektor and 1143 Odysseus) are D-type,

redder objects and three (659 Nestor, 3548 Eurybates, and 4138 Kalchas) are in the

less-red group. Thus, these asteroids have been assigned a slightly higher priority

value of 1 (or higher, in the special cases of 624 Hektor and 3548 Eurybates), above

the 0.5 scientific metric assigned to asteroids of unknown spectral type.

5.3.2 624 Hektor - contact binary

In addition to its classification in terms of spectral type, the redder asteroid 624

Hektor garners interest because it is the only known example of a contact binary

in the “Greek” camp in the vicinity of the L4 Sun-Jupiter libration point. [117, 118]

This highly oblong object is also larger than most other Trojan asteroids, equivalent

in size to a 225-km diameter spheroid. Furthermore, observations from the Keck

telescope have confirmed the presence of a 15-km diameter moonlet in orbit around

the main body. [119] The roughly 1,200-km altitude, 2.98-day orbit of this moonlet

suggests an estimated bulk density of 1.8-3.5 g/cm3 for the main body of asteroid
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624 Hektor. Proximity operations at 624 Hektor can offer valuable insight into the

nature of binary systems as well as an evaluation of the bulk density estimates.

Thus, a rendezvous encounter with Hektor is given an elevated priority of 2 in this

preliminary investigation.

5.3.3 3548 Eurybates - collision family

Similarly to 624 Hektor, less-red 3548 Eurybates is prioritized as a high-value

target because it is believed to be the main remnant of an asteroid-asteroid collision.

[120] Even though this collision is estimated to have occured 1-4 Gyr in the past, at

least 150 asteroids are still grouped by physical and orbital properties such as spectral

type and semi-major axis in the vicinity of 3548 Eurybates, indicating a significant

collision event. Thus, a spacecraft encounter with Eurybates can offer key insights into

such asteroid-asteroid collisions. Furthermore, the approach and departure for the

main collision body can also afford fly-by opportunities with collision ejecta, further

increasing the scientific value of a rendezvous with 3548 Eurybates. Though these

fly-by opportunities are not explicitly modeled in this investigation, the increased

fly-by potential and opportunity to examine a large collision fragment does warrant

an higher priority level of 2 for encounters with 3548 Eurybates.

5.4 Rendezvous computation: low-thrust transfer arcs

The construction of rendezvous options enabled by a Variable Specific Impulse

(VSI), low-thrust system requires two key steps: (i) the optimization of the engine

performance time history, and (ii) the detection and usage of conditions amenable to

locally optimal solutions. A local hybrid optimization scheme is implemented wherein

indirect procedures are blended with direct methods to retain low-dimensionality and,

therefore, computational efficiency, while increasing the robustness of the convergence

characteristics. The application of techniques from the calculus of variations supplies

conditions on optimal operation of the engine while requiring only the solution for
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an initial set of co-states. In addition to reducing the number of function evaluations

per iteration, this indirect approach also ensures a smooth and continuous control

history while not restricting engine operation time histories to an assumed form. A

spacecraft mass objective function is locally optimized using a gradient-based pro-

cedure, removing a requirement to derive and employ the sensitive transversality

conditions of indirect methods. State continuity constraints ensuring arrival at the

targets of interest as well as constraints on the operation of the rendezvous arcs are

implemented using the general corrections procedure detailed in Sect. 2.4.1. Initial

guesses for locally optimal departure and arrival conditions are given by local close

approaches between the respective asteroids. Global and heuristic algorithms, though

not addressed in this investigation, can also be used to optimize fuel performance.

The effect of the electrical power source is examined within the context of the

trajectory design and optimization procedures as well as the resulting propellant con-

sumption and engine operation histories. Three types of electrical power sources are

compared: (i) constant power Nuclear Electric Propulsion (NEP) systems; (ii) varying

power Solar Electric Propulsion (SEP) thrusters; and (iii) hybrid constant/varying

power Power-Limited SEP (PLS) engines. Constant power systems typically employ

an on-board source, such as radioisotope thermoelectric generators (RTGs), to deliver

a consistent, but limited, supply of electrical power. In contrast, SEP systems use

photons emitted by the Sun, and collected by solar cells affixed to the spacecraft,

to provide electrical power. However, the Sun is also a potential challenge for SEP

spacecraft as a power source, i.e., (i) photon density is inversely proportional to the

square of the distance from the Sun and (ii) extended periods of shadow must be

avoided along the baseline path and incorporated in any guidance algorithm. Within

the context of this investigation, the drop-off in photon density is addressed in the

design of the Earth-to-asteroid outbound legs while shadow effects are neglected as

close proximity operations are not included in this analysis. A further concern for

any low-thrust propulsion system is the usual upper bound on engine power for safe

operation or a peak engine efficiency power level. In either case, a limit exists upon
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the maximum power available to the engine, even though the solar panels on a SEP

spacecraft may collect more than sufficient electricity to exceed this bound. Thus, a

power-limited SEP thruster is also investigated, where this engine type is modeled

as a hybrid system of constant- and varying-power engines. In this investigation,

each propulsion system is defined such that all possess the same reference power level

within the Sun-Jupiter L4 asteroid swarm and, therefore, the selection of the power

source has a correspondingly large effect on the resulting Earth-to-asteroid leg with

minimal impact on the performance of the asteroid-to-asteroid thrust arcs. Three

distinct low-thrust propulsion scenarios offer a variety of challenges and opportu-

nities, especially when implemented in the overall automated trajectory generation

procedure.

5.4.1 Optimization of low-thrust engine operation

Optimal thruster operation conditions suitable for inclusion into a hybrid local op-

timization method are developed for a general dynamical model. Thus, the equations

of motion arising from natural forces such as gravity are readily adjusted without the

need to re-derive the engine performance criteria.

5.4.1.1 General equations of motion incorporating thrust

General spacecraft motion is governed by the gravity fields of massive bodies such

as the Sun, the Earth, and other gravitational sources and is additionally perturbed

by non-gravitational effects such as solar radiation pressure (SRP) and atmospheric

drag. Incorporated into the forces that influence the motion in this system are terms

that arise from the thrusting of the VSI engine. The system of equations are nondi-

mensionalized to aid numerical integration efficiency: computed results are converted
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to dimensional quantities by the proper use of the characteristic quantities and space-

craft parameter values. The spacecraft state vector is then defined as:

χ =


r

v

m

 (5.41)

where r is the position vector relative to a fixed point, v is the velocity vector, i.e.,

the derivative of r, within the context of the defined coordinate frames, and m is

the instantaneous scalar mass of the spacecraft. Note that bold type indicates vector

quantities. The equations of motion are then derived with the result:

χ̇ =


ṙ

v̇

ṁ

 =


v

fn(t, r,v) + T
m
u

−T 2

2P

 (5.42)

where T is thrust magnitude, P is engine power, u is a unit vector defining the thrust

direction, and fn represents the natural acceleration of the spacecraft. In general, fn

will encompass both gravitational and other terms and may be time-varying, with

the exact form dependent on the dynamical model. Furthermore, denote the six-

dimensional vector that includes position r and velocity v by the vector x, where

x =
[
x y z ẋ ẏ ż

]T
. The power P is defined as a scalar value between zero and a

maximum available power level specified by the engine model, such that

0 ≤ P ≤ Pmax. (5.43)

For this investigation, the value of Pmax is specified in terms of a reference power

level Pref for NEP and SEP systems while an engine power limit Plim is employed to

further define a PLS system. Then, the engine thrust T is evaluated via

T =
2P

Ispg0

(5.44)

where Isp is the engine specific impulse and g0 = 9.80665 m/s2, the gravitational

acceleration at the surface of the Earth. Furthermore, the equivalent ∆V cost of a

low-thrust arc is readily compute via

∆V =

∫ t1

t0

T

m
dt (5.45)
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provided the thrust and mass profiles are available. In cases were no analytical so-

lution to Eq. (5.45) is admissable, numerical quadrature readily provides accurate

estimates of the equivalent ∆V cost. [29]

5.4.1.2 The Euler-Lagrange theory

The first-order variational approach that approximates system behavior relative

to a reference trajectory arc, as discussed in Section 2.4.1.1, essentially serves as an

introduction to a powerful analytical approach, the Calculus of Variations (CoV). The

rich history of CoV in the development of dynamical analysis and optimization tech-

niques, as well as the insight offered into the workings of the physical world, creates

great interest. A brief discussion of the CoV and its relationship to optimization is

presented here, but more general and complete treatments are available in Bolza [97]

and Lanczos [113]. In this investigation, the CoV is used to convert a functional

optimization problem into a two-point boundary value problem (2PBVP).

Functional optimization is associated with a class of problems where the optimal

solution is a continuous time history rather than a discrete set of variables. The

objective of functional optimization is the determination of an extremum (maximum

or minimum) of a scalar cost functional of the general scalar form

J = Je(xf , tf ) +

∫ tf

t0

L(x, t,η)dt (5.46)

where the function Je is the end cost and the evaluation of the integral yields the

path cost. The integrand L is denoted the Lagrangian, and η is an m-dimensional

vector of control variables. With a cost functional of the form in Eq. (5.46), the

optimization problem is labelled the Bolza Problem with two special cases. If only

the end-cost term is present, the Problem of Mayer emerges; while, if only the path

cost appears, the problem is, appropriately, the Problem of Lagrange. The functional

optimization problem, in addition to dynamical equations such as those in Eq. (5.14),

usually includes boundary conditions of the form

ψ(x, t) = 0 (5.47)
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with the time and state x evaluated at the beginning or end of the trajectory arc.

Then, an optimal control history η∗(t) and an optimal set of free initial conditions

x∗0 is determined using indirect optimization.

Lawden [88], as well as Bryson and Ho [121], each offer a full development and

proof of the Euler-Lagrange Theorem; another source, with more modern notation,

is available in Longuski, et al. [122]. The Euler-Lagrange Theorem states that, for

an extremum of the scalar cost functional J , when dJ = 0, the following necessary

conditions must follow, that is

ẋ = f(x, t,η) = Hλ (5.48a)

λ̇ = −Hx (5.48b)

Hη = 0 (5.48c)

where H represents the Hamiltonian and the elements of the vector λ reflect the

co-states that correspond to the states in x. Subscripts on H indicate a gradient of

the Hamiltonian with respect to one of the vectors x, η, or λ (i.e., Hη = ∂H
∂η

). The

Hamiltonian, H, for the problem is then written as

H(x, t,η,λ) = L(x, t,η) + λTf(x, t,η). (5.49)

Additional transversality conditions, that is

Hdt− λTdx+ dJe = 0 (5.50)

are constructed to apply at the beginning or the end of the trajectory arc. These

transversality relationships match the number of free variables (e.g., states and times)

to the number of boundary conditions. Because the boundary conditions ψ are spec-

ified end states for the optimization problem, the variational vector relationship

dψ = ψtfdtf +ψxf
dxf = 0 (5.51)

is used to reduce Eq. (5.50) to a sum of differentials whose coefficients are set equal to

zero. The boundary value problem then possesses a full set of parameters and bound-
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ary conditions; thus, extremizing H with respect to η extremizes J . For the optimal

path x∗(x∗0, t), the Hamiltonian then satisfies one of the following two statements,

H [x∗(t), t,η∗(t),λ(t)] ≤ H [x∗(t), t,η(t),λ(t)] (5.52a)

H [x∗(t), t,η∗(t),λ(t)] ≥ H [x∗(t), t,η(t),λ(t)] (5.52b)

representing the minimum or maximum cost functional, respectively. The statement

in Eq. (5.52), i.e., the Minimum or Maximum Principle depending on the problem

formulation, is proven by, and often named for, Pontryagin [89].

5.4.1.3 Indirect optimization of constant power thrust arcs

When the on-board propulsion system is powered by a self-contained power source,

as is the case with a NEP engine, or by solar panels delivering approximately constant

power, such as SEP systems in the Earth-Moon region, the maximum engine power

Pmax is assumed to be a constant value over the duration of the trajectory. For all

such trajectories in this investigation, the maximum engine power is specified to be

Pmax = Pref unless otherwise noted. To fully define the optimization problem, the

performance index and the boundary conditions must also be specified. To arrive

at the target object with the maximum final spacecraft mass for a specified thrust

duration, the performance index J is defined

max J = mf . (5.53)

The boundary conditions and the Hamiltonian are adjoined to the performance index,

such that Eq. (5.53) is expanded to become the Bolza function

max J ′ = mf + νT0 ψ0 + νTf ψf +

∫ tf

t0

[H − λT χ̇]dt (5.54)
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where H is the problem Hamiltonian, λ is a co-state vector, the terms ψ are vectors

comprised of boundary conditions, and the vector terms involving ν are Lagrange

multipliers corresponding to the boundary conditions. The co-state vector is then

λ =


λr

λv

λm

 (5.55)

where λr and λv are three-dimensional vectors comprised of the position and velocity

co-states, respectively, and the scalar λm is the mass co-state. The initial and final

vector boundary conditions are

ψ0 = xI − xI(τ0) = 0 (5.56)

and

ψf = xT − xT (τ0 + TD) = 0 (5.57)

where the subscripts I and T indicate the states associated with the current object

and the target object, respectively. The parameter τ0 defines the epoch of thrust

initiation while TD is defined to be the duration of engine operation, i.e., thrust.

Equation (5.56) is implicitly satisfied by defining xI as the state along the current

object trajectory as defined by the parameter τ0. The final, or target, boundary

conditions in Eq. (5.57) are satisfied by solving the boundary value problem.

The calculus of variations, specifically the Euler-Lagrange Theorem as detailed in

Sect. 5.4.1.2, is employed to define several properties of the 2PBVP and to acquire

the derivatives of the co-states. The problem Hamiltonian is

H = λT χ̇ = λTr v + λTv

[
fn(t, r,v) +

T

m
u

]
− λm

T 2

2P
(5.58)

where the value of H is constant over the trajectory for the time-invariant systems.

For time-varying models, H is no longer a constant value. The optimal control strat-
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egy emerges by maximizing the Hamiltonian with respect to the controls T , P , and

u such that

P = Pmax (5.59)

T =
λvPmax

λmm
(5.60)

u =
λv
λv

(5.61)

where λv=||λv||. Given these control expressions, the Hamiltonian is reformulated

and Eq. (5.58) is rewritten as

H = λTr v + λTvfn + S · T (5.62)

where S is the switching function

S =
λv
m
− λmT

2Pmax

. (5.63)

The Euler-Lagrange conditions for optimality modify the performance index in Eq. (5.54).

With the reformulated Hamiltonian, that is, Eq. (5.62), the following equations of

motion for the co-states emerge

λ̇ = −
(
∂H

∂χ

)T
=


−λTv

(
∂fn
∂r

)
−λTr − λTv

(
∂fn
∂v

)
λv

T
m2

 (5.64)

where the initial state for λm is set equal to unity to reduce the number of variables

to be determined. Note that: (a) a similar procedure to minimize the initial mass for

a given target mass results in identical conditions for engine operation, and (b) the

differential equations for the co-states do not change form based upon the underlying

natural dynamics; thus, ∂fn
∂r

and ∂fn
∂v

are freely substituted when using models of

varying fidelity.

When the co-states are included in the set of design variables for a corrections

procedure (see Sect. 2.4.1), the constraint gradient is determined using the previously

defined 6 × 6 STM Φ(t, t0) (Section 2.4.1.1) as well as a new 14 × 14 STM Ψ(t, t0)
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incorporating the seven states (position, velocity, mass) and the corresponding co-

states. To create the new STM, define the combined state and co-state vector

ξ =

χλ
 (5.65)

with the associated vector derivative

a = ξ̇ =

χ̇λ̇
 (5.66)

where the vectors χ and λ include the states and co-states, respectively. A new linear

dynamical matrix of partials A14(t) is evaluated as

A14(t) =
da(ξ)

dξ
=



03 I3 03,1 03 03 03,1

∂fn
∂r

∂fn
∂v

−2Pmax

m3λm
λv 03

Pmax

m2λm
I3 − Pmax

m2λ2m
λv

01,3 01,3
Pmaxλ2v
m3λ2m

01,3 − Pmax

m2λ2m
λTv

Pmaxλ2v
m2λ3m

−W 03 03,1 03 −
(
∂fn
∂r

)T
03,1

03 03 03,1 −I3 −
(
∂fn
∂v

)T
03,1

01,3 01,3 −3Pmaxλ2v
m4λm

01,3
2Pmax

m2λm
λTv −Pmaxλ2v

m3λ2m


(5.67)

where the subscripts on 0 and I indicate the size of the zero or identity matrix.2 The

3× 3 sub-matrix

W =


W11 W12 W13

W21 W22 W23

W31 W32 W33

 (5.68)

2The individual subscript ‘3’ indicates a 3 × 3 matrix; the subscript combination ‘3,1’ denotes a
3-element column vector, and ‘1,3’ a 3-element row vector.
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incorporates the third partials of the psuedo-potential function U∗ from Eq. (5.16)

W11 = λvxU
∗
x3 + λvyU

∗
x2y + λvzU

∗
x2z

W12 = λvxU
∗
x2y + λvyU

∗
xy2 + λvzU

∗
xyz

W13 = λvxU
∗
x2z + λvyU

∗
xyz + λvzU

∗
xz2

W21 = λvxU
∗
x2y + λvyU

∗
xy2 + λvzU

∗
xyz

W22 = λvxU
∗
xy2 + λvyU

∗
y3 + λvzU

∗
y2z (5.69)

W23 = λvxU
∗
xyz + λvyU

∗
y2z + λvzU

∗
yz2

W31 = λvxU
∗
x2z + λvyU

∗
xyz + λvzU

∗
xz2

W32 = λvxU
∗
xyz + λvyU

∗
y2z + λvzU

∗
yz2

W33 = λvxU
∗
xz2 + λvyU

∗
yz2 + λvzU

∗
z3 .

Then, the new 14× 14 STM is defined such that

δξ(t) =
∂ξ

∂ξ0

δξ0 = Ψ(t, t0)δξ0 (5.70)

Ψ̇(t, t0) =
∂a

∂ξ
Ψ(t, t0) = A14(t)Ψ(t, t0) (5.71)

where the initial STM is equal to the identity matrix, Ψ(t0, t0) = I. Note that the

14 × 14 STM Ψ reduces to the 6 × 6 STM Φ when the spacecraft mass and the co-

states are removed as variables (e.g., the VSI engine is turned off or a thrust profile

is specified).

5.4.1.4 Indirect optimization of varying power thrust arcs

The development of the operational conditions for a varying engine power level,

e.g., a SEP system operating at changing distances from the Sun, proceeds similarly to

the indirect method for NEP thrusters. In contrast, however, the maximum available

engine power is now determined via

Pmax =
Pref

d2
s

(5.72)
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where ds is the nondimensional distance between the spacecraft and the Sun. For a

pure SEP system, the available engine power is not constrained by any upper or lower

limits.

The objective function and constraints for a SEP system are the same as for NEP

systems, so Eqs. (5.53)-(5.57) are unchanged in the definition of the 2PBVP. Recalling

from Eq. (5.59) that the most efficient engine operation occurs at the maximum

available power level, the new problem Hamiltonian is then

H = λT χ̇ = λTr v + λTv

[
fn(t, r,v) +

T

m
u

]
− λm

T 2d2
s

2Pref

. (5.73)

As before, maximizing the Hamiltonian produces the primer vector in Eq. (5.61) and

the control, in terms of the thrust magnitude,

T =
λvPref

λmmd2
s

(5.74)

while the Euler-Lagrange conditions yield the co-state equations of motion

λ̇ = −
(
∂H

∂χ

)T
=


−λTv

(
∂fn
∂r

)
+ λm

T 2

Pref
ds

−λTr − λTv
(
∂fn
∂v

)
λv

T
m2

 (5.75)

where ds is the nondimensional distance vector from the Sun to the spacecraft (recall

that bold-face indicates vector quantities such that ds = ‖ds‖). The 14 × 14 linear

dynamical matrix of partials A14(t) is now evaluated as

A14(t) =
da(ξ)

dξ
=

03 I3 03,1 03 03 03,1

Pfr
∂fn
∂v

− 2Pref

d2sm
3λm
λv 03

Pref

d2sm
2λm

I3 − Pref

d2sm
2λ2m
λv

Prefλ
2
v

m2λ2md
4
s
dTs 01,3

Prefλ
2
v

m3λ2md
2
s

01,3 − Pref

m2λ2md
2
s
λTv

Prefλ
2
v

m2λ3md
2
s

−W̃ 03 03,1 03 −PT
fr 03,1

03 03 03,1 −I3 −
(
∂fn
∂v

)T
03,1

− 2Prefλ
2
v

m3λmd4s
dTs 01,3 − 3Prefλ

2
v

m4λmd2s
01,3

2Pref

m2λmd2s
λTv − Prefλ

2
v

m3λ2md
2
s


(5.76)
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where the submatrix W̃ is defined as

W̃ = W − λ2
vPref

m2λmd4
s

I3 +
4λ2

vPref

m2λmd6
s

dsd
T
s (5.77)

with W provided by Eq. (5.68). The new partial derivative sub-matrix Pfr is defined

to be

Pfr =
∂fn
∂r
− 2Pref

m2λmd4
s

λvd
T
s . (5.78)

Consistent with a constant-power thrust arc, the engine operating conditions and the

differential equations are unchanged if the initial mass is minimized or if differing

models representing the natural dynamics are incorporated.

5.4.1.5 Adjoint control transformation

Dixon [123] developed the Adjoint Control Transformation (ACT) to supply more

intuitive variables as a basis to generate an initial guess for the co-states and to

increase the convergence radius of the locally optimal solutions. To accomplish these

goals, the ACT relates the thrust direction in a vehicle-centered frame to the initial

co-states λ0. The spacecraft-centered frame V is defined with the right-handed triad

V̂ =
v

|v|
n̂ =

r × v
|r × v|

b̂ = n̂× V̂ (5.79)

where V̂ is a unit vector in the direction of the spacecraft velocity, n̂ is the instan-

taneous orbit normal, and b̂ completes the orthonormal set of unit vectors. Two

spherical angles, α and β, specify the thrust direction in this frame. These two an-

gles, the unit vectors defining frame V , and the thrust vector T are all illustrated in

Fig. 5.4.

The thrust direction is now expressed in terms of the angles α and β and then

transformed to the rotating frame R. In terms of the angles, the unit vector that

defines the thrust direction in frame V is written

uV =


cosα cos β

sinα cos β

sin β

 . (5.80)



123

V̂

b̂

n̂



T

S/C 

Figure 5.4.. Spacecraft-centered frame V with thrust vector

Then, the differential vector

u̇V =


−α̇ sinα cos β − β̇ cosα sin β

α̇ cosα cos β − β̇ sinα sin β

β̇ cos β

 (5.81)

represents the rate of change of the thrust direction as observed from the vehicle

frame. The transformation of the thrust direction vector from frame V to frame R is

accomplished via

uR = DuV (5.82)

where the rotation DCM D is defined

D =


x̂ · V̂ x̂ · b̂ x̂ · n̂

ŷ · V̂ ŷ · b̂ ŷ · n̂

ẑ · V̂ ẑ · b̂ ẑ · n̂

 . (5.83)

Rotation of the thrust direction rate of change yields

u̇R = ḊuV + Du̇V (5.84)

where

Ḋ = D ·
(
r × v
r2

)
(5.85)
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delivers the DCM rate of change.

The direct connection between the optimal controls and the spherical angles α

and β remains to be established. The primer vector from Eq. (5.61) is rearranged to

appear

λv = λvuR (5.86)

with the time derivative

λ̇v = λ̇vuR + λvu̇R. (5.87)

Recall the velocity co-state equations of motion in Eq. (5.64). The initial position

co-state is then

λr = −λ̇vuR − λvu̇R −
∂fn
∂v
λv (5.88)

where Eqs. (5.86) and (5.88) relate the initial position and velocity co-states to the

thrust direction angles and the magnitude the velocity co-state vector and its corre-

sponding rate of change, i.e.,

λ̇v = − 1

uTv

[
λvu̇

Tv + λTv
∂fn
∂v
v − λTvfn

]
. (5.89)

The new angle variables now constitute another formulation of the 2PBVP that pro-

vides more physical intuition in constructing initial guesses and reduces sensitivity

during the optimization process.

The adjoint control transformation is straightforwardly inverted by solving for the

angles and their associated time rate of change as functions of the co-state variables

λr and λv. The magnitude of the velocity co-state is defined to be

λv = ‖λv‖ (5.90)

and the time derivative of this magnitude is

λ̇v = ±‖ − λTr − λTv
(
∂fn
∂v

)
‖ (5.91)

where the sign ambiguity is resolved via the Law of Cosines:

λvλ̇v cos θ = λv · λ̇v. (5.92)
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The thrust direction frame transformation from Eq. (5.82) is inverted to

uV = D−1uR = DTuR (5.93)

where the pointing direction in the frame R is given by uR = λv/λv. The time rate

of change of the thrust pointing direction in the vehicle frame is then obtained from

rearranging Eq. (5.84) to

u̇V = DT (u̇R − ḊuV ) (5.94)

where the rate of change in frame R is obtained from

u̇R =
−λr − λ̇vuR − (∂fn

∂v
)Tλv

λv
. (5.95)

Recalling Eq. (5.80), the angle β is obtained from

β = sin−1 uV,3 (5.96)

with uV,3 the third element of the unit vector uV . Likewise, the angle α is given by

α =

cos−1
( uV,1

cosβ
)

sin−1
( uV,2

cosβ
)

(5.97)

where both relations must be used to resolve the quadrant ambiguity. The rates of

change of the angles are then provided by

β̇ =
u̇V,3
cos β

(5.98)

and

α̇ =
u̇V,3 + β̇ sinα sin β

cos β cosα
, (5.99)

respectively. The inverse ACT can now be used to recover the physical thrust pointing

angles from the position and velocity co-state vectors.

5.4.2 Hybrid optimization of low-thrust rendezvous options

In an indirect optimization scheme, the 2PBVP must be fully reformulated for each

new objective and any new set of constraint combinations. To avoid reformulating the
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problem for every new objective and constraint formulation, a hybrid optimization

strategy combines the low dimensionality of indirect methods with the flexibility

of a direct approach. For rendezvous arcs within the tour, a sequential quadratic

programming (SQP) method is then used to maximize the final mass mf , with the

additional nonlinear constraints specified by Eqs. (5.56) and (5.57). The initial

spacecraft mass is specified as the reference spacecraft mass, i.e., m0 = mr. Note

that the same initial condition m0 = mr is employed for all independently generated

object-to-object legs.

5.4.2.1 Introducing sequential quadratic programming

Direct optimization methods are explicitly formulated to extremize a cost func-

tion. This approach is advantageous in contrast to the reformulation as a boundary

value problem that characterizes indirect schemes. Constrained direct optimization

is therefore generally formulated as

min J(x) (5.100)

subject to the constraints

g(x)≤0 (5.101a)

h(x)=0 (5.101b)

xL ≤x≤ xU (5.101c)

where g(x) is an l-vector of inequality constraints, h(x) is an p-vector of equality

constraints, and the state vector x is bound between lower and upper limits on each

state. A maximization problem is easily converted to a minimization problem by

switching the sign (±) of the cost function and all of the inequality constraints are

written as in Eq. (5.101a) by switching signs on the constraints as needed. Consistent
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with indirect optimization, the constraints are adjoined to the cost function to create

the Lagrangian function Λ, i.e.,

Λ(x) = J(x) +
l∑

j=1

νj{max[0, gj(x)]}+

p∑
k=1

νl+k|hk(x)| (5.102)

where, as before, the variables ν are Lagrange multipliers. Then, the well-known

Karush-Kuhn-Tucker (KKT) conditions [124,125] for an optimal solution x∗ are:

1. The solution x∗ is feasible (all constraints in Eq. (5.101) are satisfied).

2. The relation

νjgj(x
∗) = 0 (5.103)

is separately satisfied for every j and where all νj ≥ 0.

3. The gradient of the cost function and adjoined constraints vanishes, that is,

∇J(x∗) +
l∑

j=1

νj∇gj(x∗) +

p∑
k=1

νl+k∇hk(x∗) = 0 (5.104)

for all νj ≥ 0 and unrestricted νl+k.

These conditions ensure local optimality of the cost function either within or on the

boundaries defined by the constraints.

Sequential Quadratic Programming (SQP), one type of non-linear programming

(NLP) algorithm, optimizes the cost function by solving a series of sub-problems

where the objective function is approximated as quadratic and the constraints are

approximated as linear. The SQP method iterates the update equation

xq = xq−1 + ζsq (5.105)

where ζ dictates step size. The iteration process continues until a solution xq satisfies

the KKT conditions for constrained optimality. The first sub-problem is the deter-

mination of the search direction sq by minimizing the quadratic function Q, that

is

Q(sq) = J(xq) +∇J(xq)Tsq +
1

2
(sq)TBsq, (5.106)
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subject to the linear constaints

∇gj(xq)Tsq + σjgj(x
q)≤0 j = 1, . . . , l (5.107a)

∇hk(xq)Tsq + σ̄khk(x
q)=0 k = 1, . . . , p. (5.107b)

The matrix B approximates the Hessian matrix of the Lagrangian, ∇2Λ, and the pa-

rameters σj and σ̄ ensure that the sub-problem possesses a feasible solution. Because

of its form, the search direction sub-problem in amenable to solution via one of the

various quadratic programming techniques available in Nocedal [126]. The optimal

step size ζ in Eq. (5.105) is the focus of the second sub-problem and is determined

such that the Lagrangian function Λ(xq) is minimized. Because this sub-problem

is one-dimensional, a simple line search method is employed to compute ζ [127].

Though this introduction to SQP is brief, a more thorough discussion is available in

Eldersveld [128].

There are a variety of SQP implementations, but two popular algorithms are

MATLAB c©’s fmincon and the SNOPT packages developed by Gill, Murray, and

Saunders [98]. This investigation uses the SNOPT algorithm because of its ease

in implementation, quick computation times, and the ability to mix analytical and

numerical derivatives. In addition, the SNOPT package solves the search direction

and step size sub-problems internally, and the approximation matrix B is computed

with no input from the user.

5.4.2.2 Initial and target states

The computation of rendezvous arcs requires the definition of an initial state from

which the spacecraft departs whenever a thrust segment is initiated and a target

state that serves as a matching condition for the spacecraft state vector upon arrival.

This definition is accomplished by specifying the initial state xI to be the position and

velocity of a specified asteroid (or Earth, for the Earth-to-asteroid arc) that is denoted

as the departure body for a particular rendezvous segment. Likewise, the target state

xT is the position and velocity of the desired arrival body. In the ephemeris point-mass
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model in Section 2.2.1, the states of celestial bodies at a given epoch are determined

by interpolation of the HORIZONS data using a cubic spline with interpolation points

at one-day intervals. For the simplified model in Section 5.2, however, an equivalent

continuous path for the celestial body is determined, where the motion satisfies the

natural dynamics from the sun-Jupiter CR3BP. Accordingly, for each asteroid a set

of reference nodes are extracted from the HORIZONS data, transformed to the sun-

Jupiter rotating frame, and supplied as the initial guess for a fixed-time multiple

shooting corrections process, described in Sect. 2.4.1.3, where continuity is specified

for all interior points. In this corrections scheme, the positions and velocities of the

nodes are allowed to vary without constraint, so long as the resulting solution yields a

continuous path for the asteroid motion. One such conversion is displayed in Fig. 5.5,

with the original HORIZONS data represented by a dashed line and the reconverged

continuous CR3BP trajectory plotted as the solid line. Motion for all 12 asteroids, as

well as the Earth, is transitioned to the CR3BP. Once a tour trajectory is determined

within the context of the CR3BP, the results are transitioned back to the point-mass

ephemeris model to restore the true positions of the asteroids and the Earth.

a. Asteroid track in sun-Jupiter rotating frame, b. Deviation between CR3BP

ephemeris (dashed) and CR3BP (solid). and ephemeris rotating frame components.

Figure 5.5.. Comparison of 1143 Odysseus trajectories from Oct. 3, 2021
to Oct. 3, 2061 from ephemeris data and under CR3BP dynamics
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5.4.2.3 Rendezvous arc detection and computation

For even a relatively small number of asteroids, manually determining and gen-

erating all possible optimal rendezvous arcs is a laborious process. For example, for

any given pair of asteroids, there are several epochs over the specified 40-year window

that define a locally optimal departure state for a rendezvous arc. So, when all pos-

sible asteroid pairs are considered, hundreds of locally-optimal rendezvous arcs are

available for any given thrust duration (TD). Therefore, an automated scheme that

detects conditions amenable to locally optimal transfers and, subsequently, computes

the corresponding point solutions is critical for rapid trajectory design.

The SQP algorithm adjusts the free variables in order to ensure that the mass ob-

jective is maximized while satisfying the constraints on asteroid arrival. The general

corrections procedure defined in Sect. 2.4.1 provides a framework for addressing the

nonlinear arrival constraints of the hybrid optimization scheme. Thus, the optimiza-

tion problem for asteroid-to-asteroid arcs is posed as

max J = mf (5.108)

with the free variables

X =


τ0

λr,0

λv,0

 (5.109)

subject to the arrival constraints

F (X) = ψf = xT − xT (τ0 + TD) = 0 (5.110)

from Eq. (5.57). Recall that the initial boundary conditions from Eq. (5.56) are im-

plicitly satisfied by defining the spacecraft state at thrust initiation to the state of

the departure object at the same epoch. While the SQP package SNOPT can numer-

ically approximate required gradients, computational speed is improved by supplying

user-defined values for the partial derivatives. Thus, the Jacobian for the objective

function is obtained via

∇mf =
[
Ψ(τ0 + TD, τ0)m,xẋI(τ0) Ψ(τ0 + TD, τ0)m,λ

]
(5.111)
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where the subelements of the 14 × 14 STM relate the initial position and velocity

states as well as costates to the spacecraft mass at thrust termination and bmẋI(τ0)

is the time rate of change of the state of the departure body. Likewise, the Jacobian

for the constraint vector Eq (5.110) is

DF (X) =
[(

Ψ(τ0 + TD, τ0)x,xẋI(τ0)− ẋT (τ0 + TD)
)

Ψ(τ0 + TD, τ0)x,λ

]
(5.112)

where the STM terms relate initial changes in the spacecraft operational state to the

final state at thrust termination.

Conditions likely to yield optimal transfers include low distance and low relative

velocities between asteroids. One efficient strategy to detect these transfer conditions

searches epochs for those that correspond to the minimum relative distance between

an asteroid pair. Thus, solutions to the local optimization problem

min da(τ0) = ‖rT (τ0)− rI(τ0)‖ (5.113)

supply the initial guesses for the parameter τ0 in the rendezvous problem. Thus, the

problem involves only one free parameter, and a grid search readily produces all the

solutions over the 40-year window of opportunity. Once the set of initial parameters

τ0 is determined, the hybrid optimization scheme is applied to generate thrust arcs

connecting the paths of the asteroids. The result of this automated procedure as

applied to the scenario where 8241 Agrius is the departure asteroid and 4138 Kalchas

is the target is illustrated in Fig. 5.6. The positions of closest relative distance are

signified by the green spheres for 8241 Agrius and the red spheres for 4138 Kalchas,

with the black arcs representing the converged rendezvous arcs and the black spheres

the actual departure and arrival states.

The hybrid optimization process yields a single rendezvous segment connecting two

asteroids and resulting in a trajectory arc with minimum propellant consumption for a

specified thrust duration. The initial and terminal states along these arcs correspond

to approximate asteroid positions and velocities from the CR3BP dynamical model

such that the spacecraft is delivered from the vicinity of one asteroid to that of
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Figure 5.6.. Initial guess of the rendezvous epochs for arcs from 8241
Agrius departure (green) to 4138 Kalchas arrival (red), with corresponding
rendezvous arcs (black)

another. However, once a point solution is generated for a single specified thrust

duration, TD, a simple continuation scheme is applied that produces trajectory arcs

over a large range of thrusting times. The continuation process updates the value of

TD and uses the previously computed solution as the initial guess for the subsequent

2PBVP. The complete set of thrust arcs that is determined via the continuation

scheme, termed a “family”, represents a set of options for a single pre-determined

asteroid-to-asteroid link within a design space relating engine operation time and

propellant consumption for a spacecraft transfer. For this analysis, families of transfer

arcs between any asteroid pair with thrust durations between TD = 0.7 and a nominal

maximum TD = 2.0 in non-dimensional time units, incremented in steps of 0.02 non-

dimensional time units, or 483 to 1379 days in 14 day steps, are produced. Some

families do not cover the full range of thrust durations since the iteration process is

terminated once the epoch expands to the limits of the window, i.e., Oct. 3, 2021 to

Oct. 3, 2061. Note that for every thrust arc segment within these families, the initial

spacecraft mass is assumed to be m0 = mr = 500 kg, or m0 = 1 non-dimensional unit.

(Of course, this initial mass may be adjusted in the tour construction process.) Once



133

the independent solutions comprising the families of rendezvous arcs are computed,

the initial conditions are stored for future use; this set of stored initial conditions is

termed a “library”.

5.5 Search strategies: enumerated tree searches and ant colony optimiza-

tion

Construction of potential survey tours is accomplished via the use of two distinct

search methods. The first, an enumerated tree search, reveals all possible solutions,

albeit for a pre-specified asteroid-to-asteroid thrust duration. Furthermore, the com-

putational cost of the tree search method grows exponentially with the inclusion

of additional target asteroids. In contrast, the second search method, ant colony

optimization, enables the exploitation of the trade-off between thrust duration and

propellant consumption that is intrinsic to the operation of VSI systems while simul-

taneously offering a more managable growth in computational cost. The operation of

both search methods is detailed.

5.5.1 Enumerated tree search

To generate a potential tour sequence, an automated process extracts independent

families of arcs from the library of solutions, selects individual rendezvous legs from

within these families, and combines them into a series of thrust arcs between the

asteroids and coast segments in the vicinity of the objects. This selection and joining

of independent thrust arcs is performed via an enumerated tree search wherein all

potential new targets are exhaustively searched. Figure 5.7 illustrates the operation

of the tree search method. Note that for NP-hard problems enumerated tree searches

quickly become computationally expensive and can be replaced with other search

methods such as branch-and-bound.

Since there are many possible thrust arcs across any given family, and the au-

tomatic procedure extracts only one solution arc per family, a trade-off is available
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Figure 5.7.. Schema of the enumerated tree search algorithm. Note that,
in general, intermediate target asteroids (green circles) or terminal aster-
oids (red X’s) can appear on multiple paths.
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between thrust duration TD, departure epoch τ0, and arrival mass mf . In general,

mf increases with TD while τ0 decreases; however, it is observed that the quantity

(TD+ τ0) usually increases with larger values of TD. For this investigation, the tour

sequence algorithm allows the user to select one of three possible thrust duration

options over all families in a potential sequence:

• maximum TD, with maximum mf and arrival epoch as well as minimum τ0;

• minimum TD, with the reverse result;

• median TD, with median values of arrival mass and departure and arrival

epochs.

Once specific thrust arcs are selected, approximations are employed to estimate the

performance metrics associated with a particular tour. For example, propellant con-

sumption during each interval of engine operation must be incorporated into an

equivalent cost corresponding to any potential tour scenario comprised of several

rendezvous arc segments. Accordingly, for a rendezvous sequence built from n thrust

intervals, the approximate consumption of propellant mass, mcons, is computed via

mconsumed = m0

(
1−

n∏
i=1

mi

m0

)
(5.114)

where mi is the arrival mass in kilograms at the end of the ith independently generated

thrust arc.3 For feasible options, this easy to compute approximation can always be

evaluated against a more rigorous model, such as an end-to-end optimization or the

scaling relations in Section 5.6.3.

Since the families representing asteroid-to-asteroid transfer arcs are independently

created, the selected rendezvous sequences must be evaluated to ensure they are phys-

ically realizable and satisfy mission constraints. Frequently, the two most common

constraints in mission design are propellant mass and mission duration, i.e., a finite

amount of mass is available and a limited opportunity usually exists for a timeline.

3For the case of impulsive maneuvers, an equivalent total trajectory cost is ∆vtot =
∑p

i=1 ∆vi where
∆vtot is the total impulsive ∆v and ∆vi is the equivalent value for one maneuver.
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Therefore, a maximum amount of propellant is available for activities within the

swarm mp and a maximum mission duration, TOF , is specified in the automated

tour design scheme. Thus, for a tour to be feasible, the estimated propellant con-

sumption, mcons, must be less than mp and the final rendezvous must occur before

τd + TOF where τd is the epoch corresponding to Earth departure. Additionally,

since the goal is survey options for missions to the Trojan asteroids, a further con-

straint is imposed, that is, the spacecraft cannot re-visit an asteroid after departure.

Ultimately, the arc selection procedure is summarized in Table 5.4. Recall that the

Table 5.4. Arc selection procedure for tour generation.

Step Description

Select specific desired asteroid arrival epoch and thrust

duration options as well as specify asteroid swarm propellant

1 mass mp and end-to-end mission timeline TOF .

2 For each asteroid of interest, perform Steps 3-8.

Retrieve from library all thrust arc families departing from

3 current asteroid.

4 Remove families that return to previously visited asteroids.

For given TD option, eliminate all families with departure

epochs prior to the current departure epoch or beyond the

5 arrival epoch τd + TOF .

Estimate spacecraft mass at end of all thrust arcs and

6 remove families where mcons > mp.

For the remaining families, update tour information to

7 include data from new arcs.

Repeat Steps 3-7 until the exploration of all possible tours

8 is complete.

optimization of a VSI engine requires a constraint upon either thrust duration or
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propellant consumption: therefore, all Earth-to-asteroid outbound legs in this inves-

tigation possess a pre-specified duration of 3.5 years, slightly longer than the 2.7 years

required for a Hohmann transfer, though this value is readily altered. Accordingly,

the Earth departure epoch τd is easily computed once an asteroid arrival epoch is

selected. The result of the sequence construction procedure is a set of potential tours

with estimated propellant mass consumption values less than mp and with total time

within the swarm that is less than (TOF − 3.5) years. Performance metrics include

propellant consumed, swarm tour duration, coast time in the vicinity of the asteroids,

and the number of asteroid encounters; specific sequences of interest are then selected

for further analysis.

5.5.2 Ant colony optimization with parallel pheromone distribution

Ant colony optimization scenarios usually assume a simplified, if not static, tran-

sition option between target nodes, with an accompanying simplification in the im-

plementation details, where this abstraction of the problem may eliminate vital char-

acteristics of the underlying system dynamics. While the SACO algorithm detailed

in Sect. 2.5.1 can, in practice, be applied to mission planning scenarios, several con-

siderations point to a novel ACO solution approach, one that may in fact be a more

true mimicry of actual ant foraging behavior than is typical of SACO.

5.5.2.1 Parallel pheromone distribution

One chief difference between spacecraft trajectory applications of ACO and more

traditonal ACO scenarios is that astrodynamics problems typically involve an in-

finite number of potential connections between celestial objects of interest rather

than a single link. Furthermore, many SACO applications either intrinsically possess

easy-to-compute link costs or scenarios are readily abstracted to a simplified model

whereas mission analysis and design must maintain a higher level of model fidelity in

order to ensure viable resulting trajectories. Thus, rather than a sparse network with
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a relatively low number of analytically modeled links between nodes, astrodynam-

ics applications typically present a very dense grid of connections, each possessing a

unique but infinite trade space that generally must be constructed numerically. While

large portions of these trade spaces can be eliminated due to physical, logistical, or

other practical considerations, there still remains an infinite possible number of solu-

tions due to the continuous nature of the underlying dynamics. Thus, a discretization

of the search space is required, though this may still result in very large search spaces.

For example, in the current investigation, roughly 36,000 individual thrust arcs are

constructed computationally between asteroid pairs for a set of 12 objects over a

40-year window. However, these rendezvous arcs are grouped into 551 families char-

acterized by the close approach epochs between asteroid pairs and offering a trade-off

between thrust duration and propellant consumption.

The highly correlated nature of the asteroid-asteroid rendezvous legs within dis-

tinct families naturally leads to the concept of ACO with parallel pheromone distribu-

tion (ACO-PPD), that is, ACO wherein successful tours spread pheromone to nearby

links as well. Thus, if an individual arc from a family is part of a successful tour, then

some amount of pheromone is applied to solutions in the family with similar thrust

duration values (“parallel” solutions), as illustrated in Fig. 5.8. Accordingly, when

the ants are following pheromone trails, the potential to explore nearby solutions also

exists which could offer improved performance over the previously traveled sequence.

The distributed pheromone can be spread to any number of arcs within the family,

although, in practice, a balance is struck between increasing the number of potential

solutions to explore and maintaining a low computational overhead (i.e., if pheromone

is spread to all possible arcs, the compuational cost for one ant approaches that of an

enumerated tree search algorithm). The distribution over the nearby arcs can also be

modeled from one of several profiles: for the current investigation, both uniform and

Gaussian distributions of pheromone are considered. When normal distributions are

employed, the standard deviation is assumed to be

σ =
√
Nps (5.115)
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where Nps is the one-sided number of arcs over which the pheromone is spread (i.e.,

if Nps = 5, pheromone is placed on 11 members of the family, i.e., the traveled

leg plus 5 solutions with larger TD values and 5 with lower durations). While the

current implementation generates tours using pre-computed low-thrust arcs between

asteroids, ACO-PPD can be readily adapted to support a diverse range of mission

planning architectures.

Figure 5.8.. Diagram of asteroid-asteroid family with traveled arc and
pheromone distributed to nearby thrust legs.

5.5.2.2 Generation of asteroid tours

Though pheromone distribution supplies a powerful framework for extending ACO

to astrodynmics applications, several implementation details remain to fully incorpo-

rate ACO-PPD to the generation of asteroid tours. Notably, link costs are often

more complex for spacecraft trajectories than most SACO applications. Addition-

ally, SACO usually assumes that all nodes must be transited for the least cost or

that the optimal route from one specific node to another is desired (note that the

latter case is analogous to the determination of the optimal trajectory from Earth

to another planet, say Jupiter or Saturn). However, for the construction of asteroid

tours, it is not feasible to visit all potential targets with one trajectory and select-

ing specific target asteroids a priori may unduly restrict preliminary explorations



140

of the design space. In fact, the concept of an “optimal” spacecraft tour is heavily

dependent on the relative weighting assigned to propellant and operations costs, the

desired number of objects, relative scientific value of various targets, and many other

considerations. Thus, this investigation expands SACO and ACO-PPD concepts to

favor options beyond optimal route-finding, e.g., the best selection of potential targets

within the context of limited resources. This implementation of an ACO-PPD strat-

egy may, in fact, produce a better model of ant scavenging behavior than previous

SACO applications.

When not actively following pheromones, ants explore by randomly selecting a

previously unvisited target asteroid and tracking the first feasible family (charac-

terized by the rendezvous leg of median thrust duration TD value) that links the

current asteroid to the target asteroid. If no families linking these two specific as-

teroids include a feasible median TD arc, the destination asteroid is discarded and a

new target is randomly selected. If all asteroids are excluded by this procedure, then

the ant terminates its tour. Ant exploration behavior is triggered under the following

circumstances:

• at the current node, exploration is selected based upon the exploration proba-

bility γ; or,

• if following is identified, then either no pheromone exists on arcs departing

the current asteroid or none of the pheromone trails satisfy time or propellant

constraints.

Using these conditions, the ants are guaranteed to continue encountering new as-

teroids until the limits on total time-of-flight or maximum propellant capacity are

reached.

A crucial aspect of ACO is the definition of the link quality metric, i.e., Bi,j, that

conveys local information to traveling ants and aids in the determination of the travel
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probability represented in Eq. (3.27). For asteroid tour applications, one potential

metric is

Bi.j =
wWj p

M
i,j

∆tLi,j
(5.116)

where wj is the target importance, pi,j is the propulsive cost to travel from object i

to the jth asteroid, ∆ti,j is the time to travel from one object to the next, and W , M ,

and L are weighting parameters. For Trojan asteroid tours, the target importance wj

is set equal to the scientific priorities in Table 5.3 and the propulsive cost is defined

to be pi,j = mf :i,j, that is, the arrival mass along the independently computed thrust

arc. Thus, the link quality of an arc is not affected by the mass consumption along

previous arcs. The time metric is defined as ∆ti,j = tf :j − tf :i, that is, the difference

in arrival epochs between the next asteroid and current asteroid; note that this value

includes the loiter time at the current asteroid as well as the transit time between the

current object and the next encounter. Thus, Eq. (5.116) is reformulated as

Bi.j =
wWj m

M
f :i,j

∆tLi,j
(5.117)

where all required information is available either from the pre-computed thrust arc

families or the pre-specified asteroid priority.

While SACO implementations often specify that the overall quality of a solution

is a simple summation of the link costs across the sequence, other methods of defining

tour quality are available. Recall that for the current investigation, the individual

link quality metric Bi.j includes the relative priorities concerning time, propellant,

and target, all of which are locally important. However, the tour quality value Q that

informs the update to pheromone levels can represent any combination of local and

global information across the tour sequence and, hence, affords another level of control

over the performance of the algorithm. Therefore, several different formulations of

‘tour quality’, summarized as follows, are examined:
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• Summed link quality : This tour quality metric is consistent with many SACO

implementations by summing the individual link quality corresponding to each

tour via

Q = wW1 +
Ne∑
j=2
i=j−1

Bi,j (5.118)

where Ne is the total number of asteroid encounters. Only the merit of the

first target is included as Earth-to-asteroid legs are not considered in this ACO

investigation.

• Number of encounters : Tours are ranked solely upon the number of asteroids

encountered, without regard to propellant cost or asteroid priority such that

Q = Ne. (5.119)

• Summed object merit : Quality of tours is determined by summing the impor-

tance of the encountered asteroids by

Q =
Ne∑
j=1

wj (5.120)

where a fewer number of higher priority targets could elevate its ranking over a

tour to a larger number of less important objects.

• Combined importance and loiter time: The importance of the asteroids is mul-

tiplied by the duration of proximity operations at the object and then summed

as

Q =
Ne∑
j=1

wjLTj (5.121)

where LTj is essentially the loiter time, i.e. the interval spanning the arrival at

the jth object to departure from the same asteroid. Thus, tours that include

longer durations at higher priority targets are favored. However, a maximum

useful loiter time LTmax can be instituted such that any proximity duration

above this threshold is not incorporated into Eq. (5.121).
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Each of these tour quality definitions, aside from the summed link quality, allows for

the tour quality to be developed independently of the local behavior of the ants. A

related factor is the number of ants Nsa that lay pheromone trails. Any implementa-

tion where the number of pheromone laying ants is less than the total number of ants,

i.e., Nsa < Na, necessitates a ranking of the ants by their respective tour qualities Q.

For ACO-PPD implemenations, a larger value for Nsa allows more pheromone spread

and, hence, a broader survey of the design space while a lower number focuses on

improvement in the few best routes.

Similar to the recognized tendency for ACO algorithms to rapidly “lock” onto

known routes, ACO-PPD may concentrate ants along only a few highly favorable en-

counter sequences within the first few ant generations. While this behavior may allow

a more thorough exploration of the continuous trade spaces associated with partic-

ular asteroid progressions, it may also neglect other advantageous target sequences.

Thus, a selection criteria to favor unique series over rendezvous chains with identical

orders of encounter, but possibly a different set of individual arcs, has also been in-

cluded. With this option, unique successions of asteroids are placed ahead of all but

the highest quality examples of repeated sequences; for example, if three of the top

asteroid series include a repeated encounter progression but differing individual legs,

then only the best performing example is retained and the remaining two are placed

behind all the potential tours with unique asteroid orders.

Finally, seeding the initial distribution of the ants for each generation supplies an-

other level of input into the ACO implementation process. Two methods are employed

in this investigation, namely i) randomly distributing ants to seed each generation, or

ii) for each ant, based upon current exploration probability γ, either place it at a ran-

dom starting location or stochastically locate the ant at a starting node based upon

pheromone concentrations departing the nodes. In the latter case, the probability at

being placed at the ith asteroid is given by

Pi =

∑Np

j=1 τi.j∑Nast

i=1

∑Np:i

j=1 τi.j
(5.122)
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where Nast is the total number of asteroids and Np:i is the total number of links with

pheromone departing the ith asteroid. Consistent with previous options, random

assignment of the initial object favors exploration for good sequences while ant place-

ment based upon pheromone concentration benefits the more thorough exploitation

of a fewer number of sequences. Note, however, that even though an initial tar-

get is not selected a priori, the current implementation of ACO-PPD does require a

pre-specified swarm arrival epoch.

5.5.2.3 Comparison to enumerated tree search

While this investigation does not include a rigorous benchmark comparison be-

tween ant colony optimization and other graph search methods, some predictions

about ACO-PPD performance relative to enumerated tree searches can be made. As-

sume, as an example, that a set of 15 distinct asteroid sequences originate from 624

Hektor for the swarm arrival epoch of 2026; this set of tours, averaging nearly three

asteroid encounters, is a fairly conservative representation of the average performance,

in both number of tours discovered and number of encounters per tour, exhibited by

an enumerated tree search scheme. [73,75] Assuming that each pre-computed family

represented in the asteroid tours contains 66 members, fully assessing each poten-

tial combination of thrust arcs within a tour requires 4356 operations. Thus, fully

characterizing the trade space, that is, all possible sets of thrust arcs associated with

the employed rendezvous families within all tours, associated with one initial target

asteroid requires approximately 65,340 computations and, therefore, examining all 12

potential targets necessitates on the order of 784,000 operations for just one swarm

arrival epoch. These numbers, of course, discount the possibility that, even for identi-

cal asteroid sequences, different combinations of individual asteroid-asteroid legs may

engender or preclude further potential encounters (i.e., one set of arcs from a three

asteroid sequence may enable the spacecraft to visit a fourth target, while a different

combination consumes too much propellant for the spacecraft to reach any further
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objects). Furthermore, the number of operations to fully enumerate the tour trade

space grows exponentially with each additional asteroid added to the search.

Ant colony optimization, even with distributed pheromones, offers a much more

managable growth in computational cost. Assuming, as before, an average of 3 as-

teroids per tour, with an average of 20 members per family with pheromone, each

ant requires on the order of 400 operations to create a tour. If 25 ants are used per

generation (resulting in approximately 10,000 computations per generation), over 78

generations of the ACO-PPD algorithm would be required to match the computa-

tional cost of the 12-asteroid enumerated tree search performed at the same epoch

(recall that the current implementation of ACO-PPD necessitates the a priori se-

lection of an arrival epoch) and that assesses all possible members of each family of

rendezvous solutions. This, of course, does not consider that at each asteroid several

departure rendezvous families, with associated pheromones, may be assessed before

the selection of the next target. On the other hand, this figure assumes that every

ant always follows pheromone trails and neglects the significant computational cost

savings when exploration behavior is selected (as it will be for a relatively significant

proportion of any ACO run). Furthermore, the computational cost of the ACO-PPD

algorithm is relatively fixed, regardless of the number of target asteroids. Thus, ACO-

PPD offers significant advantage when larger numbers of asteroids are included in the

tour creation process.

5.6 Mission operations: high-fidelity baseline architectures

The automated rendezvous path generation process supplies estimated trajectory

performance for potential encounter sequences within the asteroid swarm. As the ren-

dezvous costs and timings for the swarm tours are, at best, approximations confined

to the Sun-Jupiter L4 region, potential trajectories must be transitioned to higher

fidelity baselines incorporating an Earth-to-asteroid transfer leg. Furthermore, recall

that the pre-computed asteroid-asteroid low-thrust transfers are computed assuming
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a pre-specified spacecraft mass and engine power. However, since human mission

planners may wish to consider a range of spacecraft parameters, scaling relationships

are developed for the performance of the low-thrust propulsion system.

5.6.1 Generation of outbound Earth-to-swarm leg

For a specific Trojan tour of interest, an Earth-to-swarm segment must be in-

cluded such that the spacecraft rendezvous with the first asteroid in the tour occurs

at or prior to the asteroid arrival epoch specified in the sequence generation process.

The computation of the Earth-to-asteroid arc consequently determines the true ar-

rival epoch at the initial target asteroid. As previously stated, the Earth departure

leg greatly benefits from the inclusion of a hybrid propulsion scheme assuming an

initial departure velocity is allowed. Propellant mass is optimized by targeting a final

spacecraft mass of mf = mr while using SNOPT to minimize the spacecraft mass at

Earth departure, that is m0. However, the inclusion of a departure velocity invali-

dates the initial boundary condition as posed in Eq. (5.56). Position continuity must

be maintained, but velocity is now constrained, i.e.,

√
∆vI ·∆vI − V∞ = 0 (5.123)

where ∆vI = vI−v⊕(τ0), such that vI is the spacecraft initial velocity and the vector

v⊕(τ0) is defined as the velocity of Earth at spacecraft departure. The departure V∞ is

selected based upon the capabilities of a chemical booster stage or hyperbolic velocity

after an Earth fly-by. Thus, for the interplanetary leg, SNOPT minimizes the initial

spacecraft mass m0 subject to the constraints in Eqs. (5.57) and (5.123) and position

continuity with the Earth at the initial departure epoch.

The optimization problem for NEP and SEP enabled outbound legs is therefore

formulated with objective function

min J = m0 (5.124)
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as well as free variables

X =



τ0

v0

m0

λrv,0


(5.125)

and a constraint vector

F (X) =


xtT − xT
mt
f −mr

√
∆vI ·∆vI − V∞

 = 0 (5.126)

that includes the arrival at the target asteroid, spacecraft mass matching, and con-

straint on Earth departure excess velocity. Recall that the superscript t indicates the

value obtained from the terminal state of a propagation. Because the initial spacecraft

mass is both a free variable as well as the objective function, the objective gradient

is readily realized as

∇m0 =
[
01,4 1 01,6

]
(5.127)

where the subscripts i, j on the zero vectors indicate a row vector (i = 1) of length j.

The constraint gradient is supplied by

DF (X) =


(
Ψx,rv⊕ − ẋT

)
Ψx,v Ψx,m Ψx,λ

Ψm,rv⊕ Ψm,v Ψm,m Ψm,λ

−∆vTI
∆vI
v̇⊕

∆vTI
∆vI

I3 0 01,6

 (5.128)

where the STM elements are defined as in Sect. 5.4.2.3 and the natural acceleration

of the Earth, v̇⊕, is provided by the appropriate dynamical model, i.e., CR3BP or

point-mass ephemeris.

The outbound phase of the trajectory design process is also automated by creating

a library of pre-generated trajectory arcs using CR3BP dynamics and an NEP engine.

So, point solutions for locally optimal rendezvous arcs between Earth and each of the

12 sample asteriods are computed where the departure epoch τd occurs within the year

2018 and the spacecraft arrives in the vicinity of the asteroid swarm 3.5 years later in
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2021. Thereafter, for any specific tour, the pre-computed departure epoch is adjusted

by a integer multiple of the Earth-Jupiter synodic period, that is, 398.88 days, such

that the spacecraft arrives at the initial asteroid only a short time in advance of

the selected starting epoch for the asteroid tour. Other mission parameters such as

the Earth-departure V∞ and the spacecraft reference mass mr can also be readily

adjusted to examine alternate launch vehicles. Reference solutions determined using

default values for these parameters are scaled using the relations in Section 5.6.3 and,

when necessary, re-optimized to produce trajectories satisfying these new mission

requirements. Likewise, if a specific Earth launch mass is desired, the optimization

method can be reformulated such that propellant consumption is specified while the

Earth-to-asteroid thrust duration is optimized.

The construction of an outbound leg using a power-limited SEP system offers a

challenge; the engine model switches from a constant-power regime defined by the

fixed maximum engine power to a varying-power domain where the sun distance

determines the available power. In this investigation, the switch between thrust

regimes is accomplished by introducing an intermediate patch point along the thrust

arc, where the node is defined by the state vector χs and co-state vector λs. Thus,

two forward-propagated nodes, the first at the Earth and the second at the switch

point, define the PLS Earth-to-asteroid legs. Prior to the switch point, the spacecraft

engine operates with constant power Pmax = Plim while beyond the switch point,

the varying power is determined by Pmax = Pref

d2s
, with the appropriate control laws

and co-state equations of motion. However, this switch must occur when the power

available from the sun matches the limit on maximum engine power. Accordingly,

the constraint
Pref

d2
s

− Plim = 0 (5.129)

is incorporated when generating trajectories using a PLS system. Recall that the

symbol ds denotes the magnitude of the displacement vector ds from the Sun. Either

a NEP or SEP enabled outbound leg seeds the estimates for the initial co-states of

the nodes, while the initial guess for the state of the switching node is determined by
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when the seeding NEP or SEP arc satisfies the conditions in Eq. (5.129). Additional

constraints on the PLS-enabled trajectory include

tc + tv − TDout = 0 (5.130)

and, for trajectories using ephemeris dynamical models, an additional timing con-

straint is necessary, i.e.,

τs − τd − tc = 0 (5.131)

where tc is the time spent thrusting under constant power, tv is the duration of

time under varying power, TDout the total thrust interval on the outbound leg, τs

represents the switch epoch, and τd corresponds to the epoch at Earth departure.

Continuity in the state vector is ensured by

χts − χs = 0 (5.132)

where χts corresponds to the spacecraft state vector at the end of the constant-power

thrust arc and χs is the initial seven-dimensional state on the varying-power segment.

During preliminary optimization runs, no restriction was placed on the continuity

involving the co-state vector λs, however, the naturally emerging optimal solution

results in co-state continuity across the two thrust domains. Accordingly, the con-

straint

λts − λs = 0 (5.133)

is also included for PLS outbound legs, where the addition of this constraint also al-

lows improved convergence of the numerical optimization process. This result reflects

the more straightforward implementation, that is, removing the switching node and,

alternately, constructing a set of equations of motion wherein the switch in engine

power domain is an automatic function of the spacecraft position.
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Incorporating the new variables as well as constraints into the optimization prob-

lem for PLS enabled outbound legs with the switching point explicitly included yields

the free variable vector

X =



τd

tc

v0

m0

λrv,0

τs

tv

χs

λs



(5.134)

and a constraint vector

F (X) =



χts − χs
λts − λs
xtT − xT
mt
f −mr

tc + tv − TDout

τs − τd − tc
Pref

d2s
− Plim

√
∆vI ·∆vI − V∞



= 0 (5.135)

while the mass objective function is unchanged from Eq. (5.124). As with a NEP or

SEP enabled outbound leg, the objective gradient is readily realized as

∇m0 =
[
01,5 1 01,14

]
(5.136)
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where the subscripts i, j are as before. The constraint gradient is supplied by

DF (X) =

Ψχ,rv⊕ χ̇ts Ψχ,v Ψχ,m Ψχ,λ 0 0 −I7 07

Ψλ,rv⊕ λ̇ts Ψλ,v Ψλ,m Ψλ,λ 0 0 07 −I7

0 0 01,3 0 01,6
∂xt

T

∂τs

(
ẋtT − ẋT

)
Ψx,χ Ψx,λ

0 0 01,3 0 01,6
∂mt

f

∂τs
ṁt
f Ψm,χ Ψm,λ

0 1 01,3 0 01,6 0 1 01,7 01,7

−1 −1 01,3 0 01,6 1 0 01,7 01,7

0 0 01,3 0 01,6 0 0 P̃ 01,7

−∆vTI
∆vI
v̇⊕ 0

∆vTI
∆vI

I3 0 01,6 0 0 01,7 01,7



(5.137)

where the submatrix P̃ is

P̃ =
[
−2Pref

d4s
dTs 01,4

]
(5.138)

and the partial derivatives
∂xt

T

∂τs
and

∂mt
f

∂τs
are zero if the system of natural dynamics

is time invariant. When the equations of motion are time varying, finite differencing

suffices to produce these elements of the constraint gradient matrix.

5.6.2 End-to-end optimization

Transitioning any solution or design concept to a higher-fidelity regime, including

a point-mass ephemeris model, is a key step for validation of the results. Given

a possible asteroid tour mission, the cost as well as timing estimates and engine

operation histories are obtained using the hybrid optimization scheme in the point-

mass ephemeris model. Optimal point solutions computed using the CR3BP provide

initial guesses for the corresponding optimal thrust arcs under the influence of the

higher fidelity dynamics. The epoch parameter τ0 directly translates between the

two models of natural dynamical motion whereas the initial co-states defining the

operation of the low-thrust engine are recovered via the adjoint control transformation

(ACT) detailed in Sect. 5.4.1.5. For this investigation, only the gravity of the sun
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and Jupiter are incorporated in the point-mass ephemeris model; the gravitational

effect of other celestial bodies, e.g., Mars and Saturn, are only slight perturbations

on the overall motion, even along the outbound leg. The gravitational field of the

Earth is likewise neglected in this preliminary investigation because the spacecraft

quickly escapes the Earth sphere of influence: outside of this relatively small region,

the perturbative effect of the mass of the Earth is also negligible. However, a more

detailed investigation of trajectories in the Earth-moon region would be required if any

of the preliminary results are transitioned to a later-stage mission design architecture.

As previously noted, the time-free optimal operation of the VSI engine drives the

thrust duration to infinity while reducing the propellant consumption to zero, both

for individual arcs as well as full end-to-end trajectories with thrust and coast peri-

ods. Thus, bounds placed upon the duration or propellant consumption of individual

thrust arcs, as is the case when specified loiter times or transfer durations are de-

sired, results in a separation of the end-to-end optimization process into a series of

individual optimizations. For instance, optimization of the full end-to-end trajectory

incorporating thrust duration constraints and spacecraft mass continuity produces a

solution identical to optimizing each thrust arc independently with the corresponding

TD and mass values. Therefore, for the tour within the swarm, accurate propellant

costs are readily determined by incorporating the propellant consumed along previ-

ous thrust arcs into the optimization of the subsequent arcs, rather than assuming

each thrust arc to be independent. For example, after arrival in the swarm, the first

rendezvous arc between asteroids consumes propellant mass such that the spacecraft

mass is less than 500 kg at the initiation of the second thrust arc. Accordingly, the

optimization problem for the second asteroid-to-asteroid rendezvous arc possesses an

‘initial’ spacecraft mass equal to the arrival mass at the end of the previous ren-

dezvous segment while an initial guess for the optimal operation is supplied by the

pre-computed independent thrust arc. For all the sample cases, this initial estima-

tion of the co-states is sufficient to ensure convergence of the new, higher-fidelity

optimization process providing an updated optimal control time history and thrust
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profile. The propellant usage computation then continues throughout the tour in

the swarm. The spacecraft mass at swarm arrival is still specified to be 500 kg and,

therefore, the Earth-to-asteroid arc still targets an arrival mass of 500 kg.

5.6.3 Scaling properties of low-thrust transfer arcs

A convenient approach to generate initial guesses for the optimization process is

scaling of the results from the pre-existing solutions. In this investigation, the initial

conditions for the rendezvous arcs that are computed in the CR3BP and employing

a NEP thruster are scaled to improve convergence in the delivery of a locally optimal

solution. As demonstrated in Prussing and Conway, [62] the relationship

1

mf

− 1

m0

= C

∫ tf

t0

a2

P
dt (5.139)

advantageously links the engine power, P , and the acceleration profile, a, to the initial

and final masses of the thrusting spacecraft. Using this relation in conjunction with

Eq. (5.44), results in the scaled specific impulse

Isp =
2Pmax

mag0

. (5.140)

Recall that Eq. (5.60) yields
λv
λm

=
m2a

Pmax

, (5.141)

where this form admits a scaling of either the velocity or mass co-states. Retaining

an initial mass co-state equal to unity produces the following scalings for the velocity

and position co-states:

λvn = λvnu (5.142)

λrn =
λvn
λvo

λro (5.143)

where the optimal thrust pointing direction u is preserved and the subscripts n and o

indicated the scaled and original values, respectively. In addition to the construction

of initial guesses, the scaling relationships are useful for rapidly examining a large va-

riety of mission scenarios without the requirement to fully optimize the corresponding
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trajectories. For example, baseline solutions generated with default values can readily

be scaled to satisfy the requirements of other potential scenarios or constraints. Note

that, for the VSI engine model, changes in the spacecraft parameters such as mass and

engine operating power do not engender corresponding changes in the physical path

of the spacecraft along the thrust arc or the optimal departure and arrival epochs

at the asteroids of interest. On the other hand, modifying the spacecraft mass and

electrical power do render alterations to the optimal engine operation history, notably

the specific impulse and the thrust magnitude, but not thrust pointing direction.
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6. END-TO-END ASTEROID SURVEY TOURS -

RESULTS

Tour trajectory architectures are explored for the Sun-Jupiter L4 Trojan asteroids,

specifically those enabled by an advanced electrical propulsion system. Encounter

sequences directly incorporating relative scientific value and satisfying a variety of

distinct mission objectives are rapidly generated via the automated design process.

Potential tours of interest are then transitioned to higher-fidelity models for more

detailed analysis. Several strategies aid in the automated transition of trajectory

solutions to address changes in spacecraft capability.

6.1 Preliminary searches for potential survey tours

Prospective trajectories wherein a spacecraft encounter multiple Trojan asteroids

are generated using the enumerated tree search as well as the ant colony heuris-

tic. Both automated schemes estimate the performance of a robotic probe operating

within the asteroid swarm by extracting and sequencing thrust arcs from the library

of pre-computed transfer solutions. Preliminary paths through the swarm are evalu-

ated upon number of asteroids accessed, relative scientific merit of the encountered

asteroids, estimated propellant consumption and ∆V cost, as well as time spent in

the vicinity of the targets.

6.1.1 Trajectory options arising from enumerated tree searches

Inclusion of the potential scientific merit of the individual target asteroids is in-

cluded as a post-processing step in the tour generation scheme from Sect. 5.5.1. Recall

that this sequencing procedure uses an enumerated tree search over a limited sub-
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set of the rendezvous arcs from the full library of pre-computed solutions, i.e., only

one asteroid-asteroid leg of pre-specified thrust duration TD is evaluated per family.

Potential rendezvous legs are added to tour sequences so long as they do not vio-

late either the propellant budget of the spacecraft or limits on the mission window.

The spacecraft and mission parameters used in this investigation, unless otherwise

noted, are presented in Table 6.1. These values are readily altered and are used here

Table 6.1. Spacecraft and tour parameter values.

Quantity Value

Swarm arrival spacecraft mass (mr), kg 500

Propellant available in swarm (mp), kg 150

Tour window in swarm (TOF ), yrs 10.5

Reference engine power (Pmax), kW 1.0

Selected arc duration from family Median TD

strictly for demonstration purposes. Once a set of potential tours is constructed, the

individual merits of the encountered asteroids are summed for each tour, resulting

in a prospective mission priority ranking. Particular tours of interest can then be

transitioned to higher fidelity models if desired.

Tours originating from all twelve asteroids are generated over a 25-year window of

initial epochs, from 2021 to 2046, that is all tours that are 10.5 years in duration, arrive

no sooner than 2021, and end operations no later than 2057 are discovered. Figure 6.1

synthesizes the results into a glyph plot representing the relative performance of each

initial target asteroid. As noted in the figure, the objects are compared according to

the number of tours available, the number of encounters per tour, and the relative

merit ranking of potential tours. Two initial asteroids, namely 624 Hektor and 1143

Odysseus, provide good all-around performance relative to other objects when selected

as the initial target, while three others (5652 Amphimachus, 7152 Euneus, and 8317

Eurysaces) provide good performance in all categories except the number of high-
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priority tours (that is, cumulative scientific merit of 4 or larger). What is intriguing

about the latter three asteroids is that they individually possess low priority, but they

seem to provide ample opportunity to transfer to other, more meritritious, asteroids

within the swarm. On the other extreme, 3548 Eurybates and 8241 Agrius seem to

offer the least overall options, though the high scientific priority of 3548 Eurybates

does ensure that it provides a relatively large number of high merit tours.

Figure 6.1.. Aggregate tree searches for all twelve target asteroids. For
comparison of relative lengths, the spokes are: 1) average number of tours
per year, 2) average number of tours encountering 3 asteroids, 3) average
number of tours encountering 4 or more asteroids, 4) average merit of all
tours, 5) average number of tours with priority 4 or higher.

Examining tours orginating from 3548 Eurybates in more detail provides further

insight not only into advantages of selecting this asteroid as the initial encounter

but also the peformance of the other potential targets. Averages of the number of

asteroids visited per tour and the average merit of the tours over the 25-year swarm

arrival window are computed and displayed in Fig. 6.2. Both averages have a cyclical

pattern with a peak-to-peak period of approximately 11 years; intuitively, higher merit

opportunities correspond to years when the average number of encounters per tour is

approximately 3 or higher. Though not shown in this investigation, these trends in
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the number of encounters and merits of the tours are exhibited by tours originating

at other initial target asteroids. Note that even though there are some initial epochs

where only two asteroid tours are available, other swarm arrival years offer ample

tours with 3 or even 4 asteroid encounters. Recalling the relative performance of

3548 Eurybates from Fig. 6.1, the inference can be made that most tours within the

swarm and with the parameters specified in Table 6.1 offer encounters with at least

3 target objects.

a. Average number of encounters per tour. b. Average tour priority.

Figure 6.2.. Yearly search averages for tours originating at asteroid 3548
Eurybates, in one-year increments, from Oct. 3, 2021.

One more step in the selection of specific tours of interest is to examine the

potential tours for one swarm arrival epoch; as a demonstration, the asteroid 624

Hektor is selected as the initial target and an arrival in the year 2026 is chosen. The

tour generation scheme produces a set of 15 viable tours, 14 of which encounter 3

asteroids. Propellant, ∆V , and proximity operation time estimates for the tours are

displayed in Fig. 6.3, where the tours have been ranked in descending order by total

scientific merit. Note that propellant consumed and tour ∆V are directly related

while the distribution of proximity operation times near the encountered asteroids

shows a few patterns consistent with multiple potential tours using identical transfer
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arcs. For example, the three highest ranked tours all follow the same rendezvous

leg from 624 Hektor to 3548 Eurybates and thus have the same duration spent in

the vicinity of the initial target asteroid. However, each tour has a distinct tertiary

target and therefore present options for duration near 3548 Eurybates and total tour

propellant cost. The third ranked tour is selected for further investigation because

it offers long intervals at both of the highest value target asteroids, 624 Hektor and

3548 Eurybates, and a final short duration in the vicinity of 8241 Agrius. For this

tour, the spacecraft path through physical space and the thrust profiles of the VSI

engine are presented in Fig. 6.4. Note the large out-of-plane motion of the tour,

consistent with the relatively high inclinations of the target asteroids. On the other

hand, the 624 Hektor to 3548 Eurybates rendezvous arc has a thrust profile that is

roughly consistent in magnitude and is thus readily transferable to a constant specific

impulse mission architecture while the second rendezvous arc could be replaced with

two thrust intervals with an intermediary coast interval.

a. Propellant consumed, per tour. b. Tour ∆V , by leg. c. Prox. Ops. time, by encounter.

Figure 6.3.. Performance of tours originating from 624 Hektor with swarm
arrival in 2026, median thrust duration.

6.1.2 Encounter sequences constructed via ant colony optimization

The ACO-PPD algorithm is applied to the construction of tours within the L4

Trojan asteroid swarm; several runs are made, each with a distinct set of parameters
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a. Trajectory, rotating frame, view from ecliptic plane. b. Thrust profiles.

Blue coast arcs near asteroids, gold thrust arcs. Time is days since 3 October 2021.

Figure 6.4.. Tour constructed using median duration thrust arcs originat-
ing at 624 Hektor and encountering 3548 Eurybates and 8241 Agrius.
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so that the effect of the various options on the performance of the algorithm may

be assessed. A set of parameters common to all the runs is defined in Table 6.2

while additional parameters that differ by ACO-PPD run are presented in Table 6.3.

Note that, as before, these parameters for the ACO searches are selected merely

to demonstrate the operation of the search method; more detailed analysis would

be required to select the best search parameters for each case considered. As the

goal is tours that explore the L4 asteroid swarm, ants are specified to not return

to asteroids they have already encountered. Furthermore, Case 7, which uses the

combined importance and loiter time tour quality metric, has a specified LTmax of

517 days, or approximately 1.4 years, such that loiter times longer than this maximum

value are capped at 517 days when constructing the tours.

Table 6.2. Spacecraft, tour, and ACO-PPD parameter values, common to
all runs.

Quantity Value

Swarm arrival spacecraft mass (mr), kg 500

Propellant available in swarm (mp), kg 150

Tour window in swarm (TOF ), yrs 10.5

Reference engine power (Pmax), kW 1.0

Swarm arrival year 2026

Number of generations (Ng) 50

Link quality weight in link probability (β) 1

Pheromone spread size (Nps) 5

Number of ants to lay pheromone (Nsa) 5

Base exploration probability (γss) 0.1

Selected arc duration from family (exploration) Median TD

The characteristics of the highest ranked tour from each run are summarized in

Table 6.4, where the different ACO-PPD parameters engender varying amounts of
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Table 6.3. ACO-PPD parameter values that differ among runs.

Case Values

Quantity Base 1 2 3 4 5 6 7

Number

of ants (Na) 25 20

Pheromone

distribution Uniform Gauss

Link M = 1 M = 0 M = 1

quality L = 1 L = 1 L = 1

weights W = 0 W = 0 W = 1

Tour quality Link Merit Priority

metric (Q) Quality Number Sum Loiter

Favor unique Yes No

Ant placement Random Pher.

*Empty cells indicate value is identical to base set of parameters.
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divergence from the performance of the base run. Note that the row for “Merit ×

Prox. Ops. Time” is computed via the link quality definition in Eq. (5.121); thus,

this metric provides a sense of the proportion of time spent at high potential scientific

return objects. The base set of parameters, as well as Cases 1 and 2, results in the

creation of a tour that encounters 5 asteriods, namely 1143 Odysseus, 4138 Kalchas,

8317 Eurysaces, 659 Nestor, and 5652 Amphimachus, within 10.5 years; note that this

tour was not generated by an equivalent enumerated tree search using only single links

from the rendezvous families. Thus, ACO-PPD has the potential to bring forth tours

not available to schemes that do not fully access the potential trade spaces offered

by rendezvous opportunities. Furthermore, the 5-asteroid sequence did not emerge

from the run for Case 4, which did not favor unique encounter orders and placed

ants at targets with higher pheromone concentrations, showing that certain param-

eter options can counter, to some extent, the reported tendency for ACO to “lock”

into solutions. On the other hand, parameter sets that incorporate the target priority

typically result in sequences with fewer encounters but generally higher potential for

scientific return. Notabley, Cases 3, 6, and 7 generate target orders that were discov-

ered via the simplified tree search scheme (specifically, 624 Hektor, 3548 Eurybates,

and 659 Nestor for Cases 3 and 6 contrasted with 624 Hektor, 3548 Eurybates, and

8241 Agrius for Case 7), however the ACO-PPD runs do result in the selection of in-

dividual thrust arcs that tend to increase the tour quality metric above that of tours

from the enumerated search. While certain sets of ACO-PPD parameters do result

in similar qualitative results, each case offers a distinctly different quantitative result

for the highest ranked tour (e.g., Cases Base, 1 and 2 produce the same sequence but

provide different options for proximity duration and propellant consumption). The

notable exceptions to this behavior are Cases 3 and 6, which generate identical tours,

albeit with slightly different run times. For all sets of ACO-PPD parameters, the

largest effect on the run time are the number of ants per generation (as evidenced

by Case 1 that only employs 20 ants compared to all other cases that use 25 ants)

and whether the parameters will favor tours with more or fewer encounters (generally,
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cases that produce tours with a larger number of asteroids in the sequence will require

more computations). Though not an exhaustive examination of all possible combi-

nations of ACO-PPD, spacecraft, and mission parameters, these cases do highlight

the power and versatility of ant colony optimization when applied to astrodynamics

scenarios.

Table 6.4. Performance of highest ranked tour from ACO-PPD runs.

Case Values

Quantity Base 1 2 3 4 5 6 7

Number of asteroid encounters 5 5 5 3 4 4 3 3

Summed merit of asteroids 4 4 4 5 2.5 2.5 5 4.5

Consumed Propellant, kg 125 115 95 40 75 65 40 65

Tour ∆V , km/s 15.7 15 14 7.5 10.1 10.5 7.5 8.5

Total Prox. Ops. Time, days 750 570 450 1750 1300 1200 1750 2150

Merit × Prox. Ops. Time, days 630 470 340 2670 660 610 2670 3530

Computation time*, sec 102 77 102 90 111 99 95 85

*For Matlab 2011a in Windows 7 Enterprise with 2.00 GHz dual processors.

Two cases from the ACO survey are examined in more detail, specifically the base

case and case 6. Note that all search parameters are identical for these two cases, with

the exception that case 6 explicitly incorporates the relative scientific value in the link

quality metric (W = 1) whereas the base set of parameters omits the priority ranking

(W = 0). The ranked performance of the ants, or tours, from the last generation

of the ACO search using the base set of parameters is highlighted in Fig. 6.5 while

Fig. 6.6 illustrates the physical path and thrust profiles of the best performing tour.

Note that the encounter sequence encounters two asteroids with known spectral type,

even though scientific value was not explicitly considered in the generation of potential

tours. In contrast, the tour performances at the last ACO generation and the best

performing trajectory related to the 6th set of parameters is displayed in Figs. 6.7 and
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6.8, respectively. Note that the case that includes scientific merit in the link quality

ensures that higher priority targets are accessed for longer loiter periods, even though

a fewer number of asteroids may be reached over the course of operations.

a. Propellant consumed, per tour. b. Tour ∆V , by leg. c. Prox. Ops. time, by encounter.

Figure 6.5.. Performance of tours constructed using ant colony heuristic,
from Base Case, neglecting scientific merit of targets.

a. Trajectory, rotating frame, view from ecliptic plane. b. Thrust profiles.

Blue coast arcs near asteroids, gold thrust arcs. Time is days since 3 October 2021.

Figure 6.6.. Highest quality tour constructed by ACO-PPD, originating
at asteroid 1143 Odysseus and encountering a total of 5 asteroids.
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a. Propellant consumed, per tour. b. Tour ∆V , by leg. c. Prox. Ops. time, by encounter.

Figure 6.7.. Performance of tours constructed using ant colony heuristic,
from Case 6, incorporating scientific merit of targets.

a. Trajectory, rotating frame, view from ecliptic plane. b. Thrust profiles.

Blue coast arcs near asteroids, gold thrust arcs. Time is days since 3 October 2021.

Figure 6.8.. Highest quality tour constructed by ACO-PPD, originating
at asteroid 624 Hektor and encountering 3 high priority asteroids.
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6.2 End-to-end trajectory options

While the pre-computed rendezvous solutions are enabled by a constant-power VSI

engine, several electrical power source options are available for the low-thrust propul-

sion system. Furthermore, the propellant cost approximations formulated from the

independently generated thrust arcs must be altered to reflect true end-to-end mass

expenditures. Thus, the automated transition of prospective tours constructed using

simplified dynamical models to a variety of higher fidelity regimes is examined. First,

the transformation from the simplified dynamics of the Sun-Jupiter CR3BP to the

higher accuracy point-mass ephemeris is considered. Then, the trade-off available

between the various electrical power sources is explored. Finally, a scenario is inves-

tigated wherein the spacecraft parameters, and consequently the engine peformance

histories, are scaled from the baseline values used to pre-compute the library of thrust

arc solutions.

6.2.1 Baseline paths transitioned to higher accuracy natural dynamics

The automated tour generation procedure enabled by the enumerated tree search

is applied to two asteroid survey scenarios. Recall that an initial target asteroid,

arrival epoch, propellant mass within the asteroid swarm, mission duration, and

asteroid-to-asteroid thrust arc duration must all be specified for the tree search

scheme. An appropriate initial asteroid arrival epoch is determined from a grid search

across a window of several years, so this arrival epoch selection is completed as a sep-

arate step in the analysis. However, the remaining constraints for the two scenarios

are defined as follows:

1. Initial asteroid: 1143 Odysseus, mp = 100 kg, TOF = 10 years, thrust arcs of

median TD;

2. Initial asteroid: 7152 Euneus, mp = 150 kg, TOF = 14 years, thrust arcs of

median TD.
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The mission duration TOF is pre-specified to include a 3.5 year Earth-to-asteroid leg,

so the time within the swarm for the two proposed mission scenarios are defined as

6.5 and 10.5 years, respectively. The hybrid propulsion scheme detailed in Sect. 5.6.1

enables the outbound leg from Earth to the asteroid swarm for both scenarios; the

constraint on Earth departure velocity is specified as V∞ = 7.5 km/sec. This value

is slightly lower than the departure V∞ = 8.8 km/s required for a Hohmann transfer

and well below the roughly V∞ = 10.5 km/s needed for a 3.5 year Lambert arc. These

parameters enable several potential tours for a specified arrival epoch, although only

one is analyzed in each case.

6.2.1.1 Initial asteroid 1143 Odysseus, 10-year mission

The creation of a specific end-to-end trajectory that satisfies the mission require-

ments while enabling rendezvous with several asteroids originates with the selection

of an initial asteroid arrival epoch. Combining thrust arcs from various families, as

detailed in Section 5.5.1, the sequence generation algorithm is applied over a 25-year

window from October 3, 2021 to October 3, 2046. During each year, the average num-

ber of asteroids visited, as well as the average merit, per potential tour is computed

and plotted in Fig. 6.9. Several years possess averages encounter numbers greater

than 2, indicating that these initial epochs enable tours that rendezvous with at least

three asteroids. Furthermore, several years present high priority tours, signified when

average tour priorities are larger than 2. Selecting the year 2025, year 4 in Fig. 6.9,

for further analysis, three potential tours reach only two asteroids and three ren-

dezvous sequences encounter three asteroids. Note that no 4-asteroid tour emerged

for arrival in 2025. A three-asteroid sequence reaching 4057 Demophon and 5012 Eu-

rymedon is selected for further analysis. An outbound leg is determined, as described

in Section 5.6.1; the estimated end-to-end costs as well as departure and arrival time

histories are summarized in Tables 6.9 and 6.10. Note that the spacecraft mass at

arrival at 1143 Odysseus is 500 kg, thus, 84.726 kg of propellant is expended on the
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a. Average number of encounters per tour. b. Average tour priority.

Figure 6.9.. Yearly search averages for tours originating at asteroid 1143
Odysseus, in one-year increments, from Oct. 3, 2021.
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outbound leg and 33.899 kg is consumed within the swarm. Thus, to complete the

trajectory, roughly 20% of the spacecraft mass at Earth departure is propellant for

the low-thrust engine. The remaining 66.101 kg of the mass budget that is available

from mp might enable extended missions and additional scientific instruments on the

spacecraft. Additionally, the proposed trajectory allows approximately 5 months of

operation in the vicinity of 1143 Odysseus and 7 months near 4057 Demophon before

the final rendezvous with 5012 Eurymedon.

Table 6.5. Spacecraft propellant budget for 10-year mission with tour of
3 asteroids

Value CR3BP

Quantity CR3BP Ephemeris Units Error (%)

Mass at Earth departure 584.726 583.238 kg +0.255

Mass at final asteroid arrival 466.101 464.983 kg +0.240

Total propellant consumption 118.625 118.251 kg +0.316

V∞ at Earth departure 7.50000 7.50000 km/sec 0

Table 6.6. Epochs of interest for 10-year mission with tour of 3 asteroids

Gregorian Date

YYYY:MM:DD:HH:MM:SS

Description CR3BP Ephemeris

Earth departure 2021:6:3:13:0:27 2021:6:6:5:3:33

1143Odysseus arrival 2024:12:2:22:0:27 2024:12:5:14:3:33

1143Odysseus departure 2026:5:11:19:42:18 2026:3:30:3:43:18

4057Demophon arrival 2028:11:21:0:49:52 2028:10:9:8:50:53

4057Demophon departure 2029:6:28:7:56:47 2029:8:15:6:17:58

5012Eurymedon arrival 2031:12:11:22:56:58 2032:1:28:21:18:9
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In addition to a mass budget and trajectory timeline, the physical path and engine

operation histories are also of interest. Accordingly, the spacecraft trajectory under

CR3BP dynamics is displayed in Fig. 6.10. The Earth-to-asteroid arc is magenta,

arcs where the engine is operating within the swarm are dark gold, and coasts in

the vicinity of asteroids are indicated by light blue. The position of the Earth is

displayed at the Earth departure epoch of June 3, 2021. Note that upon arrival

within the swarm, the thrust arcs are nearly planar, a fact that contributes to the

relatively low propellant expenditure. Time histories of the thrust level and the

engine Isp are plotted in Fig. 6.11, where the Earth-to-1143 Odysseus segment is

indicated in magenta, the 1143 Odysses to 4057 Demophon arc is green, and the 4057

Demophon to 5012 Eurymedon leg is red. As apparent in Fig. 6.11, the thrust and

Isp levels are consistent in magnitude over all periods of engine operation, that is, in

the thrust range 10-50 mN and 5,000-20,000 sec that reflects Isp values. With proper

adjustments for spacecraft mass and timing, this tour can serve as a reference path

for trajectory design with currently available constant specific impulse engines.

Sun 

Earth Jupiter 

From Earth 

5012 Eurymedon 1143 Odysseus 

4057 Demophon 

Figure 6.10.. Plot of trajectory for tour with initial target 1143 Odysseus,
outbound leg (pink), thrust arcs (gold), coasts in the vicinity of asteroids
(blue), in Sun-Jupiter rotating frame.

The baseline design in the CR3BP that is generated by the automated procedure

is now analyzed using higher fidelity motion for the Sun, Jupiter, and the target

asteroids. All thrust arcs are optimized using a Sun-Jupiter point-mass ephemeris
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Figure 6.11.. Thrust and Isp profiles for outbound leg (pink) and first
(green) and second (red) asteroid rendezvous arcs for mission scenario
with initial asteroid 1143 Odysseus.
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model, where propellant consumed is retained from segment to segment. Thus, the

initial mass of the spacecraft on the 4057 Demophon to 5012 Eurymedon leg is now the

arrival mass of the spacecraft from the 1143 Odysseus to 4057 Demophon rendezvous

arc. A target mass of 500 kg is retained for arrival at the initial tour asteroid, 1143

Odysseus. The results from the newly produced, higher fidelity tour are recorded in

Tables 6.9 and 6.10, along with a percentage error in the propellant costs between

the CR3BP and the point-mass ephemeris dynamics models. For this potential tour,

the automated process accomplished in the simpler model over-estimates all reported

masses, but by less than one percentage point in comparison with the higher-fidelity

estimate. So, the required spacecraft mass at Earth departure is approximately 1.5 kg

less than orginially estimated; the spacecraft mass upon arrival at 5012 Eurymedon

is roughly 1 kg less than predicted. Overall, however, actual propellant consumed

decreases by around 0.4 kg. The physical path of the spacecraft and the engine

operation histories under the point-mass ephemeris model are very similar to those

predicted by the automated CR3BP algorithm. The optimal departure and arrival

epochs that are displayed in Table 6.10, however, can vary on the order of one to two

months between the CR3BP and higher fidelity motion.

6.2.1.2 Initial asteroid 7152 Euneus, 14-year mission

Repeating the trajectory design process for the second set of mission parameters

further highlights the benefits of the automated procedure. For the same 25-year

arrival epoch window, the swarm rendezvous arc combination procedure produces

the results in Fig. 6.12. Now, with an increased propellant budget and an expanded

time of flight, a greater number of potential mission scenarios are generated; many of

these sequences result in encounters with up to four asteroids. Consequently, these

tours generally have higher average merit due to the additional asteroid encounter,

however the relatively low scientific ranking of the initial target, 7152 Euneus, limits

the priority of the individual encounter sequences. For the arrival epoch correspond-
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ing to the year 2031, there are 35 feasible tours and, within that set, there are 9

sequences that link 4 asteroids. Select an asteroid tour originating at 7152 Euneus

a. Average number of encounters per tour. b. Average tour priority.

Figure 6.12.. Yearly search averages for tours originating at asteroid 7152
Euneus, in one-year increments, from Oct. 3, 2021.

and possessing subsequent encounters with 5012 Eurymedon, 1143 Odysseus, and

5652 Amphimachus. An end-to-end trajectory is constructed with propellant costs

and a timeline represented in terms of the epochs displayed in Tables 6.7 and 6.8. As

before, the reference spacecraft mass is 500 kg upon swarm arrival, so 79.309 kg of

propellant is consumed on the outbound segment while 118.985 kg is used within the

asteroid-to-asteroid arcs. Of the swarm mass budget of 150 kg, 31.015 kg remains

to enhance mission capabilities. For this mission scenario, approximately 34% of the

spacecraft Earth departure mass must be propellant. As observed in Table 6.8, the

spacecraft spends about 8, 17, and 5 months in the vicinity of 7152 Euneus, 5012

Eurymedon, and 1143 Odysseus, respectively, with an arrival at 5652 Amphimachus

in September 2041.

The trajectory generated by the automated procedure is displayed in Fig. 6.13,

where the color scheme is consistent with Fig. 6.10. The position of the Earth is

displayed at the Earth departure epoch of January 12, 2028. In contrast to the ren-



175

Table 6.7. Spacecraft parameters for 14-year mission with tour of 4 aster-
oids

Value CR3BP

Quantity CR3BP Ephemeris Units Error (%)

Mass at Earth departure 579.309 584.795 kg -0.938

Mass at final asteroid arrival 381.015 388.397 kg -1.90

Total propellant consumed 198.294 196.397 kg +0.966

V∞ at Earth departure 7.50000 7.50000 km/sec 0

Table 6.8. Epochs of interest for 14-year mission with tour of 4 asteroids

Gregorian Date

YYYY:MM:DD:HH:MM:SS

Description CR3BP Ephemeris

Earth departure 2028:1:12:9:9:0 2028:1:12:16:21:35

7152Euneus arrival 2031:7:13:18:9:0 2031:7:14:1:21:35

7152Euneus departure 2032:3:4:14:1:45 2032:6:11:7:10:20

5012Eurymedon arrival 2034:9:14:19:9:20 2034:12:22:12:17:55

5012Eurymedon departure 2036:2:29:19:27:13 2035:12:30:6:23:11

1143Odysseus arrival 2038:9:11:0:34:48 2038:7:11:11:30:46

1143Odysseus departure 2039:2:22:2:22:19 2039:2:19:7:46:30

5652Amphimachus arrival 2041:9:3:7:29:54 2041:8:31:12:54:5
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dezvous trajectory that originates with 1143 Odysseus, the trajectories in this second

scenarios are no longer nearly planar; thus, the propellant requirements are rela-

tively higher. Time histories of thrust and engine Isp values are plotted in Fig. 6.14,

where the Earth to 7152 Euneus segment is magenta, and the first, second, and third

asteroid-to-asteroid rendezvous arcs are green, red, and blue, respectively. As in the

previous example, the thrust and Isp levels are generally consistent over all periods

of engine operation.

Sun 

Earth Jupiter 

From Earth 

5652 Amphimachus 

5012 Eurymedon 

1143 Odysseus 

7152 Euneus 

Figure 6.13.. Plot of trajectory for tour with initial target 7152 Euneus,
outbound leg (pink), thrust arcs (dark gold), coasts in the vicinity of
asteroids (blue), in Sun-Jupiter rotating frame.

The potential 14-year tour is re-converged in the Sun-Jupiter point-mass ephemeris

model, with the results displayed in Tables 6.7 and 6.8. For this case, the lower-fidelity

predictions are no longer all over-estimates, with the CR3BP predicting lower Earth

departure and 5652 Amphimachus arrival masses. As before, the CR3BP results over-

predict the amount of propellant needed to complete the end-to-end trajectory. As

is shown in Table 6.8, the predicted and actual departure and arrival epochs vary on

the order of several months. Additionally, the physical path of the spacecraft in space

and the engine operation time histories under ephemeris motion are similar to those

illustrated in Figs. 6.13 and 6.14.
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mission with initial asteroid 7152 Euneus.
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6.2.2 End-to-end options enabled by various electrical power sources

High-fidelity reference trajectories are constructed by incorporating a point-mass

ephemeris model of gravity and three different electrical power sources for the low-

thrust engine. Preliminary encounter sequences are generated via the automated

tour generation procedure incorporating tree searches. Recall that arrival epoch,

propellant mass within the asteroid swarm (mp), mission duration (TOF ), asteroid-

to-asteroid thrust arc duration (TD), as well as initial target asteroid must all be

specified. An appropriate initial asteroid arrival epoch is determined from a grid

search across a window of several years, so this arrival epoch selection is completed

as a separate step in the analysis. Two specific mission scenarios are considere, with

the remaining constraints defined as follows:

• Initial asteroid: 1143 Odysseus, mp = 100 kg, TOF = 10 years, thrust arcs of

median TD; and,

• Initial asteroid: 4057 Demophon, mp = 150 kg, TOF = 14 years, thrust arcs of

median TD.

Note that the first mission scenario is identically defined to the first mission scenario

from Sect. 6.2.1 whereas the second set of constraints for each analysis differ only

by initial target asteroid. Median thrust arcs are selected for both sample mission

scenarios as these intermediate thrust duration values offer a reasonable balance be-

tween propellant consumption and proximity operations duration at the asteroids.

As before, the mission duration TOF includes a 3.5 year Earth-to-asteroid leg, so the

time within the swarm for the two proposed mission scenarios are defined as 6.5 and

10.5 years, respectively. The constraint on Earth departure velocity is maintained

as V∞ = 7.5 km/s. These constraints enable several potential tours for a specified

arrival epoch, although only one is analyzed in each example.
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6.2.2.1 Initial asteroid 1143 Odysseus, 10-year mission

Note that the current mission scenario is identical to the architecture of interest

in Sect. 6.2.1.1. Therefore, the tree search analysis peformed previously also reflects

the trajectory options for this test case. The year 2026, year 5 in Fig. 6.9, is se-

lected for further analysis, two potential tours reach only two asteroids and three

rendezvous sequences encounter three asteroids. A three-asteroid sequence reaching

5652 Amphimachus and 659 Nestor is selected for further analysis. An outbound

leg is constructed, as described in Section 5.6.1; the reference solution is then transi-

tioned to three end-to-end trajectories in the ephemeris model, where each trajectory

is defined in terms of the engine model, i.e., NEP, SEP, or PLS. In all cases, however,

the spacecraft is constrained to an Earth-departure excess velocity of V∞ = 7.5 km/s

and is specfied to rendezvous with 1143 Odysseus precisely 3.5 years after departing

the Earth.

The three mission scenarios along with the approximated baseline sequence are

analyzed in terms of propellant consumption, mission timing, and the equivalent ∆V

costs associated with the thrust arcs. The estimated end-to-end costs, as well as

departure and arrival time histories, are summarized in Tables 6.9 and 6.10. As is

apparent in Table 6.9, the estimated costs from the CR3BP approximation are com-

parable to the more accurate costs from the ephemeris NEP propagation, differing by

only a few percent. For the ephemeris trajectories, note that all propulsion systems

deliver approximately the same final spacecraft mass. However, each mission scenario

entails a different Earth departure mass, where the NEP system requires the most

propellant, the pure SEP engine the least, and the hybrid PLS thruster consumes

slightly more propellant than the SEP. Also evident in Table 6.10, all potential tours

possess roughly equivalent departure and arrival epochs and, accordingly, thrust and

coast durations, with epochs varying on the order of days or a few weeks. Addition-

ally, each tour allows over one year of operations in the vicinity of 1143 Odysseus,

approximately 7 months of loiter time near 5652 Amphimachus, and an additional
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5 months about 659 Nestor before the nominal end of the mission. The ephemeris

SEP and PLS trajectories are nearly equivalent within the asteroid swarm itself, as

expected since both are operating as varying-power systems during this phase of the

mission. The equivalent ∆V cost for each thrust segment is computed via the def-

inition in Eq. (5.45) where the results appear in Table 6.11. Because all mission

scenarios include a nominal engine operating power equal to 1 kW while in the L4

region, the asteroid-to-asteroid thrust arcs generate a similar amount of ∆V regard-

less of engine type. In contrast, the ∆V s for the outbound legs vary significantly

between the engine types, where the SEP system requires the most ∆V , the NEP

thruster provides the least, and the PLS engine generates an equivalent ∆V values

that is approximately the average of the NEP and SEP values. Note also that the

approximated sequence from the CR3BP produces ∆V estimates that closely match

the higher-fidelity ephemeris NEP costs.

In addition to propellant budgets and the trajectory timeline, the physical path

of the spacecraft is also of interest. Accordingly, the point-mass ephemeris spacecraft

trajectories under the varying propulsion system models are displayed in Fig. 6.15

and Fig. 6.16 in the inertial and Sun-Jupiter rotating frames, respectively. The ap-

proximated trajectory that is generated by the sequencing algorithm is very similar

to the NEP ephemeris trajectory and so is not displayed. The Earth-to-asteroid arc

is red and dashed for the NEP thruster, the SEP arc is indicated in solid yellow, and

the PLS-enabled outbound leg is solid orange. Arcs where the engine is operating

within the swarm are dashed dark gold, and coasts in the vicinity of asteroids are

indicated by the solid light green color. The position of the Earth is displayed at the

Earth departure epoch on July 17, 2022. Note that the outbound legs for the SEP

and PLS mission scenarios are very similar along the physical path traced through

space.

Time histories for the engine operating parameters such as thrust, specific im-

pulse, and electrical power are also of interest in mission analysis. These histories

are plotted in Figs. 6.17, 6.18, and 6.19, respectively. The Earth-to-1143 Odysseus
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Table 6.10. Epochs of interest for 10-year mission with tour of 3 asteroids,
various electrical power sources

Gregorian Date

YYYY:MM:DD

Description CR3BP Eph. NEP Eph. SEP Eph. PLS

Earth departure (V∞ = 7.5 km/s) 2022:07:17 2022:07:17 2022:07:13 2022:07:11

1143 Odysseus arrival 2026:01:15 2026:01:15 2026:01:11 2026:01:09

1143 Odysseus departure 2027:03:02 2027:02:06 2027:02:06 2027:02:06

5652 Amphimachus arrival 2029:09:11 2029:08:18 2029:08:18 2029:08:18

5652 Amphimachus departure 2030:04:07 2030:04:29 2030:04:16 2030:04:16

659 Nestor arrival 2032:10:17 2032:11:09 2032:10:26 2032:10:26

Nominal mission end 2033:04:03 2033:04:03 2033:04:03 2033:04:03

Sun 

Earth 

5652 Amphimachus 

659 Nestor 

1143 Odysseus 

NEP 
SEP 

PLS 

Figure 6.15.. Inertial trajectory view for tours with initial target 1143
Odysseus: outbound legs (dashed red, solid orange, solid yellow), thrust
arcs (dashed gold), coasts in the vicinity of asteroids (solid green). The
orange “X” marker indicates the switching point along the PLS enabled
trajectory.
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Sun 

Earth 

NEP 

SEP 

PLS 

Jupiter 

Figure 6.16.. Views of the trajectory path relative to the Sun-Jupiter
rotating frame for tours with initial target 1143 Odysseus: outbound legs
(dashed red, solid orange, solid yellow), thrust arcs (dashed black), coasts
in the vicinity of asteroids (solid green). The orange “X” marker indicates
the switching point along the PLS enabled trajectory.
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segments are indicated in magenta, the 1143 Odysses to 5652 Amphimachus arc is

green, and the 5652 Amphimachus to 659 Nestor leg is red. The discontinuities in

the PLS outbound segment time histories are due to the switch in thrust regime. As

is apparent in Fig. 6.17, each propulsion system maintains a consistent thrust-level

order of magnitude across all thrust arcs. Additionally, the estimated profiles from

the CR3BP sequence closely match those of the ephemeris NEP time histories. As ex-

pected from the excess power available, the SEP and PLS engines deliver large spikes

in specific impluse over the relatively constant Isp of the NEP thruster. The PLS and

SEP systems also possess the same qualitative behavior, with large initial peaks in

specific impulse and engine power and subsequent peaks in thrust magnitude along

the outbound legs and, once the spacecraft is within the asteroid swarm, the engine

operates at a nominal 1 kW power level. The SEP system delivers an exceedingly

high initial engine power, on the order of 27 kW, however the PLS drops this high

initial value to the much more feasible 4 kW. For all engine types, with proper adjust-

ments for spacecraft mass and timing, these tours can serve as a reference paths for

trajectory design with currently available constant specific impulse engines. However,

as the required specific impulse values for all trajectories are above 5000 seconds, well

above the capability of current electrical propulsion systems, intermediate coast arcs

are likely to be inserted into the thrust legs for feasibility. Furthermore, adjusting the

spacecraft mass and power parameters can also bring the optimal control histories

within the capability of current systems.

6.2.2.2 Initial asteroid 4057 Demophon, 14-year mission

Repeating the trajectory design process for the second set of mission parameters

further highlights the benefits of the automated procedure. For the same 25-year

window of arrival epochs, the swarm rendezvous arc combination procedure produces

the results in Fig. 6.20. As seen previously, with an expanded time-of-flight, a greater

number of potential mission scenarios are generated; many of these sequences result in
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a. CR3BP b. NEP

c. SEP d. PLS

Figure 6.17.. Thrust profiles for the outbound leg (pink) as well as the
first (green) and second (red) asteroid rendezvous arcs for the mission
scenario given the asteroid 1143 Odysseus as the initial target within the
swarm. Time is days since Oct. 3, 2021.
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a. CR3BP b. NEP

c. SEP d. PLS

Figure 6.18.. Specific impulse profiles for the outbound leg (pink) as
well as the first (green) and second (red) asteroid rendezvous arcs for
the mission scenario with the asteroid 1143 Odysseus as the initial target
within the swarm. Time is days since Oct. 3, 2021.
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c. SEP d. PLS

Figure 6.19.. Operating power profiles for the outbound leg (pink) as
well as the first (green) and second (red) asteroid rendezvous arcs for
the mission scenario with the asteroid 1143 Odysseus as the initial target
within the swarm. Time is days since Oct. 3, 2021. Time histories for
the NEP system and CR3BP sequence are constant at 1 kW and are not
shown.
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encounters with up to four asteroids as indicated by the years where the average num-

ber of asteroid encounters is greater than 3. In contrast, however, tours originating

from 4057 Demophon typically have lower average merits than those initiated at 7152

Euneus, indicating less accessibility to high relative priority encounters upon depar-

ture from the initial target asteroid. For the arrival epoch corresponding to the year

2025, there are 32 feasible tours and, within that set, there are 8 sequences that link

4 asteroids. Assume that an asteroid tour is selected originating at 4057 Demophon

and possessing subsequent encounters with 4138 Kalchas, 8317 Eurysaces, and 5652

Amphimachus and adjoin an Earth-to-4057 Demophon outbound leg. A set of three

end-to-end, point-mass ephemeris trajectories defined by the various propulsion sys-

tems, i.e., NEP, SEP, and PLS, is constructed where, as before, the Earth-departure

excess velocity is constrained to V∞ = 7.5 km/s and the Earth-to-4057 Demophon

thrust arc is specified to be precisely 3.5 years.

a. Average number of encounters per tour. b. Average tour priority.

Figure 6.20.. Yearly search averages for tours originating at asteroid 4057
Demophon, in one-year increments, from Oct. 3, 2021.

The propellant consumption, mission timing, and ∆V budget for each mission

scenario is summarized in Tables 6.12, 6.13, and 6.14, respectively. As with the

sample tour originating with 1143 Odysseus, the propellant, timing, and ∆V esti-
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mates arising from the CR3BP sequence closely match the corresponding ephemeris

trajectory enabled by a NEP system. A comparison of the NEP, SEP, and PLS

ephemeris results reveals the qualitative trends observed for the mission originating

with 1143 Odysseus also prevail when the initial target asteroid is 4057 Demophon.

Furthermore, all ephemeris trajectories supply about 9 months of operation time in

the vicinity of 4057 Demophon, over a year of loiter near 4138 Kalchas, approximately

10 months of coast with 8317 Eurysaces, and finally another 10 months near 5652

Amphimachus before the nominal end of mission operations.

The ephemeris trajectories generated by the automated procedure are displayed

in the inertial and rotating frames in Figs. 6.21 and 6.22, respectively, where the color

scheme is consistent with Figs. 6.15 and 6.16. The position of the Earth is displayed

at the Earth departure epoch of June 5, 2021. As with the trajectories for initial

target 1143 Odysseus, all three trajectories follow similar paths through space where

the SEP and PLS arcs are particularly close.

5652 Amphimachus 

8317 

Eurysaces 

4057 

Demophon 

4138 Kalchas 

NEP 

SEP 

PLS 

Sun 

Earth 

Figure 6.21.. Inertial trajectory view for tours with initial target 4057
Demophon: outbound legs (dashed red, solid orange, solid yellow), thrust
arcs (dashed gold), coasts in the vicinity of asteroids (solid green). The
orange “X” marker indicates the switching point along the PLS enabled
trajectory.
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Table 6.13. Epochs of interest for 14-year mission with tour of 4 asteroids,
various electrical power sources

Gregorian Date

YYYY:MM:DD

Description CR3BP Eph. NEP Eph. SEP Eph. PLS

Earth departure (V∞ = 7.5 km/s) 2021:06:02 2021:06:05 2021:05:30 2021:05:30

4057 Demophon arrival 2024:12:02 2024:12:04 2024:11:28 2024:11:28

4057 Demophon departure 2025:11:11 2025:09:22 2025:09:17 2025:09:17

4138 Kalchas arrival 2028:05:23 2028:04:03 2028:03:29 2028:03:29

4138 Kalchas departure 2028:11:25 2029:07:18 2029:07:22 2029:07:22

8317 Eurysaces arrival 2031:06:07 2032:01:28 2032:02:02 2032:02:02

8317 Eurysaces departure 2032:11:26 2032:11:20 2032:11:03 2032:11:03

5652 Amphimachus arrival 2035:06:08 2035:06:02 2035:05:16 2035:05:16

Nominal mission end 2036:04:03 2036:04:03 2036:04:03 2036:04:03
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Sun 

Earth 

Jupiter 

NEP 

SEP 

PLS 

Figure 6.22.. Views of the trajectory path relative to the Sun-Jupiter
rotating frame for tours with initial target 4057 Demophon: outbound
legs (dashed red, solid orange, solid yellow), thrust arcs (dashed black),
coasts in the vicinity of asteroids (solid green). The orange “X” marker
indicates the switching point along the PLS enabled trajectory.

As in the previous example, the time histories for the engine operating parameters

such as thrust, specific impulse, and electrical power are also examined, with the same

qualitative differences in behavior between the electrical power sources. Figure 6.23

illustrates the time thrust and specific impulse time histories associated with the NEP

ephemeris trajectory and are shown to illustrate the quantitative change in behav-

ior for the asteroid-to-asteroid arcs of this potential tour. For all propulsion types,

NEP, SEP, and PLS, the engine performance on the outbound leg is qualitatively

very similar to the case with initial target 1143 Odysseus. As with the trajectories
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encountering 1143 Odysseus, the tours can serve as a reference paths for trajectory

design with currently available constant specific impulse engines.

a. NEP thrust b. NEP specific impulse

Figure 6.23.. NEP thrust and specific impulse profiles for the outbound leg
(pink) as well as the first (green), second (red), and third (blue) asteroid
rendezvous arcs for the mission scenario with the asteroid 4057 Demophon
as the initial target within the swarm. Time is days since Oct. 3, 2021.
Power time history is constant at 1 kW and is not shown.

6.2.3 Scaling of engine operation with spacecraft parameters

Though the rendezvous trajectory algorithm automatically uses the scaling rela-

tions in Section 5.6.3 to generate initial guesses for optimization, the equations are

also advantageous in a rapid mission analysis scenario where full optimization runs

are not feasible. For example, adjustments to a prospective baseline trajectory, espe-

cially the available engine power and the spacecraft mass upon arrival in the asteroid

swarm, may be necessary or desired for iterations in a trajectory analysis procedure.

However, if a large set of possible values for Pref and mr are to be considered, then

trajectory computation and optimization for every scenario is prohibitively expensive.

Accordingly, the scaling relationships represented in Eqs. (5.139) and (5.140) are used

to rapidly approximate the performance of a specific spacecraft configuration in lieu

of full optimization.
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The point-mass ephemeris trajectory with initial arrival at target asteroid 1143

Odysseus in 2026 and subsequent encounters with 5652 Amphimachus and 659 Nestor,

enabled by a NEP thruster, is employed as a test case for the scaling relationships.

For this baseline trajectory, a new set of mission parameters is defined comprised of

a spacecraft mass equal to 750 kg upon arrival in the asteroid swarm and 500 W

of electrical power available to the thruster. Recall that the original analysis was

performed using mr = 500 kg and Pref = 1 kW. The scaling equations are applied

using the new spacecraft parameters and the baseline trajectory performance met-

rics; for comparison, the trajectory is also re-converged and optimized using the new

spacecraft parameters. The results from the scaling procedure and the optimization

process are included in Table 6.15, along with the performance metrics of the baseline

trajectory. As observed in the table, even for this large difference between the base-

line and the updated specifications, the approximate scaling relationships predict the

actual results to within numerical error. An approximate thrust magnitude is also

computed via Eq. 5.44, where this thrust magnitude incurs the same accuracy as the

Isp prediction.

In altering the spacecraft parameters, any potential change in the qualitative

behavior of the trajectory is also a concern. The departure and arrival epochs, as

well as the physical path of the vehicle, are largely unaffected by changes in the

spacecraft mass and available power. In contrast, the specific impulse and thrust

magnitude time histories are altered as a result of adjustments to mr and Pref , as is

displayed in Fig. 6.24. The magnitude of the thrust vector is approximately doubled

in response to this new set of spacecraft parameters, while the outbound leg thrust

profile (magenta) trends downward for the scaled results, whereas the baseline thrust

profile reacts oppositely, i.e., trends upward. Additionally, the evolution of the specific

impulse is qualitatively the same for all the thrust arcs, however, the Isp values are

reduced by an order of magnitude.
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a. Thrust b. Specific impulse

Figure 6.24.. Fully optimized thrust and specific impulse profiles for the
outbound leg (pink) as well as the first (green) and second (red) asteroid
rendezvous arcs for the mission scenario with the asteroid 1143 Odysseus
as the initial target within the swarm and reference mass mr = 750 kg
and electrical power Pref = 0.5 kW. Time is days since Oct. 3, 2021.
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6.3 Trojan asteroid surveys - summary and conclusions

The general framework for automated rendezvous tour construction is applied to

the analysis of robotic surveys of the Sun-Jupiter L4 Trojan asteroids enabled by

a variable specific impulse (VSI) propulsion system. The potential scientific return

associated with an asteroid encounter is critical when assessed potential tour trajec-

tories. Accordingly, the prospective merit of the target asteroids is appraised and

incorporated into the design process, both as a post-processing step as well as an

intrinsic component of the encounter sequence generation. A VSI engine enables the

smooth adjustment of thrust magnitude and propellant efficiency without the need

for thruster shut-downs and restarts. Nuclear electric and solar electric propulsion

are modeled as constant- and varying-power systems, respectively, while a power-

limited solar electric engine is analyzed as a hybrid system comprised of constant-

and varying-power thrust regimes. Indirect and direct optimization methods are

blended to produce a hybrid optimization scheme wherein mass objective functions

are directly optimized using the optimization packages SNOPT and fmincon. Engine

operation is determined via an indirect, calculus of variations optimization approach,

where the constant- and varying-power systems follow distinct control laws and equa-

tions of motion. The optimization procedure is combined with an easily computed

rendezvous detection criteria and employed to quickly and automatically yield a large

number of rendezvous arcs between a selected set of asteroids. The independently

generated asteroid-to-asteroid trajectory arcs are then rapidly sequenced into a se-

ries of thrust and coast arcs comprising several tour scenarios that satisfy a set of

constraints on the trajectory. A straight-forward enumerated tree search scheme en-

ables the rapid construction tour sequences, however computional requirements grow

exponentially as asteroids are added to the set of potential targets. Furthermore,

thrust arc duration must be pre-specified for the tree search method. However, since

the VSI enabled transfers afford a trade-off between transfer duration and propel-

lant consumed, a search strategy that exploits this adaptability is advantageous.
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Thus, the ant colony heuristic is expanded by incorporating the laying of pheromone

along neighboring thrust arcs within the pre-computed rendezvous solution families.

This parallel distribution ensures that the duration-propellant trade space for each

asteroid-to-asteroid rendezvous is explored and balanced with the other transfer op-

tions composing a tour trajectory. Individual tour sequences are then analyzed for

propellant consumption, number of asteroids encountered, and coast durations in the

vicinity of the asteroids. A hybrid propulsion arc from the Earth to the asteroid

swarm and comprised of an initial Earth departure velocity and a low-thrust arc is

then adjoined to the inter-asteroid sequence. Baseline scenarios of particular inter-

est are then scaled appropriately by the desired engine type and available engine

power and optimized in a higher-fidelity model. Results indicate that optimization

of the individual thrust arcs is sufficient to ensure end-to-end propellant optimality:

the selected engine model along with specifying bounds on the thrust durations cre-

ates an optimization problem wherein the rendezvous thrust segments can be treated

independently, thus, greatly simplifying the generation of optimal trajectories.

The accuracy of the circular-restricted three-body model estimates are assessed

and the qualitative and quantitative behavior of the various electrical power systems

is appraised. For the sample tours that are examined in this investigation, the au-

tomated algorithm yields fuel mass estimates for constant power trajectories within

3% of the identical trajectories optimized from end-to-end in a Sun-Jupiter point-

mass ephemeris model. In general, an Earth departure date is reliably predicted,

while epochs corresponding to individual thrust arcs within the asteroid swarm vary

on the order of a few months. Thus, the lower-fidelity circular-restricted three-body

problem offers accurate estimates of mission requirements. Thrust magnitudes are

generally in the tens of milli-Newtons, values that are readily achievable using current

low-thrust propulsion technology. The required specific impulse of the VSI thruster,

on the other hand, is typically tens of thousands of seconds or higher, well beyond

the range of current engine systems; however, these high-efficiency periods be could

readily be replaced with coast periods for constant specific impulse (CSI) systems.
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Furthermore, the scaling relations can be easily used to scale the engine performance

and spacecraft size to more resonable values while retaining sufficient accuracy for

preliminary design studies. Results also indicate that optimal operation of a power-

limited solar electric system implies continuity in the Euler-Lagrange co-state vectors

across a switch in thrust regime, an observation that can reduce implementation time

and computational overhead. This continuity also supports an assessment that the

indirect optimization schemes reveal optimal paths through space, regardless of thrust

systems or switches in engine operational domains. Furthermore, scaling relationships

for engine operation and performance quantities offer an avenue for rapid investiga-

tion of mission scenarios and spacecraft parameters. However, the procedure is not

limited by dynamical regime and is readily extended to other mission architectures.

While the automated procedure offers cost and timing estimates for specific tra-

jectories comprising an asteroid tour mission, the algorithm also offers insight into

overall mission planning. Of special advantage is the identification of favorable se-

quences of rendezvous arcs and corresponding ∆V costs, where the procedure predicts

a likely set of asteroids and a specific order of encounter, independent of the on-board

propulsion system. The search and combination procedure incorporates naturally

favorable departure and arrival epochs while ensuring sufficient proximity operation

duration in the vicinity of the target asteroids. Furthermore, families of thrust arcs

computed using a variable specific impulse model can aid in the recognition of cor-

responding thrust durations that enable the use of constant specific impulse systems

with a minimum of engine power cycles.

6.3.1 Asteroid surveys - recommendations for future investigation

Several avenues of investigation may enhance the capability of the automated

design scheme for constructing Trojan asteroid tours. While the pre-computation

of asteroid-to-asteroid trust arcs is a viable strategy when the number of targets is

relatively small, computational requirements would quickly become prohibitive with
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even a modest growth in the number of objects of interest. Therefore, the computation

of asteroid-to-asteroid rendezvous arcs on an “as-needed” basis may greatly enhance

the ability of the automated procedure. Additionally, the transformation of thrust

arcs enabled by the VSI engine to equivalent arcs supported by other propulsion

schemes, e.g., chemical boosters or conventional constant specific impulse electrical

thrusters, is of interest. Finally, multiple probes sent to the asteroid swarm may

permit the exploration of a larger number of target objects or the evolution of multiple

asteroids over time. Thus, schemes to coordinate the actions of multiple surveying

vehicles require further development.
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7. CONCLUDING REMARKS AND

RECOMMENDATIONS

A general framework for the automated construction of rendezvous tour trajectories

is detailed and applied to the removal of debris near to the Earth as well as robotic

surveys of the Sun-Jupiter Trojan asteroids. Formulating trajectory design procedures

within the context of this high-level strategy enables a systematic, encompassing

approach to the automation of spacecraft tour trajectories. The trajectory design

strategy is composed of four high-level functions:

1. Mission conception: the formulation of the mission goals and constraints;

2. Definition of natural dynamical models : the selection of a minimal dynamical

model suitable for rapid preliminary analysis while retaining sufficient dynam-

ical fidelity;

3. Automated tour generation: the automated process whereby potential trajecto-

ries are constructed, composed of three sub-tasks:

(a) Relative target value assessment : determining a set of potential individual

targets and assessing their relative priority, if any;

(b) Rendezvous computation: computing and applying the propellant costs as

well as the timing required for transfer from one object to another;

(c) Search strategy implementation: the ordered selection of targets for indi-

vidual spacecraft and the production of encounter sequences; and,

4. Mission operations : the transition of preliminary trajectory results to higher

fidelity models suitable for eventual mission operations.
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As illustrated by the analyses of the two distinct mission scenarios, the tour con-

struction framework is flexible in implementation and allows for varying levels of

automated operation. Each task within the context of the framework may be inde-

pendently adjusted without requiring dramatic modifications in the other functions.

The two scenarios examined provide unique perspectives on the implementation of

the general tour construction strategy, however other mission architectures could

represent equally valuable insight. For example, a tighter interrelation between the

implementations of the target value, rendezvous computation, and search strategy

could be beneficial for a mission scenario distinct from the illustrative examples pro-

vided. Observations relevant to each component of the tour design framework are

offered.

7.1 Mission conception

Once a spacecraft mission is proposed and a associated set of goals is defined,

measurable objectives are formulated such that satisfying the specific objectives also

achieves the desired goals. These objectives may be adjusted over time as the mission

planning proceeds from preliminary investigation to actual flight operations. The

mission goals and objectives are identified to supplement existing knowledge and / or

techincal capability and, therefore, the historical context of an investigation is criti-

cal. While two specific mission architectures are analyzed, the automated tour design

strategy may be applied to a wide variety of spacecraft mission scenarios, from the

construction of tours of planetary satellites to the support of an infrastructure for

deep-space human missions. Indeed, the general framework is readily expanded to

incorporate brief flyby encounters in addition to prolonged rendezvous options. Fur-

thermore, many of the high-level concepts for the automated tour design process may

also be broadly applicable outside of spacecraft operations, e.g., the path planning of

unmanned aerial vehicles (UAVs), the routing of disaster recovery suppliers, and the

guidance of robotic submersibles.
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7.2 Definition of natural dynamical models

The definition of the mathematical model defining the natural motion of the oper-

ating vehicle as well as the target objects is fundamental to the trajectory construction

process. The inverse square law of gravitation, first formalized by Newton, provides

a high accuracy basis for analysis of the motion of celestial objects. In particular,

the N -body model underpins the equations of motion employed by this investigation.

Care must be taken, however, to ensure that any simplified dynamical model provides

an adequate balance between computational efficiency and fidelity to relevant real-

world effects. For example, the librating motion of the Sun-Jupiter Trojan asteroids is

not captured by two-body approximations and, therefore, multiple gravitating bodies

must be explicitly modeled. While not addressed during the course of this analysis,

real-world phenomena such as drag and nonspherical gravitating bodies are readily

incorporated into the tour design framework.

7.3 Tour generation: Relative target value assessment

Evaluating the relative desirability of particular encounters is a key task of the

tour design strategy. This priority ranking can be applied to sets of objects, e.g., de-

termining what groups of debris fragments to mitigate, as well as individual targets,

e.g., preferentially encountering fragments posing a high likelihood of collision. The

assignment of target value also benefits greatly from human intuition, for example

assessing the potential scientific knowledge to be gained from a particular asteroid.

Thus, while certain aspects of determining relative target priority benefit from au-

tomation, human-in-the-loop interaction remains a key factor.

7.4 Tour generation: Rendezvous computation

A wide variety of options exist for transferring the operating spacecraft from one

target to another and accurate simulation of these capabilities is critical for prelim-
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inary analysis. The rendezvous operation is modeled using a variety of techniques,

from analytical approximations to high-fidelity numerical simulations, depending on

the desired precision of the cost estimates. A differential corrections procedure that

is flexible in implementation ensures continuous trajectory solutions when numerical

simulations are required. Optimal low-thrust rendezvous arcs in multibody regimes

are computed via a hybrid optimization scheme that retains the low-dimensionality

of indirect methods while exploiting the robustness of direct, gradient-based local

optimization techniques. These continuous thrust arcs, enabled by a variable specific

impulse (VSI) thruster, are readily computed and provide estimates of departure and

arrival epoch, required propellant mass and ∆V budgets, as well as optimal engine

operating conditions. Models simulating VSI engines are of value as a preliminary

analysis tool due to the relative ease of application as well as insights afforded into

the optimal operation of other propulsion systems, for example chemical boosters and

traditional constant specific impulse thrusters.

7.5 Tour generation: Search strategy

An efficient search strategy is critical for the investigation of large design spaces,

particularly those that present continuous trade-offs between control variables. While

strict tree enumeration is feasible for small problems, the computational cost of such

schemes grows exponentially with the growth of the design space. Therefore, evolu-

tionary and other hueristic search algorithms are of interest. Ant colony optimization

(ACO) is a meta-hueristic methods particularly well-suited to routing problems such

as the construction of spacecraft tour trajectories. Additionally, ACO is flexible in

implementation, from enabling searches incorporating multiple operating vehicles to

the exploration of continuous trade spaces. Several enhancements to the ant colony

heuristic may prove beneficial in other applications, both in astrodynamics and in

other industries.



207

7.6 Mission operations

The transition to a flight operation regime is the final step of the automated

tour construction framework. Several options are available for this transition, from

the high fidelity simulation of the baseline path to the real-time adjustment of the

encounter sequence. An auction and bidding scheme is demonstrated as a viable

method for coordinating the actions of multiple independently operating spacecraft.

This auction procedure readily adjusts and enhances the performance of reference

paths constructed using the ant colony heuristic and the combination of evolutionary

and auction schemes warrants further investigation. Tour trajectories of the Trojan

asteroid, enabled by a low-thrust propulsion system, are readily transitioned to higher

fidelity models and various options for electrical power source as well as spacecraft

parameters are rapidly examined. Baseline paths employing a VSI engine may also

provide novel options for trajectories using traditional propulsion technologies such

as chemical boosters. Finally, while not explicitly addressed in this analysis, the

incorporation of closed-loop feedback and orbit determination capabilities into the

overall design and operations framework can enable completely autonomous guidance,

navigation, and control of spacefaring vehicles.

Stu Beef, you’ve done it again!
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