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ABSTRACT

Pavlak, Thomas A. Ph.D., Purdue University, May 2013. Trajectory Design and
Orbit Maintenance Strategies in Multi-Body Dynamical Regimes. Major Professor:
Kathleen C. Howell.

Regions of space in which multiple, simultaneous gravitational influences are

present often give rise to dynamically complex behavior. Thus, design and main-

tenance of trajectories in these complicated environments is generally nontrivial. To

address these challenges, the focus of this research effort is the development and ap-

plication of innovative strategies to enhance trajectory design and orbit maintenance

capabilities in multi-body dynamical regimes.

A simplified approach for generating unstable quasi-periodic orbits identified on

Poincaré maps is introduced, one that leverages existing differential corrections pro-

cedures and well-understood unstable periodic solutions in the restricted three-body

problem. This approach enables the comparison of numerous unstable quasi-periodic

solutions since they are viewed and analyzed simultaneously. Such a capability offers

valuable insight during the post-mission analysis of the ARTEMIS Earth-Moon libra-

tion point orbits; the strategy is also useful as a means of quickly exploring the design

space and completing a trade analysis as demonstrated on quasi-periodic Sun-Earth

L1 trajectories applicable to future missions such as DSCOVR. Multi-burn Earth-

L1/L2 transfer trajectories relevant to potential human operations in the vicinity of

Earth-Moon libration points are also explored. These transfers incorporate a close

lunar passage in an effort to decrease the time-of-flight and ∆V cost for transfers

associated with delivering spacecraft to various members of the Earth-Moon L1 and

L2 halo orbit families.

Orbit maintenance in multi-body dynamical environments is addressed through

the development of a flexible and robust long-term stationkeeping strategy designed



xiii

to both maintain sensitive orbits for an arbitrary duration and to meet a set of precise

end-of-mission constraints. The strategy is very general and is applied to approxi-

mate operational stationkeeping costs for a variety of Earth-Moon libration point

orbits of interest for future scientific and/or human exploration activities. A related

deterministic maneuver planning approach is introduced to mitigate an undesirable

out-of-plane amplitude evolution in quasi-periodic libration point orbits as part of a

robust global search procedure.



1

1. INTRODUCTION

A number of NASA missions including ISEE-3 [1], WMAP [2], Genesis [3], and, more

recently, GRAIL [4] have exploited dynamical structures in regions near the Sun-

Earth libration points, but no spacecraft had ever arrived in the vicinity of an Earth-

Moon libration point and remained for an extended time until the ARTEMIS mission

successfully inserted into an Earth-Moon L2 orbit in August of 2010 [5,6]. Given the

success of the ARTEMIS probes and the potential advantages of libration point orbits

as future platforms for communications and scientific activities [7], it seems likely

that interest in libration point orbits and multi-body trajectories, in general, will

continue to increase. In fact, following the conclusion of the Space Shuttle program

in 2011, NASA has now identified the Earth-Moon L1 and L2 collinear libration

points as potential locations for future human space exploration activities [8–10].

From a lunar science perspective, these locations could allow astronauts direct access

– or indirect access via telerobotics – to the surface of the Moon for extending the

science return of recently successful missions such as Chandrayaan [11], LRO [12],

LCROSS [13], and GRAIL [4]. Furthermore, Earth-Moon L1 and/or L2 libration

point orbits could host a long-term, deep space habitat or serve as a staging area for

future human missions to an asteroid or, perhaps, someday Mars. Interest in multi-

body regimes extends beyond just the Earth-Moon system, however, with several

prominent Sun-Earth libration point orbit missions scheduled to launch in the coming

years as well. The DSOCVR mission [14] is an Earth and solar observatory to be

stationed at Sun-Earth L1 while the James Webb Space Telescope (JWST) [15] is a

next-generation deep space telescope that will orbit in the vicinity of Sun-Earth L2.

It should be noted, however, that these multi-body orbits are generally unstable and

require regular maintenance.
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While there are many potential benefits, trajectory design in multi-body dynam-

ical environments is demanding and, frequently, time-intensive. The Earth-Moon

regime, in particular, involves unique challenges that do not often impact orbit archi-

tectures in either Sun-Earth or interplanetary design scenarios. The Moon’s mass and

the relatively close proximity to the Earth render trajectory design in the Earth-Moon

system a true three-body problem. Furthermore, lunar eccentricities and solar pertur-

bations can significantly impact trajectories when computing higher-fidelity solutions

in this dynamically sensitive environment. The fact that even the simplified restricted

three-body problem (RTBP) does not possess an analytical solution emphasizes the

necessity for numerical design algorithms that are both reliable and flexible. To best

meet future mission requirements in multi-body regimes, efficient algorithms coupled

with a better overall understanding of these complicated dynamical environments are

required. Continuing innovation in this area is critical to achieving NASA’s future

goals in the areas of space science, communications and exploration. Thus, the over-

arching goal of this research is the improvement of trajectory design and maintenance

capabilities in these complex multi-body dynamical regimes.

1.1 Previous Work

1.1.1 Multi-Body Trajectory Design

Multi-body trajectory design is a rich, active area of research that encompasses

many classes of orbit design problems. The use of various elements of dynamical

systems theory, including periodic orbits and invariant manifolds, to generate low-

cost trajectories in multi-body regimes has been a topic of particularly high interest

in recent years. These design problems may include transfers within a single three-

body system, e.g., between libration point orbits, or “blended” trajectory segments

from multiple dynamical systems. Missions including Genesis [16–18], WMAP [2],

and Triana [19] – originally proposed proposed in the late 1990s – utilized mani-

fold trajectories to design transfers to and from libration point orbits in the Sun-
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Earth system. The trajectories from previous flight projects such as ISEE-3 [1] and

WIND [20] also appear to shadow invariant manifolds although manifolds were not

explicitly incorporated into the design procedures. While not explicitly addressed in

this investigation, a number of researchers including Conley [21], Koon et al. [22],

Howell and Kakoi [23], as well as Parker and others [24–27] have utilized dynami-

cal systems theory to compute low-cost lunar transfers by combining Sun-Earth and

Earth-Moon manifold segments. Arcs along the operational trajectories of the recent

ARTEMIS [28–30] and GRAIL [4, 31] missions can be traced directly to this class of

low-cost transfers. Gómez et al. [32] also utilized similar techniques to design transfers

between the Jovian moons.

Given the dynamical sensitivities associated with many of these multi-body mis-

sion design problems, robust numerical computation methods are also critical. The

multiple, or parallel, shooting technique is discussed by Keller [33] and has been

used extensively by many other researchers [34, 35]. Multiple shooting methods are

advantageous because they can significantly reduce the dynamical sensitivities as-

sociated with each trajectory arc and allow libration point orbits comprised of any

number of revolutions to be generated. These numerical schemes also allow easily-

incorporated constraints along the path and at the end points. Additionally, these

algorithms enable trajectories initially converged in lower-fidelity models, such as the

two- or three-body problems, to be transitioned to higher-fidelity ephemeris models in

a straightforward manner [36–38]. Multiple shooting algorithms are extremely pow-

erful multi-body trajectory design tools and are used extensively in this investigation.

Transfers between the Earth and the Moon have been investigated since the dawn

of the Apollo program in the 1960s and, given the simultaneous gravitational influ-

ences of the Earth and the Moon, represent true multi-body problems. Free-return

trajectories offer continuous round-trip passage between the Earth the Moon and

represent an important subset of the mission design space – particularly for human

missions. Techniques for computing free-return trajectories in patched conic and

restricted three-body models were explored by Penzo [39], Schwaniger [40], and Gib-
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son [41] in the early 1960s and, more recently, by Jesick and Ocampo [42] as well as

Pavlak [36]. The relatively recent interest in human missions to the vicinity of the

Earth-Moon libration points has further increased interest in transfers between the

Earth and the lunar neighborhood. Perozzi and Salvo [43] offer a survey of Earth-

Moon transfers while Dunham et al. [44], Folta et al. [45], and Jesick [46] discuss

trajectory design between the Earth and Earth-Moon L1 and L2 specifically within

the context of human exploration applications.

Orbit design in multi-body environments involves not only the computation of

transfer trajectories, but also of reference orbits in the vicinity of libration points

and/or gravitational primary bodies. A number of libration point reference orbit

and transfer design strategies also leverage Poincaré mapping as a powerful tool to

effectively reduce the dimension of the mathematical models for complex, multi-body

dynamical systems. A variety of map formulations are possible in the restricted

three-body and Hill’s problem employing common hyperplane definitions such as

the xz- or xy-plane in a rotating reference frame or even less physically intuitive

hyperplane definitions including periapsis or apoapsis conditions [47–51]. Additional

approaches have also been employed by Gómez et al. [52], Kolemen et al. [53], as

well as Olikara [54] and Olikara and Scheeres [55] to isolate unstable trajectories

in the center subspace, i.e., periodic and quasi-periodic orbits. In these schemes,

large numbers of unstable quasi-periodic Lissajous and quasi-halo trajectories [56,

57] are visualized simultaneously for potential mission design applications. More

recently, similar mapping techniques have been employed by Folta et al. [58, 59] for

ARTEMIS post-mission analysis and by Broschart et al. [60] to design stable quasi-

terminator orbits in the vicinity of primitive bodies such as asteroids. Multi-body

orbit design problems may also be subject to additional operational requirements such

as the strict spacecraft line-of-sight angle constraints associated with the upcoming

DSCOVR mission [14,19,61–65].



5

1.1.2 Orbit Maintenance in Multi-Body Dynamical Regimes

Orbits in the vicinity of the collinear libration points are generally unstable and

must be maintained through regular stationkeeping maneuvers. Experience with pre-

vious missions suggests that stationkeeping is required, via maneuvers, approximately

once per week in the Earth-Moon system and once every three months in the Sun-

Earth system. Given the unstable nature of the orbits, the path is very sensitive

to any adjustments. Thus, this research effort also focuses on the development of

efficient, flexible stationkeeping and deterministic correction maneuver design strate-

gies requiring minimal human interaction to best meet future mission requirements

in these complex dynamical regimes.

Once an end-to-end solution for a trajectory solution for a mission incorporating a

librationn point orbit is determined, dynamical instabilities still prevent the reference

path from being followed precisely and some form of orbit maintenance is required.

Stationkeeping strategies based on Floquet theory offer one approach to maintain a

spacecraft in a libration point orbit and various types of stationkeeping have been

explored by Farquhar [7, 66], Breakwell et al. [67], and many others [34, 68, 69]. A

global search stationkeeping scheme designed for the James Webb Space Telescope

mission [15] by Janes and Beckman [70] is designed to maintain a spacecraft in orbit

for the next 1-2 revolutions downstream. Additionally, Grebow et al. [71] and Folta

et al. [72] have used maneuvers to target back to a rigid baseline solution, or, at least,

to target specific parameters downstream. Recently, Folta et al. [73] demonstrated

that stationkeeping the ARTEMIS libration point orbits via an optimal, short-term

maintenance strategy resulted in maneuver directions that were aligned closely with

the directions that correspond to the stable manifolds.

1.2 Current Work

In response to the increased interest in missions in multi-body regimes, the main

goal of this research effort is an enhancement of trajectory design and orbit mainte-
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nance capabilities in complex multi-body gravitational regimes. The resulting tech-

niques are applied within the context of various past and upcoming missions including

ARTEMIS, DSCOVR, and potential future human missions to the vicinity of Earth-

Moon libration points.

This investigation is organized as follows:

Chapter 2:

The dynamical models at the core of the numerical simulations in this work are sum-

marized. The simplifying assumptions, equations of motion, and equilibrium solu-

tions associated with the restricted three-body problem are detailed. A higher-fidelity

N -body dynamical model, incorporating planetary ephemerides and solar radiation

pressure, is derived. Relevant coordinate transformations are also developed.

Chapter 3:

The differential corrections techniques that serve as the foundation of the multi-body

trajectory design and stationkeeping strategies in this investigation are introduced.

Single and multiple shooting algorithms are described within the context of a general

multi-variable Newton method. Methods for computing the state transition matrix

and general derivative information are developed. The shooting approaches and gra-

dient information are combined to compute symmetric and asymmetric libration point

orbits; continuation schemes allow families of orbits to be generated. Periodic orbit

stability information is leveraged to propagate invariant manifolds.

Chapter 4:

A simplified approach to isolating unstable quasi-periodic trajectories that appear on

a Poincaré map is introduced. The mapping procedure is leveraged to conduct post-

mission analysis for the ARTEMIS mission and explore potentially useful solutions

in support of DSCOVR pre-mission trajectory design activities.
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Chapter 5:

Transfer trajectories relevant to potential future human missions to the vicinity of

the Earth-Moon L1 and L2 collinear libration points are investigated. An initial

guess strategy for computing three-burn lunar-assisted transfers utilizing known lunar

free-return trajectories is presented. Three-burn transfers are computed to various

members of the Earth-Moon L1 and L2 southern halo families of potential interest for

future human space exploration activities. Round trip Earth-L1/L2-Earth transfers

are also considered.

Chapter 6:

A long-term stationkeeping approach is examined as a means of reliably maintaining

unstable orbits in multi-body dynamical regimes. Average stationkeeping ∆V costs

are approximated via Monte Carlo simulations for various Earth-Moon libration point

orbits including the ARTEMIS P1 and P2 reference trajectories. A novel augmented

multiple shooting approach is introduced and the associated stationkeeping ∆V costs

are compared to results obtained via formal optimization.

Chapter 7:

The impact of various higher-fidelity perturbations on the evolution of the out-of-

plane amplitude of the ARTEMIS P2 quasi-periodic trajectory is analyzed. A robust

out-of-plane amplitude control strategy utilizing a multiple shooting algorithm is in-

troduced as a systematic, global search approach for identifying low-cost deterministic

maneuver locations along a reference trajectory.

Chapter 8:

The development and applications of multi-body trajectory design and orbit main-

tenance strategies are summarized. Recommendations for future work are offered.
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2. SYSTEM MODELS

Simulating spacecraft trajectories to a desired degree of accuracy frequently requires

the inclusion of multiple gravitational fields that act simultaneously. However, even

one additional body incorporated into a two-body model results in a significantly more

complicated dynamical environment; such a mathematical model lacks a closed-form

solution that is of practical use. The restricted three-body problem is utilized exten-

sively throughout this investigation since it simultaneously incorporates the effects of

two gravitational fields and is introduced along with the associated equations of mo-

tion. A higher-fidelity ephemeris model incorporating the effects of lunar eccentricity,

solar gravity, and solar radiation pressure – all of which can impact highly sensitive

trajectories in multi-body dynamical regimes – is developed. Relevant coordinate

transformations, employed when transitioning between lower- and higher-fidelity dy-

namical models, are also detailed.

2.1 The Restricted Three-Body Problem

Regions of space near multiple gravitational bodies offer unique dynamical envi-

ronments within the solar system and, in many cases, traditional two-body analytical

solutions no longer provide a satisfactory description of the spacecraft dynamics. This

situation is particularly evident in the Earth-Moon-spacecraft three-body system –

the focus of much of this investigation – given that the ratio of the masses between

the Moon and the Earth is usually large relative to other known planet-moon sys-

tems. A consequence of such a large mass ratio is that the motion of a spacecraft

in the Earth-Moon region is often influenced heavily by both bodies simultaneously.

Thus, the restricted three-body problem serves as a particularly effective model and
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powerful tool for trajectory design within the Earth-Moon system and multi-body

dynamical regimes, in general.

While the RTBP incorporates two gravitational fields simultaneously, this for-

mulation is still based on a series of simplifying assumptions. These assumptions

preserve the fundamental underlying multi-body dynamics of the model, but allow

significantly more straightforward analysis of the three-body problem. The derivation

of the RTBP governing differential equations begins with N point mass gravitating

bodies. The motion of a particle of interest, Pi, under the gravitational influence of

the other N -1 bodies, is described by the second-order vector differential equation

mir
′′
i = −G̃

N∑
j=1
j 6=i

mimj

r3ji
rji (2.1)

that follows from Newton’s second law where the primes denote differentiation with

respect to dimensional time. The mass of the particle Pi is reflected by mi while

the masses of the influencing bodies are denoted mj. The gravitational constant in

dimensional units is represented by the symbol G̃. Throughout this investigation,

vector quantities are denoted by boldface characters and vector magnitudes in plain

text unless otherwise noted. The positions of the particles Pi and Pj relative to an

inertially fixed base point are represented by the vectors ri and rj, respectively. It

follows that the vector rji defines the position of Pi relative to Pj where rji = ri−rj.
The N -body problem is then reduced to isolate the behavior of only three bodies

(N=3). The geometry of the general three-body problem relative to a inertially-fixed

base point, O, is depicted in Figure 2.1. Reducing the problem to N=3 simplifies

the problem considerably and allows equation (2.1) to be rewritten explicitly for the

three-body case, i.e.,

m3r
′′
3 = −G̃m3m1

r313
r13 −

G̃m3m2

r323
r23 (2.2)

where the particle of interest, typically a spacecraft, is arbitrarily selected to be P3.

Note that an analytical solution to the general three-body problem requires 18 inte-

grals of the motion. However, there are only 10 known constants so a closed-form
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Figure 2.1. Geometry of the General Three-Body Problem

representation does not currently exist and the problem of three-body gravitational

motion must be solved numerically and/or approximated. To increase the tractabil-

ity and utility of the general three-body problem, it is further simplified to assume

that the mass of the particle of interest, P3, is negligible compared to the masses of

the larger bodies, P1 and P2. The assumption that m3 << m1,m2 is typically quite

reasonable for this application since the particle of interest is typically a spacecraft

operating either in a Sun-planet or planet-moon environment. As a result, the motion

of P1 and P2 are not influenced by P3 and their orbits are “restricted” and mathe-

matically described by conics in an isolated two-body system. To further simplify the

problem, it is also assumed that the orbits of P1 and P2 are circular relative to the

their barycenter, B. Particles P1 and P2 are, thus, labeled as “primary” bodies with

P1 as the more massive body by convention. The bodies P1 and P2 are collectively

denoted the “primary system.”
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The geometry of the restricted three-body problem is conveniently described

within the context of two related coordinate frames, both centered at the barycen-

ter, B, of the P1-P2 system. An inertial reference frame, I, is represented by three

orthogonal unit vectors X̂-Ŷ -Ẑ. The unit vector Ẑ is aligned with the angular mo-

mentum vector of the orbiting primaries, and, given the conic nature of the P1 and

P2 orbits in the RTBP, their motion is constrained to the XY -plane. However, it is

notable that P3 can move in any spatial direction. A second reference frame, R, is

also centered at B, but is a rotating frame defined by unit vectors x̂-ŷ-ẑ. The x̂-axis

direction is parallel to the P1-P2 line and, like Ẑ, the positive ẑ-axis is also oriented

perpendicular to the orbital plane of the primaries and parallel to the orbital angular

momentum. The ŷ-axis then completes the right-handed triad. The orientation of

the rotating frame R with respect to the inertial frame I is described by the angle γ

and the relative geometry of the two reference frames is illustrated in Figure 2.2.

X̂

ŷ
Ŷ

x̂

 P m3 3

B

p

 P m2 2

 P m1 1

γ 

D13 D23 

D2 

D1 

Figure 2.2. Geometry of the Restricted Three-Body Problem
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The positions of the primaries relative to the barycenter are represented by the vectors

D1 and D2. The relative position vectors, D13 and D23, define the position of the

third body with respect to P1 and P2, respectively. The vector p locates P3 with

respect to the barycenter.

2.1.1 Equations of Motion

The simplifying assumptions in the RTBP are still insufficient to allow the three-

body problem to be solved in closed form. Thus, a numerical approach is warranted

which necessitates the derivation of an appropriate set of equations governing motion

in the RTBP. Based on the geometry and nomenclature in Figure 2.2, equation (2.2)

is rewritten to yield the following second-order vector differential equation

m3p
′′ = −Gm3m1

D3
13

D13 −
Gm3m2

D3
23

D23 (2.3)

Ultimately, the differential equations of motion in the RTBP must be solved with

either explicit or implicit numerical integration techniques. Thus, it is useful to

employ a straightforward nondimensionalization based on the characteristic quantities

associated with length, mass, and time to better condition the equations for numerical

integration and to compare solutions across different three-body systems more easily.

The characteristic length, l∗, is defined to be the mean P1-P2 distance, i.e.,

l∗ = D1 +D2 (2.4)

The sum of the masses of the two primaries is used as the characteristic mass of the

system, m∗,

m∗ = m1 +m2 (2.5)

Kepler’s third law is employed to solve for the characteristic time, t̃∗, that is,

t̃∗ =

(
l∗3

G̃m∗

)1/2

(2.6)
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and is defined such that the nondimensional gravitational constant, G, is unity. The

mean motion, Ω̃, is computed using the conic definition,

Ω̃ =

(
G̃m∗

l∗3

)1/2

(2.7)

since the primaries orbit in an isolated two-body system. Using the definitions for

characteristic time and mean motion in equations (2.6) and (2.7), respectively, it is

straightforward to compute the nondimensional mean motion, Ω, i.e.,

Ω = Ω̃t̃∗ =

(
G̃m∗

l∗3

)1/2(
l∗3

G̃m∗

)1/2

= 1 (2.8)

Since the nondimensional mean motion, Ω, associated with the RTBP is unity, it

follows that the primaries move about their common barycenter with an orbital period

equal to 2π nondimensional units. Utilizing the defined characteristic length, the

nondimensional position vectors d13 and d23 are defined as

d13 =
D13

l∗
(2.9)

d23 =
D23

l∗
(2.10)

Similarly, the nondimensional mass and time parameters, µ and t, are written

µ =
m2

m∗
(2.11)

t =
t̃

t̃∗
(2.12)

The constant parameters associated with the Earth-Moon and Sun-Earth systems

are listed in Tables 2.1 and 2.2, respectively. The gravitational parameter of each

body, G̃mi, is denoted µi and the radius of each body is represented by Ri. The

nondimensional position of P3 is expressed in a barycentered rotating frame via the

vector ρ, which is obtained by nondimensionalizing the position vector, p, i.e.,

ρ =
p

l∗
= xx̂+ yŷ + zẑ (2.13)
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Table 2.1 Constants in the Earth-Moon System

Parameter Value Units

l∗ 385,692.5 km

t∗ 377,084.1526670386 s

µE 398,600.4328969393 km3/s2

µM 4902.800582147765 km3/s2

µ 0.012150585609624 nondimensional

RE 6,378 km

RM 1,737 km

Table 2.2 Constants in the Sun-Earth System

Parameter Value Units

l∗ 149,597,927 km

t∗ 5,022,638.184000575 s

µS 132,712,440,017.9870 km3/s2

µE 398,600.4328969393 km3/s2

µ 3.003480575402412×10−6 nondimensional

RS 695,500 km

RE 6,378 km

Substituting the nondimensional quantities into the differential equation governing

the motion of P3, equation (2.3), yields the nondimensional second-order vector dif-

ferential equation

ρ̈ = −(1− µ)d13

d313
− µd23

d323
(2.14)

where dots denote differentiation with respect to nondimensional time. Using the

geometry of the RTBP in Figure 2.2 and the definition of the center of mass, it is
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determined that the nondimensional relative position vectors are written, respectively,

as

d13 = (x+ µ) x̂+ yŷ + zẑ (2.15)

d23 = (x− 1 + µ) x̂+ yŷ + zẑ (2.16)

The kinetic expression in equation (2.14) describes the resultant force on P3 in the

RTBP, but it must be paired with a kinematical relationship to complete the deriva-

tion of the equations of motion. The derivative of the barycentered position vector ρ

with respect to nondimensional time as expressed in terms of rotating coordinates –

but viewed relative to an inertial observer – is obtained via the relationship

Idρ

dt
=

Rdρ

dt
+ IωR × ρ (2.17)

where
Rdρ
dt

represents velocity as observed from the rotating frame, R, and IωR = Ωẑ

defines the angular velocity of the rotating frame with respect to the inertial frame,

I. A second derivative via the same operation yields

Id2ρ

dt2
=

Rd2ρ

dt2
+ 2IωR ×

Rdρ

dt
+ IωR × IωR × ρ (2.18)

Expanding equation (2.18) produces the inertial acceleration, expressed in rotating

coordinates,

ρ̈ =
(
ẍ− 2Ωẏ − Ω2x

)
x̂+

(
ÿ + 2Ωẋ− Ω2y

)
ŷ + z̈ẑ (2.19)

where the nondimensional mean motion, Ω, is equal to one in nondimensional units

and is included only for completeness. Substituting the kinematic expression in equa-

tion (2.19) and the vector definitions in equations (2.15) and (2.16) into equation

(2.14) yields the three scalar, second-order differential equations of motion for P3 in

the RTBP,

ẍ− 2ẏ − x = −(1− µ) (x+ µ)

d313
− µ (x− 1 + µ)

d323
(2.20)

ÿ + 2ẋ− y = −(1− µ) y

d313
− µy

d323
(2.21)

z̈ = −(1− µ) z

d313
− µz

d323
(2.22)
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with the scalar relative distances,

d13 =

√
(x+ µ)2 + y2 + z2 (2.23)

d23 =

√
(x− 1 + µ)2 + y2 + z2 (2.24)

Note that all derivatives are evaluated with respect to a rotating observer. Leveraging

the use of a pseudo-potential function, U∗, defined as

U∗ =
1− µ
d

+
µ

r
+

1

2
Ω2
(
x2 + y2

)
(2.25)

equations (2.20)–(2.22) are written more compactly as

ẍ− 2ẏ =
∂U∗

∂x
(2.26)

ÿ + 2ẋ =
∂U∗

∂y
(2.27)

z̈ =
∂U∗

∂z
(2.28)

The form of equations (2.26)–(2.28) is particularly useful for evaluating equilibrium

solutions in the restricted three-body problem.

While energy is not constant in a traditional two-body sense due to the rotating

formulation of the differential equations in the RTBP, an “energy-like” integral of the

motion is still available. The dot product of the gradient of the pseudo-potential,

∇U∗ = (ẍ− 2ẏ) x̂+ (ÿ + 2ẋ) ŷ + z̈ẑ (2.29)

with the rotating velocity vector,

ρ̇ = ẋx̂+ ẏŷ + żẑ (2.30)

produces the relationship

∂U∗

∂x
ẋ+

∂U∗

∂y
ẏ +

∂U∗

∂z
ż = (ẍ− 2ẏ) ẋ+ (ÿ + 2ẋ) ẏ + z̈ż (2.31)

Recognizing the left side of the equation as a total derivative and simplifying the right

side of the relationship results in the expression

dU∗

dt
= ẍẋ+ ÿẏ + z̈ż (2.32)
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Equation (2.32) is integrated with respect to time to produce

2U∗ + 2κ = v2 (2.33)

where κ is a constant of integration and v represents the magnitude of the rotating

velocity vector, i.e.,

v =
√
ẋ2 + ẏ2 + ż2 (2.34)

For convenience, define C = −2κ, and the familiar expression emerges,

C = 2U∗ − v2 (2.35)

where C represents the Jacobi constant, an integral of the motion in the restricted

three-body problem. The Jacobi constant is leveraged in this investigation to assess

the accuracy of the numerical propagation process and as a means of comparing and

classifying solutions in the RTBP.

2.1.2 Equilibrium Solutions

The equations of motion in the RTBP are autonomous when formulated in a

rotating reference frame and yield time-invariant solutions. Equilibrium solutions to

these equations of motion exist and represent constant locations with respect to the

rotating frame. To solve for the positions of the equilibrium points, the gradient of

the pseudo-potential function is equal to zero, i.e.,

∇U∗ = 0 (2.36)

which, additionally, yields the scalar relationships,

∂U∗

∂x
= −(1− µ) (xeq + µ)

d313,eq
− µ (xeq − 1 + µ)

d323,eq
+ xeq = 0 (2.37)

∂U∗

∂y
= −(1− µ) yeq

d313,eq
− µyeq
d323,eq

+ yeq = 0 (2.38)

∂U∗

∂z
= −(1− µ) zeq

d313,eq
− µzeq
d323,eq

= 0 (2.39)
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where xeq, yeq, and zeq represent the scalar components of the position vectors locating

the equilibrium points with respect to the system barycenter. From the third scalar

relationship, equation (2.39), it is apparent that zeq = 0 if the equation for the partial

of the pseudo-potential with respect to z, ∂U∗

∂z
, is to be satisfied. Thus, all equilibrium

solutions to the RTBP lie in the xy-plane. From inspection, it is also clear that yeq = 0

offers one option to satisfy equation (2.38). Substituting yeq = zeq = 0 into equation

(2.37) produces a quintic equation in xeq, that is,

−(1− µ) (xeq + µ)

|xeq + µ|3
− µ (xeq + 1− µ)

|xeq − 1 + µ|3
+ xeq = 0 (2.40)

The roots of equation (2.40) – three of which are real solutions – are not available in

closed form, however, xeq can be determined using a variety of root finding strategies,

e.g., Newton’s method. However, rather than solving for xeq directly, it is often more

numerically robust to solve for the distance of each equilibrium point to the nearest

primary, γi. This modified version of the quintic expression then appears in the form

−(1− µ) (xeq ± γi + µ)

|xeq ± γi + µ|3
− µ (xeq ± γi + 1− µ)

|xeq ± γi − 1 + µ|3
+ xeq ± γi = 0 (2.41)

The equilibrium solutions in the RTBP are termed the libration points and, since

yeq = 0 for the solutions to equations (2.41), the three corresponding equilibrium

points are located along the x-axis and are labeled the collinear libration points.

Euler demonstrated the existence of the collinear points in 1765 [74]. A frequently

employed notation is the use of the symbol L3 as the libration point to the left of P1;

then, L1 and L2 denote the equilibrium solutions between the primaries and on the

far side of P2, respectively.

In addition to the three collinear libration points, two additional equilibrium so-

lutions exist. Algebraic manipulation is used to demonstrate that equations (2.37)

and (2.38) are satisfied if d13 = 1 and d23 = 1 and, since the nondimensional distance

between the primaries is also 1, it follows that the two remaining equilibrium points

form equilateral triangles with the two primaries. These equilibrium solutions are

located at coordinates [xeq = 1
2
− µ, yeq = ±

√
3
2

, zeq = 0] as viewed in the rotating
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coordinate frame and are termed equilateral libration points. The points were first

identified by Lagrange in 1772 [74]. The equilateral libration points are located 60◦

ahead of and behind P2 in its inertial orbit and are termed L4 and L5, respectively, by

convention. The locations of all five libration points within the context of the Earth-

Moon system appear in Figure 2.3. Note that, while the locations of the equilibrium

x̂

ŷ

L5

L3

L4

L1 L2

60

60

120

120 3  1  2

Figure 2.3. Locations of the Libration Points in the RTBP, Scaled
Consistent with the Earth-Moon System

solutions and primaries are plotted to scale, the primaries – the Earth and Moon –

are enlarged by a factor of 10 for illustration purposes.



20

2.2 Higher-Fidelity Modeling

While the restricted three-body problem serves as a powerful tool capable of cap-

turing the fundamental orbital behavior in multi-body dynamical regimes, higher-

fidelity forces can also significantly influence the motion of spacecraft operating in

these complex regimes. Of course, higher-fidelity models that more accurately rep-

resent the true dynamical environment are required to assess trajectory designs and

orbit maintenance costs in support of actual missions as well. In this investiga-

tion, higher-fidelity models are formulated using the Jet Propulsion Laboratory (JPL)

DE405 planetary ephemerides [75] to locate the positions of any celestial bodies in-

cluded in the model during the course of the simulation and, in some cases, solar

radiation pressure. Examining the feasibility of the multi-body trajectory design and

orbit maintenance strategies in higher-fidelity models is an important component of

this investigation and in the Earth-Moon system, for example, the incorporation of

lunar eccentricity and perturbations due to solar gravity significantly improve the

fidelity of a trajectory initially generated in a lower-fidelity model.

2.2.1 N -Body Gravity Model

For a more complete analysis, differential equations are also derived that govern

the motion of a particle in a more accurate multi-body dynamical regime. This

additional model is developed to improve upon the accuracy of the RTBP through

the inclusion of higher-fidelity force terms. Fundamentally, the goal is a representation

of the behavior of the body, Pi, in an N -body ephemeris model. Recall from Section

2.1, that the set of N -body differential equations, that is, the vector equation (2.1),

is originally formulated such that the particle is located with respect to an arbitrary

inertially-fixed base point. In practice, it is much more useful to compute the motion

of a spacecraft in inertial space relative to a central body. This relative formulation is

illustrated in Figure 2.4, where the central body is denoted by q and the subscript i

represents the body of interest (typically a spacecraft). All other gravitational bodies
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in the model are labeled j. It follows that the position of the spacecraft with respect

 i iP m

 j jP m

 q qP m

Ẑ

Ŷ

X̂

 j jP m

 j jP m

qir

ijr

ijr

ijrqjr

qjr
qjr

Figure 2.4. Geometry of the Relative N -Body Problem

to the central body is labeled as the vector rqi. Ultimately, a second-order vector

differential equation of motion is sought that governs the motion of body “i” relative

to central body “q” and is of the form,

r̈qi = fg + fs (2.42)

where the vectors fg and fs represent the spacecraft acceleration due to gravity and

solar radiation pressure (SRP), respectively. Both fg and fs are expressed in terms of

dimensional quantities, but are, in practice, nondimensionalized for use in numerical

integration and differential corrections algorithms. The gravitational term, fg, is
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addressed first. From the geometry in Figure 2.4, vector equation (2.1) with respect

to an inertial base point is reformulated as a standard, well-known set of dimensional

N -body relative equations of motion, i.e.,

fg = −G̃ (mi +mq)

r3qi
rqi + G̃

N∑
j=1
j 6=i,q

mj

(
rij
r3ij
− rqj
r3qj

)
(2.43)

where the vector rqj represents the position of each perturbing body with respect

to the central body obtained directly from DE405 ephemeris data. The vector rij is

obtained from basic vector subtraction, i.e.,

rij = rqj − rqi (2.44)

and represents the position of each perturbing body relative to the body of interest,

Pi. The information available from equations (2.43) and (2.44), in combination with

the DE405 ephemerides, is sufficient to model the motion of Pi under the influence

of N gravitational point masses. Note that the fidelity of equation (2.43) is further

improved if additional force models, such as solar radiation pressure and gravity har-

monics, are incorporated; though only the former is considered in this investigation.

2.2.2 Solar Radiation Pressure

While higher-fidelity models incorporating planetary ephemerides offer a signifi-

cant increase in fidelity over the RTBP, the inclusion of solar radiation pressure can

be leveraged to further improve solution accuracy in dynamically sensitive multi-body

regimes. Recalling from equation (2.42) that the total spacecraft acceleration is eval-

uated as r̈qi = fg +fs, the acceleration due to solar radiation pressure is modeled, in

this investigation, as

fs =
kAS0r

2
0

cm

rS3
r3S3

(2.45)

where the vector rS3 represents the position of the spacecraft relative to the Sun. The

symbol S0 is the solar flux associated with the nominal Sun-Earth distance, r0 = 1

AU, and c corresponds to the speed of light. The constant k is a material property
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based on the reflectivity/absorptivity of the spacecraft, A is the cross-sectional area

of the spacecraft, and m is the spacecraft mass [66,76,77]. Of course, k, A, and m are

all spacecraft-specific parameters. The problem geometry associated with the solar

radiation pressure term is illustrated in Figure 2.5. Note that, in this formulation,

Earth
Sun

Figure 2.5. Solar Radiation Pressure Geometry

the commonly denoted “cannonball model” is employed where the spacecraft is repre-

sented as a sphere and, thus, the cross-sectional area, A, experiencing solar radiation

pressure is not dependent on vehicle orientation and remains constant.

2.3 Coordinate Transformations

Coordinate frame transformations are an important tool in multi-body trajectory

design and analysis because they enable trajectories to be viewed from various per-

spectives and are instrumental in transitioning solutions between dynamical models

of different levels of fidelity. For example, such transformations are employed to view

RTBP solutions in an inertial reference frame or to transition the lower-fidelity solu-

tion to a primary-centered inertial J2000 reference frame in preparation for higher-

fidelity orbit computation. The equations and methodologies required to implement

both of these common coordinate frame transformations are detailed.
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2.3.1 Transformation: Rotating Frame to Arbitrary Inertial Frame

To better understand a trajectory path computed in the RTBP and/or to relate it

to traditional sample two-body solutions, it is often advantageous to supplement the

rotating frame representation with a view in an inertial reference frame. Transitioning

the position and velocity information between rotating and inertial coordinate frames

is accomplished in a straightforward manner with the use of a single transformation

matrix. Recall, from the definition of the RTBP in Section 2.1, that the xy-plane

in the rotating reference frame, R, is aligned for all time with the XY -plane of the

inertial coordinate frame, I. Thus, the position of body P3 – initially expressed in

terms of rotating coordinates – can be expressed in inertial coordinates through a

simple rotation of the angle γ about the z-axis (or Z-axis), i.e.,
X

Y

Z

 =


cos γ − sin γ 0

sin γ cos γ 0

0 0 1



x

y

z

 (2.46)

where ICR is the rotation matrix that transforms a vector from rotating coordinates

to an inertial vector basis, that is,

ICR =


cos γ − sin γ 0

sin γ cos γ 0

0 0 1

 (2.47)

Though the initial relative orientation of the two frames is arbitrary, it is typically

convenient to assume that the rotating and inertial coordinate frames are initially

aligned, i.e., γ = 0 at t = 0. This initial alignment is not required, however, if

γ(0) 6= 0, then the argument of the trigonometric functions in rotation matrix, ICR,

is modified to (γ − γ0). An expression between the rotating and inertial velocities is

produced by first employing the kinematic derivative operator from equation 2.17,

Idρ

dt
=

Rdρ

dt
+ IωR × ρ (2.48)
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where IωR is the rotational rate of R with respect to I, that is, IωR = Ωẑ. Equation

(2.48) employed is used to express the inertial velocity of P3 in terms of the rotating

coordinate frame, i.e.,

Idρ

dt
= I ρ̇ = (ẋ− Ωy) x̂+ (ẏ + Ωx) ŷ + żẑ (2.49)

where the vector I ρ̇ represents the first derivative of ρ with respect to an inertial

observer expressed in rotating coordinates. Using the simple rotation in equation

(2.46), I ρ̇ is expressed in the inertial coordinate frame, I. Combining the resulting

relationship for velocity expressed in inertial coordinates with equation (2.46) relating

position vectors yields the 6× 6 transformation matrix,

X

Y

Z

Ẋ

Ẏ

Ż


=



cos γ − sin γ 0 0 0 0

sin γ cos γ 0 0 0 0

0 0 1 0 0 0

− sin γ − cos γ 0 cos γ − sin γ 0

cos γ − sin γ 0 sin γ cos γ 0

0 0 0 0 0 1





x

y

z

ẋ

ẏ

ż


(2.50)

or, more succinctly, as 

X

Y

Z

Ẋ

Ẏ

Ż


=

ICR 03x3

IĊR ICR





x

y

z

ẋ

ẏ

ż


(2.51)

This matrix is very powerful and transforms a complete six-dimensional state with

respect to an observer in frame R and expressed in terms of rotating coordinates, i.e.,

x =
[
x y z ẋ ẏ ż

]T
to an inertial state expressed in inertial coordinates, that is,

x =
[
X Y Z Ẋ Ẏ Ż

]T
in a single step. The transformation in equation (2.51)

is applicable for vectors originating at any base point in the RTBP, but, in practice,

is generally most useful if applied at a primary, the system barycenter, or one of
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the libration points. For example, if a primary-centered inertial state is desired,

the barycentered state from the RTBP is simply translated to a primary-centered

state and, then, the transformation matrix multiplication is applied. To transform

an inertial state vector to the rotating frame, R, the 6 × 6 transformation matrix

is simply inverted. The entire process for transforming a state in the RTBP to an

inertial frame is summarized as follows:

1. Translate RTBP rotating state to desired base point

2. Apply transformation matrix in equation (2.51)

To transform an entire solution from the RTBP to an inertial frame, steps 1 and 2

are simply repeated for each state along the desired trajectory.

2.3.2 Transformation: Rotating Frame to Inertial J2000 Frame

Transitioning a state from the RTBP to an inertial J2000 coordinate frame is

analogous to the procedure in Section 2.3.1; in addition, the planetary ephemeris po-

sitions are incorporated into the derivation of the transformation matrix. It is most

straightforward to implement the transformation relative to a primary body since the

P1-P2 system barycenter is not fixed relative to either body in an ephemeris model.

To initiate the transformation from the RTBP to inertial J2000 coordinates, the po-

sition and velocity states are first dimensionalized using instantaneous characteristic

quantities computed from ephemeris data, the JPL DE405 ephemerides, for example.

The primary-centered, dimensional position vector, rPC , expressed in terms of the

rotating frame, R, is then defined as,

rPC =


xPC

yPC

zPC

 (2.52)

where the subscript “PC” denotes primary-centered values. Ephemeris data is then

used to construct an instantaneous, primary-centered rotating frame defined in terms
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of unit vectors expressed relative to the inertial J2000 frame. The instantaneous

rotating axes are evaluated from the following definitions,

ˆ̃x =
R

R
(2.53)

ˆ̃z =
R× V
||R× V || (2.54)

ˆ̃y = ˆ̃z × ˆ̃x (2.55)

where R and V , the position and velocity vectors describing P2 relative to P1 as

obtained directly from the ephemerides, are expressed in inertial J2000 coordinates.

In this derivation, a tilde denotes any quantity that is defined instantaneously. These

axes are instantaneously defined in the inertial J2000 frame and, expressed as column

vectors, are used to construct an instantaneous rotation matrix,

ICR̃ =
[

ˆ̃x ˆ̃y ˆ̃z
]

=


C11 C12 C13

C21 C22 C23

C31 C32 C33

 (2.56)

where Cij represents element (i, j) of the simple rotation matrix ICR̃. This ma-

trix transforms primary-centered positions expressed in a rotating frame to primary-

centered states expressed in terms of an inertial J2000 frame, i.e.,
XPC

YPC

ZPC

 =


C11 C12 C13

C21 C22 C23

C31 C32 C33



xPC

yPC

zPC

 (2.57)

In contrast to the RTBP, the angular velocity is not constant in an ephemeris model

and must be computed at each instant of time. The instantaneous angular velocity,

˙̃θ, is derived from a two-body definition,

˙̃θ =
h̃

R2
=
||R× V ||

R2
(2.58)

It is important to note that, because the ephemeris position and velocity information

is dimensional, the instantaneous angular velocity possesses units of rad/s. The iner-
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tial velocity of body P3 expressed in primary-centered rotating frame coordinates is

evaluated from the kinematic expansion,

IdrPC
dt

=
RdrPC
dt

+ IωR̃ × rPC (2.59)

=
(
ẋPC − ˙̃θyPC

)
ˆ̃x+

(
ẏPC + ˙̃θxPC

)
ˆ̃y + żPC ˆ̃z (2.60)

where the angular velocity of the instantaneous rotating frame, R̃, with respect to

the inertial J2000 frame, is represented by IωR̃ = ˙̃θ ˆ̃z. The inertial velocity of P3

expressed in J2000 coordinates, i.e.,
[
Ẋ Ẏ Ż

]T
, is produced by transforming the

velocity from equation (2.60) to J2000 coordinates via the transformation in equation

(2.56), that is,


ẊPC

ẎPC

ŻPC

 =


˙̃θC12 − ˙̃θC11 0 C11 C12 C13

˙̃θC22 − ˙̃θC21 0 C21 C22 C23

˙̃θC32 − ˙̃θC31 0 C31 C32 C33





xPC

yPC

zPC

ẋPC

ẏPC

żPC


(2.61)

Combining the transformation matrices in equations (2.56) and (2.61) results in a

6 × 6 transformation matrix that is analogous to equation (2.51) and transforms a

six-dimensional state from rotating to inertial J2000 coordinates in a single step, i.e.,

XPC

YPC

ZPC

ẊPC

ẎPC

ŻPC


=



C11 C12 C13 0 0 0

C21 C22 C23 0 0 0

C31 C32 C33 0 0 0

˙̃θC12 − ˙̃θC11 0 C11 C12 C13

˙̃θC22 − ˙̃θC21 0 C21 C22 C23

˙̃θC32 − ˙̃θC31 0 C31 C32 C33





xPC

yPC

zPC

ẋPC

ẏPC

żPC


(2.62)

Again, since the elements in the lower left sub-matrix are dimensional, it is neces-

sary that all states be dimensionalized before the application of the transformation
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relationship. Additionally, an inertial state expressed in terms of inertial J2000 coor-

dinates is transformed to a rotating state, expressed in rotating coordinates, through

the inverse of the transformation matrix in equation (2.62).

It is often preferable from a numerical perspective to integrate the N -body rela-

tive equations of motion using nondimensional quantities. Thus, the last step is to

nondimensionalize the inertial J2000 state vector obtained from the transformation

using the characteristic length and time values associated with the RTBP defined in

Section 2.1. The entire transformation procedure is summarized as follows:

1. Translate the rotating state from the RTBP to a primary-centered rotating state

2. Dimensionalize the primary-centered rotating state using the instantaneously

defined characteristic quantities

3. Apply the transformation matrix in equation (2.62)

4. Nondimensionalize the inertial J2000 state using the standard characteristic

quantities for the RTBP

Steps 1–4 are applied to each point along a numerically integrated trajectory in the

RTBP to transform an entire solution to an inertial J2000 reference frame. This

transformation procedure represents an important first step in transitioning solutions

from the RTBP to higher-fidelity dynamical models.

The nature of multi-body dynamical systems are such that numerical solutions

form the core of this analysis with a heavy emphasis on the numerical processes,

themselves. Consequently, the equations of motion associated with the restricted

three-body and higher-fidelity ephemeris models are at the foundation of this research

effort. The implementation of differential corrections schemes as well as the related

orbit computation strategies require equations of motion that describe the dynamical

environment of interest and, in many cases, appropriate coordinate transformations,

to be successful.
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3. NUMERICAL METHODS

Closed-form analytical solutions do not exist for differential equations governing the

motion of a particle under the gravitational influence of more than two bodies simul-

taneously. Consequently, numerical methods are required to propagate trajectories

in either the restricted three-body or higher-fidelity models and to manipulate, or

correct, a trajectory to meet a desired set of constraints. Numerical differential cor-

rections schemes are an essential tool for designing trajectories in multi-body regimes

and, in this investigation, a multi-variable Newton method is applied as part of an

explicit shooting scheme to solve boundary value problems. This shooting technique

is leveraged to compute periodic orbits in the RTBP and gradient information is then

available to compute any associated invariant manifolds.

3.1 Multi-Variable Newton Method

Generally, trajectory design in multi-body dynamical regimes ultimately requires

obtaining the solution to a two-point boundary value problem (TPBVP). There are

many ways to approach this differential corrections problem, but a multi-variable

Newton method is employed throughout this analysis in the implementation of a

shooting algorithm due to its simplicity and extensibility [34,35]. The formulation is

sufficiently general and readily applicable to a wide variety of problems in both the

RTBP and ephemeris models.

There are many ways to implement a multi-variable shooting scheme, but the

following is a straightforward extension of the simple root-finding procedure using

Newton’s method. Thus, fundamentally, the multi-variable Newton strategy is simply
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a multi-dimensional analogue to the single-parameter Newton method that seeks to

determine some root, x∗, of a scalar function, f (x), i.e.,

f (x∗) = 0 (3.1)

In this multi-variable Newton formulation, the free variable vector X, is comprised

of n design variables,

X =


X1

...

Xn

 (3.2)

Within the context of the multi-body trajectory design problem, X typically includes

a number of state vectors, integration times, epochs, and other quantities such as

slack variables. These free variables are subject to m scalar constraint equations,

F (X) = 0, that is,

F (X) =


F1 (X)

...

Fm (X)

 = 0 (3.3)

Typical constraints in the multi-body design problem include position, velocity, alti-

tude, and a variety of angles and rates. Extending the one-dimensional analogy, the

goal of the multi-variable Newton method is the determination of a set of variables,

X∗, that satisfy the vector constraint function, i.e., F (X∗) = 0, within some ac-

ceptable numerical tolerance. To derive an approach to solve for X∗, the constraint

function is first expanded about an initial guess for the free variable vector, X0, in a

first-order Taylor series, i.e.,

F (X) ≈ F
(
X0
)

+DF
(
X0
) (
X −X0

)
+ . . . (3.4)

This approximation is, of course, an infinite sum that is typically truncated. Limiting

the expansion in equation 3.4 to only first order, the term DF (X0) is an m × n

Jacobian matrix that represents the partial derivatives of the constraints with respect
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to the free variables and is evaluated atX0. The Jacobian is expressed more explicitly

in vector form as

DF
(
X0
)

=
∂F (X0)

∂X0
=


∂F1

∂X1
. . . ∂F1

∂Xn

...
. . .

...

∂Fm

∂X1
. . . ∂Fm

∂Xn

 (3.5)

Substituting the satisfied constraint condition from equation (3.3), F (X) = 0, equa-

tion (3.4) reduces to the general expression,

F
(
Xj
)

+DF
(
Xj
) (
Xj+1 −Xj

)
= 0 (3.6)

where Xj and Xj+1 represent the current and next iterations of the free variable

vector, respectively. Since they depend only on current information, Xj, F (Xj),

and DF (Xj) are all known quantities. Always using the values of the quantities at

the current step, equation (3.6) is numerically solved iteratively until a free variable

vector, Xj+1, emerges that satisfies the specified vector constraint equation, i.e.,

F
(
Xj+1

)
= F (X∗) = 0 (3.7)

to some acceptable tolerance level. Consistent with numerical methods to solve a set

of algebraic equations, the manner in which equation (3.6) is solved is dependent on

the size of the problem. If the number of free variables is equal to the number of

constraints, that is, n = m, then the Jacobian, DF (Xj) is square and invertible and

the vector Xj+1 is uniquely determined by the traditional first-order Newton update

equation,

Xj+1 = Xj −DF
(
Xj
)−1

F
(
Xj
)

(3.8)

Given a reasonable initial guess, the error, ||F (X)||, should generally be reduced in

each iteration, i.e., ∣∣∣∣F (Xj+1
)∣∣∣∣ < ∣∣∣∣F (Xj

)∣∣∣∣ (3.9)

and the Newton method is expected to converge quadratically once the solution is in

the basin of attraction [78]. While the stated goal is to drive the vector constraint
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equation to zero, in practice, the procedure is numerical in nature and the problem is

simply iterated until ||F (Xj+1)|| is reduced below a specified convergence tolerance,

ε, i.e., ∣∣∣∣F (Xj+1
)∣∣∣∣ < ε (3.10)

In this investigation, the L2 norm is utilized in the convergence check, that is,

∣∣∣∣F (Xj+1
)∣∣∣∣ =

√
F1 (Xj+1)2 + . . .+ Fm (Xj+1)2 (3.11)

but the infinity norm is a valid option as well. Frequently, multi-body trajectory

design problems involve a greater number of free variables than constraints, that is,

n > m. In this case, there are, generally, infinitely many solutions, X∗, that satisfy

equation (3.6) and the selection of a single solution requires the specification of some

additional selection criteria. A very useful choice used extensively in this analysis is

a minimum norm solution, that is,

Xj+1 = Xj −DF
(
Xj
)T [

DF
(
Xj
)
DF

(
Xj
)T]−1

F
(
Xj
)

(3.12)

The minimum norm minimizes the difference between successive iterations, Xj+1 and

Xj, by orthogonally projecting the current iteration into the solution space. This

approach is particularly useful in the context of trajectory design problems because

it serves to compute a converged solution, X∗, that is near the initial guess, X0,

and, thus, is likely to retain many of the initial characteristics. However, since the

minimum norm update is only one possible option, such a solution is not necessarily

“optimal” and other satisfactory options may exist.

3.2 The Shooting Method

Throughout this investigation, the generalized multi-variable Newton method is

employed to solve the shooting problem as a means of computing orbits in multi-body

dynamical regimes subject to a set of user-defined constraints. Fundamentally, in this

approach, a trajectory is propagated for a specified length of time and, based on a set
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of defined constraints, an error is computed. The error is then utilized in conjunction

with dynamical gradient information to iteratively adjust the trajectory, i.e., one or

more states along the path, until it satisfies all constraints. The differential equations

of motion are solved using explicit integration techniques to propagate trajectories in

the RTBP and higher-fidelity models. The state transition matrix supplies significant

gradient information that is necessary for differential corrections in the context of

single and/or multiple shooting problems.

3.2.1 Explicit Integration

The equations of motion for both the restricted three-body as well as higher-

fidelity ephemeris models cannot be solved in closed form and trajectories must be

generated via numerical propagation. In this analysis, explicit integration schemes are

leveraged to solve the initial value problem and compute trajectories in the dynamical

model of interest. Explicit integration is also used within the context of the shooting

method to solve two-point boundary value problems. To compute trajectories in either

the RTBP or ephemeris models, the second-order equations of motion are rewritten

as a series of first-order differential equations in the form,

ẋ = f (t,x,λ) (3.13)

where x is a six-dimensional state vector containing both position and velocity infor-

mation, i.e.,

x =
[
rx ry rz vx vy vz

]T
(3.14)

The state vector is represented, in the RTBP, as

x =
[
x y z ẋ ẏ ż

]T
(3.15)

and, similarly, is defined by

x =
[
X Y Z Ẋ Ẏ Ż

]T
(3.16)
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in ephemeris models. Recall that the restricted three-body states are barycentered

and expressed in a rotating coordinate frame, while the ephemeris state vector is

primary-centered in an inertial J2000 frame. The vector λ contains additional pa-

rameters upon which the dynamical models depend (e.g., µ in the RTBP or epoch

time in the ephemeris model). An explicit integration of the first-order equations of

motion appropriate to any model requires that both an initial condition and time in-

terval of integration be specified. For example, consider an initial state x0 = x (x0, t0)

propagated from time t0 to t = t0 + T to yield a final, numerically integrated state

x (x0, t) as illustrated in Figure 3.1. Note that x (x0, t) is often expressed in shortened

notation in this investigation as xt. Many explicit integration schemes exist [78], but,

T

integrated trajectory 0
x x ,t( )

0 0
,x x t( )

Figure 3.1. Example of a Explicitly Integrated Trajectory Arc

throughout this analysis, the differential equations of motion in both the RTBP and

the ephemeris model are solved using MATLAB’s ode113 and the publicly available

DDEABM [79] written in Fortran 77 which are both variable-time Adams-Bashforth-

Moulton integration schemes.

3.2.2 The State Transition Matrix

Within the context of the shooting method, the orbit propagation proceeds using

explicit integration techniques and gradient information relating changes in the final

integrated state, x (x0, t), to changes in the initial state, x0, i.e., ∂x
∂x0

, is constructed

via the State Transition Matrix (STM). Not surprisingly, since the trajectory is com-
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puted numerically, this derivative information must be determined numerically as

well. The derivation of the STM begins with the first-order variational equations,

δẋ = A (t) δx (3.17)

where A(t) = ∂f
∂x

. To produce equation (3.17), the nonlinear equations of motion are

expanded about a reference solution and the nonlinear terms are truncated [80]. The

matrix A(t) is the Jacobian matrix and relates changes in the vector field, f (t,x,λ),

to changes in the states, x, that is, ∂f
∂x

. As a solution to the first-order variational

equations in equation (3.17), the matrix derivative ∂x
∂x0

predicts, in a linear sense, the

impact of variations in the initial state on variations in the state at time t, i.e.,

δx (t) =

(
∂x

∂x0

)
δx (t0) (3.18)

To determine ∂x
∂x0

, one approach is to develop a first-order differential equation gov-

erning its behavior that is written

d

dt

(
∂x

∂x0

)
=

d

dx0

(
dx

dt

)
(3.19)

since x0 and t are independent. Rewriting the time derivative of x (x0, t) and substi-

tuting equation (3.13) yields equations,

d

dt

(
∂x

∂x0

)
=

d

dx0

ẋ (3.20)

=
d

dx0

f (t,x,λ) (3.21)

=
∂f

∂x

dx

dx0

(3.22)

Substituting the definition of the matrix, A (t), from the variational equations in

equation (3.17), equation (3.22) is rewritten,

d

dt

(
∂x

∂x0

)
= A (t)

∂x

∂x0

(3.23)

Recall that the matrix derivative, ∂x
∂x0

, is labeled the state transition matrix, Φ (t, t0),

– interpreted as “the State Transition Matrix from time t0 to time t” – and is critically
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important to the iterative multi-body correction processes within the context of the

shooting method. The first-order differential equation governing the STM in equation

(3.23) is more commonly expressed as

Φ̇ (t, t0) = A (t) Φ (t, t0) (3.24)

where the elements of Φ (t, t0) represent the partial derivatives that are integrated

simultaneously with the equations of motion to produce the STM at any time along

the integrated trajectory. For the six-dimensional state vectors in the RTBP and

ephemeris models, the STM is a 6× 6 matrix and the partial derivatives it contains

are explicitly written,

Φ (t, t0) =



∂x
∂x0

∂x
∂y0

∂x
∂z0

∂x
∂ẋ0

∂x
∂ẏ0

∂x
∂ż0

∂y
∂x0

∂y
∂y0

∂y
∂z0

∂y
∂ẋ0

∂y
∂ẏ0

∂y
∂ż0

∂z
∂x0

∂z
∂y0

∂z
∂z0

∂z
∂ẋ0

∂z
∂ẏ0

∂z
∂ż0

∂ẋ
∂x0

∂ẋ
∂y0

∂ẋ
∂z0

∂ẋ
∂ẋ0

∂ẋ
∂ẏ0

∂ẋ
∂ż0

∂ẏ
∂x0

∂ẏ
∂y0

∂ẏ
∂z0

∂ẏ
∂ẋ0

∂ẏ
∂ẏ0

∂ẏ
∂ż0

∂ż
∂x0

∂ż
∂y0

∂ż
∂z0

∂ż
∂ẋ0

∂ż
∂ẏ0

∂ż
∂ż0


(3.25)

A component of the state vector can only affect itself in zero integration time, i.e.,

for t = t0,

δx (t0) =

(
∂x0

∂x0

)
δx (t0) (3.26)

Thus, the STM is subject to the initial conditions,

Φ (t0, t0) = I6×6 (3.27)

where I6×6 is a 6 × 6 identity matrix. In this investigation, the state transition

matrix is determined in both the restricted three-body or higher-fidelity models by

first analytically expressing the matrix derivative A (t) and then integrating equation

(3.24) subject to the initial conditions in equation (3.27).
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3.2.3 Additional Final State Derivative Relationships

The state transition matrix supplies derivative information relating changes in the

final integrated state to changes in the initial state; this assessment of the sensitivity

is critical for the successful implementation of shooting methods used to compute

trajectories in dynamically sensitive multi-body regimes. However, depending upon

the application, derivatives of the final state with respect to additional parameters

such as the mass parameter, µ, in the RTBP or epoch, τi, in the ephemeris model

may also be required. A general method for constructing the final state derivative

relationships is summarized and then applied to compute the final integrated state

derivatives with respect to epoch time in an ephemeris model.

3.2.3.1 Obtaining General Derivative Information

The evolution of any trajectory is clearly dependent upon the initial conditions for

the states, but may also be heavily influenced by various other parameters. Thus, the

sensitivity of a final state vector to the these parameters is also important within the

context of a differential corrections scheme [81]. Recalling equation (3.13) in Section

3.2.1, the second-order differential equations in either the RTBP or ephemeris models

can be rewritten as a series of first-order differential equations in the form,

ẋ = f (t,x,λ) (3.28)

where x is the state vector and λ represents a vector of additional model-specific

parameters. Note that λ can include one or multiple parameters, any of which can be

incorporated as a free variable in a differential corrections process. Consider first the

general problem of obtaining the derivative information relating an integrated state,

x, to the parameter(s), λ, i.e., dx
dλ

. A first-order differential equation governing dx
dλ

is

written,
d

dt

(
dx

dλ

)
=

d

dλ

(
dx

dt

)
(3.29)
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since λ and t are independent. Rewriting the time derivative of x, substituting

equation (3.28), and employing the chain rule yields

d

dt

(
dx

dλ

)
=

d

dλ
ẋ (3.30)

=
d

dλ
f (t,x,λ) (3.31)

=
∂f

∂x

dx

dλ
+
∂f

∂λ
(3.32)

The term ∂f
∂x

in equation (3.32) relates changes in the vector field, f (t,x,λ), due to

changes in the states, x, and is defined as the matrix, A (t). Assuming a state vector

is of length 6 and a parameter vector, λ, of length η, then the appropriate 6 × η

equations are represented as,

d

dt

(
dx

dλ

)
= A (t)

dx

dλ
+
∂f

∂λ
(3.33)

Equation (3.33) governs the sensitivity matrix, dx
dλ

, and are subject to the initial

conditions,
dx

dλ
(0) = 06×η (3.34)

since changes in the parameters cannot cause changes in the states in zero integration

time. By integrating equation (3.33) and the equations of motion simultaneously, the

derivative dx
dλ

is easily evaluated at any point along the integrated path.

3.2.3.2 Final State Derivatives with Respect to Epoch Time

The general procedure to develop derivatives of a state relative to an arbitrary

parameter is applied to obtain the derivative of a final integrated state with respect to

the epoch time along a particular trajectory segment, i.e., ∂x
∂τi

in an ephemeris model.

Let τi represent an arbitrary epoch time. For purposes of this example, the effects

of solar radiation pressure are excluded from the ephemeris model. This derivative is

trivial in the RTBP and is always equal to zero given the time-invariant formulation.
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In contrast, applying the more general approach, the vector field for the N -body

ephemeris model is written,

ẋ = f

(
t,x,

N−1∑
i=2

R1i (τi)

)
(3.35)

where R1i is defined as the position vector of a perturbing body relative to the central

body, denoted as body 1. This vector information is available directly from planetary

ephemeris data and is clearly dependent on the epoch time, τi, that establishes the

relative position of the celestial bodies with respect to one another. A first-order

differential equation governing dx
dτi

is expressed,

d

dt

(
dx

dτi

)
=

d

dτi

(
dx

dt

)
(3.36)

since τi and t are independent. Rewriting the time derivative of x, substituting

equation (3.35), and employing the chain rule yields the following three equations,

respectively,

d

dt

(
dx

dτi

)
=

d

dτi
ẋ (3.37)

=
d

dτi
f

(
t,x,

N−1∑
i=2

R1i (τi)

)
(3.38)

=
∂f

∂x

dx

dτi
+

N−1∑
i=2

∂f

∂R1i

∂R1i

∂τi
(3.39)

In equation (3.39), the term ∂R1i

∂τi
is rewritten,

∂R1i

∂τi
=
∂R1i

∂t
= V1i (3.40)

where V1i is simply the velocity of perturbing body i relative to the central body and

is available from planetary ephemeris data. The term ∂f
∂R1i

is determined directly from

the equations of motion via analytical or finite differencing methods. Substituting

the definition of the matrix, A (t), and the result from equation (3.40) into equation

(3.39), yields the differential equation,

d

dt

(
dx

dτi

)
= A (t)

dx

dτi
+

N−1∑
i=2

∂f

∂R1i

V1i (3.41)
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In this formulation, d
dt

(
dx
dτi

)
is a 1× 6 vector that is subject to the initial condition,

dx

dτi
(0) = 01×6 (3.42)

Integrating equation (3.41), simultaneously with the equations of motion, allows the

vector partials, dx
dτi

, to be evaluated at any point along the integrated trajectory.

3.2.4 Single Shooting

The simplest application of the shooting method is termed “single shooting” be-

cause it utilizes a single integrated trajectory segment to solve the two-point bound-

ary value problem. The specific formulation of a single shooting algorithm is entirely

problem-dependent, but a straightforward example is summarized to demonstrate the

method. Suppose a spacecraft is initially located at point in space associated with the

six-dimensional state vector, x0, and, given its initial velocity, arrives at point xt at

time t = t0 + T . For any number of reasons, it may be necessary to alter the velocity

at x0, i.e., perform a ∆V maneuver, such that the spacecraft arrives at an alternate

location to be denoted as the desired point, rd. The first step in any multi-body

trajectory design problem in this investigation is the definition of the free variables,

X, that can be modified or adjusted. In this example, the spacecraft initial position

is fixed and only the velocity and time-of-flight, T , are allowed to vary, thus,

X =


ẋ0

ẏ0

ż0

T

 (3.43)
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The constraint vector, F (X), is constructed to require that the final integrated

spacecraft position be equal to the desired final position, rd. Mathematically, these

constraints are expressed as

F (X) =


xt − xd
yt − yd
zt − zd

 = 0 (3.44)

The 3 × 4 Jacobian matrix, DF (X) represents the partial derivatives of the con-

straints with respect to the free variables,

DF (X) =
∂F (X)

∂X
=


∂xt

∂ẋ0
∂xt

∂ẏ0
∂xt

∂ż0
∂xt

∂T

∂yt

∂ẋ0

∂yt

∂ẏ0

∂yt

∂ż0

∂yt

∂T

∂zt

∂ẋ0
∂zt

∂ẏ0
∂zt

∂ż0
∂zt

∂T

 =


Φ14 Φ15 Φ16 ẋt

Φ24 Φ25 Φ26 ẏt

Φ34 Φ35 Φ36 żt

 (3.45)

and consists of a 3× 3 submatrix of STM elements and a 3× 1 vector of derivatives

with respect to integration time that are computed directly from the equations of

motion at the final time. Since, there are more free variables than constraints, the

problem is iterated using a minimum-norm update until the norm of the constraint

vector is below a given tolerance, implying that the final position is equal to the

desired final position to some desired numerical precision. Assuming a fixed initial

position, an example of an initial trajectory and the resulting converged trajectory

is depicted in Figure 3.2. Note that this sample formulation is classified as variable-

time single shooting since the time-of-flight is allowed to vary. However, a fixed-time

algorithm can be developed simply by excluding the integration time, T , from the

free variable vector.
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rd
T

x0

T

initial guess 

converged trajectory 

x t

xt

Figure 3.2. Single Shooting Example

3.2.5 Multiple Shooting

Multiple shooting algorithms are a straightforward extension of single shooting

methods but can be significantly more powerful and are employed to compute multi-

body trajectories throughout this analysis [33–35]. Still formulated within the frame-

work of a multi-variable Newton method, multiple shooting problems are essentially

a series of single shooting problems linked together. The general framework for a

multiple shooting scheme appears in Figure 3.3. The trajectory is discretized into n

“patch points” that are associated with n − 1 arcs. The vector, xi, represents the

six-dimensional state at each patch point (where each trajectory arc originates) and

the integration time along each segment is denoted as Ti. The epoch at each patch

point, necessary for application in a time-dependent ephemeris model, are labeled τi.

Of course, the patch point epochs are not necessary in the time-invariant RTBP. To

demonstrate the implementation of the multiple shooting algorithm, a simple example

is constructed such that, starting with a discontinuous initial guess as illustrated in

Figure 3.3(a), the goal is a continuous trajectory in a higher-fidelity, time-dependent

ephemeris model. The free variable vector possesses length 8n − 1 for a trajectory

with n patch points and is constructed by stacking the state vector at each patch
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Figure 3.3. Multiple Shooting Schematic

point, xi, along with the integration time along each trajectory segment, Ti, and the

epoch associated with each patch point, τi, i.e.,

X =



x1

...

xn

T1
...

Tn−1

τ1
...

τn



(3.46)

In this example, the only requirement on the trajectory is continuity in position,

velocity, and time – since the ephemeris model is time-dependent – at each patch
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point. These requirements are combined into a single constraint vector, F (X) = 0,

of length 7n− 7 expressed as

F (X) =



xt2 − x2

...

xtn − xn
τ2 − (τ1 + T1)

...

τn − (τn−1 + Tn−1)


= 0 (3.47)

The Jacobian matrix relating partials of the constraint equations to partials of the

free variables is constructed as follows,

DF (X) =

∂xt
2

∂x1
−∂x2

∂x2

∂xt
2

∂T1
−∂xt

2

∂τ1
. . . . . . . . . . . .

∂xt
n

∂xn−1
−∂xn

∂xn

∂xt
n

∂Tn−1
− ∂xt

n

∂τn−1

−∂T1
∂T1

−∂τ1
∂τ1

∂τ2
∂τ2

. . . . . . . . .

−∂Tn−1

∂Tn−1
−∂τn−1

∂τn−1

∂τn
∂τn


(3.48)

or, more conveniently,

DF (X) =



Φ1 −I6×6 ẋt2 −∂xt
2

∂τ1
. . . . . . . . . . . .

Φ2 −I6×6 ẋtn − ∂xt
n

∂τn−1

−1 −1 1
. . . . . . . . .

−1 −1 1


(3.49)

where Φi is a shortened representation of the state transition matrix associated with

the ith trajectory segment, i.e., Φi = Φ (ti+1, ti). The Jacobian is a rectangular matrix

of size (7n− 7)× (8n− 1), thus, a minimum-norm update procedure is employed to
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iteratively update the vector X until a converged solution, X∗, like the one depicted

in Figure 3.3(b), emerges. Although the process is iterative, convergence is generally

quick. It is important to note that this multiple shooting example, while illustrative,

is only general and additional constraints on position, velocity, altitude, flight path

angle, etcetera can easily be appended to the end of the constraint vector F (X).

Furthermore, patch point epochs, τi, are omitted when differentially correcting in the

time-invariant RTBP and a fixed-time multiple shooting algorithm is constructed by

simply removing the integration times, Ti from the free variable vector.

3.2.6 Inequality Constraints

While the development of the shooting techniques has focused on equality con-

straints thus far, inequality constraints are an equally important tool in multi-body

trajectory design problems and are used enforce requirements such as maximum alti-

tude, time-of-flight, or ∆V cost. Generally, inequality constraints are represented in

the form,

Fi,min ≤ Fi (X) ≤ Fi,max (3.50)

where Fi (X) represents a single element of the constraint vector, F (X), and Fi,min

and Fi,max denote the user-specified minimum and maximum allowable values of the

quantity Fi (X). To include an inequality constraint within the existing framework of

the multi-variable Newton method, it must be reformulated as an equality constraint.

Consider first the enforcement of an upper bound on a constraint via the inequality

relationship,

Fi (X) ≤ Fi,max (3.51)

that can be rewritten as

Fi (X)− Fi,max ≤ 0 (3.52)

Equation (3.52) is converted to an equality constraint through the addition of a slack

variable, βi, i.e.,

Fi (X)− Fi,max + β2
i = 0 (3.53)
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Since the term β2
i ≥ 0, equation (3.53) is only equal to zero if Fi (X) ≤ Fi,max and,

thus, the desired inequality relationship in equation (3.51) is satisfied. Similarly, a

lower bound constraint, such as

Fi (X) ≥ Fi,min (3.54)

is enforced through the equality constraint,

Fi (X)− Fi,min − β2
i = 0 (3.55)

Inequality constraints are incorporated into single or multiple shooting algorithms

by simply appending any slack variables, βi, to the free variable vector. Then, the

inequality constraint equations, e.g., equations (3.53) and (3.55) are included in the

existing vector of constraints. The elements of the Jacobian matrix, DF (X), are

constructed in the usual way; the only exception is the derivative of equation (3.53)

or (3.55) with respect to the slack variable that is simply equal to ±2βi. The sign

of the derivative reflects the fact that a minimum or maximum constraint is being

enforced.

3.3 Computing Periodic Orbits in the RTBP

Periodic orbits are versatile solutions in multi-body trajectory design applications,

in terms of both the restricted three-body as well as higher-fidelity ephemeris models.

Such repeating solutions are generally straightforward to compute using single and

multiple shooting algorithms. To introduce this process, simply symmetric planar

and three-dimensional periodic orbits in the vicinity of the collinear libration points

are first targeted with single shooting algorithms. A multiple shooting strategy that

explicitly targets periodicity is then leveraged to compute asymmetric periodic orbits

in the vicinity of the L4 libration point. Single parameter and pseudo-arclength orbit

continuation schemes are also introduced to compute families of periodic orbits in the

RTBP.
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3.3.1 Computing Symmetric Periodic Orbits

Perhaps the simplest periodic trajectories to compute in the restricted three-body

problem are simply symmetric planar and three-dimensional orbits. These trajecto-

ries exploit the inherent symmetry that exists across the xz-plane in the RTBP and

can often be computed using only single shooting techniques – although symmetric

periodic orbits can certainly be computed using more complex multiple shooting ap-

proaches as well. Given the problem symmetry, it is only necessary to compute half of

the periodic orbit and then simply reflect the trajectory across the xz-plane to obtain

the full periodic solution. Fundamentally, symmetric periodic orbits are computed

in the RTBP by constraining both the departure from and subsequent arrival at the

xz-plane to be perpendicular. This general concept is demonstrated for both two-

and three-dimensional periodic orbits.

3.3.1.1 Computing Planar Symmetric Periodic Orbits

Given any numerical corrections algorithm, computing planar symmetric periodic

orbits in the RTBP requires a “reasonable” initial guess. This initial guess could

originate from a previously known three-body solution, a linear approximation relative

to one of the libration points [74], or a result from less intuitive numerical schemes

such as grid searches or bisection procedures. To initiate the process, consider some

planar trajectory in the RTBP such that an initial state, x0, is located on the xz-plane

and in the vicinity of a collinear libration point. Since the trajectory is planar and

a perpendicular departure from the xz-plane is required, the desired initial condition

will ultimately be of the form,

x0 =
[
x0 0 0 0 ẏ0 0

]T
(3.56)

The specific goal in this multi-body trajectory design problem, as illustrated in Figure

3.4, is the numerical determination of x0, ẏ0, as well as the integration time, T , that

will result in perpendicular crossing at the next crossing of the xz-plane. While the



49

Final
Orbit

Initial
Guess

L1 x̂

ŷ

Figure 3.4. Strategy for Planar Symmetric Periodic Orbits

differential corrections strategy is depicted for a trajectory in the vicinity of L1, the

procedure is general and applicable to planar periodic orbits near any of the collinear

libration points or primary bodies. To compute a planar symmetric periodic orbit

using a single shooting approach in this example, the free variable vector is defined

as

X =


x0

ẏ0

T

 (3.57)

and the perpendicular arrival conditions at the next xz-plane crossing comprise the

elements in the constraint vector, i.e.,

F (X) =

yt
ẋt

 = 0 (3.58)

The Jacobian matrix is constructed as

DF (X) =

Φ21 Φ25 ẏt

Φ41 Φ45 ẍt

 (3.59)

and contains elements of the state transition matrix, Φij, and time derivatives, ẏt

and ẍt, evaluated at the final time. The free variables are updated iteratively and



50

the eventual converged solution is reflected across the xz-plane to produce the full

periodic orbit. The differential corrections scheme is general and, for purposes of

illustration, is applied to compute the small-amplitude planar Earth-Moon L1 and L2

Lyapunov orbits that appear in Moon-centered rotating view in Figure 3.5.
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Figure 3.5. Small-Amplitude Earth-Moon L1 and L2 Lyapunov Orbits

3.3.1.2 Computing Three-Dimensional Symmetric Periodic Orbits

With only slight modifications, the single shooting algorithm represented by the

vectors and matrices in equations (3.57)-(3.59) are adapted to compute three-dimensional

symmetric periodic orbits in the RTBP as well. In three dimensions, a perpendic-
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ular xz-plane crossing also implies that the velocity component ż is equal to zero.

Modifying the free variables accordingly yields the vector,

X =


x0

ẏ0

ż0

T

 (3.60)

and the three-dimensional orthogonality constraints are expressed in vector form as

F (X) =


yt

ẋt

żt

 = 0 (3.61)

The derivative of the constraint vector in equation (3.61) with respect to the free

variable vector in equation (3.60) results in the 3× 4 Jacobian matrix,

DF (X) =


Φ21 Φ25 Φ26 ẏt

Φ41 Φ45 Φ46 ẍt

Φ61 Φ65 Φ66 z̈t

 (3.62)

From an initial guess near the well-known bifurcating orbit in the family of planar

Lyapunov orbits [82,83], small amplitude Earth-Moon L1 and L2 halo orbits are com-

puted using the approach for targeting symmetric three-dimensional periodic orbits;

the resulting orbits appear in Figure 3.6. In these scenarios, differential corrections

schemes are only applied to simply symmetric planar and three-dimensional periodic

orbits. However, these approaches are equally applicable to trajectories that experi-

ence multiple xz-plane crossings before realizing a second perpendicular crossing, for

example, doubly- or triply-periodic orbits [84, 85] and a variety of resonant orbits in

the RTBP [49,86].

3.3.2 Computing Asymmetric Periodic Orbits

In addition to the symmetric periodic orbits, many asymmetric orbits also exist

in the RTBP [87, 88] with relevant mission design applications – particularly in the
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Figure 3.6. Small-Amplitude Earth-Moon L1 and L2 Halo Orbits

vicinity of the L4 and L5 equilateral libration points [82, 89, 90]. Since a plane of

symmetry does not exist for the these trajectories, periodicity is enforced via explicit

constraints within the context of a multiple shooting differential corrections scheme.

Again, assume an initial guess is available. The initial guess is discretized into n

patch points separating n− 1 trajectory arcs of equal time duration, T . Stacking the
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patch points states, xi, with the integration time, T , yields the free variable vector

of length 6n+ 1,

X =


x1

...

xn

T

 (3.63)

Consistent with the construction of the general multiple shooting scheme, continuity

in position and velocity is enforced between the end of each integrated trajectory

arc and the next patch point that is defined as the first state along the next arc.

To deliver a periodic orbit, additional periodicity constraints are included to enforce

continuity in position and velocity between the final patch point at the end of the

path and the initial patch point. To achieve periodicity, the full 6-D state vectors at

the beginning and end of the trajectory must match, i.e., xn − x1 = 0. In practice,

however, it is only necessary to enforce five scalar periodicity constraints since the

Jacobi integral is constant along a continuous trajectory and supplies a sixth implicit

constraint. In this example, the ẏ components at the beginning and end of the orbit

are not explicitly constrained to be equal. To improve convergence, a final constraint

is added to fix a component of the initial patch point such as the x- or y-position.

This final constraint effectively fixes the relative phasing of the points around the
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periodic orbit, resulting in a solution that is numerically unique. These constraints

are expressed mathematically as a 6n× 1 vector,

F (X) =



xt2 − x2

...

xtn − xn
xn − x1
yn − y1
zn − z1
ẋn − ẋ1
żn − ż1
y1 − y1,d



= 0 (3.64)

where y1,d represents a desired initial y-component associated with the first patch

point. To demonstrate this multiple shooting algorithm, a small amplitude L4 short

period orbit is computed using five patch points and four trajectory segments. The

y-component of the first patch point is constrained to be equal to the y-coordinate

of the L4 libration point, that is, y1,d = yL4 . The converged orbit appears in Figure

3.7. The patch point locations are denoted in red. Although this multiple shooting
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Figure 3.7. Earth-Moon L4 Short Period Orbit
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strategy is demonstrated within the context of computing asymmetric periodic orbits,

the same algorithm could be applied to compute symmetric periodic orbits as well.

3.3.3 Continuation Schemes

While single and multiple shooting algorithms are useful for computing individual

trajectories to meet some set of specifications, the converged trajectory that emerges

is still only a point solution. It is generally beneficial to determine a range, or family,

of related solutions whenever possible. Families of orbits offer insight into the general

dynamical characteristics of a particular trajectory or arc as well as a glimpse into the

dynamical framework in some region of space. Such families also offer various options

in trajectory design scenarios. A variety of approaches are available to compute these

families, but perhaps the simplest is a single or multiple shooting algorithm that

is part of a single-parameter continuation scheme. Pseudo-arclength continuation

schemes are more complex, but are also more robust and require less user intuition

than traditional single parameter schemes.

3.3.3.1 Single-Parameter Continuation

Single-parameter continuation schemes are very straightforward. First, any nu-

merical differential corrections technique is applied to some initial guess and con-

verges to a solution, this is, an orbit or trajectory arc. Then, a selected parameter

associated with the converged solution is varied. Using the successful orbit with the

perturbed parameter as a new guess, the differential corrections algorithm is again

applied to produce a second converged solution. This process is repeated to construct

an entire family of topologically related trajectories. Parameters commonly used in

these schemes include energy, time-of-flight, or physical parameters such Cartesian

coordinates that specify the initial position, i.e., x, y, or z position along a path.

To compute a family, the algorithm steps through increasing or decreasing values of
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the parameter. Single-parameter continuation schemes are general and are readily

applicable to periodic or non-periodic orbits or trajectory arcs.

3.3.3.2 Pseudo-Arclength Continuation

A special type of single-parameter continuation is the well-known pseudo-arclength

continuation method [83, 91]. In typical single-parameter continuation schemes, the

parameter selected to generate the family is generally simple and possesses some

physical significance. Traditionally, then, a step represents a shift in a spatial direc-

tion or a gain/loss in some dynamical quantity such as orbital period or energy. In

pseudo-arclength continuation schemes, however, a step occurs in a direction that is

constructed to be tangent to the family.

In basic single-parameter as well as pseudo-arclength continuation schemes, each

new member, Xi, of a family is computed based on the previously converged member

of the family, X∗i−1. Note that both X∗i−1 and Xi represent free variable vectors

within the context of a generalized differential corrections method. Recall that the

original trajectory, X∗i−1, is a converged solution and satisfies the vector constraint

equation,

F
(
X∗i−1

)
= 0 (3.65)

Then, Xi typically represents some new guess for another solution in the family, one

that may not satisfy the constraints. For this application, given X∗i−1, there is one

more free variable than the number of constraints. Instead of stepping in a physical

direction, or along a range of values associated with some dynamical quantity, as in

conventional single-parameter continuation schemes, pseudo-arclength continuation

schemes identify a step of size ∆s in a direction tangent to the family, i.e., in the

direction of the next family member. The definition of a “member” in the family

is specified by the potentially high-dimensional free variable vector. Thus, the user-

defined step size, ∆s, typically does not possess any physical meaning. The tangent to

the family possesses a dimension equal to the number of free variables in the problem.
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Given a converged family member, X∗i−1, a unit vector tangent to the family at X∗i−1

is constructed from the null vector, ∆X∗i−1, of the Jacobian matrix, DF
(
X∗i−1

)
since

the null vector represents a nontrivial solution to equation (3.6). To require that the

next family member,Xi, is shifted by a step of size ∆s along the family tangent vector,

a pseudo-arclength constraint is added to the existing constraint vector, F (Xi). This

constraint is written as,

(
Xi −X∗i−1

)T
∆X∗i−1 −∆s = 0 (3.66)

Thus, the constraint vector is augmented such that

G (Xi) =

 F (Xi)(
Xi −X∗i−1

)T
∆X∗i−1 −∆s

 = 0 (3.67)

The derivative of the augmented constraint vector, G (Xi), with respect to the free

variables, Xi, yields an augmented Jacobian matrix,

DG (Xi) =
∂G (Xi)

∂Xi

=

DF (Xi)

∆X∗i−1
T

 (3.68)

which is a square matrix. A unique solution for the next member in the family, X∗i ,

is generated via an iterative Newton method. The pseudo-arclength continuation

approach is generally more robust than single-parameter continuation methods be-

cause it guarantees a unique family of solutions and requires no a priori knowledge

regarding the evolution of the family from one member to the next. To demonstrate

the application of pseudo-arclength continuation, families of orbits that are gener-

ated from the symmetric and asymmetric periodic orbits in the Earth-Moon system

in Sections 3.3.1 and 3.3.2. Portions of the L1 and L2 Lyapunov famillies appear in

Figure 3.8, Earth-Moon L1 and L2 northern halo families are depicted in Figures 3.9

and 3.10, respectively, and a family of asymmetric L4 short period orbits are plotted

in Figure 3.11. While the orbit families in Figures 3.8–3.11 can be generated

with either basic single-parameter or pseudo-arclength continuation, families gener-

ated using pseudo-arclength continuation schemes typically require less user intuition.
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Figure 3.8. Earth-Moon L1 and L2 Lyapunov Families
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Figure 3.9. Earth-Moon L1 Halo Family



59

0
5

10

−5
0

5

−2

0

2

4

6

8

x (× 104 km)y (× 104 km)

z
(×

10
4
km

)
Moon

Figure 3.10. Earth-Moon L2 Halo Family

−10 −5 0
−8

−6

−4

−2

0

2

4

6

8

x (× 105 km)

y
(×

10
5
km

)

Figure 3.11. Earth-Moon L4 Short Period Family

If the problems are formulated appropriately, pseudo-arclength continuation can also

be used to generate families of non-periodic trajectories.
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3.4 Computing Invariant Manifolds

In the RTBP, many periodic orbits in the vicinity of the collinear libration points

are unstable and, consequently, possess stable and unstable invariant manifolds that

offer numerous multi-body trajectory design applications. Such manifolds are higher-

dimensional surfaces that govern the asymptotic nature of the flow toward or away

from a periodic libration point orbit. Such a flow structure allows transfers into and

out of the periodic orbit without any maneuver. To generate manifold surfaces, a

series of fixed points are selected around a periodic orbit. The monodromy matrix,

M , is computed at each fixed point, x∗i , by integrating the state transition matrix,

Φ (t, ti), for one orbital period, P , i.e.,

M = Φ (ti + P, ti) (3.69)

The eigenvalues of the monodromy matrix supply dynamical stability information.

For periodic orbits in the RTBP, the eigenvalues occur in reciprocal pairs and M

possesses a determinant of one. When only two eigenvalues are real, the linear stable

and unstable subspaces are 1-D and the eigenvalues with the smallest and largest

magnitudes correspond to the stable and unstable modes, respectively. To generate a

manifold trajectory, a fixed point, x∗i , is perturbed by some amount, d, along the 6-D

eigenvector, ν, associated with the desired stable or unstable mode. For convenience,

the eigenvector, ν, is normalized with respect to the position coordinates. Thus, the

perturbed state vector, x, is written

x = x∗i ± dν (3.70)

and numerically integrated. Stable manifold trajectories are generated using reverse-

time integration while unstable manifold trajectories are constructed by employing

forward-time integration. The collection of stable/unstable manifold trajectories from

all fixed points around an orbit comprise the stable/unstable manifold surface corre-

sponding to a given periodic libration point orbit. As an example, the stable (blue)

and unstable (red) manifolds associated with a planar Earth-Moon L1 Lyapunov or-

bit appear in Figure 3.12, as projected into configuration space. In this analysis, the
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Figure 3.12. Invariant Manifolds Associated with a Periodic L1 Lyapunov Orbit

invariant manifolds are used to support design for two primary purposes: 1) to con-

struct transfers between collinear libration point orbits that are essentially free via

heteroclinic-type connections such that unstable manifolds flow into stable manifolds;

and, 2) to design low-cost transfers based on unstable manifolds from libration point

trajectories to the vicinity of a primary body.
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4. MULTI-BODY TRAJECTORY DESIGN AND

ANALYSIS WITH POINCARÉ MAPS

Poincaré mapping techniques are a relatively recent addition to multi-body trajectory

design activities in this investigation. The maps yield preliminary results and recent

insights have been both unexpected and valuable. Poincaré maps are powerful tools

that allow many trajectories to be concisely visualized by effectively reducing the

dimension of the dynamical system and allowing qualitative insight into the design

space. In this investigation, a simplified approach for generating unstable quasi-

periodic libration point orbits is developed, one that employs only existing differential

corrections techniques. This mapping approach has many potential advantages and

is leveraged to yield additional insight during post-mission analysis for the ARTEMIS

spacecraft and to enhance preliminary trajectory design activities for future missions

such as DSCOVR.

4.1 Generating Unstable Quasi-Periodic Orbits

In this example, beginning at point x, the first return of the trajectory to the map

is represented by P (x). Point x∗ represents a fixed point associated with a periodic

orbit. Subsequent map crossings remain close to x∗ if the periodic orbit is stable,

but depart the vicinity if the orbit is unstable. To assess the qualitative dynamical

behavior in a particular region in space, Poincaré maps are often computed by first

generating a grid of initial conditions at a user-specified value of Jacobi constant, C,

and then numerically integrating the trajectories forward for a given time duration

or a specified number of crossings on the map. In this standard approach, structures

representing stable period and quasi-periodic motion are readily identifiable on the

map since the behavior is ordered and the path returns to the hyperplane in bounded
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Figure 4.1. Example Poincaré Map

zones at regular intervals. In contrast, unstable periodic and quasi-periodic motion

is generally much more difficult to observe on the map since these trajectories depart

the vicinity of the orbit over time.

Since many multi-body trajectories of interest – particularly in the vicinity of the

collinear libration points – are dynamically unstable, strategies for isolating unstable

quasi-periodic trajectories on Poincaré maps offer many potential applications for tra-

jectory design and analysis. Unlike Gómez et al. [52], Kolemen et al. [53], and others

who have approached this problem using coordinate transformations and/or numer-

ical expansions, this analysis addresses the computation of unstable quasi-periodic

trajectories on Poincaré maps using only previously known periodic solutions and ba-

sic differential corrections strategies. In this investigation, the xy-plane in the RTBP

is employed as the hyperplane. Constraining the Jacobi constant of the trajectories

on the map further reduces the dimension of the problem to (n − 2) and, thus, a

6-D trajectory in the restricted three-body problem is effectively reduced to 4-D. The

approach focuses on unstable motion in the vicinity of the L1 and L2 libration points

and begins by first isolating a periodic Lyapunov, halo, and vertical orbit at a desired

Jacobi constant value. Methods for computing Lyapunov and halo orbits appear in
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Section 3.3. The vertical orbit family originates from a well-known bifurcation in the

axial family that, in turn, emerges from a well-known bifurcation in the planar Lya-

punov family [82, 83]. The Earth-Moon L1 axial family and the relevant bifurcating

orbits appear in Figure 4.2. After isolating the bifurcating vertical solution, continu-
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Figure 4.2. Portion of the Earth-Moon L1 Axial Family

ation in Jacobi constant is employed to compute a vertical orbit at the desired energy

level using either a single or multiple shooting differential corrections algorithm. The

intersections of Lyapunov, halo, and vertical orbits at a Jacobi constant of C = 3.08

with the xy-plane appear in Figure 4.3(a). For reference, the corresponding isometric

views of the three periodic solutions appear in Figure 4.3(b).
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Figure 4.3. Earth-Moon Periodic Orbits, C = 3.08

In this mapping formulation, the Lyapunov orbit, which lies entirely in the xy-plane,

defines the outer boundary of the Poincaré map. Note that a two-sided Poincaré map

is utilized in this application so crossings of the hyperplane in either direction are

recorded and, consequently, two crossings associated with a single halo orbit appear

in Figure 4.3(a). To compute the unstable quasi-periodic orbits associated with the

center subspace of the halo and vertical orbits, the periodic orbits are discretized

into patch points and these points are “stacked” for many revolutions – 30-50 in

this investigation. Utilizing multiple shooting to enforce trajectory continuity and a

numerical continuation scheme, successively larger unstable quasi-periodic orbits are

generated by constraining the first patch point along the trajectory to 1) be on the

map, i.e., z = 0, 2) possess the same x-position as the map crossing of the associated

periodic orbit, and 3) implement progressively larger steps away from the periodic

orbit crossing in y. Fundamentally, the initial position of the trajectory is fixed on the

map and the y-component of the initial state is increased or decreased by a specified

step size to generate successively larger quasi-periodic trajectories. This continuation

is procedure is first employed to compute quasi-periodic Lissajous trajectories in

the center subspace of the periodic vertical orbit. The first three orbits from the
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continuation procedure are plotted in Figure 4.4 and the next three orbits appear in

Figure 4.5. Beginning with either of the map crossings corresponding to the periodic

halo orbit, the quasi-halo region of the map is filled out using the same continuation

procedure. A complete Poincaré map highlighting unstable quasi-periodic trajectories

of various sizes in the vicinity of the Earth-Moon L1 collinear libration point appears

in Figure 4.6; this map is similar to figures presented previously by Gómez et al. [52]

as well as Kolemen et al. [53]. As demonstrated in Figure 4.6, this map shows two

distinct dynamical regions bounded by the green Lyapunov orbit at the given level

of Jacobi constant. The center region in the map includes quasi-periodic Lissajous

orbits surrounding the purple point corresponding to a vertical orbit. Similarly, the

quasi-halo orbits surround the periodic halo orbit depicted in magenta in the outer

regions of the map. Note that a clear boundary exists between the Lissajous and the

quasi-halo regions of the Poincaré map. Isolating unstable quasi-periodic orbits on a

map in this manner enables complex trajectories to be viewed simultaneously with

many potential applications to orbit design and analysis in multi-body dynamical

regimes.

4.2 ARTEMIS Post-Mission Analysis

The simplified approach to generating unstable quasi-periodic libration point or-

bits on a Poincaré map allows qualitative analysis of complex multi-body motion to

be conducted quickly and was initially developed to support post-mission analysis ef-

forts for the ARTEMIS mission [58,59]. As the first mission to operate in the vicinity

of Earth-Moon libration points, it was a high priority to better understand the under-

lying dynamics of the relatively complex libration point trajectories and to analyze

them in a qualitative manner. To put the analysis in context, background concerning

the ARTEMIS mission is provided and a strategy for recreating the ARTEMIS refer-

ence trajectories in the RTBP is discussed. Ultimately, this investigation leverages the
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(d) 3-D View – Orbit #2
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(f) 3-D View – Orbit #3

Figure 4.4. Poincaré Map Continuation, Orbits #1-3, C = 3.08
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(b) 3-D View – Orbit #4
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(c) Map – Orbit #5
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(d) 3-D View – Orbit #5
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(f) 3-D View – Orbit #6

Figure 4.5. Poincaré Map Continuation, Orbits #4-6, C = 3.08
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Quasi-halo

Figure 4.6. Earth-Moon L1 Poincaré Map

simplified technique for generating unstable quasi-periodic orbits on Poincaré maps

to yield additional insight into the ARTEMIS post-mission analysis.

4.2.1 The ARTEMIS Mission

As the first libration point orbiter in the Earth-Moon system, the Acceleration

Reconnection and Turbulence and Electrodynamics of the Moons Interaction with the

Sun (ARTEMIS) mission represents a significant step in multi-body mission design

and operations [5,30,92,93]. ARTEMIS is an extension of the Time History of Events

and Macroscale Interactions during Substorms (THEMIS) mission that was launched

in 2007 [6]. The THEMIS mission originally consisted of five spacecraft in elliptical

orbits about the Earth collecting measurements of the magnetosphere. A rendering

of a THEMIS/ARTEMIS spacecraft appears in Figure 4.7. The ARTEMIS mission

originated in July 2009, when two of the five THEMIS spacecraft, termed P1 and P2,
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Figure 4.7. THEMIS/ARTEMIS Rendering [94]

initiated a series of orbit-raising maneuvers and lunar fly-bys to eventually depart the

vicinity of the Earth. Closely following Sun-Earth and Earth-Moon manifolds, the

P1 and P2 spacecraft each inserted into an orbit near the Earth-Moon L2 libration

point in August and October of 2011, respectively. The libration point orbiting phase

of the ARTEMIS mission incorporates orbits in the vicinity of both Earth-Moon L1

and L2. Like most libration point orbits, the L1 and L2 quasi-periodic orbits designed

for the ARTEMIS spacecraft are inherently unstable and sensitive to perturbations.

4.2.2 Recreating ARTEMIS Reference Solutions

To be analyzed within the context of the Poincaré mapping technique in Sec-

tion 4.1, it is necessary to recreate the reference trajectories for the ARTEMIS P1

and P2 trajectories – those that were designed and flown in real-world, high-fidelity

dynamical models – in the lower-fidelity restricted three-body problem. Reference

RTBP solutions are computed for both spacecraft using only known periodic orbits

and their associated manifolds, a multiple shooting differential corrections scheme,

and various ARTEMIS mission constraints. Note that the information summarized

in this investigation reflects the ARTEMIS baseline design as of August 2010.
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4.2.2.1 ARTEMIS P1 Trajectory

For purposes of this analysis, the Earth-Moon libration point orbit phase for the

ARTEMIS P1 trajectory begins with insertion into an L2 libration point orbit on

August 22, 2010. After remaining in the L2 vicinity for approximately 131 days, the

spacecraft transitions to an Earth-Moon L1 orbit for 85 days before departing for a

retrograde lunar arrival at a periapsis altitude of 1,500 km on April 9, 2011.

To design the initial guess for the ARTEMIS P1 trajectory, L1 and L2 Lyapunov

orbits of the appropriate y-amplitudes of ∼59,000 km and ∼64,000 km, respectively,

are computed in the restricted three-body problem. To simplify the computation of

heteroclinic connections between the two orbits, a differential corrections process is

used to compute two orbits with an equal energy level, i.e., Jacobi constant. These

Lyapunov orbits are plotted in Figure 4.8. The orbits are discretized and their patch

points are stacked to produce the desired number of revolutions about each libration

point. The initial guess for the ARTEMIS P1 reference solution utilizes seven stacked

revolutions about L2 and four about L1. The transfer from the L2 to the L1 orbit
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Figure 4.8. L1 and L2 Lyapunov Orbits for ARTEMIS P1 Trajectory

is designed by generating unstable L2 Lyapunov manifolds (red) in forward time and

stable L1 Lyapunov manifolds (blue) in reverse time as illustrated in Figure 4.9(a).

The near-tangent manifold intersection displayed in Figure 4.9(b) is selected as the
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Figure 4.9. Intersection of Unstable L2 and Stable L1 Manifolds for
ARTEMIS P1 Trajectory

initial guess for the heteroclinic transfer phase of the trajectory. After approximately

four revolutions in the L1 orbit, descent to lunar orbit commences. The departure

from the L1 orbit to achieve the desired lunar arrival conditions is initially planned in

this analysis by integrating the unstable L1 Lyapunov manifolds to the lunar vicinity

as illustrated in Figure 4.10(a). Clearly, many feasible lunar arrival options exist; all

arrive at different altitudes and times. The manifold trajectory that appears in Fig-

ure 4.10(b) is selected since it produces a retrograde arrival at roughly the required

1,500-km lunar altitude. The manifold transfer legs are also discretized and com-

bined with the libration point orbit patch points and the known L2 libration point

orbit insertion condition to form the initial guess for the ARTEMIS P1 reference

solution in the RTBP as combined and represented in Figure 4.11. The red points

denote the patch points for the differential corrections process. Note that the entire

initial guess is planar except for the initial state. The multiple shooting scheme can

accommodate different types of arcs and performs quite efficiently. The algorithm

converges successfully to an ARTEMIS P1 reference solution in the RTBP that satis-

fies all end point constraints and appears in Figure 4.12. While only periapsis altitude

and time are targeted at lunar arrival in this analysis, it is straightforward to imple-
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Figure 4.10. Unstable L1 Manifolds for Lunar Arrival for ARTEMIS P1 Trajectory
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Figure 4.11. Initial Guess for ARTEMIS P1 Reference Solution in the RTBP

ment additional constraints such as flight path angle, inclination, etc. The significant

z-amplitude excursion in the L2 and L1 quasi-periodic orbits is a result of fixing

the position of the out-of-plane initial state in the differential corrections algorithm.

Later, a higher-fidelity reference solution is investigated after it is readily obtained

by transforming the RTBP patch points to a Moon-centered Earth J2000 reference
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Figure 4.12. Converged ARTEMIS P1 Reference Trajectory in the RTBP

frame and reconverging the trajectory in a multiple shooting algorithm that incorpo-

rates a Moon-Earth-Sun point mass ephemeris model. The converged P1 ephemeris

trajectory appears nearly identical to the RTBP solution.

4.2.3 ARTEMIS P2 Trajectory

The ARTEMIS P2 path differs from that of P1, but the reference solution design

procedure is very similar. For this investigation, the Earth-Moon libration point

orbiting phase of the P2 design begins with insertion on the L2 side on October 3,

2010. Unlike its counterpart, the ARTEMIS P2 spacecraft does not complete a full

revolution about L2, but rather immediately transfers to the L1 side where it remains

in a libration point orbit for approximately 154 days. The P2 trajectory departs the

L1 orbit consistent with the original design as of August 2010, and the spacecraft is

delivered to a prograde lunar arrival at a periapsis altitude of 1,500 km on April 19,

2011.
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The design strategy requires, first, an initial guess for a reference solution, given

the desired arrival conditions into the lunar vicinity. The design of the initial guess

for the ARTEMIS P2 reference solution begins with an L1 Lyapunov orbit in the

restricted three-body problem that is defined such that the y-amplitude is ∼71,500

km. A differential corrections scheme is used to generate an L2 Lyapunov orbit with

a Jacobi constant of equal value. The two Lyapunov orbits are plotted in Figure 4.13.

For the P2 trajectory, the L1 orbit is discretized into patch points and stacked for

ten revolutions. The invariant manifolds are again exploited to produce trajectory
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Figure 4.13. L1 and L2 Lyapunov Orbits for ARTEMIS P2 Trajectory

arcs to initially represent the L2-to-L1 transfer from one side of the Moon to the

other as viewed from Earth. The unstable L2 Lyapunov manifolds (red) and stable

L1 Lyapunov manifolds (blue) are illustrated in Figure 4.14(a). The near-tangent

intersection of two manifold trajectories in Figure 4.14(b) form the initial guess for

the transfer phase of the P2 trajectory. The departure from the L1 orbit to the lunar

vicinity is developed from the unstable manifolds associated with the L1 libration

point orbit; the manifolds are propagated until lunar arrival as plotted in Figure

4.15(a). The manifold trajectory arc in Figure 4.15(b) is selected since it produces
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Figure 4.14. Intersection of Unstable L2 and Stable L1 Manifolds for
ARTEMIS P2 Trajectory

a prograde lunar arrival near the required 1,500-km altitude. The arrival conditions

need not be exact for the first approximation.

Given a suitable set of arcs to represent the path, all arcs are now blended to

yield a converged path. Combining the discretized L2-L1 transfer and L1 unstable

manifold trajectory that leads directly to lunar arrival with the stacked L1 Lyapunov

patch points produces the initial condition for the ARTEMIS P2 reference solution

that appears in Figure 4.16. The multiple shooting algorithm uses these points as the

basis and converges to a continuous RTBP trajectory displayed in Figure 4.17 with

a prograde lunar arrival at the required time including a 1,500-km periapsis altitude.

Similar to the P1 trajectory, the RTBP ARTEMIS P2 reference solution can also be

reconverged in a higher-fidelity Moon-Earth-Sun ephemeris model if desired.
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Figure 4.15. Unstable L1 Manifolds for Lunar Arrival for ARTEMIS P2 Trajectory
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Figure 4.16. Initial Guess for ARTEMIS P2 Reference Solution in the RTBP

4.2.4 ARTEMIS Poincaré Map Analysis

To analyze the ARTEMIS trajectories within the context of the Poincaré mapping

technique for isolating unstable quasi-periodic behavior, the Jacobi constants consis-
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Figure 4.17. Converged ARTEMIS P2 Reference Trajectory in the RTBP

tent with the converged P1 and P2 RTBP reference solutions are initially determined.

Periodic Lyapunov, halo, and vertical orbits as well as their associated quasi-periodic

trajectories are then computed via continuation on Poincaré maps using the tech-

niques discussed in Section 4.1. The underlying qualitative dynamical behavior is

assessed by superimposing the xy-plane crossings of the ARTEMIS RTBP reference

solutions on the associated Poincaré map. To demonstrate the analysis procedure, a

Poincaré map corresponding to the ARTEMIS P1 L2 orbit appears in Figure 4.18(a).

The red ARTEMIS P1 crossings occupy the same region of the map as the purple

crossings that correspond to quasi-halo trajectories and demonstrate close agreement

between the mission trajectory and a southern quasi-halo orbit in the RTBP model.

This agreement is further confirmed by overlaying the ARTEMIS P1 L1 trajectory

(red) on a southern quasi-halo orbit (purple) depicted in a three-dimensional view in

Figure 4.18(b). The same mapping techniques are subsequently applied to the path

of the ARTEMIS P1 spacecraft as it evolves on the Earth-Moon L1 side to demon-

strate that it, too, is following a southern quasi-halo orbit as illustrated Figure 4.19.

Lastly, the correlation between the ARTEMIS P2 RTBP trajectory and a northern L1

quasi-halo orbit is confirmed by the Poincaré map and three-dimensional trajectories
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(a) Poincaré Map Comparison (b) Three-Dimensional Trajectory Comparison

Figure 4.18. ARTEMIS P1 L2 Quasi-halo Trajectory

(a) Poincaré Map Comparison (b) Three-Dimensional Trajectory Comparison

Figure 4.19. ARTEMIS P1 L1 Quasi-halo Trajectory

in Figure 4.20. The very close agreement between the ARTEMIS P1 and P2 reference

trajectories and Earth-Moon L1 and L2 quasi-halo trajectories is an interesting and

unanticipated result because, since mission inception several years ago, the ARTEMIS
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(a) Poincaré Map Comparison (b) Three-Dimensional Trajectory Comparison

Figure 4.20. ARTEMIS P2 L1 Quasi-halo Trajectory

spacecraft were often assumed to move along L1 and L2 Lissajous orbits. It is also

clear from this analysis that the evolution of the ARTEMIS reference solutions are

simply a product of the fundamental three-body dynamics in the Earth-Moon sys-

tem as opposed to external perturbing effects such as lunar eccentricity, solar gravity,

or solar radiation pressure. In retrospect, quasi-halo orbits are well-suited to the

ARTEMIS mission constraints because, in the case of the P1 spacecraft, they allow

for a significant out-of-plane L2 insertion condition, but, for both P1 and P2, still

accommodate a planar transition to the L1 side and, eventually, to the lunar vicinity.

While the mission was successful without the knowledge gained from the Poincaré

map investigation during this post-mission analysis, it is likely that such analysis

could have offered useful insight and may have altered the ARTEMIS orbit insertion

and/or stationkeeping plans if it had been available.
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4.3 DSCOVR Pre-Mission Design Application

In addition to the insight gained during ARTEMIS post-mission analysis, Poincaré

maps displaying isolated unstable quasi-periodic behavior offer many potential pre-

liminary mission design applications as well. To further illustrate their utility, maps

are leveraged as part of a a pre-mission trajectory design strategy for an Sun-Earth L1

space observatory such as that in the upcoming DSCOVR mission. Some background

on the DSCOVR mission is summarized; the mission objectives and trajectory design

constraints are then outlined. A point solution orbit design as well as a more in-depth

survey of the design space are also discussed.

4.3.1 The DSCOVR Mission

The Deep Space Climate Observatory (DSCOVR) mission, known originally as

Triana in the late 1990s [61, 62], will be a solar and Earth observatory stationed at

Sun-Earth L1 and is currently scheduled to launch in 2014 [14, 63]. A rending of

the DSCOVR/Triana spacecraft appears in Figure 4.21. The DSCOVR spacecraft

Figure 4.21. Triana/DSCOVR Rendering [63]

will launch directly from Earth into a Sun-Earth L1 libration point orbit. Mission

requirements stipulate that the line-of-sight angle between the Earth-spacecraft and
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Earth-Sun vectors must remain between 4◦ and 15◦ for a minimum mission dura-

tion of four years. The constraints form two cones about the Earth-Sun line and

the spacecraft must remain between the cones at all times. The inner and outer

cone constraints are dictated by communications and scientific requirements, respec-

tively [19, 64, 65]. The cone angle and time-of-flight constraints are the focus of this

investigation and any additional mission requirement are not considered at this time.

4.3.2 Example: DSCOVR Point Solution

To further demonstrate the utility of information concerning unstable quasi-periodic

orbits on some Poincaré map, a reference point solution is quickly generated for a

mission such as DSCOVR using only a Poincaré map, the constraint cones, and the

minimum time-of-flight requirement. The analysis is initiated with the generation

of unstable quasi-periodic trajectories on a Poincaré map in the vicinity of the Sun-

Earth L1 libration point. The energy level, i.e., the Jacobi constant, for the map is

selected to be consistent with the largest planar L1 Lyapunov orbit that lies inside

the xy-projection of the outer constraint cone. The Lyapunov orbit appears, along

with an xy-projection of the constraint cones in Sun-Earth RTBP, in Figure 4.22.

The Poincaré map depicted in Figure 4.23 is then computed using the approach from

Section 4.1. Note that, at this value of Jacobi constant, i.e., C = 3.0008677, the L1

halo orbits do not exist in the Sun-Earth system and, consequently, are not available

for consideration in this DSCOVR trajectory design example. This fact is further

illustrated in Figure 4.24 in which a portion of the Sun-Earth L1 Lyapunov family,

highlighting the bifurcations that signal the intersections with the halo and axial fam-

ilies, is overlaid with the constraint cones. Clearly, the halo bifurcation exists at a

higher energy level and lies beyond the xy-projection of the constraint cones. Thus,

the Poincaré surface of section does not contain a quasi-halo region and only the

concentric, elliptical region of the map associated with the unstable quasi-periodic

Lissajous trajectories appears. The selection of the specific trajectory of interest is
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Figure 4.22. Sun-Earth L1 Lyapunov Orbit

Figure 4.23. Sun-Earth L1 Poincaré Map

somewhat arbitrary at this point in the analysis, but, as an example, a Lissajous

trajectory is selected with crossings that lie approximately midway between the inner

and outer constraint cones as depicted in Figure 4.25. The three-dimensional view of
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Figure 4.24. Sun-Earth L1 Lyapunov Family and Bifurcations

Figure 4.25. Poincaré Map with Sample Lissajous Orbit

the sample trajectory appears in Figure 4.26. The angle between the Earth-spacecraft

and Earth-Sun vectors evolves over time as the spacecraft moves along the Lissajous

path and the angle is plotted in Figure 4.27 as a function of time. The upper and
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Figure 4.26. 3-D View of Sample Lissajous Orbit
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Figure 4.27. Angle History of Sample Lissajous Orbit

lower cone constraint angles are indicated with horizontal lines. From Figure 4.27 it is

apparent that, for the point solution being considered, the longest time interval along

the path without violating either the maximum or minimum cone angle constraints,
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tmax, is approximately 4.25 years which exceeds the DSCOVR mission’s minimum

TOF requirement. Thus, a satisfactory preliminary solution in support of a mission

such as DSCOVR can be designed quickly by exploiting Poincaré maps that isolate

unstable quasi-periodic behavior.

4.3.3 Effect of Orbital Energy on Feasible Time-of-Flight

In addition to quickly generating a feasible DSCOVR point solution, the simplified

Poincaré mapping approach for isolating unstable quasi-periodic behavior also allows

for a more rigorous study of the design space. Specifically, from a mission design

perspective, it may be advantageous to better understand the trades between Jacobi

constant and the maximum feasible time-of-flight over which the cone constraints are

not violated by the spacecraft path. To complete this analysis, Poincaré maps are

generated for a range of Jacobi constants 3.0008823 ≥ C ≥ 3.0008437. Recall that a

larger Jacobi constant corresponds to a smaller energy value. At each energy level, the

crossings of each Lissajous trajectory are colored based on maximum feasible time-

of-flight as illustrated in Figures 4.28–4.30. Note that the color map is consistent

across each of the nine Poincaré maps. Examining Figures 4.28–4.30 reveals several

trends. First, for each energy level, the trajectory possessing the longest feasible time-

of-flight interval generally has map crossings with an intermediate y-amplitude value

relative to the other orbits on the map – similar to the sample orbit in Figure 4.25.

The orbits with crossings of “intermediate” y-amplitude supply a balance between the

smallest y-amplitude orbits that are not sufficiently large to completely clear the inner

cone constraint and the largest y-amplitude orbits whose size means that they may

frequently pass outside of the outer constraint cone. If the maximum feasible time-of-

flight across each Poincaré map is considered, the maximum time-of-flight increases

as the energy level increases, i.e., as Jacobi constant decreases, until a maximum

duration of five year occurs at C = 3.0008677. As energy is further increased, the

Lissajous orbit amplitudes become larger and the maximum feasible time-of-flight
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decreases significantly due to frequent outer cone constraint violations. These results

are summarized in Figures 4.31–4.33 that depict three-dimensional trajectory views

and the associated line-of-sight angle histories at three representative energy levels:

1) the minimum energy level that is examined, 2) the energy level corresponding to

the longest feasible time-of-flight achieved, at C = 3.0008677, and 3) the maximum

energy level explored in this investigation.
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(a) Sun-Earth L1 Poincaré Map, C = 3.0008823

(b) Sun-Earth L1 Poincaré Map, C = 3.0008798

(c) Sun-Earth L1 Poincaré Map, C = 3.0008768

Figure 4.28. DSCOVR Poincaré Maps: 3.0008823 ≥ C ≥ 3.0008768
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(a) Sun-Earth L1 Poincaré Map, C = 3.0008735

(b) Sun-Earth L1 Poincaré Map, C = 3.0008677

(c) Sun-Earth L1 Poincaré Map, C = 3.0008608

Figure 4.29. DSCOVR Poincaré Maps: 3.0008735 ≥ C ≥ 3.0008608
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(a) Sun-Earth L1 Poincaré Map, C = 3.0008557

(b) Sun-Earth L1 Poincaré Map, C = 3.0008499

(c) Sun-Earth L1 Poincaré Map, C = 3.0008437

Figure 4.30. DSCOVR Poincaré Maps: 3.0008557 ≥ C ≥ 3.0008437
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(a) 3-D View
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(b) Angle History

Figure 4.31. DSCOVR Maximum Feasible Time-of-Flight, C = 3.0008823
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(b) Angle History

Figure 4.32. DSCOVR Maximum Feasible Time-of-Flight, C = 3.0008677

Representative of the Lissajous trajectories possessing the smallest and largest am-

plitudes, respectively, Figures 4.31 and 4.33 exhibit relatively frequent inner and/or

outer cone constraint violations. The Lissajous orbit in Figure 4.32, however, boasts

a significantly longer maximum flight time with no constraint violations because the

path lies entirely within the envelope of the outer constraint cone yet still features a

“middle” phase that evolves for nearly five years without intersecting the inner cone.
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(a) 3-D View
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Figure 4.33. DSCOVR Maximum Feasible Time-of-Flight, C = 3.0008437

In an effort to condense the information contained in Figures 4.31-4.33 onto a single

plot, Figure 4.34 displays the feasible time-of-flight as a function of y-amplitude for

each of the Sun-Earth L1 Lissajous orbits presented in this analysis. The data points
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Figure 4.34. Feasible Time-of-Flight as a Function of Lissajous y-amplitude
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are colored based on Jacobi constant. In this investigation, coloring the Poincaré

maps by maximum feasible time-of-flight over various levels of Jacobi constant offers

a large amount of information to be included on a single plot and allows for rapid

iteration during preliminary trajectory design activities. Future iterations of these

Poincaré maps could also, potentially, include transfer or stationkeeping cost data to

further aide preliminary mission design efforts.
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5. EARTH-L1/L2 TRANSFERS IN THE EARTH-MOON

SYSTEM FOR FUTURE HUMAN SPACE

FLIGHT APPLICATIONS

The two ARTEMIS spacecraft became the first man-made vehicles to exploit trajec-

tories in the vicinity of an Earth-Moon libration point in 2010, operating success-

fully in this dynamical regime from August 2010 through July 2011. And, while

ARTEMIS was unmanned, Earth-Moon libration points have also received attention

relatively recently as potential future locations for human space exploration activities.

In 2011, libration point missions were included as part of “The Global Exploration

Roadmap” [8] released by the International Space Exploration Coordination Group

(ISECG) and, as recently as June 2012, NASA has identified the collinear L1 and

L2 libration points in the Earth-Moon system as potential locations of interest for

future human space operations [9]. Within the context of manned spaceflight activ-

ities, orbits near the Earth-Moon L1 and/or L2 points could support lunar surface

operations and serve as staging areas for future missions to near-Earth asteroids and

Mars. The dynamical environment within the Earth-Moon system is complex and, as

a consequence, trajectory design and operations in the vicinity of the Earth-Moon L1

and L2 points are nontrivial. In this investigation, some issues that are significant for

preliminary design are explored, including Earth-Moon L1/L2 libration point orbit

selection and transfers to and from these locations [10]. Existing tools in the areas

of multi-body trajectory design are leveraged in this analysis to explore end-to-end

concepts for manned missions to Earth-Moon libration points.

A wealth of design possibilities exist for transfers from Earth to the L1/L2 lunar

region and a variety of approaches exist to locate them [43, 44, 95]. The selection

of a libration point orbit is influenced by many factors. Besides any given mission
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requirements, the propellant and time-of-flight costs associated with transfers to these

orbits are critical. These costs can vary significantly even simply for arrivals to the

different libration points, i.e., L1 or L2, and also depend on the type of orbit and

energy level. Furthermore, in contrast to robotic missions, the transfer time-of-flight

for human missions to the vicinity of the Earth-Moon libration points is strictly

constrained by the life support systems aboard the spacecraft. The Orion spacecraft,

for example, has an operational maximum round-trip duration of 21 days [96]. Thus,

the trajectory solutions must be both low-cost, in terms of required propellant, and

of reasonable duration. Preliminary transfer design is conducted within the context

of the restricted three-body problem to utilize known solutions such as lunar free-

return trajectories. Flexible multiple shooting algorithms are employed to blend

multiple segments into continuous trajectories while constraining the location and/or

magnitude of any ∆V maneuvers. Direct transfers to the regions near the Earth-Moon

L1 and L2 points are addressed briefly and the focus is three-burn transfer options

incorporating a close lunar passage. These trajectories are considered in terms of the

RTBP as well as higher-fidelity ephemeris models that include the effects of lunar

eccentricity and solar gravity.

5.1 Direct Two-Burn Transfers

Direct, two burn transfers offer, arguably, the most straightforward approach for

transferring a spacecraft from low Earth orbit to a libration point orbit in the vicin-

ity of the Earth-Moon L1 or L2 libration points. These two-burn transfers feature

an initial maneuver, ∆V1, employed to depart low-Earth orbit (LEO) and a second

maneuver, ∆V2, to insert into the desired libration point orbit. These transfers are

not computed as part of this investigation but are discussed briefly here for com-

pleteness. Direct two-burn transfers from Earth to the vicinity of L1 and L2 halo

orbits have previously been investigated extensively by Parker and Born [97] as well

as Rausch [98]. More recently, Dunham et al. [44], Folta et al. [45], and Jesick [46]
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have analyzed Earth-L1/L2 transfers in the Earth-Moon system that are particularly

interesting for future human space applications, including direct transfers. In gen-

eral, two-burn direct transfers offer fast flight times but, consequently, are also more

costly from a ∆V perspective. For example, Folta et al. [45] demonstrate that direct

two-burn transfers from Earth to L1 and L2 halo orbits possess times-of-flight of 4-7

days and orbit insertion (∆V ) costs that vary between 430-600 m/s for insertions

into L1 halo orbits and 770-950 m/s to reach L2 halos. Subsequent sections explore

the benefits and drawbacks of incorporating a third maneuver into the Earth-L1/L2

transfer scheme.

5.2 Three-Burn Transfers with Close Lunar Passage

In addition to direct transfers, the Earth-to-L1/L2 design space in the Earth-

Moon system can also be augmented with lunar-assisted transfers that leverage a

“close” lunar passage to insert into the desired libration point orbit. This analysis

incorporates an arc along a lunar free-return trajectory to take the spacecraft from

LEO to the vicinity of the Moon as part of an initial guess for a differential corrections

scheme.

5.2.1 Lunar Free-Return Trajectories

Like virtually any orbit design problem in multi-body gravitational regimes, strate-

gies to compute transfer trajectories from the Earth to the vicinity of the Earth-Moon

L1/L2 libration points require a reasonable initial guess. In this analysis, lunar free-

return trajectories, as determined in the RTBP, are used to initialize the transfer

computation algorithms. Free-return trajectories are employed in this investigation

for two reasons: (1) as an option, the free-return can be explicitly preserved in the

converged solution to ensure that, if the spacecraft malfunctions and the libration

point orbit phase of the mission is aborted, no maneuvers are required to return the

crew safely to the vicinity of the Earth, and (2) from a mission design prospective,
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free-return trajectories are well-understood and offer an abundance of transfer design

options.

Patched-conic solutions to the Earth-Moon free-return problem, and strategies to

transition these solutions to multi-body regimes, have been known for many years

[36, 39, 40, 42]. While formal two-body, patched-conic analysis offers one strategy for

initial guess generation, in practice, multi-segment differential corrections techniques

such as multiple shooting are sufficiently robust to converge an initial guess from less

rigorous approaches such as bisection and/or grid search. In this analysis, families

of free-return trajectories are computed using multiple shooting algorithms in the

RTBP. Families of circumlunar and cislunar free-return trajectories are depicted in

Figures 5.1(a) and 5.1(b), respectively. Near the Moon, the circumlunar trajectories

pass around the far side of the Moon, while the cislunar trajectories cross the xz-

plane between the Earth and the Moon before returning to Earth. These particular

free-return families are computed with a perigee altitude at Earth of 185 km and

lunar periapsis radii that range from 100 to 27,100 km for the circumlunar family and

9,900 to 50,500 km for the cislunar family. In this analysis, these RTBP lunar free-

return solutions are employed as initial guesses to compute three-burn Earth-L1/L2

transfers – though they are potentially applicable to the computation of two-burn

direct transfers as well.

5.2.2 Three-Burn Earth-L1 Transfers in the Earth-Moon System

Three-burn transfers, each with a close lunar passage, are capable of transition-

ing a spacecraft from the vicinity of Earth to Earth-Moon L1 or L2; transfers to the

Earth-Moon L1 vicinity are examined first. In Figure 5.2, it is notable that, in gen-

eral, circumlunar free-return transfers and the stable manifold trajectories associated

with Earth-Moon L1 libration point orbits intersect on the lunar far side but motion

occurs in opposite directions. Thus, insertion from a free-return trajectory onto the

stable manifold would require prohibitively large ∆V maneuvers to completely re-



98

0 1 2 3 4

−2

−1

0

1

2

x (× 105 km)

y
(×

10
5
km

)

(a) Circumlunar Free-Return Family

0 1 2 3 4

−2

−1

0

1

2

x (× 105 km)

y
(×

10
5
km

)

(b) Cislunar Free-Return Family

Figure 5.1. Sample Earth-Moon Free-Return Families

verse the spacecraft direction of travel. Instead, a multi-body “intermediate arc” can

be incorporated within the context of a three-burn transfer scheme to link the free

return transfer segment with the desired libration point orbit. A sample initial guess

strategy for a transfer from a LEO to an Earth-Moon southern L1 halo orbit appears
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Figure 5.2. Stable L1 Lyapunov Manifold Trajectories and Circumlu-
nar Free-Return Transfers

in Figure 5.3. Employing this initial guess strategy, three-burn Earth-L1 transfer
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Figure 5.3. Three-Burn Earth-L1 Transfer Initial Guess Strategy

trajectories are constructed for a range of trajectories in the Earth-Moon L1 southern

halo family – depicted in Figure 5.4 – with z-amplitudes that vary from 5,000 km

(Orbit 1) to 75,200 km (Orbit 10). The first maneuver, ∆V1, is dependent upon the



100

−8 −6 −4 −2 0 2
−5

0
5

−8

−6

−4

−2

0

2

4

y (× 104 km)
x (× 104 km)

z
(×

10
4
km

)

Figure 5.4. Portion of Earth-Moon L1 Southern Halo Family

low Earth parking orbit and is generally consistent across all transfers that reach the

lunar vicinity. Note, however, that, if it is assumed that the spacecraft is departing a

200-km altitude circular Earth parking orbit, ∆V1 costs are typically slightly over 3.1

km/s. Thus, only the sum of the remaining two maneuvers, ∆V2 + ∆V3 is reported

in this analysis. In each case, once initially converged, a differential corrections con-

tinuation procedure is implemented to reduce the combined ∆V2 + ∆V3 cost. To

ensure a fair comparison between the RTBP Earth-L1 and Earth-L2 transfers in this

analysis, the perilune altitude corresponding to each each trajectory is fixed at 200

km. A sample three-burn Earth-L1 transfer trajectory that ultimately reaches a final

Earth-Moon L1 southern halo orbit appears in Figure 5.5. The halo orbit possesses

a maximum z-amplitude of approximately 5,000 km. This initial Earth-L1 transfer

trajectory is characterized by an intermediate ∆V cost of ∆V2 + ∆V3 = 570 m/s and

a time-of-flight of 4.87 days. Utilizing this converged solution as an initial guess in a

continuation scheme, a differential corrections algorithm yields a transfer to a second
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Figure 5.5. Example Three-Burn Earth-L1 Transfer

sample Earth-Moon L1 southern halo orbit. This process is repeated for each halo

orbit in the family and the results from all of these transfers are summarized in Table

5.1. The most notable result is that, as the algorithm steps through the Earth-Moon

Table 5.1 Earth-L1 Transfer ∆V Costs

Orbit No. ∆V2 (m/s) ∆V3 (m/s) ∆V2 + ∆V3 (m/s) TOF (days)

1 268.87 301.31 570.18 4.87

2 271.80 278.21 550.01 5.09

3 271.58 248.42 520.00 5.42

4 266.90 213.10 480.00 5.80

5 263.66 176.34 440.00 6.40

6 254.10 151.12 405.22 7.50

7 245.13 149.87 395.00 7.67

8 235.08 157.92 393.00 7.81

9 228.41 166.59 395.00 7.61

10 231.46 169.54 401.00 7.27
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L1 southern halo family, the intermediate ∆V cost decreases at the expense of an

increased time-of-flight.

5.2.3 Three-Burn Earth-L2 Transfers in the Earth-Moon System

This investigation next demonstrates the computation of three-burn Earth-L2

transfers incorporating a close lunar passage using a method similar to the one dis-

cussed previously for Earth-L1 trajectories. The only difference between the two

design strategies is that, to reach L2, a cislunar free-return trajectory is employed

as part of the initial guess such that the spacecraft passes close to the Moon on the

near side as it flows towards the Earth-Moon L2 region. The modified initial guess

scheme is demonstrated in Figure 5.6. Three-burn Earth-L2 transfer trajectories are
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Figure 5.6. Three-Burn Earth-L2 Transfer Initial Guess Strategy

computed for select members of the Earth-Moon L2 southern halo family, those with

z-amplitudes in the range from 5,000 km (Orbit 1) to 75,700 km (Orbit 8). Like

the Earth-L1 transfers, the perilune altitude is constrained to 200 km for purposes

of comparison. The three-burn transfer to the initial Earth-Moon L2 southern halo

orbit appears in Figure 5.7. This result is similar to the three-burn transfers demon-

strated previously by Dunham et al. [44]. Employing a differential corrections and
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Figure 5.7. Example Three-Burn Earth-L2 Transfer

continuation procedure, the intermediate ∆V cost is reduced to a value of ∆V2 +∆V3

= 220 m/s corresponding to a time-of-flight of 14.70 days. This Earth-L2 transfer

approach contrasts sharply with the two-burn direct Earth-L2 transfers in that this

transfer possesses a significantly lower ∆V as well as a longer TOF. The trajectory

in Figure 5.7 serves as an initial guess in a continuation process to compute a trans-

fer to a second Earth-Moon L2 southern halo orbit and the process is repeated for

the remaining orbits of interest. The representative set of Earth-Moon L2 southern

halo orbits is pictured in Figure 5.8. The cost associated with each of the three-burn

Earth-Moon-L2 transfer trajectories are summarized in Table 5.2. In contrast to the

Earth-L1 transfers, the intermediate ∆V costs in transfers to Earth-Moon L2 orbits

increase as the algorithm steps through the Earth-Moon L2 southern halo family. The

approximately two-week time-of-flight fluctuates by less than one day for this class

of Earth-L2 transfers.

5.3 Round-Trip Earth-L1/L2 Transfers in the Earth-Moon System

To reach the vicinity of the lunar libration points, the three-burn Earth-L1/L2

transfers from Section 5.2 allow the spacecraft to insert at any location along the

desired libration point orbit, but assume that no near-term mission constraints exist
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Figure 5.8. Portion of Earth-Moon L2 Southern Halo Family

Table 5.2 Earth-L2 Transfer ∆V Costs

Orbit No. ∆V2 (m/s) ∆V3 (m/s) ∆V2 + ∆V3 (m/s) TOF (days)

1 190.50 29.50 220.00 14.70

2 192.64 57.30 249.94 14.14

3 187.71 102.29 290.00 13.83

4 183.78 146.21 329.99 13.90

5 179.93 190.04 369.97 13.97

6 177.27 242.73 420.00 14.23

7 175.20 294.80 470.00 14.36

8 173.18 366.81 539.99 14.76

requiring that the spacecraft return to Earth. In reality, however, a rendezvous and/or

early phase mission scenario may require that the spacecraft insert into libration point

orbit, stay for a short period of time, and then immediately return to low Earth orbit.
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Thus, a one-day stay in the libration point orbit is assumed and both direct and lunar-

assisted returns options are examined for potential Earth-L1/L2 round-trip transfer

designs in the Earth-Moon system.

5.3.1 Direct-Return Transfers

Given a satisfactory Earth-L1 transfer trajectory, a complete end-to-end Earth-L1-

Earth design is achieved by linking the Earth-Moon L1 libration point orbit with an

Earth-bound leg of a cislunar free-return trajectory as an initial guess. A converged

direct-return transfer trajectory in the RTBP is demonstrated in Figure 5.9. This
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Figure 5.9. Sample Earth-L1-Earth Transfer

particular round trip trajectory is comprised of four arcs, i.e., a three-burn transfer

that inserts into a 5,000-km z-amplitude Earth-Moon L1 southern halo orbit for

approximately one day before a fourth maneuver is executed to place the spacecraft

on an Earth-bound return path. The total ∆V cost – not including the maneuver to

depart the Earth parking orbit – is approximately 1.07 km/s and the total time-of-
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flight is 15.8 days, well within the stipulated 21-day limit for a human libration point

orbit mission design.

Despite the relatively long flight times for transfers associated with Earth-L2 tra-

jectories in the Earth-Moon system, it is also possible to compute round trip Earth-L2-

Earth transfers that do not violate the 21-day maximum duration. As an example, a

14.3-day Earth-L2 transfer is linked to an Earth-bound return leg using a circumlunar

free-return trajectory segment as an initial guess. A 21-day time-of-flight constraint

is imposed to produce the resulting round trip transfer trajectory in Figure 5.10. The
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Figure 5.10. Sample Earth-L2-Earth Transfer

total ∆V cost – not including ∆V1 – is ∆V2 + ∆V3 + ∆V4 = 1,500 m/s with a sig-

nificant percentage of the cost attributed to a 965 m/s burn required to depart the

Earth-Moon L2 southern halo orbit to return to the region near the Earth.
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5.3.2 Lunar-Assisted Return Transfers

To demonstrate an additional strategy for the design of transfers from Earth to

lunar L2 with application to human exploration, round trip transfers incorporating a

close lunar passage on both the outbound and return legs are also explored. Note that,

while Earth-L2 transfers are demonstrated in this investigation, analogous Earth-L1

transfers are computed using a similar approach. For this analysis, a one-day stay

in an Earth-Moon L2 southern halo orbit is again assumed. In this trajectory design

scheme, five ∆V maneuvers are employed to transfer the spacecraft from low-Earth

orbit to the libration point region and back to the vicinity of Earth. As previously

defined, ∆V1 is the Earth departure maneuver, ∆V2 occurs at a 200-km lunar periapse

altitude, and ∆V3 and ∆V4 are the libration point orbit insertion and departure

maneuvers, respectively. The fifth maneuver, ∆V5, also occurs at lunar periapsis

and shifts the spacecraft to its final Earth-bound trajectory arc. The current design

strategy exploits the inherent symmetry in the RTBP by targeting an insertion into

the L2 halo orbit that occurs one half-day before the xz-plane crossing. Thus, the

entire outbound path can simply be reflected across the xz-plane to achieve a complete

round trip trajectory that also incorporates a one-day stay in libration point orbit.

Note that, from symmetry, it follows that ∆V2 = ∆V5 and ∆V3 = ∆V4.

The lunar-assisted return strategy is first employed to compute the five-burn round

trip Earth-L2-Earth transfer that includes a 5,000-km z-amplitude Earth-Moon L2

southern halo orbit and appears in Figure 5.11. This result is similar to the transfers

demonstrated previously by Dunham et al. [44] and Jesick [46]. The trajectory pos-

sesses a round trip flight time of nearly 17 days and a total “intermediate” ∆V cost,

i.e., not including ∆V1, of ∆Vinter = ∆V2 + ∆V3 + ∆V4 + ∆V5 = 550 m/s. To better

illustrate the locations of the maneuvers at lunar periapsis, ∆V2 and ∆V5, a zoomed

view of the lunar vicinity appears in Figure 5.12. Compared to the Earth-L2-Earth

transfer utilizing a direct return strategy discussed previously, the lunar-assisted re-

turn is approximately 4 days shorter and requires 950 m/s less ∆V . Recall that the
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Figure 5.11. Lunar-Assisted Earth-L2-Earth Transfer
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Figure 5.12. Lunar-Assisted Earth-L2-Earth Transfer, Zoomed View

libration point departure maneuver in the direct return strategy requires 965 m/s

alone. (Of course, an additional close lunar pass does increase operational complex-

ity.) To demonstrate the impact of L2 libration point orbit selection on the ∆V cost
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and TOF for lunar-assisted return transfers, symmetric five-burn round trip transfers

are computed for each of the eight Earth-Moon L2 southern halo orbits in Figure 5.8

and the results are summarized in Table 5.3. The tabulated results indicate that,

Table 5.3 Earth-L2-Earth Lunar-Assisted Return Transfer ∆V Costs

Orbit No. ∆V2,∆V5 (m/s) ∆V3,∆V4 (m/s) ∆Vinter (m/s) TOF (days)

1 179.17 95.83 550.00 16.97

2 180.49 119.51 600.00 17.13

3 187.93 152.07 680.00 17.51

4 222.65 177.34 799.98 17.97

5 286.37 193.63 960.00 18.49

6 334.47 195.53 1060.00 18.42

7 442.84 196.45 1278.58 18.24

8 594.21 194.38 1577.18 18.48

as the L2 family grows in size and the z-amplitude increases, the round-trip transfer

time-of-flight increases by only approximately 1.5 days, but the intermediate transfer

∆V cost, ∆Vinter = ∆V2 + ∆V3 + ∆V4 + ∆V5, increases by over 1 km/s across the

family. The dramatic increase in the ∆V costs is driven largely by the increase in

the magnitude of the maneuvers executed at lunar periapsis, that is, ∆V2 and ∆V5,

required to allow the spacecraft to reach successively larger z-amplitudes. The li-

bration point orbit insertion maneuvers, ∆V3 and ∆V4, respectively, increase as well.

While there are a variety of approaches for computing round-trip transfers between

Earth and Earth-Moon L2, for this trajectory design strategy and the orbits in this

investigation, a lunar-assisted return strategy apparently offers savings in both flight

time and ∆V maneuver costs compared with a direct-return approach.



110

5.4 Ephemeris Earth-L1/L2 Transfers in the Earth-Moon System

Any transfers previously designed in the RTBP problem can be transitioned to a

higher-fidelity ephemeris model via differential corrections procedures. The solutions

from the RTBP model are sampled at a selected time interval, and the resulting

discretized solution is integrated within the ephemeris model. A multiple-shooting

algorithm is employed to enforce full-state continuity along both the transfer arcs

and the libration point orbit. However, velocity discontinuities at any predetermined

∆V locations, including between the transfer arc and the orbit, are allowed. The

transition to the ephemeris model can influence the characteristics of both the transfer

and the libration point orbit. For example, the effect of varying the inclination at

LEO is explored via a relatively straightforward and mostly automated process within

a differential corrections algorithm.

As a preliminary demonstration of the impact of lunar eccentricity, solar gravity,

and Earth departure inclination on Earth-L1/L2 transfer trajectories in the Earth-

Moon system, a direct, two-burn Earth-L2 transfer is transitioned from the RTBP

model to a higher-fidelity ephemeris model as depicted in Figure 5.13. In this exam-
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Figure 5.13. Example Two-Burn Earth-L2 Ephemeris Transfer

ple, the ∆V cost for the ephemeris trajectory is constrained to be equal to the cost

requirement associated with the RTBP trajectory – 950 m/s. Recall that, in this

investigation, the outbound legs along the transfer paths in the RTBP solutions are
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generally nearly planar. The trajectory in Figure 5.13 is computed with an epoch in

mid-December 2017 when the lunar orbital plane is inclined approximately 20 degrees

with respect to the Earth’s equatorial plane. Thus, to transition the RTBP trajec-

tories to higher-fidelity models with an Earth departure inclination of 28.5 degrees

(consistent with a launch from Kennedy Space Center), the trajectories in this analy-

sis are first constructed with a departure inclination of 20 degrees and a continuation

procedure is implemented to increase the inclination to the desired angle.

An identical procedure is employed to compute three-burn Earth-L1 transfers in

a higher-fidelity Earth-Moon-Sun ephemeris model. A continuation process is again

incorporated to raise the Earth departure inclination from 20 degrees to 28.5 degrees.

To demonstrate the effects of Earth departure inclination on this particular collection

of three-burn transfer trajectories, the ∆V costs for each trajectory in the continu-

ation process are summarized in Table 5.4. To isolate the effect of inclination, the

time-of-flight and the perilune altitude are fixed at 5 days and 400 km, respectively,

for each trajectory. The cost associated with departing Earth from a circular 200-km

Table 5.4 Three-Burn Earth-L1 Ephemeris Transfer ∆V Costs

Inclination (deg) ∆V1 (m/s) ∆V2 (m/s) ∆V3 (m/s) ∆V2 + ∆V3 (m/s)

20 3151.40 235.63 364.37 600.00

22 3151.80 235.03 367.97 603.00

24 3151.13 239.02 367.48 606.50

26 3151.39 247.34 364.66 612.00

28.5 3151.96 259.26 358.74 618.00

altitude parking orbit, i.e., ∆V1, is also included in the table to illustrate that, in

this instance, changing the inclination does not significantly alter the Earth depar-

ture maneuver. The final converged three-burn Earth-L1 ephemeris transfer at an

inclination of 28.5 degrees appears in Figure 5.14. The intermediate ∆V cost, that

is, ∆V1 + ∆V2 = 618 m/s, represents only a 3% increase in cost compared to the
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Figure 5.14. Example Three-Burn Earth-L1 Ephemeris Transfer

initial transfer with an Earth departure inclination of 20 degrees and illustrates that

the inclination does not appear to produce a significant effect on libration point orbit

transfer cost for trajectories in this investigation.
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6. LIBRATION POINT ORBIT STATIONKEEPING

Most orbits in the vicinity of collinear libration points are inherently unstable and,

consequently, stationkeeping strategies are a critical component of mission design and

operations in these chaotic dynamical regions. Stationkeeping is particularly impor-

tant for libration point missions in the Earth-Moon system since fast time scales

require that orbit maintenance maneuvers be implemented approximately once per

week. Assuming that acceptable orbit determination solutions require 3-4 days to

obtain, stationkeeping ∆V planning activities must be quick, efficient, and effective.

Furthermore, the duration of a libration point mission is often dictated by the remain-

ing propellant so a key capability is maintenance maneuvers that are low-cost. Thus,

to accommodate a likely increase in future operations in the vicinity of the Earth-

Moon libration points, fast, reliable algorithms capable of rapidly computing low-cost

stationkeeping maneuvers, with little or no human interaction, are critical. In this

investigation, a long-term stationkeeping strategy is developed and stationkeeping

∆V costs are approximated via Monte Carlo simulations for a variety of libration

point orbits in the restricted three-body and higher-fidelity ephemeris models. A

post-mission analysis of the ARTEMIS stationkeeping maneuvers is presented and

the empirical results are incorporated into a modified formulation of the long-term

stationkeeping strategy.

6.1 Libration Point Orbit Stationkeeping

Unstable libration point orbits can be maintained through many variations of

short- and long-term stationkeeping approaches. Strictly adhering to a baseline tra-

jectory [71, 72] ensures the desired long-term behavior of the orbit, but may not be

optimal from a ∆V perspective and could make modifying the baseline more chal-
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lenging and/or costly in the future. The long-term stationkeeping strategy introduced

in this investigation seeks to reliably compute maneuvers that ensure a satisfactory

long-term trajectory evolution without strictly following a baseline solution. The

long-term approach is general and can easily be incorporated within the context of

an optimization scheme as well.

6.1.1 Short-Term Stationkeeping

For the purposes of this investigation, libration point orbit stationkeeping strate-

gies are broadly classified into two groups: short-term and long-term. In practice,

the goal of short-term algorithms are, generally speaking, to maintain a spacecraft

in a libration point orbit for the next 1-2 revolutions downstream. This time frame

is governed by the fact that most collinear libration point orbits of interest can only

be numerically integrated for 1-2 revolutions before departing due to the unstable

nature of the orbits. Thus, short-term stationkeeping strategies focus on controlling

the trajectory in the near-term while end-of-mission constraints are addressed only

when the mission nears its conclusion. A variety of short-term approaches have been

examined and/or implemented [72,73]. A number of these strategies were explored for

application to the ARTEMIS mission and, operationally, stationkeeping maneuvers

were planned using an optimization process designed to keep the spacecraft in orbit

for 1-2 revolutions into the future [58, 59,72,73].

6.1.2 Long-Term Stationkeeping Strategy

Long-term stationkeeping strategies fundamentally differ from short-term schemes

in that ∆V maneuvers are designed with a focus on the long-term evolution of the

trajectory. The underlying goal is the computation of stationkeeping maneuvers that

ensure a spacecraft satisfies a set of end-of-mission constraints far into the future

without requiring that the spacecraft strictly adhere to a pre-defined baseline tra-

jectory. In this sense, the stationkeeping strategy is based in a trajectory planning
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approach [99]. The long-term method does, however, require a continuous reference

path computed using multiple shooting that serves as an initial guess for the ma-

neuver planning algorithm. The initial step in computing an end-to-end reference

trajectory is the generation of a suitable initial guess for the multiple shooting dif-

ferential corrector. The design of the initial guess is, of course, reliant upon the

type of mission under investigation. The long-term stationkeeping strategy is then

implemented as a multiple shooting stationkeeping algorithm in conjunction with a

continuous reference solution to conduct maneuver planning activities. Each time a

maneuver is designed, the remaining leg along a reference trajectory is used as an

initial guess in a multiple shooting algorithm to target pre-specified end-of-mission

conditions. Effectively, the reference solution is updated as each maneuver is planned

as well. This global-type approach ensures that planned maneuvers do not disrupt

the remaining trajectory arcs or negatively impact the end-of-mission goals.

Since the original reference solution is entirely continuous in position and veloc-

ity within numerical tolerances, the cost of stationkeeping this reference trajectory

is essentially zero. In reality, however, the spacecraft does not follow the reference

solution exactly due to errors associated with modeling, navigation, and maneuver ex-

ecution. Therefore, the actual mission stationkeeping costs are estimated by inserting

random, normally-distributed position and velocity errors at each maneuver location.

For these simulations, 1-σ navigation errors of 1 km and 1 cm/s are incorporated [72].

A 1-σ simulated maneuver execution error of 1% is applied to each stationkeeping

maneuver as well. In summary, the complete long-term stationkeeping algorithm is

applied in terms of the following steps:

1. Obtain reference solution in desired dynamical model

2. Apply simulated navigation errors to initial state

3. Integrate from initial point to first stationkeeping maneuver location

4. Compute maneuver using remaining leg of reference solution as initial guess
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5. Apply simulated navigation and maneuver execution errors

6. Integrate to next stationkeeping maneuver location

7. Repeat steps 4-6 until final stationkeeping maneuver is performed

8. Apply simulated navigation and maneuver execution errors

9. Integrate to end-of-mission condition (lunar arrival, etc.)

These steps are repeated for the required number of stationkeeping maneuvers. Note

that the reference solution is updated following the computation of each maneuver.

Since each long-term simulation is stochastic in nature, the actual average total sta-

tionkeeping ∆V costs across an entire trajectory are approximated utilizing Monte

Carlo simulations. The long-term strategy is illustrated for an L2 libration point

orbit mission as modeled in the RTBP in Figure 6.1. The initial state is illustrated

∆V

Moon

L2

Figure 6.1. Long-Term Stationkeeping Example

in green, the red asterisk denotes the first stationkeeping maneuver, the blue line

represents the trajectory that trails the vehicle, and the black line is the remaining
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portion along the reference solution that will be used to compute the next station-

keeping maneuver. This long-term stationkeeping strategy is very general and can

be formulated and implemented in a variety of formulations. The multiple shooting

stationkeeping maneuver design problem at the core of the algorithm can be solved

using a minimum-norm update to determine nearby, feasible solutions or the entire

procedure can be implemented within the context of an optimization problem in an

effort to minimize the ∆V costs.

6.1.3 Direct Optimization

During mission operations, orbit maintenance costs can significantly impact mis-

sion duration and/or mass budgets and, consequently, minimizing the stationkeeping

∆V expenditure is often a critical mission objective. And, while multiple shooting

is a robust method for computing solutions near an initial guess, it may not, in gen-

eral, yield optimal results. In this analysis, however, the long-term stationkeeping

algorithm is augmented with direct optimization to compute maintenance maneuvers

that are locally optimal with respect to ∆V . The formulation of the optimization

problem begins by first defining an objective function, J (X), given by

J (X) = ||∆V ||2 (6.1)

for each stationkeeping maneuver vector, ∆V . Note that, for a single maneuver, this

formulation is equivalent to the objective function J (X) = ||∆V || whose derivative

becomes singular for ∆V = 0. Equation (6.1) is implemented because it offers the

distinct advantage of not experiencing singular derivatives when one of the maneuvers

vanishes, i.e., approaches zero [99]. The optimal solution is also required to satisfy a

set of inequality constraints, g (X) ≤ 0, as well as equality constraints, h (X) =

0. The constraints include the traditional continuity constraints enforced in the
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multiple shooting algorithm in addition to any other user-defined constraints. Thus,

the optimization problem for each stationkeeping maneuver is formally stated,

Minimize J (X) = ||∆V ||2

Subject to: g (X) ≤ 0

h (X) = 0

Ti ≥ 0

where the variables associated with the trajectory segment integration time, Ti, are

also explicitly required to be nonnegative. This optimization problem is solved using

sequential quadratic programming (SQP) via the MATLAB function fmincon because

the problem is nonlinear and SQP is able to intrinsically incorporate inequality and

equality constraints as well as bounds on the design variables [100,101]. While not re-

quired, analytical gradients of the objective function and the constraints are supplied

to improve convergence. For this optimal orbit maintenance problem, the long-term

stationkeeping algorithm is executed as discussed previously, with the substitution of

SQP in place of a minimum norm update to compute each maneuver.

6.2 ARTEMIS Post-Mission Stationkeeping Analysis

As the first two Earth-Moon libration point orbiting spacecraft, the vehicles that

define the ARTEMIS mission offer a great deal of insight into actual stationkeeping

operations in complex multi-body dynamical regimes. Thus, it is instructive to briefly

outline some of the important results from an ARTEMIS post-mission stationkeeping

analysis because these findings will serve as a basis of comparison for later simulations

conducted using the long-term stationkeeping strategy. Furthermore, knowledge of

the empirical relationships between ARTEMIS stationkeeping maneuver directions

and the libration point orbit stability analysis can be leveraged to enhance future

stationkeeping algorithms.
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6.2.1 Libration Point Orbit Stability

Even though the ARTEMIS trajectories – discussed in Section 4.2 – operated

within a true “real-world” dynamical model incorporating all perturbing effects, it

is still insightful to analyze the orbits in the context of linear libration point orbit

stability. The three collinear libration points that lie along the Earth-Moon line

are dynamically unstable as are many of the periodic orbits in their vicinity. The

monodromy matrix, M , associated with a periodic libration point orbit is computed

by integrating the state transition matrix, Φ (t, ti), over one orbital period, P , i.e.,

M = Φ (ti + P, ti) (6.2)

Since the monodromy matrix corresponds to a discrete linear mapping, the orbital

stability is assessed by examining the eigenvalues of M relative to a unit circle. The

eigenvalues, λi, exist in reciprocal pairs and are interpreted as follows in an assessment

of the underlying periodic orbit:

|λi| ≤ 1 - Stable eigenvalue

|λi| > 1 - Unstable eigenvalue

λi = 1 - Corresponds to orbit periodicity

This classification of the eigenvalues as associated with the linear variational system

is further illustrated in Figure 6.2.

Stable and unstable manifolds exist as higher-dimensional surfaces governing flow

into and out of such unstable periodic libration point orbits. Local manifold infor-

mation is obtained from the eigenvectors, νi, of a monodromy matrix computed at a

desired fixed point along the periodic path. The local stable and unstable manifolds

– νs and νu, respectively – associated with a fixed point on an L2 Lyapunov orbit

are projected onto configuration space and depicted in Figure 6.3(a). Note that the

stable and unstable subspaces extend in both “+” and “−” directions. Similarly, the

local manifold directions associated with various points along the orbit are projected

into configuration space and appear in Figure 6.3(b).
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Figure 6.2. Example Eigenvalue Diagram for Unstable Periodic Orbit
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Figure 6.3. Local L2 Lyapunov Manifold Directions

6.2.2 ARTEMIS Stationkeeping Maneuver Direction Analysis

The two ARTEMIS spacecraft were maintained in Earth-Moon L1 and L2 quasi-

periodic orbits using a short-term stationkeeping approach. During mission oper-

ations, the stationkeeping strategy utilized direct optimization to compute station-

keeping maneuvers that maintained the spacecraft 1-2 revolutions downstream by
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bounding the x-velocity at a series of xz-plane crossings [58, 59, 72, 73]. To assess

any potential relationship between the stationkeeping maneuver directions and the

stability characteristics of the actual ARTEMIS trajectories, local manifold direction

information is determined using the operational pre- and post-maneuver orbit data.

To compare the actual maneuver directions to the linear results, the local man-

ifold directions are computed at each maneuver location. First, the post-maneuver

state is propagated for approximately one revolution using the Goddard Space Flight

Center’s General Mission Analysis Tool (GMAT) and a high-fidelity dynamical model

that includes the ephemeris positions of the Earth, Moon, and Sun, solar radiation

pressure, and an Earth gravity field of degree and order eight [102]. The state transi-

tion matrix, Φ (t, t0), is computed numerically by perturbing the post-maneuver state

in each component of position and velocity – 4×10−4 km in position and 1×10−4 cm/s

in velocity – and forward differencing the final states along the perturbed and unper-

turbed trajectories. While the ARTEMIS trajectories are quasi-periodic in nature,

the monodromy matrix is approximated from an STM computed for approximately

one revolution. The local manifold directions associated with the approximated mon-

odromy matrix are then available. The alignment between the actual ∆V vector and

the stable mode direction is demonstrated in Figure 6.4 for one of the maneuvers ac-

tually implemented by the ARTEMIS P1 spacecraft during mission operations. One

revolution of the ARTEMIS P1 L2 quasi-periodic trajectory is projected into the xy-

plane and appears along with the local stable (blue) and unstable (red) manifolds

and actual ∆V direction (black) at a particular stationkeeping maneuver location.

Clearly, close in-plane alignment is observed between the ARTEMIS stationkeeping

maneuver and the stable mode direction. To explore this alignment for the rest of

the ARTEMIS stationkeeping maneuvers, the angle between the ∆V vector, as ex-

pressed in terms of the Earth-Moon rotating coordinate frame, and the stable mode

direction is computed from the dot product of the two vectors and is summarized

for all P1 and P2 stationkeeping maneuvers in Figure 6.5. The total angle between

the vectors is depicted in blue while the in-plane angle, that is, the angle between
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Figure 6.4. Alignment between ∆V Direction and the Stable Eigenvector

the xy-projections of the vectors, appears in red. Maneuvers associated with setting

up the transfer between Earth-Moon L2 and L1 for the P1 spacecraft are not consid-

ered, hence the gap in Figure 6.5(a). Post-processing the ARTEMIS maneuver data

reveals that the ∆V directions align closely with the stable mode direction, i.e., ν+
s

or ν−s , for virtually all of the 60+ stationkeeping maneuvers [58,59,73]. This is a sig-

nificant result considering that the optimizer determined these maneuver directions

using only a gradient-based search and did not possess any a priori knowledge of the

orbit stability characteristics. The ARTEMIS spacecraft stationkeeping ∆V direction

was strictly constrained based on the spin plane of the spacecraft [72, 73] and this

additional operational constraint likely accounts for the some of the larger angles in

Figure 6.5. Given the ARTEMIS post-mission mode analysis, it appears likely that

stable mode direction information can be incorporated into existing stationkeeping

algorithms to compute optimal libration point orbit maintenance maneuvers more

quickly and efficiently. At a minimum, the stable mode direction may serve as an
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Figure 6.5. Angle Between ∆V Vector and Stable Mode Direction

initial guess in an optimization strategy. While the full ARTEMIS post-mission mode

analysis is still being examined, a basic conclusion is that maneuver placement along

the stable mode direction can be used to maintain a libration point orbit by effectively

perturbing the trajectory back into the center subspace.
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6.3 Application to the ARTEMIS Trajectories

The long-term stationkeeping algorithm is very general and is readily applica-

ble to the ephemeris ARTEMIS Earth-Moon libration point orbits. The design of

higher-fidelity ARTEMIS reference solutions is briefly discussed and average station-

keeping costs are computed. Sensitivity of the stationkeeping ∆V cost to simulated

navigation/modeling error magnitude is also explored.

6.3.0.1 ARTEMIS Higher-Fidelity Reference Trajectory

To apply the long-term stationkeeping strategy to compute the average ∆V cost

associated with maintaining the ARTEMIS trajectories in an ephemeris model, con-

tinuous P1 and P2 reference solutions must first be computed in the desired higher-

fidelity dynamical model. The construction of the relatively complex reference tra-

jectories, similar to those employed by ARTEMIS, is explained in detail in Section

4.2, but the basic trajectory elements include:

1. L2 orbit insertion

2. Some number of L2 revolutions

3. Transfer to L1 via an L2 unstable manifold and an L1 stable manifold

4. Some number of L1 revolutions

5. Transfer to the lunar vicinity via an L1 unstable manifold

Recall that the present analysis is focused only on the Earth-Moon libration point

orbit phase of the ARTEMIS mission. The ARTEMIS P1 and P2 trajectories are

first computed in the RTBP with a multiple shooting algorithm and are then transi-

tioned to the higher-fidelity model. Transitioning a converged RTBP solution to an

ephemeris model is generally straightforward [36–38] and, in the case of the ARTEMIS

trajectories, the following constraints are imposed in addition to continuity in posi-

tion, velocity, and time:
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1. Fixed initial position and epoch

2. Final lunar periapse altitude

3. Fixed final epoch at lunar arrival

The initial position and epoch are specified by an L2 insertion state consistent with

the actual orbit determination data and a requirement that the spacecraft must arrive

at a lunar periapse altitude equal to 1,500 km at a precise epoch as stipulated by the

science requirements. The resulting ARTEMIS reference solutions, as constructed in

an Earth-Moon-Sun point mass ephemeris model, are depicted in Figure 6.6. Note
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Figure 6.6. ARTEMIS Ephemeris Reference Trajectories

that these higher-fidelity trajectories appear virtually identical to the RTBP solutions

that appear in Section 4.2.

6.3.1 ARTEMIS Stationkeeping Results

The versatility of the long-term stationkeeping strategy, both with and without

the incorporation of direct optimization, is explored by applying the algorithm to the

ARTEMIS P1 and P2 ephemeris trajectories. The average total ∆V cost associated

with the stationkeeping of the ARTEMIS P1 spacecraft in its orbit is estimated using
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the long-term stationkeeping strategy and a Monte Carlo simulation comprised of 500

trials. Stationkeeping maneuvers are incorporated at all xz-plane crossings for a total

of 32 stationkeeping maneuvers per trial as depicted in Figure 6.7. The final desired

1,500 km × 18,000 km (altitude) lunar orbit is illustrated in red. Consistent with the
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Figure 6.7. Stationkeeping Maneuver Locations for the ARTEMIS P1 Trajectory

use of the long-term stationkeeping strategy, each maintenance maneuver is computed

using a multiple shooting algorithm that targets the final end-of-mission constraints

using the remaining trajectory arc along the reference solution as an initial guess. In

the initial non-optimal simulation, maneuvers are computed with a minimum-norm

update and the average total cost to maintain the sample ARTEMIS P1 spacecraft

during its 7.5 month trajectory is determined to be 14.40 m/s, or approximately

45.0 cm/s per maneuver. These results are consistent with previous estimates of

stationkeeping costs for libration point orbits in the Earth-Moon system in previous

studies conducted by Grebow et al. [71] and Folta et al. [72], both incorporating similar

error levels. Note that stationkeeping costs for the actual ARTEMIS P1 trajectory

are lower than the results reported here due to the fact that the actual navigational
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uncertainties during operation were significantly smaller than the estimates employed

in this analysis [73,103].

The long-term stationkeeping strategy is sufficiently general and is applied to the

ARTEMIS P2 trajectory by simply loading the P2 reference solution as the input to

the algorithm. A 500-trial Monte Carlo simulation is conducted for P2 as well and

the non-optimal stationkeeping maneuvers are again constrained to occur at xz-plane

crossings for a total of 27 maneuvers per trial. The maneuver locations as well as

the final 1,500 km x 18,000 km prograde lunar orbit (red) appear in Figure 6.8. The
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Figure 6.8. Stationkeeping Maneuver Locations for the ARTEMIS P2 Trajectory

average total stationkeeping cost per trial is 13.18 m/s which equates to 48.8 cm/s

per maneuver. Again, these results are consistent with results from previous studies

in the Earth-Moon regime. The ∆V cost for stationkeeping the actual ARTEMIS

P2 trajectory were significantly lower than those predicted here, given the overly-

conservative estimates of the navigational uncertainties utilized in this analysis.
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The optimal implementation of the long-term stationkeeping strategy is employed

in Monte Carlo simulations comprised of 500 trials for both the ARTEMIS P1 and

P2 trajectories as well. However, in this case, no reduction in stationkeeping cost

is achieved when compared with the non-optimal approach. For the ARTEMIS P1

spacecraft, both the non-optimal and optimal methods yield average total station-

keeping costs of 14.40 m/s. Similarly, the average total non-optimal and optimal ∆V

costs to maintain the ARTEMIS P2 spacecraft are both equal to 13.18 m/s. Addi-

tional stationkeeping cost information appears in Appendix A. While these results

warrant further investigation, the initial interpretation is that the highly constrained

nature of the ARTEMIS long-term stationkeeping problem – and the fixed time-of-

flight, in particular – results in both the traditional multiple shooting algorithm and

the direct optimizer converging on very similar, feasible local solutions. However,

it is likely that these stationkeeping costs can be further reduced if the locations of

the maintenance maneuvers, themselves, are optimized. Stationkeeping maneuver

location design is an ongoing research effort.

6.3.2 Navigation/Modeling Errors and Stationkeeping Costs

The average total stationkeeping cost obtained via Monte Carlo simulations for the

ARTEMIS P1 and P2 trajectories are equivalent to per-maneuver ∆V costs of 45 cm/s

and 49 cm/s, respectively. While these costs are consistent with previous Earth-Moon

stationkeeping results obtained using similar error levels [71,72], the costs are higher

than those implemented during the actual ARTEMIS spacecraft operations [73]. This

discrepancy originates in the fact that the 1-σ position and velocity errors of 1 km and

1 cm/s, respectively, as employed in this analysis represent conservative, pre-mission

estimates that are considerably higher than those observed during the ARTEMIS

mission [103]. To assess the sensitivity of the ARTEMIS stationkeeping costs to these

simulated navigation and modeling errors, the ARTEMIS stationkeeping simulations

conducted in the previous section are repeated incorporating 1/5 and 1/10 of the
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original position and velocity error levels. The maneuver execution error is fixed at a

1-σ level of 1% for each simulation. The computed stationkeeping ∆V costs that result

from each 500-trial Monte Carlo simulation appear in Table 6.1. The table illustrates

Table 6.1 ARTEMIS Stationkeeping Cost Error Sensitivity

Orbit 1-σ Pos. Error (km) 1-σ Vel. Error (cm/s) Mean ∆Vtot (m/s)

ARTEMIS P1

1.00 1.00 14.40

0.20 0.20 2.92

0.10 0.10 1.49

ARTEMIS P2

1.00 1.00 13.18

0.20 0.20 2.64

0.10 0.10 1.32

a relationship between position and velocity errors and the resulting stationkeeping

costs that is nearly linear. Thus, reducing the 1-σ errors by a factor of 10 – a

level more representative of the errors observed during ARTEMIS flight operations –

reduces the average total stationkeeping cost by approximately an order of magnitude.

The reduced per-maneuver ∆V costs are more consistent with the actual values for

the ARTEMIS P1 and P2 spacecraft. While the linear relationship between the

errors and stationkeeping costs is not unexpected, these results are notable because

they demonstrate that this long-term stationkeeping approach is capable of delivering

stationkeeping cost estimates that are consistent with actual libration point mission

operations in the Earth-Moon regime.

6.4 Optimal Libration Point Orbit Stationkeeping Results

The long-term stationkeeping strategy is robust, flexible, and can be integrated

within the context of a direct optimization problem in a straightforward manner for

a variety of libration point orbits. The optimal maneuver planning method is first
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explored in the restricted three-body problem to validate and explore the empirical

results obtained during the ARTEMIS post-mission analysis. The optimal long-term

stationkeeping strategy is also applied to a variety of trajectories in a higher-fidelity

ephemeris model. Finally, knowledge gained from the operational ARTEMIS sta-

tionkeeping activities are used to compute optimal maneuvers without the use of

gradient-based optimization software.

6.4.1 Optimal Long-Term Stationkeeping in the RTBP

Employing the optimal long-term stationkeeping strategy, this analysis first seeks

to demonstrate that the alignment of the stationkeeping ∆V vectors with the stable

mode directions is not unique to the ARTEMIS mission. To examine the station-

keeping history, consider a reference Earth-Moon L2 planar Lyapunov as well as a

three-dimensional halo orbit in the restricted three-body problem that will both be

maintained for 12 revolutions, that is, approximately six months. The reference L2

Lyapunov and halo orbits are depicted in Figures 6.9(a) and 6.9(b), respectively. The

(a) L2 Lyapunov Orbit (b) L2 Halo Orbit

Figure 6.9. Periodic RTBP Earth-Moon L2 Orbits

goal of this initial investigation is confirmation that, consistent with the ARTEMIS
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spacecraft trajectories, the locally-optimal long-term stationkeeping maneuvers align

with the stable modes of the associated orbits. To ensure that the ∆V directions are

not biased by the specific stationkeeping constraints incorporated for the ARTEMIS

trajectories, three constraint strategies are applied to the Lyapunov and halo orbits

in the RTBP in the form of three sample cases:

Case 1. Using extra revolutions to achieve desired behavior

Case 2. Bounding x-position at the final xz-plane crossing

Case 3. Departing orbit and targeting a set of lunar arrival conditions

In Case 1, 16-revolution reference solutions are generated via multiple shooting for

both the planar L2 Lyapunov and the 3-D halo orbit. Thus, each long-term sta-

tionkeeping maneuver targets four revolutions beyond the 12-revolution requirement.

The only required end-point constraint is that the spacecraft returns to the xz-plane

after 16 revolutions, i.e., yf = 0. Case 1 is intended to represent the least constrained

example.

Case 2 represents a 12-revolution reference trajectory and stipulates that, at the

final xz-plane crossing, the x-position of the spacecraft lies within a set of bounds

[α, β], i.e., α ≤ xf ≤ β. The Case 2 constraints are illustrated in Figure 6.10. For this

analysis, the bounds are defined to be 100 km on either side of the final x-position

along the 12-revolution reference orbit, thus, β − α = 200 km.

The reference path for the final example in Case 3 involves a vehicle that com-

pletes 12 revolutions along the libration point orbit, departs the orbit via an unstable

manifold trajectory, and arrives in the lunar vicinity at a periapse altitude of 1,500

km. The reference trajectories representing the L2 Lyapunov and the 3-D halo orbit

for this example are depicted in Figure 6.11(a) and 6.11(b), respectively. The orbit

maintenance ∆V maneuvers are computed via the long-term stationkeeping strategy

using lunar periapse altitude as the only end-of-mission constraint.

Optimal stationkeeping costs are computed for each of the three examples, rep-

resenting three types of constraints, using the long-term stationkeeping strategy out-
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Figure 6.10. Long-Term Stationkeeping Example
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Figure 6.11. Reference Solutions Incorporating Departure Along Unstable Manifold

lined in Section 6.1. The optimal stationkeeping costs are compared to results com-

puted with a non-optimal long-term stationkeeping strategy, i.e., utilizing multiple

shooting and a minimum norm update in contrast to direct optimization, and a 16-

revolution reference consistent with the constraints in Case 1. For each case, the
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mean stationkeeping cost to maintain the orbit for 12 revolutions – requiring 23 sta-

tionkeeping maneuvers – is computed using 500 Monte Carlo trials incorporating the

conservative 1-σ navigation/modeling errors of 1 km and 1 cm/s, respectively, and

1-σ maneuver execution errors of 1%. The alignment between the stationkeeping ∆V

vectors and the stable mode directions is assessed by computing the angle, θ, between

the vectors for each maneuver. The definition of the angle θ is illustrated in Figure

6.12.

Figure 6.12. Angle, θ, Between ∆V Vector and Stable Eigenvector

Optimal and non-optimal variations of the long-term stationkeeping strategy are

successfully employed to maintain both the L2 Lyapunov and the halo orbit for 12

revolutions employing each of the three sample end-of-mission constraints. A ∆V

cost comparison is summarized in Table 6.2 and a number of use observations are

readily apparent. Additional cost information is detailed in Appendix A . As an-

ticipated, the optimal long-term stationkeeping strategy reduces the cost associated

with maintaining the orbits in the RTBP – by approximately 24% for the L2 Lya-

punov orbit and 19-21% for the L2 halo orbit. It is also clear that the reduction

in ∆V is correlated with a reduction in the angle between the ∆V vector and the

stable mode direction, θ. Consistent with the ARTEMIS spacecraft trajectories and
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Table 6.2 RTBP Optimal Stationkeeping Cost Comparison

Orbit Case Mean ∆Vtot (m/s) Mean θ (deg) Median θ (deg)

L2 Lyapunov

Non-optimal 10.64 39.89 57.28

Optimal, 1 8.03 5.84 1.59

Optimal, 2 8.06 9.08 1.73

Optimal, 3 8.05 7.99 2.50

L2 Halo

Non-optimal 10.48 35.92 43.96

Optimal, 1 8.30 15.84 3.88

Optimal, 2 8.49 7.93 0.13

Optimal, 3 8.46 3.73 0.12

the corresponding maneuver history, the optimal maneuvers that are computed using

the long-term stationkeeping strategy do align closely with the stable mode direction,

particularly when the median angle is considered. The discrepancy between the mean

and median angles is likely the result of the direct optimization scheme converging on

locally optimal solutions that, in some cases, are far from the stable mode direction.

Of course, these outliers skew the mean value. Also notable, for both RTBP orbits,

the constraints as defined in Case 1 result in the lowest stationkeeping costs, followed

by the constraints as described in Case 3 and Case 2. These results are due to the

fact that the constraints in Case 1 prescribe the least restrictive orbital constraints

while the constraints in Case 2 enforce the most rigid requirements. The fundamental

results, however, confirm that the optimal long-term stationkeeping strategy is capa-

ble of reliably computing maneuvers satisfying a variety of end-of-mission constraints

and that the optimal ∆V directions align closely with the stable mode direction as

empirically demonstrated in the ARTEMIS stationkeeping results.
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6.4.2 Optimal Stationkeeping Costs Across Periodic Orbit Families

To further demonstrate the applicability of the optimal long-term stationkeeping

strategy, the stationkeeping costs are also explored for several families of Earth-Moon

L1 and L2 periodic libration point orbits of potential relevance to human exploration

activities as discussed in Chapter 5. Each trajectory is maintained for 12 revolu-

tions in the RTBP which corresponds to approximately 3.5 to 7.5 months for the

Earth-Moon trajectories in this analysis, but stationkeeping costs can reasonably be

extrapolated for longer durations. Stationkeeping costs are estimated using 500-trial

Monte Carlo simulations for each orbit of interest and the 12-revolution average ∆Vtot

is extrapolated to produce an approximate annual stationkeeping (SK) cost. The costs

associated with maintaining various Earth-Moon L1 and L2 southern halo orbits ap-

pear in Figure 6.13. The trajectories in Figure 6.13 are the same halo orbits for which
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Figure 6.13. Annual SK Costs for Earth-Moon L1/L2 Southern Halo Families

Earth-L1/L2 transfer trajectories are computed in Chapter 5. The highest average

total stationkeeping cost (over 35 m/s) is associated with the smallest Earth-Moon
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L1 southern halo orbit that is examined in Figure 6.13(a), one with an orbital period

of approximately 12 days. Conversely, maintaining the largest Earth-Moon L1 halo

orbit in Figure 6.13(a) requires the lowest ∆V , that is, approximately 3 m/s per year.

Similar to orbits in the Earth-Moon L1 southern halo family, the larger the amplitude

of the orbits in the Earth-Moon L2 southern halo family, the lower the average total

∆V . However, as observed in Figure 6.13(b), the L2 orbits are generally less costly to

maintain than their L1 counterparts with average total ∆V values ranging from 2.6

to 18.5 m/s for the selected Earth-Moon L2 southern halo orbits in Figure 6.13(b).

Annual stationkeeping costs for selected members of the Earth-Moon L1 Lyapunov

and vertical families appear in Figure 6.14. In both the Lyapunov and vertical orbits,

(a) L1 Lyapunov family (b) L1 Vertical family

Figure 6.14. Annual SK Costs for Earth-Moon L1 Lyapunov and Vertical Families

similar behavior is observed and the largest amplitude trajectory requires the lowest

average total ∆V . The smallest y-amplitude Lyapunov orbit requires the largest

annual maintenance ∆V of any trajectory in this investigation at over 39 m/s. Note

that Earth-Moon L2 Lyapunov and vertical orbits are not addressed in this analysis
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because the line-of-sight to the Earth is regularly blocked by the Moon, which is

usually undesirable from a communications perspective.

6.4.3 Quasi-Periodic Orbit Stationkeeping Costs

In addition to analyzing the maneuver costs that are required to maintain various

periodic orbits in the Earth-Moon system, it is also beneficial to explore station-

keeping costs for associated quasi-periodic behavior. Mission requirements may only

require a spacecraft to remain in the general vicinity of a libration point, as opposed

to tightly following a predetermined path. Furthermore, in higher-fidelity models,

libration point orbits are inherently quasi-periodic due to perturbations such as lunar

eccentricity and solar gravity. Figures 6.15(a) and 6.15(b) illustrate the stationkeep-

ing costs associated with maintaining Earth-Moon L1 and L2 southern quasi-halo

trajectories, respectively.

(a) L1 Southern Quasi-Halo Orbits
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(b) L2 Southern Quasi-Halo Orbits

Figure 6.15. Annual SK Costs for Earth-Moon L1/L2 Quasi-Halo Orbits
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For the each of the simulated quasi-periodic trajectories, the observed stationkeep-

ing costs are very similar to the costs required to maintain the associated periodic

orbits. This is not a completely unexpected result, but, nevertheless, the analysis

confirms that periodic orbit maintenance costs are reasonable predictions for the ∆V

required to maintain nearby quasi-periodic trajectories. The stationkeeping costs as-

sociated with the orbits depicted in Figures 6.13, 6.14, and 6.15 are tabulated in

Appendix A.

6.4.4 Orbit Stability and Stationkeeping Costs

Additional insight into the orbit maintenance costs depicted in Figures 6.13 and

6.14 is available by exploring the correlation between the orbit stability index, ν, and

annual stationkeeping ∆V costs. The orbit stability index is computed as

ν =
1

2

(
|λmax|+

1

|λmax|

)
(6.3)

where λmax represents the largest eigenvalue that is determined from the monodromy

matrix associated with a particular periodic orbit [82]. Fundamentally, a larger sta-

bility index indicates an orbit with greater instability while a stable periodic orbit

corresponds to ν = 1. The stability index is plotted against the annual stationkeep-

ing costs in Figure 6.16 for orbits belonging to each of the four periodic families that

are previously explored in Figures 6.13 and 6.14. First, for each family, recall that

the stability index decreases as the orbits within each family increase in size which

implies that the orbits become less unstable. Not surprisingly, orbit maintenance

costs and the stability index are clearly correlated and it is apparent that, as periodic

orbits within the family become less unstable, their required stationkeeping ∆V also

decreases. Combining the stationkeeping results with the prior transfer results, it is

apparent that, for the Earth-Moon L1 southern halo orbits, both transfer and sta-

tionkeeping costs decrease as the orbits across the family expand in size. Conversely,

stepping through the Earth-Moon L2 southern halo family results in higher transfer

costs, but lower stationkeeping ∆V requirements.
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Figure 6.16. Relationship Between Stability Index, ν, and Stationkeeping Costs

6.4.5 Optimal Long-Term Stationkeeping in the Ephemeris Model

The optimal long-term stationkeeping strategy is an inherently flexible formulation

and is easily adapted to maintaining orbits in higher-fidelity models. In this analysis,

a Moon-Earth-Sun point mass model incorporating DE405 ephemerides is utilized.

The method is applied to higher-fidelity analogues of the L2 Lyapunov trajectory and

the 3-D halo orbit employed in Section 6.4.1, but is applicable to more complex tra-

jectories as well. Similar to the evaluation of the long-term stationkeeping strategy

in terms of a restricted three-body model in Section 6.4.1, the method is now imple-

mented to maintain an L2 Lyapunov trajectory and a 3-D halo orbit in an ephemeris

model for 12 revolutions. In this example, only the sample constraint in Case 1 is

assessed employing a 16-revolution reference solution. Using the 16-revolution pla-

nar Lyapunov and 3-D halo reference solutions in the RTBP as initial guesses, the

higher-fidelity reference solutions are computed using a Moon-Earth-Sun point mass

ephemeris model and an epoch associated with January 1, 2020 00:00:00 UTC. The
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converged quasi-periodic L2 Lyapunov and halo ephemeris reference solutions appear

in Figure 6.17.
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(a) L2 Lyapunov Orbit
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Figure 6.17. Quasi-periodic Ephemeris Orbits

To approximate actual mission stationkeeping costs, 500 optimal and non-optimal

Monte Carlo trials are again completed incorporating the same navigation/modeling

and maneuver execution errors implemented in the RTBP trials. For both the

ephemeris Lyapunov and halo orbits, the optimal long-term stationkeeping algorithm

is again successful in reducing the cost to maintain the trajectories for 12 revolutions

as illustrated in Table 6.3. The optimal scheme reduces the orbit maintenance cost

Table 6.3 Ephemeris Optimal Stationkeeping Cost Comparison

Orbit Case Mean ∆Vtot (m/s)

L2 Lyapunov
Non-optimal 9.60

Optimal 7.67

L2 Halo
Non-optimal 9.25

Optimal 8.06
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by 21% for the ephemeris L2 Lyapunov orbit and by 13% for the ephemeris L2 halo

orbit. The overall reduction in ∆V cost in the ephemeris model compared to the

results generated in the restricted three-body problem can most likely be attributed

to a favorable lunar and/or solar phasing associated with the arbitrarily selected

simulation epoch.

6.4.6 Explicit ∆V Direction Constraint

In this analysis, a straightforward modification to the long-term stationkeeping

strategy enables the computation of near-optimal orbit maintenance maneuvers with-

out the use of formal optimization procedures. As mentioned previously, the actual

ARTEMIS trajectories and the associated maneuvers empirically demonstrate a cor-

relation between the directions associated with optimal libration point orbit sta-

tionkeeping maneuvers and the local stable mode direction. The updated approach

incorporates insight from the ARTEMIS mission libration point orbit operations into

the existing non-optimal long-term stationkeeping strategy. Specifically, the multi-

ple shooting algorithm that is employed to compute each stationkeeping maneuver is

augmented with an additional constraint to ensure that each ∆V is computed such

that it aligns exactly with the associated stable mode direction, i.e.,

∆V̂ = ±ν+
s (6.4)

corresponding to each maneuver vector, ∆V . Note that the stable mode direction

is computed in the same dynamical model as the reference trajectory. Equation

(6.4) is expressed as a single constraint in the multiple shooting algorithm with the

mathematical expression (
∆V̂ · ν+

s

)2
− 1 = 0 (6.5)

The original non-optimal long-term stationkeeping strategy is implemented, but is

augmented with an explicit constraint on the ∆V direction. A caveat to the modified

strategy is necessary since, in a small number of cases, the algorithm may not deliver

a ∆V that meets all conditions, i.e., satisfies trajectory continuity constraints and is
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aligned with the stable mode direction. In these cases, the additional stable mode

alignment constraint is not enforced in the multiple shooting algorithm and a non-

optimal maneuver is computed as accomplished previously.

To demonstrate the updated scheme, the previous L2 Lyapunov as well as the halo

orbit are again maintained for 12 revolutions in the RTBP using the 16-revolution

reference solutions with constraints consistent with the description for Case 1. Sta-

tionkeeping maneuvers are still executed at all xz-plane crossings. The results of

the Monte Carlo simulations incorporating the explicit constraint on ∆V direction

appear in Table 6.4 with results obtained via the non-optimal and direct optimiza-

tion methods included for comparison. Supplemental stationkeeping cost information

is presented in Appendix A. For both the L2 Lyapunov planar trajectory and the

Table 6.4 RTBP SK Cost with ∆V Direction Constraint Comparison

Orbit Case Mean ∆Vtot (m/s) Mean θ (deg) Median θ (deg)

L2 Lyapunov

Non-optimal 10.64 39.89 57.28

Direct Opt. 8.03 5.84 1.59

Constr. ∆V 8.01 0.93 4.81e-4

L2 Halo

Non-optimal 10.48 35.92 43.96

Direct Opt. 8.30 15.84 3.88

Constr. ∆V 8.22 4.26e-4 4.22e-4

3-D halo orbit, the multiple shooting approach incorporating an explicit constraint

on ∆V direction produces mean total stationkeeping costs that are consistent with,

and slightly lower than, those produced using commercial direct optimization soft-

ware. The constraint requiring that the ∆V vector be aligned with the stable mode

direction yields convergence in nearly all simulations. Of the 11,500 maneuvers imple-

mented during each 500-trial Monte Carlo simulation, 98.9% of L2 Lyapunov trajec-

tory stationkeeping maneuvers and 100% of L2 halo orbit maneuvers align with their

respective stable mode directions. It is still necessary to verify the results obtained
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via the modified multiple shooting approach in an ephemeris model, but similar ob-

servations are expected. Nevertheless, while the current results are only preliminary,

augmenting the long-term stationkeeping algorithm with a constraint to explicitly

align the ∆V and stable mode directions represents a promising alternative strat-

egy that is capable of reliably designing low-cost stationkeeping maneuvers for both

planar and three-dimensional libration point orbits in a specified dynamical model

without requiring any formal direct optimization software.
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7. OUT-OF-PLANE AMPLITUDE EVOLUTION IN

QUASI-PERIODIC TRAJECTORIES

The design of the ARTEMIS trajectories in the Earth-Moon system features quasi-

periodic orbits with z-amplitudes, i.e., excursions normal to the lunar orbit plane,

that vary significantly over the course of the mission. Controlling the evolution of the

out-of-plane amplitude is nontrivial, but can be critical to satisfying mission require-

ments. Operationally, deterministic correction maneuvers are designed to deliver

specific point solutions to ensure that the spacecraft trajectory retains any speci-

fied end-of-mission characteristics such as lunar arrival inclination. However, these

successfully designed corrections do not yield any useful generalizations about the

trajectory behavior at later epochs along the path or for future mission applications.

Increasing the design intuition concerning the quasi-periodic ARTEMIS trajectory

evolution and the potential trade-offs in this dynamical environment is essential for

effective future spacecraft operations in the Earth-Moon system and multi-body dy-

namical regimes, in general. The sensitivity of out-of-plane amplitude evolution is

explored in this investigation, in particular, to perturbations that originate from lunar

eccentricity, solar gravity, and solar radiation pressure. A strategy for designing low-

cost deterministic maneuvers to control the amplitude history is also developed, an

approach that, ultimately, translates into a general search procedure to ensure that a

spacecraft satisfies a desired set of end-of-mission criteria. The method is sufficiently

general and is applied to an L1 quasi-periodic orbit that is consistent with the path

of the ARTEMIS P2 spacecraft.
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7.1 Out-of-Plane Amplitude Control Strategy

To investigate the sensitivity of the z-amplitude evolution to various dynamical

perturbations and to examine the placement of deterministic maneuvers to compen-

sate for unfavorable z-amplitude histories, a reference solution is required – much like

the stationkeeping strategy from Chapter 6. Generally, the numerical computation of

a continuous, end-to-end reference trajectory incorporating multiple revolutions along

a quasi-periodic trajectory is nontrivial given that most collinear libration point orbits

are unstable and any simulation departs the orbit after 1-2 revolutions if not main-

tained. Numerical determination of a continuous, multi-revolution reference solution

is possible, however, by again employing a multiple shooting differential corrections

algorithm. This reference is then incorporated into both the z-amplitude sensitivity

analysis and the deterministic correction maneuver placement strategy.

7.1.1 Designing a Reference Solution

Computing a reference solution is a critical first step to explore the sensitivity of

z-amplitude evolution in quasi-periodic orbits and, ultimately, to determine the most

effective placement of deterministic corrections maneuvers for meeting a set of end-

of-mission requirements. It should be emphasized that, in this investigation, the term

“reference solution” is distinguished from “baseline.” Here, a baseline trajectory is a

nominal path computed during the mission design phase. However, the term reference

solution is used more broadly to denote a continuous, “end-to-end” trajectory that

serves as an initial guess for a numerical corrections algorithm. During nominal

mission operations, the baseline may be employed as a reference solution but if the

spacecraft deviates significantly from the original design, continually updating the

reference is more effective. While reference solution design is largely application-

dependent, it is summarized, as in previous chapters, in three general steps:

1. Initial guess generation
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2. Convergence in lower-fidelity model

3. Convergence in higher-fidelity model

The ARTEMIS reference solutions as computed in the RTBP and in higher-fidelity

models as demonstrated in Sections 4.2 and 6.3 are employed in the out-of-plane

amplitude evolution analysis as well. For purposes of this analysis, reference solutions

are constructed in a variety of other higher-fidelity dynamical models as well.

7.1.2 Out-of-Plane Amplitude Correction Strategy

Quasi-periodic orbits in the Earth-Moon system are highly sensitive and even

small errors in position and/or velocity strongly influence the z-amplitude evolution

downstream along the trajectory. For spacecraft such as ARTEMIS, with a relatively

strict set of end-of-mission objectives, significant changes in the z-amplitude compo-

nent can result in lunar arrival inclinations, for example, that are unacceptably large

and do not satisfy mission requirements. There are a variety of potential approaches

for correcting an undesirable z-amplitude evolution, but, for this initial investigation,

a straightforward, systematic strategy is implemented.

A schematic for a deterministic ∆V placement strategy to rectify an unfavor-

able out-of-plane amplitude evolution appears in Figure 7.1. The process begins

with a continuous reference solution as depicted in Figure 7.1(a). Possible maneu-

ver locations appear in red and the green “X” denotes the desired end-of-mission

requirement. The search for a low-cost maneuver to produce a favorable z-amplitude

evolution commences by introducing a ∆V at each potential maneuver location – em-

ploying multiple shooting with any remaining segments along the reference solution

as an initial guess. The process results in an entire set of trajectories, each with a

∆V in a different location; each arc satisfies the end-point constraints. The poten-

tial deterministic maneuvers along a sample reference path appear in Figure 7.1(b).

Each of these maneuvers represents one ∆V in a corrected trajectory that satisfies

the desired set of end constraints though the individual resulting paths are not pic-
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tured. Note that, in general, a corrections scheme may not be successful in delivering

a ∆V that satisfies the end-point constraints from an arbitrary point along the path.

Thus, a ∆V maneuver that yields the desired end conditions may not exist for every

potential maneuver location along a reference trajectory. The final step in the out-

of-plane amplitude correction strategy is the selection of a single ∆V – typically the

maneuver with the lowest magnitude – from the set of all possible maneuvers. In the

schematic, ∆V2 in Figure 7.1(b) has the smallest magnitude and is applied in Fig-

ure 7.1(c) as a deterministic maneuver along the reference trajectory that is plotted

in black. The continuous, post-maneuver trajectory that satisfies the set of end-of-

mission requirements is depicted in blue. Future iterations of this algorithm could

x1, τ1
x2, τ2

x3, τ3 x4, τ4

x5, τ5

(a) Reference Trajectory

x1, τ1  
x2, τ2  

x3, τ3  x4, τ4  
x5, τ5  

ΔV2  

ΔV1  

ΔV3  
ΔV4  

(b) Potential ∆V Maneuvers

x1, τ1  
x2, τ2  

x3, τ3  
x4, τ4  

ΔV  

x5, τ5  

(c) Corrected Trajectory with Minimum ∆V

Figure 7.1. Deterministic ∆V Placement Schematic

incorporate a strategy to optimize both the location and the magnitude of the ma-

neuvers. The current procedure, however, demonstrates the benefits of employing a
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reference solution and supplies a reliable and straightforward approach for correcting

an unfavorable out-of-plane amplitude evolution in a quasi-periodic libration point

orbit using a single deterministic ∆V maneuver.

7.2 ARTEMIS P2 Out-of-Plane Amplitude Evolution

An important scientific goal for the ARTEMIS mission is the collection of two-

point measurements of the Earth’s magnetotail and the solar wind over a wide range

of locations in the Sun-Earth and Earth-Moon regimes [6]. In the final phase of the

mission, the two ARTEMIS spacecraft enter lunar orbit to record a large number

of “lunar wake crossings” in which the Moon is directly between the spacecraft and

the Sun. To produce the desired sequence of wake crossings, it is critical that both

probes achieve a near-planar lunar orbit insertion at a specific Julian date as dictated

by scientific requirements. In the highly sensitive Earth-Moon system, however, small

perturbations are capable of altering the z-amplitude evolution of quasi-periodic or-

bits such as those employed by the ARTEMIS spacecraft in such a way that lunar

arrival requirements are not satisfied. In fact, during mission operations for the P2

spacecraft, small errors in the L2 injection state did result in an unfavorable out-

of-plane evolution for the subsequent L1 quasi-periodic orbit. A deterministic ∆V

maneuver to correct the evolving z-amplitude had to be incorporated. Thus, the

P2 trajectory is employed in this analysis to examine the effect of perturbations on

z-amplitude evolution in quasi-periodic orbits and to demonstrate the application of

a deterministic maneuver placement strategy.

7.2.1 ARTEMIS P2 Reference Trajectory

A continuous, “end-to-end” reference trajectory representing the ARTEMIS P2

spacecraft is required for the z-amplitude sensitivity analysis and also serves as an

integral part of the deterministic correction maneuver placement strategy. The P2

reference solution design is explained in detail in Section 4.2, but is briefly reiterated
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here. Recall that the baseline path incorporates only the Earth-Moon libration point

phase of the ARTEMIS P2 spacecraft and, thus, originates at the L2 orbit insertion

location. The trajectory is initially computed in the restricted three-body problem

from an initial guess comprised of four distinct phases:

1. Unstable L2 Lyapunov manifold arc

2. Stable L1 Lyapunov manifold arc

3. 10 “stacked” revolutions of L1 Lyapunov orbit

4. Unstable L1 Lyapunov manifold arc

These individual segments are discretized into patch points and the multiple shooting

algorithm returns a continuous reference solution in the RTBP. During this process,

the initial position is constrained to be the fixed value obtained from orbit deter-

mination data on October 3, 2010. In this investigation, the ARTEMIS P2 RTBP

reference is reconverged in ephemeris models of various levels of fidelity including

solar radiation pressure. The spacecraft and environmental parameters related to the

SRP model are included in Table 7.1. The parameter definitions appear in Section

Table 7.1 Solar Radiation Pressure Model Parameters

Parameter Value Units

k 1.17

A 1 m2

m 85.3527 kg

S0 1,358.098 W/m2

r0 149,597,927 km

c 299,792.458 km/s

2.2.2 and the spacecraft parameters are consistent with the ARTEMIS P2 spacecraft

at Earth-Moon L2 insertion during mission operations.
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7.2.2 Out-of-Plane Amplitude Sensitivity

The ARTEMIS P2 spacecraft emerged from the Earth-to-Moon transfer and en-

tered the vicinity of the L2 libration point on a trajectory with an unfavorable out-of-

plane amplitude evolution prior to lunar orbit insertion. A principal goal of this inves-

tigation is an examination of this phenomenon and consideration of the source, that

is, specific dynamical perturbations – namely, lunar eccentricity, solar gravity, and/or

solar radiation pressure – or simply the fundamental Earth-Moon multi-body gravi-

tational environment. To explore the z-amplitude, let the baseline RTBP ARTEMIS

P2 solution in the lunar region serve as the “reference trajectory.” Then, a second

path, termed the “perturbed reference trajectory”, is generated with an initial veloc-

ity that is altered from that of the reference to produce an unfavorable z-amplitude

evolution. These two trajectories and their associated z-amplitude histories appear

in Figure 7.2. The sensitivity of the out-of-plane evolution to various perturbing

effects is evaluated by using a multiple shooting algorithm to numerically produce

continuous solutions in dynamical models of increasing fidelity and comparing the

resulting z-amplitude profiles. The reference and perturbed reference trajectories in

the RTBP are employed as the initial guesses for the multiple shooting scheme. The

four dynamical models include:

1. RTBP

2. Moon-Earth Point Mass

3. Moon-Earth-Sun Point Mass

4. Moon-Earth-Sun Point Mass with SRP

Employing the restricted-three body solutions as initial guesses, the shooting algo-

rithms use the reference and perturbed trajectories to converge to a continuous path

in the three higher-fidelity ephemeris models. For each orbit, the initial position is al-

ways fixed and the epoch and periapsis radius are constrained at lunar arrival. Note,

however, that no constraint is placed on final inclination.
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Figure 7.2. The z-Amplitude Evolution for Two RTBP Trajectories

For both the reference and perturbed trajectories, the four converged paths lie rel-

atively close together, thus, it is more useful to plot the difference in z-amplitude over

time. Using the RTBP solutions as baselines, the resulting ∆z-amplitude histories

for the reference and perturbed trajectories constructed in higher-fidelity models ap-

pear in Figure 7.3. The blue line denotes the difference in the out-of-plane amplitude

as determined between the restricted three-body problem and an Earth-Moon point

mass ephemeris model; thus, the blue curve illustrates the impact of lunar eccentric-

ity on z-amplitude. In comparison, the red line represents the variation between the

RTBP and an Earth-Moon-Sun point mass model. The curve associated with the

addition of solar radiation pressure to the model is not visible in this figure due to

the fact that it is so close to the red curve, indicating that SRP has relatively little

effect on the z-amplitude evolution of the ARTEMIS P2 spacecraft trajectory. This



152

0 50 100 150 200
−2000

0

2000

Time (days after epoch)
∆
z
-a
m
p
li
tu
d
e
(k
m
)

(a) Reference

0 50 100 150 200
−5000

0

5000

Time (days after epoch)

∆
z
-a
m
p
li
tu
d
e
(k
m
)

(b) Perturbed Reference

Figure 7.3. Effect of Lunar Eccentricity and Solar Gravity on z-Amplitude

point is further illustrated by comparing the difference in the out-of-plane amplitude

produced in the Earth-Moon-Sun model and the Earth-Moon-Sun model incorporat-

ing SRP, respectively, as apparent in Figure 7.4. The z-amplitude is altered by less

than 5 km due to SRP for both the reference and perturbed trajectories. The exact

cause of the unfavorable out-of-plane amplitude evolution that is experienced by the

ARTEMIS P2 trajectory is difficult to determine definitively given the chaotic nature

of the Earth-Moon system. Thus, it is possible that both the reference and perturbed

RTBP trajectories exhibit very similar z-amplitude behavior in various higher-fidelity

models. This result indicates the likelihood that the z-amplitude evolution of the

ARTEMIS P2 path is due, not to a specific dynamical perturbation, that is, lunar

eccentricity, solar gravity, or solar radiation pressure, but to the fundamental sensi-
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Figure 7.4. Effect of SRP on z-Amplitude Evolution

tivity associated with unstable libration point orbits in the Earth-Moon-spacecraft

three-body problem.

7.2.3 ARTEMIS P2 Out-of-Plane Amplitude Control Results

For future spacecraft to operate efficiently in quasi-periodic libration point orbits,

it is desirable for the out-of-plane amplitude evolution to be controlled with minimal

∆V requirements. Low-cost solutions are particularly important for spacecraft with

limited propellant such as ARTEMIS. Here, the out-of-plane amplitude correction

strategy is applied to the ARTEMIS P2 trajectory as an example.

The sensitivity analysis in Section 7.2.2 demonstrates that the higher-fidelity per-

turbations have little qualitative effect on the ARTEMIS P2 baseline solution so
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the perturbed reference trajectory in the restricted three-body problem is utilized in

this investigation without a loss of generality. Note that the initial position is con-

strained to be consistent with the spacecraft Earth-Moon L2 insertion condition on

October 3, 2010. The trajectory is plotted in Figure 7.5(a) and potential maneuver

locations – indicated in red – are then identified at various downstream locations

along the continuous perturbed reference trajectory. Potential maneuver locations

are depicted at 1-day intervals in Figure 7.5(a) for illustration purposes, but 1-hour

intervals are employed during the actual analysis. Multiple shooting is employed to
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target from each potential maneuver location to a favorable, i.e., nearly planar, lu-

nar arrival condition. Ideally, the process yields an opportunity to meet the arrival

constraints at each potential maneuver location. However, the differential corrections

algorithm rarely converges on a solution from all possible maneuver sites. Addition-

ally, maneuvers that do not provide a sufficiently planar lunar arrival condition are

also discarded. A plot of the deterministic ∆V costs as a function of maneuver epoch

appears in Figure 7.5(b) and a zoomed view is displayed in Figure 7.5(c). Each point

represents a unique trajectory that satisfies the set of desired end constraints. Note

that, as expected, it is generally less costly from a ∆V perspective to implement the

z-amplitude correction maneuver early along the path. Also, indicated in red in Fig-

ures 7.5(b) and 7.5(c) are two low-cost maneuver options computed in this simulation.

The first maneuver – represented by the first red asterisk – is the least expensive of

any maneuver computed along the perturbed reference trajectory and occurs just 2.3

days after L2 insertion at a cost of 16.3 cm/s. The corrected trajectory appears in

Figure 7.6(a) and the corresponding z-amplitude evolution profile is displayed in Fig-

ure 7.6(b). The red and blue lines represent the pre- and post-deterministic maneuver

sections along the paths, respectively.

−5
0

5
10

−5
0

5

−5

0

5

y (× 104 km)
x (× 104 km)

z
(×

10
4
km

)

(a) Corrected Trajectory

0 50 100 150 200
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

Time(daysafter epoch)

z
(×

10
4
km

)

(b) Corrected z-Amplitude Profile

Figure 7.6. Deterministic ∆V 2.3 Days After L2 Insertion



156

While it is most cost-effective to implement a ∆V as early as possible, it may be

operationally undesirable or infeasible to plan and execute a deterministic correction

maneuver only 2.3 days after L2 insertion. However, a relatively low-cost maneuver

to correct the out-of-plane amplitude evolution may still be possible during the L1

quasi-periodic phase of the ARTEMIS P2 trajectory. The second sample deterministic

∆V possesses a magnitude of 30.06 cm/s and occurs during the first revolution of the

L1 quasi-periodic orbit, 26.9 days after the L2 insertion. The location and resulting

corrected z-amplitude evolution for this second maneuver option are indicated in

Figure 7.7. A more complete picture of the deterministic ∆V costs as a function of
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maneuver location is available by coloring points along the trajectory by ∆V cost as

in Figure 7.8. Blue points signify to low-cost maneuvers while red locations represent

higher-cost ∆V maneuvers. Locations along the trajectory without a colored dot

indicate that an acceptable maneuver could not be computed in that region. As in

Figure 7.5, it is clear in Figure 7.8 that the least costly maneuvers are found near

the beginning of the reference trajectory, that is, shortly after L2 orbit insertion.

However, lower-cost regions are also found slightly after xz-plane crossings in the

L1 quasi-periodic orbit. The highest ∆V cost are observed near the maximum y-
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excursion locations and in the latter revolutions of the L1 orbit. While these specific

results are computed in the restricted three-body problem, the out-of-plane amplitude

control strategy is sufficiently general and applicable in higher-fidelity models with

minimal modification. For instance, Pavlak and Howell [104] generate results similar

to those presented in this investigation using a coarser time discretization along the

ARTEMIS P2 perturbed reference trajectory in an Moon-Earth-Sun ephemeris model

that includes solar radiation pressure. Lastly, it is also notable that optimization

techniques could be used in future iterations of this out-of-plane amplitude corrections

strategy to more efficiently design low-cost deterministic corrections maneuvers.
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8. CONCLUDING REMARKS

To support an increasing number of future manned and unmanned missions in the

vicinity of the Earth-Moon and the Sun-Earth libration points, flexible, reliable multi-

body trajectory design and orbit maintenance techniques are required. This investi-

gation both develops and applies various strategies useful for solving and analyzing

problems relevant to current and future missions in multi-body gravitational regimes.

The restricted three-body and higher-fidelity ephemeris dynamical models are sum-

marized. Flexible multiple shooting algorithms are incorporated at the core of many

of the design and maintenance techniques introduced and developed in this work.

Both the development of specific methods as well as the computational implementa-

tions of these schemes are discussed. In each case, the motivation for the design or

maintenance strategy is explained within the context of a current mission – such as

ARTEMIS – or future missions – such as DSCOVR or some potential future manned

mission to the vicinity of the Earth-Moon L1 or L2 libration points. While this inves-

tigation represents only part of a larger, ongoing research effort, it is intended to offer

practical approaches and insightful results for multi-body trajectory design and orbit

maintenance problems currently of interest. The results of this work are summarized

and recommendations for future work are suggested.

8.1 Multi-Body Trajectory Design

Existing strategies for representing unstable quasi-periodic libration point orbits

on Poincaré maps can rely on changes of coordinates and/or higher-order series ap-

proximations. In this analysis, a simplified approach is developed to isolate unstable

quasi-periodic behavior, one that relies only on existing differential corrections al-

gorithms and well-known periodic orbits in the RTBP. These maps are successfully
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employed in conjunction with analogues of the ARTEMIS P1 and P2 trajectories

in the restricted three-body problem to yield a great deal of insight as a part of

ARTEMIS post-mission analysis activities. From the Poincaré maps, it is clear that

the ARTEMIS spacecraft were shadowing, large quasi-halo orbits – which had not pre-

viously been demonstrated. The unstable quasi-periodic libration point orbit Poincaré

mapping technique is also applied to a pre-mission design example for a Sun-Earth

L1 observatory such as the upcoming DSCOVR mission. The mapping technique is

successful in generating baseline solutions that satisfy the specified line-of-sight con-

straints and in completing a trade analysis that illustrates the effect of orbital energy

on the maximum feasible time-of-flight that the spacecraft is able to achieve.

A preliminary investigation into transfer trajectory design options between the

Earth and the Earth-Moon L1 and L2 libration point orbits in support of potential

future human space exploration activities is also conducted. Multi-burn transfers

incorporating close lunar passages are the focus of this early transfer analysis. While

direct two-burn transfers offer relatively fast, but potentially costly, options, three-

burn lunar-assisted transfers can supply lower total maneuver costs that are still

within the 21-day maximum time-of-flight limit associated with the manned Orion

capsule. For the classes of three-burn transfer trajectories examined, Earth-Moon L1

is generally more accessible in a short time interval, compared to Earth-Moon L2,

but at a higher ∆V cost. Examples of round trip Earth-L1/L2-Earth trajectories

demonstrate that either Earth-Moon L1 or L2 can be accessed within the 21-day

total time-of-flight limit. Both Earth-L1 and Earth-L2 transfers are transitioned to a

higher-fidelity model to demonstrate that these orbit architectures are valid in real-

world mission applications; in addition, the Earth departure inclination angle appears

to have minimal effect on transfer ∆V costs. Most importantly, it is clear from the

analysis that the choice between the two venues, Earth-Moon L1 and L2, can be

assessed on the basis of scientific and/or exploration goals without being limited, in

most cases, by the dynamical constraints in the Earth-Moon system.
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8.2 Orbit Maintenance in Multi-Body Regimes

The ARTEMIS mission and other multi-body spacecraft trajectory design results

underscore the value of numerical methods that allow for flexibility during the inter-

mediate stationkeeping phases of a libration point orbiting mission but still enable the

trajectory to satisfy precise end-of-mission constraints. The long-term stationkeep-

ing strategy discussed in this investigation seeks to address both issues. By joining

many different trajectory segments together, each stationkeeping maneuver enables

targeting of a set of terminal conditions as well as any path constraints as part of a

process that ensures that each planned maneuver does not negatively impact the end

goals of the mission. The shortened time-scales in the Earth-Moon system dictate

that libration point orbit stationkeeping maneuvers be performed approximately once

every seven days. Thus, the long-term stationkeeping strategy possesses operational

advantages as well, given that it is generally robust and potentially well-suited for

automation. The ARTEMIS P1 and P2 trajectories are employed in this analysis to

demonstrate the utility of reference solutions in the context of maintaining complex

trajectories in the Earth-Moon system. Monte Carlo simulations incorporating ran-

dom navigation/modeling and maneuver execution errors are conducted and produce

average total mission ∆V costs that are consistent with previous Earth-Moon libra-

tion point stationkeeping studies. In this investigation, the long-term stationkeeping

algorithm is also expanded to compute locally optimal ∆V maneuvers in both the re-

stricted three-body and higher-fidelity ephemeris models. As anticipated, reductions

in total mission stationkeeping costs are achieved by incorporating a direct optimizer

into the existing algorithm. Both L2 Lyapunov and halo orbits are maintained in

multiple dynamical models and reductions in ∆V costs between 12-25% are observed

compared to a non-optimal approach. Optimal and non-optimal stationkeeping costs

are equal for the tightly constrained ARTEMIS P1 and P2 trajectories, however. A

multiple shooting approach augmented with an explicit constraint on ∆V direction

is developed that rapidly produces near-optimal maneuvers without requiring addi-
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tional direct optimization software. The use of reference trajectories in the long-term

stationkeeping strategy results in rapid, reliable convergence that efficiently renders

the automated computation of low-cost orbit maintenance maneuvers in a robust al-

gorithm that is readily applicable to a wide variety of libration point orbit mission

scenarios.

As the first mission to exploit Earth-Moon libration point orbits, ARTEMIS space-

craft trajectories also offer a number of challenges including the control of the z-

amplitude evolution along a quasi-periodic orbit. Future missions in this regime will

likely be required to address the same issues. This analysis employs the ARTEMIS

P2 trajectory to first consider the sensitivity of the out-of-plane evolution to various

higher-fidelity dynamical perturbations in the Earth-Moon system. The source of an

unfavorable z-amplitude evolution is not attributed to a single dynamical contribution

and it is demonstrated that favorable and unfavorable out-of-plane evolution histories

are observable in dynamical models of varying degrees of fidelity. Perturbations such

as lunar eccentricity, solar gravity, and solar radiation pressure are not the sole cause

of unfavorable oscillations in z-amplitude such as those observed during operations

of the ARTEMIS P2 spacecraft. A deterministic maneuver design approach is intro-

duced as a reliable and efficient option for computing deterministic ∆V maneuvers to

correct an unfavorable z-amplitude profile. The out-of-plane amplitude corrections

strategy is successfully applied to the ARTEMIS P2 spacecraft trajectory as a means

of performing a global search for deterministic maneuvers along the trajectory. It is

observed that it is typically more efficient to implement correction maneuvers as early

as possible along the trajectory, but relatively inexpensive solutions are also available

at a variety of locations along the ARTEMIS P2 path. This correction strategy is

sufficiently general and also highlights the utility of a continuous reference solution

in highly sensitive dynamical regimes such as the Earth-Moon system.
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8.3 Recommendations for Future Work

As the number of missions designed and flown in the vicinity of Earth-Moon

and Sun-Earth libration points increases, efficient and reliable multi-body trajectory

design and orbit maintenance strategies become even more important. There are

many ways that the current investigation could be expanded to address future mission

requirements in complex dynamical regimes. Potential future research efforts include:

• The simplified method for isolating unstable quasi-periodic orbits on Poincaré

maps can be investigated further. It would be useful to explore an option to

incorporate additional known unstable periodic and associated quasi-periodic

libration point orbits into the current mapping framework. Additional projec-

tions and/or hypersurface formulations may also be helpful depending on the

mission design constraints. It is also likely that transfer and/or stationkeeping

information can be represented on the Poincaré maps in an effort to design

efficient maneuvers to shift between phases of a quasi-periodic orbit.

• Three-burn Earth-L1/L2 transfers to additional periodic and quasi-periodic li-

bration point orbits of potential interest for human space exploration activities

should be considered. In an effort to support future lunar surface operations,

transfers between L1, L2, and the lunar surface are of interest as well. Inves-

tigating rendezvous scenarios between spacecraft departing Earth and existing

assets in libration point orbit must also be considered to support future com-

munication and/or habitat architectures near Earth-Moon L1 and L2.

• The existing long-term stationkeeping algorithm can be enhanced to allow for

greater flexibility in maneuver placement. The sophistication of the simula-

tion error models can be further improved by obtaining more accurate nav-

igation/modeling uncertainty predictions specifically associated with manned

spacecraft in the vicinity of the Earth-Moon L1 and L2 libration points. Addi-

tional uncertainties in the dynamical model such as the gravitational parameters

of the celestial bodies can also be incorporated.
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• While applied specifically to the ARTEMIS P2 z-amplitude control problem,

the out-of-plane amplitude correction strategy is, in practice, a very general

approach for computing deterministic correction maneuvers for many types of

trajectories. In the future, the control strategy can be augmented with opti-

mization to yield lower-cost correction maneuvers and to better determine the

sensitivity to maneuver location. The flexibility of the algorithm could also be

demonstrated for non-libration point applications such as trajectory correction

maneuver (TCM) planning for Earth-Moon or interplanetary transfers.

In addition to serving as a foundation for the exploration of these potential future

research avenues, the multi-body trajectory design and orbit maintenance strategies

developed in this work also have practical and immediate applications to current and

future missions in complex multi-body dynamical environments.
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A. APPENDIX

This appendix includes additional results from the stationkeeping Monte Carlo simu-

lations that are initially summarized in the tables and figures in Chapter 6. Detailed

optimal stationkeeping results for the ephemeris ARTEMIS P1 and P2 reference tra-

jectories appear first in Table A.1.

Table A.1 ARTEMIS Stationkeeping Cost Summary

Orbit Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

ARTEMIS P1 14.40 14.31 2.14

ARTEMIS P2 13.18 13.06 2.05

The mean ∆Vtot costs in Table 6.2 are supplemented with median ∆Vtot and stan-

dard deviation information for the sample RTBP L2 Lyapunov and halo orbits from

Section 6.4.1 in Tables A.2 and A.3, respectively.

Table A.2 RTBP L2 Lyapunov Optimal Stationkeeping Cost Comparison

Case Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

Non-optimal 10.64 10.57 1.94

Optimal, 1 8.03 7.90 1.55

Optimal, 2 8.06 7.95 1.54

Optimal, 3 8.05 7.91 1.55
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Table A.3 RTBP L2 Halo Optimal Stationkeeping Cost Comparison

Case Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

Non-optimal 10.48 10.35 1.90

Optimal, 1 8.30 8.19 1.56

Optimal, 2 8.49 8.38 1.54

Optimal, 3 8.46 8.36 1.55

The optimal annual stationkeeping costs for the families of the periodic libration point

orbits initially depicted in Figures 6.13 and 6.14 are detailed in Tables A.4-A.7.

Table A.4 Annual Stationkeeping Costs for Earth-Moon L1 Southern Halo Family

Orbit No. Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

1 35.18 34.83 7.09

2 29.91 29.56 5.74

3 22.67 22.33 4.14

4 15.96 15.71 2.85

5 10.60 10.41 1.93

6 7.34 7.32 1.41

7 5.98 5.94 1.20

8 5.37 5.33 1.11

9 3.64 3.63 0.63

10 2.97 2.74 0.95
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Table A.5 Annual Stationkeeping Costs for Earth-Moon L2 Southern Halo Family

Orbit No. Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

1 18.25 18.11 3.40

2 17.33 17.16 3.21

3 15.42 15.36 2.82

4 12.91 12.90 2.35

5 10.37 10.33 1.91

6 8.05 8.07 1.53

7 6.82 6.84 1.35

8 6.12 6.11 1.26

Table A.6 Annual Stationkeeping Costs for Earth-Moon L1 Lyapunov Family

Orbit No. Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

1 39.19 38.86 8.22

2 38.09 37.81 7.87

3 35.26 35.17 7.12

4 30.77 30.37 6.03

5 25.82 25.43 4.96

6 21.64 21.56 4.14

7 18.51 18.35 3.56

8 16.09 15.95 3.11

Similarly, the optimal annual ∆V costs associated with maintaining the sample L1 and

L2 quasi-halo trajectories in Figure 6.15 appear in Tables A.8 and A.9, respectively.
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Table A.7 Annual Stationkeeping Costs for Earth-Moon L1 Vertical Family

Orbit No. Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

1 31.71 31.18 6.51

2 25.30 25.16 4.85

3 20.16 20.13 3.69

4 16.02 16.07 2.84

5 12.82 12.94 2.22

6 10.13 10.05 1.80

Table A.8 Annual Stationkeeping Costs for Earth-Moon L1 Quasi-Halo Orbits

Orbit No. Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

1 33.10 32.66 6.70

2 18.24 18.06 3.39

3 8.14 8.07 1.51

Table A.9 Annual Stationkeeping Costs for Earth-Moon L2 Quasi-Halo Orbits

Orbit No. Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

1 17.05 16.93 3.08

2 12.81 12.81 2.30

3 8.05 8.15 1.56

Mean optimal stationkeeping costs to maintain sample L2 Lyapunov and halo orbits

for 12 revolutions in a Moon-Earth-Sun ephemeris model originally appear in Table

6.3. Augmented results for the ephemeris Lyapunov trajectory are presented in Table

A.10; supplemental information for the L2 halo simulations are given in Table A.11.
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Table A.10 Ephemeris L2 Lyapunov Optimal Stationkeeping Cost Comparison

Case Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

Non-optimal 9.60 9.54 1.70

Optimal 7.67 7.63 1.37

Table A.11 Ephemeris L2 Halo Optimal Stationkeeping Cost Comparison

Case Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

Non-optimal 9.60 9.54 1.70

Optimal 7.67 7.63 1.37

Lastly, Tables A.12 and A.13 detail the ∆V costs associated with stationkeeping the

RTBP L2 Lyapunov and halo orbits in Section 6.4.6 via an explicit constraint to align

the ∆V vector with the stable mode direction.

Table A.12 RTBP L2 Lyapunov SK Cost with ∆V Direction Constraint

Case Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

Non-optimal 10.64 10.57 1.94

Direct Opt. 8.03 7.90 1.55

Constr. ∆V 8.01 7.88 1.55

Table A.13 RTBP L2 Halo SK Costs with ∆V Direction Constraint

Case Mean ∆Vtot (m/s) Median ∆Vtot (m/s) Std. Dev. (m/s)

Non-optimal 10.48 10.35 1.90

Direct Opt. 8.30 8.19 1.56

Constr. ∆V 8.22 8.10 1.59
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