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PROLOGUE

“The analysis of realistic-sail-shifted ellipses (or quasi-ellipses) should be another topic

of frontier astrodynamics, to be addressed in M.S. theses or Ph.D. dissertations.”

—Vulpetti, Johnson, and Matloff [1]

My motivation for pursuing a doctorate was my enthusiasm for spacecraft dy-

namics, navigation, and control. To me, the scientific or commercial purpose of a

spacecraft serves to justify the fun of flying the vehicle. This investigation has al-

lowed me apply that enthusiasm to the challenging and elegant problem of solar

sails in a complex dynamical environment. Professor Howell is fond of talking about

“working on the fringes” where interesting problems reside. Solar sailing is rich with

areas for study, and I have enjoyed exploring this frontier of astrodynamics.
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ABSTRACT

Wawrzyniak, Geoffrey G. Ph.D., Purdue University, August 2011. The Dynamics
and Control of Solar-Sail Spacecraft in Displaced Lunar Orbits. Major Professor:
Kathleen C. Howell.

Trajectory generation for any spacecraft mission application typically involves

either well-developed analytical approximations or a linearization with respect to a

known solution. Such approximations are based on the well-understood dynamics of

behavior in the system. However, when two or more large bodies (e.g., the Earth and

the Moon or the Sun, the Earth and the Moon) are present, trajectories in the multi-

body gravitational field can evolve chaotically. The problem is further complicated

when an additional force from a solar sail is included. Solar sail trajectories are

often developed in a Sun-centered reference frame in which the sunlight direction

is fixed. New challenges arise when modeling a solar-sail trajectory in a reference

frame attached to the Earth and the Moon (a frame that rotates in inertial space).

Advantages accrue from geometry and symmetry properties that are available in this

Earth–Moon reference frame, but the Sun location and the sunlight direction change

with time.

Current trajectory design tools can reveal many solutions within these regimes.

Recent work using numerical boundary value problem (BVP) solvers has demon-

strated great promise for uncovering additional and, sometimes, “better” solutions to

problems in spacecraft trajectory design involving solar sails. One such approach to

solving BVPs is the finite-difference method. Derivatives that appear in the differ-

ential equations are replaced with their respective finite differences and evaluated at

node points along the trajectory. The solution process is iterative. A candidate solu-

tion, such as an offset circle or a point, is discretized into nodes, and the equations that

represent the relationships at the nodes are solved simultaneously. Finite-difference
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methods (FDMs) exploit coarse initial approximations and, with the system con-

straints (such as the continuous visibility of the spacecraft from a point on the lunar

surface), to develop orbital solutions in regions where the structure of the solution

space is not well known. Because of their simplicity and speed, the FDM is used

to populate a survey to assist in the understanding of the available design space.

Trajectories generated by FDMs can also be used to initialize other nonlinear BVP

solvers.

Any solution is only as accurate as the model used to generate it, especially when

the trajectory is dynamically unstable, certainly the case when an orbit is purpose-

fully offset from the Moon. Perturbations, such as unmodeled gravitational forces,

variations in the solar flux, as well as mis-modeling of the sail and bus properties,

all shift the spacecraft off the reference trajectory and, potentially, into a regime

from which the vehicle is unrecoverable. Therefore, some type of flight-path control

is required to maintain the vehicle near the reference path. Reference trajectories,

supplied by FDMs, are used to develop guidance algorithms based on other, more

accurate, numerical procedures, such as multiple shooting.

The primary motivation of this investigation is to determine what level of tech-

nology is required to displace a solar sail spacecraft sufficiently such that a vehicle

equipped with a sail supplies a continuous relay between the Earth and an outpost

at the lunar south pole. To accomplish this objective, numerical methods to generate

reference orbits that meet mission constraints are examined, as well as flight-path

control strategies to ensure that a sailcraft follows those reference trajectories. A

survey of the design space is also performed to highlight vehicle-performance and

ground-based metrics critical to a mission that monitors the lunar south pole at all

times. Finally, observations about the underlying dynamical structure of solar sail

motion in a multi-body system are summarized.
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1. INTRODUCTION

New technologies enable new mission applications. Solar sails, only recently success-

fully operated in space, have long been proposed as a means to accomplish mission

goals normally impossible for spacecraft in Keplerian orbits. In 1993, Robert L. For-

ward proposed and patented the Statite concept, a satellite equipped with a solar sail

that uses solar radiation pressure to counteract gravity and hover statically above a

planetary pole [2]. Concurrently, Colin McInnes identified equilibrium surfaces in the

circular restricted Sun–Earth system that describe regions of space where a solar sail

spacecraft (sailcraft) can be positioned indefinitely [3,4]. These original investigations

were based on simple assumptions. More recent research efforts by McInnes, as well

as other researchers, have improved the results from the original studies [5–19].

Sails supply a force to a spacecraft via light reflected from the sail surface. From

special relativity’s mass-energy equivalence, light, in the form of photons, possesses

momentum. When light is reflected off a surface, incident and reflected forces are

imparted to the sail. On an ideal solar sail, these forces are equal, and the resulting

force is normal to the plane of the sail face and is directed away from the Sun. This

force depends on the sail’s attitude, the distance of the sail from the Sun, and sail

properties such as reflectivity and thickness (or areal density). As a consequence

of this sail force, trajectories and attitude profiles are tightly coupled for solar sail

spacecraft.

A complex and rich dynamical environment exists in the Earth-Moon-Sun-sail

regime; new analytical and numerical tools are required to understand, control, and

exploit the sail force for mission design. Recent investigations were originally mo-

tivated by the 2004 Presidential Vision for Space Exploration, that is, a return of

humans to the Moon and the establishment of an outpost at the lunar south pole by

2020 as a precursor to a human mission to Mars [20]. While this goal has since been
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revised, the announcement of such a potential outpost motivated studies for estab-

lishing a communications architecture to support mission personnel [21–24]. Because

line-of-sight transmission to the Earth (or to a relay in low-Earth orbit) is not guar-

anteed at the lunar south pole, multiple spacecraft in Keplerian orbits about the

Moon are necessary to serve as communications relays [25–27]. Exotic solutions that

exploit halo orbits about the cis- and trans-lunar Lagrange points have also been

examined [28].

A spacecraft that hovers above a pole is often called a “polesitter.” Using this

concept, a sailcraft can be positioned as a relay between the lunar outpost and ground

stations on Earth. Several researchers have examined this design problem. A team

from the National Aeronautics and Space Administration’s Jet Propulsion Labora-

tory (JPL) designed a non-periodic trajectory in the region below the Earth–Moon

L2 Lagrange point [29]. In this JPL study, a 235–255 kg spacecraft completes a con-

ventional transfer from the Earth to a lunar orbit. Once in orbit, a solar sail with

a maximum characteristic acceleration of 1.338 mm/s2 (“a modest improvement in

contemporary solar sail technology” [29]) is deployed and used to keep the spacecraft

below the trans-lunar Lagrange point. A carrier vehicle is jettisoned, and the mass

of the remaining vehicle is 195 kg. Sailcraft (and low-thrust propulsion) trajectories

that are displaced below the Moon were developed by Ozimek, Grebow, and How-

ell at Purdue University using high-fidelity collocation techniques [30–33]. In the

low-thrust investigations [31, 32], an NSTAR low-thrust engine is used to enable an

expanding spiral departure that delivers a spacecraft of 500 kg mass from low-Earth

orbit (LEO) to a propellant-optimal orbit below the trans-lunar Lagrange point. Simo

and McInnes employ linear control theory for displacing halo orbits from the vicinity

of the Earth–Moon Lagrange points [14–19]. Using an approach reminiscent of the

collocation schemes exploited by Ozimek et al., Wawrzyniak and Howell have de-

veloped finite-difference methods (FDMs), augmented to include path constraints, to

generate periodic sailcraft orbits displaced below the Moon [34]. This last approach is

easily understood and implemented at the expense of reduced accuracy. Additionally,
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schemes can be employed that use FDMs to compute a multitude of orbits in a short

amount of time. These finite-difference methods are used successfully to examine the

design space for displaced, lunar sailcraft orbits [35].

While each of the preceding techniques generates trajectories and nominal atti-

tude profiles, all of the solutions are open loop: the prescribed attitude profile is

the control profile that must be followed to remain on the baseline trajectory. Any

deviation from the specified profile results in a sailcraft that diverges from the de-

sign trajectory. Additionally, the trajectories are merely numerical approximations

to the solutions of the differential equations. Since a trajectory and its control profile

are approximations, simply implementing the approximations will result in a trajec-

tory that diverges from the desired path. Therefore, additional control schemes are

required to correct the trajectory to track the desired path.

This investigation examines multiple aspects of mission design for solar sail appli-

cations in the Earth–Moon system. The design space is not well known. While the

underlying dynamical structure of the flow through this region of space is partially

revealed through the generation of the equilibrium surfaces, numerical methods that

do not require a thorough understanding of the system dynamics (or a reasonable ini-

tial guess) are useful for generating orbits. Using these tools, a survey of the design

space aids in developing insight into the solutions and offers metrics (such as attitude

turn rates) for use in assessing the feasibility of each candidate solution. Finally,

given a candidate solution that is feasible and desirable, control laws are developed

to maintain the orbit.

1.1 History of solar sailing trajectory design and flight-path control

Although solar sailing has only recently been demonstrated in flight, space travel

and solar sailing date back to Kepler. In his 1610 response to Galileo’s Sidereus

Nuncius, the first publication based on observations with a telescope, Kepler wrote
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[A]s soon as somebody demonstrates the art of flying, settlers from our

species of man will not be lacking.. . . Given ships or sails adapted to the

breezes of heaven (emphasis added), there will be those who will not shrink

for even that vast expanse. Therefore, for the sake of those who, as it

were, will presently be on hand to attempt this voyage, let us establish

the astronomy, Galileo, you of Jupiter, and me of the Moon [36].

Kepler also correctly postulated that the rays of the Sun are directly responsible for

the formation of comet tails, marking the first instance in which light is believed to

exert a pressure on matter [37, 38]. In 1873, Maxwell deduced that electromagnetic

radiation (including light) exerts a pressure, as a consequence of his theory of electro-

magnetism [39]. Bartoli independently determined that light must exert a pressure as

a consequence of the second law of thermodynamics in 1876 [40]. The Maxwell-Bartoli

theory of radiation pressure was experimentally confirmed by Lebedev in 1900 [41] as

well as Nichols and Hull in 1901 [42].

Practical concepts for solar sailing have existed for approximately 100 years, be-

ginning with Tsiolkovsky and Tsander in the 1920s. A team at JPL completed the

first serious mission study in the late 1970s for a rendezvous with Halley’s Comet.

A watershed effort by McInnes in the 1990s and the publication of his Ph.D. dis-

sertation as a textbook on solar sailing re-invigorated interest in solar sailing as a

research topic [6]. Solar sail concepts have been funded in competitions sponsored

by the National Aeronautics and Space Administration’s (NASA) New Millennium

Program, created in 1995 to improve technological readiness levels for new, “leading-

edge” technologies.

Early trajectory design work by McInnes focuses, in part, on non-Keplerian orbits.

Keplerian orbits are characterized in terms of conic sections (e.g., ellipses, parabolas,

hyperbolas) where a primary body is located at the focus of the section. Spiral

trajectories, common in low-thrust space missions, including solar sailcraft, can be

considered to be perturbed Keplerian ellipses. Non-Keplerian orbits frequently occur

within the context of the restricted three-body problem as orbits associated with the
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Lagrange points. However, the continuous force supplied by a high-performance solar

sail might allow hovering. Such spacecraft orbits can be described as “displaced” or

“offset.” Examples of such offset orbits with respect to the Sun, as well as a planet

in orbit about the Sun, are illustrated in Fig. 1.1 [5, 6, 43]. Orbit (a) appearing in

the left plot of Fig. 1.1 is in a plane parallel to the plane containing the ı̂ and ̂ unit

vectors, coaxial with the k̂ unit vector originating at Sun. The off-axis orbit on the

right, Orbit (b), in Fig. 1.1 is centered on the ĥ axis which is perpendicular to ı̂ in

the plane containing ̂ and k̂. The final example near the planet, Orbit (c), is coaxial

with ̂ and its center is in opposition.

ˆ ˆ

i

k
(a)

(b)

(c)

k

ˆ î

ĵ ĵ

ĥ

Fig. 1.1: Three examples of offset orbits. Each gray square represents a solar sail; the

arrow attached to each sail represents the direction of the sail-face normal.

McInnes also examined artificial equilibrium points in circular restricted three-

body (CR3B) systems. Five equilibrium solutions exist in a CR3B formulation; these

are the well-known Lagrange points. However, with the addition of a sail, two distinct

equilibrium surfaces emerge in the Sun–planet CR3B system, as seen in Fig. 1.2 and

defined by an infinite number of artificial equilibrium points. Except for a dimple

in the vicinity of the planet, the first surface is essentially a torus with an outer

radius equal to the Sun–planet distance (the circumferential gap about the exterior
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(a) Equilibrium torus about the Sun (b) Dimple in torus section and secondary lobe

Fig. 1.2: Two views of the equilibrium surface for a sail with a characteristic acceler-

ation of ac = 1.70 mm/s2 in the Sun–Earth rotating frame. The Sun and the Earth

are magnified by a factor of 10 in their respective figures. Positions of the Lagrange

points are denoted with black dots. Note that some points are obscured by the surface

in these views.

of the torus is an artifact of rendering). Four of the Lagrange points lie on the outer

diameter of this torus. The second surface is a lobe on the far side of the planet.

The remaining Lagrange point, L2, is located on the far side of the lobe. The size of

these surfaces depends on the sail’s characteristic acceleration, that is, a measure of

the acceleration that a sail can supply given its reflectivity properties and the mass of

the entire sailcraft (sail, bus, payload, structure, etc.). If a sailcraft is positioned on

an equilibrium surface with an appropriate attitude, it will remain there indefinitely

unless perturbed. Perhaps the most common application of these equilibrium surfaces

is the generation of an artificial equilibrium point closer to the Sun than L1. The

Geostorm (a.k.a., Heliostorm) Warning Mission would position a sailcraft at this sub-
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L1 point to provide an early warning of incoming coronal mass ejections that cause

geomagnetic storms [44–46].

To control the spacecraft flight path in the Geostorm class of missions, both

Yen [44] and Sauer [45] control to the sub-L1 point as opposed to an orbit about

that point as suggested by Lisano et al. [46]. Lawrence and Piggott compare a linear-

quadratic control scheme and a Gramian controller to maintain the trajectory about

the sub-L1 point [47]. Farrés and Jorba exploit dynamical systems theory to design

station-keeping maneuvers with a solar sail to maintain orbits about a sub-L1 point

and move to other points on the equilibrium surface [11–13]. Waters and McInnes

linearize relative to fixed-points that define a solar-sail libration-point orbit near the

sub-L1 point, and then produce an optimal control scheme that delivers the trajectory

to those fixed points [48].

Another class of mission applications often examined for solar sail trajectory de-

sign comprises optimal (minimum-time) transfers from the Earth to other solar system

bodies. Sauer develops continuous control laws to orient the sail-face normal for mis-

sion trajectories destined to reach the inner planets and the asteroid Eros [49]. Otten

and McInnes employ a fixed-attitude steering law for a two-dimensional Earth-to-

Mars transfer whereby the sail is restricted to a fixed orientation during each of N

evenly spaced segments along the trajectory [50]. Mengali and Quarta further restrict

the discrete attitude problem by the providing a finite set of possible attitudes for the

sail during a two-dimensional transfer [51]. Mengali and Quarta do allow two of the

five admissible controls to be determined as optimization parameters. However, all

of these optimal steering laws are open loop and do not accommodate errors in the

system. Other investigations into optimal solar-sail steering laws for interplanetary

transfer are available in Refs. [52–55].

Recently, NASA’s Constellation Program generated renewed interest in missions

to the Moon. A single solar sail spacecraft has been proposed as a possible solution

to the lunar communications coverage problem. West outlines a mission architecture

whereby a sailcraft hovers in the vicinity below the Earth–Moon L2 point [29]. Oz-
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imek et al. applies low- and high-degree Gauss-Lobatto rules to a collocation scheme

to generate solar sail trajectories in the Earth–Moon system [30, 33]. The local er-

ror along the trajectory path is proportional to ∆t5 and ∆t12, respectively, due to

truncation in the approximating polynomials [56]. The problem is not formulated

as an optimization problem. Rather, the authors employ this approach to solve the

equations of motion iteratively. The converged solution rarely resembles the initial

guess; however, the solution does depend on the initial guess. Grebow et al. exploit

these same collocation techniques to generate low-thrust trajectories that remain in

view of a point on the lunar surface at all times [31,57].

McInnes also examines equilibrium surfaces in the Earth–Moon system [3]. These

surfaces are instantaneous because the Sun moves with respect to the fixed Earth

and Moon. The sail attitude required for equilibrium depends on both the pseudo-

gravity gradient defined in the rotating Earth–Moon system as well as the position of

the Sun. Short-term missions to points on the instantaneous equilibrium surface are

postulated in McInnes [3]. This work has been expanded in Simo and McInnes [14–19]

to include linear control laws and stability analysis for the motion of solar sails in

orbits displaced from the Earth–Moon rotating plane in the vicinity of the lunar

Lagrange points.

1.2 Solar sail missions

Mission designers typically incorporate solar radiation pressure (SRP) as a per-

turbation. For a solar sail, SRP is exploited as a primary means of propulsion and,

thus, may significantly affect the trajectory, enabling new concepts in trajectory de-

sign. Solar sailing dates back to Tsiolkovsky, Tsander, and Oberth in the 1920s [6].

If the definition of a solar sail includes any spacecraft that exploits SRP, an early

“sail” mission involved the Mariner 10 spacecraft that flew by Mercury three times in

1974–75 and exploited SRP for attitude control [58]. More recently, MESSENGER

employed SRP for trajectory control during the 2008–09 Mercury flybys and for angu-
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lar momentum management [59]. These two missions “sailed” using their solar panels

and not with a highly reflective, lightweight sheet of large dimensions conventionally

defined as a solar sail. However, small sails attached to traditional spacecraft have

been proposed for attitude and trajectory control [60–66] over the last 50 years.

Only recently has a spacecraft flown with a solar sail as its only means of propul-

sion. In May of 2010, only 2.5 years after initial development, the Japanese Space

Agency, JAXA, launched a solar sail spacecraft named IKAROS (Interplanetary Kite-

craft Accelerated by Radiation Of the Sun) as a secondary payload to another space-

craft (Akatsuki, “Dawn” in Japanese, also known as the Venus Climate Orbiter). The

sailcraft is the first in-flight demonstration of solar sailing [67]. After separating from

the main launch payload, the solar sail on IKAROS fully deployed on June 10, 2010.

An image from one of the separation cameras (DCAM2) appears in Fig. 1.3. The

Fig. 1.3: The IKAROS spacecraft shortly after sail deployment. Credit: JAXA.

sail is 14-by-14 meters and the vehicle spins at 2 rotations per minute (RPM). Liquid

crystal display (LCD) panels are arranged circumferentially around the sail. The ve-

hicle’s attitude is controlled by turning the LCD panels on-and-off on opposite sides

of the sail at a rate of 2 RPM, creating a net torque on the sail and allowing the

vehicle to target the Venus B-plane [67, 68]. The IKAROS spacecraft flew by Venus
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on December 8, 2010 [69]. Its mission has been extended to March 2012, when it is

expected to complete one orbit about the Sun [70].

On November 19, 2010, NASA launched the NanoSail-D2 (“D” for “deploy, de-

orbit, demonstration, and drag” and “2” because it is the ground spare of the

NanoSail-D spacecraft that was lost in a launch vehicle failure) inside the FASTSAT

satellite, which was one of eight spacecraft onboard a Minotaur IV launch vehicle [71].

NanoSail-D2 is a three-element CubeSat; two elements contained the stowed 10-by-10

foot sail and one element is the spacecraft bus [72]. Because of an unknown malfunc-

tion, NanoSail-D2 ejected from FASTSAT nearly two months later than scheduled on

January 17, 2011, into a 72◦ inclination, 640-km altitude orbit [71]. Three days later,

the sail deployed, and approximately 11 hours after that, the batteries lost power

and radio contact ended, all as expected. The primary purpose of the project is to

demonstrate the stowage and deployment of a small solar sail in LEO and to use high-

atmospheric drag to deorbit the vehicle. As of June 13, 2011, the perigee and apogee

altitudes are 575 km and 609.2 km, respectively [73]. While the vehicle is no longer

transmitting to Earth, it is visible from the ground, and amateur photographers are

encouraged to submit photos to spaceweather.com of NanoSail-D2 streaking across

the night sky. One such image, taken on January 27, 2011, from Buenos Aires with

a one-second exposure, appears in Fig. 1.4(a). The sail appears as a faint diagonal

streak under the text. Another image taken after the ground deployment test of

NanoSail-D appears in Fig. 1.4(b) and illustrates the sail size. Drag has caused the

sailcraft to reorient so that its sail-face normal is perpendicular to the direction of

motion [71]. The result is reduced atmospheric drag and a longer orbital lifetime,

extending into 2012.

Prior to the NanoSail effort, sailcraft technologies were regularly entered the New

Millennium Program’s Space Technology (ST) competitions. The most recent com-

petition, ST9, included the ground deployment of two 20-by-20 meter sails in the

100 foot vacuum chamber at NASA’s Plum Brook Space Power Facility in Sandusky,

Ohio. The two prototypes appear deployed in the vacuum chamber in Fig. 1.5. If
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(a) Credit: Enzo De Bernardini, used

with permission.

(b) Credit: NASA/MSFC/D. Higginbotham.

Fig. 1.4: NanoSail-D2 in space and NanoSail-D after a ground deployment test.

(a) ATK sail (b) L’Garde sail

Fig. 1.5: Two ST9 candidate sails. Note the people for scale in the image on the

right. Credit: NASA/MSFC.

solar sails had been selected to proceed to the next level in the ST9 competition, the

L’Garde sail would have been increased in size to 40 meters on each side and been

deployed in space. Regardless, the New Millennium Program was defunded in 2009,

and these sails represent the most advanced stage of large solar sail development at

NASA [74]. However, because of these efforts, the most recent technology readiness
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level (TRL) cited for solar sails is TRL6 [74], which indicates that sails have been

demonstrated in a relevant environment, such as ground or space (e.g., a vacuum

chamber). Demonstrating a system prototype “near or at the scale of the planned

operational system” in a space environment is necessary for a technology to be con-

sidered at TRL7 [75]. The next TRLs reflect a concept that is “flight-qualified” and

“flight-proven” for mission operations. After a draw-down in solar sail technology

following the ST9 effort, a renewal of solar sail development within NASA is listed in

the announcement of Crosscutting Capability Demonstrations as part of the focus of

NASA’s new Office of the Chief Technologist [76].

In addition to government efforts, the Planetary Society has developed a solar sail

ready for flight called LightSail-1 [77]. This mission is planned as the first of three

solar sail missions by the Planetary Society. Similar to NanoSail-D2, LightSail-1

consists of a three-element CubeSat. Launch is anticipated for November 2011.

Researchers at the University of Strathclyde’s Advanced Space Concepts Labo-

ratory have developed a catalog for solar sail missions [78]. Rendezvous missions to

the inner and outer solar system are better accomplished using traditional technolo-

gies, such as electric or chemical propulsion. Highly non-Keplerian orbits (such as

pole sitters), solar observation, and trajectories beyond the outer planets are signifi-

cantly enabled by solar sails. However, these categories of missions are significantly

more advanced than the ground deployments, LEO mission, and Venus flyby already

demonstrated with solar sailing technology. Sails must become both lighter and larger;

the total vehicle mass (including the sail itself) per sail area must decrease and the

sail area must increase to enable these advanced missions.

Sailing technology is still in its infancy, and advancing the TRL requires in-space

demonstrations, which can be costly and risky. Project scientists and program man-

agers must be convinced that solar sails are low-risk investments for their applications.

The continuing advancement of solar sail technology might again occur in conjunction

with other development programs, such as a hybrid propulsion system. For exam-

ple, a solar kite might be employed to assist in attitude control, as is the case with
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MESSENGER. Alternatively, a solar sail can be combined with a low-thrust device

to develop a hybrid system. By combining propulsion systems, programmatic risk is

reduced, and the degree of difficulty in advancing through TRLs is similarly reduced.

The Strathclyde researchers assert that in-space demonstrations such as these will

increase the confidence in solar sailing as a technology and eventually lead to a sail

that serves as the primary propulsion system on larger-scale missions [78].

1.3 The physics of solar radiation pressure

A brief description of the source of solar radiation pressure is necessary to de-

velop subsequent solar sail force models. A more thorough explanation is available

in McInnes [6]. It is known that the irradiance, or the incident power on a surface,

from solar radiation, I0, at 1 AU is approximately 1368 W/m2, that is, through every

square meter at the Sun–Earth distance, 1368 Joules of energy from the Sun pass per

second. This value varies by 3–4% per year as a result of the Earth’s eccentric orbit

about the Sun and because the Sun does not emit a constant amount of energy. Sim-

ilar to gravity, irradiance from a point source also scales as the square of the inverse

of the distance from the Sun, that is,

I = I0

(
AU

R

)2

(1.1)

where R is the distance from the Sun to the region of interest. The term insolation

is used when describing the irradiance from the Sun.

Momentum transfer from photons imparts a force on any illuminated body. Usu-

ally, this force is imperceptible. However, in a space environment composed of field

forces and essentially free of contact forces, photon momentum will appreciably accel-

erate the body. The pressure force from electromagnetic radiation can be derived from

the principles of either relativity and quantum mechanics or electromagnetism [6]. For

pressure due to solar radiation, the insolation is divided by the speed of light, that is,

P =
I

c
(1.2)
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where P is the pressure from solar radiation and c is the speed of light in a vacuum.

Therefore, the magnitude of the solar radiation pressure (SRP) force on any body

that is 1 AU from the Sun is approximately 4.56 × 10−6 N/m2. For a flat body of

area A, the resulting force is

f` ˆ̀= PA(ˆ̀· û)ˆ̀ (1.3)

where ˆ̀ is the direction of incident radiation, or the Sun-light vector, and û is the

direction of the sail-face normal.1 Solar sailing is enabled by employing a large, flat,

low-mass surface to maximize the resulting acceleration on the space vehicle. Sails

also reflect much (and ideally all) of the incident energy in such a way that additional

acceleration is generated opposite to the direction of the reflected photons. For an

ideal solar sail, that reflected force is

frûr = −PA(ûr · û)ûr (1.4)

where ûr is the direction of reflected radiation. These forces appear in Fig. 1.6. The

model for an ideal solar sail is based on the assumption that all reflection is specular,

and, for specular reflection, the angle of incidence and the angle of reflection are

identical. The angle of incidence is also known as the pitch angle, α, and the dot

products in Eqs. (1.3) and (1.4) are, therefore, both cosα. Summing the forces in

Eqs. (1.3) and (1.4) leads to a net force in the direction of the sail-face normal, that

is,

f û = 2PA cos2 α û (1.5)

In reality, however, this force is attenuated by some energy that is either absorbed by

the sail (and re-emitted as heat) or reflected diffusely, that is, some photons scatter

at an angle other than α from the sail-face normal. Assumptions of an ideal model

verse a non-ideal, higher-fidelity model are addressed in Appendix A.

Finally, the characteristic acceleration, ac, is introduced to incorporate the pres-

sure, area, mass, and reflective efficiency of the sail at 1 AU. It is formulated as

ac =
2(4.56)ν

σ [g m−2]
[mm s−2] (1.6)

1Vectors are denoted with boldface. The symbol “ˆ ” indicates a unit vector.
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Fig. 1.6: Forces from an ideal reflection on a solar sail [6].

where ν is the reflective efficiency, typically between 0.85 and 0.90 for a solar sail,

and σ is the areal density of the sailcraft (also known as the total solar sail loading),

or

σ =
m

A
(1.7)

where m is the total mass of the vehicle and A is the area of the sail. An alternate

form of Eq. (1.6) separates the mass of the sail and its associated support structure,

ms, from the mass of the spacecraft bus and payload, mp. In this form,

ac =
2νP

σs + (mp/A)
, σs =

ms

A
(1.8)

where P = 4.56 × 10−6 N/m2 and σs is termed the sail assembly loading. The

acceleration contribution from an ideal solar sail spacecraft is then

as = ac

(
AU

R

)2

cos2 α û (1.9)

The analyses in this investigation occur in the Earth–Moon regime, where R ≈ AU,

and the squared fraction in Eq. (1.9) reduces to 1.

One goal for solar sail hardware technology development is to maximize the sur-

face reflectivity and minimize the total solar sail loading. A recent sailcraft design
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for NASA’s Space Technology competition (ST9) that was built by L’Garde possesses

an overall characteristic acceleration of ac = 0.58 mm/s2; however, the characteristic

acceleration of the sail and its support structure alone is closer to 1.70 mm/s2 [79].

The total sail loading parameter for ST9 is then σ = 14.1 g/m2 and the sail assembly

loading is σs = 4.8 g/m2. The equations of motion do not separate the sail and its

associated structure from the overall spacecraft. In a survey of recently designed solar

sails, a characteristic acceleration of 1.70 mm/s2 is at the limit of existing sailcraft

technology. In fact, the characteristic accelerations of the two solar sail spacecraft

demonstrated in space are approximately 0.004 mm/s2 for IKAROS [80] and 0.02

mm/s2 for NanoSail-D2 [81]. Many future applications, including the polesitter high-

lighted in this investigation, require characteristic accelerations on the order of 0.5 to

2.0 mm/s2, and the sizes of these future sails are expected to be 100 to 300 meters

on each side [78].

1.4 Present scope

Fundamental to the mission design of a sailcraft in an orbit displaced below the

Moon is an understanding of the underlying dynamical structure, an ability to gener-

ate reference orbits, and an ability to control the spacecraft to fly near those reference

orbits; all are of equal importance to the understanding and development of this mis-

sion application. Because of the forces required from the solar sail to maintain a

periodic orbit, the regime in which it operates is highly sensitive to modeling accu-

racy and not well suited to analytical methods. A numerical tool is developed that

generates sailcraft orbits in idealized gravitational regimes, such as the Earth–Moon

system, as well as high-fidelity, ephemeris-based gravitational models. Numerically

generated orbits are simpler to produce and may be more accurate than analytically

derived reference trajectories. The resulting orbits can be understood within the

context of the underlying dynamical structure. The orbits essentially “hover” near a

point on an instantaneous equilibrium surface, a surface that depends on the frame
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in which the system equations are formulated. These surfaces are composed of sets

of artificial Lagrange points, attached to theoretical Lagrange points in a circular

restricted three-body system. Finally, since any reference solution is inexact, adjust-

ments to the control profile are necessary. Control laws based on numerical techniques

to solve boundary value problems are developed. This investigation is organized as

follows:

• Chapter 2: The dynamical models used in this investigation are introduced.

Differential equations for the motion of a solar sail spacecraft within the context

of the Earth–Moon CR3B system are presented. Vector formulations for thrust

control (i.e., the sail-face normal direction) are derived. Roy and Ovenden’s

Mirror Theorem (1955) is adapted for solar sail trajectories, and models for

linear dynamics are introduced.

• Chapter 3: Various numerical tools for solving boundary value problems (BVPs)

are presented. Shooting methods, collocation techniques, and finite-difference

methods (FDMs) are discussed and relevant examples are furnished. The FDM

approach receives greater emphasis as it is not currently as popular in the liter-

ature for solving BVPs as the other methods. An error analysis for the finite-

difference algorithm is also supplied, as well as a formulation that incorporates

mission constraints.

• Chapter 4: The FDM is employed as the foundation for a survey of the design

space for solar sail trajectories that solve the lunar south pole coverage problem.

Various initial guesses are exploited to enable the generation of tens-of-millions

of simulations in a search for viable trajectories. Critical mission metrics are

used to evaluate the plethora of solutions.

• Chapter 5 : Solutions from the numerical tools are linked to equilibrium prop-

erties of the Earth–Moon dynamical system. Solar gravity is minor compared

to the gravity of the Earth and the Moon. Five sample reference trajectories

are demonstrated to track instantaneous equilibrium surfaces that arise from
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the balance of solar radiation pressure, gravity of the primary bodies, and the

effects of a rotating reference frame.

• Chapter 6: Solutions developed in the idealized Earth–Moon rotating system

with the FDM algorithm are applied to initialize a similar FDM process in a

high-fidelity, ephemeris-based model. The procedure to transition trajectories

designed in the simpler model to the higher-fidelity model is presented. The

same five sample trajectories from Chapter 5 are used to illustrate the transition.

• Chapter 7: Three techniques for solving BVPs are employed to control the flight

path of a solar sail within the context of the Earth–Moon circular restricted

three-body model to reference trajectories developed in that model. The basis

for the controller design is a turn-and-hold scheme, whereby the attitude of the

sail is held constant in inertial space and then instantaneously turned one or

more times to target the reference flight path at some future time.

• Chapter 8: Concluding remarks are offered along with recommendations for

future research.
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2. SOLAR SAILING DYNAMICS

The history of science and mathematics is largely the history of celestial mechanics.

Ancient societies made those who could predict solar and lunar eclipses their high

priests. Aristotle and Ptolemy influenced the western world for over a thousand years

with their ideas on heavenly motion. Giants coupling mathematics and astronomy

such as Copernicus, Kepler, and Galileo transformed humanity’s understanding of its

place in the universe. Newton described motion by incorporating mechanics, inventing

new fields of mathematics, and describing the effect of gravity. Euler, Lagrange,

Gauss, Bessel, Poincaré, and many other visionary thinkers of their respective times

made significant contributions to the study of dynamics, especially as applied to

celestial mechanics.

In the past one hundred years, a new branch of science, stemming from celestial

mechanics, has emerged in the form of astrodynamics, which is the motion of artificial

satellites, or spacecraft. Tsiolkovsky, Goddard, and Von Braun are a few of the

significant contributors that established this field and are responsible for enabling

spacecraft that reach low-Earth orbit, the Moon, Mars, and the outer planets. In

recent years, new pathways through the solar system have been discovered by applying

a mixture of classical and modern mathematical techniques to describe celestial and

spacecraft motion.

The dynamical behavior of particles or bodies within any system is frequently de-

scribed by a set of ordinary differential equations. The solutions to these equations,

whether analytical or the result of numerical simulations, are employed to chart the

motion of a particle in the presence of gravity and other forces affecting its motion.

The equations of motion for a sailcraft in a rotating multi-body system are initially

introduced. By assuming the system dynamics are governed by the gravity of the

Earth and the Moon, as well as the effect of solar radiation pressure, interesting sym-
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metries arise. Additionally, the equations of motion are nonlinear, and linearization

about a reference path results in tools that are useful for generating solutions and

controlling motion in a nonlinear regime.

2.1 Circular restricted three-body motion and an idealized solar sail

It is advantageous to formulate the lunar south pole coverage problem within the

context of a circular restricted three-body (CR3B) system. Motion is modeled in a

frame, R, that is fixed to the Earth and the Moon. The R frame rotates with respect

to an inertially fixed frame, I, about a common Ẑ axis with an angular rate of ω.

The angular velocity vector is then

ω =
{

0 0 ω
}T

(2.1)

where superscript “T ” indicates a vector (or matrix) transpose. Both frames originate

at a common barycenter. An illustration of these two frames appears in Fig. 2.1. A po-

sition vector in the inertial frame, I, is described by the variables
{
X Y Z

}T

, and

X

Y
^

Earth, m1

Moon, m2 x

ŷ

^

^
b

IR

z, Z^^

I    R

Fig. 2.1: The R frame rotating with respect to the I frame.
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a position vector in the rotation frame, R, is described by the variables
{
x y z

}T

.

The velocity and acceleration corresponding to the first and second derivatives of a

position element in the appropriate frame, where time is the independent variable,

are denoted with a single dot and double dots, respectively (e.g., ẋ and ẍ).

Modeling behavior in the CR3B system typically involves characteristic quantities

and nondimensionalization based on distances, masses, and time. To begin, the first

characteristic quantity is GM∗, which is the sum of the gravitational parameters of

the two primaries, that is,

GM∗ = GM1 +GM2 (2.2)

where GM1 and GM2 are the gravitational parameters of the Earth (398600.436

km3/s2) and the Moon (4902.799 km3/s2), respectively. The average distance between

the Earth and the Moon is the characteristic quantity L∗ and is equal to 384,400 km

in this investigation. A final characteristic quantity is based on time and originates

with Kepler’s equation,

t∗ =

√
L∗3

GM1 +GM2

(2.3)

Because a solar sail delivers an acceleration to the spacecraft, another quantity, the

system characteristic acceleration, is also useful. This quantity is easily derived as

the ratio of the characteristic length, L∗, to the square of the characteristic time, t∗,

that is,

a∗ =
L∗

t∗2
= 2.7307 mm/s2 (2.4)

Nondimensionalization based on characteristic quantities is often used in astrody-

namics to simplify the scale of the numbers involved in computation [82]. The mass

ratio of the Moon to the sum of the masses of the two primaries is

µ =
GM2

GM1 +GM2

(2.5)

The nondimensional gravitational parameter of the Earth is consequently 1−µ. The

nondimensional distance between the Earth and the Moon is 1. The period for one

revolution of the Earth and the Moon about a common barycenter is one sidereal
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month (27.321 days), and after dividing by t∗, the nondimensional period is 2π in

nondimensional time units. As a result, the nondimensional rotational rate of the

Earth–Moon system with respect to an inertial frame is 1, whereas the dimensional

rotation rate is 2.67× 10−6 rad/s2.

After nondimensionalizing distance, mass, and time quantities, the development

of the equations of motion in the R frame, rotating relative to an inertial frame,

I, employs a kinematic expansion [82–85]. Consistent with McInnes [6], the nondi-

mensional vector equation of motion for a spacecraft at a location r relative to the

barycenter (center of mass of the primaries) is

Ra + 2
(
IωR × Rv

)
+ ∇U(r) = as(t) (2.6)

where the first term is the acceleration relative to the rotating frame (more precisely

expressed as
Rd2r
dt2

, where the left superscript R indicates a derivative in the rotating

frame) and the second term is the corresponding Coriolis acceleration, which requires

the velocity relative to the rotating frame, Rv (more precisely
Rdr
dt

).1 The angular-

velocity vector, IωR (or ω), relates the rate of change of the rotating frame with

respect to the inertial frame. In this nondimensional system, ω =
{

0 0 1
}T

.

The applied acceleration, from a solar sail in this case, is indicated on the right side

by as(t). The centripetal and gravitational accelerations are combined in a pseudo-

gravity gradient, ∇U(r), that is,

∇U(r) =

(
ω × (ω × r)

)
+

(
(1− µ)

r3
1

r1 +
µ

r3
2

r2

)
(2.7)

where µ represents the mass fraction of the smaller body, or m2/(m1 + m2), and r1

and r2 are the distances from the larger and smaller bodies, respectively, that is,

r1 =
√

(µ+ x)2 + y2 + z2

r2 =
√

(µ+ x− 1)2 + y2 + z2

1Derivatives of the position vector (Rv and Ra) are assumed to be relative to the rotating frame and,
consequently, R is dropped.
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Motion in the vicinity of the Moon is affected by both lunar and terrestrial gravity. To

a far lesser degree, motion is also influenced by the Sun and other solar system bodies.

These other gravitational influences are not generally incorporated in the present

formulation. The Earth’s gravitational effect is on the same order of magnitude as

lunar gravity in the proximity of the Moon. Additionally, modeling the vehicle’s

motion in the CR3B system supplies a solution in a frame in which the two primary

bodies are fixed. This feature greatly simplifies the geometric interpretation of the

solution. Furthermore, the simplifications resulting from the assumptions inherent in

the CR3B facilitate the generation of periodic trajectories.

The preceding discussion centers on “natural” motion that is derived from a

pseudo-potential. An applied acceleration term appears on the right side of Eq. (2.6).

At a distance of 1 AU, an appropriate distance to assume for a sailcraft in the Earth–

Moon system, the nondimensional applied acceleration from a solar sail is modeled

as

as(t) =
ac
a∗

(ˆ̀(t) · û)2û (2.8)

where û is the sail-face normal and ˆ̀(t) is a unit vector in the Sun-to-spacecraft

direction. These vectors appear in Fig. 2.2. Observed from the rotating frame, R, the

Sun moves in a clockwise direction about the fixed primaries. The sail mass, m3, is

negligible compared to the masses of the Earth and the Moon, which are m1 and m2,

^

Ωt

Earth, m1 Moon, m2
r

x

as(t), ul
^

b1
^

b2
^

e1
^

e2
^

t



y

(t)

Sun
r1

r2

Sail, m3 ^

b

^

Fig. 2.2: Earth–Moon system model
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respectively. The origin of the system is located at the barycenter, b, of the Earth

and the Moon. The term (ˆ̀(t) · û) is also expressed as cosα, where α is the sail pitch

angle, or the angle between the solar incidence direction and the sail-face normal. In

a Sun-fixed frame where the orthonormal triad is
{

ˆ̀ (ˆ̀× ẑ) ẑ
}T

, the sail-face

normal, û, is expressed in terms of α and δ, that is,

û =





cosα

sin δ sinα

cos δ sinα





(2.9)

where δ is also known as the clock angle and is measured about the Sun-line, ˆ̀, from

the z axis in the R frame, as illustrated in Fig. 2.3 (and described in Appendix B).





^

 

u

x

z

y
^

t

l

^

^
^

Fig. 2.3: Pitch, α, and clock, δ, angles for the sail-face normal with respect to the

Sun-line. The axes are fixed in the rotating frame and the Sun moves about the

Earth–Moon system at a rate of Ω.
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When û is rotated to the working frame, R, it is

û =





cos Ωt cosα + sin Ωt sinα sin δ

− sin Ωt cosα + cos Ωt sinα sin δ

cos δ sinα





(2.10)

Formulations of the sail-face normal in other reference frames are available and are

introduced as necessary.

As demonstrated in Eq. (2.8), the direction of the sunlight vector with respect to

the sail-face normal is a critical and mitigating factor in the acceleration supplied by

the sail. The sunlight direction is expressed relative to the rotating frame and is a

function of time, that is,

ˆ̀(t) = cos(Ωt) x̂− sin(Ωt) ŷ + 0 ẑ (2.11)

where Ω is the ratio of the synodic rate of the Sun as it moves along its path to

the system rate, approximately 0.9192. One physical constraint is imposed on the

attitude of the spacecraft: the sail normal, û, which is coincident with the direction

of the resultant force in an ideal model, is always directed away from the Sun. This

is written mathematically as

ˆ̀(t) · û ≥ cosαmax (2.12)

where αmax is 90◦. At α = 90◦, the sail is edge-on to the Sun. If α > 90◦, the

reflecting side is directed away from the Sun and the “back” side now faces the Sun.

An incident force is still generated, but the back side of a solar sail is typically not

designed for high reflectivity, rather it is coated to emit excess heat (countering the

force from reflected sunlight). In reality, because of imperfections in the sail, αmax

is typically less than 90◦. The differences between an ideal model and other, more

realistic, models are discussed in Appendix A.

2.2 Symmetry in solar sail trajectories

Construction of some solar sail trajectories is aided by observations that are fun-

damental to the dynamical model. It is well known that certain symmetries exist in
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the circular restricted three-body problem (CR3BP). One such symmetry arises from

the time-invariance, or reversibility, of the equations of motion. The scalar equations

of motion for the CR3BP are

ẍ− 2ẏ − x+
(1− µ)(x+ µ)

r3
1

+
µ(x− 1 + µ)

r3
2

= 0 (2.13)

ÿ + 2ẋ− y +
(1− µ)y

r3
1

+
µy

r3
2

= 0 (2.14)

z̈ +
(1− µ)z

r3
1

+
µz

r3
2

= 0 (2.15)

If trajectories are reversed across the xz plane, then

x→ x, y → −y, z → z, t→ −t

The subsequent path derivatives are

d(x)

d(−t) = −ẋ, d(−y)

d(−t) = ẏ,
d(z)

d(−t) = −ż

d(−ẋ)

d(−t) = ẍ,
d(ẏ)

d(−t) = −ÿ, d(−ż)

d(−t) = z̈

If these states are substituted into Eqs. (2.13) through (2.15), the same equations of

motion as those appearing in Eqs. (2.13) through (2.15) are recovered. The advantage

of this phenomenon is that a mirror configuration occurs at the crossing of the xz

plane or the y axis [86]. Two types of mirror configurations are possible: (P) when

all point masses (i.e., the primaries and the spacecraft) lie in a plane and all velocity

vectors are at right angles to that plane and (A) when all point masses lie along an axis

and all velocity vectors are at right angles to that axis, but not necessarily parallel.

Orbits are periodic if, at two separate epochs, a mirror configuration occurs [86].

An example of a periodic orbit with two mirror configurations in an arbitrary CR3B

system appears in Fig. 2.4. Because of the mirror configurations, certain states are

assumed to be zero at the perpendicular crossings of the symmetry plane (or axis).

One implication from these assumptions is that a trajectory only requires numerical

integration from one mirror configuration to the subsequent mirror configuration, or

one half-period, to determine a symmetric periodic orbit.
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Mirror 
Configuration #1

dt/dy(0) = 0
dx/dt(0) = 0
dz/dt(0) = 0

Mirror 
Configuration #2

dt/dy(T/2) = 0
dx/dt(T/2) = 0
dz/dt(T/2) = 0

m
1

m
2v

m1

v
m2

Barycenter

Spacecraft 
Orbit

Plane/Axis of
Symmetry

Fig. 2.4: An example of a mirror configuration (either P-type or A-type).

For a solar sail moving in the Earth-Moon CR3B system, a symmetry similar to

a mirror configuration occurs for time reversal in the equations of motion. When

expressed in terms of the Earth–Moon rotating frame, the equations of motion for a

solar sail spacecraft are

ẍ− 2ẏ − x+
(1− µ)(x+ µ)

r3
1

+
µ(x− 1 + µ)

r3
2

= β(cΩtc
3
α + sΩtsαc2

αsδ) (2.16)

ÿ + 2ẋ− y +
(1− µ)y

r3
1

+
µy

r3
2

= β(−sΩtc
3
α + cΩtsαc2

αsδ) (2.17)

z̈ +
(1− µ)z

r3
1

+
µz

r3
2

= β(sαc2
αcδ) (2.18)



28

where c ≡ cos, s ≡ sin, and β = ac/a
∗. When these equations are propagated in

negative time, the following equations result

ẍ− 2ẏ − x+
(1− µ)(x+ µ)

r3
1

+
µ(x− 1 + µ)

r3
2

= β(cΩtc
3
α − sΩtsαc2

αsδ) (2.19)

ÿ + 2ẋ− y +
(1− µ)y

r3
1

+
µy

r3
2

= β(−sΩtc
3
α − cΩtsαc2

αsδ) (2.20)

z̈ +
(1− µ)z

r3
1

+
µz

r3
2

= β(sαc2
αcδ) (2.21)

Note the sign differences on the right side when comparing Eqs. (2.16) and (2.17) to

Eqs. (2.19) and (2.20), respectively. Time invariance is only possible for solar sails in

the Earth–Moon system if the clock angle δ = 0◦ or 180◦ at the time of the mirror

configuration. This property is also observed and employed by Farrés and Jorba [87].

While Roy and Ovenden [86] specify that the “n-point masses are acted upon by their

mutual gravitational forces only,” the Mirror Theorem still holds when incorporating

a solar sail in the Earth–Moon system because the Sun is assumed to be in a plane

containing the Earth, Moon, and sailcraft at the times of the sailcraft crossing of the

symmetry plane. Although solar gravity is not modeled, solar radiation pressure acts

in a manner similar to gravity, albeit repulsive, in this system.

2.3 Linear dynamics

One convenient and straightforward approach for the design and control of trajec-

tories in the CR3B system is the use of linear variational equations relative to some

reference arc. Consider a system of equations such that

ẋ(t) = f(x(t)) (2.22)

where x(t) is a vector containing the position and velocity states, or

x(t) =
{

r(t)T v(t)T
}T

(2.23)

at an arbitrary time t. Now let xr(t) be a reference trajectory that satisfies the

nonlinear equations of motion under the conditions in which they are formulated. A
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nearby path also satisfies the equations of motion and is denoted xn(t). This path

is generally unknown a priori. It may be considered a desired path or a path that is

employed simply to track the reference trajectory, depending on the application. At

time t, the difference between the nearby and reference trajectories is

δx(t) = xn(t)− xr(t) (2.24)

Equation (2.24) can be evaluated at some initial time, t0, such that xn(t0) is perturbed

from xr(t0) by δx(t0), or xn0 , xr0, and δx0, respectively, for convenience. If Eq. (2.22)

is formulated as an initial value problem,

xn(t) = x(t,xr0 + δx0) (2.25)

xr(t) = x(t,xr0) (2.26)

An illustration of these neighboring paths, along with δx0, appears in Fig. 2.5.

xr(tf) 

x(t)

tt0 tf

x0

x(tf)

xn(t) = x(t,x0
r+x0)

xr(t) = x(t,x0
r)

.
xr(tf)t.

t

x(tf+t)
x0

n

x0
r

Fig. 2.5: Variations between neighboring trajectories [88].

The small step δx(t) relative to xr(t) is approximated straightforwardly via a set

of linear differential equations. Differentiating Eq. (2.24) with respect to an inertial

observer results in

δẋ(t) = ẋn(t)− ẋr(t) (2.27)
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Continuing with the assumption that xr(t) and xn(t) are close (and, therefore, their

derivatives are also close), a Taylor series expansion about xr(t) yields a first-order

approximation for δẋ(t),

δẋ(t) = A(t)δx(t) (2.28)

where A(t) is a 6× 6 Jacobian matrix

A(t) =
∂ẋ(t)

∂x(t)

∣∣∣∣
xr

=
∂f(x(t))

∂x(t)

∣∣∣∣
xr

(2.29)

For the autonomous CR3B system without an applied acceleration (such as the ac-

celeration supplied by a solar sail),

f(x(t)) =





v(t)

−2 (ω × v(t))−∇U(r(t))



 (2.30)

For this system, the elements of A(t) are time-varying and of the form

A(t) =


 0 I

−M −S


 (2.31)

where M is the set of partial derivatives of ∇U from Eq. (2.7) with respect to r, S is

the set of partial derivatives of the Coriolis terms in Eq. (2.6) with respect to v, and

I is the 3× 3 identity matrix.

The solution to Eq. (2.28) is significant to serve as the basis of the design and

control algorithms. If δx(t) is available at some future time, tf , it can be added

to the known reference at tf , that is, xr(tf ), to approximate the state along the

nearby trajectory, at the specified time, xn(tf ). This variation appears as δx(tf ) in

Fig. 2.5 and is denoted contemporaneous because the two trajectories are compared

at the same time. To solve Eq. (2.28), the variables are separated and both sides are

integrated from t0 to tf , resulting in

δx(tf ) = Φ(tf , t0)δx(t0) (2.32)

where Φ(tf , t0) is the state transition matrix (STM). The STM supplies a linear

mapping of the perturbation δx(t0) at t0 to the deviation from the reference path,
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δx(tf ), at a later time. These sensitivities are essentially linear and are expressed in

the form of partial derivatives; in matrix form, they are represented

Φ(tf , t0) =
∂x(tf )

∂x(t0)
(2.33)

Unfortunately, calculating these partial derivatives is not always straightforward.

Generating the STM can be accomplished in various ways depending on the char-

acteristics of the system of equations and the computational capabilities. In the first

approach, the linear system of equations comprising A(t) is assumed to be constant

over an interval from ti to ti+1. In this case, the STM is represented as

Φ(tf , t0) = eA∆t (2.34)

where ∆t = ti+1 − ti. (Of course, if A is invariant, this solution applies for all time.)

A second approach involves a Taylor series expansion of the exponential function in

Eq. (2.34), resulting in

eA∆t =
∞∑

k=0

1

k!
(∆tA)k (2.35a)

= I + ∆tA +
1

2!
(∆tA)2 +

1

3!
(∆tA)3 + . . . (2.35b)

where ∆t = tf − t0. In practice, higher-order approximations are no typically em-

ployed.

Often, the Jacobian is time-varying. An alternative when A(t) is a continuous

function of time is to integrate the STM. With a slight change of notation, the deriva-

tive of the STM in Eq. (2.33) is

Φ̇(t, t0) =
∂ẋ(t)

∂x(t)

∂x(t)

∂x(t0)
(2.36)

= A(t)Φ(t, t0) (2.37)

The same result appears when Eq. (2.32) is substituted into Eq. (2.28). Equa-

tion (2.37) comprises a set of 36 scalar differential equations. To determine the

elements in Φ(t, t0), the STM is integrated along with the equations of motion for
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the system for a set of 42 scalar differential equations or, assuming they are available,

directly uses the states from the reference path to obtain A(t).

The preceding strategy exploits the linear variational equations. Because the STM

is a matrix of the sensitivities to a perturbation in each element of x(t0), another

approach for generating the STM is direct numerical integration of the nonlinear

equations of motion, once for each element of the state vector. For each integration,

the corresponding state is perturbed by some small value, ε, at the initial epoch. The

state at the end of the integration forms the column in Φ(tf , t0) associated with the

particular state variable. No partial derivatives are required; however, this approach

requires additional computational processing and requires more time to generate the

STM compared to the numerical integration of Eq. (2.37). Also, selection of an

appropriate value of ε across various types of states can be nontrivial.

Three useful properties of the STM are noteworthy. The first arises from the fact

that if δx(t1) = Φ(t1, t0)δx(t0) and δx(t2) = Φ(t2, t1)δx(t1), then

Φ(tn, t0) = Φ(tn, tn−1) . . .Φ(t2, t1)Φ(t1, t0) (2.38)

where n is a finite number of intervals. If the interval from ti to ti+1 is small, A may

be assumed to be time-invariant over that interval. Then, the STMs generated in

either Eq. (2.34) or Eq. (2.35) that correspond to each small interval may be stacked,

per Eq. (2.38), to produce a STM from t0 to tn. Another useful property of the STM

is that

Φ(t0, tf ) = Φ−1(tf , t0) (2.39)

If the STM is generated in forward time, its inverse is the associated mapping for the

deviation at tf , δx(tf ), to the perturbation at t0, δx(t0). Finally, from the definition

in Eq. (2.32), when t = t0,

Φ(t0, t0) = I (2.40)

where I is the 6 × 6 identity matrix. This identity property indicates that a pertur-

bation at t0 is unchanged when it is mapped to itself.



33

The preceding discussion is based on a contemporaneous variation. Note that

a time variation between the reference and neighboring trajectories is also possible.

Given that all perturbations and deviations are assumed to be small, the difference

between two states on the neighboring and reference trajectories is expressed as the

sum of the deviation at tf between the two paths and the derivative of the reference

path at tf multiplied by a noncontemporaneous variation, δt, or

δx(tf + δt) = δx(tf ) + ẋr(tf )δt (2.41)

These variations appear in Fig. 2.5. Substituting Eq. (2.32) into Eq. (2.41) results in

the full form of the first-order variational equations of motion,

δx(tf + δt) = Φ(tf , t0)δx(t0) + ẋr(tf )δt (2.42)

This equation also emerges from a Taylor expansion. Note that the noncontempo-

raneous variations are mapped via the derivative of the position and velocity state

elements (i.e., velocity and acceleration, respectively) at the final time, tf , along

xr(t). Equation (2.42) is useful for correcting xr(t0) (discussed in further detail in

Chapter 3) to solve for δx(t0), assuming all other quantities are available. These

corrections are classified as final-time free problems. Often, the final time is speci-

fied and a noncontemporaneous variation is not desired; then, δt = 0 and Eq. (2.42)

reduces to Eq. (2.32). The solar sail trajectories in this investigation are generally

final-time fixed problems, unless otherwise noted.

If the problem includes a set of controls and other parameters that may be ad-

justed, the variational equations are augmented. The system of differential equations

is then formulated such that a dependency on the controls and a set of parameters

also exists, that is,

ẋ(t) = f(x(t), t) + g(x(t),y(t), t) (2.43)

where y represents a generic set of controls and parameters and g(x(t),y(t), t) is

a function of the state, controls, and parameters, as well as time, t. For the non-

autonomous system defined by Eqs. (2.6) and (2.8), g(y(t), t) = as(t). Note, however,
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for this system, that f(x(t)) from Eq. (2.30) is autonomous and time invariant, while

g(y(t), t) is non-autonomous and time variant, but not a function of x(t). The linear

vector equation of motion, i.e., the first-order variational equations, is written in the

familiar state-space form

δẋ(t) = A(t)δx(t) + B(t)δy(t) (2.44)

where

B =
∂(f + g)

∂y

∣∣∣∣
yr

(2.45)

and yr = yr(t), which refers to a reference control profile as well as a parameter set

that appear in the equations of motion. The matrix form of Eq. (2.44) is





δẋ(t)

δẏ(t)



 =


 A(t) B(t)

Ay(t) By(t)







δx(t)

δy(t)



 (2.46)

where

Ay(t) =
∂ẏ

∂x

∣∣∣∣
xr

and By(t) =
∂ẏ

∂y

∣∣∣∣
yr

(2.47)

The matrices Ay(t) and By(t) are typically zero if δẏ = 0 or if y is not a function of

time.

Similar to the uncontrolled problem discussed previously, generating variational

relationships for the set of controls and parameters is not necessarily straightforward.

Consistent with the procedure to generate Eq. (2.37), the matrix in Eq. (2.46) is

incorporated into the differential equations to develop a state transition matrix, Φ,

and a state-control (or state-parameter) transition matrix, Ψ,

d

dt


 Φ Ψ

Φy Ψy


 =


 A(t) B(t)

Ay(t) By(t)




 Φ Ψ

Φy Ψy


 (2.48)

Initially, the matrix on the far right of Eq. (2.48) is an identity matrix of appropriate

size. The matrices that map deviations in the controls and the parameters at t0 to

deviations in the state and control elements at t are included for completeness; if Ay

and By are zero, then Φy = 0 and Ψy = I, respectively. The state-control transition
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matrix, Ψ, maps the deviation from the reference control and parameter set at t0, or

δy(t0), to a deviation in position and velocity at some future time, δx(tf ), that is,

Ψ(tf , t0) =
∂xf (t)

∂y(t0)
(2.49)

The overall mapping of the errors in the state, controls (or parameters), and final

time is




δx(tf + δt)

δy(tf + δt)



 =


 Φ(tf , t0) Ψ(tf , t0)

Φy(tf , t0) Ψy(tf , t0)







δx(t0)

δy(t0)



+





ẋ(tf ,x(t0),y(t0))

ẏ(tf ,x(t0),y(t0))



 δt

(2.50)

when noncontemporaneous variations are included (i.e., δt 6= 0). For a given con-

troller, variations in the state at time t0 may not be allowed and δx(t0) = 0. Addi-

tionally, if δt = 0, then

δx(t) = Ψ(t, t0)δy(t0) (2.51)

which is an important relationship for developing trajectory targeting schemes. Both

Φ and Ψ are useful for developing targeters for shooting schemes.



36



37

3. NUMERICAL TOOLS FOR SOLVING TWO-POINT

BOUNDARY VALUE PROBLEMS

Trajectory design for any spacecraft mission application typically involves either well-

developed analytical approximations or linearization relative to a known solution.

These approximations are typically based on well-understood dynamics. However,

when two or more large bodies (e.g., the Earth and the Moon, or the Sun, the Earth,

and the Moon) are present, trajectories in a multi-body gravitational environment can

become chaotic, and the formulation of solutions, whether analytical or numerical, in

these multi-body systems possesses new challenges.

Ion propulsion and solar sails supply an additional force on the spacecraft, one

that can be directed, often expanding the design options. However, envisioning the

necessary control history and the resulting trajectory prior to any analysis can be

difficult, especially when the advanced-propulsion device is employed in a complex

dynamical regime, such as a CR3B system. Analytical techniques that incorporate

these control forces in such a regime are not sufficiently developed to reveal the extent

of the design possibilities quickly.

Numerical methods are critical elements in uncovering new trajectory options and

furnishing mission designers with a better sense of the design space, particularly in

complex regimes. Spacecraft trajectories are, fundamentally, solutions to nonlinear

equations of motion (EOMs), which themselves are ordinary differential equations

(ODEs). Some ODEs are posed as initial value problems (IVPs) and are solved

numerically using explicit or implicit integration, incorporating single or multiple

steps. In an IVP, the state is defined at some point in the time domain, and all

subsequent states along the path evolve as a result of the differential equations and

the given initial condition. For explicit integration, the state at the current time is



38

calculated based on the state at the previous time (or, in a multi-step method, at a

number of preceding times); it is the method of integration most analysts use regularly.

Implicit integration may also be single or multi-step and also relies on the initial

conditions and the differential equations, but the state at the current time is expressed

implicitly. An iterative method, such as a Newton-Raphson algorithm, is required to

solve the differential equations at the current point in the time domain. Obtaining

solutions using implicit methods is generally more difficult, but the accuracy of the

solution is improved for stiff ODEs [89,90].

Trajectories can also be represented as solutions to boundary value problems

(BVPs) in terms of ordinary differential equations (ODEs). For a BVP, conditions

are specified at the beginning and, also, at the end of the time domain. The spe-

cific values of the states at the extremes may or may not be fixed in a BVP with a

periodicity constraint; periodicity only requires that the values at the extremes are

equal. Differential-corrections schemes, including shooting methods [91], collocation

approaches, and finite-difference methods [89,92–95] are common numerical processes

to solve BVPs and are similar in that they all employ linear corrections to a non-

linear system. Variational methods are also used to solve BVPs when the problem

possesses certain minimality properties [90]. Classical perturbation techniques have

long supplied analytical approximations for trajectories [63, 96–98]. Finally, recent

efforts using evolutionary algorithms to solve optimization problems also offer an

approach to solving boundary value problems [99,100].

Any differential-corrections scheme can be formulated simply as an initial value

problem with a constrained initial position and a free initial velocity. Using a shooting

method, for example, the difference between the end state and the target state at the

terminal point on the trajectory arc is used to adjust the initial velocity [89, 91, 101,

102]. Shooting is often used in the optimization of spacecraft trajectories [103–105].

Trajectory arcs involving low-thrust ion engines are typically discretized such that

the thrust arcs resemble a series of finite burns. Unfortunately, continuous control,
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such as the control supplied by a solar sail, cannot be easily incorporated into typical

shooting algorithms.

Collocation techniques have arisen in the past few decades as an alternative strat-

egy to generate spacecraft trajectories, coincident with improvements in computer

processor capabilities [30, 106–109]. Collocation routines are also common tools for

solving trajectory optimization problems [104, 105]. The advantage of a collocation

scheme in solving a BVP is a formulation such that the control can be discretized;

the algorithm then delivers a solution for the control and trajectory states simultane-

ously [110]. Collocation involves minimization of the difference between the deriva-

tive of a continuous polynomial approximation along an arc of the trajectory and the

derivative from the equations of motion at an intermediate, or defect, point between

nodes along the path. Mathematically, collocation methods require the selection of a

representative solution (typically a polynomial) that is consistent with the vector field

corresponding to the differential equations [111]. In the 1970’s, collocation methods

were applied to boundary value problems by Russell and Shampine [110]. Doedel

also approached the solution to nonlinear two-point boundary problems using finite

differences in a collocation strategy [112].

In the mid-1980’s, Hargraves and Paris applied a collocation method to a direct

trajectory optimization problem [106]. A functional (indirect) optimization problem is

transcribed to a parameter (direct) optimization problem by using discretized interior

states as optimization parameters. Nonlinear programming techniques are then em-

ployed to solve for the set of interior states that optimizes some cost function, usually

propellant or time-of-flight [106–108]. Herman and Conway improved the accuracy

of the technique by incorporating high-degree Gauss-Lobatto quadrature rules into a

collocation and nonlinear-programming algorithm [109]. Tang and Conway applied

these techniques to low-thrust interplanetary trajectories [113], and Melton success-

fully adapted them to the interplanetary solar sail problem [114]. Other authors have

also explored trajectory optimization as a parameter optimization problem [104,115].

The focus of the preceding studies is direct optimization methods, which are gener-
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ally less accurate than indirect methods [103], but can be used as starting points for

indirect optimization schemes.

Most recently, Ozimek, Grebow, and Howell applied low- and high-degree Gauss-

Lobatto rules to generate solar sail trajectories in the Earth–Moon system [30]. The

local error along the trajectory path is proportional to ∆t5 and ∆t12, respectively, due

to truncation in the approximating polynomials [56]. The problem is not formulated

as an optimization problem. Rather, the authors employ this approach to iteratively

solve the equations of motion. The converged solution is not expected to resemble

the initial guess and rarely does so; however, the solution does depend on the initial

guess.

The preceding numerical methods possess high degrees of accuracy. Any type

of shooting strategy requires some knowledge of the design space to initiate the

procedure. Collocation schemes do not require a priori knowledge of the solution

corresponding to the BVP, but the implementation is not intuitive. Furthermore,

the partial derivatives of the constraints with respect to the states are nontrivial in

collocation schemes and are often approximated numerically [30].

A more rudimentary approach to solve BVPs is a finite-difference method (FDM),

in which the derivatives that appear in the differential equations are replaced with

their respective finite differences and evaluated at node points along the trajec-

tory [34, 89]. The solution process is iterative. The trajectory is discretized, and

the equations that represent the relationships at the nodes are solved simultane-

ously. Using a central-difference approximation, the best accuracy available from an

FDM is proportional to ∆t2. However, model fidelity and uncertainty may obvi-

ate any accuracy gains from a highly accurate scheme; solutions from such methods

may not persevere without additional control in actual flight. If a solution based

on a high-precision approach (e.g., shooting or high-degree collocation) is migrated

from a model with limited accuracy to one of higher accuracy (e.g., CR3B model vs.

ephemeris model or actual flight), it may be no more reliable in that higher-fidelity

model than a solution from a low-precision approach (e.g., finite-differencing). More-
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over, the FDM is simple to formulate and offers an improved understanding of the

design space. Partial derivatives are easily obtained via standard analytical tech-

niques, without resorting to numerical or automatic differentiation (both of which

are often computationally expensive). Once the analyst is familiar with the feasible

options, higher-fidelity methods for solving the BVP can be used to refine trajectories

or combined with optimization techniques to produce optimal trajectories. Another

option is to employ the FDM technique to generate trajectories that fit path con-

straints to explore a broad design space quickly. Using the MATLAB® computing

environment, Wawrzyniak and Howell [35, 116] survey over 10 million initial guess

combinations for the path and control profile, as well as a range of characteristic

accelerations and path constraints appropriate to the lunar south pole coverage prob-

lem. The time to generate the millions of trajectories for the survey is approximately

one week when the algorithms run on eight cores over five platforms.

3.1 Shooting methods

Shooting methods are common tools for generating trajectories in astrodynamics.

In general, some sort of approximation is developed, perhaps via analytical tech-

niques that incorporate knowledge of the system dynamics. Often, a trajectory is

approximated by employing linearization relative to a known reference solution to

the nonlinear differential equations, such as an equilibrium point. States from this

approximation are used to initialize the numerical integration of the nonlinear equa-

tions of motion. A state transition matrix (STM) is propagated along with a six-state

(position and velocity) trajectory and is used to linearly (or differentially) correct the

states and, thus, select the initial values of the elements. Dynamical characteristics

extracted from the STM are effective at describing the consequences of small pertur-

bations and, as a result, differential corrections implemented with a shooting scheme

is a popular tool for generating, or updating, numerical representations of orbits.

Shooting methods are often described in terms of two types: (1) single shooting and
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(2) multiple shooting. In single shooting, a single arc is defined from an initial point

to a final target. Multiple shooting [90] exploits short arc segments, usually along

non-periodic orbits, for a more stable numerical process; path constraints (e.g., eleva-

tion) and continuity between arc segments are enforced at the endpoints along each

segment. The sail attitude is generally fixed along each arc segment (or the entire

orbit if single shooting is employed).

Nuss [117] and A. McInnes [118] both use single-shooting methods to generate

halo orbits in the SE-CR3B regime. Nuss begins with a third-order approximation

for a halo orbit in the vicinity of a collinear Lagrange point (L1). Nuss then uses

shooting to deliver a nonlinear solution and then applies continuation based on ac to

extend the nonlinear, solar sail halo orbits toward the Sun [117]. A. McInnes expands

the approximation to include effects from a solar sail and generates families near

artificial Lagrange points for various ac [118]. Waters and C. McInnes [119] exploit

a single-shooting corrections process to correct Lindstedt-Poincaré approximations of

periodic orbits above the SE ecliptic plane. Likewise, Farrés and Jorba [87] employ

multiple shooting as a tool to compute periodic orbits near the Sun–Earth–Sail L1

point. In each of the preceding examples, sail attitude is assumed to be fixed relative

to the modeled frame.

3.1.1 Single shooting example: Liapunov orbits

A periodic orbit about the L1 libration point is generated per Szebehely [120,

pp. 242–249], whereby the equations of motion are linearized in the neighborhood of

L1.1 The resulting elliptical path in the xy plane is represented in black in Fig. 3.1.

If a state is extracted (the black dot in Fig. 3.1) from the linear path and propagated

in the nonlinear equations of motion for the CR3B system until the next crossing of

the x axis, the green path in Fig. 3.1 results. Clearly, the linear approximation does

not immediately translate into a nonlinear solution.

1Note that the nomenclature for L1 and L2 is reversed in Ref. [120].
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Fig. 3.1: An example of single shooting for a Liapunov orbit.

The goal is to produce a periodic trajectory. Because the Mirror Theorem states

that a trajectory is periodic if, at two different epochs, a mirror configuration occurs,

two perpendicular crossings of the x axis are employed for generating a periodic orbit

[86]. A perpendicular crossing occurs when ẋ = 0 and y = 0. The first perpendicular

crossing is specified as the initial state, that is, at the black dot on the right side of

the ellipse in Fig. 3.1. For this two-dimensional example, y0 and ẋ0 are equal to zero.

The initial value x0 is fixed. The initial value ẏ0 is allowed to vary throughout the

corrections process so that the targeter ultimately determines an initial velocity that

produces a perpendicular state, or a mirror configuration, at the next x axis crossing.

To target a perpendicular crossing, the path is propagated and the state transition

matrix is generated per Eq. (2.37) until the next crossing of the x axis. The time of

this crossing is denoted as tf . The variational equations are





δxf

δyf

δẋf

δẏf





= Φ





��
�* 0

δx0

�
��>

0

δy0

��
�* 0

δẋ0

δẏ0





+





δẋf

δẏf

δẍf

δÿf





δt (3.1)
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Because δxf and δẏf are unconstrained and only δẏ0 may be adjusted, Eq. (3.1) is

simplified to 



δyf

δẋf



 =




∂yf
∂ẏ0

ẏf
∂ẋf
∂ẏ0

ẍf







δẏ0

δt



 (3.2)

where the partial derivatives in the above equation are elements from the state tran-

sition matrix, Φ, in Eq. (3.1). Note that, since the integration is terminated at the x

axis crossing, δyf = 0. The difference between the desired value of ẋf (i.e., zero) and

the actual value from the integration is δẋf = −ẋf . With these substitutions and

some algebra, the system of equations in Eq. (3.2) is rewritten as a single equation

to solve for δẏ0, that is,

δẏ0 =
ẍf

(
1
ẏf

∂yf
∂y0
δẏ0

)
− ẋf

∂ẋf
∂ẏ0

(3.3)

A linear correction to δẏ0 results from Eq. (3.2) or (3.3) and is added to the initial

guess for ẏ0 from the reference trajectory. A new reference is propagated (the dashed

red line going to L1 in Fig. 3.1). The process is repeated until δẋf → 0, to within

some acceptable tolerance, and the dashed red lines converge onto the blue path in

Fig. 3.1. The converged value of ẏ0 is employed to generate the blue trajectory, which

is a periodic solution to the nonlinear equations of motion.

This particular example is a final-time-free targeter where the time of the next

crossing of the x axis is allowed to vary. If the period is fixed at a particular value

T0, then δt is pre-specified as zero (for a final-time-fixed targeter) and, consequently,

δx0 is free to vary so that Eq. (3.1) is not over-determined.

3.1.2 Single shooting example: solar sail orbits

As an example of the computation of a solar sail trajectory using shooting in the

EM problem, a linear approximation for elliptical orbits that are shifted, and remain,

below the Lagrange points and parallel to the EM orbit plane is detailed in Simo and

McInnes [16]. In these orbits, the pitch angle, α, is fixed to supply a constant out-

of-plane force; based on the linear equations of motion, the pitch angle that supplies
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the maximum out-of-plane force is 35.264◦. The orbits in Simo and McInnes [16]

are plotted directly from the approximation. To compute orbits that are periodic

solutions to the nonlinear equations of motion, the Simo-McInnes approximation is

used to seed a differential corrections scheme. The process is developed to determine

a set of periodic orbits in the nonlinear model. The initial state, pre-specified to be

located on the xz plane, from a linear approximation corresponding to an out-of-plane

orbit in Simo and McInnes [16] supplies an initial guess for a nonlinear trajectory that

is corrected using a differential corrections technique.

A state transition matrix (STM) is constructed based on the variations in the full

state vector x, as well as ac, such that deviations at the beginning of the arc at t0 are

linearly mapped to some future time tf . Higher-order state transition formulations

are available [121, 122]; however, STMs based on first-order variations and linear

mappings are typically used for most applications and are sufficient for this analysis.

A deviation in z, where z consists of x as well as ac, is computed as δz = zd − za,

where zd is the desired value of z and za is the actual value.

Given the characteristics of this dynamical system, a periodic orbit is assumed to

be symmetric across the xz plane,2 thus, (1) the plane crossings are perpendicular,

(2) the value for tf can be set equal to the half-period, or the second crossing of the

xz plane, and (3) a reduced set of variables is required for the differential corrections

process. The objective is to reduce
{
δyf δẋf δżf

}T

to zero by adjusting either
{
δx0 δẏ0 δac

}T

or
{
δz0 δẏ0 δac

}T

, depending on the advantages of fixing the

initial values of z0 or x0, respectively. The other elements at t0 are zero because t0

occurs at the preceding perpendicular crossing. Using either of the linear mappings,





δyf

δẋf

δżf





=




∂y
∂x

∂y
∂ẏ

∂y
∂ac

∂ẋ
∂x

∂ẋ
∂ẏ

∂ẋ
∂ac

∂ż
∂x

∂ż
∂ẏ

∂ż
∂ac








δx0

δẏ0

δac





(3.4)

2The justification for this symmetry is described in Section 2.2 and is an extension of the Mirror
Theorem [86].
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or 



δyf

δẋf

δżf





=




∂y
∂z

∂y
∂ẏ

∂y
∂ac

∂ẋ
∂z

∂ẋ
∂ẏ

∂ẋ
∂ac

∂ż
∂z

∂ż
∂ẏ

∂ż
∂ac








δz0

δẏ0

δac





(3.5)

where the variations in the matrices are from the state transition matrices in Eq. (2.33)

and (2.49), the vectors on the right are used to update the reference path, generating

new deviations in the final state. The new characteristic acceleration, ac, remains con-

stant along the orbit. The process is repeated until a convergence tolerance of 1×10−12

is met on the vector norm, that is, either
{
δx0 δẏ0 δac

}T

or
{
δz0 δẏ0 δac

}T

,

depending on whether Eq. (3.4) or (3.5) are employed, respectively. This particular

formulation is a final-time-fixed targeter. Because the solar sail orientation and tra-

jectory are coupled, and because the time-dependent direction of the sunlight vector

and orientation determine the available acceleration, time is not free to vary when

targeting future states (a final-time-fixed targeter). The final time is set to one half

the synodic period such that the vehicle and the Sun cross the xz plane at the same

time.

Once the shooting routine converges on a solution, its state at t0, xk(t0), along with

the states at t0 of up to three preceding solutions, xk−1(t0) to xk−3(t0), is employed

in a cubic polynomial that is used to extrapolate the predicted initial state along the

next orbit, x∗k+1(t0), in the set. If the adjustment in the z components from xk(t0)

to x∗k+1(t0) exceeds the modification in the x components, then the z component is

fixed (a.k.a., continuation in z) and Eq. (3.4) is used for the iterative process. If the

change in x exceeds the change in z, then the x component is fixed (continuation in

x) and Eq. (3.5) is employed. Therefore, either x0 or z0 is used as the continuation

variable. Note that α and δ are fixed at 35.264◦ and 0◦, respectively, for each orbit,

and y0, ẋ0, and ż0 are all zero for each orbit in the set.

A set of orbits that is initialized by the linear approximation in Simo and McInnes [16]

appears in Figs. 3.2 through 3.5. An “x” indicates the initial position in the xz plane

of each orbit. For all of the orbits in these figures, ẏ0 < 0. Recall that the choice
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of continuation variable, x0 or z0, depends on the predicted values of these variables.

For the orbits appearing in Fig. 3.2, the continuation variable (i.e., the variable that

is fixed while other variables are adjusted to generate a periodic orbit) is initially z0

and then switches to x0 for the blue orbits. Note that the thick orbits in Fig. 3.2

through 3.5 coincide with bifurcations in the eigenstructure, and possibly indicate a

branching to other sets of orbits. The color associated with each orbit in the figures

represents the characteristic acceleration, ac, that is required to produce the corre-

sponding path. The final orbit that is plotted in Fig. 3.5 (i.e., the periodic orbit with

the largest amplitude in the z direction) is defined for a characteristic acceleration of

zero, indicating that it is a natural orbit. Two hodographs appear in Fig. 3.6. The

first hodograph displays the x and z coordinates corresponding to the initial state

along the trajectory in the xz plane for each orbit in the set. The second displays

the maximum z value of each orbit in the set and the corresponding x and ac values.

Orbits corresponding to bifurcations as identified via the eigenstructure are indicated

with a large, black dot (and note that black is not aligned with the color scales in

Fig. 3.6). Recall that ac is not time-dependent and is constant along an individual

orbit. The approximation from Simo and McInnes [16] that is employed to initial-

ize the differential corrections process is successful in producing periodic orbits for

initial out-of-plane distances from zero to about 300 km below the EM orbit plane

(an ellipse 100 km in x and 1900 km in y). Thereafter, the continuation scheme is

employed, using the initial states from the previous orbits to predict the initial state

for the current orbit. At the second bifurcation (represented by the middle thick or-

bit in Fig. 3.3), the continuation procedure yields the orbit that requires a maximum

characteristic acceleration level equal to 1.6 mm/s2. Other bifurcations along this set

are also observed, indicating potential intersections with various families of solutions.

Furthermore, bifurcations to various families of orbits are also possible between the

orbits plotted in the figures; it is possible that the prediction algorithm skips over

initial conditions that would result in a bifurcation. Further investigation of potential

families of orbits might yield additional insight. The nonlinear orbits represented in
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Fig. 3.2: A set of offset orbits in the vicinity of L2. The Moon is plotted for scale.

Fig. 3.2 clearly do not supply solutions that achieve continuous communications cov-

erage at the LSP. However, the do demonstrate the differential corrections process.

The complete set of orbits also highlights the infinite number and some of the variety

of periodic orbits that continue to exist even with the inclusion of a solar sail.
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Fig. 3.3: A continuation of the set of orbits from Fig. 3.2.

The accuracy of a shooting method depends on the iteration and integration tol-

erances, as well as the model itself. The deviations at the end of a propagation

sequence are compared to iteration tolerances to determine the convergence charac-

teristics. The preceding example employed MATLAB®’s ODE113 explicit integration

routine to propagate the orbits [123]. Similar to other MATLAB® propagators, the

theoretical error associated with each propagated state at a given step is compared
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Fig. 3.4: A continuation of the set of orbits from Fig. 3.3.

to relative and absolute integration tolerances to control the step size (tolerances

for both are equal to 1 × 10−13 in this simulation). In reality, a propagated trajec-

tory diverges from a true path, but the magnitude of the divergence is reduced with

tighter tolerances on the integration. Consequently, propagated trajectories are often

regarded as “truth” models in mission design.



51

−5

0

5

x 10
4−5

0

5

x 10
4

−5

0

5

x 10
4

 

x (km)

L
2Moon

y (km)
 

z
 (

k
m

)

a
c (

m
m

/s
2
)

   0

0.55

1.09

1.64

2.18

2.73

−5 0 5

x 10
4

−6

−4

−2

0

2

4

6

8

x 10
4

 

L
2

Moon

x (km)

 

z
 (

k
m

)

a
c
 (

m
m

/s
2
)

   0

0.55

1.09

1.64

2.18

2.73

Fig. 3.5: A continuation of the set of orbits from Fig. 3.4.

3.2 Collocation

A popular family of algorithms to solve boundary value problems is based on

collocation. In these approaches, both the trajectory and control are discretized

and this set of states along the trajectory is determined via nonlinear programming



52

0 2 4 6 8

x 10
4

−9

−8

−7

−6

−5

−4

−3

−2

−1

0

1
x 10

4

 

L
2

x (km)

Moon

 

z
 (

k
m

)

a
c
 (

m
m

/s
2
)

   0

0.55

1.09

1.64

2.18

2.73

(a) x0 and z0 coordinates
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Fig. 3.6: Hodographs of the orbits appearing Figs. 3.2 through 3.5.

techniques. Collocation involves minimization of the difference between the derivative

of a continuous approximating polynomial and the derivative from the differential

equations at an intermediate, or defect, point (or points) along an arc between the

nodes. The accuracy of the solution arising from a collocation strategy is related to

the degree of the approximating polynomials; however, the complexity of the approach

increases as well [109].

Suppose that, for a one-dimensional case, ẋ(t) = f(x(t)), where f(x(t)) is an

ordinary differential equation, or an equation of motion, and x(t) solves the equation

of motion. Also, suppose that Sk(t) is an N th-degree polynomial that approximates

x(t) in the interval between the mesh points at τk and τk+1. If, at a time τa ∈
[τk, τk+1], Sk(τa) is equivalent to x(τa), then the approximating polynomial is said to

be collocated to the solution of the differential equation at τa.

As an example of a collocation scheme, a third-degree polynomial (in red) based

on state and derivative information at the mesh points (black) at τk and τk+1 appears

in Fig. 3.7 [109]. For the example in the figure, only states and derivative information

from their associated differential equations are required at the boundaries to generate

a third-degree polynomial. However, internal points between the mesh points may
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Fig. 3.7: Third-degree collocation example.

be required, depending on the degree of the collocating polynomial. At one or more

epochs (τa in the figure) between τk and τk+1, the derivative of the polynomial (red

in the figure) is compared to the derivative from the ordinary differential equation

(green). The residual between these two values is a defect (∆a in the figure). Gen-

erally, x(τk) and x(τk+1) are not precisely known initially, and any defect will be

non-zero. Therefore, values for x(τk) and x(τk+1) are updated through an iterative

process, thereby changing the interpolating polynomial and derivative information

from the equations of motion, until the defects are zero.

Because of their relative insensitivity to a poor initial guess and relative accuracy

when compared to other approaches, collocation methods are increasingly common for

solving BVPs, including optimal control problems. Optimization software packages

such as DIDO [124] and GPOPS [125,126], as well as MATLAB®’s BVP*C functions

(* = 4,5,6) [123,127], rely on collocation. The type of polynomial and the integration

rules vary for different accuracy levels. Nassiri et al. [128] employ a technique that

relies on a Hermite interpolating polynomial and Simpson quadrature rules (a.k.a.,

Hermite-Simpson collocation), which possess a local accuracy of O(∆t5), to mini-

mize the time-of-flight along a solar sail interplanetary transfer. Ozimek et al. [30]

demonstrate: (1) a Hermite-Simpson collocation scheme for a solar sail in the EM

system, as well as (2) a highly accurate method for application in the same system
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that is based on a seventh-degree polynomial subject to Gauss-Lobatto integration

constraints with a local accuracy of O(∆t12); both methods in Ozimek et al. [30]

employ equally spaced nodes. In Ozimek et al. [129], mesh refinement is employed in

the seventh-degree Gauss-Lobatto process, strategically redistributing and reducing

the number of nodes required for a solution of equal accuracy across all nodes.

3.2.1 Collocation example

Collocation algorithms are successfully applied to the lunar south pole coverage

problem by Ozimek [130], Grebow [131], and Ozimek et al. [30, 129]. Four sample

orbits generated by employing the Hermite-Simpson collocation scheme3 as described

in Ozimek et al. [30] appear in Fig. 3.8. These orbits are generated with a minimum

elevation-angle constraint of 15◦ as viewed from the LSP. The Moon is plotted to
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Fig. 3.8: Three views of four sample orbits generated by a Hermite-Simpson colloca-

tion method.

3With the exception of partial derivatives derived via central-difference approximations.
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scale; L1,2 appear as black dots. In this view in the rotating Earth–Moon frame, the

Sun moves in a clockwise fashion about the z axis. The initial time is defined when

the Sun is located along the x axis on the L1 side of the Moon (in the direction of the

Earth). At the initial time, the spacecraft are each positioned on the L2 side of the

Moon in their respective orbits, as well as in the xz plane. The initial guesses for the

paths in these periodic orbits are concentric circles of arbitrary radii located below

the Moon. The initial guess for the control profile is α = 35.26◦ and δ = 180◦ (refer

to Fig. 2.3 for definitions of these angles) as the Sun revolves about the Earth–Moon

system.

If a trajectory is developed using a higher-accuracy collocation scheme, a direct

numerical integration process initiated by extracting a set of these states, along with

the specified control history, often results in a simulated arc that resembles the original

collocation solution. However, this observation in no way implies that solutions from

one numerical approach are superior to those emerging from another method. Each

periodic orbit generated here can serve as a reference trajectory for mission design.

Naturally, navigation and flight-path control must be considered for an actual flight,

since model uncertainties and mis-modeling result in an actual trajectory that diverges

from any reference.

3.3 Augmented finite difference methods

A third category of numerical boundary value problem solvers are finite-difference

methods (FDM). These approaches are not as popular as collocation or shooting

methods; therefore, a thorough development is warranted. The derivation for a finite-

difference method applied to the solar sail problem begins with a generic, nonlinear,

second-order, two-point BVP that can be represented as

r̈ = f(t, r, ṙ) (3.6)

where r(t1) and r(tn) are fixed at the extremes of the time span, [t1, tn] in interval

notation [89, 90, 92, 93]. The solution of Eq. (3.6) is a trajectory, r(t). To solve the
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BVP, the classical FDM discretizes the domain into nodes, or epochs, t1, t2, . . . , tn

and replaces the derivatives in Eq. (3.6) by their respective finite differences. Central-

difference approximations (CDAs) are commonly used because they are more accurate

than forward or backward differences. The first and second time derivatives of r(t)

are, of course, the velocity and acceleration vectors, and are approximated by CDAs

as

ṽi =
ri+1 − ri−1

ti+1 − ti−1

(3.7)

ãi = 2
(ri+1 − ri) (ti − ti−1)− (ri − ri−1) (ti+1 − ti)

(ti − ti−1)(ti+1 − ti−1)(ti+1 − ti)
(3.8)

where r(ti) is defined as ri, ti ∈ (ti−1, ti+1), and the symbol “˜ ” indicates a numer-

ical approximation. Equation (3.8) arises from three central differences: one for the

velocity at ti−1/2, which is midway between ti−1 and ti, another at ti+1/2, midway

between ti and ti+1, and a third using the first two intermediate velocities resulting in

the acceleration at ti. The FDM does not require uniform node placement;4 however,

when the time steps between ti−1, ti, and ti+1 are fixed at a value of ∆t, then the

midpoint of [ti−1, ti+1] is ti and Eqs. (3.7) and (3.8) simplify to

ṽi =
ri+1 − ri−1

2∆t
(3.9)

ãi =
ri+1 − 2ri + ri−1

∆t2
(3.10)

Note that rn−1 is used for r0 when calculating ṽ1 for a periodic solution. Similarly,

r1 substitutes for rn in ṽn−1, so the problem does not include redundant constraints.

The calculations for a1 and an−1 are similar. The differences between the actual

velocity and acceleration and their respective CDAs at ti are

vi − ṽi = −∆t2

6
r′′′(ρv) (3.11)

ai − ãi = −∆t2

12
riv(ρa) (3.12)

4Mesh refinement and non-uniform node spacing may improve the accuracy of the FDM.
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where ρv,a ∈ (ti−1, ti+1) and r′′′(t) and riv(t) are continuous on [ti−1, ti+1]. Derivations

of these truncation errors are available in the literature [89, 92, 93]. The approxima-

tions in Eqs. (3.9) and (3.10) replace the first and second time derivatives in Eq. (3.6),

and the result is an equation at each epoch of the form

ri−1 + 2ri + ri+1

∆t2
= f

(
t, r,

ri+1 − ri−1

2∆t

)
(3.13)

Equation (3.13) may still be nonlinear, but it can be linearized into a system of

equations, one for each ti, excluding the extremes, and solved iteratively. Due to

the approximations in Eqs. (3.9) and (3.10), the classic FDM results in a solution

that will approximate each component of the true solution to the BVP by an error

proportional to ∆t2 at each node [92,93].

For the current problem, the FDM is augmented to incorporate path and system

constraints, as well as a control history. Additionally, although BVPs usually require

specific values for some or all of the boundary conditions, the FDM requires only

that the first and the last state be equal for periodicity. Two variations of this

FDM strategy are developed. In the first, position is the only explicitly discretized

trajectory state (FDM-R). The second FDM is formulated to solve directly for position

and velocity along the discretized trajectory (FDM-RV). Algebraically, these FDMs

are equivalent. In practice, the two formulations yield slightly different results. Given

that the objective is a simple and quick method to approximate the design space,

neither strategy should be considered superior to the other; both achieve the stated

goal.

As mentioned the FDM-R scheme directly calculates the three position elements at

each node. The FDM-R formulation is based on approximating Eq. (2.6) via the CDAs

for velocity and acceleration as represented in Eqs. (3.9) and (3.10), respectively, that

is,

ãi + 2 (ω × ṽi) + ∇U(ri)− as(ti) = 0 (3.14)
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Note that the velocity term in Eq. (3.14) is replaced with its CDA, ṽi. To solve the

BVP, the trajectory is discretized at t1, t2 . . . , tn. Position is expressed in terms of

Cartesian coordinates at each node,

ri =
{
xi yi zi

}T

(3.15)

The control, ui, that is, the sail pointing vector in this application, as well as a set

of m slack variables, ηi, are also included at each node. Normally, ‖u‖ = 1, but

for purposes of the FDM, the magnitude of each component of u is one when the

process converges on a solution, but not necessarily unit magnitude at any other time

when searching for a solution. (Throughout this document, û will indicate a sail

pointing vector known to be unit length and u will indicate a sail pointing vector not

necessarily of unit length.) The positions, control, and slack variables at node i for

the FDM-R are collected into the subvector,

qi =
{

rTi uT
i ηT

i

}T

(6+m)
(3.16)

where the length of qi is (6 + m). The subvectors corresponding to each node are

collected into a column vector,

X =
{

qT
1 qT

2 · · · qT
n−1 qT

n

}T

(6+m)n
(3.17)

which represents the discretized trajectory, as well as the associated control history

and slack variables. The velocities associated with the trajectories generated by the

FDM-R can be reconstructed with CDAs of r(t) during post-processing.

The FDM-RV process is similarly formulated to the FDM-R. The most significant

difference between the two approaches is that there are two distinct sets of ODEs to

solve such that velocity is directly calculated by the FDM-RV, i.e.,

ṽi − vi = 0 (3.18)

ãi + 2 (ω × vi) + ∇U(ri)− as(ti) = 0 (3.19)
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Note the difference in the velocity terms in Eqs. (3.14) and (3.19). With this FDM-RV

alternative, the subvector is

qi =
{

rTi vT
i uT

i ηT
i

}T

(9+m)
(3.20)

since vi is now explicitly part of the solution. This formulation results in an X vector

with length (9 +m)n.

Both the FDM-R and the FDM-RV algorithms are employed to update the initial

guess of the elements in the state vector, X. To accomplish this correction, the

difference between the evaluated EOMs at node i and the associated numerically

derived approximations is constrained to be zero. Typically, the initial guess for the

elements in X will not result in a satisfied constraint. Additional constraints are

required for periodicity, control-direction magnitude, and path characteristics. All of

these constraints are dependent on X and are collected in the column vector F(X).

An expansion of F(X) about Xj yields a linear approximation for F(Xj+1),5 that is,

F(Xj+1) = F(Xj) +DF(Xj)
(
Xj+1 −Xj

)
+ O(∆X2) (3.21)

where the DF(Xj) is the Jacobian matrix, ∂F(Xj)
∂Xj .6 By assuming that Xj is in the

neighborhood where F(Xj+1) = 0 (or ‖Xj+1 −Xj‖ � 1), Eq. 3.21 is rearranged into

a minimum-norm update equation, that is,

Xj+1 = Xj −DF(Xj)T
[
DF(Xj) ·DF(Xj)T

]−1
F(Xj) (3.22)

Equations (3.21) and (3.22) reflect the Newton-Raphson method of root finding for

several variables. For efficient computation, DF(X) is pre-allocated and stored in

memory as a sparse matrix [123]. Of course, F(Xj+1) is not necessarily equal to zero

after the first update of X. Therefore, new values for F(X) are generated, a new

Jacobian matrix is evaluated, and Eq. (3.22) is recomputed in subsequent iterations

5Superscripts on vectors refer to iteration number. The initial guess is denoted j = 0; a converged
solution by j = f .
6Partial derivatives in the Jacobian matrix are derived analytically, but are not specifically developed
here.
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Eq. (3.22) until some convergence tolerance depending on F(X) or X is met. For this

investigation, if X from Eq. (3.17) is written in terms of scalar elements, where

X =
{
ξ1 ξ2 . . . ξ(6+m)n

}T

(3.23)

then a useful criterion for convergence is one such that the summed magnitude of the

relative changes of each element in X is below the convergence tolerance, or

√√√√
(6+m)n∑

k=1

(
ξj+1
k − ξjk
ξjk

)2

≤ tol (3.24)

When an initial guess is in the neighborhood of a solution, convergence is quadratic.

Specifying tol ≈ 10−7 is sufficient, since any further iteration approaches double

precision. If the initial guess is not in the neighborhood of a solution, Xj+1 bears

little resemblance to Xj; the step from Xj to Xj+1 may even be chaotic. However,

particularly in the current application, the new Xj+1 might be near an alternate

solution and subsequently lead to convergence. The converged discretized solution,

Xf , that satisfies these constraints is the trajectory that solves the EOMs to within

a theoretical error level. Note that, because all elements are not the same type of

quantities (i.e., position, velocity, control direction, slack variables), no reason exists

that the different types will scale similarly, and it is possible that not all quantities

are actually determined to the same accuracy.

3.3.1 Error analysis for the FDM

At each epoch, the converged subvector qi differs from the true solution, qi, due

to the truncation error associated with the FDMs and the limited machine precision.

The proceeding error analysis is described by Kincaid and Cheney [93, pp. 589–592].

For a step size ∆t that is greater than some value, the error due to truncation in

Eqs. (3.7)–(3.12) dominates the machine error. Assuming that there exists a true set
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of position states, r, that solve Eqs. (2.6) and (3.11) as formulated for the FDM-R

approach, Eq. (3.6) is written as

ri−1 + 2ri + ri+1

∆t2
−∆t2

12
riv(ρa) = −ω × (ri+1 − ri−1)

∆t
+

∆t2

6
ω×r′′′(ρv)−∇U(ri)+as(ti)

(3.25)

The pseudo-gravity gradient associated with the true solution, ri, is expanded as a

function of an approximate solution, ri, that is,

∇U(ri) = ∇U(ri) + M(ri)ei + O(eT

iei) (3.26)

where ei = ri−ri and M(ri) is the Hessian of U . Using the solution from the FDM-R

algorithm, Eq. (3.13) is subtracted from Eq. (3.25), resulting in

∆t−2 (ei−1 + 2ei + ei+1) = −∆t−1 (ω × (ei+1 − ei−1))−Miei + ∆t2hi (3.27)

where hi = 1
12

riv(ρa) + 1
6
r′′′(ρv). It is assumed that r(t) is continuously differentiable

to fourth order. Rearranging and multiplying by ∆t2 yields

(−I + ∆tω×)ei−1 + (2I−∆t2Mi)ei + (−I−∆tω×)ei+1 = −∆t4hi (3.28)

where I is the identity matrix and ω× is the skew-symmetric gyroscopic matrix. Some

terms in Eq. (3.28) can be simplified to a form that will be useful later, that is

(−I + ∆tω×) + (2I−∆t2Mi) + (−I−∆tω×) = −∆t2Mi (3.29)

Now, let λ correspond to the difference element ei that possesses the largest magni-

tude. Equation (3.28) reduces to an upper bound on λ,

(−I + ∆tω×)λ+ (2I−∆t2Mi)λ+ (−I−∆tω×)λ ≥ −∆t4hi (3.30)

Using Eq. (3.29), Eq. (3.30) simplifies to

−∆t2Miλ ≥ −∆t4hi

Miλ ≤ ∆t2hi

λ ≤ ∆t2M−1
i hi (3.31)
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The inequality in Eq. (3.31) represents three scalar equations. Thus, the position

error corresponding to the FDM-R formulation is O(∆t2) as ∆t → 0. To calculate

the velocity from the FDM-R algorithm, the CDA from Eq. (3.9) is used, also with an

error O(∆t2). The error analysis for the alternate FDM-RV algorithm incorporates

the fact that the velocity, v = f(t, r), possesses errors that can also be expressed by

Eq. (3.11); therefore, the derivation continues with the same steps as those for the

FDM-R formulation beginning with Eq. (3.25).

The augmented finite-difference methods sacrifice precision for simplicity. At each

node, the error in the trajectory is proportional to ∆t2, significantly less precise than

common collocation algorithms [56, 106]. To improve the precision of the FDMs,

smaller step sizes can be employed. In this analysis, ∆t = 0.067, or n = 101, which

translates to an error equal to 0.452% of the Earth–Moon distance, i.e., approxi-

mately 1740 km, in each direction. To improve the precision of the FDM, the step

size between nodes, ∆t, must decrease. The Jacobian matrix DF(X) becomes quite

large, imposing a significant computational cost. Also, partial derivatives of ãi from

Eqs. (3.8) and (3.10) with respect to ri−1,i,i+1 are on the order of ∆t−2, whereas ∂ai

∂ri

is independent of step size; a small ∆t may lead to a Jacobian matrix, DF(X), in

which the sensitivities of the numerical terms greatly exceeds those of the analyti-

cal terms. Furthermore, the smaller the step size, the larger the machine error [89].

Alternatively, Richardson extrapolation, or extrapolation to the limit, could be em-

ployed to further minimize the error in the solutions [89]. Incorporating a process to

determine the specific step size that minimizes some combination of truncation and

machine errors, or incorporating an additional process like Richardson extrapolation,

adds complexity to a method that is formulated to be simple to understand and im-

plement, as well as quick to yield results. The design space in this problem is not well

known, so a trajectory that is precise to within ∆t2 relative to an actual solution is

meaningful. If the goal is a general understanding of the design space, accomplished

in a relatively quick analysis, then these results can be very insightful.
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3.3.2 Algebraic constraint vector, F(X)

At the core of the augmented finite-difference approach, as developed here, is the

algebraic constraint vector, F(X), that contains the algebraic approximations to the

equations of motion and other constraints necessary for the desired periodic solar

sail trajectory to emerge. In this formulation, each element in F(X) should be zero

to satisfy simultaneously the ODEs and path constraints. For a periodic solar sail

trajectory, subject to path constraints g(X),

F(X) =
{

∆a(X)T [∆v(X)T] T(X)T y1 N(X)T g(X)T
}T

(3.32)

The presence of ∆v(X) depends on whether the formulation is the FDM-R or FDM-

RV, and the length of the F(X) vector is either (2 + (4 + m)n) or (2 + (7 + m)n),

accordingly. The order of these elements within the vector is arbitrary, and no differ-

ence in performance is apparent when F(X) and X are rearranged such that DF(X) is

a sparse, banded-diagonal matrix. Using the configuration in Eq. (3.32), each element

set appears as block diagonal in the corresponding Jacobian matrix, DF(X). Each

element set is subsequently discussed, and the corresponding size of each element set

is indicated in a subscript outside of the braces.

The first element set in Eq. (3.32) is the difference in acceleration. The acceleration

at a given epoch, ti, as evaluated from the equations of motion, depends only on the

position, velocity, and control, ai = f(ri,vi,ui). The numerically derived acceleration,

ãi from Eq. (3.8) or (3.10), depends on the state at multiple epochs. A valid trajectory

possesses the same acceleration whether computed from the EOMs or from the CDAs,

within the truncation error. Therefore, the difference between accelerations resulting

from the EOMs and those from numerical calculation should nominally be zero for a

converged solution; thus, the difference forms the first set of equality constraints in

the composite constraint vector,

∆a(X) =





a1(r1,v1,u1)− ã1

...

an−1 ((r,v,u)|n−1)− ãn−1





3(n−1)

(3.33)
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Likewise, the difference between the velocity from the EOMs and the numerically

derived velocity is zero for a valid trajectory. Velocity from the EOMs at each epoch,

vi, is available from X (see Eqs. (3.17) and (3.20)). This difference forms a second

set of equality constraints (only in the FDM-RV algorithm) in F(X),

∆v(X) =





v1 − ṽ1

...

vn−1 − ṽn−1





3(n−1)

(3.34)

where vi may be approximated as ṽi. These differences in acceleration and velocity

are also denoted as defects and are located at the node corresponding to each ti. In

an initial guess for the trajectory state vector, the defects ∆ai and ∆vi at each node

will most likely not be zero. The Newton-Raphson iteration process adjusts the path

of the trajectory to resolve these differences.

The next set of constraints enforces periodicity and unit length of the control

vector. To enforce periodicity, the originating and final state vector constrained such

that they are equal. Periodicity is represented as a set of constraints in F(X)

T(X) =





rn − r1

[vn − v1]

un − u1

ηn − η1





(6|9+m)

(3.35)

where m is the number of path constraints, expressed as slack variables. The length

of T(X) depends on the application of an FDM-R or an FDM-RV approach. Al-

though the only boundary condition is periodicity, for consistency the position at the

boundary is constrained to be in the xz plane. Therefore, the y-coordinate at the

first point along the trajectory is constrained, y1 = 0. In practice, without this con-

straint, y1 remains very close to zero, approximately 40 km from the xz plane once

the solution is converged. With this constraint, y1 is reduced to 0.004 mm from the
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plane. Next, the magnitude of the control vector must remain of unit length in the

iteration process

N(X) =





uT
1u1 − 1

...

uT
n−1un−1 − 1





(n−1)

(3.36)

The formulation in Eq. (3.36) leads to a simpler partial derivative than if the magni-

tude is incorporated directly. This constraint is incorporated into the implementation

of the FDM since the control history in this analysis is described in terms of a unit vec-

tor. Alternatively, the control history may be described in terms of angles, obviating

this constraint.

Path constraints are included as inequality constraints, which are converted to

equality constraints by the use of slack variables, a successful numerical adaptation

from nonlinear programming [30, 132]. The slack variables are incorporated into X

and are associated with the other state elements at their particular epoch, ti. In this

analysis, the elevation angle constraint, Emin, maintains the visibility of the spacecraft

from an outpost located near the south pole of the Moon, and the spacecraft altitude

constraint, Amax, is imposed for radio power restrictions. Altitude is defined as the

distance from the lunar south pole, that is,

Ai =
√

(xi − 1 + µ)2 + y2
i + (zi +Rm)2 (3.37)

The third path constraint requires that the sail-face normal, or control, ui, is always

directed away from the Sun (the sunlight vector is ˆ̀
i). Alternatively, αmax = 90◦ in

Eq. (2.12). Of the inequality constraints, only this attitude requirement is mandated.

Together, these three inequality constraints are written as

Emin ≤ Ei ≡ arcsin

(
−zi +Rm

Ai

)
(3.38)

Amax ≥ Ai (3.39)

cosαmax ≤ ˆ̀
i · ui (3.40)

For the given problem and model, adding a path constraint to avoid the penumbra

and umbra of the Earth’s or the Moon’s shadow is unnecessary because of the el-
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evation constraint. A shadow constraint could be added for another application or

shadowing effects could be incorporated into the dynamical model directly [133]. Ad-

ditional inequality path constraints could include limits on the body turn rates and

accelerations governed by the attitude control system of the spacecraft. The associ-

ated slack variables are squared and added to the inequality constraints, resulting in

the following equality constraints

gi(ri,ηi) =





sinEmin + zi+Rm

Ai
+ η2

E,i

Ai − Amax + η2
A,i

cosαmax − (ˆ̀
i · ui) + η2

α,i




m

(3.41)

Combining the path constraints at all epochs results in m(n − 1) total elements

in g(X). When using the path constraints in Eq. (3.41), m = 3. The first two

path constraints in Eq. (3.41), as well as the periodicity constraint in Eq. (3.35), are

illustrated in Fig. 3.9. The cosαmax constraint appears in Fig. 2.2. The sailcraft in

A
max

T(X)E
min

u
i

L
1

L
2••^−x

^−z

Fig. 3.9: Path constraints for an orbit below the Moon (Moon image from nasa.gov).

Fig. 3.9 orbits below the Moon. Feasible solutions also exist that do not orbit below

the Moon, rather orbit below either the L1 or the L2 point.

Only the first (n− 1) epochs are required in formulating ∆a, ∆v, N, and g(X) in

the constraint vector F(X). Due to periodicity, the first and nth epochs are identical.
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Activating the nth epoch yields a problem that is over-constrained and the Jacobian

matrix, DF(X), is not full rank.

3.3.3 Sample results from the FDM

Another four sample orbits, generated from an augmented finite-difference ap-

proach, appear in Fig. 3.10. The arrows directed away from points along the trajec-

tory indicate the direction of the sail-face normal, û, and are separated in time by

approximately one day. The Moon is plotted to scale. The path in each of these four

solutions originates on the L2 side of the Moon, in a location indicated by an “x.”

Motion along these paths is clockwise (retrograde), except for the dark-blue orbit.

This dark-blue orbit is an example of a prograde orbit, which originates under L1 and

moves in a counterclockwise direction under the Moon. In this Earth–Moon frame,

the Sun is initially aligned with the −x axis, but moves clockwise about the Earth–

Moon system with a period of one sidereal month (29.5 days); not coincidentally, the

sailcraft trajectories possess the same period. Note that each of these orbits meets the

constraints established previously and each is based on a characteristic acceleration

of ac = 1.70 mm/s2. The color scheme for all orbits in this document is based on the

maximum specific transverse torque for a spinning spacecraft, a property described

in Sections 4.2.1 and 4.4.2. The associated control profiles for the four sample orbits

in Fig. 3.10 appear in Fig. 3.11. Of these four trajectories, the cyan path under the

Moon requires the smallest maximum pitch angle, α, and the red-orange path un-

der the Moon is associated with the highest maximum pitch angle. These maximum

angles occur on the right side (+x side) of the cyan orbit in Fig. 3.10(a), when the

Sun is initially positioned along the −x axis (at day 0 in Fig. 3.11). The maximum

pitch angle associated with the red-orange orbit occurs when the spacecraft is near

the extremities in the ±y directions of that trajectory (at days 9 and 20 in Fig. 3.11).

Employing the FDM and incorporating the same initial guesses that are used to

generate the orbits via the Hermite-Simpson collocation methods discussed previously,
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Fig. 3.10: Four sample orbits generated from an augmented finite-difference method.
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Fig. 3.11: Associated control profiles corresponding to the orbits in Fig. 3.10.

trajectories similar to those appearing in Fig. 3.8 emerge. The orbits generated by the

Hermite-Simpson collocation scheme appear in Fig. 3.12. The only visible difference

in the four periodic orbits is the shape of the “twists” along the y axis in the cyan

trajectory. Near these twists, the two cyan orbits in Figs. 3.8 and 3.12 differ by
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Fig. 3.12: Three views of four sample orbits generated by an augmented finite-

difference method.

approximately 10,000 km. Likewise, the red orbits differ by approximately 1700 km,

the green by approximately 2600 km, and the light-blue under L2 by almost 3000 km.

These differences are small considering that the initial guess for each pair of orbits is

either a luni-axial circle (for those orbits centered below the Moon) or a stationary

point (for the orbits offset below the Lagrange points) and generally not similar to

the resulting arcs.

All numerical methods include some round-off and truncation error. Because

both the FDM and the collocation strategies, as well as any shooting approach, are

numerically based, solutions that are generated from these various numerical processes

result in orbits that nearly—that is, do not exactly—solve the equations of motion.

A goal is to produce solutions that approximate a true solution, if such a solution is

available. However, when selecting a numerical procedure, the accuracy of the results

must be weighed against the complexity of the procedure and the ability of that
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procedure to converge on these approximate solutions. The FDM approach supplies

solutions that are comparable to other, more sophisticated numerical approaches.

3.3.4 Structure of the Jacobian matrix

As mentioned, the Jacobian matrix is sparse. A diagram of the sparsity pattern

based on partial derivatives of F(X) with respect to X for the FDM-RV formulation

appears in Fig. 3.13. Diagonals corresponding to the specific element sets in F(X)
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Fig. 3.13: Sparsity pattern for the Jacobian DF(X) in the FDM-RV formulation.

are labeled in the figure. For a scenario employing 101 nodes, the size of the Jacobian

matrix is 1013 rows by 1212 columns where approximately 0.38% of the elements are

non-zero. The sparsity pattern for the FDM-R formulation is similar to the matrix

resulting from the FDM-RV formulation, except that the diagonal corresponding to

v(X) does not exist in the FDM-R option. The size of the Jacobian matrix for the

FDM-R option associated with 101 nodes is 710 rows by 909 columns; approximately

0.62% of the entries are non-zero.
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The advantage of a finite-difference approach is its ease of implementation and the

speed improvements enabled by its simplicity. Partial derivatives are easily accessible

analytically, especially for an idealized force model, for example, the representation in

Eq. (2.6). As the complexity of the formulation increases—certainly true with collo-

cation, for example—analysts rely on either numerical or automatic differentiation to

generate partial derivatives. MATLAB® supplies the function NUMJAC.M, which

numerically approximates a derivative using a forward difference approximation [134].

Third-party software for MATLAB® exists for automatic (a.k.a. algorithmic) differ-

entiation. TOMLAB® Optimization’s MAD (MATLAB® Automatic Differentiation)

suite employs automatic differentiation [135], and Shampine’s PMAD (Poor Man’s

Automatic Differentiation) exploits complex step differentiation [136]. Both MAD

and PMAD result in highly accurate derivatives, on the order of machine precision

when compared to the partial derivatives determined analytically, while derivatives

computed in NUMJAC.M are accurate to 10−8. Because analytical derivatives are

directly encoded into the algorithm, computation times are significantly faster when

compared to other options. A comparison appears in Table 3.1. The computation

Table 3.1: Computation times for various differentiation strategies

Strategy Time

Analytical 0.003269 seconds

PMAD 0.013798 seconds

NUMJAC 0.014924 seconds

TOMLAB/MAD 0.051849 seconds

times are compared for generating the matrix of partial derivatives,∂∇U
∂r

, the most

computationally intensive step in constructing an entry in the Jacobian matrix, for

the four differentiation strategies. Clearly, if analytical derivatives are easily available,

they appear to deliver the most time-efficient option. Furthermore, if the subroutine
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to generate the derivatives analytically is programmed in a lower-level language (e.g.,

C or FORTRAN) and then complied as a MATLAB® Executable (MEX), further

time savings are realized (with compiled code, the computation of ∂∇U
∂r

requires less

than 0.001 seconds). The formulation of the FDMs for this analysis exploits the

computational advantage of analytical derivatives and compiled MEX code.

In summary, a finite-difference approach yields a solution for the path by replac-

ing the path derivatives with their finite-difference approximations. The differences

between the approximate derivatives and the derivatives determined by evaluating

the differential equations at a specific point along a path are minimized by iteratively

solving a linear system of equations. Inequality path constraints are added to this set

of equality constraints by way of slack variables, and subsequently augmenting the

constraint vector and linear system of equations, resulting in a feasible path.
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4. DESIGN SPACE

The design space, that is, the solution space or feasible region, is one that meets all

problem constraints and includes all candidate solutions. The feasible region contains

one or more locally optimal solution and many other sub-optimal solutions. For tra-

ditional spacecraft that rely on chemical or electric propulsion, the cost that must

be optimized is almost always propellant (or spacecraft mass). However, optimal

solutions are often adjusted to accommodate spacecraft- and mission-design consid-

erations not addressed when posing the original optimization problem. Examples

include “soft” considerations such as the relative merits of one scientific plan or one

operational strategy versus another.

Complex optimization problems with a plethora of locally optimal solutions re-

quire good initial guesses to seed their respective numerical-solution algorithms. If the

solution space in general is known, an appropriate initial design is selected for further

refinement. The solution space for the LSP coverage problem is not well understood

for solar sails. Similar pole-sitter problems have been examined through analytical

approaches [16, 119] as well as numerical techniques [30, 129]. However, the design

space for the LSP coverage problem remains relatively unexplored. A numerical sur-

vey is a reasonable strategy to gain insight into this problem, whereby a large set

of initial guesses for potential periodic solutions is employed to initialize a numerical

process. A variety of initial guess combinations is investigated for the path, the nom-

inal attitude profile, and the sail characteristic acceleration. The results are collected

and searched for trajectories characterized by desirable features. These features in-

clude the lowest characteristic acceleration necessary to meet mission requirements,

the torques needed to reorient the vehicle so that it maintains a given path, pitch

angles along a trajectory, and ground-based critical metrics, such as elevation angle,

altitude, and azimuth angle as viewed from an outpost at the lunar south pole.
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4.1 Initial guess combinations

Not surprisingly, the initial guesses for the trajectory and the control history

influence the resulting solution. Two types of initial guesses are explored for the path

as well as six different types for the initial guess corresponding to the control history.

The various combinations are summarized in Table 4.1. The superscript “0” indicates

an initial guess for the associated variable.

Table 4.1: Summary of initial guess strategies for the trajectory and control history

IG∗ Trajectory IG Control Description

Cr r0 is a retrograde circle, offset from Moon

in the −z direction

Cp r0 is a prograde circle, offset from Moon

in the −z direction

P r0 clustered at a point near the Moon

in the southern xz half-plane

α∗ û0
i south from Sun-line by 35.26◦

Moon û0
i away from Moon

EOM-NR u0
i satisfies EOM at each epoch, ‖u0

i ‖
not necessarily equal to 1

RAA û0
i is in the direction of the required

applied acceleration at each epoch

∇U û0
i points in the direction of ∇U(r(ti))

ˆ̀ û0
i points along the Sun-line, ˆ̀(ti)

∗IG: Initial Guess



75

4.1.1 Initial guesses for the trajectory

All numerical methods for generating trajectories require an initial guess of that

trajectory. The initial guess does not always need to be accurate for the algorithm

to converge on a solution [30]. However, in general, accurate initial guesses lead to

solutions from numerical procedures that resemble their respective initial guesses [91].

For this investigation, two families of initial guesses for the trajectory are examined:

circular orbits and static points. Neither is necessarily considered accurate when

initializing a numerical process, and an infinite number of other types of initial guesses

are available (e.g., ellipses, sinusoidal functions, asymmetric orbits), but applying

these two types of initial guesses for the trajectory leads to a greater understanding

of the solution space in that an abundance of representative solutions emerge.

Circular orbits Due to the required periodicity of the converged solution, co-axial

circles offset from the Moon in the z direction are selected as one option for an orbit

to develop the initial guess: the x and y coordinates are defined by simple sinusoidal

functions moving in a retrograde fashion and the z components are constant (cases

labeled “Cr” in Table 4.1). For a retrograde orbit about the Moon, the spacecraft and

the Sun are in opposition throughout the cycle. For a prograde orbit, the spacecraft is

initially located between the Sun and the Moon, but moves counter-clockwise as the

Sun moves clockwise about the Moon as viewed in the rotating frame (cases labeled

“Cp” in Table 4.1). Associated initial guess velocities are the time derivatives of these

sinusoidal functions. In some cases, the converged trajectories appear similar to their

respective offset luni-axial circles; in most trials, however, the converged solution does

not resemble the initial circle.

Static point Another possible option for the development of an initial guess for

the trajectory is simply a static point, located initially in the xz plane as defined

for the Earth–Moon CR3B system. This option is denoted as “P” in Table 4.1. Of

course, only the two Lagrange points near the Moon preserve this initial guess as a
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converged result, and only when both of the following conditions are satisfied: (1) if

any constraint on elevation angle allows for a stationary trajectory at these points

and (2) if the sail-face normal is orthogonal to the Sun-line, or “off,” at all times.

Nevertheless, the augmented finite-difference methods, developed by Wawrzyniak and

Howell [34], converge on many different periodic solutions using this “P” strategy.

Four initial guesses for the path are illustrated in Fig. 4.1. Two initial guesses are

circles, axially offset from the center of the Moon, and the two others are static-point

initial guesses below L1 and L2. These circles and points are used as initial guesses

for the sample orbits in Fig. 3.10. The xz plane below the Moon can be populated

with initial guesses, potentially incorporated into a large simulation. In this analysis,

for trials in which the initial trajectory guess is a point and in the xz plane, a grid

spanning –75000 to 75000 km in the x direction and –75000 to 0 km in the z direction,

each in 1000 km increments are used to generate the initial values, x0 and z0, for all

points along the path. When the initial guess for the path is a concentric circle below

Fig. 4.1: Four sample initial guesses for the path. The origin of the coordinate system

is the center of the Moon.
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the Moon, a grid of radii and z-offset values span a region from 0 to 75000 km and

–75000 to 0 km, respectively, in 1000 km increments. Recall that, at the initial time,

the location of the Sun is aligned with the −x direction. The initial state along the

circular trajectories is in the xz plane to the right of the Moon.

Initial guess strategies where the circular orbit possesses a period of one half the

synodic period or twice the synodic period are cursorily examined. Strategies to

deliver circular orbits with periods half the synodic period of 2π/Ω do not result in

solutions with periods of π/Ω (i.e., two revolutions of the orbit per synodic cycle).

When employing circular initial guesses with an initial period of 4π/Ω, the time frame

of the simulation is extended to [0, 4π/Ω], allowing the Sun to make two revolutions

about the system while the spacecraft completes one revolution.

Three types of solutions are observed when the simulation time is extended to

twice the synodic period. (1) The first is where an orbit possessing a period of 2π/Ω

is simply repeated. The second and third types are actually two forms of a single-

revolution solution. (2) In the second type, the path initially appears to be centered

in a region below L1, the Moon, or L2. After t = π/Ω, the path shifts to a different

region, and then after t = 3π/Ω, the path returns to the original region. A sample

orbit illustrating this phenomenon appears in red in Fig. 4.2. Originating at the red

“x” below L2, the spacecraft moves along the path in a clockwise direction. The

center of the path shifts to a region under L1 when t = π/Ω and the Sun is located

along the +x axis. The motion after t = 2π/Ω mirrors the motion before that time.

(3) The third type of solution behaves similar to the second, except that the center

of the path remains under the same location. The orange orbit in Fig. 4.2 exhibits

this behavior. For both of these sample orbits, the initial spacecraft motion is in the

−y direction (recall that the Sun initially moves in the +y direction and completes

one clockwise revolution about the system during the synodic period of 2π/Ω).

These multiple-revolution solutions demonstrate both their existence and that

the augmented finite-difference methods in Wawrzyniak and Howell [34] can generate

trajectories with time spans longer than one synodic period. Because the sample
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Fig. 4.2: Sample double orbits. Note that the initial guesses for these orbits are

circular paths that have periods twice that of the synodic period.

space already exceeds 10 million combinations of initial guesses where the path is a

circle with a period of 2π/Ω, initial guesses where the path is initially a circle with a

period of some multiple of 2π/Ω are not included in this investigation.

4.1.2 Initial guesses for the control history

The “control history” refers to the direction of the sail-face normal, or applied

thrust vector; the control directions are initially defined at discrete points along the

entire orbit. Six concepts are explored as potential initial guesses for the control

history (producing a total of twelve combined initial guess strategies).

An optimal attitude: “α∗” The first control strategy simply maximizes the

out-of-plane force contributed by the sail (“α∗” in Table 4.1). Derived analytically by
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McInnes [6], the sail-pitch angle that maximizes the out-of-plane thrust is α∗ = 35.26◦.

The initial guess for the thrust vector is then

û0
i = cos(Ωti) cosα∗x̂− sin(Ωti) cosα∗ŷ + sinα∗ẑ (4.1)

This initial guess for the control strategy, combined with a static-point-type initial

guess for the trajectory, is very successfully applied by Ozimek et al. [30].

Sail-face normal directed away from the Moon: “Moon” The next strategy

that serves as an initial guess option for the control is a thrust vector directed away

from the center of the Moon throughout the initial guess trajectory (“Moon” in

Table 4.1). Thus, if a vector, rci , is defined as the difference between the position of

the Moon and the position of the spacecraft in the rotating frame at time t = ti, or

rci = (xi − 1 + µ)x̂ + yiŷ + ziẑ (4.2)

then the initial guess for the control strategy is

û0
i =

rci
‖rci‖

(4.3)

By definition, û0
i possesses unit magnitude.

Satisfying the equations of motion for a guessed trajectory: “EOM-NR”

A third initial control strategy involves the definition of the control vector at each

epoch, ui, by satisfying the equations of motion for either a circular or static-point-

type initial guess for the path, that is,

f(u0
i ) = ãi + 2

(
IωR × ṽi

)
+ ∇U(ri)−

ac
a∗

(ˆ̀(ti) · u0
i )

2u0
i = 0 (4.4)

where ãi and ṽi indicate a central-difference approximation for the acceleration and

velocity, respectively, based on the initial guess for the path (a circle or a point).

A Newton-Raphson iteration scheme is used to solve this nonlinear equation, with

each u0
i initially directed away from the Moon. The converged control history then

serves as the input control history, u0, to the numerical algorithms. Unlike the other
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strategies, the control vector does not initially possess a magnitude of one, and the

numerical solution process (e.g., finite-difference method) is expected to render a

viable trajectory and a control profile where each ûi is unit length. This strategy is

labeled “EOM-NR” in Table 4.1.

Required acceleration: “RAA” A fourth, simpler initial control strategy as-

sumes that the initial guess trajectory is already a solution to the equations of mo-

tion, Eq. (2.6), with the caveat that the sail supplies any additional, required applied

acceleration without regard to feasibility or practicality (i.e., the sail is assumed capa-

ble of unlimited, variable thrust, independent of direction). Therefore, if the applied

acceleration that is required to solve the equations of motion appears as

araa,i = ãi + 2
(
IωR × ṽi

)
+ ∇U(ri) (4.5)

where ãi and ṽi indicate central-difference approximations of the acceleration and

velocity, respectively, based on the initial guess for the path (a circle or a point). The

initial guess for the control strategy is

û0
i =

araa,i

‖araa,i‖
(4.6)

This strategy is labeled “RAA” for “required applied acceleration” in Table 4.1.

Parallel to the pseudo-gravity gradient: “∇U” The fifth option in delivering

the initial guess for the control history (labeled “∇U” in Table 4.1) is similar in

concept to the RAA as presented in Eqs. (4.5) and (4.6), except that only the pseudo-

gravity gradient, ∇U(r), is involved, that is,

û0
i =

∇U(r)

‖∇U(r)‖ (4.7)

Of course, if the sailcraft moves relative to the rotating frame, for example, when the

trajectory is a circle, the relative and the Coriolis acceleration terms are non-zero.

Therefore, this initial guess may be more appropriate in combination with a static

point initial guess for the path. The pseudo-gravity gradient for the control direction
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is a critical quantity to develop equilibrium surfaces in the problem and may yield

some insight (e.g., McInnes [6]).

Along the Sun-line: “ˆ̀” The final initial guess concept for the control history is

simple and completely independent of the initial guess associated with the trajectory.

To seed the corrections process, the control strategy assumes that the sail-face normal

is parallel to the sunlight direction (labeled “ ˆ̀” in Table 4.1).

For all initial guess combinations, the directions of the sail-face normal at the nodes

along the trajectory, as well as the path itself, align to solve the equations of motion

via a numerical boundary value problem solver. For this analysis, the augmented

finite-difference methods presented by Wawrzyniak and Howell are employed [34].

Note that the number of nodes, n, also affects whether or not a solution converges.

Throughout this analysis, n = 101.

4.1.3 Characteristic acceleration

For an ideal sail, the characteristic acceleration, ac, is the parameter that encap-

sulates the sailcraft area, mass, and reflective properties. For a perfectly reflecting

solar sail, the characteristic acceleration, from Eq. (1.8), is

ac = η
2P

σs +mp/A
(4.8)

where P is the nominal solar radiation pressure at 1 AU (4.56 µN/m2), mp is the mass

of the payload and spacecraft, excluding the sail and associated support structure,

and A is the area of the sail. The 2P in the numerator in Eq. (4.8) assumes a perfect

specular reflection, and, thus, momentum transfer from the photons, on a flat sail.

An efficiency factor, η, represents absorption and non-perfect reflection and the value

is typically 0.85–0.90 [6]. The sail-loading parameter, σs (or areal density), is simply

a mass to area ratio corresponding to the sail and associated structure and is the

primary metric for hardware performance.
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Current values for the sailcraft characteristic acceleration are generally less than

1 mm/s2. A recent sailcraft design for NASA’s Space Technology competition (ST9)

by L’Garde possesses an overall characteristic acceleration, ac, of 0.58 mm/s2, while

the characteristic acceleration of the sail and its support structure alone is closer to

1.70 mm/s2 (0.212 to 0.623 in units of nondimensional acceleration, respectively) [79].

The study in Ref. [29] assumes that the ST9 sailcraft can be scaled so that the overall

characteristic acceleration is 1.20 mm/s2. The IKAROS spacecraft, the first mission

to demonstrate the deployment of a sail in space successfully, is designed with a

characteristic acceleration of 0.364×10−3 mm/s2 [137]. NASA recently launched and

deployed the NanoSail-D2, which possesses a characteristic acceleration of 0.02 mm/s2

[81]. The Planetary Society’s LightSail-1, which is composed of three CubeSats, is

expected to deliver a characteristic acceleration of 0.057 mm/s2 [77]. These sails (and

others) are designed to demonstrate the deployment of a sail in space and measure

the effect of solar radiation pressure on a sail. Future solar sail flight projects may

be designed to maximize the characteristic acceleration. This investigation surveys a

range of characteristic accelerations to evaluate the probable level of technology that

is required to support a sailcraft mission that addresses the LSP coverage problem.

4.2 Critical metrics

A trajectory designer typically constructs an orbit while considering various trade-

offs. Formulating the design strategy as a single-objective optimization problem is

not generally appropriate, as many variables can constitute the “cost.” In extending

the formulation to a multi-objective optimization problem, suitable solutions may be

overlooked, and, furthermore, poor knowledge of the solution space impedes progress.

In essence, the design goals typically involve optimizing “operability” while meeting

mission constraints.

Path constraints, such as minimum elevation angle and maximum altitude (i.e.,

Eqs. (3.38) and (3.39)), are incorporated into the trajectory design when designing an
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orbit to satisfy the requirements for a specific mission scenario. For a given spacecraft

configuration, the elevation angle might be maximized for more margin in a visibility

requirement, or, if the vehicle’s motion is contained below one of the Lagrange points,

to reduce the range of azimuth angles, perhaps allowing a fixed antenna at the south

pole. Alternatively, a lower maximum altitude also can reduce the required antenna

power.

Trajectory considerations must also be balanced with the design of the sailcraft

itself. Orbits associated with lower characteristic accelerations are more feasible with

near-future technology; however, fewer trajectory options are available. Orbits for an

ideal sail that are associated with high pitch angles (α) along the trajectory may be

infeasible when the forces on the sail are modeled with higher fidelity (e.g., optical

force model), as previously noted. Finally, solutions that require smaller torques to

orient the sailcraft to the required attitude may be easier to maintain. The objective

in designing a solar sail spacecraft is to minimize mass while maximizing area. Incor-

porating an attitude control system adds mass; thus, this final metric of “turnability,”

along with characteristic acceleration, is of great interest.

4.2.1 Specific transverse torque, or “turnability”

The trajectories generated for this survey are based on a sailcraft that continu-

ously reorients in inertial space. A continuous control profile requires that the attitude

control system is able supply appropriate torques in the transverse body axes to re-

orient the vehicle throughout flight. Because the inertia properties of various sailcraft

will be different, the concept of specific transverse torque is introduced to assess the

“turnability” necessary for the sailcraft to follow a particular trajectory.

Some recently published results for solar sail attitude control are relevant. Sail-

craft, like other space vehicles, can be spin-stabilized, three-axis stabilized, or sta-

bilized by a gravity gradient, among other methods. Of the sailcraft that are spin-

stabilized, the attitude can be modified by thrusters [138,139], or by translating and
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tilting the sail panels [138], or by reflectivity control devices that adjust the sail

optical properties [140]. Three-axis stabilized sailcraft may be reoriented via (1) re-

action wheels [141, 142], or control vanes [141], (2) purposefully offsetting the center

of mass and the center of pressure that yields a torque via a movable boom [143]

or translating mass [144, 145], (3) small thrusters at the tips of the sail masts [144],

(4) magnetic torquers, or (5) a combination of two or more of these devices [146].

Other concepts yield sailcraft that are stabilized via gravity gradients and magnetic

torquers [147,148].

To model rotational motion, the sail is assumed to be a rigid body. Aligning the

body axes with the principal moments of inertia, Euler’s familiar vector equation of

motion governs the relationship between the applied torques, the body rates, and the

angular acceleration, that is,

M = I · Iω̇S + IωS × I · IωS (4.9)

where I is the central, principal inertia dyadic, IωS is the angular velocity of the sail

body-fixed frame with respect to the inertial frame, and M is the vector of external

torques that is required to control the spacecraft attitude. The derivation of IωS, as

well as Iω̇S, as functions of Eulerian rotations appear in Appendix B. Solar sails are

generally designed to be symmetric about one principal axis of inertia, such that an

axial moment of inertia, Ia, is approximately twice that of the transverse moment of

inertia, It. If the x-axis in the body frame is the axis of symmetry and the spacecraft

spins about that axis at a constant rate, ωx0, then Eq. (4.9), reduces to the following

scalar equations

Mx = 2It��
�*0

ω̇x0

My = It(ω̇y − ωzωx0) (4.10)

Mz = It(ω̇z + ωx0ωy)
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where ωx0, ωy, and ωz are the components of IωS in a body-fixed frame. If the sailcraft

is three-axis stabilized (i.e., not spinning and ωx0 = 0), Eqs. (4.10) further reduce to

Mx = 0

My = Itω̇y (4.11)

Mz = Itω̇z

It is clear from both the spinning (Eq. (4.10)) and the three-axis stabilized (Eq. (4.11))

types of motion that the ability to complete successfully attitude turns is limited by

the available torques in the pitch and yaw directions (y and z axes, respectively).

Two recent studies lend insight into the relationship between the capabilities of

a three-axis stabilized sailcraft and the associated maximum angular accelerations.

Citing key driving performance requirements from three previous NASA mission stud-

ies where the control mechanism is a movable boom and the spacecraft is three-axis

stabilized, Price et al. [143] establishes an upper limit for pitch and yaw acceler-

ations of 2.3 × 10−9 deg/s2. More recently, Wie [141] establishes maximum pitch

and yaw accelerations of 28.1× 10−6 deg/s2 and a maximum turn rate of 0.02 deg/s

when the control mechanism for a three-axis stabilized sailcraft is sail panel trans-

lation and rotation. The parameters for a 40-by-40 meter sail design, used by Wie,

originate from a mix of ST6 and ST7 designs [141]: the sail moments of inertia are

Ix = 6000 kg ·m2 and Iy, Iz = 3000 kg ·m2 with an areal density of 0.111 kg/m2 and

a characteristic acceleration of 0.0737 mm/s2. The maximum roll-control torque for

the ST6/7 sailcraft of ±1.34× 10−3 N ·m and the maximum pitch- and yaw-control

torques are ±1.45 × 10−3 N ·m; the corresponding maximum angular accelerations

are ±13.0× 10−6 deg/s2 and ±28.1× 10−6 deg/s2, respectively.

When the spacecraft is spin-stabilized such that ωx is constant, i.e., ωx = ωx0,

the cross terms in Eq. (4.10) must be considered. In a three-axis stabilized case,

Eq. (4.11), the available torque in a particular direction is employed to rotate the

spacecraft about that direction. When a spacecraft is spin-stabilized about the x axis,

the same turn requires additional torque about the y and z axes. A configuration
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similar to the three-axis spacecraft is again employed by Wie for the analysis of a

sailcraft spinning at 5 rotations per hour; in that study, Wie assumes that a torque

of 0.001 N ·m can be delivered to reorient the spinning spacecraft [138]. This torque

corresponds to a maximum angular acceleration of approximately ±20× 10−6 deg/s2

in the transverse axes. The IKAROS sailcraft employs liquid crystal displays to

change the reflective properties of the sail material for turning; however, its primary

attitude control system is a set of thrusters on the central bus [137].

If the required rotational rates and accelerations associated with a particular tra-

jectory are known, a specific torque about each axis can be determined. Because the

labeling of the transverse y and z axes is arbitrary, the concept of a specific trans-

verse torque is convenient. This metric characterizes the vehicle’s ability to turn and

is calculated from the transverse torques in either Eq. (4.10) or Eq. (4.11), that is,

Mt =

√(
My

It

)2

+

(
Mz

It

)2

(4.12)

For a given trajectory and nominal control profile, different specific transverse torques

are required that depend on the spin rate. The maximum specific transverse torques

corresponding to both a three-axis stabilized sailcraft (non-spinning), Mt,3AS, and

one spinning at 5 rotations per hour, Mt,spin, are examined.

4.2.2 Summary of critical metrics for “operability”

This investigation is focused on six critical metrics for assessing different sailcraft

trajectories and the associated control profiles. In summary, these metrics are

• Sail characteristic acceleration, ac

• Maximum specific transverse torque at any time along the orbit, Mt

• Largest pitch angle at any time along the orbit, α

• Lowest elevation angle at any time along the orbit, E

• Highest altitude at any time along the orbit, A

• Largest range of azimuth angles throughout the orbit
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The first two items on this list are specific to the vehicle design; the final four items

are properties of the specific trajectory option. While the items in this list may be

incorporated in a multi-variable optimization scheme as either parameters to opti-

mize or as constraints, the goal of this investigation is an improved understanding

of the solution space, motivating a survey. The insight gained from this survey is

necessary to initialize a process that optimizes one or more of these critical metrics.

Finally, additional critical metrics may be identified, or some current metrics may be

disregarded at some future time. A new search would then be conducted using these

same techniques.

4.3 Framework for the survey

The primary purpose of using a simple, lower-fidelity, augmented finite-difference

method to propagate states and compute solutions is to examine the design space for

a solar-sail spacecraft in orbit near the Moon quickly and easily. Using the MATLAB

numerical computing environment, over 10 million combinations of initial guesses are

used to generate trajectories for the survey. The computation employed up to eight

cores on five platforms and took approximately one week. Different combinations

of initial guess strategies lead to different solutions. This is especially true when

comparing trajectories that arise from circular initial guesses for the path to those

that arise from initial guesses that collapse the trajectory to a single point. A general

survey of the solution space for all combinations of initial guesses is a first step

in understanding the design options. A viable solution generated from any method

possesses characteristics that can be employed to select any particular orbit for further

study.

The survey is developed to incorporate two versions of a finite-difference approxi-

mation [34], three strategies to produce an initial guess for the path, and six strategies

to deliver an initial control profile. This investigation also includes an examination

of various combinations of elevation-angle constraints. The three path strategies in-
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clude a retrograde circular orbit, a point hovering in the xz plane, and a prograde

circular orbit. The circular trajectories all possess periods equal to the solar synodic

period. Of the initial control profiles, the α∗ and ˆ̀ approaches are most successful

in generating solutions for any type of initial path. The EOM-NR and Moon control

approaches only result in converged solutions when the initial guess for the path is a

circular retrograde orbit. The ∇U and the RAA approaches are successful when the

initial guess for the path is a prograde or a retrograde circle, but not when the initial

guess is a point.

Any one initial control strategy is not necessarily superior to any other, however,

the α∗ and ˆ̀ strategies converged more often than the other types of initial guesses

for the control profile. An appropriate plan for examining the design space is the

selection of a range of characteristic accelerations and path constraints and, then, the

generation of solutions based on multiple combinations of initial guesses for the path

and control.

4.4 Survey results pertaining to spacecraft-driven critical metrics

Critical metrics generally emerge as one of two types: those that drive the space-

craft design and those that drive the ground station design. To fly a particular path,

the vehicle must possess a specific characteristic acceleration, ac, be able to change its

orientation as necessary, and produce thrust at sufficiently high pitch angles. High-

lighted below are solutions from the survey that require the smallest ac, smallest

specific transverse torques, and smallest maximum pitch angles in their respective

categories.

4.4.1 Minimum ac to achieve various elevation-angle constraints

This analysis is formulated in a CR3B model. In actuality, the obliquity of the

lunar orbit with respect to the Earth is 6.688◦, and the Moon’s orbit is a secularly

precessing ellipse with respect to an inertial frame. Additional margin to accommo-
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date lunar surface features and incorporate a more realistic ephemeris model is added

to the obliquity to determine Emin. For the broader survey of the design space to sup-

port a lunar communications relay, an elevation-angle constraint of Emin = 15◦ and

altitude constraint of Amax = 384,400 km is assumed (see Fig. 3.9 for an illustration

of Emin and Amax). For these constraints, the smallest sail characteristic acceleration

examined in this survey that satisfies these constraints is ac = 1.3 mm/s2. Smaller

values of ac examined in this survey (i.e., 1.25 mm/s2) are insufficient to push the

vehicle sufficiently far below the Moon to satisfy the elevation-angle constraint.

In the present survey, when the elevation-angle constraint is relaxed, solutions

emerge for sails with smaller characteristic accelerations. Moon-centered offset or-

bits conforming to the lower constraints might not be viewable at all times from an

outpost near the lunar south pole. Orbits offset below L1 and L2 may be useful as

relays for a base near lower lunar latitudes, but on the near or far side of the Moon,

respectively, and may require lower elevation-angle constraints. In this investigation,

the lowest overall characteristic accelerations for a spacecraft equipped with a solar

sail that meet these elevation-angle constraints under the three locations are listed in

Table 4.2. Since a discrete set of characteristic accelerations is considered, the actual

Table 4.2: Smallest ac (mm/s2) required for orbits located below the Moon and the

Earth–Moon L1 and L2 points based on elevation angle

Emin: 4◦ 6◦ 9◦ 12◦ 15◦

L1 0.58 1.00 1.25 1.50 1.60

Moon 0.55 0.75 1.00 1.50 1.60

L2 0.40 0.55 1.00 1.25 1.30

minimum value of ac that actually conforms to the constraint may be slightly less

than the values in this table. The data in the table indicate that sails with higher

characteristic accelerations are required for orbits below the Earth–Moon L1 point

or the Moon for a given elevation-angle constraint; relatively lower characteristic ac-
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celerations are viable for sail trajectories below the L2 point. Certainly, ac could

be minimized using an optimization scheme, and this broad survey simply offers a

sense of the solutions available. The results from this survey yield a starting point for

an optimization scheme based solely on characteristic acceleration or in combination

with other metrics of interest.

A variety of solutions exists for sails with the lowest value of characteristic ac-

celeration that is required for the three locations. One such orbit appears for each

location in Fig. 4.3. As before, the Sun is defined to move clockwise about the Moon
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Fig. 4.3: Orbits below L1, the Moon, and L2 that conform to the 15◦ elevation-angle

constraint and possess the smallest possible characteristic acceleration, ac.

as viewed in Fig. 4.3(a), originating at a position along the −x axis. The maroon and

turquoise paths originate opposite to the Sun, while the lime-green path originates on

the Sun-side with respect to its center. Initial motion along all three paths proceeds

in the −y direction as the Sun moves in the +y direction. In fact, the Sun moves in a

clockwise, retrograde, fashion one half-period out of phase with a spacecraft moving

along the retrograde maroon and turquoise paths. Motion along the lime-green path,
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however, is prograde, as a spacecraft along that path moves in a counter-clockwise

fashion. Because of the motion of the Sun, prograde paths originate on the left side

of the orbit and motion is counter-clockwise while retrograde paths originate on the

right side and motion is clockwise as projected on the xy plane. These trajectories,

and generally all orbits conforming to the 15◦ elevation angles-constraint, are dis-

placed approximately 20000 km below the Earth–Moon orbital plane. Recall that the

period of each orbit is one sidereal month (29.5 days).

For a given value of ac, an abundance of solutions exists. From a set of solutions

with the lowest ac, the trajectories appearing in Fig. 4.3 are selected based on the

smallest maximum specific transverse torque (Mt,spin) along the orbit for a spinning

sailcraft.1 Critical metrics, such as the maximum Mt,3AS if the sailcraft is three-axis

stabilized (3AS), the maximum pitch angle (α), and the minimum elevation angle (E),

along these three trajectories appear in Table 4.3. Pitch angles associated with the

orbits in Fig. 4.3 are all less than 55◦, indicating that the solutions may successfully

transition to a higher-fidelity sailcraft SRP model.

Table 4.3: Critical metrics for orbits conforming to E > 15◦, selected by characteristic

acceleration (ac) and Mt,spin requirements

ac Max Mt,spin Max Mt,3AS Max α Min E

L1 1.60 mm/s2 1.21×10−6 deg/s2 2.26×10−9 deg/s2 43.99◦ 15.00◦

Moon 1.60 mm/s2 4.39×10−6 deg/s2 11.91×10−9 deg/s2 48.66◦ 15.00◦

L2 1.30 mm/s2 0.78×10−6 deg/s2 1.33×10−9 deg/s2 51.91◦ 15.00◦

As the value of the sailcraft characteristic acceleration is increased, more trajectory

solutions are available. By fixing ac = 1.70 mm/s2, a comparison with other critical

metrics is possible. A sail characteristic acceleration this large is not possible with

1If the smallest maximum Mt,3AS along the orbit for a three-axis stabilized sailcraft is employed as
the selection criterion, similar solutions appear under the Lagrange points and the same solution
appears below the Moon.
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current technology. However, based on the results in Table 4.2, a sail must possess

a characteristic acceleration near this magnitude to satisfy the mission constraints

for this scenario (e.g., E ≥ 15◦ under L1, L2, and the Moon), and a reasonable

requirement for future sail hardware technology is now established. For the rest of

this investigation, to compare the broadest set of metrics, ac = 1.70 mm/s2. Note

that the techniques employed to conduct this survey are applicable to missions with

different path constraints and sailcraft with different physical characteristics.

4.4.2 Specific transverse torques

The next critical metric, or mission characteristic, for analysis is specific transverse

torque, a measure of the attitude control authority necessary for a continuously reori-

enting sailcraft to follow a particular path. Sample orbits with the smallest maximum

value of Mt,spin for a spin-stabilized spacecraft corresponding to a sail characteristic

acceleration of ac = 1.70 mm/s2 appear in Fig. 4.4. For the dark-blue path below

the Moon in Fig. 4.4, the trajectory originates on the −x side of the Moon and the

spacecraft moves in a counter-clockwise, prograde, fashion. The color scheme em-

ployed for all orbits in this document is based on a logarithmic jet scale, where deep

blue corresponds to a Mt,spin of 2.3457 × 10−7 deg/s2 (which is associated with the

dark blue path below the Moon in Fig. 4.4) and a deep red corresponds to a Mt,spin of

4.3857×10−6 deg/s2 (associated with the red orbit under the Moon in Fig. 4.3). Note

that the arrows that represent the direction of the sail-face normal for the portions

of the path near the x axis appear to be directed “inward” as viewed from above

the xy plane (Fig. 4.4(a)) for a prograde orbit and “outward” for a retrograde orbit;

the sail-face normal is constrained to be directed away from the Sun, which moves

clockwise about the system. Consequently, the sunlight direction is generally aligned

with the projection of the sail-face normal vector when the normal vector is projected

into the xy plane. Both paths associated with the smallest maximum Mt,spin below
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Fig. 4.4: Orbits under L1, the Moon, and L2 that possess the smallest maximum

possible Mt,spin corresponding to a characteristic acceleration of ac = 1.70 mm/s2.

the Lagrange points in Fig. 4.4 are considered prograde orbits as well. Again, these

paths are displaced approximately 20000 km below the xy plane.

Critical metrics for the orbits with the smallest maximum Mt,spin are listed in Ta-

ble 4.4. Recall that Mt,spin and Mt,3AS are independently determined after the orbit is

Table 4.4: Critical metrics for orbits selected by smallest maximum Mt,spin corre-

sponding to a characteristic acceleration of ac = 1.70 mm/s2

Max Mt,spin Max Mt,3AS Max α Min E

L1 5.74×10−7 deg/s2 5.46×10−10 deg/s2 48.56◦ 15.01◦

Moon 2.35×10−7 deg/s2 1.32×10−10 deg/s2 49.42◦ 15.07◦

L2 4.86×10−7 deg/s2 5.71×10−10 deg/s2 54.71◦ 15.30◦
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generated and are based on the angles α and δ that orient the sail-face normal direc-

tion as well as the spin rate of the vehicle. The equation for the body rates appears

in Appendix B. The maximum Mt for a spin-stabilized vehicle and the maximum

value for a three-axis stabilized spacecraft configuration do not necessarily occur at

the same locations along the orbit, as is apparent in Fig. 4.5. Furthermore, the orbit
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Fig. 4.5: Specific transverse torque profiles corresponding to orbits in Fig. 4.4, selected

by smallest maximum Mt,spin.

with the smallest maximum Mt,spin is not necessarily the solution with the smallest

maximum Mt,3AS from the survey. However, the set of solutions below L1, the Moon,

and L2 that correspond to the smallest maximum Mt,3AS also resemble the orbits that

are associated with the smallest maximum Mt,spin from the survey. Associated criti-

cal metrics when the selection criterion is based on the smallest maximum Mt,3AS are

listed in Table 4.5. The results from the survey indicate that the trajectories below

L2 that are associated with the smallest maximum specific transverse torques (Mt,spin

and Mt,3AS) correspond to a maximum pitch angle along the path with a value greater

than 55◦. The results listed in Tables 4.4 and 4.5, as well as the associated paths
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appearing in Fig. 4.4 and specific transverse torques in Fig. 4.5, correspond to the set

of solutions where the maximum pitch angle is restricted to 55◦.

Table 4.5: Critical metrics for orbits selected by smallest maximum Mt,3AS corre-

sponding to a characteristic acceleration of ac = 1.70 mm/s2

Max Mt,spin Max Mt,3AS Max α Min E

L1 6.25×10−7 deg/s2 3.43×10−10 deg/s2 46.44◦ 15.41◦

Moon 2.35×10−7 deg/s2 1.29×10−10 deg/s2 49.36◦ 15.07◦

L2 5.58×10−7 deg/s2 3.77×10−10 deg/s2 53.82◦ 15.78◦

4.4.3 Pitch angle

As discussed previously, depending on the realistic optical and shape properties

of a solar sail, the assumption of a perfectly reflecting, flat, ideal sail diverges from

a realistic solar sail model for pitch angles greater than 50◦ to 60◦. Furthermore,

sail effectiveness is severely attenuated at high pitch angles [6, 149]. Therefore, it is

desirable to examine trajectories below L1, the Moon, and L2 that are associated with

the smallest maximum pitch angles. The three solutions from the survey associated

with the smallest maximum pitch angles for sails with ac = 1.70 mm/s2 appear in

Fig. 4.6. Note that the distance from the xy plane is generally 20000 km or greater for

these orbits. The associated pitch angle histories for these three trajectories appear

in Fig. 4.7. The corresponding critical metrics for these three paths are listed in

Table 4.6.

4.5 Survey results pertaining to ground-based critical metrics

If the range of motion or field of view associated with a radio antenna located at

the lunar south pole (LSP) is limited, sail trajectories exist that may accommodate
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Table 4.6: Critical metrics for orbits selected by smallest maximum pitch angle, α,

corresponding to a characteristic acceleration of ac = 1.70 mm/s2

Max Mt,spin Max Mt,3AS Max α Min E

L1 2.09×10−6 deg/s2 5.86×10−9 deg/s2 41.95◦ 15.00◦

Moon 1.59×10−6 deg/s2 1.28×10−9 deg/s2 38.83◦ 15.00◦

L2 1.93×10−6 deg/s2 1.53×10−9 deg/s2 46.71◦ 15.00◦

this constraint. As mentioned, an elevation-angle constraint of 15◦ is established in

the survey. However, solutions for a sailcraft with a characteristic acceleration value

of ac = 1.70 mm/s2 exist that do not activate this constraint. It is also useful to
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Fig. 4.6: Sample orbits offset below L1, the Moon, and L2 that conform to the 15◦

elevation-angle constraint and possess the smallest maximum pitch angles at any

point along the trajectory.
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identify the range of altitudes necessary for the orbits associated with a particular

sailcraft characteristic acceleration. Finally, the design of any facility at the LSP

benefits from information on the field of view. These ground-based critical metrics

are examined for a sailcraft with ac = 1.70 mm/s2.

4.5.1 Elevation angle

The first critical metric for ground-station design is the elevation angle. While

a constraint of 15◦ is imposed in this survey, any solutions not activated by this

constraint lend insight into other available options. The three sample orbits below

L1, the Moon, and L2 that appear in Fig. 4.8 possess the associated critical metrics

as listed in Table 4.7.

Unfortunately, little extra margin is available for orbits under L1 and the Moon.

However, solutions do exist below L2 that possess a minimum elevation angle along
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Fig. 4.8: Orbits under L1, the Moon, and L2 possessing the largest minimum elevation

angle, E.

the path of nearly 18◦.2 The relationship between ac and E is understandable within

the context of a trade-off between ac and E; that is, a lower ac is required for trajec-

tories under L2, as demonstrated in Section 4.4.1. Alternatively, a greater minimum

elevation angle is available under L2 as compared to L1, or even the Moon, for the

same ac. Displacements from the xy plane for these orbits are generally between

2The path under L2 is selected in post-processing and originates from the set of solutions with
α ∈ [0, 55◦]. Orbits with larger minimum elevation angles exist that require larger maximum pitch
angles along the path.
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Table 4.7: Critical metrics for orbits selected by largest minimum elevation angle, E,

corresponding to a characteristic acceleration of ac = 1.70 mm/s2

Max Mt,spin Max Mt,3AS Max α Min E

L1 0.82×10−6 deg/s2 0.88×10−9 deg/s2 46.55◦ 15.69◦

Moon 2.45×10−6 deg/s2 2.94×10−9 deg/s2 50.55◦ 15.57◦

L2 1.29×10−6 deg/s2 0.71×10−9 deg/s2 54.62◦ 17.98◦

20000 and 30000 km and are associated with an increase in altitude with respect t

the lunar south pole.

4.5.2 Altitude

The distance of a vehicle from a station on the ground drives the power require-

ments for the transmitting and receiving antennas both on the ground and on the

spacecraft. Therefore, it is useful to assess the range of distances from the lunar south

pole for a family of solutions when designing a mission and communications system.

The altitude of the spacecraft in orbit below the Moon depends on the dynamics of

the system, which is based on the gravity of the primaries and the characteristic accel-

eration, ac, of the sail. Sailcraft with larger values of ac may orbit either closer to the

Moon or at higher elevation angles. For a characteristic acceleration of 1.70 mm/s2,

the smallest maximum altitude along any trajectory from the survey is 55009 km,

while the largest maximum altitude is 141310 km. The aqua path is displaced from

the xy plane by less than 20000 km, while the red path is displaced by 20000 to

40000 km. These two paths, both below the Moon, are plotted in Fig. 4.9, and their

critical metrics are listed in Table 4.8. The red path originates below L2 and is a

retrograde orbit, while the aqua path originates below L1 and is a prograde orbit.

Both possess a minimum elevation angle of 15.00◦. For the red path, this minimum
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Fig. 4.9: Orbits possessing the largest and smallest altitudes from a base at the LSP.

Table 4.8: Critical metrics for orbits selected by altitude corresponding to a charac-

teristic acceleration of ac = 1.70 mm/s2

Max Mt,spin Max Mt,3AS Max α Max A

Farthest 4.19×10−6 deg/s2 9.26×10−9 deg/s2 54.97◦ 141310 km

Nearest 0.85×10−6 deg/s2 0.75×10−9 deg/s2 50.01◦ 55009 km

elevation angle is encountered when the spacecraft is at the extremities of the orbit in

the ±y direction. Note that the red path in Fig. 4.9 is selected from a set of solutions

where the maximum pitch angle at any point along the trajectory is less than 55◦.
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4.5.3 Azimuth angle ranges

For simplicity, assume that the antenna is fixed on the lunar surface and is always

directed toward the sailcraft relay. If the sailcraft is located below L1, the smallest

swath width required of a ground antenna is 64.4◦. The smallest swath width associ-

ated with a sail below L2 is 70.2◦. The two trajectories associated with these swath

widths appear in Fig. 4.10, and their respective critical metrics are listed in Table 4.9.
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Fig. 4.10: Orbits under L1 and L2 possessing the smallest ranges of azimuth angles.

Table 4.9: Critical metrics for orbits selected by azimuth angle, Az, range correspond-

ing to a characteristic acceleration of ac = 1.70 mm/s2

Max Mt,spin Max Mt,3AS Max α Min E Az range

L1 3.74×10−6 deg/s2 9.33×10−9 deg/s2 48.77◦ 15.00◦ 64.42◦

L2 1.24×10−6 deg/s2 0.68×10−9 deg/s2 53.99◦ 16.60◦ 70.22◦
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4.6 Discussion of survey results

Some general observations are notable, based on the results from the survey in

the Earth–Moon system. First, trajectory options for a spacecraft relay, to support a

facility at the lunar south pole, exist for sailcraft with overall characteristic accelera-

tions of 1.3 mm/s2 or greater. Although solar sailing has only recently been demon-

strated in flight, the recent design of the sailcraft for the ST9 ground demonstration

delivers an overall characteristic acceleration of 0.58 mm/s2 (including payload and

attitude control system) while the characteristic acceleration supplied solely by the

sail and structure is 1.7 mm/s2 [79]. However, a solar sail alone is not the only option

for a single-vehicle relay to deliver LSP coverage. Other researchers propose hybrid

propulsion systems that are based on a combination of a solar sail and low-thrust

technologies [16, 150–155]. While the survey techniques developed for this analysis

are applied to solar sails, the formulation of these techniques is also adaptable for

hybrid or other systems where a continual thrust component is available.

Second, if the vehicle is either spin-stabilized or three-axis stabilized, the trajec-

tory options resulting from this survey require attitude control authority within the

assumptions employed in other investigations of solar sail attitude dynamics and con-

trol. The maximum specific transverse torques for a sailcraft spinning at 5 rotations

per hour, which are hundreds of times larger than the maximum specific transverse

torques for a three-axis stabilized spacecraft, are less than the 28.1 × 10−6 deg/s2

assumption published by Wie for a three-axis stabilized spacecraft [141]. To remain

in an orbit offset below the Moon, a sailcraft must continually reorient itself. The

control profiles for these sample orbits are essentially continuous, as returned by the

numerical BVP solver employed to generate the trajectory. In reality, it may be

advantageous to command the spacecraft in a “turn-and-hold” scheme, whereby the

orientation is held in an inertially fixed attitude for some length of time (e.g., 2–3

days), and then reoriented to a new attitude [156]. In this scenario, it is presumed
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that lower specific transverse torques from the continuous case translate to lower

specific transverse torques in a turn-and-hold scheme.

Returning to the assumption of a vehicle that continually reorients, it is observed

that larger specific torques from the three-axis stabilized attitude scheme are ap-

parently correlated with the larger specific torques from the spin-stabilized attitude

scheme. Statistics from the tens of millions of sample orbits generated in this survey

suggest a power relationship between the maximum Mt,spin and Mt,3AS for the spin

rate of 5 rotations per hour employed in this analysis, that is,

Mt,3AS = (Mt,spin)K (4.13)

K = 1.50± 0.075

when Mt,spin and Mt,3AS are measured in deg/s2 and the error bounds are three-

standard deviations.3 Recall that the magnitudes of the maximum specific transverse

torques are less than one and that a larger specific transverse torque is required to

reorient a spinning vehicle.

Finally, some notable observations about the orbits are summarized. Generally,

prograde lunar orbits are “flatter” and evolve at smaller distances relative to the lunar

south pole when compared to retrograde lunar orbits. However, retrograde orbits with

variable elevation angles may be attractive for some mission-specific considerations.

Trajectories below L2 require smaller sail characteristic accelerations when compared

to trajectories located under L1 and the Moon. As demonstrated in Section 4.1.1,

trajectories exist that naturally transfer from a Moon-centered path to a path located

below a Lagrange point. Because sail optical properties degrade over time [157], a

sailcraft orbiting below the Moon can be shifted to an orbit under L2 as ac decreases.

All of the orbits surveyed are unstable because of their dependencies on a solar sail.

Furthermore, all trajectories require some form of flight-path control. Controllability

of the flight path is not necessarily related to any particular critical metric employed

in this analysis and is a subject for future investigation.

3K = 1.39± 0.06 when Mt,spin and Mt,3AS are measured in rad/s2.
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5. INSTANTANEOUS EQUILIBRIUM SURFACES

“The most celebrated of all dynamical problems,” as described by Whittaker, is the

three-body problem [158, 159]. After Newton developed a mathematical formulation

for motion within a gravity field consisting of multiple bodies, he [160] and others [159]

investigated the coupled motion of the Moon, the Earth, and the Sun. In 1772, Euler

first proposed the restricted assumption of the three-body problem, in which the mass

of one body is considered infinitesimal compared to those of the other two bodies,

and formulated the problem in a rotating reference frame [159].

Contemporaneously, Euler and Lagrange discovered multiple equilibrium solutions

to the circular restricted three-body (CR3B) problem in a frame attached to, and ro-

tating with, the two larger primaries; the motion of the primaries traces out concentric

circles in inertial space. If a stationary particle is located at one of these equilibrium

points, it theoretically remains there indefinitely unless perturbed. Euler identified

the collinear solutions, while Lagrange determined the locations for both the collinear

and the equilateral points [159]. The discovery of periodic solutions in the CR3B prob-

lem motivated numerous advances in mathematics and dynamical analysis since the

problem’s formulation. Laplace, Jacobi, Gyldén, Lindstedt, Hill, Poincaré, Darwin

(the son of naturalist Charles Darwin), Levi-Civita, Sundman, Birkhoff, Komolgorov,

Arnold, and Moser all figure prominently in the development of the understanding

of motion in the three-body system [82, 159]. Poincaré merits special recognition for

using the CR3B system to introduce the study of chaotic phenomena and for his con-

jecture that an infinite number of periodic solutions exist for the CR3B problem [159].

The equilibrium points are often a starting point for investigations of motion

within a nonlinear system, such as the CR3B regime. Both periodic and quasi-

periodic orbits in the vicinity the Lagrange points and families of such orbits are

the subject of various numerous investigations. A “family” is a collection of orbits
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that possess similar dynamical properties and are often generated via a continuation

technique in which a previous solution initializes the search for a subsequent orbit. A

search for these families is often initialized by analytical approximations of an orbit

in the vicinity of a Lagrange point. Analytical approaches for generating periodic and

quasi-periodic orbits are discussed and developed by Moulton [161], Szebehely [82],

Farquhar and Kamel [162], and Richardson and Cary [163], among many others.

Computing power has enabled an array of numerical techniques for generating orbits

and their associated families near the Lagrange points as well. A full catalog of the

development of analytical tools for generating orbits in the vicinity of the Lagrange

points is beyond the scope of this document. However, a few examples are worth

mentioning: tools developed for a numerical investigation by Breakwell and Brown

[164] are employed to generate and study families of halo orbits near the collinear

Lagrange points [165, 166]. Such investigations have led to numerous subsequent

studies of periodic and quasi-periodic motion in the CR3B problem [167]. A more

thorough discussion of families of orbits in the vicinity of the collinear libration points,

along with the history of the numerical developments for generating those orbits,

is given by Howell [168], and a selected bibliography of libration point missions is

summarized by Farquhar [169].

Investigations into mission design within the context of a restricted four-body

problem also start with equilibrium solutions [170–178]. However, with the incor-

poration of another massive body (e.g., the Sun in the Earth–Moon system or the

Moon in the Sun–Earth system), the equilibrium solutions are no longer stationary,

and their locations must be calculated for each instantaneous time epoch. Effec-

tively, the five equilibrium solutions from the CR3B model evolve into an infinite set

of instantaneous equilibrium solutions with the inclusion of a moving third massive

body.

The addition of a solar sail introduces another force into the system, and the sail

can be positioned and oriented differently, yielding an infinite number of instanta-

neous equilibrium solutions. In the context of the CR3B regime, these instantaneous
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equilibrium solutions appear as surfaces. Initial development of these surfaces oc-

curs as recently as the early 1990s [6]. Any single artificial Lagrange point depends

on the characteristic acceleration and orientation of the sail. Just as periodic solu-

tions are available in the vicinity of the five classical Lagrange points, solutions in

the vicinity of these surfaces are also available and are the basis for investigations of

solar sail trajectories in the Sun–Earth, the Earth–Moon, and a Sun–asteroid CR3B

regime [3, 4, 7, 9, 13, 44, 45, 117, 118, 153, 179–181]. In the case of the Earth–Moon

system, the Sun moves in a clockwise direction as viewed from above and the equi-

librium surfaces are instantaneous. After a brief introduction to the mathematical

determination of the Lagrange points in the CR3B system, observations regarding the

relationship of solar sail trajectories to instantaneous equilibrium surfaces are offered.

5.1 Equilibrium in circular restricted systems

While a general solution to the CR3B problem is not easily accessible, particu-

lar solutions (i.e., the equilibrium points) are straightforward. Extending the search

for instantaneous equilibrium solutions in a restricted four-body model is more dif-

ficult, but remains tractable. Developing such solutions is useful in undertaking the

more challenging task of generating instantaneous equilibrium surfaces for solar sail

spacecraft.

5.1.1 Equilibrium in the circular restricted three-body system

For clarity, some fundamental definitions from the CR3B problem are summarized.

The locations of the equilibrium points in the CR3B model were known to Euler and

Lagrange over 200 years ago. The collinear points are labeled L1−3 and the equilateral

points are labeled L4,5 in Fig. 5.1. In the figure, the larger primary is P1, the smaller is

P2, and the barycenter, B, establishes the origin of the system. The nondimensional

distance from B to P1 is µ, where µ is the ratio of the mass of P2 to the combined

masses of P1 and P2, as developed in Eq. (2.5). The distance from B to P2, as well as
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Fig. 5.1: Locations of the five Lagrange points in the CR3B problem.

the nondimensional mass of P1, is then 1− µ. For completeness, the vectors from P1

to the infinitesimal mass at P3, r1, from B to P3, r, and from P2 to P3, r2, are also

included in the figure. The collinear equilibrium point between the primaries is labeled

L1 (this point in often denoted the “cis-lunar” Lagrange point when referring to the

Earth–Moon system), while the exterior collinear points are L2 (“trans-lunar” in the

Earth–Moon system) and L3. The system is assumed to rotate counter-clockwise,

and L4 leads the rotation while L5 lags. These equilibrium solutions are often termed

the Lagrange or libration points.

The equations of motion in the CR3B problem appear in Eqs. (2.13)–(2.15), or

ẋ = f(x) in first-order form. Equilibrium solutions are always determined from

f(x) = 0, thus, these locations are computed by setting the acceleration and velocity

terms in Eqs. (2.13)–(2.15) to zero. Note that no additional acceleration terms (e.g.,

as(t)) are applied. Only centripetal and gravitational acceleration terms remain,

and, essentially, equilibrium occurs when these two sets of accelerations balance in
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a rotating coordinate system. Assuming a nondimensional system (i.e., ω = 1), the

resulting algebraic relationships are

−xe +
(1− µ)(xe + µ)

r3
1

+
µ(xe − (1− µ))

r3
2

= 0 (5.1)

−ye +
(1− µ)ye

r3
1

+
µye

r3
2

= 0 (5.2)

(1− µ)ze

r3
1

+
µze

r3
2

= 0 (5.3)

where
{
x y z

}T

constitute r and the superscript “ e ” indicates an equilibrium

solution. It is immediately apparent that all equilibrium solutions require that ze = 0.

From this fact, two types of solutions emerge.

The first type of equilibrium solution consists of the collinear Lagrange points,

L1−3. For these three points ye = 0. As a result, r1 = (xe−µ) and r2 = (xe−(1−µ)).

Consequently, Eq. (5.1) becomes

− xe +
µ1(xe + µ2)

|xe − µ2|3
+
µ2(xe − (1− µ2))

|xe − (1− µ2)|3 = 0 (5.4)

where µ1 = 1 − µ, the mass of P1, and µ2 = µ, the mass of P2. Note the inclusion

of absolute values in the denominators of the terms in Eq. (5.4). Iterative techniques

are used to establish the value of the real root in the region of interest quickly. An

alternative approach involves solving the roots of a quintic polynomial and selecting

only the real, positive roots [82]. The approximate distances of the x coordinates for

the L1 and L2 points from the smaller primary, P2, are listed in Table 5.1 for various

systems. Corresponding nondimensional values normalized by the distance from P1

to P2 are also listed in the table. The Sun–Earth/Moon system assumes that the Sun

is P1 and the Earth and the Moon are a composite body, P2. A CR3B model can be

constructed from any combination of two massive primaries that move in concentric

circular orbits. While not a standard configuration, the Sun–Moon system also meets

this criteria. Realistically, in a more complete model, any particle at a Sun–Moon

Lagrange point will quickly depart.

In the second type of equilibrium solution, y 6= 0. It is clear that Eq. (5.2) is

satisfied when r1 = r2 = 1 in nondimensional units. Because the distance from P1 to
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Table 5.1: Approximate distances from P2 to L1 and L2

Earth–Moon Sun–Earth Sun–Earth/Moon Sun–Moon

L1 (×103 km) 58.0 1491.6 1497.6 345.2

L2 (×103 km) 64.5 1501.5 1507.7 345.7

L1 (nondim) 0.151 0.00997 0.00997 0.00231

L2 (nondim) 0.168 0.01004 0.01004 0.00231

P2 is also equal to 1, these equilibrium points are labeled the equilateral or triangular

Lagrange or libration points and are located at L4,5. Using simple trigonometry, it

is easy to establish that ye = +
√

3/2 for L4, that ye = −
√

3/2 for L5, and that

xe = µ− 1/2 for both points [82].

5.1.2 The bi-circular restricted four-body system

Many forms of a restricted four-body model are available. In general, these various

formulations are classified as coherent and non-coherent. For the former, the locations

of the three massive primaries conform to Newton’s law of gravitation and are often

represented via a series approximation [173, 182]. For the latter, the locations of the

bodies do not satisfy Newton’s law of gravitation, but do provide an approximation

for the locations of the massive primaries that is sufficient to yield useful results.

For the present discussion, a non-coherent bi-circular restricted four-body (BCR4B)

system is adequate.

The BCR4B model, like the CR3B model, assumes that two primaries are fixed in

a reference frame that rotates with respect to inertial space [173, 182, 183]. A third,

massless particle is free to move within the system. In the BCR4B regime, a fourth

massive primary moves in a circular fashion in a frame fixed to the first two primaries

and rotating with respect to inertial space. A standard representation of the BCR4B
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model appears in Fig. 5.2. In the model, a rotating reference frame, R, comprising
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Fig. 5.2: Reference frames for the BCR4B model.

{
x̂ ŷ ẑ

}T

, is attached to the Earth and the Moon, and rotates about the Earth–

Moon barycenter, b. A second frame is also defined with an origin at point b and

rotates with the Sun about the system barycenter B; this frame is labeled F and

comprises
{

x̂′ ŷ′ ẑ′
}T

. The R frame completes one rotation with respect to the

F frame each synodic month (29.5 days) and one rotation with respect to the inertial

frame, I, each sidereal month (27.3 days). The rotation rate of R with respect to F

is labeled Ω, and the rotation rate of F with respect to I is labeled θ̇; both rates are

assumed constant. For consistency, the vector from the Sun to the particle is labeled

r4 in this and all subsequent models. The vectors from the Earth to the particle and
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the Moon to the particle are r1 and r2, respectively. Following Guzmán [182], the

equations of motion for a particle, p, with respect to point B in the F frame are

F
ẍ′ − θ̈y′ − 2θ̇(

F
ẏ′) + Ux′ = fx′ (5.5)

F
ÿ′ + θ̈x′ + 2θ̇(

F
ẋ′) + Uy′ = fy′ (5.6)

F
z̈′ + Uz′ = fz′ (5.7)

where an applied force, f , equals 0, unless otherwise noted. Recall that the left

superscript F indicates a derivative in that rotating frame. The position vector of

the particle, as expressed in terms of coordinate frame F , is R =
{
x′ y′ z′

}T

. In

the bi-circular model, θ̈ = 0. A pseudo-potential term U possesses the gradients

Ux′ = −θ̇2x′ +
µs
r3

4

(
x′ +

1

1 + µs

)
+

1− µ
r3

1

(
x′ − µs

1 + µs
+ µ cos Ωt

)

+
µ

r3
2

(
x− µs

1 + µs
− (1− µ) cos Ωt

)
(5.8)

Uy′ = −θ̇2y′ +
µs
r3

4

y′ +
1− µ
r3

1

(y′ + µ sin Ωt) +
µ

r3
2

(y′ − (1− µ) sin Ωt) (5.9)

Uz′ =

(
µs
r3

4

+
1− µ
r3

1

+
µ

r3
2

)
z′ (5.10)

System parameters are nondimensionalized such that the Earth–Moon distance is

Rem = 1, the rotation rate of the R frame with respect to the I frame is 1, and the

sum of the gravitational parameters of the Earth (1− µ) and the Moon (µ) is also 1.

Consequently, θ̇ = 1 − Ω, the period of one revolution of the R frame with respect

to the I frame is 2π, the distance from the Sun to the Earth–Moon barycenter is

RSb = 389.17 nondimensional distance units, or 1 AU (astronomical unit), and the

gravitational parameter of the Sun is µs = 328900.6 nondimensional units.

To explore the effect of the Sun on the Earth–Moon L1,2 points, the BCR4B model

serves as a framework. For this application, the equations of motion are formulated

in the R frame, where the Earth and the Moon are fixed and Sun moves in a circle,

clockwise about the system, at a constant rate Ω, as illustrated in Fig. 5.3. The Sun is

assumed to be sufficiently far from the Earth–Moon system such that−r4 is effectively

parallel to rbB and rbS. The vector equation of motion is similar to Eq. (2.6), but
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Fig. 5.3: Bi-circular restricted four-body model in the Earth–Moon rotating frame.

includes an additional term to accommodate the gravitational attraction from the

Sun, that is,

Ra + 2
(
IωR × Rv

)
+ ∇U(r) + a4 = f (5.11)

where ∇U is defined in Eq. (2.7), the applied force f = 0, unless otherwise noted,

Ra =
{

Rẍ Rÿ Rz̈
}T

, Rv =
{

Rẋ Rẏ Rż
}T

, and the gravitational contribution

from the Sun is

a4 = µs

((
x4

r3
4

+
rbBx

r3
bB

)
x̂ +

(
y4

r3
4

+
rbBy

r3
bB

)
ŷ +

(
z4

r3
4

+
rbBz

r3
bB

)
ẑ

)
(5.12)

Note that motion described by the vector differential equation in Eq. (5.11) is ref-

erenced to b. In the CR3B model, b is fixed. In the BCR4B model, b moves with

respect to the inertial frame. The pair of terms in each component of in Eq. (5.12)

(for example, x4
r34

+
rbBx

r3bB
) incorporates the effect of solar gravity on a particle moving

about b. The first term in each pair is the direct effect of solar gravity on the particle

and the second is the indirect effect, because the Sun affects the motion of b. This
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formulation is analogous to the familiar relative equation of two-body motion for the

movement of a particle about a central body and where the effects of additional bodies

are accommodated as perturbations [83,85,184]. In Eq. (5.12),

rbB =
µs

1 + µs
rbS (5.13)

r4 = r− rbS

= (x+ AU cos Ωt) x̂ + (y − AU sin Ωt) ŷ + zẑ (5.14)

rbs = −AU cos Ωtx̂ + AU sin Ωtŷ + 0ẑ (5.15)

where AU is one astronomical unit, approximately 149.6 million kilometers.

To determine instantaneous equilibrium points, and consistent with the CR3B

system, the acceleration and velocity terms, a and v, are set to zero in Eq. (5.11) to

determine equilibrium solutions in the BCR4B system. Employing the locations of

the Lagrange points from the CR3B model as initial guesses, the instantaneous La-

grange points in the BCR4B model are determined via an iterative procedure. Note

that, unlike in the CR3B model, a particle positioned at an instantaneous equilibrium

solution will not remain stationary, and, as such, that position is not a true equilib-

rium solution. However, these solutions are labeled “equilibria” for purposes of this

analysis. As expected, the solar gravity perturbs the location of the Lagrange points.

The equilibrium solutions for Eq. (5.11) are functions of the location of the Sun as it

completes its cycle about the Earth and the Moon. The instantaneous locations of

the Lagrange points in the vicinity of the Moon as traced by the blue path in Fig. 5.4

are particularly relevant. The path for the instantaneous equilibrium solutions com-

pletes two cycles for every one cycle of the Sun about the system. When t = 0 and

the Sun is positioned in the −x̂ direction, the perturbed equilibrium solutions are to

the left of L1,2, as indicated by the red ‘x’ in each plot. As the Sun moves clockwise,

the instantaneous equilibrium solution shifts counter-clockwise, as indicated by the

black arrow in Fig. 5.4. As the Sun completes a quarter cycle (Ωt = 90◦ and is po-

sitioned in the +ŷ direction), the solutions are on the x̂ axis to the right of the L1,2

points. When the Sun completes one half revolution and is aligned on the positive x̂
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Fig. 5.4: Paths of instantaneous equilibria for the Earth–Moon L1,2 points as per-

turbed by solar gravity centered on the L1,2 locations from CR3B model. Note that

the Sun moves in a clockwise direction in this frame.

axis (Ωt = 180◦), the instantaneous equilibrium solutions are nearly at their original

locations on the −x̂ side of the path. A zoom view of the pertinent regions appears

in Fig. 5.5. The location of the instantaneous solution at t = 0 is indicated by a red

‘x’ in each plot. Overall, the distance from each respective Lagrange point, L1 and

L2, to the instantaneous equilibrium solutions in the perturbed model are less than

3% of the relative L1 and L2 distances to the Moon (as listed in Table 5.1).

This double cycle occurs because of the interaction of the direct and indirect

acceleration terms from solar gravity as noted in Eq. (5.12). In the Earth–Moon

system, these terms are nearly equal and opposite in sign for solar gravity, and the

net acceleration from Eq. (5.12) due to solar gravity is approximately two orders

of magnitude smaller than the acceleration due to the gravity of the Earth or the

Moon on a particle in the vicinity of the Lagrange points, as listed in Table 5.2.
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Fig. 5.5: Zoomed view of the paths of instantaneous equilibria for the Earth–Moon

L1,2 points as perturbed by solar gravity to compare the solar-angle cases of 0◦ and

180◦.

Table 5.2: Comparison of gravitational accelerations due to the Earth, Moon, and

Sun in Eq. (5.11) on a particle at the Earth–Moon CR3B L1,2 points

L1 L2

Earth 3.7419 mm/s2 1.9779 mm/s2

Moon 1.4565 mm/s2 1.1779 mm/s2

Sun (average) 0.0203 mm/s2 0.0280 mm/s2

Because of the relative formulation for the solar gravity in Eq. (5.12), the paths for

the instantaneous equilibrium solutions in Fig. 5.4 are counter-clockwise when the

motion of the Sun in this Earth–Moon frame is clockwise. From this perturbation

analysis, it is concluded that trajectories developed in the vicinity of the Moon in the
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Earth–Moon CR3B model are not significantly affected by the gravitational attraction

of the Sun, and, therefore, it is reasonable to neglect solar gravity in this regime when

developing solutions of lower fidelity, including scenarios that involve a solar sail.

5.2 Sample reference trajectories

Five sample reference paths generated via finite-difference methods are selected

to explore the relationship between instantaneous equilibrium surfaces and solar sail

trajectories. These paths are generated within the context of the CR3B model in

reference frame R and appear in Fig. 5.6. Four of the five reference trajectories are

from Fig. 3.10, while a fifth from Fig. 4.4 is included to illustrate a sample counter-

clockwise orbit. In Fig. 5.6, the Moon appears to scale and the two Earth–Moon

Lagrange points near the Moon are included for reference. The initial state of the

spacecraft corresponding to each trajectory is defined to occur when the Sun is along

the −x axis, per Eq. (2.11) and is marked with an ‘x’ in Fig. 5.6. In the royal-blue

orbit below L2, the ‘x’ is located at the southern-most, or minimum z, position along

the orbit. The cyan and red-orange orbits both originate in the region below L2,

while the aqua and dark-blue orbits originate below L1. The initial motion for all five

trajectories is in the −y direction. The arrows along the trajectories represent the

direction of the sail-face normal, û, at a given epoch and form positive dot products

with the sunlight vector, ˆ̀(t). For convenience, these five orbits are assigned numeric

identifiers that appear in Table 5.3. The general vicinity of the orbit, along with the

Table 5.3: Identification numbers for the five sample trajectories

ID No. 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

Location L1 L2 Moon Moon Moon

Rotation CW CW CCW CCW CW
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Fig. 5.6: Five sample reference trajectories below the Moon.

direction of revolution (clockwise, CW, or counter-clockwise, CCW), is listed in the

table as well.

Each trajectory in Fig. 5.6 requires a characteristic acceleration of 1.70 mm/s2.

From recent explorations of the design space, it is apparent that a net character-

istic acceleration of approximately 1.50 to 1.70 mm/s2 is required for an ideal sail
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to maintain the 15◦ elevation-angle constraint in the LSP coverage problem consis-

tently [30, 35, 129]. Only two spacecraft to date, IKAROS and NanoSail-D2, have

achieved orbit and employed a solar sail as their sole source of propulsion [67, 71].

However, as previously noted, a sailcraft that possesses a net characteristic acceler-

ation of 0.58 mm/s2 was designed and ground tested by L’Garde for the New Mil-

lennium Program’s Space Technology 9 competition at NASA [79]; the characteristic

acceleration of the L’Garde sail and structure alone is 1.70 mm/s2. In reality, solar

sailing technology will likely evolve to complement some other type of propulsive de-

vice and leverage a hybrid propulsion system [185]. Nevertheless, if the LSP coverage

problem is addressed solely with a sailcraft, some sail technology advancements are

required to deliver an appropriate characteristic acceleration.

The sailcraft orbits in Fig. 5.6 include minimum elevation angles as viewed from

the LSP of slightly more than 15◦, generally near the extreme y values along each

orbit. Elevation-angle histories as a function of time along each reference trajectory

appear in Fig. 5.7. The dark-blue orbit possesses the most consistent elevation-angle
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Fig. 5.7: Elevation history for the five reference orbits.
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profile, ranging from 15.43◦ and 15.46◦, while the red-orange orbit’s elevation angles

range from 15.18◦ to 48◦.

Application of the FDM algorithm in the CR3B system results in a control profile

expressed in terms of unit vectors defined in the rotating Earth–Moon frame, R.

These vectors are decomposed into pitch and clock angles, α and δ, respectively, with

respect to the Sun-line. Recall that

ˆ̀(t) = cos Ωtx̂− sin Ωtŷ + 0ẑ (5.16)

in the R frame. As illustrated in Fig. 2.3 from Section 2.1, the pitch and clock angles

are evaluated as

α = cos−1(ˆ̀(t) · û) (5.17)

δ = tan−1

(
`1u2 − `2u1

u3

)
(5.18)

where tan−1 is the four-quadrant arctangent function, `1,2 are the first two elements

of the Sun-line vector, ˆ̀(t), and u1−3 are the three components of û. The pitch and

clock angles for the five sample orbits from Fig. 5.6 appear in Fig. 5.8. Note that δ

is periodic and is equal to 180◦ at each half cycle of the orbit, or at the times when

the Sun lies along the x̂ axis, forming a solar-sail mirror configuration as described

in Section 2.2.

These sample trajectories are generated by the FDM process in the Earth–Moon

system. Solar gravity is not incorporated into the model. However, transforming

these solutions into a Sun–Moon rotating frame does lend insight into the dynamics.

Note that the solutions in the Sun–Moon rotating frame are based on gravity from the

Earth and the Moon, as well as solar radiation pressure, but not gravity from the Sun.

These Sun–Moon views of the reference trajectories appear in Fig. 5.9. In this frame,

the sunlight direction remains fixed. Recall that Orbits 1 (aqua) and 2 (royal-blue) are

located under the Earth–Moon L1 and L2 points, respectively. As the Earth–Moon

system rotates in the Sun–Moon frame, these locations and the orbits associated

with them rotate as well. The motion of these orbits is counter-clockwise as evident
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Fig. 5.8: Pitch and clock angles for the five sample orbits.

in Fig. 5.9(a). A spacecraft moving along Orbit 3 or 4 remains on the opposite side of

the Moon from the Sun and moves in a clockwise direction in the Earth–Moon frame,

as depicted in Fig. 5.6(c). In the Sun–Moon rotating frame, these orbits appear to

be located under a fictitious L2 point in the Sun–Moon system. Further exploration

of this observation is beyond the scope of this document but may lead to additional

insights. The dark-blue orbit, which completes one counter-clockwise revolution in

the Earth–Moon frame, completes two revolutions in the Sun–Moon frame. Finally,

note that the arrows that indicate the direction of the sail-face normal are generally

away from the sunlight direction.

5.3 Instantaneous equilibrium in the Earth–Moon rotating frame

Periodic trajectories for space vehicles in the CR3B system are often designed in

the vicinity of the five equilibrium solutions to the nonlinear differential equations

that govern motion in the system. When a solar sail possessing a small characteristic
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Fig. 5.9: Sample trajectories in the Sun–Moon rotating frame.

acceleration is incorporated into a CR3B regime, these five equilibrium point solu-

tions evolve into five three-dimensional artificial equilibrium surfaces originating from

the original Lagrange points. As the sail characteristic acceleration is increased the

surface attached to L3 connects to the surfaces attached to L4 and L5, depending on

the location of the Sun. Further connections of individual surfaces depend on geom-

etry and the value of the sail characteristic acceleration [4, 181]. On these surfaces,

the sail-face normal is aligned in a direction opposite to that of the gravity-gradient

vector associated with the primaries.



123

In the Sun–Earth system, this equilibrium surface is fixed relative to the frame

rotating with the Sun–Earth line. In the Earth–Moon system, however, the Sun’s rays

are constantly moving with respect to the Earth–Moon gravitational field, generating

a surface of instantaneous equilibrium locations that are time variant. Similar to the

instantaneous solutions in the BCR4B system, these solutions are labeled “equilib-

ria” for purposes of this analysis, despite not being true equilibrium solutions in the

stationary sense of the term. McInnes discusses short-term (approximately 3-hour)

solutions on an Earth–Moon equilibrium surface by assuming they are fixed over such

a time span [4]. Forcing a spacecraft to follow this instantaneous equilibrium surface

for longer times necessarily violates the concept of equilibrium.

Some investigations into the motion of solar sails in the Earth–Moon regime exam-

ine these instantaneous equilibrium surfaces as starting points for generating periodic

orbits [4, 181]. In the present investigation, solutions are developed via numerical

techniques without regard to equilibrium solutions. However, overlaying the result-

ing trajectories on corresponding instantaneous equilibrium surfaces provides insight

into the underlying dynamical structure that governs the motion in the system.

Generating an instantaneous equilibrium surface for solar sails in the Earth–Moon

CR3B regime assumes that the velocity and acceleration terms in Eq. (2.6) are equal

to zero, that is,

∇U(r) = as(t) (5.19)

Equation (5.19) is combined with Eq. (2.8) and rearranged to solve for the required

characteristic acceleration as a function of position and time, that is,

ac(r, t) =
|∇U(r)|3a∗

(
ˆ̀(t) ·∇U(r)

)2 (5.20)

where a∗ is the system characteristic acceleration from Eq. (2.4). Using a grid of lo-

cations for r, the results from applying Eq. (5.20) are then contoured, consistent with

various values of ac, to reveal equilibrium solutions for sails with different characteris-

tics. Contouring in three dimensions reveals that the set of instantaneous equilibrium

solutions for a given ac is best described as a surface.
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For any non-zero value of ac, the surface evolves as the Sun direction changes in the

Earth–Moon frame. To demonstrate this evolution, ac is selected to be 1.70 mm/s2.

Initially, at Ωt = 0, an in-plane equilibrium torus wraps around the Earth.1 A

second, smaller, equilibrium surface exists on the far side of the Moon. Motion in

the vicinity of the Moon is of particular interest in this investigation, and the five

sample trajectories from Section 5.2 overlay the instantaneous equilibrium surfaces

appearing in Figs. 5.10 to 5.15. In the figures, the sunlight direction (originating

at the Sun), or the Sun-line, is represented by the large black arrow, the Moon is

centered at the origin of the coordinate system. The location and orientation of a

sailcraft appears as a colored plane along each trajectory at the time associated with

the specified direction of the Sun-line. The Moon, as well as the L1 and L2 points

from the Earth–Moon CR3B regime, are included for scale. A view of the evolution

of these surfaces for ac = 1.70 mm/s2 that includes the Earth and the Moon appears

in Appendix C.

Some observations regarding the motion of a sailcraft as related to the evolution

of these equilibrium surfaces are apparent from the figures. First, observe that the

motion of the vehicle along the reference orbits is initially in the −ŷ direction, as is

the “motion” of the equilibrium surface. When the angle of the Sun-line approaches

and recedes from 90◦ and 270◦, both the vehicle and the surface are located on the

opposite side of the Moon from the Sun. In fact, the location of the vehicle appears

to track the “bulkier” portion of the surface. The vehicle is not necessarily connected

to the surface at any time, but it is, in general, located near a point tangential to the

southern (−z) region of the surface at most instants. Although not included in this

document, larger values of ac correspond to larger volumes enclosed by these surfaces,

and smaller characteristic accelerations correspond to smaller volumes. Established

in Section 4.4.1, larger minimum elevation angles correspond to larger values of ac.

1For larger values of ac, this torus extends in the vertical directions on the Sun side of the Earth–
Moon barycenter [181].
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(a) Ωt = 0◦, 3-D (b) Ωt = 0◦, xy view

(c) Ωt = 30◦, 3-D (d) Ωt = 30◦, xy view

Fig. 5.10: Instantaneous equilibrium surfaces in the Earth–Moon system for a sail

with ac = 1.70 mm/s2 corresponding to solar angles of 0◦ and 30◦.



126

(a) Ωt = 60◦, 3-D (b) Ωt = 60◦, xy view

(c) Ωt = 90◦, 3-D (d) Ωt = 90◦, xy view

Fig. 5.11: Instantaneous equilibrium surfaces in the Earth–Moon system for a sail

with ac = 1.70 mm/s2 corresponding to solar angles of 60◦ and 90◦.
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(a) Ωt = 120◦, 3-D (b) Ωt = 120◦, xy view

(c) Ωt = 150◦, 3-D (d) Ωt = 150◦, xy view

Fig. 5.12: Instantaneous equilibrium surfaces in the Earth–Moon system for a sail

with ac = 1.70 mm/s2 corresponding to solar angles of 120◦ and 150◦.
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(a) Ωt = 180◦, 3-D (b) Ωt = 180◦, xy view

(c) Ωt = 210◦, 3-D (d) Ωt = 210◦, xy view

Fig. 5.13: Instantaneous equilibrium surfaces in the Earth–Moon system for a sail

with ac = 1.70 mm/s2 corresponding to solar angles of 180◦ and 210◦.
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(a) Ωt = 240◦, 3-D (b) Ωt = 240◦, xy view

(c) Ωt = 270◦, 3-D (d) Ωt = 270◦, xy view

Fig. 5.14: Instantaneous equilibrium surfaces in the Earth–Moon system for a sail

with ac = 1.70 mm/s2 corresponding to solar angles of 240◦ and 270◦.
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(a) Ωt = 300◦, 3-D (b) Ωt = 300◦, xy view

(c) Ωt = 330◦, 3-D (d) Ωt = 330◦, xy view

Fig. 5.15: Instantaneous equilibrium surfaces in the Earth–Moon system for a sail

with ac = 1.70 mm/s2 corresponding to solar angles of 300◦ and 330◦.
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The characteristic acceleration, the minimum elevation angle and the extent of the

equilibrium surface south of the Earth–Moon plane all appear to be related.

Instantaneous equilibrium surfaces that incorporate solar gravity, in addition to

the effect of a solar sail, in a BCR4B model are nearly identical to the surfaces high-

lighted in Figs. 5.10 through 5.15. It is not expected that trajectories developed in a

BCR4B system will differ significantly from those developed in the CR3B system. For

an appropriate comparison to Figs. 5.10 through 5.15, the sample trajectories should

be recalculated in the BCR4B model and overlayed on the solar-gravity surfaces.

Recall, however, that the acceleration from solar gravity is approximately 100 times

smaller than that from the Earth, the Moon, or for a sail that possesses a characteris-

tic acceleration of ac = 1.70 mm/s2. Given this limited but increased understanding

of the solution, trajectories must be simulated for actual flight. Experience in this

model suggests that a direct transition to an ephemeris-based model may be possible.

The use of solutions generated in the Earth–Moon CR3B model to initialize an FDM

process for generating solutions in a formulation based on the ephemeris positions of

solar system bodies is explored in the next chapter.
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6. TRANSITION TO AN EPHEMERIS-BASED MODEL

When developing spacecraft trajectories to support various mission scenarios, design-

ers frequently use experience and straightforward physical models as the basis for an

orbit concept. Keplerian ellipses are appropriate approximations in two-body systems

with small perturbations. Dynamical systems theory can be employed to supply a

framework in a multi-body regime where transfers between orbits in the vicinity of the

Lagrange points are designed within the context of the circular restricted three-body

(CR3B) system [101,186]. Both of these approaches are transitioned to full ephemeris

dynamical environments, and the resulting trajectories resemble trajectories from the

lower-fidelity models.

The trajectory design problem is further complicated when the additional force

from a solar sail is incorporated. To address the challenge of solar sail mission design

in a multi-body regime, various authors employ numerical techniques to generate both

the path and the associated control profile for the solar sail while relying on relatively

crude initial guesses for both the trajectory and the maintenance strategy [30,34,129].

The finite-difference method (FDM) approach to the solving the lunar south pole

coverage problem with a solar sail spacecraft within the context of a CR3B dynamical

environment including terrestrial and lunar gravity, as well as solar radiation pressure,

is documented in Chapter 3.

The solutions from Chapter 3, however, are incomplete. To model the motion of

the vehicle for a mission scenario properly, solutions from the simpler model must

be transitioned to a higher-fidelity model, such as one based on ephemeris positions

and the gravitational effects of the Earth, the Moon, and the Sun [30]. Because the

effect of solar gravity on the instantaneous equilibrium surfaces in the Earth–Moon

system is minor, a direct transition to an ephemeris-based model and bypassing a bi-

circular restricted model that incorporates solar gravity is possible. Additional effects
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from other solar system bodies may also be included. Furthermore, higher-fidelity

reflectivity models for the sail can also be introduced. For the current investigation,

the sample trajectories identified in Section 5.2 are used to initialize an FDM process

that is based on the ephemeris locations of the Sun, the Earth, and the Moon. The

procedure employed to transition the solutions from the Earth–Moon CR3B system to

the higher-fidelity model, as well as the results of that transition, are detailed below.

Error properties for the FDM scheme discussed in Section 3.3.1 apply to the FDM

scheme developed for the inertial, ephemeris model as well. The FDM algorithm is

demonstrated to be a viable tool for generating trajectories in high-fidelity models.

6.1 Transition to inertial, ephemeris model

The advantage of developing trajectories in the Earth–Moon CR3B system is that

periodicity is constrained and the resulting orbits are bounded. Orbits that are ex-

actly periodic are not possible within the context of an ephemeris model. However,

the periodic orbits from the simpler system can be employed to initialize an FDM

process in the higher-fidelity model. Two challenges are encountered during an im-

plementation of such a transition. First, the CR3B solution must be transformed

into the appropriate path in the inertial frame. Given the new path, it is equally

important to formulate an FDM algorithm properly to generate a viable solution.

6.1.1 Transforming the CR3B solution into an inertial, ephemeris frame

Prior to transitioning a CR3B system to an ephemeris-based model, an appropriate

ephemeris must be selected. For this investigation, the Jet Propulsion Laboratory

(JPL) planetary and lunar ephemeris DE 421 is employed, which supplies the orbits

of the Sun, planets (including Pluto), and the Moon for the years 1900–2050 [187].

This ephemeris is an improvement on previous ephemerides such as the DE 418 [188]

and the widely used DE 405 [187] and is “recommended for lunar missions” [189];
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lunar ephemerides in the DE 421 ephemeris are available to sub-meter accuracy.

However, any of these three ephemerides are sufficient to demonstrate the process.

The ephemerides are loaded into the algorithm using MATLAB®-based SPICE

routines, or MICE, available from the JPL Navigation and Ancillary Information

Facility (NAIF) [190]. Other publicly available SPICE kernels are also employed in

this analysis and are listed in Table 6.1 in the order in which they are loaded into the

MATLAB® environment.1

Table 6.1: SPICE kernels used in the high-fidelity simulation

Kernel Description

naif0009.tls Leap second kernel file

pck00009.tpc General planetary constants kernel (PCK) file

de-403-masses.tpc GM/mass kernel file (based on DE 403, no

update for DE 421)

de421.bsp Binary planetary and lunar ephemeris

moon pa de421 1900-2050.bpc Binary PCK file for the Moon (lunar

orientation, etc.)

moon 080317.tf Kernel containing lunar frame specifications

compatible with moon pa de421 1900-2050.bpc

To begin the transformation from the solution in the Earth–Moon CR3B regime

into an ephemeris-based model, a date is identified when the Moon is in opposition

(for example, 15 July 2011, 06:15:41.796 ephemeris time, ET; this time is denoted

as t0 subsequently) to most closely match the initial conditions of the orbit from the

CR3B model. Multiple revolutions from the CR3B orbit are generated by repeating

the periodic path any number of synodic months. Although different characteristic

1All files are current as of 2 July 2011 and are located in the subdirectories of
ftp://naif.jpl.nasa.gov/pub/naif/generic kernels/.
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lengths and masses are employed to generate the CR3B trajectories, the distance

from the Earth to the Moon, L∗ = 385156.4 km, is frozen at this value once this date

is selected. Additionally, all other reference dimensions and gravitational parameters

are obtained from the files appearing in Table 6.1. Based on these dimensions and

parameters, the nondimensional path from the CR3B model is dimensionalized and

the nondimensional time associated with each state is converted to seconds past

the J2000 epoch (1 January 2000, 12:00:00 ET). If appropriate, the states from the

reference path can be interpolated.

Rotating the reference path to the ephemeris-based inertial frame employs the

instantaneous position and velocity of the Moon with respect to the Earth from the

ephemeris data. Let H be the inertial reference frame corresponding to a particular

set of ephemerides (i.e., the Earth-mean-equator or Earth-mean-ecliptic at the J2000

epoch) and let rHme,i and vHme,i be the position and velocity vectors, respectively, of the

Earth with respect to the Moon obtained from ephemeris data in this inertial frame

at each epoch, ti, corresponding to the reference path data. A set of unit vectors are

constructed based on rHme,i and vHme,i, that is,

X̂H
i = − rHme,i

‖rHme,i‖
, ẐH

i =
rHme,i × vHme,i
‖rHme,i × vHme,i‖

, ŶH
i = ẐH

i × X̂H
i (6.1)

The instantaneous rotation rate vector of the R frame attached to the Earth and the

Moon with respect to the H frame is

HωRi =
rHme,i × vHme,i
‖rHme,i‖2

(6.2)

=
‖rHme,i × vHme,i‖
‖rHme,i‖2

ẐH
i (6.3)

Finally, a matrix that rotates a spacecraft state consisting of the position and velocity

at ti from the R frame to the H frame is

HTR
i =


 Ci 0

d
dt

Ci Ci


 (6.4)
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where

Ci =
[

X̂H
i ŶH

i ẐH
i

]
(6.5)

d

dt
Ci =

[
HωRi × X̂H

i
HωRi × ŶH

i
HωRi × ẐH

i

]
(6.6)

A rotation from the H frame to the R frame uses the inverse of HTR
i . These rotations

are necessary because the orientation with Earth–Moon orbital plane is offset from

the ecliptic plane, ranging between 4.99◦ and 5.30◦ for the three years after t0 (or

between 18.94◦ and 23.36◦ with respect to the Earth-mean-equatorial plane for the

same period). An assumption that the Earth, the Moon, and the Sun all lie in the

same plane leads to a less accurate initialization of the numerical process (e.g., the

FDM algorithm) that is formulated in terms of ephemeris locations of the specified

bodies. All vectors highlighted in this chapter are expressed in the H frame, and,

for simplicity, superscript H is dropped from the notation for the remainder of this

chapter.

After rotating the states from the CR3B reference paths to the inertial frame

and prior to executing the FDM process to refine those paths based on ephemeris

information, the locations of the Sun, the Earth, and the Moon are extracted from

the ephemeris file at each epoch, ti, and the position vectors are repositioned to

originate at a base point at the instantaneous location of the Moon. Additionally,

the direction from the center of the Moon to the lunar south pole at each epoch is

determined by invoking cspice pxform(). This SPICE function produces a position-

based transformation matrix based on the relative orientation of two reference frames.

If the arguments into the cspice pxform function are structured so that the result of

cspice pxform produces a transformation matrix from an inertial frame to a Moon-

fixed body frame, the third column of the matrix is the vector to the lunar north pole.

For this application, either a Moon-fixed frame based on the principle lunar inertia

axes or a frame based on the north mean lunar rotation axis is employed. The angle

between these two frames is 0.02885◦, equivalent to approximately 875 m at the lunar

poles. In addition to the average 5.16◦ offset between the Earth–Moon orbital plane
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and the ecliptic, the angle between the equatorial plane of the Moon and the ecliptic

ranges from 1.49◦ to 1.60◦ for the three years following t0. The angle between the

Earth–Moon orbital plane and the equatorial plane of the Moon ranges from 3.70◦ to

3.91◦ during that same period.

6.1.2 Formulating the FDM for an ephemeris-based trajectory

The formulation for the FDM algorithm presented in Section 3.3 requires only

a few significant changes for use in the ephemeris-based inertial frame. The first

modification is the change in the constraint equations. The second change in the

reformulation of the FDM algorithm is an update of the differential equations that

govern motion in the system.

The FDM accommodates both equality and inequality path constraints in both

the CR3B formulation and the ephemeris-based formulation. When the reference

trajectories are generated in the CR3B model, the elevation-angle constraint includes

a margin to accommodate differences in frame alignment and dynamical character-

istics in comparison to an ephemeris-based model. In the high-fidelity formulation,

the elevation-angle constraint is relaxed. The form of the constraint in described by

Eqs. (3.38) is also generalized to incorporate the correct alignment of the lunar south

pole direction as observed from the inertial frame. The new constraint equation is

Emin ≤ arcsin

(
rop · r̂mo
rop

)
(6.7)

where the term on the left is the new elevation angle, rmo is the vector from the

center of the Moon to the lunar south pole, and rop is the vector from the lunar south

pole to the vehicle. The minimum elevation angle is Emin. These vectors and angles

appear in Fig. 6.1. The attitude constraint from Eq. (3.40) and the unit magnitude

constraint on the control vector from Eq. (3.36) remain, but the altitude constraint is

neglected because locations along all of the reference paths are sufficiently close to the

Moon for this investigation. Additionally, because the solution will not be periodic

in the ephemeris-based inertial system, the periodicity constraint is also eliminated.
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Fig. 6.1: Vectors employed in the Moon-centered equations of motion and vectors for

the elevation-angle constraint (in green).

A new formulation of the equations of motion is also required when searching for

trajectories in an ephemeris-based model. To establish this new dynamical model,

the Moon is defined as the origin of the coordinate system, and the Sun and the Earth

are assumed to move relative to that point. The vector form of the familiar two-body

relative equation of motion with perturbations from the gravitational effects from

other celestial bodies [83,85,184], as well as the acceleration due to an ideal solar sail,

is

r̈mp +
G(mp +mm)

r3
mp

rmp = Gme

(
rpe
r3
pe

− rme
r3
me

)
+Gms

(
rps
r3
ps

− rms
r3
ms

)

+ ac

(
AU

rps

)2

cos2 αû (6.8)

where G is Newton’s gravitational constant and mp is the mass of the sail, which

is negligible compared to the mass of the Moon, mm. The mass of the Earth and

the Sun are me and ms, respectively. All vectors in Eq. (6.8) appear in Fig. 6.1;
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note that the path is written in terms of rmp after the transformation to the inertial

coordinate frame. Only the gravitational effects of the Sun, the Earth, and the Moon

are incorporated in the equations of motion in this demonstration. Effects from other

bodies are considered negligible. The average gravitational contributions due to the

Moon and other possible, significant solar system bodies on the path of a particle

following the dark-blue orbit are listed in Table 6.2 to highlight the scale of the

Table 6.2: Average gravitational acceleration contributions from selected solar system

bodies for a particle along the dark-blue reference trajectory in Fig. 5.6.

Moon 1.58 mm/s2 0.213 (nondimensional units)

Earth 0.58 mm/s2 0.580

Sun 3.24× 10−3 mm/s2 1.192× 10−3

Jupiter 3.61× 10−8 mm/s2 1.329× 10−8

Venus 1.64× 10−9 mm/s2 6.016× 10−10

contributions of the three bodies used in this simulation on the motion of the sail

compared to neglected solar system bodies. It is noted that the model is not truly

coherent without these effects. State-variable and constraint vectors are formulated

similar to Eqs. (3.17) and (3.32), respectively, and the new Jacobian, DF(X), is

developed accordingly.

The period of each trajectory is no longer constrained, and an extrapolation of

neighboring numerically determined accelerations is employed for calculating ã1 and

ãn (e.g., ã1 is a function of r1 to r4 and ãn is a function of rn−3 to rn). Partial

derivatives of these accelerations with respect to position elements at neighboring

nodes are tractable analytically for a linear extrapolation of the numerically derived

acceleration values at two neighboring nodes. Recall that each ãi is based on the

position vectors ri−1, ri, and ri+1; therefore, ã1 is a function of r1, r2, r3, and r4 and
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ãn is a function of rn−3, rn−2, rn−1, and rn when these numerical accelerations are

linearly extrapolated.

An important observation concerning the FDM scheme is notable when computing

the Jacobian matrix. For the FDM scheme in this high-fidelity simulation, as well as

the corrections process in the CR3B simulation, developing the partial derivatives for

the Jacobian matrix analytically is generally straightforward; these partial derivatives

are often available in a compact form. In the current simulation, ã1 and ãn are

extrapolated based on higher-degree polynomials and more node points than those

employed for a linear extrapolation. Only in the case where higher-degree polynomials

are employed are any partial derivatives, specifically, ∂ã1

∂r
and ∂ãn

∂r
, determined by

numerical techniques, which increase convergence times compared to formulations

based purely on analytically calculated the partial derivatives. In this application,

however, the computational cost is not significant and numerically calculating these

specific partial derivatives is warranted to improve the accuracy of the solution.

A final pre-processing step is recommended prior invoking the FDM algorithm,

that is, the nondimensionalization of all quantities from the planetary ephemerides

and the spacecraft trajectory. With nondimensional quantities, partial derivatives of

the accelerations with respect to positions, ∂a
∂r

, possess orders of magnitudes similar

to the corresponding acceleration level. Using dimensional values leads to a poorly

conditioned Jacobian matrix, DF(X), in which the orders of magnitude of the ele-

ments corresponding to acceleration terms in the matrix are scaled approximately by

a factor of 10−6 when compared to a similar nondimensional formulation, and, thus,

the algorithm does not converge on a solution when using dimensionalized values.

6.2 Sample trajectories transitioned to an ephemeris-based model

One advantage of developing trajectories in the context of the Earth–Moon CR3B

regime is that the model incorporates the gravitational contributions from the Earth

and the Moon as well as the effect of solar radiation pressure on the sailcraft. The
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use of this framework reflects an assumption that this idealized CR3B system is a

reasonable simplification of a higher-fidelity model. One such model is based on the

ephemeris positions of the Earth and the Moon as well as solar ephemeris positions

and solar gravity. A test of the utility of the CR3B assumption is to use a solution

developed in that regime to initialize a trajectory generation process in a higher-

fidelity model such that the resulting high-fidelity solution resembles the original

CR3B solution.

Each of the five sample orbits from Section 5.2 is employed successfully to gen-

erate new trajectories based on an ephemeris model. Using the inverse of HTR
i from

Eq. (6.4) at each epoch, the results from the FDM scheme are transformed into a

Moon-centered frame that is based on the instantaneous position and velocity of the

Earth with respect to the Moon. Results for a one-month simulation initiating on 15

July 2011 06:15:41.796 ET appear in Fig. 6.2. The locations of L1 and L2 from the

CR3B formulation are included in the figure for a comparison of the ephemeris-based

results to their corresponding solutions in the CR3B model. Note that the locations

of L1 and L2 are instantaneous in the Moon-centered rotating frame. Because peri-

odicity is not constrained, the orbits in Fig. 5.6 do not close during the one-month

simulation. An “x” marks the position of the spacecraft at this initial epoch along

each trajectory.

While each solution converges and appears similar to the initial guess supplied

by the CR3B result, key orbital characteristics differ between the ephemeris-based

results and the CR3B solutions used to initialize the FDM algorithm based on the

high-fidelity model. The elevation-angle history for the five reference orbits appears in

Fig. 6.3, and the associated pitch and clock angle profiles appear in Fig. 6.4. Recall

the definitions of sail pitch and clock from Eqs. (5.17) and (5.18). Simulations do

not converge for any sample orbit when the elevation-angle constraint is 15◦. Be-

cause of the higher-fidelity geometric information is available when incorporating the

ephemeris data, a lower elevation-angle constraint is allowable. For this simulation, all

orbits reconverge in the ephemeris-based model with a 9◦ elevation-angle constraint.
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Fig. 6.2: One-month simulation of five sample trajectories as viewed relative to a

Moon-centered rotating frame (cf. Fig 5.6).

Sail pitch and clock angles as determined in an ephemeris model also differ when

compared to the respective angles from the CR3B results. Sail pitch is still defined

as the angle between ˆ̀(ti) and ût and δ is measured from the instantaneous angular

momentum vector of the Earth–Moon system about the Sun-line. Note that ˆ̀(ti)
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Fig. 6.3: Elevation history for the five reference orbits from the one-month simulation

(cf. Fig. 5.7).
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Fig. 6.4: Pitch and clock angles for the five sample orbits from the one-month simu-

lation (cf. Fig. 5.8).
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and the instantaneous angular momentum vector of the Earth–Moon system are not

necessarily orthogonal. The general trend of the profiles for α and δ in Fig. 6.4 are

similar to those appearing in Fig. 5.8. However, the maximum pitch angle associated

with the red-orange orbit is improved (i.e., reduced) in the ephemeris-based model

which may increase the viability of this orbit.

The FDM algorithm is adaptable for any simulation length. Results from a thirty-

six-month simulation appear in Figs. 6.5 through 6.7. To illustrate the elevation

angles, as well as the pitch and clock angles, only the first 180 days (6 months)

of data appear in the Figs. 6.6 and 6.7. One immediate observation from a longer

simulation involves the first and last revolutions. The “bounding” revolutions pos-

sess segments that extend beyond the quasi-periodic region that defines the balance

of the trajectory, even when a more accurate numerical model for the acceleration

components is incorporated at the first and the last nodes in the FDM algorithm.

It is common practice to include an extra revolution prior to and after the time of

interest when performing the simulation when the first and last points are uncon-

strained, then to discard those revolutions as superfluous to a high-fidelity reference

path. The algorithm uses those initial and final locations to increase flexibility, and

transfer trajectories are connected to locations along the reference path interior to

these nodes.

Further improvement in model fidelity is possible. Effects from additional solar

system bodies are easily incorporated into the differential equations and subsequent

partial derivatives of the finite-difference method. However, prior experience suggests

that these effects are minor in comparison to improvements in the sail reflectivity

model and the incorporation of disturbances due to lunar and terrestrial spherical

harmonics. An optical model (Appendix A) represents the next level of fidelity in

the spacecraft model. Further improvements to the solar sail reflectivity model incor-

porate sail deformation and manufacturing defects [6,149,191]. Additionally, higher-

fidelity numerical methods improve the numerical precision of the solution [30,95,129].

The solutions from this ephemeris model demonstrate that the FDM algorithm is
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Fig. 6.5: Thirty-six-month simulation of five sample trajectories as viewed relative to

a Moon-centered rotating frame.

useful for improving the accuracy of lower-fidelity solutions. Despite the accuracy or

precision employed in the determination of a reference trajectory, however, the flight

path of a spacecraft following that reference orbit must be controlled.
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Fig. 6.6: Elevation history for the five reference orbits from the thirty-six-month

simulation; only the first 180 days are plotted.
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Fig. 6.7: Pitch and clock angles for the five sample orbits from the thirty-six-month

simulation; only the first 180 days are plotted.
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7. FLIGHT-PATH CONTROL FOR SOLAR SAIL

SPACECRAFT

Designing reference trajectories and understanding their fundamental dynamics are

necessary first steps toward flying sailcraft in dynamically complicated regimes, such

as an environment simultaneously influenced by the gravity of multiple bodies. How-

ever, the existence of a reference orbit alone is insufficient for flight. The spacecraft

must be controlled to follow the reference trajectory. Regardless of the accuracy at-

tained for a path, or the precision of the numerical method employed, no spacecraft

exactly follows the intended path. Model uncertainty, mis-modeling, and model fi-

delity associated with both the space vehicle and its environment all contribute to

perturb the spacecraft trajectory. Furthermore, unless the equations of motion are

analytically solvable, any numerical strategy is limited and only solves the equations

of motion approximately. When the orbit is unstable, true for an offset lunar solar

sail orbits as determined in this investigation, the sailcraft must be controlled to the

follow the reference path; otherwise, a slight deviation from the path often leads to a

trajectory that rapidly diverges from the desired course. Three families of strategies

for sailcraft flight-path control are examined in this Chapter.

The five sample trajectories introduced in Section 5.2 are employed to test the

various controllers. In this analysis, a finite-difference method (FDM) is employed to

generate reference trajectories. It is presumed that if a controller maintains an actual

trajectory to follow a reference path that is generated by an FDM in a CR3B regime,

it may lend insight into designing a controller for a more realistic, highly accurate

trajectory modeled in a higher-fidelity ephemeris regime as well as an expanded model

that incorporates other errors.
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7.1 Solar sail attitude in an inertial frame

For all of the control strategies in this investigation, the goal is an attitude that

remains fixed inertially over a specified time interval. Thus, the orientation of the

spacecraft is best represented as a set of angles measured with respect to an inertially

fixed frame. Recall that the acceleration contributed by the sail is evaluated as

as(t) =
ac
a∗

(ˆ̀(t) · û)2û (7.1)

In terms of coordinates defined for the inertial frame, I, the sunlight vector can be

written as

ˆ̀(t) = cos(t− Ωt)X̂ + sin(t− Ωt)Ŷ + 0Ẑ (7.2)

where the normalized rotation rate of the Earth–Moon frame with respect to the

inertial frame is equal to one, i.e., ‖IωR‖ = 1, Ω is the ratio of the sidereal to synodic

periods, and time, t, remains nondimensional such that the period of primary motion

in the Earth–Moon system is 2π.1 The sail pointing vector is also expanded in terms

of inertially fixed unit vectors using spherical coordinates, that is,

û = uXX̂ + uY Ŷ + uZẐ (7.3a)

= cosφ cos θX̂ + cosφ sin θŶ + sinφẐ (7.3b)

where φ and θ are latitude and longitude angles, respectively, defined in terms of the

fixed inertial frame as illustrated in Fig. 7.1. In terms of the rotating working frame,

R, the sail pointing vector is

û = (uX cos t+ uY sin t) x̂ + (uY cos t− uX sin t) ŷ + (uZ) ẑ (7.4)

where uX , uY , and uZ are the three inertial components of the pointing vector in

Eq. (7.3). The sail acceleration from Eq. (7.1) is formulated in the working (rotating)

frame using inertially defined pointing vectors,

as(t) =
ac
a∗

(uX cos(t− Ωt) + uY sin(t− Ωt))2





uX cos t+ uY sin t

uY cos t− uX sin t

uZ





(7.5)

1The sunlight vector ˆ̀(t) is parallel to r4 from Fig. 5.2.
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Fig. 7.1: Sail pointing vector in terms of inertially defined latitude and longitude

angles (cf. Fig. 2.3).

The attitude profiles in inertial latitude and longitude angles for the five reference

orbits from Section 5.2 are plotted in Fig. 7.2. Note that longitude angle, θ, increases

by 29.12◦ degrees over one period for each orbit, consistent with the motion of the

Earth–Moon system about the Sun over one month. The continuous profile associ-

ated with the red-orange orbit developed in the CR3B regime exhibits the greatest

complexity in that its pitch angle (α from Fig. 3.11) may not be achievable with

a realistic solar sail model (see Appendix A) and that its attitude rates are higher

than those from the other reference orbits. However, it is included in this analysis to

demonstrate the control schemes.

7.2 Turn-and-hold control strategies

The resulting solutions from the augmented finite-difference method described in

Section 3.3 and the collocation solutions from Ozimek, Grebow, and Howell [30,129]

couple a trajectory that meets path constraints with an attitude profile that changes
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Fig. 7.2: Inertially defined latitude, φ, and longitude, θ, angles for the three reference

orbits from Section 5.2.

over time. These attitude profiles are continuously varying because the algorithm

used in their design did not constrain the attitude to be constant over the period of

the orbit or even along shorter segments of the orbit. The dynamics of solar sails

in this regime is not well-understood, and any constraint on the attitude, especially

one that required an inertially fixed attitude, might restrict or prevent the numerical

algorithms from yielding solutions.

With reference trajectories now available, new strategies may be employed to

control a sailcraft along various reference paths. These approaches are employed as

“turn-and-hold” strategies whereby the vehicle remains in an inertially fixed orien-

tation for some predetermined duration before reorienting to a new attitude. These

turn-and-hold strategies employ numerical techniques to solve two-point boundary

value problems. In essence, a discrete controller is applied to a continuous system.

The definitions of some terms used in the numerical formulations are specified for

clarity. A future state along the reference path is selected as a target. The portion of
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the trajectory between the present state and the target is called an arc. An arc may be

decomposed into one or more segments or subarcs, where the boundaries of a subarc

occur when a turn is executed. Thus, the length of an arc is the number of turns

(segments or subarcs) multiplied by the time between turns. The length of a subarc

is measured by the amount of time between the turns that define its boundaries.

The time at which a turn is executed is denoted an event. Because the reference

paths from the FDM are reported at discrete intervals, an Akima cubic-spline [192]

is employed to interpolate the reference attitude profile. The set of orientations, as

well as their associated event times, necessary to achieve the target state at the end

of the arc is labeled a turn sequence or profile.

Along a particular subarc, the sail attitude is fixed (as a consequence, the attitude

is time-varying along the entire arc segment in the Earth–Moon frame). The attitude

can be expressed in terms of latitude, φi, and longitude, θi, angles for subarc i. For

convenience, φi ≡ φ(ti) and θi ≡ θ(ti). The initial guess for the latitude, φi, and the

longitude, θi, for each subarc are the average values from the continuous values of φ

and θ generated over arc segment i from the reference solution. Two strategies for

averaging φ and θ are employed. For the first, a trapezoidal integration from ti to

ti+1 is calculated numerically to generate an initial guess for the fixed latitude and

longitude values for an attitude held from ti to ti+1,

φ0
i =

1

ti+1 − ti

∫ ti+1

ti

φ(t)dt (7.6a)

θ0
i =

1

ti+1 − ti

∫ ti+1

ti

θ(t)dt (7.6b)

For the second strategy, an average is calculated simply based on the values of φ and

θ at ti and ti+1, that is,

φ0
i =

φ(ti+1) + φ(ti)

ti+1 − ti
(7.7a)

θ0
i =

θ(ti+1) + θ(ti)

ti+1 − ti
(7.7b)

Like the reference path, the reference attitude profile from the FDM solution is re-

ported at discrete time intervals that are not necessarily coincident with the epoch
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associated with a turn. Again, an Akima cubic-spline [192] is employed to interpolate

the reference attitude profile. The results from the two sets of averages that are deliv-

ered by Eqs. (7.6) and (7.7) are nearly the same. However, a process initialized by one

average or the other may be more likely to converge, depending on the application.

The attitude profiles from Fig. 7.2 averaged using Eqs. (7.7) over two-day segments

appear in Fig. 7.3. While the latitude profile, φ, is periodic, the longitude profile, θ,
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Fig. 7.3: Averaged values of latitude and longitude for two-day segments.

includes a secular component (as appears in Fig. 7.2) that must not be allowed to

modulate between over 360◦ in a numerical algorithm. Longitude is unwrapped by

changing absolute jumps greater than or equal to π to their 2π complement (MAT-

LAB®’s unwrap function is employed for this purpose [123]).

The criteria for the control schemes are based on the goal to minimize the dis-

tance between the trajectory at some future time (or times) and a target state (or

set of states) along a reference path at that future time(s). Ideally, this distance is

zero in both position and velocity. Similar to the linearization for the FDM prob-

lem in Eq. (3.21), the nonlinear dependence of this targeting constraint on a set of
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control parameters is approximated with a Taylor expansion; higher-order terms are

neglected. The linear approximation appears in the form

F(Xj+1) ≈ F(Xj) +
∂F(Xj)

∂Xj

(
Xj+1 −Xj

)
(7.8)

where X is some vector combination of the controls available to deliver the appropriate

attitude (e.g., attitudes necessary for targeting states along the reference trajectory,

intermediate positions and velocities), F(X) is a set of targeting constraints that de-

pends on the control strategy and dynamical environments, and ∂F(Xj)
∂Xj is the Jacobian

relating the partial derivatives of the constraints to the available controls. The super-

script “j” is an iteration index. Equation (7.8) is rearranged under the assumption

that Xj is in the neighborhood where F(Xj+1) = 0, that is,

Xj+1 = Xj + δX (7.9)

and

δX = −
[
∂F(Xj)

∂Xj

]+

F(Xj) (7.10)

and the superscript “+” indicates a generalized inverse operation, or pseudoinverse.

The type of pseudoinverse depends on the problem formulation. If the number

of elements in F is greater than the number of elements in X (i.e., the Jacobian

contains more rows than columns), then the pseudoinverse leads to a least-squares fit

of the parameters in X to the set of constraints in F. If the procedure converges on a

solution, the pseudoinverse is zero and no change from Xj to Xj+1 will occur. If the

number of elements in both vectors is identical (i.e., the Jacobian is square), a unique

solution to Eq. (7.10) results. Finally, if the number of elements in X exceeds the

number of elements in F (i.e., the Jacobian contains more columns than rows), the

problem is under-constrained and an infinite number of solutions to Eq. (7.10) exist.

The solution is converged when the norm of δX is zero, to within some acceptable

tolerance.

For all iterative processes, convergence is not guaranteed, even in the presence of a

supposedly good initial guess. However, for the cases examined in this investigation,
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a good initial guess originating from the reference trajectories generated by the FDM

is sufficient to initialize a control scheme that allows the spacecraft to track the

corresponding reference trajectory.

The first implementation of the turn-and-hold controller employs a least-squares

fit such that the optimal values of φ and θ are selected to minimize the difference

between the propagated path and the reference path. The second implementation

employs a collocation-based two-point boundary value problem (TPBVP) solver that

delivers three turns per segment such that the positions and velocities at the bound-

aries of the segment match the reference trajectory. A third implementation exploits

multiple-shooting techniques for a system that employs more controls than targeting

constraints.

7.3 Least-squares implementation

The least-squares method is a classical approach for over-determined, or over-

constrained, systems by minimizing the sum of the squares of the residuals between

some estimated values and its desired values. With two controls (φ and θ at the

beginning of the segment) and at least six scalar constraints along the segment (po-

sitions and velocities at future times), a sail cannot supply sufficient control with a

single, fixed attitude over the entire the segment to target a future state. However,

by employing a least-squares solution, the sailcraft can get close to its target state at

some future time along the path.

Given an initial guess for φi and θi, a trajectory is propagated along with a state-

control transition matrix, Ψ(ti+1, ti), from Eq. (2.49), originating at time ti until time

ti+1. The desired final state is compared to the propagated result to determine the

error. The state-control transition matrix maps deviations in φi and θi to deviations
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in the state vector at the end of the segment. This information is reflected in the

following relationship,





δxi+1

...

δżi+1





6×1

= Ψ6×2(ti+1, ti)





δφi

δθi





2×1

(7.11)

where

Ψ(ti+1, ti) =




∂xi+1

∂φi

∂xi+1

∂θi
...

...

∂żi+1

∂φi

∂żi+1

∂θi


 (7.12)

and ∂xi+1

∂φi
is the element of Ψ(ti+1, ti) that maps a deviation in φi to a deviation in

xi+1. The size of each matrix or vector is indicated by a subscript.

The formulation in Eq. (7.11) does not target acceleration states directly; there-

fore, it can sometimes be advantageous to target multiple intermediate positions and

velocities at future times on the interior of an arc bounded by the initial state and

the target state. Time between the intermediate target epochs does not need to be

evenly spaced. Little extra computational cost is required with the incorporation

of these interior states into the least-squares algorithm. The target state is labeled

ti+n/n, and is equivalent to ti+1 (the time of the next turn) in Fig. 7.4; the number

of intermediate target states along the arc is labeled n. Note that the target state at

the end of the arc, ti+n/n, is included in the set of intermediate states for this least-

squares algorithm. In the figure, the reference trajectory is represented with a black

curve and the path resulting from a simulation incorporating the initial guesses for

φi and θi is in red. The residuals between the simulated trajectory and the reference

path at the “future” epochs are indicated with gray arrows. No residual exists at ti

because the controller cannot compensate for initial errors in the path, only future

errors. A best-fit solution for φi and θi that is determined by incorporating these

extra, intermediate targeting constraints can generally track the reference trajectory
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Fig. 7.4: A “turn-and-hold” segment (red) fit through n intermediate target points

along a reference path (black). The attitude is held along the trajectory from ti to

ti+n/n.

more closely at ti+1 (or ti+n/n) and for an extended set of segments. The relationships

in Eq. (7.11) are now written as





δxi+1/n

...

δżi+n/n





6n×1

= Ψ6n×2(ti+1, ti)





δφi

δθi





2×1

(7.13)

where

Ψ(ti+1, ti) =




∂xi+1/n

∂φi

∂xi+1/n

∂θi
...

...
∂żi+n/n

∂φi

∂żi+n/n

∂θi


 (7.14)

As mentioned, a solution to Eq. (7.13) for {δφi δθi}T arises from a weighted least-

squares implementation, that is,





δφi

δθi



 = (ΨTWΨ)−1ΨTW





δxi+1/n

...

δżi+n/n





(7.15)

where W is a diagonal weighting matrix that balances the corrections between the

position and velocity components and the mapping times in the numbered subscripts

on Ψ have been dropped for convenience. The weighting matrices are typically the
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identity matrix. Equation (7.15) is equivalent to the least-squares update associ-

ated with Eq. (7.10). The solution from Eq. (7.15) is used to update φi and θi,

whereby a new path is simulated and compared to the reference trajectory in terms

of
{
δxi+1/n . . . δzi+n/n

}T
. The process is iterated until the values of {δφi δθi}T are

zero, to within some tolerance. Because the correction is based on a least-squares

solution, the elements on the left side of either Eqs. (7.11) or (7.13) (or, alternatively,

within the braces on the right side in Eq. (7.15)) may never converge to zero, but the

sum of the squares of these elements is some minimum value. With a fixed attitude

at ti and multiple intermediate states, acceleration is targeted implicitly at ti+n/n.

Selection of the number of intermediate target states, n, and the length of time

between ti and ti+1 does impact the resulting controlled trajectory. A controller that

targets one or more states with only two controls, rarely, if ever, produces a trajectory

that coincides with a reference path at the time of the scheduled turn at the end of

each arc. However, if the controlled trajectory is sufficiently close to the reference path

at the points when the angles are modified and the orientation is shifted, it is likely

that the controlled solution will adequately track the reference path. Unfortunately,

solutions from the least-squares approach often diverge for a given reference path

because less control authority is available than is required to target future a state (or

states). Therefore, a trial-and-error process is employed to uncover combinations of

time between turns and the number of intermediate target epochs required to track a

particular orbit. Given a particular combination of days between orientation changes

and intermediate target epochs during each arc, the intervals (up to 36 months)

that the reference is successfully tracked appear in Figs. 7.5 through 7.9 for the five

reference paths from Section 5.2. For this least-squares simulation, the initial guesses

for the latitude and longitude for a particular arc are computed via an average from

trapezoidal integration, Eq. (7.6).

An example is useful for interpreting the results in Figs. 7.5 through 7.9. Con-

sider the green box in Fig. 7.5 containing the number 4 and corresponding to 2 days

between turns and 6 intermediate target epochs. Given the initial conditions from



160

2 4 6 8 10 12

1

2

3

4

5

6

7

 

 

Number of target epochs

D
a
y
s 

b
e
tw

e
e
n

 t
u

rn
s

10 7 8 10 19 8 7 6 6 6 5 6

36 36 36 36 3 4 3 2 2 2 4 2

8 2 5 1 1 1 1 1 1 1 1 1

1 3 1 1 1 0 0 0 0 0 0 0

0 1 0 1 1 1 0 0 0 1 1 0

1 1 1 0 1 1 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

Fig. 7.5: Number of months the least-squares controller tracks the aqua reference

path appearing in Fig. 5.6.
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Fig. 7.6: Number of months the least-squares controller tracks the royal-blue reference

path appearing in Fig. 5.6.

the aqua reference path, a simulation is structured to employ 2 days between orien-

tation changes. Each 2-day arc employs 6 interior targets. Because each final target

state coincides with a turn, the arcs in this least-squares application are composed of

only one subarc. The number 4 indicates the number of months that the reference
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trajectory is successfully tracked (in that the least-squares algorithm converges on a

solution in the vicinity of the reference path) for this combination of arc length and

intermediate target states. The color of each box in Figs. 7.5 through 7.9 corresponds

to the number of months in that box; a jet scale is employed such that long tracking
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Fig. 7.9: Number of months the least-squares controller tracks the dark-blue reference

path appearing in Fig. 5.6.

times are blue (e.g., 36 months) and short tracking times are red (e.g., 0 months).

In these simulations, no errors are incorporated into the control scheme and all turns

are presumed to occur instantaneously. Additionally, no path constraints, such as

minimum elevation angle, are incorporated into the algorithm, and each intermediate

target state along an arc is weighted equal to the other. Of course, the reference

could already meet some or all of these constraints. Because the available control (2

attitude angles) is insufficient to achieve the over-constrained target, the controlled

path will not match the reference path at the end of the arc, even in an ideal scenario.

Incorporating errors may reduce the ability of the controller to track the reference

path for a given combination of arc length and intermediate target epochs, but the

formulation of this least-squares approach is not modified with the inclusion of these

errors. Simply, one attitude per combination is determined that will best pass through

the interior target states along an arc for the least-squares algorithm.

Perhaps surprisingly, some variations of this over-constrained, or under-controlled,

least-squares implementation track the sample reference orbits for multiple months.

Of particular focus are the combinations that track their reference paths for the full
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36-month time-frame or, at least, the greatest number of revolutions for a particular

reference orbit. A cycle is defined as one revolution of the Sun about the Earth–

Moon system, or a 29.5-day synodic month. Recall that the periods of the sample

trajectories introduced in Section 5.2 are also one synodic month. Some successful

combinations are immediately apparent in Figs. 7.5 through 7.9 (i.e., the dark-blue

boxes).

The least-squares approach successfully tracks the aqua path from Section 5.2

(denoted Orbit #1 in Table 5.3) for 36 months with four combinations of days between

turns (DBT) and intermediate target epochs, n, as apparent in Fig. 7.5. These

four combinations are all based on a duration of 2 DBT, and require 1, 2, 3, or 4

interior target epoch along each respective 2-day arc. The minimum elevation angle

and maximum excursion from the reference path for these four combinations are

listed in Table 7.1. Recall that the reference paths are generated with a minimum

Table 7.1: Properties of the controlled aqua path

DBT×n 2× 1 2× 2 2× 3 2× 4

Min Elev. Ang. 4.4◦ 11.1◦ 11.7◦ 11.1◦

Max Excurs. (km) 13437 6055 5350 6203

elevation angle-constraint of 15◦. Although the 2 × 1 combination does not diverge

from the reference path, it does not track as closely as the other combinations. The

top and side view from the perspective of an observer at L2 of the trajectory developed

with the 2 × 1 combination corresponding to the aqua reference path from Fig. 5.6

appears in Fig. 7.10. While the reference path is symmetric across the xz plane, this

controlled orbit appears to twist about an imaginary axis in the y direction. The

2 × 3 combination more successfully replicates the reference path from Fig. 5.6, as

demonstrated in Fig. 7.11.



164

−5 0 5

x 10
4

−5

0

5
x 10

4

L
2

Moon

x (km)

L
1

y
 (

k
m

)

(a) xy view

−5 0 5

x 10
4

−8

−6

−4

−2

0

2
x 10

4

Moon

y (km)

z
 (

k
m

)

(b) yz view

Fig. 7.10: Two views of the controlled path of the aqua orbit subject to a 2 × 1

least-squares flight-path control scheme.
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Fig. 7.11: Two views of the controlled path of the aqua orbit subject to a 2 × 3

least-squares flight-path control scheme.

The least-squares algorithm successfully tracks the royal-blue path in the vicinity

of L2 for, at most, 6 months before the path diverges from the reference trajectory

such that the spacecraft is no longer recoverable, as apparent in Fig. 7.6. A plot of the

controlled trajectory corresponding to the 1×8 combination from Fig. 7.6 appears in
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Fig. 7.12. The trajectory originates at the “x” located under L2 and terminates near

this marker, and it is clear that terminal location of the path is not aligned with the

rest of the trajectory.
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Fig. 7.12: The royal-blue path is tracked with the least-squares approach for a maxi-

mum of 6 months.

Only one combination of DBT and n intermediate target points (i.e., 4 DBT and

n = 2) leads to a successfully tracked cyan orbit below the Moon for 36 months, as

apparent in Fig. 7.7. Unfortunately, at one point along the orbit, the elevation is 4.8◦

below the horizon of the lunar south pole. The maximum excursion is also greater

than 42000 km from the reference path. This path appears in Fig. 7.13.

In contrast to the other reference paths, the red-orange orbit from Fig. 5.6 is

successfully tracked by most variations of the least-squares algorithm, as observed in

Fig. 7.8. The maximum excursions and minimum elevation angles associated with

the combinations that track the red-orange reference path for 36 months, that is, all

combinations based on 1, 2, 3, or 4 days between turns as well as one case based on 5

days between turns and 1 target epoch, appear in Fig. 7.14. When the time between

turns is 1 day, the algorithm tracks this reference orbit exceptionally well for all

states reported by the integration algorithm (i.e., effectively a continuous solution).

For example, the reference path is tracked to within 860 km and above 15.1◦ for the
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Fig. 7.13: The only variation of the least-squares approach not to diverge from the

cyan path. This trajectory corresponds to a combination consisting of 4 days between

turns and 2 intermediate target points.

1× 3 and 1× 4 cases. The worst tracking results for a controlled path that does not

diverge for 36 orbits are observed in the 5× 1 case (21393 km and 11.7◦); the lowest

elevation angle for a trajectory that did not diverge is 7.1◦ for the 4× 12 case (with a

maximum excursion of 18776 km). The paths of these orbits appear in Figs. 7.15(a)

and 7.15(b), respectively.

Finally, the dark-blue path is successfully tracked by 6 combinations of days be-

tween turns and intermediate target epochs. The properties of these 6 orbits are listed

in Table 7.2. A sample of the converged paths, the 6× 1 case, appears in Fig. 7.16.
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Fig. 7.14: Maximum excursions and minimum elevation angles for the controlled

paths of the least-squares algorithm that track the red-orange orbit from Fig. 5.6 for

36 months.

Table 7.2: Properties of the controlled dark-blue path

DBT×n 6× 1 5× 1 4× 1 4× 2 4× 3 3× 1

Min Elev. Ang. 11.0◦ 12.0◦ 11.8◦ 12.1◦ 12.6◦ 9.7◦

Max Excurs. (km) 9600 4366 3737 3329 4265 5706



168

−5
0

5

x 10
4

−1

−0.5

0

0.5

1

x 10
5

−8

−6

−4

−2

0

2

x 10
4

x (km)

L
2

Moon

L
1

y (km)

Earth

z
 (

k
m

)

(a) 5× 1 case

−5
0

5

x 10
4

−1

−0.5

0

0.5

1

x 10
5

−8

−6

−4

−2

0

2

x 10
4

x (km)

L
2

Moon

L
1

y (km)

Earth

z
 (

k
m

)

(b) 4× 12 case

Fig. 7.15: Paths corresponding to (a) the maximum excursion and (b) the minimum

elevation for all controlled trajectories corresponding to the red-orange reference path.
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Fig. 7.16: The 6× 1 least-squares case tracks its reference path.
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7.4 Three-Turn Two-Point Boundary Value Problem with BVP6C

The disadvantage in the least-squares formulation of the tracking controller in-

volves the facts that (1) the number of scalar boundary conditions (six on either end

of the arc, plus any intermediate target states) exceeds the number of differential

equations (six) plus controls (two) and that (2) a solution for {φi θi}T does not con-

trol the trajectory such that the target states at ti+1 are met exactly. A possible

alternative is a strategy to target a position and velocity along the trajectory after

exactly three turns, such that the number of controls is six and the two-point bound-

ary value problem (TPBVP) is well-posed. Recall that ti corresponds the time of a

spacecraft orientation change, and ti+1, ti+2, etc. correspond to times of subsequent

orientation changes. In this alternative strategy, turns implemented at ti, ti+1, and

ti+2 (generally spaced days apart) supply sufficient control such that the positions

and velocities along the compensated trajectory match the values on the reference

trajectory at ti and ti+3, as illustrated in Fig. 7.17. Recall that an arc is defined as

tk=2

tk=3

tk=mti

ti+3
time

st
at

e

ti+1

ti+2

Fig. 7.17: A three-turn solution along an arc to target position and velocity at ti+1

given a position and velocity vectors at ti.

the portion of the trajectory between the initial state and the target state and that

turns define the boundaries of the subarcs (or segment). In the figure, the initial

state is at ti and the target state is at ti+1. An arc along the reference trajectory,

which supplies an initial guess for the TPBVP solver is represented in black, while

the arc along the actual path that is associated with the three turns that solve the
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equations of motion appears in red in the figure. In an error-free case, the controlled

path aligns with the reference path at the boundaries of the arc, ti and ti+3.

Conveniently, MATLAB® supplies a suite of functions for solving TPBVPs based

on collocation schemes. These three algorithms, BVP4C (most similar to the exam-

ple illustrated by Fig. 3.7) [123], BVP5C [123], and BVP6C [127], algorithms differ

primarily in the degree of their respective interpolating polynomials and the result-

ing accuracies. Both BVP4C and BVP5C are based on three- or four-stage Lobatto

IIIa integration rules, respectively, and are fourth- or fifth-order accurate uniformly

between the collocation nodes [123]. For BVP6C, a quintic interpolant is fit to a

mono-implicit Runge-Kutta sixth-order formula for sixth-order uniform accuracy be-

tween the collocation nodes [127]. A mesh of 50 to 200 collocation nodes is typically

employed when initializing any of these three algorithms for this application, and

three methods employ mesh refinement to minimize the error with respect to the

collocation scheme along the arc such that the mesh does not need to be uniformly

spaced; node points may be added or eliminated as well.

Implementing any one of the three MATLAB® collocation functions requires an

initial guess for the trajectory; a reference path supplied by the FDM is a convenient

choice. Also required is an initial guess for the set of controls, that is, some initial

set of sail angles (i.e., three pairs of latitude and longitude angles). Recall that the

control profile for the reference trajectory is continuous and a fixed set of orientations

is required for the turn-and-hold scheme. In the BVP4C, BVP5C, and BVP6C imple-

mentations, these sail angles are collected together as six unknown parameters (three

turns, two angles) to be estimated by the algorithm. The attitude of the sailcraft

is presumed to change at ti, ti+1, and ti+2 (from Fig. 7.17), and this set of six total

angles represent the controls for the TPBVP. The input and output structures for

each of the three BVP solvers is identical, making it simple for the user to switch be-

tween methods. For this analysis, BVP6C is employed since this algorithm possesses

the best theoretical accuracy of the three methods. Fewer mesh points to represent

the initial guess corresponding to the trajectory segment are required, and conver-
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gence is typically faster than for the other two options. Nevertheless, a large number

(m ≈ 151) of mesh points within the arc bounded by [ti, ti+3] are initially required,

in practice, for convergence and to maintain the solution paths near the respective

reference trajectories for this problem. Once a controlled trajectory is determined for

the arc from ti to ti+3, the process is repeated for the next arc from ti+3 to ti+6.

As designed, the orbit from the BVP6C algorithm matches the boundary condi-

tions exactly. However, the path interior to ti and ti+1 is only accurate to within the

specified tolerances. The initial meshes for the BVP6C algorithm are “tuned” by the

algorithm so that a solution converges to within the specified tolerances; in this tun-

ing, the number of nodes and mesh spacing are adjusted through an automated mesh

refinement [127]. For each sample orbit, seven different arc lengths are examined.

In all cases, a 151-point initial mesh, with absolute and relative tolerances of 0.001

is attempted. When the absolute and relative tolerances are tightened, the BVP6C

algorithm reports that it “cannot converge without exceeding the maximum number

of allowable mesh points,” and the simulation terminates. Based on the number of

revolutions (i.e., synodic months) that are tracked by the BVP6C control scheme, as

apparent in Table 7.3, it is clear that this method is not robust. Only the dark-blue

Table 7.3: Number of revolutions (i.e., months) the reference orbit is tracked based

on a fixed arc length

Arc length in days (3 turns per arc)

Orbit No. color 3 6 9 12 15 18 21

1 aqua 0.7 1.8 1.2 0.4 0 0 0.7

2 royal-blue 0 0 0.6 0 0.5 4.3 2.1

3 cyan 1.8 0 0.3 0 2.0 0.6 0.7

4 red-orange 0.2 0.6 0.3 0 3.5 0.6 0

5 dark-blue 6.3 1.2 5.5 21.6 0 36.0 36.3
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reference trajectory is tracked using the BVP6C algorithm for the full 36 months of

the test. For the 18-day arc-length option (corresponding to 6 days between turns),

the minimum elevation angle at any point along the controlled dark-blue trajectory

is 12.3◦ and the maximum excursion from the reference path is 10516 km. For the

21-day arc-length option (corresponding to 7 days between turns), the minimum ele-

vation angle is 7.1◦ and maximum excursion is 29291 km. A plot of controlled path

based on the 21-day arc-length option appears in Fig. 7.18. Recall, however, that
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Fig. 7.18: Path resulting from a 21-day arc length as applied to the dark-blue reference

orbit

this dark-blue reference orbit is perhaps the “simplest” of the five options and that

this scheme is a well-posed two-point boundary value problem: an amount of control

is available, in the form of three turns to target six state elements, that is theoret-

ically sufficient. The more “challenging” reference trajectories may require a more

sophisticated control strategy.

The turns determined by the BVP6C algorithm are employed in an explicit inte-

gration scheme to assess the accuracy of the algorithm and to simulate an error-free

flight condition. Incorporating the turns from the BVP6C algorithm into an explicit

integration scheme results in a position and a velocity at the end of the first arc that

are not aligned with the original reference path (note that the position and velocity at
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the end of the arc as reported by the BVP6C algorithm match the target state along

the reference path). Nevertheless, these positions and velocities from the integration

are usually close to the target states. Not surprisingly, employing this new state as

a boundary condition in the BVP6C algorithm for the subsequent arc often leads to

divergence earlier than when using states from along the reference path. The number

of months a particular orbit is tracked when the trajectory is propagated using an

explicit integration scheme (MATLAB®’s ODE113 function with 1× 10−13 absolute

and relative tolerances) that incorporates the solutions from the BVP6C algorithm is

listed for each arc length in Table 7.4. While most options in Table 7.4 diverge faster

Table 7.4: Number of months the reference orbit is tracked based BVP6C solutions

that are re-propagated with ODE113

Arc length in days (3 turns per arc)

Orb. No. color 3 6 9 12 15 18 21

1 aqua 0.5 1.0 1.2 0.4 0 0 0.7

2 royal-blue 0 0 0.6 0 0.5 2.4 0.7

3 cyan 0.2 0.2 0.3 0 2.0 0.6 0.7

4 red-orange 0.2 0.6 0.3 0 3.6 0.6 0

5 dark-blue 1.4 17.1 3.0 2.4 0 36.0 36.3

than their counterparts in Table 7.3, when the arc length is 6 days, the dark-blue

reference is followed for 17 months when re-propagated with ODE113. This phe-

nomenon illustrates the sensitivity of the problem. When the initial guesses for the

attitude are calculated with the simple average in Eq. (7.7) instead of the integrated

averages in Eq. (7.6), the results in Tables 7.3 and 7.4 are similar.
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7.5 Multiple-shooting approach

A multiple-shooting approach supplies more controls than constraints for the solu-

tion of a TPBVP. In a least-squares implementation, the number of scalar controls is

less than the number of constraints. Solutions delivered from a least-squares method

do not reach the target states exactly. A well-posed two-point boundary value prob-

lem, where the number of controls equals the number of constraints at the end of

the arc, is necessary, but not sufficient, for any three-turn control scheme to suc-

ceed using existing MATLAB functions. However, the accuracy of this scheme is

limited when transferred to an explicit numerical propagation. It is possible to con-

struct a three-turn target scheme using shooting techniques, but it is also possible

to develop a guidance strategy whereby more controls than constraints do exist. A

problem is formulated such that the number of controls is greater than the number

of constraints, and, theoretically, an infinite number of solutions exist. In practice,

three-turn schemes often possess convergence difficulties. However, for more than

three turns, Eq. (7.10) is under-constrained, and convergence on viable trajectory

control laws is more likely.

As mentioned in Section 3.1, shooting methods are also numerical techniques to

solve two-point boundary problems. To develop a strategy that supplies more controls

than are required to target a future state, a multiple-shooting scheme is employed.

At an initial time, ti, a state, xi, composed of position and velocity components is

extracted from the reference trajectory. At some future time, ti+h, another state,

xi+h, is extracted from the reference trajectory.2 This state is the target state. The

complete path from ti to ti+h and is denoted as the arc. Additional, intermediate

states are extracted from the trajectory at times ti+1, ti+1, . . . , ti+h−1. The vehicle is

reoriented at these epochs as well as at ti such that h turns are performed within an

arc. In the intervals between these turn events, the vehicle orientation is held. Initial

guesses for latitude, φ, and longitude, θ, angles are calculated at ti to ti+h−1 using

2Note that the indices i and h are integers.
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Eq. (7.7) and converted into unit vectors. The trajectory and a state transition matrix

are numerically propagated from one epoch to the next using an explicit integration

scheme, as apparent in Fig. 7.19. The state at ti+1 resulting from the integration is

time

st
at

e

time

xi+1(xi,ui)
xi+2(xi+1,ui+1)

xi+h(xi+h−1,ui+h−1)

xi+1

xi+2

xi+h

xi

...

^
^

^

Fig. 7.19: Example of propagated subarcs extracted from a reference path. The arc

is defined from ti to th. The first subarc occurs between ti and ti+1.

labeled xi+1(xi, ûi) because it is initialized with xi and ûi, where û is a unit vector

describing the direction of the sail-face normal. These propagated trajectories are the

subarcs and almost always diverge from their intended targets. When the subarcs are

connected, they form the arc. In the figure, the black curve represents the reference

path and the red curves reflect the actual path of the propagated trajectory with an

initial set of fixed attitude angles, integrated from one epoch to the next for h epochs

and using initial conditions extracted from the reference path. The difference between

the state propagated from one epoch to the next and the state extracted from the

reference path at that next epoch forms the basis for a multiple-shooting correction.

The aim of using multiple shooting for this application is to develop a continuous

path from xi to xi+h by adjusting the control parameters, ui, ui+1, . . . , ui+h,
3 and the

intermediate states, xi+1, xi+2, . . . , xi+h−1. Similar to the path constraints introduced

for the FDM in Section 3.3, path constraints may also be incorporated into a multiple-

shooting scheme. As discussed previously, the only required path constraint for a solar

sail trajectory is the pitch-angle constraint, where α ≤ αmax and αmax is no greater

3As with the FDM approach for generating reference trajectories in Ch. 3.3, u is only unit length
for initial guesses and converged solutions.
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than 90◦. This inequality constraint is again implemented via a slack variable, ηα. A

second path constraint for elevation angle, where E ≥ Emin, is similarly implemented

via a slack variable, ηE. These slack variables are determined in conjunction with

the control variables and the intermediate states.4 Other inequality path constraints

may be similarly implemented. This investigation assumes that tracking a reference

trajectory that already conforms to the specified path constraints is sufficient and

minor incursions into constrained regions at times not coinciding with reorientation

events is allowable. A vector comprising the control and slack variables, as well as

the intermediate states, is written as

X =





ui

ηα,i

xi+1

ηE,i+1

ui+1

ηα,i+1

...

xi+h−1

ηE,i+h−1

ui+h−1

ηα,i+h−1





(7.16)

Note that the control vector at the beginning of the arc, ui, may be adjusted, but the

initial position and velocity, xi, are fixed. Consequently, the slack variable associated

with the pitch-angle constraint is applied at ti. Also, the control vectors in Eq. (7.16)

are guaranteed to be unit length only when X represents an initial guess or a converged

solution and not necessarily at any other iteration during the numerical solution

process.

4In the current formulation, the path constraints only apply at times coincident with the intermediate
states (the pitch-angle constraint is also applied at ti). These constraints may be applied anywhere,
including at other epochs between the intermediate states. However, additional path constraints
anywhere along the orbit may impede convergence.
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The elements in X are used to satisfy a vector equation such that all elements are

theoretically zero for a converged solution. For this lunar south pole application, this

vector is represented as

F(X) =





uT
iui − 1

cosαmax − (ˆ̀
i · ui) + η2

α,i

xi+1(xi,ui)− xi+1

sinEmin + zi+1+Rm

Ai+1
+ η2

E,i+1

...

uT
i+h−1ui+h−1 − 1

cosαmax − (ˆ̀
i+h−1 · ui+h−1) + η2

α,i+h−1

xi+h(xi+h−1,ui+h−1)− xi+h





= 0 (7.17)

The constraint uT
iui− 1 = 0 ensures that the control vector is unit length at the first

epoch (similar constraints are employed for the remaining epochs).5 The pitch-angle

constraint for this multiple-shooting scheme is the same as developed in Eqs. (3.40)

and (3.41). Similarly, an elevation-angle constraint, identical to Eqs. (3.38) and (3.41),

is applied, but only to the intermediate states. Recall that the target state is extracted

from the reference trajectory; therefore, the elevation-angle constraint is already sat-

isfied at the end points. Because the algorithm is targeting the state at ti+h and the

state is fixed at ti, an elevation-angle constraint at these end points would be either

redundant or possibly inconsistent.

An alternative (or supplement) to the elevation-angle constraint is a distance

restriction to limit the excursion from the reference path at points along the trajectory.

To prevent singularities in the partial derivatives of the distance restriction with

respect to position variables, the square of the distance is employed in formulating

the constraint, that is,

d2 ≤ d2
max (7.18)

5A formulation that employs two angles to represent the attitude (obviating the unit length con-
straint) is not successful.
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Similar to the other path constraints, this inequality constraint is imposed via a slack

variable, ηd, resulting in an equality constraint,

d2 − d2
max + η2

d = 0 (7.19)

Like the elevation-angle constraint, this distance constraint is only applied to the

intermediate states.

The elements in Eq. (7.17) are not equal to zero initially. Using the differential cor-

rections described by Eqs. (7.8) through (7.10), the states in Eq. (7.16) are updated.

Propagations that employ information from these new states and updated attitudes

are used to repeat the process. A series of iterations proceeds until a convergence

tolerance is satisfied (or some stopping condition is triggered), and a continuous tra-

jectory emerges from ti to ti+h, where the vehicle is reoriented at each epoch. The

resulting path is illustrated in Fig. 7.20.

time

st
at

e

xi+1(xi,ui)

xi

xi+h

xi+h(xi+h−1,ui+h−1)

xi+2(xi+1,ui+1)

...

^
^

^

Fig. 7.20: A converged solution connecting xi to xi+h.

The Jacobian for this multiple-shooting process relies on information from both

the state transition matrix, Φ, and the state-control transition matrix, Ψ (introduced

in Section 2.3). Dropping i for convenience, the Jacobian is evaluated from the form
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where u0 is the inertially defined three-element sail-face normal vector from Eq. (7.3)

at time ti+0 (recall that this vector is guaranteed to be unit magnitude only at

the initial guess and after convergence). The control parameters in Eqs. (7.16)

through (7.20) are defined with respect to the inertial frame (i.e., Eq. (7.3)). The

matrix 0 is a one-by-six array of zeros, I is the six-by-six identity matrix, and Φ1,0 is

the state transition matrix from ti+0 to ti+1. The state-control transition matrix from

ti+0 to ti+1, Ψ1,0, is developed from the partial derivatives of the sail acceleration in

Eq. (7.5) with respect to the components of the control vector, that is,

∂as(t)

∂u
=




0 0 0

0 0 0

0 0 0

∂ax,1
∂uX,0

∂ax,1
∂uY,0

∂ax,1
∂uZ,0

∂ay,1
∂uX,0

∂ay,1
∂uY,0

∂ay,1
∂uZ,0

∂az,1
∂uX,0

∂az,1
∂uY,0

∂az,1
∂uZ,0




(7.21)

These partial derivatives are employed in the propagation of the variations of the state

and control elements as B(t), per Eq. (2.48), to generate the state-control transition

matrix, Ψ(t1, t0) from t0 to t1. Finally, the partial derivatives of the elevation-angle

constraint with respect to the position coordinates are collected in the matrix Γ. If

the distance restriction is employed in lieu of the elevation-angle constraint, then the

partial derivatives of the distance restriction with respect to the position components

replaces Γ and ηd substitutes for ηE.

The number of turns along an arc determines the dimensions of the Jacobian ma-

trix. The size of the Jacobian matrix in Eq. (7.20) is (9(h− 1) + 8)× (4 + 11(h− 1)).

When h > 3, the Jacobian contains more columns than rows. In fact, increasing the

number of subarcs, h, increases the control authority because the number of turns is

increased. The difference between the number of columns and rows of the Jacobian

is illustrated in Fig. 7.21. When the number of elements in X exceeds the number

in F(X), DF(X) possesses more columns than rows and the pseudo-inverse of the

Jacobian in Eq. (7.10) is a minimum-norm solution, identical to the formulation in
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Fig. 7.21: The difference between the number of columns and rows of DF(X) as a

function of h.

Eq. (3.22). Other forms of the pseudo-inverse exist; forms that employ QR decom-

position or LU factorization often return a solution where the maximum number of

elements in the solution vector possess zero value. An infinite number of solutions are

available for Eq. (7.10), and the ability of the multiple-shooting algorithm to converge

on a solution improves as more turns are incorporated into the formulation and the

number of columns in the Jacobian matrix increases. A minimum-norm formulation

supplies the smallest adjustment to the elements comprising the original guess for X,

thereby reducing the difference between the initial reference path and the resulting

controlled trajectory.

7.5.1 Full-arc targeting, no errors

The first test of this approach is an application to an error-free scenario. Reference

trajectories and initial guesses for the held attitudes are developed as described in

Section 7.2. In this test, turns are assumed to be instantaneous and the spacecraft

maintains its attitude throughout the hold period. Orbit determination and attitude

control are assumed to be perfect as well. Path constraints limiting the maximum

pitch angle to αmax = 90◦ and minimum elevation angle to Emin = 13◦ are also

incorporated into the multiple-shooting scheme.
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The initial guess for the attitude is calculated using the two-point averages in

Eqs. (7.7), and the latitude and longitude angles are converted into unit vectors. This

two-point average is successful in initializing the multiple-shooting targeting scheme

while averages from the trapezoidal integration in Eq. (7.6) are not successful, despite

the proximity of the resulting initial guesses.

After the turn-and-hold sequence is determined, the initial spacecraft state is

propagated from the beginning to the end of the arc, executing each turn from the

sequence over the entire arc. This process is repeated for all subsequent arcs over the

entire trajectory, typically 36 revolutions (recall that one revolution coincides with

one synodic month). Because no errors are present in the design of the sequence

and the subsequent simulated flight, the spacecraft matches the reference trajectory

in 6 states at the end of the full arc. The number of days between turns (i.e., the

subarc length) multiplied by the number of turns results in the arc length for the

multiple-shooting scheme. These combinations, as well as the resulting arc lengths,

are listed in Table 7.5. Recall that the time for each revolution is one synodic month,

Table 7.5: Arc lengths (in days) for time between turns and h turns

Subarc Number of turns, h

length 3 4 5 6 7 8 9 10 11 12

4 12 16 20 24 28 32 36 40 44 48

3 9 12 15 18 21 24 27 30 33 36

2 6 8 10 12 14 16 18 20 22 24

1 3 4 5 6 7 8 9 10 11 12

approximately 29.5 days. In general, longer arc lengths and longer times between

turns allow for greater excursions from the reference path. In the presence of errors,

these excursions can be detrimental to controlling the flight path. However, if the

arc is short, the controlled path has less freedom to adjust and convergence may
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be less likely. Conversely, more turns within an arc may increase the likelihood of

convergence. From a practical, operations perspective, a lower frequency of turn-and-

hold patterns, or longer time interval between turns, is desirable.

The five sample trajectories from Section 5.2 are employed to demonstrate this

open-loop tracking scheme. The maximum distance from the reference trajectory

and the minimum elevation angles along the path for this error-free multiple-shooting

algorithm, as well as a sample trajectory corresponding to a specific combination of

subarc length and number of turns per arc, appear in Figs. 7.22 through 7.26. The

axes for the colored grids in each figure correspond to the subarc-length and turn

combinations listed in Table 7.5. The colors in the boxes signify either the distance

from the reference path (the upper grid, e.g., Fig. 7.22(a)) or the minimum elevation

angle encountered along the controlled path (the lower grid, e.g., Fig. 7.22(b)). Note

that blue boxes indicate either small excursions or large minimum elevation angles

for that subarc-length and turn combination. For example, the path appearing in

the Fig. 7.22(c) corresponds to a combination consisting of a 2-day subarc length

and 7 turns per arc. This 2-by-7 combination yields a maximum excursion from the

reference path of 2982 km (yellow), as demonstrated in Fig. 7.22(a), and a mini-

mum elevation angle along the controlled path of 14.8◦ (dark blue), as demonstrated

in Fig. 7.22(b). Numbers in the colored boxes indicate that the multiple-shooting

strategy fails to converge on a solution after that many revolutions of the spacecraft;

these combinations are not viable options. A “0” indicates that the algorithm suc-

cessfully tracks the reference for only part of a cycle, but does not complete one full

revolution; no box signifies that the algorithm is not able to converge on a solution

for even the first arc based on that subarc-length and turns-per-arc combination (no

subsequent arcs are attempted). Colored boxes without numbers signify that the

algorithm converges for successive arcs over the full 36-month trial for the associated

combination of subarc length and number of turns per arc. The algorithm converges

successfully for successive arcs of the 2-by-7 combination associated with the sample

aqua orbit for over 36 months, as apparent in Fig. 7.22(c). The controlled paths for
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(c) Path corresponding to a 2-day subarc length and

7 turns per arc (i.e., 14 days per arc)

Fig. 7.22: Maximum excursions and minimum elevation angles for the aqua reference

trajectory and a sample resulting path propagated for 36 months.
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Fig. 7.23: Maximum excursions and minimum elevation angles for the royal-blue

reference trajectory and a sample resulting path propagated for 36 months.
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Fig. 7.24: Maximum excursions and minimum elevation angles for the cyan reference

trajectory and a sample resulting path propagated for 36 months.
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Fig. 7.25: Maximum excursions and minimum elevation angles for the red-orange

reference trajectory and a sample resulting path propagated for 36 months.
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Fig. 7.26: Maximum excursions and minimum elevation angles for the dark-blue

reference trajectory and a sample resulting path propagated for 36 months.
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the sample trajectories corresponding to the respective 2-by-7 combinations appear

in Figs. 7.22 through 7.26. The orbits in the figures originate at the “x” and the

spacecraft moves in the −y direction initially. The path of the Sun originates from

a position along the −x axis and moves about the system clockwise in the xy plane.

Note that although the elevation-angle constraint is set to Emin = 13◦ across all fig-

ures, some combinations in the figures report elevation angles lower than this value.

Recall that the constraint is only applied at the turn events. The path between the

turns during the hold period is not constrained in any way. Recall that a well-posed

two-point boundary value problem, where the number of controls (6: two angles and

three turns) is the same as the number of target states (position and velocity at the

target), supplies a unique solution to the targeting problem. However, this type of

three-turn strategy is rarely successful and not suitable for implementation as a con-

trol law. The difficulties using BVP6C for a three-turn two-point BVP are discussed

in Section 7.4. Clearly, an excess of control authority is necessary for targeting states

along the reference path.

The maximum excursion from the reference path and the elevation-angle along the

controlled path are two significant metrics for assessing the combinations employed

in the error-free, open-loop, multiple-shooting control scheme. The extreme values

of these two significant metrics across all of the combinations are listed in Table 7.6.

Again, the elevation angle constraint is set to Emin = 13◦ only at the turn events; the

path along the subarc between turns is not constrained. The subarc length, g, and

the number of turns, h, corresponding to these extreme values are listed in the table

as well. The maximum excursions from the reference paths and minimum elevation

angles along the controlled trajectories associated with combinations consisting of a

2-day subarc length and 7 turns per arcs are also listed in Table 7.6. The minimum

elevation angles from the controlled orbits for the 2-by-7 combination are only slightly

less than 15◦, indicating that reference paths with elevation-angle constraints that

include a few degrees of margin are sufficient for mission design. Even for the 2-

by-7 combination associated with the red-orange orbit, the maximum excursion is
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Table 7.6: Full-arc targeting: Elev. angles and excursions from reference paths

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

Extreme values

Max Excur. (km) 16670 20808 22055 17992 2885

g-by-h 4-by-5 4-by-4 4-by-5 4-by-6 4-by-5

Min Elev. Angle 10.8◦ 12.8◦ 10.4◦ 12.2◦ 14.6◦

g-by-h 4-by-8 4-by-4 4-by-7 4-by-10 4-by-3

2 days between turns, 7 turns

Max Excur. (km) 2982 947 1112 5066 652

Min Elev. Angle 14.8◦ 15.2◦ 15.2◦ 14.4◦ 15.3◦

greater than 5000 km, but the minimum elevation angle is within one degree of the

15◦ elevation-angle constraint from the designed path. The extreme values of the

maximum excursion and the minimum elevation angles occur when the number of

days between turn events is greatest, not surprisingly. Additional path constraints

between turns may reduce these extreme values. For the full-arc, error-free cases, all

combinations corresponding to extreme values, except one (the 4-by-5 combination for

the aqua orbit), converge successfully for the full 36 revolutions. That is, after each

arc all conditions to match the reference path are met, and the algorithm proceeds

to the next arc, and so on for 36 months; no additional control is necessary.

7.5.2 “Look-ahead” strategy with simulated errors

The next step in the evaluation of a multiple-shooting approach is the incorpo-

ration of errors in the orbit knowledge, control authority, and turn modeling. The

development of trajectory state uncertainty for a solar sail spacecraft is the subject
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of a full covariance analysis and depends on observation periods, data types, and

other considered and estimated uncertainties. However, reasonable uncertainties in

the position and velocity components at any point along the trajectory equal to 10

km (3σ) in position and 10 cm/sec (3σ) in velocity are assumed. For attitude control

considerations, other researchers assume that a dead-band or pointing error of 1◦ (3σ)

or less is possible [66, 141–143]. Finally, while sailcraft are generally large structures

with flexible modes, turn rates of 0.02◦/sec (72◦/hr) and 0.057◦/sec (205◦/hr) are

assumed by Wie [141] and Polites et al. [142], respectively. Even with these relatively

fast slew rates, the effect of assuming instantaneous turns must be considered within

the context of turns that occur over finite times. Therefore, a turn rate of 10◦/hour

is reasonable. Additionally, most (but not all) predicted turns are approximately 10◦

or less for the sample orbits.

To simulate these errors, attitudes are determined for subarcs within the arc as-

suming instantaneous turns in a multiple-shooting scheme. The position and velocity

of the spacecraft at the initial epoch are randomly perturbed by 10 km and 10 cm/sec

(3σ), respectively, to incorporate errors in the spacecraft state and these perturbed

states are employed when generating the turn sequence. After the turn sequence is

produced, the attitude for each subarc is perturbed by a random error of 1◦ (3σ) to

accommodate errors in the control. Larger errors, such as 3◦ (3σ), tend to overwhelm

the control strategy. The unperturbed position and velocities are used to initiate the

flight simulation that incorporates the error-induced control profile.6 In this simula-

tion, the turns are modeled as ramp functions over the time required to complete a

reorientation using a slew rate of 10◦/hour. Recall that the designed turn sequence as-

sumes instantaneous turns. The error introduced by this discrepancy is the dominant

error source if the actual turn rates are very slow (e.g., less than 5◦/hour). Errors

in the knowledge of the state do not affect the trajectory as much as the pointing

6Because imperfect state knowledge is used to create a turn profile, the profile is itself imperfect
before errors in the control performance are incorporated. While state knowledge and control per-
formance are considered separately in this investigation, their coupled effect is essentially a larger
control error in the flight simulation than if either were considered alone.
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errors or errors in the turn rates.7 Because of these knowledge, control, and modeling

errors, the actual trajectory does not return to the reference path and often diverges

in as little as one or two arcs when executing all the turns over a full arc.

An adaptation of the multiple-shooting scheme, labeled the “look-ahead” strat-

egy, is successful in tracking of the reference path in the presence of errors. In this

approach, the spacecraft is propagated in the error configuration along one subarc.

At the end of that subarc, a new set of attitudes is generated to target a point further

along the reference path. After the next subarc, the process is repeated. An example

appears in Fig. 7.27. Errors are introduced as described previously, a turn-and-hold

sequence based on a full arc is generated, but only the first turn and subarc of the

sequence are simulated in a flight trajectory. At the end of this first segment, t = 2

t = 16 days

t = 4 days

t = 0

t = 2 days

t = 14 days

(a) First propagated 2-day subarc (red) and reference path (black) of a 14-day arc.

t = 2 days

t = 14 days

t = 4 days

t = 0

t = 16 days

(b) First and second propagated 2-day subarcs (red) and reference path (black) up to day 16

Fig. 7.27: Progression of the look-ahead strategy.

7A limited examination of the data comparing the turns generated with and without the state-
knowledge errors of 10 km and 10 cm/s (3σ) for a particular arc in each of the five sample orbits
resulted in differences in each turn comparable to an arcminute or less.
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days in Fig. 7.27(a), the sailcraft is not on the reference trajectory. The sailcraft

is not expected to return to the reference path because of the errors. A new set of

turns is planned for 2-day increments over the next 14 days. The current state at day

2 (including state-knowledge error) and guesses for the attitudes, per Eq. (7.7), are

employed in initializing a subsequent turn-and-hold sequence. The corrected second

subarc and new 14-day arc appear in Fig. 7.27(b). Essentially, the corrector is allowed

to “look” 14 days downstream when designing an attitude profile for the next two

days. A slight variation on this look-ahead strategy is the use of two or more subarcs

before reinitializing the attitude profile. This receding-horizon procedure is similar

to both the target-point station-keeping strategy of Howell and Pernicka [193] and

model-predictive control (without an optimized objective function) [194].

In the presence of simulated errors, the sailcraft tracks the reference path for most

combinations of subarc length and number of turns listed in Table 7.5. The success-

ful result is mostly likely due to the re-initialization of the turn-and-hold orientations

after every subarc. The maximum distance from the reference trajectory and the min-

imum elevation angles along the path for this look-ahead approach, in the presence

of the errors, as well as a sample trajectory corresponding to a specific combination

of subarc length and number of turns per arc, appear in Figs. 7.28 through 7.32. The

axes for the colored grids in each figure correspond to the subarc-length and turn com-

binations listed in Table 7.5. The colors in the boxes signify either the distance from

the reference path (the upper grid, e.g., Fig. 7.28(a)) or the minimum elevation angle

encountered along the controlled path (the lower grid, e.g., Fig. 7.28(b)). Blue boxes

indicate either small excursions or large minimum elevation angles for that subarc-

length and turn combination. For example, the path appearing in the Fig. 7.28(c)

corresponds to a combination consisting of a 2-day subarc length and 7 turns per arc.

This 2-by-7 combination yields a maximum excursion from the reference path of 4003

km (yellow), as demonstrated in Fig. 7.28(a), and a minimum elevation angle along

the controlled path of 14.0◦ (blue), as demonstrated in Fig. 7.28(b). Numbers in the

colored boxes indicate that the look-ahead strategy fails to converge on a solution
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(c) Path corresponding to a 2-day subarc length and

7 turns per arc (i.e., 14 days per arc). Only the first

turn is performed, then the procedure is re-initialized.

Fig. 7.28: Maximum excursions and minimum elevation angles for the aqua reference

trajectory and a sample resulting path propagated for 36 months.
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(c) Path corresponding to a 2-day subarc length and

7 turns per arc (i.e., 14 days per arc). Only the first

turn is performed, then the procedure is re-initialized.

Fig. 7.29: Maximum excursions and minimum elevation angles for the royal-blue

reference trajectory and a sample resulting path propagated for 36 months.



196

3 4 5 6 7 8 9 10 11 12

1

2

3

4

 

 

Number of turns

D
a

y
s 

b
e
tw

e
e
n

 t
u

rn
s

0 2

0

0 5 35

0 0 5 11 8 2 3

E
x
cu

rs
io

n
 (

k
m

, 
lo

g
 s

ca
le

)

   10

  100

 1000

10000

1e+05

(a) Maximum excursion from the reference path.

3 4 5 6 7 8 9 10 11 12

1

2

3

4

 

 

Number of turns

D
a

y
s 

b
e
tw

e
e
n

 t
u

rn
s

0 2

0

0 5 35

0 0 5 11 8 2 3

M
in

 E
le

v
. 

(d
e
g
)

10

12

14

16

(b) Minimum elevation angle along the controlled path.

−5
0

5

x 10
4

−1

−0.5

0

0.5

1

x 10
5

−8

−6

−4

−2

0

2

x 10
4

x (km)

L
2

Moon

L
1

y (km)

Earth

z
 (

k
m

)

(c) Path corresponding to a 2-day subarc length and 7 turns

per arc (i.e., 14 days per arc). Only the first turn is per-

formed, then the procedure is re-initialized.

Fig. 7.30: Maximum excursions and minimum elevation angles for the cyan reference

trajectory and a sample resulting path propagated for 36 months.
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(c) Path corresponding to a 2-day subarc length and 7 turns

per arc (i.e., 14 days per arc). Only the first turn is per-

formed, then the procedure is re-initialized.

Fig. 7.31: Maximum excursions and minimum elevation angles for the red-orange

reference trajectory and a sample resulting path propagated for 36 months.
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(c) Path corresponding to a 2-day subarc length and 7 turns

per arc (i.e., 14 days per arc). Only the first turn is per-

formed, then the procedure is re-initialized.

Fig. 7.32: Maximum excursions and minimum elevation angles for the dark-blue

reference trajectory and a sample resulting path propagated for 36 months.
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after that many revolutions of the spacecraft. A “0” indicates that the algorithm

successfully tracks the reference for only part of a cycle, but does not complete one

full revolution; no box signifies that the algorithm is not able to converge on a solu-

tion for even the first arc based on that subarc-length and turns-per-arc combination

(no subsequent arcs are attempted). Note, however, that these numbers are based

on a trajectory initiated when t = 0 and the Sun, Earth, and Moon are aligned on

the x axis. If the simulation were initiated at some other point along the orbit, the

number of revolutions (i.e., synodic months) before the algorithm fails may be differ-

ent, and other combinations may fail as well. Colored boxes without numbers signify

that the algorithm converges for successive arcs over the full 36-month trial for the

associated combination of subarc length and number of turns per arc. The algorithm

successfully converges for successive arcs of the 2-by-7 combination associated with

the sample aqua orbit for over 36 months, as apparent in Fig. 7.28(c). The controlled

paths for the sample trajectories corresponding to the respective 2-by-7 combinations

appear in Figs. 7.22 through 7.26. The orbits in the figures originate at the “x” and

the spacecraft initially moves in the −y direction. The path of the Sun originates

from a position along the −x axis and moves about the system clockwise in the xy

plane. Note that although the elevation-angle constraint is set to Emin = 13◦ across

all figures, some combinations in the figures report elevations lower than this value.

Recall that the constraint is only applied at the turn events. The path between the

turns during the hold period is not constrained in any way.

Maximum excursion from the reference path and elevation-angle along the con-

trolled path are two significant metrics for assessing the combinations employed in

the error-free multiple-shooting control scheme. The extreme values of these two

significant metrics along each trajectory across all of the combinations are listed in

Table 7.7, along with the number of completed revolutions before the look-ahead

scheme is no longer able to obtain a solution. The elevation angle constraint is set

to Emin = 13◦ only at the turn events; the path along the subarc between turns is

not constrained and the extreme values in the table are calculated from trajectory
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Table 7.7: Look-ahead targeting: Excursions from the reference paths and elevation

angles along controlled paths, based on a configuration that incorporates 1◦ errors in

the control

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

Fig. 7.28 7.29 7.30 7.31 7.32

Extreme values

Max Excur. (km) 15725 58140 30485 17201 15106

g-by-h 4-by-5 4-by-6 4-by-12 4-by-8 4-by-7

No. of revs. 0 20 36 36 17

Min Elev. Angle 11.5◦ −87.4◦ 8.1◦ 12.9◦ 11.1◦

g-by-h 4-by-11 4-by-6 4-by-9 4-by-5 4-by-10

No. of revs. 2 15 36 36 36

2-day subarcs, 7 turns per arc in designed sequence

Max Excur. (km) 4003 1882 2972 5887 1983

Min Elev. Angle 14.0◦ 14.5◦ 14.6◦ 14.5◦ 14.5◦

data reported by the numerical propagator. The subarc length, g, and the number of

turns, h, corresponding to these extreme values are listed in the table as well. The

maximum excursions from the reference paths and minimum elevation angles along

the controlled trajectories associated with combinations consisting of a 2-day subarc

length and 7 turns per arcs are also listed in Table 7.7. Note the extreme minimum

elevation angle associated with the royal-blue reference path. In the simulation (not

depicted), the controlled path leaves the vicinity of L2 and loops around the Moon

before rejoining the reference path during the fourteenth revolution. The multiple-

shooting algorithm is unable to converge on a solution for this royal-blue trajectory

after revolution 15.
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Understandably, the excursions are greater (and the minimum elevation angles are

lower) for the trajectories that incorporate multiple error sources. Additionally, even

with look-ahead targeting, not all combinations of arc length and number of turns are

successful in tracking the reference path. The look-ahead algorithm fails to converge

reliably for arcs with an insufficient number of turns (the abscissa of the tiled plots in

Figs. 7.28 through 7.32). It also sometimes fails to converge reliably for sequences that

incorporated long subarcs. A larger control error of 3◦ (3σ) significantly reduces the

ability of the look-ahead method to control the flight-path. Results from those cases

appear in Appendix D. Clearly, attitude control and modeling drive the performance

of solar sail spacecraft trajectory design. Although certain combinations of subarc

length and number of turns are successful in both the error-free, full-arc approach

and the look-ahead implementations that incorporate errors, a more robust control

law is generally required.

7.5.3 Adaptive control with simulated errors

An alternative strategy to track a reference trajectory is examined. To generate

a sequence, assume that the subarc length and the number of turns employed are

adaptable. Similar to the look-ahead scheme, only the first turn-and-hold subarc

from a particular solution is employed. Thereafter, the turn sequence is updated

based on new state information.

For this preliminary investigation, it is convenient to schedule turns after an in-

terval numbers of days, preferably separated by multiple days. It also is desirable

to maintain the actual path close to the reference orbit over the first subarc. These

two objectives are sometimes in conflict, as demonstrated previously. For this flight-

path control strategy, a given subarc length and a given number of turns are initially

employed to generate a turn sequence. If the multiple-shooting algorithm fails to con-

verge, the number of turns is increased such that an integer number of days between

turns is preserved. The number of turns, and subsequently, the arc length, is increased
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to some maximum value. If no attempts for a given subarc length converge, the sub-

arc length (i.e., the time between turns) is decreased. A sample strategy appears in

Fig 7.33. Initially, a 12-day arc consisting of three 4-day subarcs is attempted. If
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Fig. 7.33: Map of adaptive strategy. The circled number indicates the arc length.

that combination does not result in convergence of the algorithm to an acceptable

trajectory, another turn is added. To add a turn and maintain the same time interval

between turns, the length of the arc is increased until a limit for the number of turns

is reached (12 turns in this example). Then, the subarc length decreases to three

days. Consistent with the previous implementation of the look-ahead method, a new

turn profile is generated after each subarc.

Two different strategies are examined for the adaptive tracking scheme. The first

employs an elevation-angle constraint of 13◦. Because the simulated flight of the

spacecraft could diverge from the reference path, but remain within the elevation-

angle constraint, a second strategy employs an excursion constraint at the turn events
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when designing the turn sequence. In both strategies, the random errors in the

knowledge of the state are 10 km in position and 10 cm/sec in velocity (3σ) at the

beginning of the arc, with a 3σ random turn execution error of 1◦. The simulations

for both strategies also incorporate a 10◦/hr turn that is not included when designing

the turn sequence, which assumes instantaneous turns. The results for these two

strategies for each of the sample orbits are summarized in Table 7.8. Note that for

these cases, the average subarc length, g, is between 3 and 4 days; additionally, the

average number of turns, h, used to generate a turn sequence is generally below

6 turns. Because the initial guess for the time between turns that is employed to

examine this strategy is large (g = 4 days) and the path constraints are only enforced

at the time of the turn, the controlled trajectory diverges from the reference path for

Table 7.8: Adaptive targeting: 4-day window, 1◦ control error (3σ) with state knowl-

edge of 10 km in position and 10 cm/sec in velocity (3σ) and 10◦/hr slew rates

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

13◦ elevation-angle constraint

Max Excur. (km) 10179 8666 17216 23471 18609

Min Elev. Angle 13.2◦ 13.5◦ 11.5◦ 12.9◦ 12.1◦

No. of revs. 0 3 3 36 36

Ave. g (days) 3.67 4 4 4 4

Ave. h (turns) 4.33 3.39 3.63 3.65 3.21

5000 km excursion constraint

Max Excur. (km) 5316 5957 4259 7482 7419

Min Elev. Angle 12.4◦ 13.4◦ 14.5◦ 14.2◦ 12.1◦

No. of revs. 1 2 0 3 36

Ave. g (days) 3.15 3.82 3.83 3.23 3.99

Ave. h (turns) 4.08 4.14 5.5 3.97 3.15
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most of the scenarios listed in Table 7.8. Only the red-orange and dark-blue orbits

maintain their paths near the respective references for the full 36 months with the

elevation-angle constraint, and only the dark-blue orbit tracks its reference path for

the complete trajectory with the excursion constraint. The resulting paths appear in

Fig. 7.34.

Using the same error configurations, the adaptive scheme is initiated with 2 days

between turns. Under this approach, all reference paths are tracked, regardless of

whether the elevation-angle constraint or the excursion constraint is employed. The

−5
0

5

x 10
4

−1

−0.5

0

0.5

1

x 10
5

−8

−6

−4

−2

0

2

x 10
4

x (km)

L
2

Moon

L
1

y (km)

Earth

z
 (

k
m

)

(a) Elev. const., Orbit #4

−5
0

5

x 10
4

−1

−0.5

0

0.5

1

x 10
5

−8

−6

−4

−2

0

2

x 10
4

x (km)

L
2

Moon

L
1

y (km)

Earth

z
 (

k
m

)

(b) Elev. const., Orbit #5

−5
0

5

x 10
4

−1

−0.5

0

0.5

1

x 10
5

−8

−6

−4

−2

0

2

x 10
4

x (km)

L
2

Moon

L
1

y (km)

Earth

z
 (

k
m

)

(c) Excur. const., Orbit #5

Fig. 7.34: Two successful trajectories emerge using the adaptive tracking scheme,

initiated with 4 days between turns.
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results from employing a 2-day window are listed in Table 7.9. With minor exceptions

along the royal-blue orbit under L2 (plotted in Fig. 7.35), all of the orbits from

Table 7.9 are visibly similar to their respective reference trajectories.

Table 7.9: Adaptive targeting: 2-day window, 1◦ control error (3σ) with state knowl-

edge of 10 km in position and 10 cm/sec in velocity (3σ) and 10◦/hr slew rates

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

13◦ elevation-angle constraint

Max Excur. (km) 10140 5831 3324 9073 2373

Min Elev. Angle 14.3◦ 14.8◦ 15.2◦ 14.5◦ 14.5◦

No. of revs. 36 36 36 36 36

Ave. b (days) 2 2 2 2 2

Ave. h (turns) 3.42 3.45 3.47 4.29 3.24

5000 km excursion constraint

Max Excur. (km) 4798 4824 3270 5041 2992

Min Elev. Angle 13.2◦ 14.5◦ 15.1◦ 14.5◦ 13.5◦

No. of revs. 36 36 36 36 36

Ave. b (days) 2 2 2 2 2

Ave. h (turns) 3.42 3.48 3.43 4.23 3.2

As discussed previously, control errors affect the ability of a flight-path control al-

gorithm to track a reference trajectory successfully. Results from (1) adaptive tracking

schemes that incorporate no orbit determination errors, no control errors, and no turn

modeling errors along with (2) similar schemes that incorporate 3σ random errors of

10 km in position and 10 cm/s in velocity, as well as 10◦/hr slew rates (instantaneous

turns are assumed in the design of the sequence) and 3◦ control errors (as opposed

to the 1◦ control errors examined previously), appear in Appendix D. Even in the

error-free cases, the adaptive scheme based on the 4-day window exhibits difficulty in
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Fig. 7.35: Successful trajectories from the adaptive tracking scheme, initiated with 4

days between turns, for the royal-blue orbit (#2) corresponding to a 13◦ elevation-

angle constraint and a 5000 km excursion constraint.

tracking some reference trajectories, while all reference trajectories are tracked suc-

cessfully for the full 36 months when the adaptive scheme is based on a 2-day window.

Interestingly, some orbits can be tracked in the presence of large control errors (3◦,

3σ), even in the presence of the standard state knowledge and turn modeling errors.

These results indicate that path constraints between the reorientation events (i.e.,

the times of the turns) may be required if longer times between turns are desired,

especially if pointing errors are large.

Any turn-and-hold scheme applied to these reference trajectories is essentially a

hybrid control system where a discrete control law is applied to a continuous system.

In practice, an upper limit on the time between turns will exist, independent of

any number of path constraints. In general, the adaptive scheme is more successful

when an elevation-angle constraint is incorporated into the turn sequence design as

an alternative to an excursion constraint. More trials involving various sizes of the

excursion constraint may improve the performance of the algorithm. Alternatively, an

approach that adds path constraints on the velocity vector (such as a cone constraint
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or a magnitude constraint) may improve the ability of the adaptive scheme to track a

reference path. The adaptive tracking scheme, in the presence of large control errors,

can successfully track a sailcraft trajectory and warrants further investigation.
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8. CONCLUSIONS

The goal of this investigation is to determine what level of technology is required to

displace a single solar sail spacecraft sufficiently such that it solves the lunar south

pole (LSP) coverage problem. To address this problem, a broad range of potential

trajectory options are considered. Because of the coupling of a solar sail trajectory

to the vehicle attitude, flight-path control issues arise for whatever trajectory option

is selected. Control laws for solar sail spacecraft are developed in response to this

challenge.

Fortunately, a variety of numerical techniques for solving boundary value problems

are available for uncovering trajectory options and to aid in the understanding of

motion within the Earth–Moon system. One such technique that is robust, quick, and

conceptually simple is the finite-difference method (FDM). This approach is central

to a survey of the design space for solar sail trajectories in the circular restricted

Earth–Moon system. Through this survey, millions of trajectory options are revealed

that can accommodate a solar sail relay spacecraft for communications with the LSP.

Clearly, technological advances are required to enable a solar sail to serve as a relay.

The FDM is also adaptable to transition solutions in the Earth–Moon system to

higher-fidelity representations, such as an ephemeris-based model.

Regardless of the fidelity of any resulting trajectory or the level of sail technology,

the motion of the vehicle must be controlled along a representative trajectory. Again,

the use of numerical methods for solving boundary value problems is employed, this

time for flight-path control. Motion along a solar sail trajectory is extremely sensitive

to errors. Strategies that incorporate multiple turns over a give arc to achieve a

desired state at the end of that arc are generally preferable to those that enlist only

one orientation throughout the arc.
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8.1 Survey of the Earth–Moon design space for solar sail spacecraft

A plethora of solutions emerges for the LSP coverage problem when various com-

binations of sail characteristic acceleration, initial guesses for the path and control

profile, and path constraints are examined. Solar sail spacecraft supply a solution

to the LSP coverage problem that requires only one space vehicle. By employing

survey techniques, an understanding of the design space emerges. For a minimum

elevation-angle constraint of 15◦, a characteristic acceleration of 1.6 mm/s2 is required

to maintain trajectories below L1 and the Moon, and a characteristic acceleration of

1.3 mm/s2 is required to orbit below L2. Solutions exist that both (1) require turning

torques that are assumed to be possible for future solar sail spacecraft and (2) do

not require excessively large pitch angles with respect to the Sun. Furthermore, if

a stationary antenna with a fixed field of view is employed at a facility at the LSP,

trajectory options that locate the sailcraft within a 70◦ swath width exist located

below the Lagrange points. These results indicate that advances in current solar sail

technology are necessary for a sailcraft to serve as a relay for an outpost at the LSP.

Any numerical method may be used as the engine in a search of the design space.

A FDM scheme is particularly well suited for this task in the Earth–Moon system

because the algorithm does not require a good initial guess for the trajectory and

control profile, nor is it particularly complicated to develop. Furthermore, processor

times for this algorithm are small, and a survey of tens of millions of initial guesses

in the Earth–Moon system is completed in a few days using multiple computing

platforms.

8.2 Numerical methods to generate displaced trajectories in dynamically

challenging regimes

Finite-difference methods are often overlooked as options for trajectory develop-

ment because of their lower accuracy in comparison to other numerical tools. However,

FDM schemes are useful tools for generating trajectories in poorly understood dy-
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namical regimes, such as the mechanics of flying a solar sail in a multi-body system.

Perhaps the greatest advantage of FDM schemes is that they are simple to under-

stand and implement, notably in the presence of path constraints; the fundamental

relationships in the FDM algorithm are velocities and accelerations immediately avail-

able from the equations of motion and velocities and accelerations easily deduced from

central-difference approximations. As a result, FDM schemes are able to return re-

sults quickly in a regime where little intuition concerning the trajectory and sail-angle

history exists. The FDM approach developed for this analysis is easily adaptable to

other regimes, such as an ephemeris-based, inertial system. Likewise, FDM schemes

need not be applied to just solar sail problems, but should be applicable to a large

variety of mission design problems.

Higher-fidelity methods, such as collocation and shooting methods, are useful on

their own in generating trajectories and supplying insight into many categories of

problems. However, these methods may be complicated or require an accurate initial

guess. Results from FDM schemes may be employed to initialize these higher-fidelity

methods to refine the path or to furnish a reference path for flight-path control. All

three categories of numerical algorithms are useful tools for trajectory designers.

8.3 Flight-path control for solar-sail trajectories

In this investigation, turn-and-hold flight-path control schemes are developed

based on a variety of shooting strategies for solving two-point boundary value prob-

lems. Solar sail spacecraft possess fewer degrees of control than degrees of freedom.

To target a future position and velocity along a reference path at some future epoch

requires either (1) selecting a single orientation that best accomplishes the targeting

or (2) determining a set of orientations that result a trajectory that tracks the ref-

erence path. In both strategies, the time between turns is essentially an additional

control parameter.
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In the first approach, a least-squares update is exploited to track the reference

path for a three-year mission. No errors are examined in this strategy because the

controlled path is not guaranteed to converge with the reference path. In addition

to examining different hold times between turns, a variety of target points along the

reference path are employed in the targeting of a future state. The utility of this

scheme appears to depend on the selection of the reference path; some paths are

more amenable than others and these orbits are successfully tracked for the full three

years. However, this course is not recommended as a primary strategy for solar sail

flight path control because its use often leads to a trajectory that diverges from the

desired path into a region in which the vehicle is unrecoverable.

In the second approach, both a collocation-based scheme and a multiple-shooting

technique are employed to target the vehicle to a position and velocity at some future

epoch by executing three or more turns along an arc ending at the target state.

The collocation scheme uses MATLAB®’s BVP6C algorithm and only permits three

turns per arc. This technique is successful for tracking only one reference path for

the three-year mission and is not recommended.

The multiple-shooting approach is generally the most robust technique for target-

ing future states because it supplies an excess of control authority. Between 3 and 12

turns per arc are examined. Again, the number of days between turns is varied. In

actual flight, errors in the attitude modeling, knowledge, and control, as well as orbit

determination uncertainty, will persist, and two strategies are developed to accom-

modate these issues. The “look-ahead” strategy capably tracks the reference path for

most hold-time and number-of-turn scenarios for each sample trajectory. Similar to

other strategies, success depends on the reference path itself and selecting the right

combination of hold times and turns. The adaptive strategy is also successful but

requires shorter maximum durations between turns for a favorable outcome.

All strategies require constant monitoring of the vehicle. Motion along a sailcraft

trajectory is extremely sensitive to uncertainties and errors in the attitude and state
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knowledge as well as the control. Efforts must be made to ensure that these errors

and uncertainties are minimal prior to any sailcraft flight in a LSP coverage mission.

8.4 Recommendations for future work

In the course of this study, several areas for future investigation are identified.

These areas are broadly divided into (1) space vehicle dynamics, navigation, and

control and (2) applications of numerical tools.

8.4.1 Dynamics, navigation, and control of a solar sail vehicle

Natural extension of this investigation of solar sail trajectories are the improved

strategies for modeling their dynamics, navigation studies to support mission plan-

ning, and additional approaches for flight-path control.

Improved model fidelity After adding the ephemerides, it is believed that improv-

ing the solar sail reflectivity model will provide the next greatest improvement

in the accuracy of the equations of motion. Effects of an optical sail model are

discussed in Appendix A. Improvements to the flight-path control algorithm

include modeling the ramp-up effects of the turns in a turn-and-hold control

scheme.

Navigation A thorough investigation into the ground operations of a solar sail space-

craft would add insight into the feasibility of the relay mission. Orbit deter-

mination covariance studies and maneuver planning could limit the viability of

such a mission. In that case, on-board autonomous navigation and turn design

may be required.

Flight-path control An additional turn-and-hold control schemes that should be

investigated is a multiple step, optimal maneuver strategy developed by Dwivedi

[195,196] and used by Gordon [197], Howell and Pernicka [193], and A. McInnes
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[118]. Linear quadratic regulators supply control laws for a continuously re-

orienting sailcraft. Likewise, polynomials can be fit to continuous reference

profiles; coefficients can be adjusted to ensure that the flown trajectory remains

close to the reference path.

8.4.2 Applications of numerical tools

The numerical methods enlisted in this research may be used to determine tra-

jectories based on alternative propulsion devices to solve the LSP coverage problem

or in other complicated dynamical systems. Additional approaches may reveal new

options for the LSP application.

Alternatives to solar sails Solar sails have only been recently demonstrated in

space. As mentioned, one avenue for their evolution is via a hybrid sail/low-

thrust system. These hybrid devices have been proposed for both lunar and

terrestrial polesitter missions. Low-thrust propulsion alone can also solve the

polesitter problem. Another, untested, concept for non-Keplerian orbits are

electric sails. The FDM algorithm, survey methods, and control techniques

used in this investigation are all suitable for studying the feasibility of these

propulsion devices at the LSP or other mission categories, such as the terrestrial

poles, transfer trajectories from the Earth to other bodies, navigating between

different multi-body systems (i.e., Sun–Earth to Earth–Moon), or even the non-

Keplerian orbits in the vicinity of moons in orbit about a gas giant.

Alternative methods to produce reference trajectories No parameters are op-

timized in this investigation. A multi-objective function that minimizes charac-

teristic acceleration or the specific transverse torques, subject to elevation and

altitude constraints, may help uncover trajectories that do not require large

improvements to the current state of sail technology. A genetic algorithm could

be employed in the search for these optimal orbits.
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8.5 Epilogue

By 1609, Kepler developed his first two laws of planetary motion, ensuring that

elliptical paths about a central body would be known as “Keplerian” orbits. Solar sail

trajectories are often labeled “non-Keplerian” because they do not follow elliptical

paths. Displaced orbits, such as the solar sail trajectories in this investigation, are

often denoted as highly non-Keplerian. Given the dream Kepler shared with Galileo

in 1610 of “sails adapted to the breezes of heaven,” perhaps it is time to reconsider

the definition of “non-Keplerian.”
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A. Limitations of an idealized solar sail model

The sail model in this investigation is a perfectly reflecting, flat solar sail. Billowing

is not incorporated in this force model, and the maximum pitch angle, αmax is con-

strained to less than 90◦ to ensure that the sail-face normal is always directed away

from the Sun. In reality, sail luffing (i.e., flapping) is assumed to occur at high pitch

angles and the correspondence between an ideal model and a more realistic model

diverges [198] effectively reducing the maximum available pitch angle. Higher-fidelity

models include optical models [6], parametric models that incorporate billowing in

addition to optical effects [6,191], and realistic models based on finite-element analysis

that incorporates optical properties and manufacturing flaws [149].

The essence of an optical model (and consequently other higher-fidelity models) is

that not all energy is reflected specularly from the sail [199]. In the energy balance,

1 = a+ ρs+ ρ(1− s) (A.1)

some energy is absorbed (represented by a, the coefficient of absorptivity) and some

is reflected (ρ, the coefficient of reflectivity). Of the reflected energy, some is reflected

specularly (s, the specular fraction) and the rest diffusely (1 − s). With specular

reflection, the angle of reflection is equal to the angle of incidence (e.g., a mirror).

Diffuse reflection assumes that light is scattered in all directions from the reflecting

surface. It is assumed that no energy is transmitted though the sail. An objective

in solar sail design is to maximize specular reflectivity of the sail film material while

minimizing the mass of the material itself.

An illustration of the optical force model for a flat plate appears in Fig. A.1. In

the figure, sunlight impinges on the surface imparting an incident force, f`, that is,

f` = PA
(
cos2 α û + cosα sinα t̂

)
(A.2)
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Fig. A.1: A differential element of a solar sail subject to various components of

an optical force model. Forces from emitted radiation are omitted for clarity.

where P is the pressure due to solar radiation at some distance from the Sun, A is

the area of the sail, t̂ is the transverse direction in the plane formed by the sunlight

direction, ˆ̀, and the sail-face normal, û. From Eq. 1.4, the specular force, fs is

opposite to the direction of specular reflection, ŝ, also in the plane formed by ˆ̀ and

û. In a non-ideal model, fs < f`, because the specular fraction and the coefficient of

reflectivity are both less than 1. The specular force is

fs = ρsPA
(
cos2 α û− cosα sinα t̂

)
(A.3)

Some reflected energy is reflected diffusely and the resulting force, fd, is directed along

the sail-face normal, û.

fd = Dfρ(1− s)PA cosα û (A.4)
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where Df is the front-side diffuse-power fraction. Diffuse reflection is represented by

the circle on top the differential area in Fig. A.1, and any forces from diffuse reflection

in the t̂ or û × t̂ directions cancel. The diffuse-power fraction compensates for this

cancellation and attenuates the diffuse force.

Absorbed radiation is re-radiated, or emitted, as heat primarily via the back side

of the sail. It is assumed to radiate in a diffuse pattern. The net force from the

emitted radiation is modeled in the −û direction, mitigating the net SRP force. The

force from emitted radiation is derived from a thermal balance and is

fe = PA(1− ρ)
εfDf − εbDb

εf + εb
cosα û (A.5)

where εf and εb are the front- and back-side surface emissivities and Db is the back-side

diffuse-power fraction.

The forces in Eqs. (A.2) through (A.5) are added together resulting in a net optical

force. This net force is

fSRP = f` + fs + fd + fe (A.6)

= fuû + ftt̂ (A.7)

In component form,

fu = PA

{
(1 + ρs) cos2 α +Df (1− s)ρ cosα + (1− ρ)

εfDf − εbDb

εf + εb
cosα

}
(A.8)

ft = PA(1− ρs) cosα sinα (A.9)

From Eqs. (A.8) and (A.9), it is apparent that if ρ and s are both equal to 1, the

resulting solar radiation pressure (SRP) force will be aligned with û and the cone

angle, γ, which is the angle between fSRP and ˆ̀, will equal the pitch angle, α. The

result is the ideal solar sail model from Eq. (2.8). However, because of absorption,

thermal emission, and diffuse reflection, thus, the cone angle is less than or equal to

the pitch angle (i.e., γ ≤ α).

Standard values for the parameters in an optical sail force model are supplied by

Wright [200] and are based on a JPL study from the late 1970s for a sail mission to
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Halley’s Comet. These values are listed in Table A.1 for an ideal sail and the non-ideal

sail. For comparison to a “traditional” spacecraft, the equivalent parameters for the

cruise stage of the Mars Exploration Rovers (MER), composed of solar panels and a

spacecraft bus, is also listed [201]. Note that the reflectivity of a solar sail spacecraft is

Table A.1: Optical parameters for an ideal sail, the non-ideal sail, and the MER

cruise stage (MER C/S)

ρ s εf εb Df Db

Ideal sail 1 1 0 0 2/3 2/3

Non-ideal sail 0.88 0.94 0.05 0.55 0.79 0.55

MER C/S 0.26 0.58 N/A N/A 2/3 N/A

much greater than a traditional spacecraft and that the areal density is much greater

as well. This larger value of areal density accounts for much of the difference in solar

radiation pressure acceleration between a solar sail and a traditional spacecraft. The

normal and transverse force components for an ideal and non-ideal sail as a function

of pitch angle appear in Fig. A.2. The product of the pressure and the sail area, PA,

from Eqs. (A.8) and (A.9) is equal to 1 in the figure. Note that because of the optical

terms in Eqs. (A.3) through (A.5), the force on the sail at α = 0◦ is approximately

90% of the force from an ideal sail.

Based on the values in Table A.1, it is reasonable to question the validity of the

ideal sail model that is summarized by a characteristic acceleration from Eq. (1.6). An

ideal sail reflects only specularly. In all non-ideal models, the resulting acceleration

from a solar sail is not perfectly parallel to the sail-face normal but, instead, is

increasingly offset from the sail-face normal as the sail is pitched further from the

sunlight direction [6]. The difference between the pitch angle and the cone angle is

α− γ = arctan

(
ft
fu

)
(A.10)
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and increases as a function of pitch angle for the non-ideal model, as demonstrated

in Fig. A.3, because ft ≥ 0. The cone angle as a function of pitch angle appears in

Fig. A.4. For example, a pitch angle of α = 60◦ corresponds to a cone angle of 60◦

for an ideal sail and 50.6◦ for a non-ideal sail. It is apparent that the cone angle,

which may be considered an effective pitch angle, achieves a maximum value of 55.5◦

when the true pitch angle is 72.6◦ for the non-ideal model. For high pitch angles, the

reflective SRP forces contribute a smaller portion of the total force in the non-ideal

model as compared to an ideal model. The result is that the incident SRP force,

though mitigated by the cosine terms in Eq. (A.2), dominates the overall SRP force,

both of which are now primarily in the transverse direction (as apparent in Fig. A.2).

It is appropriate to compare the net force on the sail from the ideal and non-ideal

models as a function of cone angle, γ, to indicate the true direction of the control

force supplied by the sail. Recall that γ = α for the ideal sail, but γ ≤ α for the

non-ideal sail. This comparison provides an assessment of the reflection efficiency,

η, necessary to reflect the characteristic acceleration, ac, accurately from Eq. (1.6).

Recall that the characteristic acceleration is also a function of the spacecraft mass.
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Fig. A.2: Force components verse α for an ideal and non-ideal sail
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Fig. A.5: Sail force and associated reflection efficiency as a function of cone

angle.

By dividing the force from the non-ideal sail as a function of its respective cone angle

by that of the ideal sail as a function of its respective cone angle, a measure of the

reflection efficiency is calculated. The forces as a function of their respective cone

angles appear in Fig. A.5(a), and the reflection efficiency necessary to compute the

associated characteristic acceleration appears in Fig. A.5(b). The reflection efficiency

as a function of the corresponding pitch angle, α, also appears in Fig. A.5(b). For

example, if the pitch angle is 60◦, the corresponding reflection efficiency is 56.7%; the

cone angle associated with these α and η values is γ = 50.6◦. Based on Figs. A.4

and A.5, an assumption of an ideal sail is appropriate for low pitch angles.

If the reflection efficiency was independent of any other parameter, including sail

orientation, an assumption of a constant characteristic acceleration ac, would be ap-

propriate. However, it must be noted that ac neither fully captures nor accurately

represents the reflective property of a realistic solar sail over all orientations. That

said, if the expected range of pitch or cone angles is small over the duration of a
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mission, an effective ac appropriate to that range provides a sufficient initial approx-

imation of reflectivity for the overall solar sail mission design problem.

Fully incorporating other realistic solar sail properties, such as billowing and man-

ufacturing defects, further mitigates the sail efficiency [149]. Not only the magnitude

of the force, but the effective direction of the force with respect to the sail face normal,

depend on the pitch angle in the case of a non-ideal sail. Therefore, it is prudent to

adapt the methods in this study to non-ideal sails in future research efforts. Never-

theless, this analysis employs an ideal sail to lend insight into the technology level

that is required to solve the LSP coverage problem and into the use of numerical

methods for generating and controlling solar sail trajectories.
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B. Sail orientation transformations

A series of rotations is employed to transform a vector from a sailcraft body-fixed

frame to the inertial frame [83]. These rotations aid in expressing the angular velocity

vector of the body-fixed frame with respect to the inertial frame, IωS. A variety of

rotation sequences are enlisted to describe these rotations, however, it is useful to

develop IωS based on existing orientation angles, such as α, δ, and Ωt (pitch, clock,

and sunlight angle, respectively). This analysis assumes that the Sun’s rays are

parallel at 1 AU and that the Sun moves in a circle about the Earth–Moon barycenter

as well as in the Earth–Moon orbit plane.

In any sequence of transformations, the intermediate coordinate frames are clearly

defined. The first step in transforming from the inertial frame to a body-fixed frame

is an initial transformation from the inertial frame, I, to a solar frame, F , where x̂′

is aligned with ˆ̀, as evident in Fig. B.1. Because the rotating frame R is moving

counterclockwise about a common Ẑ axis with respect to the inertial frame and the
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Fig. B.1: Rotations from the inertial frame, I, to the solar frame, F , via the

Earth–Moon rotating frame, R.
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Sun is moving clockwise about the same ẑ axis at a rate of Ω, the first two rotations

are consolidated into a single rotation about the Ẑ axis such that





x̂′

ŷ′

ẑ′





= FTI
3(t− Ωt)





X̂

Ŷ

Ẑ





(B.1)

FTI
3 (t− Ωt) =




cos(t− Ωt) sin(t− Ωt) 0

− sin(t− Ωt) cos(t− Ωt) 0

0 0 1


 (B.2)

where FTI
3(t− Ωt) is a rotation about the ẑ (or ẑ′) axis, also known as the “3-axis,”

from the inertial frame I, to the solar frame, F , by the angle (t − Ωt). The next

set of rotations transforms the axes from the solar frame, F , to a frame oriented

consistent with the sail axis, but not rotating with, the sailcraft, denoted the C

frame. The coordinate frame is rotated through the clock angle, δ, about the x̂′ axis,

then by the pitch angle, α, about the ŷ′′ axis, as defined in Fig. B.2. The associated

X

Z, z, z'

x''', xiv, u

x'', l

z'''
z''

x''', uy'',  y'''

x', l , x''

y'

x

y

z, z'

y'

x', l

x', l

x
ŷ'
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Fig. B.2: Rotation from the solar frame, F , to the sailcraft frame, C, via an

intermediate frame, D.
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transformation equations are





x̂′′′

ŷ′′′

ẑ′′′





= CTD
2 (−α)DTF

1 (−δ)





x̂′

ŷ′

ẑ′





(B.3)

CTD
2 (−α)DTF

1 (−δ) =




cosα sinα sin δ cos δ sinα

0 cos δ − sin δ

− sinα cosα sin δ cosα cos δ


 (B.4)

The matrix in Eq. (B.4) can be combined with the matrix in Eq. (B.2).

A final rotation is required to transform from the C frame to a body-fixed frame,

S, via ψ about the sail-face normal, û, as indicated in Fig. B.3. Note that ψ̇ is the

relative rotation rate and not the spin rate [83]. If the spin rate is fixed, the relative

rotation angle is a function of the spin rate and other angular terms. The associated

transformation equations are





x̂iv

ŷiv

ẑiv





= STC
1 (ψ)





x̂′′′

ŷ′′′

ẑ′′′





(B.5)

STC
1 (ψ) =




1 0 0

0 cosψ sinψ

0 − sinψ cosψ


 (B.6)

A full rotation from the inertial frame to the body frame is then

STI = STC
1 (ψ)CTD

2 (−α)DTF
1 (−δ)FTR

3 (−Ωt)RTI
3(t) (B.7)

The above rotations are employed to formulate the angular velocity vector.

An angular velocity vector and an angular acceleration vector relating the motion

in the body frame to motion in the inertial frame are recovered from the transforma-
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Fig. B.3: Rotations from the sailcraft frame, C, to the body-fixed frame, S.

tion in Eq. (B.7). The angular velocity vector, IωS, is constructed from the angular

velocities of each rotation, that is,

IωS = IωF + FωD + DωC + CωS (B.8)

= (1− Ω)ẑ′ − δ̇x̂′′ − α̇ŷ′′′ + ψ̇x̂iv (B.9)

When expressed in body-fixed coordinates,

IωS =





ψ̇ − δ̇ cosα + (1− Ω) sinα cos δ

−α̇ cosψ + δ̇ sinψ sinα + (1− Ω)(sinψ cosα cos δ − cosψ sin δ)

α̇ sinψ + δ̇ cosψ sinα + (1− Ω)(cosψ cosα cos δ + sinψ sin δ)





(B.10)

If the spacecraft possesses a fixed spin rate, whether it is three-axis stabilized (ωx0 =

0) or spinning (ωx0 6= 0), the relative rotation angle, ψ, is integrated from

ψ̇ = ωx0 + δ̇ cosα + (1− Ω) sinα cos δ (B.11)

Finally, because the angular velocity vector is expressed in terms of the body-fixed

frame, a derivative of Eq. (B.10) is required to determine the angular acceleration

vector, Iω̇S; a central-difference approximation of IωS is sufficient. Both the angular

velocity and the angular acceleration are required to calculate the specific transverse

torque, Mt, that is required to physically reorient the sailcraft.
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C. Instantaneous Equilibrium Surfaces Associated with

ac = 1.70 mm/s2 in the Earth–Moon System

This Appendix includes additional views of the instantaneous equilibrium surfaces

from Section 5.3. As the Sun moves around the Earth–Moon system, the torus

changes shape, separates, and rejoins. The surfaces associated with a sail possessing

a characteristic acceleration of ac = 1.70 mm/s2 appear in Figs. C.1 through C.6. The

location and orientation of a sailcraft along each of the five sample trajectories from

Section 5.2 appears as a colored plane along each trajectory at the time associated

with the specified direction of the Sun-line. In the figures, the sunlight direction, or

Sun-line, is represented by the large black arrow, the Moon is centered at the origin

of the coordinate system, and the location and orientation of the sailcraft along each

trajectory at the time associated with the indicated direction of the Sun-line appears

as a colored plane. The Earth and the Moon, as well as the five Lagrange points in

the Earth–Moon CR3B system, are included for scale.
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(a) Ωt = 0◦, 3-D (b) Ωt = 0◦, xy view

(c) Ωt = 30◦, 3-D (d) Ωt = 30◦, xy view

Fig. C.1: Instantaneous equilibrium surfaces in the Earth–Moon system for a

sail with ac = 1.70 mm/s2 corresponding to solar angles of 0◦ and 30◦.
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(a) Ωt = 60◦, 3-D (b) Ωt = 60◦, xy view

(c) Ωt = 90◦, 3-D (d) Ωt = 90◦, xy view

Fig. C.2: Instantaneous equilibrium surfaces in the Earth–Moon system for a

sail with ac = 1.70 mm/s2 corresponding to solar angles of 60◦ and 90◦.
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(a) Ωt = 120◦, 3-D (b) Ωt = 120◦, xy view

(c) Ωt = 150◦, 3-D (d) Ωt = 150◦, xy view

Fig. C.3: Instantaneous equilibrium surfaces in the Earth–Moon system for a

sail with ac = 1.70 mm/s2 corresponding to solar angles of 120◦ and 150◦.
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(a) Ωt = 180◦, 3-D (b) Ωt = 180◦, xy view

(c) Ωt = 210◦, 3-D (d) Ωt = 210◦, xy view

Fig. C.4: Instantaneous equilibrium surfaces in the Earth–Moon system for a

sail with ac = 1.70 mm/s2 corresponding to solar angles of 180◦ and 210◦.
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(a) Ωt = 240◦, 3-D (b) Ωt = 240◦, xy view

(c) Ωt = 270◦, 3-D (d) Ωt = 270◦, xy view

Fig. C.5: Instantaneous equilibrium surfaces in the Earth–Moon system for a

sail with ac = 1.70 mm/s2 corresponding to solar angles of 240◦ and 270◦.
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(a) Ωt = 300◦, 3-D (b) Ωt = 300◦, xy view

(c) Ωt = 330◦, 3-D (d) Ωt = 330◦, xy view

Fig. C.6: Instantaneous equilibrium surfaces in the Earth–Moon system for a

sail with ac = 1.70 mm/s2 corresponding to solar angles of 300◦ and 330◦.
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D. Supplemental results for trajectory control strategies

This Appendix includes additional results from the control strategies that are initially

presented in Section 7.5. The figures and the tables representing the results from

simulations involving the control schemes appear throughout this document. For

convenience, the locations of those figures and tables are summarized in Table D.1.

The table includes results from simulations based on applications of the variations of

the multiple-shooting flight-path control scheme. The full-arc strategy fails to track

any reference orbits for more than a few revolutions in the presence of errors; thus,

the full-arc results are limited.

Table D.1: Locations of results for various control schemes

Error scheme and flight-simulation turn modeling

No errors, 10 km, 10 cm/s, 1◦ (3σ), 10 km, 10 cm/s, 3◦ (3σ),

Instantaneous 10◦/hr slew rate 10◦/hr slew rate

Full-arc Section 7.5.1 Not reported Not reported

Look-ahead Appendix D.1 Section 7.5.2 Appendix D.2

Adaptive Appendix D.3 Section 7.5.3 Appendix D.4

D.1 Look-ahead control strategy with no errors

For comparison to other error configurations, the look-ahead scheme is examined

in the presence of perfect knowledge of the state and no errors or uncertainty in

the orientation as well as an assumption of instantaneous turns. Results for this

configuration appear in Figs. D.1 through D.5. Sample results are highlighted in
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Table D.2 (note that the ordinate refers to the number of days between turns and

abscissa refers to the number of turns used to design an attitude profile).
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Fig. D.1: Maximum excursions and minimum elevation angles for the aqua

reference trajectory based on an error-free configuration.
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Fig. D.2: Maximum excursions and minimum elevation angles for the royal-blue

reference trajectory based on an error-free configuration.
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Fig. D.3: Maximum excursions and minimum elevation angles for the cyan

reference trajectory based on an error-free configuration.
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Fig. D.4: Maximum excursions and minimum elevation angles for the red-orange

reference trajectory based on an error-free configuration.
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Fig. D.5: Maximum excursions and minimum elevation angles for the dark-blue

reference trajectory based on an error-free configuration.
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Table D.2: Look-ahead targeting: Excursions from the reference paths and elevation

angles along controlled paths, based on an error-free configuration

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

Extreme values

Max Excur. (km) 11051 9700 10134 14953 2360

g-by-h 4-by-6 4-by-4 3-by-4 4-by-6 4-by-4

No. of revs. 36 36 5 36 36

Min Elev. Angle 12.1◦ 14.1◦ 10.9◦ 13.3◦ 14.9◦

g-by-h 4-by-8 4-by-4 4-by-5 4-by-5 3-by-3

No. of revs. 36 36 36 36 1

2 days between turns, 7 turns per arc in designed sequence

Max Excur. (km) 2781 617 1117 5405 555

Min Elev. Angle 14.9◦ 15.3◦ 15.2◦ 14.6◦ 15.3◦
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D.2 Look-ahead control strategy with large random attitude errors

To illustrate the sensitivity of the solar sail trajectories to large random attitude

errors, attitude control errors of 3◦ (3σ) are incorporated into the look-ahead scheme.

Results for the look-ahead scheme with random errors in the state knowledge (10 km

and 10 cm/sec, 3σ) and attitude control (3◦, 3σ), as well as 10◦/hr turns incorporated

into the flight simulation, appear in Figs. D.6 through D.10. Turns are assumed to

be instantaneous when developing a turn profile. Sample results are highlighted in

Table D.3 (note that the ordinate refers to the number of days between turns and

the abscissa refers to the number of turns used to design an attitude profile). The

criteria for selecting the “best options” in Table D.3 the greatest number of days

between turns, followed by trajectories that possess minimum elevation angles greater

than 13◦, and the smallest excursion from the reference path. Most combinations of
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Fig. D.6: Maximum excursions and minimum elevation angles for the aqua

reference trajectory based on a large attitude-error configuration.
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Fig. D.7: Maximum excursions and minimum elevation angles for the royal-blue

reference trajectory based on a large attitude-error configuration.

days between turns (i.e., subarc length) and number of turns employed to design the

reorientation sequence that enable the look-ahead algorithm to track the reference

path result in controlled paths that appear similar to the respective reference path.

The 4-day, 8-turn combination employed to track the red-orange reference path results

in a controlled path that possesses the greatest excursions from the red-orange path

(Fig. D.9). Nevertheless, the algorithm converges on a solution for the full 36-month

simulation. The resulting path appears in Fig. D.11.
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Fig. D.8: Maximum excursions and minimum elevation angles for the cyan

reference trajectory based on a large attitude-error configuration.
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Fig. D.9: Maximum excursions and minimum elevation angles for the red-orange

reference trajectory based on a large attitude-error configuration.
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Fig. D.10: Maximum excursions and minimum elevation angles for the dark-blue

reference trajectory based on a large attitude-error configuration.
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Table D.3: Look-ahead targeting: Excursions from the reference paths and elevation

angles along controlled paths, based on a configuration that incorporates 3◦ errors in

the control

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

Best options

Max Excur. (km) 6759 5040 10298 16099 7776

Min Elev. Angle 14.1◦ 13◦ 13◦ 13.5◦ 13.1◦

g-by-h 1-by-7 2-by-8 2-by-6 3-by-6 3-by-12

No. of revs. 36 36 36 36 36

Extreme values

Max Excur. (km) 16383 18383 34477 32322 21501

g-by-h 3-by-7 4-by-9 4-by-10 4-by-11 4-by-9

No. of revs. 2 0 0 36 6

Min Elev. Angle 12.2◦ 11.9◦ 8.95◦ 10.8◦ 10.6◦

g-by-h 3-by-5 3-by-5 4-by-10 4-by-8 4-by-9

No. of revs. 2 1 0 36 6
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Fig. D.11: The resulting 36-month trajectory from the 4-day, 8-turn combina-

tion of the large-error look-ahead scheme for the red-orange reference path.
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D.3 Adaptive controller with no errors

The adaptive control scheme is applied to each of the sample reference paths

assuming zero error with either a 13◦ elevation-angle constraint or a 5000 km excur-

sion constraint. Essentially, this configuration evaluates a series of fixed turns again

the continuous solution. Initially using, 4 days between turns, the adaptive scheme

attempts longer arc lengths (i.e., more turns) until reaching the limiting number of

turns, h, (e.g., 12 turns). Then, a reduction of the subarc length, g, to 3 days between

turns is attempted. With this configuration, the adaptive scheme does not success-

fully track all of the reference paths, as is clear in Table D.4. Sample trajectories

from Orbits #2 and #4 subject to the elevation-angle constraint, as well as Orbits

#1 and #3 subject to the excursion constraint, appear in Fig. D.12.

Table D.4: Adaptive targeting: 4-day window, no knowledge, control, or turn

modeling errors

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

13◦ elevation-angle constraint

Max Excur. (km) 19532 15597 35816 22462 2522

Min Elev. Angle 12.6◦ 12.5◦ 12.9◦ 13.3◦ 14.7◦

No. of revs. 36 36 5 36 36

Ave. g (days) 4 4 4 4 4

Ave. h (turns) 3.54 3.25 3.54 3.54 3.07

5000 km excursion constraint

Max Excur. (km) 5374 6126 5913 7018 2736

Min Elev. Angle 12.3◦ 13.3◦ 13.9◦ 13.8◦ 14.7◦

No. of revs. 8 36 36 19 36

Ave. g (days) 3.13 4 4 3.71 4

Ave. h (turns) 3.53 3.56 4.17 4.15 3.08
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Fig. D.12: Four successful trajectories from the adaptive scheme, initiated with

4 days between turns and not subject to errors.

The long length of time between turns (and the imposition of path constraints

at the time of those turns) contributes to the divergence from the controlled path.

Employing the same error configuration as before, the adaptive scheme is initial-

ized with two days between turns. All reference paths are tracked for the full 36

months, as demonstrated in Table D.5. With the exception of Orbit #4 (subject

to an elevation-angle constraint), the controlled paths are visually identical to their

respective reference trajectories. This exception appears in Fig. D.13.
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Table D.5: Adaptive targeting: 2-day window, no knowledge, control or turn

modeling errors

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

13◦ elevation-angle constraint

Max Excur. (km) 3550 3561 2972 8830 748

Min Elev. Angle 15◦ 15.2◦ 15.4◦ 14.6◦ 15.2◦

No. of revs. 36 36 36 36 36

Ave. g (days) 2 2 2 2 2

Ave. h (turns) 3.31 3.26 3.28 3.67 3.14

5000 km excursion constraint

Max Excur. (km) 3552 3552 2972 4408 749

Min Elev. Angle 15◦ 15.2◦ 15.4◦ 14.6◦ 15.2◦

No. of revs. 36 36 36 36 36

Ave. g (days) 2 2 2 2 2

Ave. h (turns) 3.31 3.26 3.28 3.68 3.14
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Fig. D.13: Sample successful trajectory from the adaptive scheme, initiated

with 2 days between turns and not subject to errors.
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D.4 Adaptive controller with large control errors

Solar sail trajectories are sensitive to errors in attitude control. To test the effects

of these errors against the adaptive tracking control scheme, random state-trajectory

errors (10 km, 10 cm/sec, 3σ) and attitude errors (3◦, 3σ), as well as 10◦/hr turn rates,

are introduced in the flight simulation. In all but one case—the red-orange orbit—

the adaptive controller fails to track the reference paths for the full 36 orbits. The

results appear in Table D.6. Orbits #4 and #5, subject to elevation-angle constraints,

appear in Fig. D.14.

Table D.6: Adaptive targeting: 4-day window, 3◦ control error (3σ)

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

13◦ elevation-angle constraint

Max Excur. (km) 8741 38662 2731 27708 13266

Min Elev. Angle 14.7◦ 11◦ 19.3◦ 12.2◦ 11.2◦

No. of revs. 0 6 0 36 23

Ave. g (days) 4 3.96 4 3.99 3.96

Ave. h (turns) 4.5 3.91 4 3.67 3.37

5000 km excursion constraint

Max Excur. (km) 5528 6036 2633 5297 8238

Min Elev. Angle 14.7◦ 15.5◦ 19.3◦ 28◦ 12.8◦

No. of revs. 0 0 0 0 1

Ave. g (days) 3 4 4 4 4

Ave. h (turns) 3.33 3.67 4 4 3.27

When the initial time between turns is reduced to 2 days, the adaptive scheme

tracks the reference paths better, but only two trajectories are able to be tracked for

the full 36 months. The results appear in Table D.7 and Fig. D.15.
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Fig. D.14: Two sample trajectories from the adaptive scheme, initiated with 2

days between turns and not subject to errors. Orbit #4 is tracked for the full

36 months, but Orbit #5 is only tracked for 23 months.
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Fig. D.15: Two sample trajectories from the adaptive scheme, initiated with 2

days between turns and not subject to errors. Orbit #4 is tracked for the full

36 months, but Orbit #2 is only tracked for 13 months.
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Table D.7: Adaptive targeting: 2-day window, 3◦ control error (3σ)

Orbit Number 1 2 3 4 5

Color aqua royal-blue cyan red-orange dark-blue

13◦ elevation-angle constraint

Max Excur. (km) 7758 11928 17778 9990 4915

Min Elev. Angle 12.9◦ 13.2◦ 13.5◦ 14.2◦ 12.5◦

No. of revs. 14 13 19 36 36

Ave. g (days) 2 2 2 2 2

Ave. h (turns) 3.52 3.6 3.64 4.42 3.4

5000 km excursion constraint

Max Excur. (km) 5677 3370 4946 4322 4561

Min Elev. Angle 13.3◦ 17.6◦ 14.2◦ 14.5◦ 12.7◦

No. of revs. 18 0 2 4 9

Ave. g (days) 2 2 2 2 2

Ave. h (turns) 3.51 3.5 3.97 4.16 3.42
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