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PROLOGUE

“The analysis of realistic-sail-shifted ellipses (or quasi-ellipses) should be another topic
of frontier astrodynamics, to be addressed in M.S. theses or Ph.D. dissertations.”

—Vulpetti, Johnson, and Matloff [1]

My motivation for pursuing a doctorate was my enthusiasm for spacecraft dy-
namics, navigation, and control. To me, the scientific or commercial purpose of a
spacecraft serves to justify the fun of flying the vehicle. This investigation has al-
lowed me apply that enthusiasm to the challenging and elegant problem of solar
sails in a complex dynamical environment. Professor Howell is fond of talking about
“working on the fringes” where interesting problems reside. Solar sailing is rich with

areas for study, and I have enjoyed exploring this frontier of astrodynamics.
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ABSTRACT

Wawrzyniak, Geoffrey G. Ph.D., Purdue University, August 2011. The Dynamics
and Control of Solar-Sail Spacecraft in Displaced Lunar Orbits. Major Professor:
Kathleen C. Howell.

Trajectory generation for any spacecraft mission application typically involves
either well-developed analytical approximations or a linearization with respect to a
known solution. Such approximations are based on the well-understood dynamics of
behavior in the system. However, when two or more large bodies (e.g., the Earth and
the Moon or the Sun, the Earth and the Moon) are present, trajectories in the multi-
body gravitational field can evolve chaotically. The problem is further complicated
when an additional force from a solar sail is included. Solar sail trajectories are
often developed in a Sun-centered reference frame in which the sunlight direction
is fixed. New challenges arise when modeling a solar-sail trajectory in a reference
frame attached to the Earth and the Moon (a frame that rotates in inertial space).
Advantages accrue from geometry and symmetry properties that are available in this
Earth—Moon reference frame, but the Sun location and the sunlight direction change
with time.

Current trajectory design tools can reveal many solutions within these regimes.
Recent work using numerical boundary value problem (BVP) solvers has demon-
strated great promise for uncovering additional and, sometimes, “better” solutions to
problems in spacecraft trajectory design involving solar sails. One such approach to
solving BVPs is the finite-difference method. Derivatives that appear in the differ-
ential equations are replaced with their respective finite differences and evaluated at
node points along the trajectory. The solution process is iterative. A candidate solu-
tion, such as an offset circle or a point, is discretized into nodes, and the equations that

represent the relationships at the nodes are solved simultaneously. Finite-difference
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methods (FDMs) exploit coarse initial approximations and, with the system con-
straints (such as the continuous visibility of the spacecraft from a point on the lunar
surface), to develop orbital solutions in regions where the structure of the solution
space is not well known. Because of their simplicity and speed, the FDM is used
to populate a survey to assist in the understanding of the available design space.
Trajectories generated by FDMs can also be used to initialize other nonlinear BVP
solvers.

Any solution is only as accurate as the model used to generate it, especially when
the trajectory is dynamically unstable, certainly the case when an orbit is purpose-
fully offset from the Moon. Perturbations, such as unmodeled gravitational forces,
variations in the solar flux, as well as mis-modeling of the sail and bus properties,
all shift the spacecraft off the reference trajectory and, potentially, into a regime
from which the vehicle is unrecoverable. Therefore, some type of flight-path control
is required to maintain the vehicle near the reference path. Reference trajectories,
supplied by FDMs, are used to develop guidance algorithms based on other, more
accurate, numerical procedures, such as multiple shooting.

The primary motivation of this investigation is to determine what level of tech-
nology is required to displace a solar sail spacecraft sufficiently such that a vehicle
equipped with a sail supplies a continuous relay between the Earth and an outpost
at the lunar south pole. To accomplish this objective, numerical methods to generate
reference orbits that meet mission constraints are examined, as well as flight-path
control strategies to ensure that a sailcraft follows those reference trajectories. A
survey of the design space is also performed to highlight vehicle-performance and
ground-based metrics critical to a mission that monitors the lunar south pole at all
times. Finally, observations about the underlying dynamical structure of solar sail

motion in a multi-body system are summarized.



1. INTRODUCTION

New technologies enable new mission applications. Solar sails, only recently success-
fully operated in space, have long been proposed as a means to accomplish mission
goals normally impossible for spacecraft in Keplerian orbits. In 1993, Robert L. For-
ward proposed and patented the Statite concept, a satellite equipped with a solar sail
that uses solar radiation pressure to counteract gravity and hover statically above a
planetary pole [2]. Concurrently, Colin McInnes identified equilibrium surfaces in the
circular restricted Sun—Earth system that describe regions of space where a solar sail
spacecraft (sailcraft) can be positioned indefinitely [3,4]. These original investigations
were based on simple assumptions. More recent research efforts by Mclnnes, as well
as other researchers, have improved the results from the original studies [5-19].

Sails supply a force to a spacecraft via light reflected from the sail surface. From
special relativity’s mass-energy equivalence, light, in the form of photons, possesses
momentum. When light is reflected off a surface, incident and reflected forces are
imparted to the sail. On an ideal solar sail, these forces are equal, and the resulting
force is normal to the plane of the sail face and is directed away from the Sun. This
force depends on the sail’s attitude, the distance of the sail from the Sun, and sail
properties such as reflectivity and thickness (or areal density). As a consequence
of this sail force, trajectories and attitude profiles are tightly coupled for solar sail
spacecraft.

A complex and rich dynamical environment exists in the Earth-Moon-Sun-sail
regime; new analytical and numerical tools are required to understand, control, and
exploit the sail force for mission design. Recent investigations were originally mo-
tivated by the 2004 Presidential Vision for Space Exploration, that is, a return of
humans to the Moon and the establishment of an outpost at the lunar south pole by

2020 as a precursor to a human mission to Mars [20]. While this goal has since been



revised, the announcement of such a potential outpost motivated studies for estab-
lishing a communications architecture to support mission personnel [21-24]. Because
line-of-sight transmission to the Earth (or to a relay in low-Earth orbit) is not guar-
anteed at the lunar south pole, multiple spacecraft in Keplerian orbits about the
Moon are necessary to serve as communications relays [25-27]. Exotic solutions that
exploit halo orbits about the cis- and trans-lunar Lagrange points have also been
examined [28].

A spacecraft that hovers above a pole is often called a “polesitter.” Using this
concept, a sailcraft can be positioned as a relay between the lunar outpost and ground
stations on Earth. Several researchers have examined this design problem. A team
from the National Aeronautics and Space Administration’s Jet Propulsion Labora-
tory (JPL) designed a non-periodic trajectory in the region below the Earth-Moon
Lo Lagrange point [29]. In this JPL study, a 235-255 kg spacecraft completes a con-
ventional transfer from the Earth to a lunar orbit. Once in orbit, a solar sail with
a maximum characteristic acceleration of 1.338 mm/s* (“a modest improvement in
contemporary solar sail technology” [29]) is deployed and used to keep the spacecraft
below the trans-lunar Lagrange point. A carrier vehicle is jettisoned, and the mass
of the remaining vehicle is 195 kg. Sailcraft (and low-thrust propulsion) trajectories
that are displaced below the Moon were developed by Ozimek, Grebow, and How-
ell at Purdue University using high-fidelity collocation techniques [30-33]. In the
low-thrust investigations [31,32], an NSTAR low-thrust engine is used to enable an
expanding spiral departure that delivers a spacecraft of 500 kg mass from low-Earth
orbit (LEO) to a propellant-optimal orbit below the trans-lunar Lagrange point. Simo
and Mclnnes employ linear control theory for displacing halo orbits from the vicinity
of the Earth-Moon Lagrange points [14-19]. Using an approach reminiscent of the
collocation schemes exploited by Ozimek et al., Wawrzyniak and Howell have de-
veloped finite-difference methods (FDMs), augmented to include path constraints, to
generate periodic sailcraft orbits displaced below the Moon [34]. This last approach is

easily understood and implemented at the expense of reduced accuracy. Additionally,



schemes can be employed that use FDMs to compute a multitude of orbits in a short
amount of time. These finite-difference methods are used successfully to examine the
design space for displaced, lunar sailcraft orbits [35].

While each of the preceding techniques generates trajectories and nominal atti-
tude profiles, all of the solutions are open loop: the prescribed attitude profile s
the control profile that must be followed to remain on the baseline trajectory. Any
deviation from the specified profile results in a sailcraft that diverges from the de-
sign trajectory. Additionally, the trajectories are merely numerical approximations
to the solutions of the differential equations. Since a trajectory and its control profile
are approximations, simply implementing the approximations will result in a trajec-
tory that diverges from the desired path. Therefore, additional control schemes are
required to correct the trajectory to track the desired path.

This investigation examines multiple aspects of mission design for solar sail appli-
cations in the Earth-Moon system. The design space is not well known. While the
underlying dynamical structure of the flow through this region of space is partially
revealed through the generation of the equilibrium surfaces, numerical methods that
do not require a thorough understanding of the system dynamics (or a reasonable ini-
tial guess) are useful for generating orbits. Using these tools, a survey of the design
space aids in developing insight into the solutions and offers metrics (such as attitude
turn rates) for use in assessing the feasibility of each candidate solution. Finally,
given a candidate solution that is feasible and desirable, control laws are developed

to maintain the orbit.

1.1 History of solar sailing trajectory design and flight-path control

Although solar sailing has only recently been demonstrated in flight, space travel
and solar sailing date back to Kepler. In his 1610 response to Galileo’s Sidereus

Nuncius, the first publication based on observations with a telescope, Kepler wrote



[A]s soon as somebody demonstrates the art of flying, settlers from our
species of man will not be lacking.. .. Given ships or sails adapted to the
breezes of heaven (emphasis added), there will be those who will not shrink
for even that vast expanse. Therefore, for the sake of those who, as it
were, will presently be on hand to attempt this voyage, let us establish

the astronomy, Galileo, you of Jupiter, and me of the Moon [36].

Kepler also correctly postulated that the rays of the Sun are directly responsible for
the formation of comet tails, marking the first instance in which light is believed to
exert a pressure on matter [37,38]. In 1873, Maxwell deduced that electromagnetic
radiation (including light) exerts a pressure, as a consequence of his theory of electro-
magnetism [39]. Bartoli independently determined that light must exert a pressure as
a consequence of the second law of thermodynamics in 1876 [40]. The Maxwell-Bartoli
theory of radiation pressure was experimentally confirmed by Lebedev in 1900 [41] as
well as Nichols and Hull in 1901 [42].

Practical concepts for solar sailing have existed for approximately 100 years, be-
ginning with Tsiolkovsky and Tsander in the 1920s. A team at JPL completed the
first serious mission study in the late 1970s for a rendezvous with Halley’s Comet.
A watershed effort by Mclnnes in the 1990s and the publication of his Ph.D. dis-
sertation as a textbook on solar sailing re-invigorated interest in solar sailing as a
research topic [6]. Solar sail concepts have been funded in competitions sponsored
by the National Aeronautics and Space Administration’s (NASA) New Millennium
Program, created in 1995 to improve technological readiness levels for new, “leading-
edge” technologies.

Early trajectory design work by McInnes focuses, in part, on non-Keplerian orbits.
Keplerian orbits are characterized in terms of conic sections (e.g., ellipses, parabolas,
hyperbolas) where a primary body is located at the focus of the section. Spiral
trajectories, common in low-thrust space missions, including solar sailcraft, can be
considered to be perturbed Keplerian ellipses. Non-Keplerian orbits frequently occur

within the context of the restricted three-body problem as orbits associated with the



Lagrange points. However, the continuous force supplied by a high-performance solar
sail might allow hovering. Such spacecraft orbits can be described as “displaced” or
“offset.” Examples of such offset orbits with respect to the Sun, as well as a planet
in orbit about the Sun, are illustrated in Fig. 1.1 [5,6,43]. Orbit (a) appearing in
the left plot of Fig. 1.1 is in a plane parallel to the plane containing the 2 and 7 unit
vectors, coaxial with the E unit vector originating at Sun. The off-axis orbit on the
right, Orbit (b), in Fig. 1.1 is centered on the h axis which is perpendicular to 2 in
the plane containing 7 and k. The final example near the planet, Orbit (c), is coaxial

with 7 and its center is in opposition.
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Fig. 1.1: Three examples of offset orbits. Each gray square represents a solar sail; the

arrow attached to each sail represents the direction of the sail-face normal.

Mclnnes also examined artificial equilibrium points in circular restricted three-
body (CR3B) systems. Five equilibrium solutions exist in a CR3B formulation; these
are the well-known Lagrange points. However, with the addition of a sail, two distinct
equilibrium surfaces emerge in the Sun—planet CR3B system, as seen in Fig. 1.2 and
defined by an infinite number of artificial equilibrium points. Except for a dimple
in the vicinity of the planet, the first surface is essentially a torus with an outer

radius equal to the Sun—planet distance (the circumferential gap about the exterior
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(a) Equilibrium torus about the Sun (b) Dimple in torus section and secondary lobe

Fig. 1.2: Two views of the equilibrium surface for a sail with a characteristic acceler-
ation of a, = 1.70 mm/s” in the Sun-Earth rotating frame. The Sun and the Earth
are magnified by a factor of 10 in their respective figures. Positions of the Lagrange
points are denoted with black dots. Note that some points are obscured by the surface

in these views.

of the torus is an artifact of rendering). Four of the Lagrange points lie on the outer
diameter of this torus. The second surface is a lobe on the far side of the planet.
The remaining Lagrange point, Lo, is located on the far side of the lobe. The size of
these surfaces depends on the sail’s characteristic acceleration, that is, a measure of
the acceleration that a sail can supply given its reflectivity properties and the mass of
the entire sailcraft (sail, bus, payload, structure, etc.). If a sailcraft is positioned on
an equilibrium surface with an appropriate attitude, it will remain there indefinitely
unless perturbed. Perhaps the most common application of these equilibrium surfaces
is the generation of an artificial equilibrium point closer to the Sun than L;. The

Geostorm (a.k.a., Heliostorm) Warning Mission would position a sailcraft at this sub-



Ly point to provide an early warning of incoming coronal mass ejections that cause
geomagnetic storms [44-46].

To control the spacecraft flight path in the Geostorm class of missions, both
Yen [44] and Sauer [45] control to the sub-L; point as opposed to an orbit about
that point as suggested by Lisano et al. [46]. Lawrence and Piggott compare a linear-
quadratic control scheme and a Gramian controller to maintain the trajectory about
the sub-L; point [47]. Farrés and Jorba exploit dynamical systems theory to design
station-keeping maneuvers with a solar sail to maintain orbits about a sub-L; point
and move to other points on the equilibrium surface [11-13]. Waters and McInnes
linearize relative to fixed-points that define a solar-sail libration-point orbit near the
sub-L4 point, and then produce an optimal control scheme that delivers the trajectory
to those fixed points [48].

Another class of mission applications often examined for solar sail trajectory de-
sign comprises optimal (minimum-time) transfers from the Earth to other solar system
bodies. Sauer develops continuous control laws to orient the sail-face normal for mis-
sion trajectories destined to reach the inner planets and the asteroid Eros [49]. Otten
and McInnes employ a fixed-attitude steering law for a two-dimensional Earth-to-
Mars transfer whereby the sail is restricted to a fixed orientation during each of N
evenly spaced segments along the trajectory [50]. Mengali and Quarta further restrict
the discrete attitude problem by the providing a finite set of possible attitudes for the
sail during a two-dimensional transfer [51]. Mengali and Quarta do allow two of the
five admissible controls to be determined as optimization parameters. However, all
of these optimal steering laws are open loop and do not accommodate errors in the
system. Other investigations into optimal solar-sail steering laws for interplanetary
transfer are available in Refs. [52-55].

Recently, NASA’s Constellation Program generated renewed interest in missions
to the Moon. A single solar sail spacecraft has been proposed as a possible solution
to the lunar communications coverage problem. West outlines a mission architecture

whereby a sailcraft hovers in the vicinity below the Earth—-Moon L, point [29]. Oz-



imek et al. applies low- and high-degree Gauss-Lobatto rules to a collocation scheme
to generate solar sail trajectories in the Earth-Moon system [30,33]. The local er-
ror along the trajectory path is proportional to At® and At'2, respectively, due to
truncation in the approximating polynomials [56]. The problem is not formulated
as an optimization problem. Rather, the authors employ this approach to solve the
equations of motion iteratively. The converged solution rarely resembles the initial
guess; however, the solution does depend on the initial guess. Grebow et al. exploit
these same collocation techniques to generate low-thrust trajectories that remain in
view of a point on the lunar surface at all times [31,57].

Meclnnes also examines equilibrium surfaces in the Earth-Moon system [3]. These
surfaces are instantaneous because the Sun moves with respect to the fixed Earth
and Moon. The sail attitude required for equilibrium depends on both the pseudo-
gravity gradient defined in the rotating Earth—-Moon system as well as the position of
the Sun. Short-term missions to points on the instantaneous equilibrium surface are
postulated in McInnes [3]. This work has been expanded in Simo and McInnes [14-19]
to include linear control laws and stability analysis for the motion of solar sails in
orbits displaced from the Earth-Moon rotating plane in the vicinity of the lunar

Lagrange points.

1.2 Solar sail missions

Mission designers typically incorporate solar radiation pressure (SRP) as a per-
turbation. For a solar sail, SRP is exploited as a primary means of propulsion and,
thus, may significantly affect the trajectory, enabling new concepts in trajectory de-
sign. Solar sailing dates back to Tsiolkovsky, Tsander, and Oberth in the 1920s [6].
If the definition of a solar sail includes any spacecraft that exploits SRP, an early
“sail” mission involved the Mariner 10 spacecraft that flew by Mercury three times in
1974-75 and exploited SRP for attitude control [58]. More recently, MESSENGER
employed SRP for trajectory control during the 2008-09 Mercury flybys and for angu-



lar momentum management [59]. These two missions “sailed” using their solar panels
and not with a highly reflective, lightweight sheet of large dimensions conventionally
defined as a solar sail. However, small sails attached to traditional spacecraft have
been proposed for attitude and trajectory control [60-66] over the last 50 years.
Only recently has a spacecraft flown with a solar sail as its only means of propul-
sion. In May of 2010, only 2.5 years after initial development, the Japanese Space
Agency, JAXA, launched a solar sail spacecraft named IKAROS (Interplanetary Kite-
craft Accelerated by Radiation Of the Sun) as a secondary payload to another space-
craft (Akatsuki, “Dawn” in Japanese, also known as the Venus Climate Orbiter). The
sailcraft is the first in-flight demonstration of solar sailing [67]. After separating from
the main launch payload, the solar sail on IKAROS fully deployed on June 10, 2010.
An image from one of the separation cameras (DCAM2) appears in Fig. 1.3. The

Fig. 1.3: The IKAROS spacecraft shortly after sail deployment. Credit: JAXA.

sail is 14-by-14 meters and the vehicle spins at 2 rotations per minute (RPM). Liquid
crystal display (LCD) panels are arranged circumferentially around the sail. The ve-
hicle’s attitude is controlled by turning the LCD panels on-and-off on opposite sides
of the sail at a rate of 2 RPM, creating a net torque on the sail and allowing the

vehicle to target the Venus B-plane [67,68]. The IKAROS spacecraft flew by Venus
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on December 8, 2010 [69]. Its mission has been extended to March 2012, when it is
expected to complete one orbit about the Sun [70].

On November 19, 2010, NASA launched the NanoSail-D2 (“D” for “deploy, de-
orbit, demonstration, and drag” and “2” because it is the ground spare of the
NanoSail-D spacecraft that was lost in a launch vehicle failure) inside the FASTSAT
satellite, which was one of eight spacecraft onboard a Minotaur IV launch vehicle [71].
NanoSail-D2 is a three-element CubeSat; two elements contained the stowed 10-by-10
foot sail and one element is the spacecraft bus [72]. Because of an unknown malfunc-
tion, NanoSail-D2 ejected from FASTSAT nearly two months later than scheduled on
January 17, 2011, into a 72° inclination, 640-km altitude orbit [71]. Three days later,
the sail deployed, and approximately 11 hours after that, the batteries lost power
and radio contact ended, all as expected. The primary purpose of the project is to
demonstrate the stowage and deployment of a small solar sail in LEO and to use high-
atmospheric drag to deorbit the vehicle. As of June 13, 2011, the perigee and apogee
altitudes are 575 km and 609.2 km, respectively [73]. While the vehicle is no longer
transmitting to Earth, it is visible from the ground, and amateur photographers are
encouraged to submit photos to spaceweather.com of NanoSail-D2 streaking across
the night sky. One such image, taken on January 27, 2011, from Buenos Aires with
a one-second exposure, appears in Fig. 1.4(a). The sail appears as a faint diagonal
streak under the text. Another image taken after the ground deployment test of
NanoSail-D appears in Fig. 1.4(b) and illustrates the sail size. Drag has caused the
sailcraft to reorient so that its sail-face normal is perpendicular to the direction of
motion [71]. The result is reduced atmospheric drag and a longer orbital lifetime,
extending into 2012.

Prior to the NanoSail effort, sailcraft technologies were regularly entered the New
Millennium Program’s Space Technology (ST) competitions. The most recent com-
petition, ST9, included the ground deployment of two 20-by-20 meter sails in the
100 foot vacuum chamber at NASA’s Plum Brook Space Power Facility in Sandusky,
Ohio. The two prototypes appear deployed in the vacuum chamber in Fig. 1.5. If
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MNanoSail-D2

(a) Credit: Enzo De Bernardini, used (b) Credit: NASA/MSFC/D. Higginbotham.

with permission.

Fig. 1.4: NanoSail-D2 in space and NanoSail-D after a ground deployment test.

(a) ATK sail (b) L’Garde sail

Fig. 1.5: Two ST9 candidate sails. Note the people for scale in the image on the
right. Credit: NASA/MSFC.

solar sails had been selected to proceed to the next level in the ST9 competition, the
L’Garde sail would have been increased in size to 40 meters on each side and been
deployed in space. Regardless, the New Millennium Program was defunded in 2009,
and these sails represent the most advanced stage of large solar sail development at

NASA [74]. However, because of these efforts, the most recent technology readiness
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level (TRL) cited for solar sails is TRL6 [74], which indicates that sails have been
demonstrated in a relevant environment, such as ground or space (e.g., a vacuum
chamber). Demonstrating a system prototype “near or at the scale of the planned
operational system” in a space environment is necessary for a technology to be con-
sidered at TRL7 [75]. The next TRLs reflect a concept that is “flight-qualified” and
“flight-proven” for mission operations. After a draw-down in solar sail technology
following the ST9 effort, a renewal of solar sail development within NASA is listed in
the announcement of Crosscutting Capability Demonstrations as part of the focus of
NASA’s new Office of the Chief Technologist [76].

In addition to government efforts, the Planetary Society has developed a solar sail
ready for flight called LightSail-1 [77]. This mission is planned as the first of three
solar sail missions by the Planetary Society. Similar to NanoSail-D2, LightSail-1
consists of a three-element CubeSat. Launch is anticipated for November 2011.

Researchers at the University of Strathclyde’s Advanced Space Concepts Labo-
ratory have developed a catalog for solar sail missions [78]. Rendezvous missions to
the inner and outer solar system are better accomplished using traditional technolo-
gies, such as electric or chemical propulsion. Highly non-Keplerian orbits (such as
pole sitters), solar observation, and trajectories beyond the outer planets are signifi-
cantly enabled by solar sails. However, these categories of missions are significantly
more advanced than the ground deployments, LEO mission, and Venus flyby already
demonstrated with solar sailing technology. Sails must become both lighter and larger;
the total vehicle mass (including the sail itself) per sail area must decrease and the
sail area must increase to enable these advanced missions.

Sailing technology is still in its infancy, and advancing the TRL requires in-space
demonstrations, which can be costly and risky. Project scientists and program man-
agers must be convinced that solar sails are low-risk investments for their applications.
The continuing advancement of solar sail technology might again occur in conjunction
with other development programs, such as a hybrid propulsion system. For exam-

ple, a solar kite might be employed to assist in attitude control, as is the case with
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MESSENGER. Alternatively, a solar sail can be combined with a low-thrust device
to develop a hybrid system. By combining propulsion systems, programmatic risk is
reduced, and the degree of difficulty in advancing through TRLs is similarly reduced.
The Strathclyde researchers assert that in-space demonstrations such as these will
increase the confidence in solar sailing as a technology and eventually lead to a sail

that serves as the primary propulsion system on larger-scale missions [78].

1.3 The physics of solar radiation pressure

A brief description of the source of solar radiation pressure is necessary to de-
velop subsequent solar sail force models. A more thorough explanation is available
in Mclnnes [6]. It is known that the irradiance, or the incident power on a surface,
from solar radiation, I, at 1 AU is approximately 1368 W/m?, that is, through every
square meter at the Sun—Earth distance, 1368 Joules of energy from the Sun pass per
second. This value varies by 3-4% per year as a result of the Earth’s eccentric orbit
about the Sun and because the Sun does not emit a constant amount of energy. Sim-
ilar to gravity, irradiance from a point source also scales as the square of the inverse

of the distance from the Sun, that is,

o (A w

where R is the distance from the Sun to the region of interest. The term insolation
is used when describing the irradiance from the Sun.

Momentum transfer from photons imparts a force on any illuminated body. Usu-
ally, this force is imperceptible. However, in a space environment composed of field
forces and essentially free of contact forces, photon momentum will appreciably accel-
erate the body. The pressure force from electromagnetic radiation can be derived from
the principles of either relativity and quantum mechanics or electromagnetism [6]. For

pressure due to solar radiation, the insolation is divided by the speed of light, that is,

1

P=- (1.2)
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where P is the pressure from solar radiation and c is the speed of light in a vacuum.
Therefore, the magnitude of the solar radiation pressure (SRP) force on any body
that is 1 AU from the Sun is approximately 4.56 x 107% N/m?. For a flat body of
area A, the resulting force is

fil = PA(L-0)L (1.3)
where £ is the direction of incident radiation, or the Sun-light vector, and 1 is the
direction of the sail-face normal.! Solar sailing is enabled by employing a large, flat,
low-mass surface to maximize the resulting acceleration on the space vehicle. Sails
also reflect much (and ideally all) of the incident energy in such a way that additional
acceleration is generated opposite to the direction of the reflected photons. For an

ideal solar sail, that reflected force is
fra, = —PA(q, - ), (1.4)

where 1, is the direction of reflected radiation. These forces appear in Fig. 1.6. The
model for an ideal solar sail is based on the assumption that all reflection is specular,
and, for specular reflection, the angle of incidence and the angle of reflection are
identical. The angle of incidence is also known as the pitch angle, a, and the dot
products in Egs. (1.3) and (1.4) are, therefore, both cos«. Summing the forces in
Egs. (1.3) and (1.4) leads to a net force in the direction of the sail-face normal, that
is,
fi =2PAcos® ai (1.5)
In reality, however, this force is attenuated by some energy that is either absorbed by
the sail (and re-emitted as heat) or reflected diffusely, that is, some photons scatter
at an angle other than « from the sail-face normal. Assumptions of an ideal model
verse a non-ideal, higher-fidelity model are addressed in Appendix A.
Finally, the characteristic acceleration, a., is introduced to incorporate the pres-

sure, area, mass, and reflective efficiency of the sail at 1 AU. It is formulated as

oo — WLG)Z] fmm s~ (1.6)

olgm”

Vectors are denoted with boldface. The symbol “~” indicates a unit vector.
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Sail

Fig. 1.6: Forces from an ideal reflection on a solar sail [6].

where v is the reflective efficiency, typically between 0.85 and 0.90 for a solar sail,
and o is the areal density of the sailcraft (also known as the total solar sail loading),
or

m

o= (1.7)

where m is the total mass of the vehicle and A is the area of the sail. An alternate
form of Eq. (1.6) separates the mass of the sail and its associated support structure,

ms, from the mass of the spacecraft bus and payload, m,. In this form,

2P My
—_—, O-S [
o5+ (my,/A) A

where P = 4.56 x 107 N/m? and o, is termed the sail assembly loading. The

A, =

(1.8)

acceleration contribution from an ideal solar sail spacecraft is then

2
a, = a, <A?U) cos® a i (1.9)

The analyses in this investigation occur in the Earth—Moon regime, where R ~ AU,
and the squared fraction in Eq. (1.9) reduces to 1.
One goal for solar sail hardware technology development is to maximize the sur-

face reflectivity and minimize the total solar sail loading. A recent sailcraft design
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for NASA’s Space Technology competition (ST9) that was built by L’Garde possesses
an overall characteristic acceleration of a, = 0.58 mm/ 82; however, the characteristic
acceleration of the sail and its support structure alone is closer to 1.70 mm/s” [79].
The total sail loading parameter for ST9 is then o = 14.1 g/ m?” and the sail assembly
loading is o5 = 4.8 g/ m”. The equations of motion do not separate the sail and its
associated structure from the overall spacecraft. In a survey of recently designed solar
sails, a characteristic acceleration of 1.70 mm/ s> is at the limit of existing sailcraft
technology. In fact, the characteristic accelerations of the two solar sail spacecraft
demonstrated in space are approximately 0.004 mm/s? for IKAROS [80] and 0.02
mm/s? for NanoSail-D2 [81]. Many future applications, including the polesitter high-
lighted in this investigation, require characteristic accelerations on the order of 0.5 to
2.0 mm/s?, and the sizes of these future sails are expected to be 100 to 300 meters

on each side [78].

1.4 Present scope

Fundamental to the mission design of a sailcraft in an orbit displaced below the
Moon is an understanding of the underlying dynamical structure, an ability to gener-
ate reference orbits, and an ability to control the spacecraft to fly near those reference
orbits; all are of equal importance to the understanding and development of this mis-
sion application. Because of the forces required from the solar sail to maintain a
periodic orbit, the regime in which it operates is highly sensitive to modeling accu-
racy and not well suited to analytical methods. A numerical tool is developed that
generates sailcraft orbits in idealized gravitational regimes, such as the Earth—Moon
system, as well as high-fidelity, ephemeris-based gravitational models. Numerically
generated orbits are simpler to produce and may be more accurate than analytically
derived reference trajectories. The resulting orbits can be understood within the
context of the underlying dynamical structure. The orbits essentially “hover” near a

point on an instantaneous equilibrium surface, a surface that depends on the frame
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in which the system equations are formulated. These surfaces are composed of sets
of artificial Lagrange points, attached to theoretical Lagrange points in a circular
restricted three-body system. Finally, since any reference solution is inexact, adjust-
ments to the control profile are necessary. Control laws based on numerical techniques
to solve boundary value problems are developed. This investigation is organized as

follows:

e Chapter 2: The dynamical models used in this investigation are introduced.
Differential equations for the motion of a solar sail spacecraft within the context
of the Earth-Moon CR3B system are presented. Vector formulations for thrust
control (i.e., the sail-face normal direction) are derived. Roy and Ovenden’s
Mirror Theorem (1955) is adapted for solar sail trajectories, and models for

linear dynamics are introduced.

e Chapter 3: Various numerical tools for solving boundary value problems (BVPs)
are presented. Shooting methods, collocation techniques, and finite-difference
methods (FDMs) are discussed and relevant examples are furnished. The FDM
approach receives greater emphasis as it is not currently as popular in the liter-
ature for solving BVPs as the other methods. An error analysis for the finite-
difference algorithm is also supplied, as well as a formulation that incorporates

mission constraints.

e Chapter 4: The FDM is employed as the foundation for a survey of the design
space for solar sail trajectories that solve the lunar south pole coverage problem.
Various initial guesses are exploited to enable the generation of tens-of-millions
of simulations in a search for viable trajectories. Critical mission metrics are

used to evaluate the plethora of solutions.

e Chapter 5 : Solutions from the numerical tools are linked to equilibrium prop-
erties of the Earth-Moon dynamical system. Solar gravity is minor compared
to the gravity of the Earth and the Moon. Five sample reference trajectories

are demonstrated to track instantaneous equilibrium surfaces that arise from
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the balance of solar radiation pressure, gravity of the primary bodies, and the

effects of a rotating reference frame.

Chapter 6: Solutions developed in the idealized Earth-Moon rotating system
with the FDM algorithm are applied to initialize a similar FDM process in a
high-fidelity, ephemeris-based model. The procedure to transition trajectories
designed in the simpler model to the higher-fidelity model is presented. The

same five sample trajectories from Chapter 5 are used to illustrate the transition.

Chapter 7: Three techniques for solving BVPs are employed to control the flight
path of a solar sail within the context of the Earth-Moon circular restricted
three-body model to reference trajectories developed in that model. The basis
for the controller design is a turn-and-hold scheme, whereby the attitude of the
sail is held constant in inertial space and then instantaneously turned one or

more times to target the reference flight path at some future time.

Chapter 8: Concluding remarks are offered along with recommendations for

future research.
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2. SOLAR SAILING DYNAMICS

The history of science and mathematics is largely the history of celestial mechanics.
Ancient societies made those who could predict solar and lunar eclipses their high
priests. Aristotle and Ptolemy influenced the western world for over a thousand years
with their ideas on heavenly motion. Giants coupling mathematics and astronomy
such as Copernicus, Kepler, and Galileo transformed humanity’s understanding of its
place in the universe. Newton described motion by incorporating mechanics, inventing
new fields of mathematics, and describing the effect of gravity. Euler, Lagrange,
Gauss, Bessel, Poincaré, and many other visionary thinkers of their respective times
made significant contributions to the study of dynamics, especially as applied to
celestial mechanics.

In the past one hundred years, a new branch of science, stemming from celestial
mechanics, has emerged in the form of astrodynamics, which is the motion of artificial
satellites, or spacecraft. Tsiolkovsky, Goddard, and Von Braun are a few of the
significant contributors that established this field and are responsible for enabling
spacecraft that reach low-Earth orbit, the Moon, Mars, and the outer planets. In
recent years, new pathways through the solar system have been discovered by applying
a mixture of classical and modern mathematical techniques to describe celestial and
spacecraft motion.

The dynamical behavior of particles or bodies within any system is frequently de-
scribed by a set of ordinary differential equations. The solutions to these equations,
whether analytical or the result of numerical simulations, are employed to chart the
motion of a particle in the presence of gravity and other forces affecting its motion.
The equations of motion for a sailcraft in a rotating multi-body system are initially
introduced. By assuming the system dynamics are governed by the gravity of the

Earth and the Moon, as well as the effect of solar radiation pressure, interesting sym-
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metries arise. Additionally, the equations of motion are nonlinear, and linearization
about a reference path results in tools that are useful for generating solutions and

controlling motion in a nonlinear regime.

2.1 Circular restricted three-body motion and an idealized solar sail

It is advantageous to formulate the lunar south pole coverage problem within the
context of a circular restricted three-body (CR3B) system. Motion is modeled in a
frame, R, that is fixed to the Earth and the Moon. The R frame rotates with respect
to an inertially fixed frame, I, about a common 7 axis with an angular rate of w.

The angular velocity vector is then

w:{oow}T (2.1)

where superscript “* 7 indicates a vector (or matrix) transpose. Both frames originate
at a common barycenter. An illustration of these two frames appears in Fig. 2.1. A po-

T
sition vector in the inertial frame, I, is described by the variables { XY Z } , and

{\{ Moon, m, ’;
A A
Y 1
R
> N
Earth, m, ) X
1 o R
AN
2,7

Fig. 2.1: The R frame rotating with respect to the I frame.
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a position vector in the rotation frame, R, is described by the variables { Ty z }T.
The velocity and acceleration corresponding to the first and second derivatives of a
position element in the appropriate frame, where time is the independent variable,
are denoted with a single dot and double dots, respectively (e.g., & and ).

Modeling behavior in the CR3B system typically involves characteristic quantities
and nondimensionalization based on distances, masses, and time. To begin, the first
characteristic quantity is GM™*, which is the sum of the gravitational parameters of
the two primaries, that is,

GM* = GM,; + GM, (2.2)

where GM; and GM, are the gravitational parameters of the Earth (398600.436
km?/s?) and the Moon (4902.799 km?®/s?), respectively. The average distance between
the Earth and the Moon is the characteristic quantity L* and is equal to 384,400 km
in this investigation. A final characteristic quantity is based on time and originates

with Kepler’s equation,

L+
F=) 2.
GM; + GM; (2:3)

Because a solar sail delivers an acceleration to the spacecraft, another quantity, the
system characteristic acceleration, is also useful. This quantity is easily derived as
the ratio of the characteristic length, L*, to the square of the characteristic time, t*,
that is,
* L 2
a* = 2.7307 mm/s (2.4)

t*—2 =
Nondimensionalization based on characteristic quantities is often used in astrody-
namics to simplify the scale of the numbers involved in computation [82]. The mass

ratio of the Moon to the sum of the masses of the two primaries is

G M,

= 2.
GM, + GM, (25)

W

The nondimensional gravitational parameter of the Earth is consequently 1 — u. The
nondimensional distance between the Earth and the Moon is 1. The period for one

revolution of the Earth and the Moon about a common barycenter is one sidereal
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month (27.321 days), and after dividing by t*, the nondimensional period is 27 in
nondimensional time units. As a result, the nondimensional rotational rate of the
Earth—Moon system with respect to an inertial frame is 1, whereas the dimensional
rotation rate is 2.67 x 1075 rad/s?.

After nondimensionalizing distance, mass, and time quantities, the development
of the equations of motion in the R frame, rotating relative to an inertial frame,
I, employs a kinematic expansion [82-85]. Consistent with McInnes [6], the nondi-
mensional vector equation of motion for a spacecraft at a location r relative to the

barycenter (center of mass of the primaries) is
fa+2 (fwf x ) + VU(r) = a,(t) (2.6)

where the first term is the acceleration relative to the rotating frame (more precisely

B2y
dt2

expressed as where the left superscript R indicates a derivative in the rotating
frame) and the second term is the corresponding Coriolis acceleration, which requires
the velocity relative to the rotating frame, v (more precisely %).1 The angular-
velocity vector, lw® (or w), relates the rate of change of the rotating frame with
respect to the inertial frame. In this nondimensional system, w = { 00 1 }T.
The applied acceleration, from a solar sail in this case, is indicated on the right side
by as(t). The centripetal and gravitational accelerations are combined in a pseudo-

gravity gradient, VU (r), that is,

VU(r) = (w X (W % r)) + <<1 ;%M)rl + %m) (2.7)

2
where p represents the mass fraction of the smaller body, or my/(m; + ms), and rq

and ro are the distances from the larger and smaller bodies, respectively, that is,

= (p+a)? P+ 2

ro=+(u+x—1)%+y2+2?

!Derivatives of the position vector (v and fa) are assumed to be relative to the rotating frame and,
consequently, R is dropped.
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Motion in the vicinity of the Moon is affected by both lunar and terrestrial gravity. To
a far lesser degree, motion is also influenced by the Sun and other solar system bodies.
These other gravitational influences are not generally incorporated in the present
formulation. The Earth’s gravitational effect is on the same order of magnitude as
lunar gravity in the proximity of the Moon. Additionally, modeling the vehicle’s
motion in the CR3B system supplies a solution in a frame in which the two primary
bodies are fixed. This feature greatly simplifies the geometric interpretation of the
solution. Furthermore, the simplifications resulting from the assumptions inherent in
the CR3B facilitate the generation of periodic trajectories.

The preceding discussion centers on “natural” motion that is derived from a
pseudo-potential. An applied acceleration term appears on the right side of Eq. (2.6).
At a distance of 1 AU, an appropriate distance to assume for a sailcraft in the Earth—
Moon system, the nondimensional applied acceleration from a solar sail is modeled
as

Gc

a,(t) (€(t) - 0)*a (2.8)

a*
where 1 is the sail-face normal and E(t) is a unit vector in the Sun-to-spacecraft
direction. These vectors appear in Fig. 2.2. Observed from the rotating frame, R, the
Sun moves in a clockwise direction about the fixed primaries. The sail mass, ms, is

negligible compared to the masses of the Earth and the Moon, which are m; and my,

—_——
—_——

Sun

Earth, m;

Fig. 2.2: Earth-Moon system model
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respectively. The origin of the system is located at the barycenter, b, of the Earth
and the Moon. The term (f(t) -1) is also expressed as cos «, where « is the sail pitch
angle, or the angle between the solar incidence direction and the sail-face normal. In
a Sun-fixed frame where the orthonormal triad is { / (é X 2) % }T, the sail-face

normal, 10, is expressed in terms of o and 9, that is,

COS v
=< sindsina (2.9)

cos d sin av

where ¢ is also known as the clock angle and is measured about the Sun-line, é, from

the z axis in the R frame, as illustrated in Fig. 2.3 (and described in Appendix B).

A
Z
]
Qt
A
y
A
X A
;
M

o>

Fig. 2.3: Pitch, «a, and clock, d, angles for the sail-face normal with respect to the
Sun-line. The axes are fixed in the rotating frame and the Sun moves about the

Earth—Moon system at a rate of €.
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When 1 is rotated to the working frame, R, it is

cos 2t cos « + sin 2t sin o sin &

o
I

— sin Qt cos o + cos Qt sin asin § (2.10)
cos 0 sin «
Formulations of the sail-face normal in other reference frames are available and are
introduced as necessary.
As demonstrated in Eq. (2.8), the direction of the sunlight vector with respect to
the sail-face normal is a critical and mitigating factor in the acceleration supplied by
the sail. The sunlight direction is expressed relative to the rotating frame and is a

function of time, that is,
£(t) = cos(Q) % —sin(Q) § + 02 (2.11)

where () is the ratio of the synodic rate of the Sun as it moves along its path to
the system rate, approximately 0.9192. One physical constraint is imposed on the
attitude of the spacecraft: the sail normal, @, which is coincident with the direction
of the resultant force in an ideal model, is always directed away from the Sun. This
is written mathematically as

£(t) - 1t > cOS Qtmay (2.12)

where apa, is 90°. At a = 90°, the sail is edge-on to the Sun. If a > 90°, the
reflecting side is directed away from the Sun and the “back” side now faces the Sun.
An incident force is still generated, but the back side of a solar sail is typically not
designed for high reflectivity, rather it is coated to emit excess heat (countering the
force from reflected sunlight). In reality, because of imperfections in the sail, qax
is typically less than 90°. The differences between an ideal model and other, more

realistic, models are discussed in Appendix A.

2.2 Symmetry in solar sail trajectories

Construction of some solar sail trajectories is aided by observations that are fun-

damental to the dynamical model. It is well known that certain symmetries exist in



26

the circular restricted three-body problem (CR3BP). One such symmetry arises from
the time-invariance, or reversibility, of the equations of motion. The scalar equations

of motion for the CR3BP are

U-patp)  ple—l+p)

P — 2 — —0 2.13
Lo 1—
jro—yr LT M (2.14)
1 2
. (I=p)z z
R Gt L (2.15)
1 2

If trajectories are reversed across the xz plane, then
rT—=x, Yy—--y, 22—z, t——1

The subsequent path derivatives are

dw) _ . d-y) _. d:) _
a—) a—t) 7 a(—t)
d=) _ @) a2 _,
a—t) " a—) 7 d(—t)

If these states are substituted into Eqgs. (2.13) through (2.15), the same equations of
motion as those appearing in Egs. (2.13) through (2.15) are recovered. The advantage
of this phenomenon is that a mirror configuration occurs at the crossing of the xz
plane or the y axis [86]. Two types of mirror configurations are possible: (P) when
all point masses (i.e., the primaries and the spacecraft) lie in a plane and all velocity
vectors are at right angles to that plane and (A) when all point masses lie along an axis
and all velocity vectors are at right angles to that axis, but not necessarily parallel.
Orbits are periodic if, at two separate epochs, a mirror configuration occurs [86].
An example of a periodic orbit with two mirror configurations in an arbitrary CR3B
system appears in Fig. 2.4. Because of the mirror configurations, certain states are
assumed to be zero at the perpendicular crossings of the symmetry plane (or axis).
One implication from these assumptions is that a trajectory only requires numerical
integration from one mirror configuration to the subsequent mirror configuration, or

one half-period, to determine a symmetric periodic orbit.
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Mirror
Configuration #1
Spacecraft —a y(0)=0
Orbit dx/dt(0) = 0
dz/dy(0) = 0

A

Barycenter
ml j VmZi
5
m
v / :

Mirror
Configuration #2
T/2)=0
dx/d)t’((T/Z)) =0 Plane/Axis of
dz/dt(T/2) = 0 Symmetry

Fig. 2.4: An example of a mirror configuration (either P-type or A-type).

For a solar sail moving in the Earth-Moon CR3B system, a symmetry similar to
a mirror configuration occurs for time reversal in the equations of motion. When
expressed in terms of the Earth—-Moon rotating frame, the equations of motion for a

solar sail spacecraft are

(I—p)(z+p)  ple—1+4p)

-2y —x+ 3 + 3 = Bleqic? + sqiSacss) (2.16)
1 T2
. o 1—

J+2&—y+ (7,—3/4L)y + % = B(—sqiC> + carSacss) (2.17)

1 2

. 1—p)z z
Z4 # + ,u_3 = B(sac’cs) (2.18)

1 T3
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where ¢ = cos, s = sin, and 5 = a./a*. When these equations are propagated in

negative time, the following equations result

. ) 1 —p)(x+ r—1+
T—2y—x+ ( Mig 2 + i 3 2 = B(cac® — saiSacss) (2.19)
1 2
. . 1-
g+ 2t —y+ (r—:f)y + % = B(—smci — cQtsaczs(;) (2.20)
1 2
. 1—p)z z
Z+ # + ,u_3 = B(sac’cs) (2.21)
3 Y

Note the sign differences on the right side when comparing Eqs. (2.16) and (2.17) to
Egs. (2.19) and (2.20), respectively. Time invariance is only possible for solar sails in
the Earth-Moon system if the clock angle 6 = 0° or 180° at the time of the mirror
configuration. This property is also observed and employed by Farrés and Jorba [87].
While Roy and Ovenden [86] specify that the “n-point masses are acted upon by their
mutual gravitational forces only,” the Mirror Theorem still holds when incorporating
a solar sail in the Earth-Moon system because the Sun is assumed to be in a plane
containing the Earth, Moon, and sailcraft at the times of the sailcraft crossing of the
symmetry plane. Although solar gravity is not modeled, solar radiation pressure acts

in a manner similar to gravity, albeit repulsive, in this system.

2.3 Linear dynamics

One convenient and straightforward approach for the design and control of trajec-
tories in the CR3B system is the use of linear variational equations relative to some

reference arc. Consider a system of equations such that

x(t) = £(x(t)) (2.22)

x(t) = { ey vy } (2.23)

at an arbitrary time ¢. Now let x"(¢) be a reference trajectory that satisfies the

nonlinear equations of motion under the conditions in which they are formulated. A
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nearby path also satisfies the equations of motion and is denoted x"(¢). This path
is generally unknown a priori. It may be considered a desired path or a path that is
employed simply to track the reference trajectory, depending on the application. At

time ¢, the difference between the nearby and reference trajectories is
x(t) = x"(t) — x"(t) (2.24)

Equation (2.24) can be evaluated at some initial time, ¢y, such that x"(¢y) is perturbed
from x"(ty) by dx(to), or x{, xi, and 0xg, respectively, for convenience. If Eq. (2.22)
is formulated as an initial value problem,

x"(t) = x(t,xq + 0x0) (2.25)

x"(t) = x(t, %) (2.26)

An illustration of these neighboring paths, along with dxq, appears in Fig. 2.5.

O -
T

x™(t) = x(¢,x,"+0X)

\/

Fig. 2.5: Variations between neighboring trajectories [88].

The small step dx(t) relative to x"(t) is approximated straightforwardly via a set
of linear differential equations. Differentiating Eq. (2.24) with respect to an inertial

observer results in

k() = K°(t) — % (¢) (2.27)
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Continuing with the assumption that x"(¢) and x"(¢) are close (and, therefore, their
derivatives are also close), a Taylor series expansion about x"(t) yields a first-order

approximation for d%(t),

o%(t) = A(t)ox(t) (2.28)
where A(t) is a 6 x 6 Jacobian matrix

A(t) = gi—ég

_ Of(x())

0 (2.29)

x” x”

For the autonomous CR3B system without an applied acceleration (such as the ac-

celeration supplied by a solar sail),

£(x(t)) = V() (2.30)
—2(w x v(t)) — VU(x(t))

For this system, the elements of A(t) are time-varying and of the form

Ap=| ° ! (2.31)

where M is the set of partial derivatives of VU from Eq. (2.7) with respect to r, S is
the set of partial derivatives of the Coriolis terms in Eq. (2.6) with respect to v, and
I is the 3 x 3 identity matrix.

The solution to Eq. (2.28) is significant to serve as the basis of the design and
control algorithms. If §x(t) is available at some future time, t;, it can be added
to the known reference at ty, that is, x"(tf), to approximate the state along the
nearby trajectory, at the specified time, x™(¢;). This variation appears as 0x(ty) in
Fig. 2.5 and is denoted contemporaneous because the two trajectories are compared
at the same time. To solve Eq. (2.28), the variables are separated and both sides are

integrated from ¢, to ts, resulting in
ox(ty) = @(ty,t0)0x(to) (2.32)

where ®(ty,1) is the state transition matrix (STM). The STM supplies a linear

mapping of the perturbation 6x(ty) at ¢y to the deviation from the reference path,
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dx(ts), at a later time. These sensitivities are essentially linear and are expressed in

the form of partial derivatives; in matrix form, they are represented

(I)(tﬁ to) =

(2.33)

Unfortunately, calculating these partial derivatives is not always straightforward.
Generating the STM can be accomplished in various ways depending on the char-

acteristics of the system of equations and the computational capabilities. In the first

approach, the linear system of equations comprising A (¢) is assumed to be constant

over an interval from ¢; to ¢;;1. In this case, the STM is represented as
(L, t9) = A (2.34)

where At = ;11 —t;. (Of course, if A is invariant, this solution applies for all time.)
A second approach involves a Taylor series expansion of the exponential function in
Eq. (2.34), resulting in

o0

1
AR =" H(AtA)’“ (2.35a)
k=0
1 1
=1+ AtA + 5(Ath)2 + 5(Am)3 + ... (2.35b)

where At = t; —ty. In practice, higher-order approximations are no typically em-
ployed.

Often, the Jacobian is time-varying. An alternative when A(t) is a continuous
function of time is to integrate the STM. With a slight change of notation, the deriva-
tive of the STM in Eq. (2.33) is

(2.36)

= A(D)B(t, 1) (2.37)

The same result appears when Eq. (2.32) is substituted into Eq. (2.28). Equa-
tion (2.37) comprises a set of 36 scalar differential equations. To determine the

elements in ®(¢,ty), the STM is integrated along with the equations of motion for
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the system for a set of 42 scalar differential equations or, assuming they are available,
directly uses the states from the reference path to obtain A(t).

The preceding strategy exploits the linear variational equations. Because the STM
is a matrix of the sensitivities to a perturbation in each element of x(j), another
approach for generating the STM is direct numerical integration of the nonlinear
equations of motion, once for each element of the state vector. For each integration,
the corresponding state is perturbed by some small value, €, at the initial epoch. The
state at the end of the integration forms the column in ®(t¢,%,) associated with the
particular state variable. No partial derivatives are required; however, this approach
requires additional computational processing and requires more time to generate the
STM compared to the numerical integration of Eq. (2.37). Also, selection of an
appropriate value of € across various types of states can be nontrivial.

Three useful properties of the STM are noteworthy. The first arises from the fact
that if 0x(t;) = ®(t1,10)dx(to) and ox(ts) = ®(ta,t1)d%(t1), then

B(t,,to) = B(tn, tni)... B(ts, t1)®(t1, o) (2.38)

where n is a finite number of intervals. If the interval from ¢; to ¢, is small, A may
be assumed to be time-invariant over that interval. Then, the STMs generated in
either Eq. (2.34) or Eq. (2.35) that correspond to each small interval may be stacked,
per Eq. (2.38), to produce a STM from ¢, to t,,. Another useful property of the STM
is that

D(to, ty) = 7' (ts,t0) (2.39)

If the STM is generated in forward time, its inverse is the associated mapping for the
deviation at ty, 6x(ts), to the perturbation at ty, 0x(tp). Finally, from the definition
in Eq. (2.32), when t = t,

B(t,t9) =1 (2.40)

where I is the 6 x 6 identity matrix. This identity property indicates that a pertur-

bation at ¢y is unchanged when it is mapped to itself.
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The preceding discussion is based on a contemporaneous variation. Note that
a time variation between the reference and neighboring trajectories is also possible.
Given that all perturbations and deviations are assumed to be small, the difference
between two states on the neighboring and reference trajectories is expressed as the
sum of the deviation at ¢; between the two paths and the derivative of the reference

path at ¢; multiplied by a noncontemporaneous variation, 6, or
Ox(ty+ 0t) = ox(ty) + X" (ts)ot (2.41)

These variations appear in Fig. 2.5. Substituting Eq. (2.32) into Eq. (2.41) results in

the full form of the first-order variational equations of motion,
(5X(tf + 5t) = ‘I)(tf, tg)éx(to) + )'(T(tf)(;t (2.42)

This equation also emerges from a Taylor expansion. Note that the noncontempo-
raneous variations are mapped via the derivative of the position and velocity state
elements (i.e., velocity and acceleration, respectively) at the final time, t;, along
x"(t). Equation (2.42) is useful for correcting x"(¢y) (discussed in further detail in
Chapter 3) to solve for dx(ty), assuming all other quantities are available. These
corrections are classified as final-time free problems. Often, the final time is speci-
fied and a noncontemporaneous variation is not desired; then, 6t = 0 and Eq. (2.42)
reduces to Eq. (2.32). The solar sail trajectories in this investigation are generally
final-time fized problems, unless otherwise noted.

If the problem includes a set of controls and other parameters that may be ad-
justed, the variational equations are augmented. The system of differential equations
is then formulated such that a dependency on the controls and a set of parameters

also exists, that is,
x(t) = £(x(t), 1) + g(x(t), y(t), 1) (2.43)

where y represents a generic set of controls and parameters and g(x(t),y(t),t) is
a function of the state, controls, and parameters, as well as time, ¢. For the non-

autonomous system defined by Eqgs. (2.6) and (2.8), g(y(t),t) = a,(t). Note, however,
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for this system, that f(x(¢)) from Eq. (2.30) is autonomous and time invariant, while
g(y(t),t) is non-autonomous and time variant, but not a function of x(¢). The linear
vector equation of motion, i.e., the first-order variational equations, is written in the

familiar state-space form

ox(t) = A(t)ox(t) + B(t)oy(t) (2.44)
where
_o(f+g)
B= T . (2.45)

and y" =y’ (t), which refers to a reference control profile as well as a parameter set

that appear in the equations of motion. The matrix form of Eq. (2.44) is

ox(t) _ A(t) B(t) ox(t) (2.46)
53.(1) A1) B, | | oy

where . .
Ayt) = g—i ) and B,(t) = g—i r (2.47)

The matrices A, (t) and B,(t) are typically zero if dy = 0 or if y is not a function of
time.

Similar to the uncontrolled problem discussed previously, generating variational
relationships for the set of controls and parameters is not necessarily straightforward.
Consistent with the procedure to generate Eq. (2.37), the matrix in Eq. (2.46) is
incorporated into the differential equations to develop a state transition matrix, ®,
and a state-control (or state-parameter) transition matrix, ¥,

d| ® W A(t) B(t) > v

o _ (2.48)
®, ¥, | |A0 BW]||e ¥,

)

Initially, the matrix on the far right of Eq. (2.48) is an identity matrix of appropriate
size. The matrices that map deviations in the controls and the parameters at t; to
deviations in the state and control elements at ¢ are included for completeness; if A,

and B, are zero, then ®, = 0 and ¥, = I, respectively. The state-control transition
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matrix, ¥, maps the deviation from the reference control and parameter set at ¢y, or

0y (to), to a deviation in position and velocity at some future time, 6x(¢s), that is,

Wt t) = (2.49)

The overall mapping of the errors in the state, controls (or parameters), and final

time 1s
ox(ty+0t) | _ | @(pto)  Plts to) 0x(to) N X(tr,x(to), y(to)) 5t
dy(ty +dt) @, (tr,to) Wyt to) dy(to) y(ts, x(to), y(to))
(2.50)

when noncontemporaneous variations are included (i.e., dt # 0). For a given con-
troller, variations in the state at time ¢, may not be allowed and 0x(ty) = 0. Addi-
tionally, if 0t = 0, then

ox(t) = W(t,t9)dy(to) (2.51)

which is an important relationship for developing trajectory targeting schemes. Both

® and ¥ are useful for developing targeters for shooting schemes.
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3. NUMERICAL TOOLS FOR SOLVING TWO-POINT
BOUNDARY VALUE PROBLEMS

Trajectory design for any spacecraft mission application typically involves either well-
developed analytical approximations or linearization relative to a known solution.
These approximations are typically based on well-understood dynamics. However,
when two or more large bodies (e.g., the Earth and the Moon, or the Sun, the Earth,
and the Moon) are present, trajectories in a multi-body gravitational environment can
become chaotic, and the formulation of solutions, whether analytical or numerical, in
these multi-body systems possesses new challenges.

Ion propulsion and solar sails supply an additional force on the spacecraft, one
that can be directed, often expanding the design options. However, envisioning the
necessary control history and the resulting trajectory prior to any analysis can be
difficult, especially when the advanced-propulsion device is employed in a complex
dynamical regime, such as a CR3B system. Analytical techniques that incorporate
these control forces in such a regime are not sufficiently developed to reveal the extent
of the design possibilities quickly.

Numerical methods are critical elements in uncovering new trajectory options and
furnishing mission designers with a better sense of the design space, particularly in
complex regimes. Spacecraft trajectories are, fundamentally, so