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Abstract

In the cislunar environment, the Earth-Moon Circular Restricted Three-Body Problem (CR3BP) is widely recog-
nized as a valuable dynamical model, providing essential structures for the preliminary design process. However, for
these trajectories to be practically applicable in flight, validation in a Higher-Fidelity Ephemeris Model (HFEM) is
imperative. For this transition process, more insights are gained via employing intermediate dynamical models that
enable numerical continuation and bifurcation analysis within the context of Hamiltonian structures. In particular,
quasi-periodic extensions to the Hill Restricted Four-Body Problem (HR4BP) are proposed in recent literature that al-
low (i) coherent representation of solar gravity and (ii) incorporation of two incommensurate perturbing frequencies in
addition to the CR3BP dynamics, serving as suitable “next steps” in bridging the gap between the CR3BP and HFEM.
The current analysis extends these Quasi-Hill Restricted Four-Body Problems (QHR4BPs), elucidating different as-
pects in numerical implementation. The models are comprised of two components: (i) describing the Earth-Moon
motion under solar gravity within the Hill Three-Body Problem (H3BP) and (ii) representing the spacecraft dynamics
under the influence from the Sun-Earth-Moon system. Several alternatives for these components are explored, high-
lighting the general trade-offs between implementation complexity and their effectiveness as medium-fidelity models
in the transition from lower- to higher-fidelity frameworks. Lastly, the model is further enhanced to incorporate three
incommensurate frequencies by utilizing three-dimensional quasi-periodic orbits for representing the Earth-Moon mo-
tion. The capability of the model is demonstrated for the Earth-Moon L, 9:2 synodic resonant halo orbit, where the
quasi-periodic extensions for the HR4BP provide further insights into the complex behavior as observed in the HFEM.
Keywords: CR3BP, HR4BP, Cislunar space, Ephemeris transition, Model hierarchy

1. Introduction

While the dynamical environment within the cislunar
domain is undoubtedly complex, idealized Hamiltonian
systems offer significant insight in describing the evo-
lution of motion for artificial objects. The Earth-Moon
Circular Restricted Three-Body Problem (CR3BP) often
serves as a suitable lower-fidelity dynamical model that
incorporates both the Earth and Moon; it supplies an
autonomous model within a rotating frame. Based on
the theoretical foundation provided in Gémez, Masde-
mont, and Mondelo [1], then, a Sun-Earth-Moon point-
mass HFEM is approximated as multi-dimensional quasi-
periodic dynamical model within a common rotating
frame. Via this insight, a frequency-based model hierar-
chy is envisioned in the cislunar regime in Park, Sanaga,
and Howell [2], where various time-dependent Hamilto-
nian systems are understood as bridging the gap between
the autonomous CR3BP and multi-dimensional frequency
HFEM, characterized by the number of perturbing fre-
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quencies incorporated in addition to the CR3BP. For pe-
riodically perturbed models, one frequency is added to
the CR3BP, e.g., the Elliptic Restricted Three-Body Prob-
lem (ER3BP) and the Hill Restricted Four-Body Prob-
lem (HR4BP). Park, Sanaga, and Howell [2] also pro-
pose quasi-periodically perturbed models that add two in-
commensurate frequencies to the CR3BP that extend the
HR4BP [3]. These quasi-periodic models serve as suit-
able “next steps” within the model hierarchy while main-
taining the coherent solar gravity property [2, 4].

The main objective of the current analysis is enhanc-
ing the quasi-periodic extensions for the HR4BP within
the context of the model hierarchy in the cislunar domain,
focusing on two aspects. Firstly, numerical implemen-
tation for the QHR4BPs is detailed, addressing multiple
options in formulating the dynamics. The previously pro-
posed QHR4BPs leverage two-dimensional (2D) Quasi-
Periodic Orbits (QPOs) to represent the Earth-Moon grav-
itational motion, where a set of assumptions facilitate im-
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plementations with varying complexities and accuracies.
Then, the spacecraft is described under the influence of
the Sun-Earth-Moon gravitational system, where two no-
table options arise for rotating reference frames. Capabil-
ities of these frames in drawing various insights as well
as a proper frame rotation scheme are detailed in the cur-
rent analysis. Secondly, the QHR4BP is further extended
to leverage a three-dimensional (3D) QPO representation
for the Earth-Moon motion. This extension allows incor-
poration of three incommensurate frequencies in addition
to the CR3BP, further bridging the model hierarchy be-
tween the CR3BP and HFEM in the cislunar domain.

2. Frames and Independent Variables

Frames and independent variables are briefly reviewed,
following the analysis in Park, Sanaga, and Howell
[2]. The letters S,E,M,B,c denote the Sun, Earth,
Moon, Earth-Moon barycenter, and spacecraft, respec-
tively. The Hill frame (Fig. 1(a)) is leveraged to rep-
resent the H3BP dynamics, adopting a Sun-B (Earth-
Moon Barycenter) rotating frame centered at B. The
nondimensional (nd) vector 7gps denotes the lunar po-
sition with respect to the Earth, nondimensionalized by
Iy = Isg.((fig + fiy)/fis)'/? with the dimensional stan-
dard gravitational parameter [l for each body, e.g., fir ~
398600 km?/s2. The constant Sun-B distance is denoted
as Isp. The orthonormal unit vectors for the frame are
iy — fH — I}H. Thus, the Earth-Moon nd position vector is
expressed as,

Fem = Eip+ 0 ju + Cku, 1)
in the Hill frame. The out-of-plane direction kg is iner-
tially fixed, and the in-plane unit vectors are rotating at
a constant rate with respect to IAcH. The second frame,
uniform-rotating frame (Fig. 1(b)), represents a Earth-
Moon rotating frame to describe the nd spacecraft posi-
tion vector, P,, with respect to the origin at B. A con-
stant length I, is leveraged to nondimensionalize length
within the frame, tracking the average Earth-Moon dis-
tance. The unit vectors for the frame are X, — y, —Z,. Note
that Z, = lAcH and, thus, it is inertially fixed. The in-plane
vectors X, — J, rotate at a constant rate with respect to Z,.
For a general Earth-Moon motion, the Earth and Moon are
not stationary in the uniform-rotating frame as depicted
by grey round arrows in Fig. 1(b). The third frame, the
pulsating-rotating frame (Fig. 1(c)), adopts stationary lo-
cations for the Earth and the Moon, describing the space-
craft position vector as p. The unit vectors for the frame
are defined as: (i) X is directed from the Earth to the Moon,
(ii) Z coincides with the instantaneous angular momentum
vector for the Moon orbit with respect to the Earth, and
(iii) y is constructed instantaneously to complete the dex-
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tral triad. The Earth and Moon locations are fixed at —u
and (1 — ) on the %-axis for 4 = fips/(fig + fip). Thus,
the spacecraft nd position vector within the frame is ren-
dered as,
p=xt+yP+z2 2)
The three different frames are adopted to yield various in-
sights for the QHR4BPs.
Three nd time variables are relevant for the current
analysis, corresponding to: 7, the Hill time, 73, the H3BP
time, and 7, the pulsating nd time. For the dimensional

time variable, T, dt/dT = v = 1/m\/fis/l3p, for m ~
0.0808 defined such that (1+ m) tracks the ratio of the
synodic lunar month to the sidereal lunar month. Then,
73 = mT; thus, 7,73, and T are uniformly scaled to each
other. The last nd variable is constructed in a non-uniform
fashion, i.e., dt/dT = \/(fig + fip)/1? for an instanta-
neously evaluated dimensional Earth-Moon distance, [ =
[(T). While it is possible to describe the evolution of vec-
tors in a reference frame with respect to any time vari-
ables, certain combinations yield additional insights.

The Hill frame and the uniform-rotating frame (Figs.
1(a) and 1(b)) rotate with respect to the common out-of-
plane direction ky = 2, that is inertially fixed. The con-
stant angular rates are: unity for the Hill frame, measured
in 73, and (1 +m) for the uniform-rotating frame, mea-
sured in 7. Thus, the direction cosine matrix between
these two frames are evaluated as,

cost sint O
C;, = |-sint cost 0], 3)
0 0 1

assuming that 7y = £, at the initial epoch. From Egs. (1)
and (3), the Earth-Moon nd position vector in the uniform-
rotating frame is,

- InChTem . . R

PEMx = IL = XEMsRe + YEM:Ds + 2EM S (4)
*

Rotations involving the pulsating-rotating frame are fur-

ther examined in subsequent sections.

3. General HR4BP Framework: Two Components

A general Hill Restricted Four-Body Problem
(HR4BP) framework is originally introduced in Scheeres
[3]. The formulation is characterized by two parallel
dynamics components as depicted in Fig. 2. The first
component corresponds to the Hill Three-Body Problem
(H3BP) dynamics that describe the Earth-Moon config-
uration under a coherent solar gravity modeling. The
solution for this three-body system is then leveraged
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Fig. 1. Frames from Park, Sanaga, and Howell [2]
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Fig. 2. General HR4BP framework: two parallel components

within the second, HR4BP component, where the equa-
tions of motion for the spacecraft are supplied in the
restricted four-body model. By a common assumption,
the celestial bodies are modeled as point-masses. The
Sun-B, or the Earth-Moon barycenter, describes a circular
orbit.” Then, any particular solution from the H3BP
may be leveraged to represent the Sun-Earth-Moon
configuration within the general HR4BP framework. In
its original formulation from Scheeres [3], the Lunar
Variational periodic Orbit (LVO) is leveraged, facilitating
a periodically forced dynamical model as cast within the
uniform-rotating frame. The Quasi-periodic extension
of the HR4BP requires a quasi-periodic solution for the
Sun-Earth-Moon system. For a successful implementa-
tion, consideration of multiple options for the two parallel
components, i.e., the HR3BP and HR4BP as illustrated in
Fig. 2, is imperative.

3.1 H3BP

The Sun-Earth-Moon configuration is approximated as
any particular solution in the H3BP dynamics. For the
Earth-Moon nd position vector in the Hill frame, i.e.,

*While it is possible to describe the Sun-B in terms of an elliptic
orbit within the HR4BP [3], it introduces an additional frequency that
is generally associated with smaller perturbations within the HFEM that
may be considered secondary to other types of perturbations. Refer to
Gomez, Masdemont, and Mondelo [1] for this observation.
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FEM = éfH + TlfH + CIACH, the equations of motion are sup-
plied as,

d*E dn 1

PR — 27 +3 .

g " lan TRt

d? d 1

d’l'3 dT3 TEm

d*¢ 1

2= - 5
a7 ¢ r%MC (5)

One particular periodic solution that is associated with a
2mm period as measured in 73 with m = 0.0808, is the
Lunar Variational periodic Orbit (LVO). Thus, the orbit
contains the information for the synodic lunar month, and
serves as a basis for the Hill and Brown lunar theory
[5]. An initial state on the LVO is provided in Table 2
in Appendix. The monodromy matrix for the LVO ad-
mits in-plane and out-of-plane center subspaces generally
corresponding to, the eccentricity of the Earth-Moon mo-
tion, €, and the inclination of the lunar motion with re-
spect to the Earth ecliptic plane, 1. Two separate families
of nonlinear 2D-QPO exist that are tangent to each lin-
ear center subspace within the H3BP as demonstrated in
Park, Sanaga, and Howell [2]. These families are one-
parameter families with orbits of a fixed period that track
the synodic lunar month. These QPOs serve as refined
approximations for the realistic Earth-Moon motion. For
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example, consider Fig. 3(a), where the lunar motion from
ephemerides is depicted over 20 years in the Hill frame.
The LVO corresponds to a one-frequency reduction (pe-
riodic approximation) for the lunar ephemerides in the
same frame. Then, the in-plane and out-of-plane 2D-
QPOs as illustrated in Figs. 3(b) and 3(c) correspond
to two-frequency approximations that incorporate the de-
sired € and 1 in addition to the LVO, respectively. Lever-
aging these 2D-QPOs, the HR4BP is extended to quasi-
periodically forced models; various options for approxi-
mating the 2D-QPOs are considered within the context of
QHRA4BPs in Sec. 4.

3.2 HR4BP

Leveraging the solutions from the H3BP, the dynam-
ics for the spacecraft are formulated within the restricted
four-body problem. For illustrating the cislunar dynami-
cal environment, it is beneficial to consider Earth-Moon
rotating frames. Two options that leverage the uniform-
rotating frame and the pulsating-rotating frame are re-
viewed.

3.2.1Uniform-rotating frame formulation

The original derivation of the HR4BP from Scheeres
[3] leverages the uniform-rotating frame (Fig. 1(b)). Re-
call that the nd spacecraft position vector in the frame is
represented as P. = x. £, + Y« 9« + 242« Then, within the
HR4BP, following acceleration components are supplied,

av
¢ =201 tmy. s 2V
¥.=2(1+m)y o

av
Yo ==2(1+m)k, + EI

av
aZ*7

oo

lx =

(6)

where ¥, = a’zx*/d’r2 and %, = dx./dt. The pseudo-
potential function V = V (x.,ys,z«, T; 1L, m) is defined as,

1 3 1
V= 3 (1 +2m+ 2m2) (2 +yD) — Emzzi

3
+ (o = ¥7) c0s 27 — 2x.y,5in27)

4

2 1—
= { Ey “} . %
agy PEcx PMcx

The quantities Pg+« and Py« are distances from the space-
craft to the Earth and Moon within the uniform-rotating
frame, respectively, rendering,

PMex = |ﬁ* - (1 _.u)ﬁEM*lv
3)

PEcx = |Px + UPEM:],
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where Pes is supplied from the H3BP solution and ro-
tation via Eq. (4). The parameter m connects the Earth-
Moon CR3BP (m = 0) and the Sun-Earth-Moon system at
m = 0.0808, providing a useful continuation strategy. In
the current analysis, m is fixed as m ~ 0.0808. Adopting
a uniformly rotating frame results in a rather simple form
of equations of motion through Eq. (7), where varying the
H3BP solution only manifests in evaluating Bgaz«.

3.2.2Pulsating-rotating frame formulation

In Park, Sanaga, and Howell [2], the HR4BP dynamics
are recast within the pulsating-rotating frame (Fig. 1(c)).
Such a formulation is adaptable to multiple independent
variables and facilitates comparison with other dynami-
cal models that are often developed within the pulsating-
rotating frame. For the nd spacecraft position vector
P = x&+yy+zZ, the equations of motion are reformulated
as follows,

- by b5 0 . by by bg
p=|—-bs by bs|p+|—by bro bi|p
0 —bg by bg —bi1 b1y
fis . 3fis(iu-p)»

- (T/)zlgB (T/)zlgB lH+b13V/3QCR3BP7 )

where Qcr3pp = (1 — [l)/pEC + u/pMc with,

pEC=|[_5+IJxA|7 pMc:‘ﬁ_(l_.u)ﬂv (10)

evaluated for fixed Earth and Moon locations within the
pulsating-rotating frame. The terms bs—13 = bs—13(PEM)
are evaluated with the instantaneous Earth-Moon config-
uration supplied by the H3BP, e.g., the dimensional dis-
tance between the two bodies. While Eq. (9) is rendered
with respect to the Hill time, 7, it is possible to reformu-
late with respect to the pulsating nd time, ¢. Such an adap-
tation results in b3 = 1 and facilitates analytical cancel-
lations between the terms, resulting in,

by bs—2 0

d’p _d’p dp
—5 = 5 lcrsspt+ | —bs+2  bs be| —-
dt dt 0 “be  bs dt
0 2)65)/5 0
3 -
+25500 -2y | B (1
Ps 10 yszs  pE+3}

where d?p/dt*|crspp supplies the acceleration that is
identical to the Earth-Moon CR3BP for the same state, g
and dp /dt. A more complete description of the terms in
Egs. (9) and (11) is provided in Park, Sanaga, and How-
ell [2]. The differences in the HR4BP as derived in two
rotating frames, i.e., the uniform-rotating frame and the
pulsating-rotating frame, are discussed in Sec. 5 within
the context of quasi-periodic extensions for the HR4BP.
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Fig. 3. Lunar motion within the Hill frame described by different structures (the red curves in Figs 3(b) denote 3(c)

are invariant curves)

4. Approximating HR3BP 2D-QPOs

Within the general HR4BP framework as depicted in
Fig. 2, the instantaneous H3BP solution, Fgp(7), is
supplied to evaluate the Sun-Earth-Moon configuration
within the HR4BP. Thus, the quasi-periodic extension for
the HR4BP involves providing 7gys that tracks the 2D-
QPO behavior within the H3BP, where multiple options
exist to approximate such structures. These strategies are
compared, highlighting the trade-off between the imple-
mentation complexity as well as the accuracy in properly
representing the 2D-QPOs.

4.1 Nonlinear QPO: I1D-Fourier series with explicit
propagation in the H3BP

In this option, the nonlinear QPOs are first targeted
via an algorithm developed in Gémez and Mondelo [7]
as well as Olikara and Scheeres [8] (GMOS). The no-
tations in the current investigation generally follow Mc-
Carthy [9]. The 2D-QPOs admit angular representation
with two sets of angles, 6, 0;,,, corresponding to the
longitudinal and latitudinal angles, evolving linearly with
respect to the independent variable, 73. The linear rate
correspond to the frequencies, vj, and Vvy,,. Then, at a
fixed 6),,", an invariant curve emerges; the state remains
bounded on the curve every stroboscopic time, i.e., pas-
sage of 27 in 6, and 2m7 in 73. For the current analysis,
6, = 0 is leveraged, defined at a location where the aver-
age 1 value is zero with £ > 0, an arbitrary but convenient
selection. For instance, the invariant curves are plotted in
red within Figs. 3(b) and 3(c). An invariant curve is then
governed by the remaining angle, 6;,. It is possible to a
leverage 1D-Fourier series representation to approximate

It is possible to leverage a fixed 6y, for defining an invariant curve,
e.g., in McCarthy [9]. Depending on the shape of the 2D-QPO, one
definition requires less number of terms in the 1D-Fourier series than
the other.
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this curve, rendering,

ii(Ora) e MOl A (12)
where i2 = v/—1, and
kg = [~ Mot M=ty Mesl] o (13)

a row vector of length Ny, a number of sample points.
The complex valued Fourier coefficient matrix A is con-
structed as A = DU where U is a (Nj,,6) matrix with
each row corresponding to the sampled state at evenly
placed 6;,,. These sample angles are contained in a row
vector, élm. The Discrete Fourier Transform (DFT) ma-
trix D is supplied as,

1

D=—-¢
Nlat

—ik], 61 , (14)
where 7 denotes a transpose of a vector. The sizes of D
and A are (Nj, Ny, ) and (Nj,,6), respectively. Thus, the
six-dimensional invariant curve is parameterized by one
angle (6, ) through Eq. (12). The states on the invariant
curve are numerically targeted via enforcing the invari-
ance condition, i.e., after one stroboscopic time, the state
rotates on the invariant curve by,

6 = mod(2t Vi [ Vign,270), (15)

where mod is the modular operator; this quantity is de-
noted as the rotation number. For the current investiga-
tion, Ny, = 25 is leveraged to target the 2D-QPO. Re-
call that the monodromy matrix for the LVO predicts two
distinct families of 2D-QPOs. Thus, lat = €,1 represent
these two families, corresponding to the in-plane and out-
of-plane 2D-QPO families. Sample 2D-QPOs are pro-
vided in Figs. 3(b) and 3(c), where the state matrix U for
each 2D-QPO is supplied in Tables 3 and 4 in Appendix.

Leveraging the 1D-Fourier approximation for the in-
variant curve, any state on the 2D-QPO is supplied via an

Page 5 of 19



75™ International Astronautical Congress (IAC), Milan, Italy, 14-18 October 2024.
Copyright © 2024 by the authors. Published by the IAF, with permission and released to the IAF to publish in all forms.

explicit integration scheme. Assume that for an arbitrary
initial epoch, i.e., 0, the initial angles are 6;,,, = 0 and 6;;.
Then, for any epoch 73, the state is supplied via,

Fem(13) = 95 (#(6ar)), (16)
where (64 ) is evaluated from Eq. (12) and ‘_I"(? is the

flow mapping function from the initial epoch to 73 under
the H3BP dynamics, supplied via any explicit integration
scheme. For every 2mm in 13, 6;,, completes one full
revolution. Thus,

em(13) = U0 2" (1614 +n0)), 17)

where 7 is the number of revolutions in 6;,, and o is eval-
vated through Eq. (15). Note that this “reset” on the in-
variant curve is necessary to prevent 7gy, from diverging
from the desired 2D-QPO over a longer propagation time
in 73. In this scheme, the integration (‘i’) from Eq. (17)
is performed simultaneously along with the integration of
the HR4BP dynamics as cast in Eqgs. (6) or (9). Cau-
tion is required for handling 73 = m7, i.e., the indendent
variables for the H3BP and HR4BP are different but uni-
formly scaled.

4.2 Nonlinear QPO: 2D-Fourier series without propaga-
tion
Since the 2D-QPOs allow angular representation with
04z, O10n, approximating them with 2D-Fourier series dis-
cards any requirement for any explicit integration and sug-
gests an alternative. The 2D-QPO structures are approxi-
mated as follows,

Fem = Fem (Ohar, O1on) = €10 @ eMn%ion Aoy - (18)
where ® is the Kronecker tensor product. Note that 7510,,
is defined similarly as in Eq. (13) with N,,, sample points
for the longitudinal angle, 6;,,. The Kronecker product
between the exponential matrices in Eq. (18) results in a
(1,N;tNion) vector, multiplied by the Fourier coefficient
matrix Ayp of a size (NjuNjon,6). The coefficient matrix
is supplied via the DFT matrix,

1
I lklm elat Qe
NlatNlon

Dyp= Eonblon (19
A (NigtNion,6) matrix U,p is constructed that is com-
prised of states along the 2D-QPO associated with com-
binations of sampled angles in 6y, € Gla, and 6y, € Gl(m
Note that the first Ny, rows correspond to a fixed 6;,, and
varying 6,, values to be consistent with the direction of
the tensor product as introduced in Eqgs. (18)-(19). Then,
Asp = DypU,p provides the 2D-Fourier coefficients.
The option to avoid explicit integration generally re-
sults in a slight degradation of accuracy in approximating
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the 2D-QPOs. The most notable factor is the number of
sample points, Ny, ,Nj,,. While larger sample numbers
generally lead to more accurate approximation, it involves
larger matrix constructions as observed in Eq. (18). For
Nigt = Njon = 25, Asp is constructed for two 2D-QPOs
that correspond to in-plane and out-of-plane directions as
plotted in Figs. 3(b) and 3(c), respectively. In Fig. 4,
the norm of each component for Ap is provided. Fig-
ure 4(a) depicts the quantities for the in-plane 2D-QPO
from Fig. 3(b), focusing on the &-position components.
Similarly, Fig. 4(b) corresponds to the 2D-QPO from Fig.
3(c) for the {-position components. The plots offer ref-
erence visual criteria for selecting suitable N, Nj,, val-
ues for proper representation for the 2D-QPOs. The 2D-
Fourier series approximation serves as an alternative that
potentially requires less overall computation time where
the Earth-Moon state vector is evaluated via the closed
form 2D-Fourier series. From an initial epoch, 0, associ-
ated with 6,,; = 6;,, = 0, the state at 73 is retrieved as,

?EM(T?)) = ?EM(elat = ViaT3, Olon = Vlon73); (20)
where V4 10, correspond to the frequency for each an-
gle. Then, Eq. (18) is trivially evaluated tor the an-
gles (6,41, Bjor, ). For sample numerical targeting problems
within the QHR4BPs, the nonlinear QPO representation
with (i) 1D-Fourier + explicit integration (N;,, = 25) and
(i1) 2D-Fourier without explicit integration (N, = Njop =
25) produce nearly identical results.

4.3 Linear QPO

The third option represents a simpler approach to ap-
proximate the 2D-QPO with the linear center subspace as
governed by the underlying LVO. This strategy is previ-
ously explored by Legrand and Scheeres [10] for the out-
of-plane QPOs. From Floquet theory, it is possible to ex-
press the state transition matrix evaluated between 0 and
73 in the following form [11],

(13,0) = &(13)e23E71(0), 1)
where &(0) is a 6 X 6 matrix with the columns corre-
sponding to the five independent complex eigenvectors for
the monodromy matrix and a generalized eigenvector for
the trivial eigenvalue that exists in the autonomous H3BP.
The matrix B corresponds to a block diagonal matrix as-
sociated with the eigenvalues of the monodromy matrix,
and &(713) is a 2mm-periodic matrix. Note that the eigen-
structure for the lunar variational periodic orbit admits
trivial X center X center, where the two center modes ex-
ist in in-plane and out-of-plane directions within the Hill
frame. For any of these center subspaces, the Eq. (21)
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SFEM —
d’L'3

(22)

The variational Earth-Moon state vector is 67gy. The
vectors f] 2(0) correspond to the real-valued eigenvectors
that span the center subspace. For the complex conju-
gate eigenvectors corresponding to the center subspace,
812, f1(0) = (81 +82)/2 and f2(0) = (&) —&2)/(2i) for
i> = —1. For consistency, the first vector, f] (0), is nor-
malized to supply a unit magnitude; the second vector,
fz(O), is scaled correspondingly but does not result in a
unit magnitude. Note that two different sets of ]?‘1’2(0)
exist for the in-plane and out-of-plane directions. In Eq.
(22), the Floquet modes ]_‘172(13) are 2mm-periodic. The
direction cosine matrix Cy, is provided as,

cos(ot3/(2m)) —sin(o13/(27))

L= lsin(om/(2m))  cos(ows/(2m)) |’ 23)

linking ]?1,2(0) and ]?172(173). The frequencies Viq jon are
constructed from the eigenvalues of the monodromy ma-
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= (13,00 [/1(0) f(0)] = [fi(3) falw)]CL.

trix, and o is evaluated from Eq. (15). Leveraging Eq.
(22) and sampling multiple fm(rg) vectors for 6y, €
[0,27), a 1D-Fourier representation is accomplished for
each Floquet mode. For the in-plane center subspace, the
kp-direction position and velocity components are zeros;
and iy — fH-direction components are zeros for the out-of-
plane center subspace. Noting these properties, the Flo-
quet modes are approximated as,

fl,2(73) = J_C],Z(elon = VionT3) = eiklonelo"Al,Z, 24)

drawing similarities with Eq. (12). While these 1D-
Fourier series decay at a fast rate due to the “round” shape
of the LVO, for an accurate representation, the length
of the vector %l,,n must be greater than one; the vectors
f'],z(fg) cannot be approximated with one pair of cosine
and sine functions. The linear approximation for the in-
variant curve is constructed trivially from the eigenvec-
tors, ]?1’2(0). For the in-plane center subspace, it is con-
structed as,

(81 €) = K.€(f1(0) cos(B1ar) + f2(0) sin(By41)), (25)

where € is a parameter that approximately tracks the
Earth-Moon eccentricity [12]. Assuming that the norm
of £1(0) is unity and f>(0) is adjusted correspondingly, &,
is a constant scalar supplied as k, ~ 2.9185, a value com-
puted from the monodromy matrix. Then, leveraging the
1D-Fourier series for the Floquet modes, any state on the
linear variation along the 2D-QPO is represented as,

[S?EM(elona 91az§ 8)‘| -

TEL (B1n, Orar €)

cos(Glm)] . 26)

K€ [f1(B1on)  fo(61on)] C [Sin(elat)

Then, the Earth-Moon state vector is retrieved by adding
O07em and dOFgy /dTs to the reference state on the LVO.
Similarly, the out-of-plane 2D-QPO is also constructed as
follows,

a7
[?%" (elom Orars l)

la?EM ( Oron;, Orars l)

Cos(elat):| ) (27)

Kitan(1) [fi(w)  fa(w)|C [sin(ezm)

For a unit-magnitude f;(0) and f5(0) scaled correspond-
ingly, k; =~ 2.4761, and 1 corresponds to the approximate
inclination of the Moon with respect to the ecliptic [12].
Again, note that fl 22 are defined distinctly for the in-plane
and out-of-plane center subspaces.

The “accuracy” of the linear approximation is nuanced
in general. Of course, the approximation is truly cor-
rect only in a limiting sense. For &;,1, > 0, the nonlin-
ear QPOs may significantly depart from the linear QPOs,
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rendering the linear representation undesirable. For illus-
tration, nonlinear and linear invariant curves for the QPOs
are demonstrated in Fig. 5. The in-plane 2D-QPOs are
depicted in Figs. 5(a) and 5(b) for € ~ 0.0546. The thick
lines in the figures correspond to the invariant curves that
are constructed with nonlinear (Eq. (12)) and linear (Eq.
(25)) methods. The thin lines illustrate sample trajectories
that initiate from the invariant curves at 6;,, = 0; after one
full revolution in 6y,,, the trajectory returns to the respec-
tive invariant curve, rotated by ¢. From the zoomed-out
view in Fig. 5(a), it is challenging to differentiate behav-
iors from the nonlinear and linear QPOs. Upon a closer
examination in Fig. 5(b), some deviations are observed.
For the particular trajectories emanating from 6, =0, a
position difference of 8000 km is accrued after one stro-
boscopic time (synodic lunar month). A similar level of
discrepancy between linear and nonlinear 2D-QPOs is ob-
served for the out-of-plane direction as illustrated in Figs.
5(c) and 5(d). Note that while the linear out-of-plane cen-
ter subspace does not supply any deviation in the in-plane
directions, the nonlinear 2D-QPOs evolve in a more com-
plex manner as evident in Fig. 5(d).

Generally speaking, leveraging the linear 2D-QPO for
approximating the nonlinear 2D-QPO requires caution.
A sample case is illustrated for the Earth-Moon L, 9:2
synodic southern halo orbit that is expected to serve as
baseline orbit for NASA’s Gateway mission [13]. The
CR3BP provides a periodic orbit; it evolves into a 2D-
QPO within the QHR4BPs due to the 9: 2 resonance of the
orbital period and synodic lunar month. The initial guess
in the CR3BP and the corresponding 2D-QPO within the
I-QHRA4BP with € ~ 0.0546 are illustrated in Figs. 6(a)
and 6(b). The numerical targeting process for the 2D-
QPO within the I-QHR4BP is provided in Park, Sanaga,
and Howell [2] and remains out-of-scope for the current
investigation. The 2D-QPO construction leverages the
nonlinear invariant curve as depicted in red within Fig.
5(a) and serves as a benchmark to assess the linear ap-
proximation. Note that the Earth-Moon motion along any
linearly approximated 2D-QPO no longer represents a so-
lution within the H3BP. This nuance is notable, as the co-
herency within the HR4BP is supplied by the fact that the
Earth-Moon motion is a solution for the H3BP. Depend-
ing on the formulation, the lack of coherency may have
a varying degree of impact, but it generally degrades the
“accuracy” of the analog structures intended to be located.
Recall that Eq. (9) provides the HR4BP dynamics within
the pulsating-rotating frame, where the b-terms are eval-
uated with quantities derived from 7gy;. These quantities
include the acceleration d7gy/d73. As linear approxi-
mation for the 2D-QPO is not a solution within the H3BP,
two possible options emerge in providing suitable acceler-
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(c) Out-of-plane zoom-out

%.01

Fig. 5.
curves

Comparison of nonlinear and linear invariant

ations: (i) evaluate the “osculating” H3BP dynamics from
Eq. (5) with Pgy and d7gy/d s supplied by the linear ap-
proximation (Eq. (26)), and (ii) supply the variational ac-
celeration, i.e., d*gp/d 73, from differentiating Eq. (26)
with respect to 73 and adding it to the acceleration along
the LVO. Leveraging these two different approximations
for the acceleration, 2D-QPOs in the I-QHR4BP are tar-
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(d) Out-of-plane zoom-in
Fig. 5. Comparison of nonlinear and linear invariant
curves

geted with the linear 2D-QPOs for the H3BP. These struc-
tures are juxtaposed with the 2D-QPO in Fig. 6(b) that uti-
lizes a nonlinear 2D-QPO. The position crossings within
the pulsating-rotating frame are recorded with z = 0 and
dz/dt > 0 in Fig. 7. It is evident that linear (ii) approach
amplifies the lack of coherency for the Earth-Moon mo-
tion. The targeting process fails around € ~ 0.02 to pro-
duce a well-defined 2D-QPO analog for the 9:2 halo or-
bit; the cyan dots are associated with the last 2D-QPO that
is able to converge. While the linear (ii) method performs
significantly better than linear (i) formulation, it displays
some deviation from the structure produced from the non-
linear 2D-QPO. Due to the nuances associated with the
coherency, i.e., the HR4BP leverages the Earth-Moon mo-
tion as a solution within the H3BP, where the linear ap-
proximation for the H3BP 2D-QPOs requires extra cau-
tion. Note that in deriving the HR4BP in the uniform-
rotating frame [3], it is assumed that the Earth-Moon mo-
tion follows the H3BP solution; thus, it leverages the lin-
ear (i) formulation by default when substituting 7gjs from
the linearly approximated 2D-QPOs.

5. Frame Rotations for Two Rotating Frames in the

HR4BP

Recall that the general HR4BP leverages dynamics as
formulated in two rotating frames: the uniform-rotating
frame and the pulsating-rotating frame. These frames of-
fer distinct advantages and disadvantages in terms of (i)
ease of implementation, (ii) sensitivities in the numerical
targeting process, and (iii) visualization. Thus, it is imper-
ative to properly define a rotation scheme between these
two frames for a versatile quasi-periodic extension for the
HR4BP.

The rotation starts from describing the direction cosine

TAC-24-C1.8.6

1 0.1

-0.1 y (nd)

(a) CR3BP

1 0.1

1.1 0
y (nd)

z (nd) -0.1
(b) I-QHR4BP (& ~ 0.0546)

Fig. 6. 9:2 L, southern halo orbit within pulsating-
rotating frame

matrix between the two frames. The matrix is constructed
as,

c=1[% 9 2], (28)

where X — § — Z are evaluated in terms of the £, — ¥, —
vectors as follows,

3[

s PEMx X Ppprs

- ol
|pEM* X pEM*|

PEM«

£ = LEMx
|pEM*|

L P=2x% (29

Recall that ﬁEM* = xEM*xA* +yEM*}/7\* + ZEM*Z\* from Eq
(4). The derivative of a vector as observed from an in-
ertially fixed observer is denoted with the superscript 7,
resulting in,

3]

PEms = Pens + (14+m)2i X PEMs, (30)

with By, = %EMafs + VEpds + 2Ems<Ze. Then, the nd
spacecraft position vectors in both frames are related
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Fig. 7. Crossings at z =0, Z > 0 for 2D-QPO 9:2 L, halo

counterpart constructed with nonlinear and linear H3BP
2D-QPOs

through,

Ps = licﬁ, (3D
*

noting that the uniform and pulsating rotating frames

leverage the average and instantaneous Earth-Moon dis-

tance, i.e., /,,/, as the dimensionalization quantities, re-

spectively. Then, the velocities are related via,

. i [ R
p.= (7C+ TC )P‘i‘l*CP’ (32)

with the Earth-Moon distance evaluated as,
= |Bemelle, =1 (5EM* 'I%EM*) . (33)

The derivative of the direction cosine matrix results in,

o o ol o
c-F i ¢ (34)

TAC-24-C1.8.6

10

where the derivatives for the unit vectors are evaluated as,

ol .
o PEma PEm+!

N |ﬁEM*| B |ﬁEM*‘21*

o - ool ;l - o1
Z =7 | PEMx X PgEpms« | — h7 PEMs X PEpM« (36)

(35)

S| =

X £+2x %, (37)

2o

of
y =

ol ° . ool R
with h = |p151yh< X pEM*l and h = (Peps ¥ pEM*) -Z. The
relative acceleration vector for the Earth-Moon system is,

ool

Peme = KEms — (1+m) Yppr) X
+ Fens + (1 +m) Xem) P

FZepbe+ (14 m)2 X Py (38)

Then, the state vectors in both frames are related via the
following matrix form,

-2 b

p

A
ﬁ * l*
concluding the derivations. The rotation is validated for a
sample initial state as included in Table 1. For the Earth-
Moon state vector within the Hill frame as in Table 1b,
the initial spacecraft state vectors in two rotating frames
are related via Eq. (39). These initial states are then prop-
agated in the respective reference frames independently
leveraging the corresponding equations of motion, i.e.,
Egs. (6) and (9). These trajectories are plotted in their
respective rotating frames as in Fig. 8. Then, each trajec-
tory is rotated into the other frame to validate the dynam-
ics in both frames as well as the rotation scheme between
them. These two frames and their respective formulations
for HR4BP represent distinct options for propagation as
well as visualization.

Both frames supply unique advantages and disadvan-
tages. The uniform-rotating frame facilitates a straight-
forward implementation of the QHR4BP; upon producing
the H3BP 2D-QPO solution, it is supplied to the Eq. (6)
without additional steps. However, due to the nature of
the uniformly rotating frame, any numerical targeting pro-
cess as well as visualization face challenges as discussed
in Park, Sanaga, and Howell [2]. For illustration, con-
sider the L, counterpart within the two QHR4BPs with
€ ~ 0.0546 (I-QHR4BP) and 1 =~ 5.16° (O-QHR4BP) as
depicted in Fig. 9. While the CR3BP supplies a fixed
L, equilibrium point, the counterpart inherits the fre-
quencies of the dynamical model, expected to result in
2D-QPOs within the QHR4BPs. Indeed, the 2D-QPOs
constructed within the uniform-rotating frame demon-
strate this behavior as evident from Figs. 9(a) and 9(b).

ic 03,3

N 39
ic+ie’ I (39)
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Table 1. Sample spacecraft state in the uniform- and pulsating-rotating frame for a Earth-Moon state in Hill frame

(a) Spacecraft state (B, p)

(b) Earth-Moon state (Fgyr,dPEp /dT3)

state | Uniform-Rotating Frame | Pulsating-Rotating Frame state Hill Frame
X 1.011 1.079529411613892 13 0.165846214243881
y 0 0.050538991847947 n -0.00719127309462785
Z -0.049 -0.040554358228579 4 -0.00115830363326785
X 0 0.049202308670500 d&/dt; | 0.0438253205343869
y -0.16 -0.340319947080306 dn/dts 2.36105433672951
Z 0 0.085725045752616 df/dt; | -0.221638631662460

I

z, (nd)
&

0.05
g+ (nd)

(a) Uniform-Rotating Frame, propagated with Eq. (6)

0.05

-0.05
y (nd)

-0.1

(b) Pulsating-Rotating Frame, propagated with Eq. (9)

Fig. 8. Sample state propagation in the uniform- and
pulsting-rotating frame. Black ‘x’ corresponds to the ini-
tial state in both the frames

However, the equivalent structures within the pulsating-
rotating frame supplies an equilibrium L, point. Within
the uniform-rotating frame, depending on the complexity
of Earth-Moon motion along the H3BP 2D-QPO, the mo-
tion for the spacecraft may be exaggerated as compared
to the behaviors within the pulsating-rotating frame. The

TAC-24-C1.8.6

fixed-point L, within the pulsating-rotating frame is con-
firmed via multiple ways: (i) rotation of the structures
via Eq. (39), (ii) numerical evaluation of the pulsating-
rotating frame HR4BP dynamics from Eq. (9), and (iii)
analytical observation from an alternative representation
for the HR4BP within the pulsating-rotating frame in
Eq. (11). While numerical targeting schemes within the
QHR4BPs may be conducted within the uniform-rotating
frame, continuation along the H3BP 2D-QPOs, e.g., vary-
ing €, sometimes faces extra numerical challenges as the
spacecraft state g, changes significantly from the previous
model to adjust the g, with respect to the moving celestial
bodies, e.g., the Moon. For this reason, the current analy-
sis mainly adopts the pulsating-rotating frame for visual-
ization as well as numerical targeting process.

6. 3D QPO: Evolving Frequencies and Geometries

In this section, the in-plane and out-of-plane center
modes are combined, supplying a nonlinear 3D-QPO for
the Earth-Moon motion as described within the H3BP.
The 3D-QPO targeting process follows McCarthy [9]. For
a fixed angle 6;,, = 0, an invariant surface emerges, pa-
rameterized by two angles, 6, and ;.

U(6g,8,) ~ e @ e Ay, (40)

drawing similarities with Eq. (18) that is leveraged in ap-
proximating the 2D-QPO. In the current analysis, N =
N, = 11; this combination results in 121 sampled points
on the invariant surface that generally allows rapid con-
struction of the 3D-QPO*. The rotation matrix is defined
as,

Roc.o =Dy (de ™) @d(e ™)) Do, (41)

where d(?) is a diagonal matrix with the components sup-
plied by the vector. The DFT matrix, D,p is defined anal-

*Upon locating a desired structure, N, N, may be refined to supply a
more accurate 3D-QPO.
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(c) Pulsating-rotating frame, in-plane

Fig. 9. L, counterparts within QHR4BPs in two different
frames (in-plane: € ~ 0.0546, out-of-plane: 1 ~ 5.16°

ogous to Eq. (19). Then, the invariance condition is con-
structed as,

R, V3" (ii(6¢,6,)) —ii(6,6,) =0,  (42)
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(d) Pulsating-rotating frame, out-of-plane

Fig. 9. L, counterparts within QHR4BPs in two different
frames (in-plane: € ~ 0.0546, out-of-plane: 1 ~ 5.16°

where ‘i’%m” is a stroboscopic mapping function within
the H3BP, propagating each initial state from 6;,, = 0 to
6;,n = 27. The invariance condition leverages the fact that
every stroboscopic time, the state returns to the invariant
surface but with rotated angles in 0 ; by og;. In total,
N¢N,-ii vectors are numerically targeted that satisfy Eq.
(42).

The initial guess for the invariant surface, i.e., Eq. (40),
is provided via the center subspaces of the monodromy
matrix for the LVO. The nonlinear 3D-QPOs exist as a
two-parameter family for a fixed longitudinal period of
2mz. In the current analysis, the rotation numbers O ; are
adjusted to evolve the two-parameter family. The rotation
numbers are related to the frequencies as,

Ve.1

=0+ 1. (43)

Vion

In Fig. 10(a), the horizontal and vertical axes illustrate the
ratios Ve ;/Vion, respectively; each point on the 2D-plane
represents a 3D-QPO associated with a distinct Ve ; com-
bination. The blue star in Fig. 10(a) is the information
from the monodromy for the LVO. Initiating from this
point, generally, the nonlinear 3D-QPOs evolve with in-
creasing Vg ; / Vi, ratios. The colormap illustrates the ap-
proximate eccentricity, €, corresponding to the nonlinear
3D-QPO targeted via the invariance condition from Eq.
(42). The approximate eccentricity is constructed as,

Ex (5(98,61 :O)maxfé(eeael :O)min)/c«‘l7 (44)
where c; is a constant derived from m, ¢ ~0.4084 [12, 2].
The angle 6, = 0 is defined with a minimum mean -
excursion on the invariant surface. The approximate in-
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clination, t, is constructed via,

~ arctan((C(Ge, el)max - C(9€7 Gl)min) /Cl)7 (45)

for a constant ¢; ~ 0.3439. These values are supplied
based on the linear center subspace and serve as reference
geometric characteristics for each 3D-QPO. The contour
plot for the approximate inclination values is depicted in
Fig. 10(b). Note that the black line in Fig. 10(a) corre-
sponds to the boundary for the 2D-QPO; to the left of the
line, the 3D-QPOs collapse to 2D-QPOs associated with
1,=§=0.

Within the range of the frequencies for v, the ap-
proximate eccentricity and inclination values, i.e., (€,1),
demonstrate nearly linear behavior as notable from the
contour plots, characterized by straight lines. However,
the 3D-QPOs evolve with different frequencies as op-
posed to the underlying LVO and the 2D-QPOs. For ex-
ample, consider the red star within Fig. 10(a), correspond-
ing to € ~ 0.055 with 1 = 0, tracking a 2D-QPO. A simi-
lar value of € within the 3D-QPO family is supplied by
different combinations of &,1, allowing the frequencies
to evolve. One option is illustrated as the black star in
Figs. 10(a) and 10(b). The location is selected based
on the frequency information directly retrieved from the
lunar ephemerides DE440 [1]. Note that the frequency
Ve deviates from the linear approximation (blue star) as
well as the 2D-QPO (red star) in Fig. 10(a).® The 3D-
QPO corresponding to the black star is illustrated in Fig.
10(c) within the Hill frame. Note that this 3D-QPO now
approximates the perturbations in both in-plane and out-
of-plane with both suitable frequencies and geometries as
compared to the lunar ephemerides (Fig. 3(a)).

The current analysis for the 3D-QPOs in the H3BP of-
fers potential applications in two distinct fields. In the
realm of dynamical astronomy, providing QPOs within
the H3BP revisits Hill and Brown’s lunar theory, now uti-
lizing modern computational tools and dynamical systems
theory. This approach enables a straightforward approxi-
mation of the lunar ephemerides. As illustrated in Fig. 10,
characterizing the two-dimensional family of 3D-QPOs
also offers a global assessment of possible configurations
for the Sun-Earth-Moon system, an approach that poten-
tially applies to other systems as well. From an astrody-
namics perspective, the H3BP 3D-QPOs serve as the ba-
sis for the Three-Dimensional Quasi-Hill Restricted Four-
Body Problem (3D-QHR4BP), leveraging the common
HR4BP framework as illustrated in Fig. 2. Thus, a quasi-
periodic model that incorporates three incommensurate

$Gutzwiller [5] explains the change of the linear frequency (blue star)
to the HFEM frequency (black star) as an externally driven parametric
oscillator, where the frequency of one mode, e.g., Vg, is a function of
other frequencies, e.g., V;.

TAC-24-C1.8.6

frequencies is supplied that serves as a refined model to
further bridge the gap between the CR3BP and the HFEM
in the cislunar domain. Also, any member within the
two-parameter 3D-QPO family from Fig. 10 serves as
an “intermediate” step between the periodic HR4BP (blue
star in Fig. 10(a) to any desired 3D-QHR4BP (black star
in Fig. 10(a)), providing a adaptable continuation strat-
egy between lower- to higher-fidelity models. While in-
corporating multiple frequencies is a non-trivial task, the
general HR4BP framework and the 2D/3D-QPO struc-
tures provide capabilities to selectively introduce perturb-
ing frequencies with arbitrary magnitudes.

Focusing on the astrodynamics application, a sample
structure, the 9:2 southern halo orbit, is refined within the
3D-QHR4BP and compared with analogs in other models.
While the 9:2 orbit is expected to evolve into a 3D-QPO
within the 3D-QHR4BP, the exact Hamiltonian structure
is not targeted in the current analysis to avoid the com-
putational costs. Rather, a long-term (20 years) continu-
ous solution is supplied without boundary constraints, a
process that is typically adopted for the HFEM analogs
(Fig. 11(d) and in Zimovan-Spreen et al. [14]). The ge-
ometry of the structures is analyzed within the pulsating-
rotating frame (Fig. 1(c)); a hyperplane is constructed at
z=0,z > 0, recording the position crossing on the £ — §
plane as illustrated in Fig. 11. Nine colors correspond to
nine different returns to the hyperplane, a trait supplied
by the synodic resonance ratio of the orbit. The first two
plots in Figs. 11(a) and 11(b) are the crossings along the
2D-QPOs targeted within the two QHR4BPs that incor-
porate the eccentricity (in-plane) and inclination (out-of-
plane) (recreated from Park, Sanaga, and Howell [2]). The
HFEM result is depicted in Fig. 11(d), where a more com-
plex behavior is observed; overall, however, the shapes of
the sections as found from the I-QHR4BP (Fig. 11(a))
are maintained with perturbations. These additional com-
ponents are further represented within the 3D-QHR4BP,
where the crossings now evolve in terms of both the ec-
centricity and inclination simultaneously as in Fig. 11(c);
the crossings appear to be a convolution of the geome-
tries from Figs. 11(a) and 11(b) as expected. The H3BP
3D-QPO in the black star within Fig. 10(a) is leveraged
as representing the desired 3D-QHR4BP. A continuation
strategy is utilized that originates from the HR4BP reso-
nant periodic orbit (blue star) and terminates at the black
star in Fig. 10(a) with multiple steps. Thus, a smooth tran-
sition is achieved between the HR4BP and 3D-QHR4BP;
the analog within the desired 3D-QHR4BP then provides
further insights into the complexity of the HFEM analogs.
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Fig. 10. The two-parameter H3BP 3D-QPO family

7. Concluding Remarks

The quasi-periodic extensions for the Hill Restricted
Four-Body Problem (HR4BP) are further analyzed within
the context of the cislunar dynamical environment. Two
parallel components are identified that constitute the gen-

TAC-24-C1.8.6

eral HR4BP framework: (i) the H3BP that models the
Sun-Earth-Moon configuration and (ii) the HR4BP com-
ponent that models the restricted four-body problem de-
scribing the evolution for the spacecraft. Within this con-
text, multiple strategies exist in approximating the H3BP
2D-Quasi-Periodic Orbits (QPOs) that serve as the ba-
sis for extending the HR4BP to include two incommen-
surate frequencies. Two rotating frames are investigated
that result in different capabilities in terms of complexity,
targeting, and visualization. Lastly, the 3D-QPOs within
the H3BP are supplied that facilitate the extension of the
HRA4BP to include three incommensurate frequencies, re-
sulting in the Three-Dimensional Quasi-Hill Restricted
Four-Body Problem (3D-QHR4BP). The capability of the
new model is highlighted for a sample Earth-Moon trajec-
tory, i.e., the L, 9:2 halo orbit.
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Appendix: Initial Conditions for the LVO and Sample 2D-QPOs within the HR3BP

Table 2. Initial condition for the LVO (§ = d{/dts = 0), m = 8.084893380831200e — 02

S

n | d§/dv

dn/dts

1.760970177183320e-01 | 0 | O

2.222954511784983e+00

Table 3. Invariant curve for in-plane 2D-QPO at g, ~ 0.0546 ({ =d{/dt; = 0)
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Table 4. Invariant curve for out-of-plane 2D-QPO at 1, = 5.16°, position components
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Table 5. Invariant curve for out-of-plane 2D-QPO at 1, = 5.16°, velocity components
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