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The paper investigates close range rendezvous, nearby orbital transfer, and collision
avoidance maneuvers for a chaser spacecraft moving relative to a target in a 9:2 L, Near-
Rectilinear Halo Orbit (NRHO). A feature learning optimal control method (L-OCM) is
proposed to solve optimal control problems corresponding to the maneuvers to minimize fuel
consumption. First, the optimal control problems for each operation are formulated using
nonlinear relative dynamics for the circular restricted three-body problem (CR3BP), where
the controller is a two-finite-burn maneuver. Then, a nonlinear programming (NLP) solver is
used to solve the problems offline for a range of initial conditions. The NLP solutions are also
compared to solutions from existing methods, i.e., differential corrections. The set of solutions is
used to generate datasets with initial conditions as inputs and the identified critical features as
outputs. These features are extracted from the optimal solution and are used to reconstruct the
entire optimal solution. A deep neural network is trained off-line to map the complex, nonlinear
relationship between the inputs and outputs, and then implemented to find on-line solutions to
any initial condition. The L-OCM method provides fuel-optimal, real-time solutions that can be
implemented by a spacecraft performing operations in cislunar space.

I. Introduction

The advent of NASA’s Artemis program has brought much attention to the notion of a sustained human presence in
cislunar space, which is rapidly becoming the focus for expansion of long-term space infrastructure. A continuous
human presence beyond low Earth orbit is a key stepping stone towards the feasibility of human exploration of the
Moon, Mars, and beyond. One concept to achieve this presence is the NASA Gateway, an integral piece of the Artemis
program. Gateway will be maintained in a cislunar orbit and serve as both a permanent human habitat as well as a
staging point for future space exploration missions and activities. Over the course of its operational lifetime, Gateway
is also expected to be a part of a dynamic infrastructure involving multiple other spacecraft. These spacecraft must
perform a myriad of operations including rendezvous and docking, stationkeeping, collision avoidance, and other such
maneuvers. Owing to limitations for fuel capacity and computational capabilities onboard the spacecraft, minimum
fuel-optimal, on-line solutions to generate control commands for these maneuvers are necessary.

The focus of this investigation is close range rendezvous (CRR), nearby orbit transfers, and collision avoidance
maneuvers for spacecraft on or in the vicinity of the baseline orbit for Gateway, the 9:2 synodic resonant Earth-Moon
southern L, Near Rectilinear Halo Orbit (NRHO). These maneuvers are accomplished by controlling a chaser spacecraft
to follow a path relative to a passive target. The CRR maneuver is accomplished by controlling the chaser to intercept
the target, i.e., by bringing the chaser’s relative position and velocity with respect to the target to zero. The nearby
transfer uses rephasing maneuvers where the chaser transfers to the same orbit as the target at a desired phase either
ahead or behind. The collision avoidance maneuver also uses rephasing to bring the chaser ahead in phase relative to the
target, while avoiding a collision sphere around the target.

The Cartesian representation of the equations of relative motion for a chaser spacecraft in orbit near a passive target in
a two-body orbit were first described by the Hill-Clohessy-Wiltshire (HCW) equations [1], and this formulation remains
widely in use today. The HCW equations are used to deliver optimal trajectories for rendezvous, assuming impulsive
maneuvers involving both fixed and free final time conditions [2H4]. Additionally, extensions to the HCW equations
involve parameterization of the relative motion in terms of relative orbital elements [3]] or introduce approximations
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for the state transition matrices for elliptical orbits [6]. However, these and other related strategies all generally fail to
accurately represent relative dynamics in the cislunar region.

The major difference between the two-body orbits modeled by the HCW equations and trajectories in the multi-body
dynamical environment of cislunar space is that there is no underlying analytical representation of the orbit. However,
equations of relative motion are still formulated in a manner analogous to the HCW equations [7] within the framework
of the circular-restricted three-body problem (CR3BP). Linear variational approaches to the cislunar rendezvous problem
have been undertaken, where the method of differential corrections is used to construct rendezvous and formation flying
scenarios in the vicinity of the Gateway orbit [8]. The method of differential corrections has also been employed within
the cislunar environment to compute families of locally optimal rendezvous and rephasing maneuvers [9], and also to
compute passively safe rendezvous trajectories [[10]. Furthermore, linearized dynamics within the CR3BP are the basis
for computing debris avoidance maneuvers [[11] and producing transfers between members of the same orbit family [[12].
In addition, two and three impulse strategies for phasing maneuvers to transfer to nearby halo orbits have also been
implemented using shooting methods in the CR3BP [13]].

There are also recent advances in the use of modern control techniques for spacecraft applications in cislunar space.
Linear optimal control techniques, such as linear quadratic regulator (LQR) and linear model predictive control (MPC),
have been used for rendezvous and loitering problems using linearized dynamics in the CR3BP [14H16]. Reinforcement
Learning (RL), a branch of Machine Learning (ML), is also employed to estimate initial guesses for more conventional
iterative targeting methods for the purposes of stationkeeping [[17]].

However, there exists a gap in the literature when it comes to using nonlinear dynamics and non-impulsive maneuvers
in the CR3BP. Linearized dynamics are an approximation, and thus used as a first initial guess towards constructing a
trajectory giving way to more high-fidelity methods. Though linearization provides a good initial guess, the equations
fail to capture the underlying dynamics for longer times of flight when moving further away from a reference path.
Moreover, most targeting methods used to solve these linear problems cannot include or modify path constraints with
ease, which is required for maneuvers like collision avoidance. The nonlinear relative dynamics between the chaser and
target in the CR3BP employs a control acceleration required by the chaser to maneuver itself. Using control acceleration
instead of an impulsive maneuver reformulates the relative trajectory problem by implementing a finite burn maneuver.
The finite burn assumes a constant burn velocity over a finite burn time, which is a more accurate representation of these
maneuvers and their implementation in real-world applications. By implementing the nonlinear relative equations of
motion and a finite burn maneuver to formulate a nonlinear optimal control problem (OCP), this investigation aims to
quantify and examine the nonlinear behavior of a spacecraft in cislunar space.

This investigation aims to address two important issues being considered for the Artemis program for control
system requirements onboard the spacecraft. The first being limited amount of fuel, and the second being a need for
control systems that have lower computational times and storage requirements. Since a limited amount of propellant is
available for all maneuvers required by the spacecraft, minimum fuel consumption (or minimum burn velocity) is desired.
Hence, the optimal trajectory problem is also a minimum fuel nonlinear OCP, set up as two-finite-burn maneuvers,
modeled using nonlinear relative dynamics between chaser and target. Unlike the relative two-body problem, the relative
three-body problem does not possess an analytical solution, and must be solved using numerical methods. This limitation,
accompanied by the inclusion of highly nonlinear dynamics, presents a challenging task to determine the fuel-optimal
control maneuvers onboard. It requires computational resources needed for other tasks. Therefore, an optimal guidance
algorithm that can generate real-time fuel-optimal control solutions needed to perform multiple operations is necessary.
The traditional numerical approaches to solve such types of problems, such as direct collocation formulations solved
using nonlinear programming (NLP) cannot guarantee robust convergence and real-time computational performance.
Hence, a feature learning optimal control method (L-OCM) is proposed to solve the fuel-optimal control problems for
real-time cislunar trajectory optimization.

The proposed method utilizes a dataset generated from NLP solutions of the OCP mentioned above to train a Deep
Neural Network (DNN). The DNN maps the complex, nonlinear relationship between the inputs representing initial
conditions and outputs representing key features of the optimal solution. These features are used to reconstruct the
entire optimal solution. Although DNNs have been applied in a variety of guidance and control problems to identify the
underlying nonlinear relationship that maps from system inputs to outputs [18]], the extensive efforts required for training
a large dataset are time and resource-consuming. By identifying features that represent the entire optimal solution, the
learning space is condensed, resulting in a substantially reduced computational load and thereby facilitating real-time
computation [19]. To validate the improved computational performance, results obtained from the proposed L-OCM are
compared to solutions from NLP.

In the following, Section[[l]introduces the dynamic models in the restricted three-body problem. Section|[[TI|describes
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the formulation of the optimal control problems for close range rendezvous, nearby transfer, and collision avoidance.
Section[[V]introduces the feature learning optimal control method (L-OCM). Section [V]provides simulation results for
the problems solved using linear targeting methods and nonlinear programming, and training and testing results of the
DNNs .

I1. Dynamical Models
This investigation employs the CR3BP to model spacecraft dynamics in cislunar space. Relative dynamics are
modeled with nonlinear and linear variational equations derived from the CR3BP equations of motion. Additionally,
spacecraft maneuvers are modeled as either impulsive maneuvers that instantaneously change velocity, or as finite burns
modeled as control accelerations augmenting the CR3BP dynamics.

A. Circular Restricted Three-Body Problem

When using the CR3BP to model cislunar space, two primary bodies, the Earth (P) and the Moon (P5), are modeled
as point masses assumed to be moving in circular orbits about their common barycenter (B). The motion of P; and P;
is denoted as the primary system. The spacecraft (P3) with mass m is under the gravitational influence of the primary
bodies, with the masses of the three bodies assumed to obey m <« M, < M. Since the mass of the spacecraft is
assumed to be infinitesimally small relative to the mass of each primary, it is assumed that the spacecraft does not affect
the motion of the primary system.

A reference frame S = {X;, 5, Z5 }, i.e., the synodic frame, that is centered at B and rotates with the primary system,
describes the motion of the spacecraft. The unit vector Xy is directed from the barycenter towards P,, Z; is parallel to the
angular momentum direction of the primary system, and y; completes the dextral orthonormal triad. Additionally, an
inertial frame 7 = {X V.2 } is defined, with its origin at B. Both the span of £ and J; and the span of X and Y define
the orbital plane of the primary system, and 2, = Z. Since the primary system is circular, the synodic frame rotates at
a constant angular velocity of ws,r = nZ, relative to the inertial frame, where n is the mean motion of the circular
primary system. A diagram of the CR3BP depicting the relationship between the S and 7 frames is shown in Fig.

It is advantageous to express the motion of P3 in terms of non-dimensional coordinates. For the purposes of
nondimensionalization, characteristic quantities are introduced. The characteristic mass (m*) is the sum of the primary
masses, the characteristic length (/) is the distance between the primaries, and the characteristic time (¢*) is the inverse
of the primary mean motion. Using the nondimensionalized mass, any CR3BP system can then be characterized by
a mass ratio u = M,/m*, and the distance from B to P; and B to P, can be written as R = —u and R, = 1 — p,
respectively. For the Earth-Moon system, the value of u is roughly 0.01215. In nondimensionalized synodic frame
coordinates, the position of the spacecraft with respect to the barycenter is

r3 = xXg +yPs + 28 (D

and the distance of the spacecraft from each of P| and P, respectively denoted d and r, is

d:v(x+,u)2+y2+12, r=\/(x—l+y)2+y2+z2 )

The second-order scalar nondimensional equations of motion of the spacecraft in the synodic frame are then
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where U”* is a pseudo-potential function dependent only on the position of the spacecraft. The pseudo-potential is

defined as { |
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Eqgs. @]) admit one integral of the motion, known as the Jacobi constant, which is defined as

U=

C=2U" - (& +y*+2) )

As can be seen from Eq. (), the Jacobi constant is dependent on the position of the spacecraft and the magnitude of the
rotating frame velocity, and thus can be considered an “energy-like” term. Any thrusting maneuver performed by the
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spacecraft will change its energy, whether the maneuver is modeled as an instantaneous change in velocity or as an
acceleration added to the equations of motion. The theoretical minimum instantaneous change in velocity, or Av,, to
bridge an energy gap from C; to Cy at any given point is computed with

Avip = \J2UF = Cr —v; (6)

where subscript i indicates the initial values, and f indicates the final values. The calculation of theoretical minimum
Av assumes that the impulsive maneuver is applied tangentially to the synodic frame state. While the optimal maneuvers
that are computed in this investigation are frequently nontangential, Av,j, still provides a useful benchmark with which
to compare results.
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Fig.1 Three-body system in the synodic frame

B. Periodic Orbits in the CR3BP

The baseline orbit for NASA’s Gateway mission is an Earth-Moon southern L, NRHO with a period of roughly 6.5
days, such that it exhibits a 9:2 lunar synodic resonance. The spacecraft undergoes 9 orbital revolutions for every 2
synodic lunar periods. Over the course of its mission, the station must perform a variety of maneuvers to rephase, avoid
collisions, and maintain its orbit. Additionally, any spacecraft that interacts with Gateway must also perform rendezvous,
loitering, and collision avoidance maneuvers. For these operations, the natural dynamical structures that are present in
the vicinity of the 9:2 NRHO, including other nearby members of the southern L, halo family, must be utilized.

Periodic orbits in the CR3BP exist in families, where properties such as orbital period and energy level vary smoothly
from family member to family member. Fig. [2]demonstrates trajectories of several L halos in the vicinity of the 9:2
NRHO as well as the evolution of orbital period and energy level throughout this range of orbits. Nearby periodic orbits,
in particular, offer predictable methods of rephasing spacecraft, as differences in orbital period naturally drift spacecraft
apart in phase. The advantages of rephasing on periodic orbits at greater period differences are offset by the costs to
span energy differences between the orbits. In this investigation, optimal transfers between nearby periodic orbits are
explored.

C. Nonlinear Relative Dynamics

The scenarios examined in this investigation feature the motion of two spacecraft, known as the target and chaser,
within the Earth-Moon CR3BP problem. The target is assumed to be passive with an accurately represented orbit. The
problem can then be categorized as active-passive rendezvous, where the chaser spacecraft actively tries to rendezvous
with a passive target spacecraft. Vectors r; and r. denote position vectors for the target and chaser spacecraft with
respect to the barycenter, respectively.

The relative dynamics of the chaser are modeled using the variational equations based on the CR3BP equations of
motion listed in Eq. (3). The relative position of the chaser with respect to the target is defined as

P =TFc—T =pxls+pyPs + p s @)
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Fig. 2 (a) Selected members of the L, halo family in the vicinity of the 9:2 NRHO. (b) Evolution of Jacobi
constant and period within the selected L, halo orbits as functions of perilune radius. In each figure, red indicates
the 9:2 NRHO.

The nonlinear equations of relative motion for the chaser, also known as the nonlinear variational equations, are then
p=Fc—Fi+u ®)

where each of . and F, are given by Eq. () and u = u, % + uyJ + u 2, represents the control acceleration applied by
the chaser as a function of time. The components of  in the S frame are defined as

uy = ||lu|| cos @ cos ¢ uy = ||ul| cos @ sin ¢ u, = ||u|| sin 0 )

where 6 represents the angle between the control vector u and the X5-9 plane and ¢ represents the angle between the
projection of u on the £,-J plane and £ axis, as apparent in Fig. 3]

The nonlinear equations of relative motion for the chaser in Eq. (8) are then numerically integrated, with the absolute
equations of motion for the target from Eq. (3), to simultaneously produce the absolute trajectory of the target spacecraft
and the relative trajectory of the chaser. The relative state vector is s = [p, p] T and the relative nonlinear dynamics can
be expressed as § = f(s,u, ).

Fig.3 Control vector in the synodic frame
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D. Linear Relative Dynamics

The nonlinear equations of relative motion are also linearized relative to the target trajectory to yield the linear
variational equations. From the Taylor expansion about the target trajectory, the linear variational equations, i.e., the
linear equations of relative motion, are derived in the form

p(t) =A)p(1) (10)

Since Eq. (I0) is a linear, time-varying system, where A(¢) is the Jacobian matrix of the CR3BP dynamics evaluated on
the reference trajectory, its solutions depend only on the initial conditions. The general solution to Eq. is

p(t) = ¢(t,10) p(10) (11)

where ¢(1, tp) is the state transition matrix (STM) that predicts relative states at the time of interest ¢ given an initial
state at time 79. The STM is propagated using

¢=A¢ (12)
with initial condition ¢ (19, t9) = I, where I is the 6 X 6 identity matrix. From a practical standpoint, the STM is
obtained by integrating Eq. alongside the nonlinear equations of motion in Eq. (3).

E. Differential Corrections

A free-variable/constraint formulation of a differential corrections scheme is implemented to locate feasible solutions
for scenarios such as the rendezvous problem. This targeting method is set up by defining an n X 1 free variable vector
and an m X 1 constraint vector as X = [X, ..., X,]” and FX) = [Fi(X), ..., Fu(X)]T. The m x n Jacobian matrix
DF(X) = 0F /0X is then used to iteratively update the free variables until F(X) = 0 within a user-defined numerical
tolerance. If m = n, then the inverse of DF(X) can be directly computed, and the free variable vector is updated using

X; = X;—1 — DF(X;—1) "' F(X;_1) (13)

However, if m < n, then the problem is underconstrained and the minimum-norm solution for the free variable update is
computed using

X: = Xi_y - DR(X;_)" [DF(Xiy) - DRXi )]~ F(Xiy) (14)

If m > n, then the problem is considered overconstrained and will exhibit great reluctance to converge on a solution.
The partial derivatives in the DF matrix are constructed analytically or numerically.

This algorithm, of course, is a linear approach that requires an adequate initial guess to converge on a feasible
solution that satisfies the constraints. Additionally, there is no general guarantee of optimality for solutions. The
differential corrections strategy produces locally optimal solutions, however, by inserting an optimality constraint, as
demonstrated by McCarthy et al. [9]. Assume that a non-optimal targeting scheme is set up such that it has n free
variables and m = n — 1 constraints contained in X, and F,. The associated Jacobian matrix DF, of the targeter has
dimension (n — 1) X (n). To ensure local optimality, an additional constraint is added to F, such that the targeting
problem becomes

F,
F. opt

F,

Xp = Xa, Fp(Xa) = V£ - null(DF,)

=0 (15)

where f(X,) is a scalar cost function to be minimized and null(DF}) is the 1-dimensional nullspace of DF,. The
nullspace of DF, represents the linear approximation of free variable vectors X, that satisfy the constraints F,, and
F, p¢ 1s driven to zero when X, is at a value such that the gradient of the cost function is orthogonal to the constraint
manifold, thus ensuring that the solution of the targeting problem lies at a critical point. It is the responsibility of the
trajectory designer to evaluate this solution to ensure that it lies at the desired type of critical point (local minimum or
local maximum). The targeter for local optimality is, thus, a square problem, with n free variables and m = n constraints.
Once a solution to a differential corrections problem is determined, nearby solutions are located via pseudo-arclength
continuation (PALC). As with the optimality targeter, assume that the original targeting scheme is underconstrained,
with n free variables and m = n — 1 constraints contained in X, and F.. The associated Jacobian matrix DF, of the
targeter has dimension (n — 1) X (n). An additional free variable and constraint are added to the targeting problem, such
that
F.

Fpalc

F.

Xs=X,, F(X) = =0
d c ( ) (Xi—X;k_l)TM_l—és

(16)
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where X, is the previously converged solution and ds is a user-provided step size. The one-dimensional nullspace
Ni-1 of DF, is the matrix of partial derivatives of F. with respect to X;_,. The choice of X4 is problem-dependent,
and affects the solutions that are obtained via PALC. From Eq. (T6), it is evident that the targeter used for PALC is also
a square problem, with n free variables and m = n constraints. Additionally, note that, for problems with sufficient
quantity of free variables and constraints, PALC is effective to continue families of optimal solutions that were produced
using Eq. (I3)). The advantage of the differential corrections method is that, given a reasonable initial guess, a family of
optimal solutions can be located, with each solution giving insight into nearby solutions. In this way, the solution space
for a given problem is explored using a relatively simple and transparent process without reliance on individual point
solutions.

There are two primary limitations of the differential corrections method. First, the optimality constraint only ensures
a locally optimal solution. While this issue is somewhat mitigated by the ability to explore the solution space with
PALC, it is still infeasible to ensure that a given solution is truly the globally optimal. The other major drawback of
differential corrections is due to the linear update for the free variables, as in Eqs. (I3)) and (I4). While many simple
constraints, such as continuity and time of flight constraints, are generally conducive to providing linear updates for the
free variables, more complicated constraints could exhibit much more nonlinear behaviors that hinder the convergence
of the differential corrections method. In such cases, more sophisticated methods may be necessary to provide the
desired solutions.

I11. Formulation of the Optimal Control Problem

The most basic OCP considered is the rendezvous between the chaser and target spacecraft in the CR3BP. Both the
nearby transfer and the collision avoidance problems are an extension of the rendezvous problem with additional path
constraints and/or different boundary conditions. The rendezvous OCP aims to find a finite control law, in this case, an
optimal burn velocity for a two-finite-burn maneuver required for the chaser to intercept the target for a fixed time of
flight, denoted by ToF. The state of each spacecraft at any time ¢ is defined as s = [p, p]T € R®, where p and p are the
relative position and velocity vector respectively, as measured from the synodic frame. This is a two-point boundary
value problem with an initial relative state so between the chaser and target at initial time 7g. At ¢¢, the rendezvous
condition satisfies p(¢7) = p(ty) = 0. The total burn velocity, denoted by Av = Avy + Av, which represents the integral
of the control acceleration over the operational time period, i.e., Av f " u dt. The final time ¢ r is given, and the burn
time interval At is also fixed, where time intervals for both burns are assumed to be equal Ar; = Aty = At. The first burn
is to initialize the rendezvous, and the second is to bring excess relative velocity to zero at the point of interception of
the spacecraft. Hence, the control maneuver is only applied at o and 7y — At. The chaser is passive for the remainder of
the time. The rendezvous problem is formulated as

1
muin/ u dt (17a)
)
subjectto § = f(s,u, ) (17b)
s(to) = so (17¢)
s(t5) =0 (17d)
Umin < ||| < tmax (17e)

where Eq. (T74) is the objective function, Eq. (I7D) is the system dynamics, Eqs. (I7c)-(I7d) are boundary conditions
at the initial and final time, and Eq. is the upper and lower bound on control as u,,,4y and u,,;,, respectively.

For the nearby transfer problem, a two-finite-burn phasing maneuver is implemented using the nondimensional
phase variable 6, defined as the fraction of orbit period elapsed since the last perilune passage:

t—t
P

0= P c10,1) (18)

where ¢ € [ty tf], tp is the time at perilune, and P is the orbital time period. The phase indicates the state of the
. . T. .
spacecraft in orbit, where 6., defines the state of the chaser at #p as x., = [rco, vCO] in the nearby orbit, 6;, defines the
T
state of the target at 79 as X;, = [y, V| . O, defines the state of the chaser at 75 as x., = [r¢,, Ve f] ,and 6, defines

state of chaser at 5 as x; . = [rt oVt f]T. Hence, the problem is a two-point boundary value problem with fixed final
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time 77. Via phasing maneuver, the chaser is free to insert itself into the NRHO either ahead, behind, or on the target
(rendezvous conditions). This decision is defined by a new fixed variable ¢, the phasing parameter, which is used to
determine the phase of the chaser at ¢y and nondimensionalized by #*. Given the initial states and time of flight ToF' the
state of the chaser at 7 is determined by

to = QIOPNRHO +1p (19a)
143 =to+ToF (19b)
I+ ot — Ip
., =L P (19¢)
! PnrHO

where a 67 = 0 implies rendezvous conditions x., = x;,. The OCP stays the same except for the terminal conditions
that are redefined as s(¢y) = s.

For the collision avoidance problem, the same two-finite-burn phasing maneuver is implemented but only for the
NRHO. The chaser spacecraft implements a maneuver to change its phase in the orbit and reinsert itself ahead of the
target back into the orbit, under an additional path constraint. The target is further modelled as a sphere of avoidance
with a radius r4,,;4 and center cqyoig = [X¢, Vi» Z,]T, where x;, y;, z; are the position vector components for the target
measured in the synodic frame. For any point during the time of flight, the chaser is not allowed to enter the collision
sphere. This is modelled as the path constraint || p|| — 74voiq = 0. Then, the corresponding OCP is a two-point boundary
value problem with initial and final states and a fixed value of 8¢, which will always place the chaser ahead of the target
atzy.

IV. Feature Learning based Optimal Control Method

An L-OCM is proposed to solve the cislunar trajectory design problems. This method employs DNNs to map the
underlying behavior between the initial conditions and the control accelerations of the finite burn maneuver. The CR3BP
relative dynamics are highly nonlinear, which prevents finding an analytical solution when considering CR3BP relative
dynamics in a trajectory optimization problem. With the addition of a minimization objective, solving the nonlinear
OCP in real-time faces the challenges of heavy computational load and time restraints to the missions. When DNNs are
employed to solve OCPs, they typically require large datasets to represent the entire optimal solutions, e.g., system states
along the optimized trajectory, which gives rise to computationally expensive learning spaces. However, if the optimal
control solution could be described by a few critical features, then learning only these features can recreate the entire
solution. Learning the identified features instead of the entire optimal solution significantly reduces the computational
load by reducing the learning space and storage, which are the claimed advantages of the proposed L-OCM.

The schematic in Fig. f]explains the overall framework for this method. The L-OCM consists of two stages. The
first, off-line stage includes generating a dataset and training the DNN. The data set is comprised of the discrete optimal
solutions to the nonlinear OCP. Specifically, it is a pair between the initial states (conditions) and the set of features
identified for the optimal control solution. The nonlinear OCP in Eqs. [T7al{I7¢]is solved using an NLP solver for a range
of initial conditions, and the features of the optimal solution are identified and extracted from that solution. This step is
analogous to a parameter optimization problem, where the features (parameters) lead to a solution of the OCP. After all
OCPs are solved and features determined off-line, the dataset is constructed, where the inputs correspond to the initial
states and outputs correspond to the features. Using the dataset, the DNNs are constructed and trained off-line to map
the underlying relationship between the inputs and outputs. After the DNNs are trained, the second, on-line stage is
used to find the corresponding features for a given set of initial conditions. Finally, the features are used to reconstruct
the optimal control solution.

A. Feature Identification

For the two-finite-burn maneuvers, feature identification is straightforward, since the control acceleration is only
applied at two points during the time of flight, i.e., at 7o and ¢y — At. The control magnitude and direction at these two
points are identified as the features needed to recreate the entire control history and corresponding states along the
trajectory. Hence, the features are selected as the components of the control acceleration vector at #p and ¢y — At:

1) Components of control vector at y: uxo, Uyo, and 1o

2) Components of control vector at ty: uxy, uy s, and u, s

. T
Hence, the features for the two-finite-burn maneuver are Xouspur = [uxg, Ux £, Uy0, Uy Fy Uz0, Uz f]
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Fig.4 Framework for the L-OCM

B. Training of the DNNs

After generating the dataset for training, DNNs are constructed to map the relationship between Xy, pyr and Xour pus-
The architecture for the DNN is shown in Fig. [5} which is composed of the input, hidden, and output layers. Layer 1,
which is the input layer with | neurons, receives data from X;,,,,.; and passes it on to the next layer with a certain set
of weights. The output layer is Layer L, whose neurons are determined by the length of X, py:. The remaining layers
are called hidden layers, each with m; neurons.

o

. Neuron

Input data

Output
X, i

X

Neuron !

Layer 1 Layer i Layer L

Fig. 5 The architecture of a DNN

In order to capture the nonlinear dynamics of the CR3BP system more accurately, individual DNNs are constructed
for each identified feature. Consequently, each DNN will produce only one identified feature as its output, which means
my, = 1 for all DNNs. The DNNs for each feature are constructed with a total of five layers, including three hidden layers,
and the number of neurons in each layer is set as 64, 32, 16, 8, 1 respectively. In addition, corresponding activation
functions include the rectified linear unit (ReLU) function and the linear function. The ReLU is a popular activation
function used in neural networks, known for its simplicity and effectiveness. It is defined as f(x) = max(0, x), which
means that it outputs the input value if it is positive and zero otherwise. One of the key benefits of the ReLU function lies
in its ability to introduce non-linearity to the neural network while being computationally efficient. The linear activation
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function, also known as the identity activation function, simply outputs the weighted sum of the inputs without applying
any non-linear transformation f(x) = wx, where w are the weights tuned by the DNN. The parameters for the DNN are
optimized using an adaptive moment estimation algorithm [21]], known for its efficiency, fast convergence, and ability to
handle noisy or sparse gradients. To guarantee high accuracy and training performance of the DNNs, the generated
dataset is divided into 80% training data, 10% validation data, and 10% test data, all within the range of the initial
conditions selected for the NLP.

V. Simulation and Results

To verify the effectiveness of the proposed L-OCM, simulation results for the close range rendezvous, nearby
transfer, and collision avoidance maneuvers are provided in this section. All simulations are run in Matlab environments
on a 3.5 GHz computer with 16GB RAM. The nonlinear OCPs are solved using a commercial NLP solver integrated
with Matlab and the DNNs are trained using machine learning libraries in Python. The datasets for the three separate
problems are generated for a range of predefined initial conditions listed in Table[I] The initial conditions generally
define the state of the chaser and target, and the time of flight.

The differential corrections (targeting) method is also applied to the close range rendezvous and nearby transfer
problems, both to validate NLP results as well as to gain insight into the convergence basins inherent to each scenario.
For each set of initial conditions listed in Table|l] the targeting and NLP solutions are compared. Additionally, locally
optimal solutions are found by applying Eq. (I3)) with the impulsive Av at departure and time of flight as free variables,
and position continuity at the arrival location as the constraint. The cost function for the local optimality constraint is
then

f=1Avi]]” + |Av)? (20)

where Av; is the impulsive maneuver applied at arrival. Note that because of the necessity of an initial guess and the
application of the linear update in the targeting process, the optimality targeter can fail to converge. In such cases, the
time of flight of the transfer is removed as a free variable, and the square targeting problem is solved for a feasible
solution. While this setup is no longer explicitly targeting optimality, it can be shown that the resulting transfers maintain
a measure of optimality, by virtue of the fact that there is frequently only one feasible solution for a fixed time of flight
in the vicinity of the initial guess. However, the fixed time of flight targeter cannot adjust time of flight to find the
minimum Ay transfer in the local solution region. In such cases, a continuation method must be applied. Using the
same free variables as the optimality targeter, but substituting the optimality constraint in favor of the pseudo-arclength
constraint from Eq. (T6)), rendezvous solutions can be continued to fill out the solution space and find the minimum cost
solutions. The result of applying the differential corrections method is that the solution space can be efficiently explored,
with the pseudo-arclength continuation method providing a means of outlining the convergence basins that exist for each
scenario.

It is important to note that implementing path constraints within the targeting formulation is in general nontrivial,
and consequently the targeting method is not applied to the collision avoidance problem. The partial derivative matrix
of the constraint with respect to the free variables must be explicitly provided, and is either calculated analytically or
numerically. Additionally, since the update to the free variables in the targeting algorithm is derived from a linear
approximation, the addition of complex constraints with highly nonlinear behavior can prevent convergence. These
inherent challenges with the targeting method stand in contrast to optimal control formulations like NLP, which can be
beneficial because they possess flexibility when it comes to the addition and modification of different types of constraints
involving state and control variables.

10
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Close Range Rendezvous

Parameter Range

Mean Anomaly (MA) [144,162]°

00 [0.3,1000] km

Time of Flight ToF [8,50] hrs
Nearby Transfer

Parameter Range

01, [0.0031,0.1253]

ot [-2,2] hrs

Time of Flight ToF [1,100] Ars
Collision Avoidance

Parameter Range
0, [0.0282,0.1003]
Oc, [0.0031, 0.0627]

Time of Flight ToF [50,200] Ars
Table 1 Range of Initial Conditions for Dataset

A. Close Range Rendezvous

For the CRR problem, the objective is to minimize the burn velocity required by the chaser to rendezvous with the
target, i.e., to match their position and velocity at #¢. The target and chaser are in a string of pearls formation on the
NRHO, where the chaser is behind the target at ty. The parameters for the initial conditions are specified as the Mean
Anomaly (MA) of the target, initial relative distance pg, and time of flight ToF.

An initial investigation of the solution space is conducted using differential corrections for a sample scenario with
target mean anomaly of 150°, with the chaser starting 2 hours behind in phase, 897 km away. The solution space for
rendezvous times of flight up to 2.6 target revolutions is filled in, and the hodograph of maneuver cost as a function of
time of flight can be viewed in Fig. [6al The most salient result from the figure is that there are several solution basins,
with a local minimum cost rendezvous appearing at the bottom of each trough. Because these convergence basins are
separated by steep walls and complex behavior that is difficult for the linear continuation process to step along, the
continuation process had to be stopped and restarted at different times of flight in order to fill out the plot. It is important
to note, however, that the apparent gaps in the plot in Fig. [6a]do not indicate a lack of solutions at those times of flight.
The corresponding results at those times of flight in general possess prohibitively large maneuver costs and undesirable
geometry.

The analysis of the convergence basins also predicts the general trend that local minimum total maneuver costs
decrease as the time of flight is increased. For example, the total Av for the 0.51 revolution time of flight is nearly 3
times as expensive as the total Av for the 2.49 revolution time of flight (11.21 m/s vs. 3.80 m/s). The trajectories of
these two solutions, as well as another at an intermediate time of flight, are shown in Fig. [/| The decreasing Av over
increasing time of flight is to be expected, as phase changes in the vicinity of the NRHO can be accomplished more
slowly over a longer period of time. The decreasing trend in local minimum CRR solutions does not indicate that all
solutions get less expensive as the time of flight is increased, however. The presence of very expensive solutions is
indicated by the steep walls in the Av vs. time of flight plot. CRR solutions exist over a wide range, but in certain
regions of time of flight, such as around 0.95 and 2.1 revolutions, the available solutions are prohibitively expensive
and can prove difficult to locate. Additionally, some of the basins from the figure appear to overlap. The apparent
intersection points are not the same solution, however, and instead indicate the presence of two solutions of equivalent
cost and time of flight that fly on different trajectories.

Fig. [6b]demonstrates the comparison between the converged solutions and the theoretical minimum Av for each
scenario. Theoretical minimum Av is calculated by summing Av,j, from the NRHO onto the transfer leg and Av;j, from
the transfer leg back onto the NRHO. The costs for every converged transfer are greater than that predicted by the
theoretical minimum, but are within the same order of magnitude, indicating that the solutions are likely global optima
for the selected times of flight.

A total of 8,000 converged cases are generated using NLP. Fig. [8a]shows the terminal position and velocity error

11
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for all cases in the dataset. It can be seen that position error e, < 0.08m and velocity error e, < 3 X 1078m/s for all
cases. For all NLP solutions, corresponding solutions are generated using the targeting method. Fig. 9a]shows the
relationship between Av and ToF for the first 4000 cases in the dataset, where an inverse trend can be seen between
the dependent and independent variables. The burn magnitude decreases as the time of flight increases for the same
initial conditions, which is a result predicted from the linear analysis. The times of flight considered in this investigation
mostly lie within the first solution basin shown in Fig. [6a] The linear results also predict the sparsity of results for times
of flight greater than around 70 hours, as this is approaching the region where the first solution basin ends and solutions
greatly increase in cost. It is important to note that the finite burn solutions produced by the NLP tend to have lower Av
values as compared to the impulsive results from the targeting method, with the largest differences appearing with larger
Av values.

150 ¢ o ; : 150 ¢
o Au L o Avg
. AUQ ° A’Uth
1255 o Awgy P 1254 | min
min i P :
100 100
) 2
~ ~
E 75 E 75
) )
< <
50 50 ] I
38 i j
0 ‘k : 0 \—k I J | 5
0.5 1 2.5 0.5 1 1.5
Time of Flight [revs] Time of Flight [revs]
(a) (b)

Fig. 6 Av vs. time of flight for the CRR scenario where the target and chaser are initialized one hour after and
before apolune, respectively. In (a), individual maneuver costs are plotted with their corresponding total Av, and
in (b), the total maneuver cost is plotted with the corresponding theoretical minimum Av. Green vertical bars
indicate the locations of local minimum cost transfers.

Fig. [I0d|shows the true and predicted values from the test dataset for one identified feature, i.e., uz. This case
demonstrates that the DNNs generate accurate mapping relationships. The average R, score calculated for the test
dataset for all six DNNs is 0.9985, which conveys that on average, the trained models are able to explain 99.85%
variation in the data. In order to test the L-OCM method, a case from the test dataset is chosen, for which the initial
relative states and burn time is given to the trained models as input X;,, ., = [,Oxo, Px05 Py0s Py05 £205> 020> At] . The
model predicts values for the control accelerations at fy and ¢ ¢, from which the optimal solution is reconstructed using
forward integration. The solution is compared to the discretized optimal solution from the NLP, where Figs. [T0a}
show the time history of the relative position, relative velocity, and trajectory found from the NLP and the L-OCM. The
values for burn velocities and computational time are listed in Table 2} The results show very close results for the time
histories and the total burn velocities produced by both methods. The L-OCM also lowers the computational time,
effectively proving the advantages of using the proposed L-OCM to generate optimal control solutions.

B. Nearby Transfer

The nearby transfer problem considers two reference orbits, i.e., the NRHO and a nearby orbit from the L, halo
family. The selected nearby halo orbit has an orbital time period and a Jacobi constant near to the values for the 9:2
L, NRHO. Hence, both orbits are similar to one another in size and energy. The parameters that define the initial
conditions are the phase of the target at initial time 6,,, phase change parameter at final time 6¢, and time of flight ToF.
The initial chaser phase 6., is kept constant, which leads to a dataset large enough with adequate variation for learning

12
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Fig.7 Sample CRR trajectories where the target and chaser are initialized one hour after and before apolune,
respectively. The times of flight for these transfers are 0.51 (left), 1.56 (center), and 2.49 (right) revolutions of
the 9:2 NRHO. The total impulsive manuever costs for these rendezvous scenarios are 11.2, 5.15, and 3.80 m/s,

respectively. Blue markers indicate the starting location of the chaser, black markers indicate the arrival location,
and the magenta line represents the transfer trajectory. The Moon is plotted to scale in grey.

Close Range Rendezvous
Parameter NLP L-OCM
Burn Velocity Av 5.5174 m/s 5.5327 m/s
Computation Time | 3.439 s 1.05s

Nearby Transfer
Parameter NLP L-OCM
Burn Velocity Av 124.9 m/s 125.5 m/s
Computation Time | 4.37s 0.913745 s
Collision Avoidance

Parameter NLP L-OCM
Burn Velocity Av 532.3691 m/s | 533.9 m/s
Computation Time | 9.87 s 2.137078 s

Table 2 Results from NLP and L-OCM
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Fig. 9 Burn velocity Av (m/s) vs ToF (hrs) for: (a) CRR (b) nearby transfer

and taking into account computation capabilities. The range for these initial conditions can always be increased to
produce larger-size datasets.

As with the CRR problem, the solution space of the nearby transfer problem is investigated using differential
corrections. The nearby orbit has a period 2.89 hours longer than the 9:2 NRHO, the target and chaser are both initialized
1 hour past apolune in their respective orbits, and ¢t = 0 for targeting a rendezvous. The initial relative separation
between the target and chaser is 976 km. Fig. [[T]displays the Av vs. time of flight plots for this scenario. As with the
CRR problem, the primary feature of these plots is that the solution space is broken into several convergence basins
separated by steep walls, with only high cost solutions with poor geometry bridging the gaps. The widths of these
convergence basins roughly correspond to half a revolution of the target, with the walls occurring roughly at apolune
and perilune. Additionally, much like with the CRR problem, the theoretical minimum Av is smaller than the converged
results, but within the same order of magnitude, indicating that the targeting results are likely global optima for their
respective times of flight. Selected trajectories from the linear analysis for the nearby transfer are shown in Fig. [I2]

The major difference with the linear analysis from the CRR problem is that there is no trend of decreasing Av for
increasing time of flight. This is likely due to the chaser being initialized at a different energy level than the target.
While the initial relative distance is not significantly different between the CRR and nearby transfer cases, bridging the
energy gap between the two periodic orbits for the nearby transfer requires leveraging different dynamical structures
than for the CRR case.

A total of 7,700 converged cases were generated using NLP. Fig. [8b|shows the terminal position and velocity error
for all cases in the dataset, where the position error e, < 1073m and the velocity error e, < 1.4 x 10~!'m /s for all
cases. Similar to CRR, Fig. [9b|shows the relationship between Av and ToF for the first 4000 cases in the dataset, where
an inverse trend can be seen between Av and time of flight, as predicted by the linear analysis. Fig. [T3d]shows the true
and predicted values from the test dataset for one identified feature, i.e., uxo. The average R, score calculated for the
test dataset for all six DNNs is 0.9999, which conveys that on average, the trained models are able to explain 99.99%
variation in the data. In order to validate the advanced computational performance of the L-OCM method, one case
from the test dataset is chosen, for which the initial phase of the target in the NRHO, time of flight, and the phasing
parameter are given to the trained model as input X, ., = [9,0, ToF, 6t] T. Figs. show the time histories of
the relative position, relative velocity, and trajectory found from the NLP and the L-OCM for the selected case. The
values for burn velocities and computational time are listed in Table[2] Similar to the CRR, the results show close results
and reduced computational time for the L-OCM.
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Fig. 10 Comparison of results from NLP and L-OCM for CRR: (a) relative position time history. (b) relative
velocity time history. (c) trajectory time history. (d) comparative results of DNNs and test dataset for feature u .
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Fig. 11 Av vs. time of flight for the nearby transfer scenario where the chaser and target are initialized 1
hour past apolune in their respective original orbits. In (a), individual maneuver costs are plotted with their
corresponding total Av, and in (b), the total maneuver cost is plotted with the corresponding theoretical minimum
Av. Individual scatter points indicate the locations of local minimum cost transfers.
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Fig. 12 Sample nearby transfer scenario where the chaser and target are initialized 1 hour past apolune in their
respective original orbits. The times of flight for each case are 0.56 (left), 1.40 (center), and 1.56 (right) revolutions
of the target orbit. The total impulsive maneuver costs are 7.91 m/s, 11.73 m/s, and 12.82 m/s, respectively. Blue

markers indicate the starting location of the chaser, black markers indicate the arrival location, and the magenta
line represents the transfer trajectory. The Moon is plotted to scale in grey.
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Fig. 13 Comparison of results from NLP and L-OCM for the Nearby Transfer Problem: (a) relative position
time history (b) relative velocity time history (c) trajectory time history (d) comparative results of DNNs and test
dataset for feature u,(.

C. Collision Avoidance

In the collision avoidance problem, the chaser must perform a phase change maneuver to get ahead of the collision
sphere centered at the target in the NRHO, all while ensuring that it does not enter the sphere at any point in time. The
radius of the collision sphere is 74y0iq = 1000 km. The parameters for the initial conditions are listed as phase of target
at initial time 6,0, the phase of chaser at initial time 6.9, and time of flight ToF. The phasing parameter ¢ is set to a
constant value of 3 hrs, indicating that the chaser needs to be three hours ahead of the target at 7. A total of 7000
converged cases were generated. Fig. [Sc[shows the terminal position and velocity errors for all cases in the dataset,
where the position error e, < 1 x 10~* and the velocity error e, < 5 x 10™m /s for all cases. Fig. [13d|shows the true
and predicted values from the test dataset for one identified feature, i.e., uxr. The average R, score calculated for the
test dataset for all six DNNs is 0.998, which conveys that on average, the trained models are able to explain 99.8%
variation in the dataset.
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Fig. 14 Comparison of results from NLP and L-OCM for the Collision Avoidance Problem: (a) relative position
time history (b) relative velocity time history (c) trajectory time history (d) comparative results of DNNs and test
dataset for feature u, ¢

In order to validate the computational performance of the L-OCM method, a case from the test dataset is chosen, for
which the initial phase of the target in the NRHO, time of flight, and phasing parameter is given to the trained model
as input Xjpur = [9,0, 0.0, TOF ] T. Figs. show the time histories of the relative position, relative velocity,
and trajectory obtained from NLP and L-OCM. The results are close to each other, resulting in almost identical time
histories and total burn velocities as listed in Table 2] These results complete the validation of the proposed L-OCM.

VI. Conclusions

This paper develops a feature learning based optimal control method (L-OCM) for the close range rendezvous,
nearby orbit transfer, and collision avoidance problems while quantifying and studying the behavior of chaser spacecraft
moving relative to a target for the nonlinear circular restricted three-body problem (CR3BP). The nonlinear programming
(NLP) solutions to the problems for a specified range of initial conditions are validated from widely known and used
targeting methods. The burn velocities follow similar inverse trends with the time of flight, also indicating feasible
regions for the solutions. As seen with the collision avoidance problem, the formulation of the nonlinear optimal control
problems also proves to be more flexible to accommodate path constraints than the targeting method. The NLP solutions
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are used to generate datasets to construct the deep neural networks (DNNs), which map the relationship from the initial
conditions to the features representing the entire optimal control solutions. The proposed method requires significantly
reduced training data compared to existing learning methods, which leads to reduced computational load and time. The
method provides real-time optimal solutions which can be implemented onboard. The effectiveness and robustness of
the L-OCM has been verified using extensive simulations.
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