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DYNAMICS LEVERAGED IN LONG-TERM STATIONKEEPING
STRATEGIES FOR MULTI-BODY ORBITS

Dale A. P. Williams; Kathleen C. Howell; and Diane C. Davis*

Increased interest in the development of cislunar space requires greater intuition for

the operation of spacecraft in multi-body orbits. Many such orbits are linearly unsta-
ble, and an orbit maintenance strategy is required to secure a spacecraft near some
desired reference motion. The development of effective stationkeeping approaches
is facilitated by improved understanding of the variational dynamics near a periodic
orbit. In this investigation, Floquet Theory is applied to explore the underlying dy-
namics leveraged and controlled by several different orbit maintenance approaches.
The dynamical requirements for long-term stationkeeping effectiveness are also ex-
amined.

INTRODUCTION

Recent years have seen renewed international interest in extending the reach of spaceflight mis-
sions beyond Earth orbit and into the cislunar region or beyond. The upcoming Artemis series of
missions planned by NASA, along with international partners, aims to return humans to the lunar
surface for the first time since 1972 Components of the Artemis missions are planned to fly in
multi-body orbits that leverage the gravitational influence of both the Earth and the Moon.* More-
over, the National Cislunar Science and Technology Strategy highlights objectives for economic
and scientific growth, cooperation with international partners, and infrastructure capabilities as pri-
orities for the United States in the cislunar region® Development and understanding of operational
strategies for this region are, therefore, of great importance.

Dynamics within the cislunar region are complex, varied, and often modeled within the context
of the Circular Restricted Three Body Problem (CR3BP). Within this multi-body dynamical model,
periodic orbits are known to exist and often serve as a starting point for mission design applica-
tions:#* Many periodic orbits in the CR3BP are linearly unstable and small variations from the
reference orbit eventually result in spacecraft departure. As a result, orbit maintenance strategies
must be developed to secure a spacecraft near some desirable baseline motion in the presence of
inevitable operational errors.

Numerous investigations of the orbit maintenance problem for multi-body orbits are available,
and many updated stationkeeping approaches are in various stages of development. Crossing control
strategies remain a successful option after being employed for several Sun-Earth libration point
missions, as well as for the ARTEMIS/THEMIS and CAPSTONE missions in the Earth-Moon
system*Z A modified crossing control approach is planned for the Gateway orbital outpost, a
key component of the upcoming Artemis missions® Target Point Approaches (TPA), originally
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developed by Howell and Keeter,? also serve as notable background efforts. One potential TPA was
leveraged in stationkeeping operations for the Genesis mission launched in 200119 Other authors
explore the information available from the Cauchy-Green Strain Tensor' "3 (CGT) or from Floquet
Theory!#1% to accomplish the orbit maintenance objective. All of these strategies may be more or
less appropriate depending on mission requirements.

While significant effort is often devoted to the development of effective stationkeeping tech-
niques, it is equally important to investigate the underlying dynamics that these approaches leverage.
The dynamical significance of maneuver directions associated with orbit maintenance approaches
are discussed by numerous authors such as Murlidharan and Howell, 12 Folta et al.,” and Davis et al ®
Farrés et al. leverage information available from Floquet Theory to highlight similarities between
crossing control and Floquet Mode Control (FMC) strategies when the FMC problem is solved to
minimize the magnitude of a stationkeeping maneuver!? Williams et al. also apply Floquet Theory
to investigate the effects of stationkeeping maneuvers on post-maneuver distributions of spacecraft
variational state components associated with different characteristic behaviors1? This investigation
extends the work of Farrés et al. and Williams et al. to clearly highlight dynamical requirements for
successful long-term orbit maintenance approaches.

DYNAMICAL SYSTEMS THEORY

Throughout this investigation, the CR3BP is employed as the dynamical model for spacecraft
motion. The CR3BP equations of motion are constructed in a rotating frame and are well doc-
umented by previous authors® One integral of motion, the Jacobi Constant, is known to exist,
and the model possesses a Hamiltonian structure 1% Let x(t) = [r(t) w(t)]” represent the six-
dimensional position and velocity state of a spacecraft in the CR3BP rotating frame, where boldface
symbols imply vector quantities. Of particular interest for the stationkeeping problem is a spacecraft
variational state measured with respect to some known trajectory, *(¢). The first-order evolution
of a variational state defined by dx(t) = x(t) — x*(¢) is described by state transition matrix (STM)
such that

ox(t) = ®(t,to)ox(to). (1

Due the linear form of the STM, variational dynamics are often more amenable for analysis as
compared to the full nonlinear space.

Floquet Theory

When a reference is periodic (i.e., *(t) = x*(t + 7), where 7 is the orbital period), the state
transition matrix is simplified via the application of Floquet theory. Specifically, the state transition
matrix is decomposed as

B(t, 1) = F(t)ed T F1(ty), 2)
where F'(t) = F(t+71) = [fi(t) --- fe(t)]is a T-periodic matrix containing the modal vectors,
f:(t), as columns, and e (t=to0) js a block-diagonal exponential matrix defined by the characteristic
exponents, 7;, associated with the periodic orbit >4/ This decomposition can always be con-
structed such that F'(t) and e/ (*~%0) are real valued for all time, but the precise form of e (¢~t0)
depends on the nature of the characteristic exponents (i.e., real, complex, purely imaginary, etc.)1°
The characteristic exponents are related to the eigenvalues of the monodromy matrix, A;, by

1
ni = —In(X;). 3)
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Due to the symplectic structure of any CR3BP state transition matrix, these characteristic exponents
must occur in positive and negative pairs 131329 Perjodic orbits in this investigation possess a set
of characteristic exponents such that

[em (t=to) 0 0 0 0 0
0 e ml-t) 0 0 0 0
T (t—to) _ 0 0 cos(C(t —tp)) sin(¢(t —tp)) O 0 @)
0 0 —sin(¢(t — to)) cos(¢(t —tg)) O 0
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Here, n is a positive, real number that defines the largest characteristic exponent of the periodic
orbit and, due to the positive-negative pairing of characteristic exponents, 72 = —;. Cosine and
sine terms arise as a consequence of two purely imaginary characteristic exponents, 73 and ny =
—n3, where 3(n3) > 0. The associated frequency, ¢, is defined by ¢ = (n3) 121420 A pair of
unity entries on the diagonal are associated with two characteristic exponents that are equal to zero
and occur as a consequence of the autonomous and Hamiltonian structure of the CR3BP equations
of motion!® These characteristic exponents are commonly denoted the “trivial pair,” because they
are present for any CR3BP periodic orbit. Note that similar matrices can be constructed for orbits
with different stability characteristics.

The Floquet decomposition in Equation (2) provides a useful change of coordinates for analyzing
the evolution of variations in the vicinity of a periodic reference. Define the modal coordinate
vector, a(t), such that

dx(t) = F(t)a(t). 5)

From Equations (I]) and (2), it is clear that
a(t) = e7 ) a(ty). (6)

Thus, for periodic orbits considered in this investigation, the components of the modal coordinate
vector (termed the modal coordinates) exhibit different characteristic behavior associated with ex-
ponential growth (ar1), exponential decay («2), oscillation (a3 4), linear change (ai5), and a constant
value (ag). Furthermore, the growth of the unstable state component, ay, is characterized by the
time constant of the orbit, ¢, = 1/n;.2222 This quantity defines the time required for o to grow by
a factor of e. Note that, for orbits with different stability characteristics, the time-evolution of each
of the modal coordinates will depend on the associated (modified) form of e (*~t0) Advantages
of the modal coordinate representation over the standard CR3BP Cartesian coordinates for describ-
ing variational state evolution near a periodic orbit are highlighted in Figures [I|and 2] Note from
Figure |1] that the time history for each of the cartesian (position and velocity) state components is
unpredictable, whereas each of the modal components plotted in Figure 2] display specific types of
characteristic behavior.

Physically, the Floquet modes, f;(t), associated with each of the modal components define the
linear invariant subspaces of the periodic orbit. Specifically, fi(t) defines the unstable direction
at time t, whereas fa(t) characterizes the stable direction. The complex-center subspace, spanned
by f3(t) and f4(t), is associated with bounded, quasi-periodic motion near the reference orbit,
in the linear sense. Two modal vectors, f5(t) and fg(t), are associated with the “trivial pair”
of characteristic exponents and identify variations that define other nearby periodic solutions 22!



Specifically, f5(¢) is directed along the phase-velocity direction and is consequently termed the
“along orbit” direction, whereas fg(t) defines a variation along the family of periodic orbits, of
which the reference orbit is a member. Only variations with a nonzero component associated with
the “along family” direction, f¢(¢), produce a change in the integral of motion (i.e., Jacobi Constant
or Hamiltonian)2!' Note from Figure and Equation (6)) that a nonzero value for o, associated
with this “along family” direction, generates a linear change in a5, associated with the “along orbit”
direction. Physically, this linear change occurs as a result of the variation in the orbit period across
a family of periodic orbits and represents a drift in phase with respect to the reference orbit.1>21
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Figure 1: Example Variational State Evolution - Rotating Frame Coordinates

x1070
20.02} — ] 6 —
-0.04 5
_-0.06 .
g g4
£ .0.08 G
— ~ 3
S 01 S
2
012}
-0.14 1
0
0 0.5 1 15 2 0 05 1 15 2
Elapsed Time (revs) Elapsed Time (revs)
(a) Unstable Component (1) (b) Stable Component (a2)
x1076 %1070
0
-2
-4
= 6
S 3
-10
-2 Qs
-12 o
0 0.5 1 L5 2 0 05 1 L5 2
Elapsed Time (revs) Elapsed Time (revs)
(c) Oscillatory Components (a3 4) (d) Trivial Center Components (c5,6)
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Periodic orbits in the CR3BP are not typically expressed analytically, and correspondingly, a
numerical strategy is required to determine both F'(t) and the characteristic exponents of the orbit.
Such a numerical approach leverages the monodromy matrix of the periodic orbit, ®(¢y + 7, o).
Note from Equation (2)) that

D(to + 7,t0) = F(to)e’ F~(ty),

and 77 is a matrix in real Jordan form. Hence, F(tg) is constructed from the generalized eigenvec-
tors of the monodromy matrix. The monodromy matrix for any CR3BP periodic orbit is defective
(possessing a unity eigenvalue with algebraic multiplicity equal to two and geometric multiplicity
equal to one) and, therefore, careful steps are required to appropriately construct F'(tp), as outlined
in detail by Williams!® Once F(to) is determined, along with the characteristic exponents, the
matrix F'(t) is constructed for any time, ¢, from

F(t) = ®(t, to)F(tg)e 7 t=t0) (7

Recall that F'(t) = F'(t + 7), so it is only necessary to consider ¢ € [to, to + 7) to define the matrix
for all time values.

Stretching and Restoring Subspaces

While the application of Floquet Theory inherently requires a periodic reference trajectory, the
Singular Value Decomposition (SVD) is applied to extract useful information from any arbitrary
STM associated with a fixed horizon time. The SVD decomposes the State Transition Matrix in
terms of three matrices such that

d(t,tg) = UXET. (8)

Both U and = are orthogonal matrices with columns w; and &;, respectively, defining the left and
right (orthonormal) singular vectors of the STM. The diagonal matrix, 3, contains the associated
singular values, ¢;. An equivalent expression for Equation (8)) is, therefore,

(I)(t,to)gi = GU; 1= 1, 2, ...0.

It is clear that, if ¢; > 1, an initial variation along &, grows in magnitude over [t¢, t], whereas if
0 < ¢ < 1, the magnitude of the six-dimensional variation decreases. Correspondingly, stretching
and restoring subspaces are defined

St = span{¢;} sit. ;> 1 )

ST =span{{;}st. 0 < < 1. (10)

Any initial variation dx(ty) € S will grow in magnitude over the specified time horizon whereas
any 0z (tp) € S~ will decrease in magnitude.

Instead of considering the stretching and restoring subspaces associated with the full six-dimensional
state vector, it may be advantageous to consider subspaces of the variational space associated with
a characteristic change in position magnitude over a specified time horizon. To construct these
subspaces, the state transition matrix is divided into submatrices such that

) ¢
ot = o o).



and the 3 x 6 matrix, ®;. 5., = [<I>M q)m,] , is defined. With respect to the reference trajectory,
®,. ., relates an initial variation in the six-dimensional phase space to a downstream position error.
The singular value decomposition of this matrix is

Dy = UDET, (11)
where
Q_[ul Uy US] §:g1 52 §3 §4 §5 §6}’
s; 0 0 000
X=1(0 ¢, 0 0 0 Of,
0 0 ¢ 000

and ¢, > ¢, > ¢,. Itis clear that §4, 3 5 and £ ¢ are mapped to the zero vector by ®,. ,.,, and define
a basis for the variational subspace that reduces the variational position magnitude downstream to
zero (under the linearized flow). Expressing §Z in terms of its position and velocity components,

ie, & = [£ §Z'.’]T, select 0z(to) = £,/||€] || and, consequently, ||6r(Z)|| = 1. From Equation

’

S,
©T‘,1"U(t7t0)5$(t0) = ﬁ@ia
)

and [[or(8)[| = <;lla;|/[|€] (|- As such

lor@l _  Jlaall
167 (o)l = I€]

(12)

Hence, if ¢, [|lu;[|/[|€][] > 1, the magnitude of the position variation associated with £, grows over

the given time interval. Correspondingly, position-stretching and position-restoring subspaces are
defined

Sillwil

1€

S~ = span{€ } Uspan{€ £, £}, 0 <

ST = span{¢_}, > 1 (13)

Sl
<1 (14)
1€l

The position-restoring subspace has practical use for orbit maintenance operations.

ORBIT MAINTENANCE STRATEGIES

As noted in the introductory section, a plethora of orbit maintenance strategies for multi-body
orbits are available. Within this investigation, attention is restricted to two broad classes of sta-
tionkeeping methods: Floquet Mode Control (FMC) and Principal Stretching Direction Control
(PSDC). Both FMC and PSDC schemes leverage information from the linearized variational dy-
namics to construct a maneuver that secures a spacecraft near some desired reference orbit within
the full nonlinear model, under the presence of simulated operational errors. Throughout this in-
vestigation, the maneuver (AV') constructed in the linearized model is implemented “as-is” (i.e.,
without subsequent targeting) in the full nonlinear system.



Floquet Mode Control Strategies

Floquet Mode Control strategies explicitly enact control over the modal coordinate vector com-
ponents (o) that define a spacecraft variational state. Traditionally, such strategies are formulated
to eliminate the unstable component of the variational state, o, that is associated with exponen-
tial growth*” however, it is possible to enact control over other modes as well 1> In the most
general form,!#1° FMC strategies are formulated to solve

556(t) = faaug» (15)

where

_ 03x3 | «
to minimize an objective function, Jy,,., defined in terms of a user-specified weighting matrix,
W e, and target vector, by, as

1
mec = i”mecaaug - bfmc”2- (16)

Through an appropriate choice of Wy, and by, effective control can be enacted over any mode
of a periodic orbit and weighted against the maneuver magnitude, AV

In this investigation, two Floquet Mode Control approaches are assessed. The first, termed
Standard Floquet Mode Control, seeks to eliminate only the unstable component of a spacecraft
variational state and minimizes the corresponding AV'. This strategy is implemented by selecting
Wime = diag([10000 0 --- 0 1 1 1})and by, = 0. The second Floquet Mode Control
Strategy, denoted Energy + State Floquet Mode Control, seeks to eliminate both the unstable and
“along family” components of the variational state and weights the maneuver component magni-
tudes equally to the complex-center and “along orbit” state components. Energy + State Floquet
Mode Control is a reasonable description of this strategy because eliminating the “along family”
component of the spacecraft variational state corresponds to preventing a variation in the energy-
like Jacobi Constant (or Hamiltonian) from the reference orbit %2l Note, however, that neither the
Jacobi Constant nor Hamiltonian represent the total energy in the system; both are merely “energy-
like” integrals for the system motion. In the Energy + State FMC scheme, W, and by, are
selected such that Wy,,. = diag([10000 0 1 ... 1 10000 1 1 1]and bsp. = 0. For
both FMC approaches, the required variational state, dx (), and modal matrix, F'(¢), are constructed
from an isochronous correspondence with the reference orbit.

Principal Stretching Direction Control Strategies

Principal Stretching Direction Control (PSDC) strategies construct an impulsive maneuver that
places a spacecraft into the restoring, or position restoring, subspace associated with the reference
trajectory and a specified horizon time. When the full-state restoring subspace (S7) is the focus,
the strategy is denoted as State PSDC. Converesely, if the position-restoring subspace is employed
(87), the strategy is termed a Position PSDC, or PPSDC, approach. Recall that a horizon time is
required to generate either S~ or S™. In this investigation, the horizon time associated with the i'"
orbit maintenance maneuver (OMM) is selected to be [¢;, t;+1], where t; represents the epoch of
the current maneuver and ¢;1 the epoch of the next allowable OMM. This specific representation



of horizon time is illustrated in Figure |3| and ensures that the post-manevuer variational state (or
position) magnitude decreases by the epoch of the next permitted OMM.

Mathematically, PSDC strategies are implemented similarly to Floquet Mode Control™® For a
State PSDC scheme, a maneuver is constructed via the solution of the linear system of equations

dx(ti) = [: Voxs HAﬂV] = GBaug: (17)

—1I3x3

that minimizes the objective function

1
Jpspc = §||WPSDcﬁaug||2- (18)

When a PPSDC approach is desired, Z is replaced with = in Equation (T7). The diagonal weighting
matrix, Wpspc, is defined to place large weights on the components of 3 that are associated with
the stretching subspace, thereby ensuring a solution that functionally eliminates this undesirable
behavior. Throughout this investigation, numerical weights for undesirable state components are
selected to be 10,000, whereas weights for permitted state components associated with the restoring,
or position restoring, subspace are equal to zero. Components of the constructed maneuver, AV,
are weighted with a numerical value equal to unity.
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Figure 3: PSDC Horizons

Two Position PSDC approaches, as well as the standard State PSDC method/!? are evaluated
in this investigation. In the first Position PSDC strategy, termed Standard PPSDC, a maneuver
that simply moves a spacecraft into the position restoring subspace, S, is constructed. From
the structure of the Singular Value Decomposition for ®;. ., it is possible to further restrict the
post-maneuver variational state to exist with in a subspace of S~ defined by null(®, ) that is
predicted to reduce the position variation of a spacecraft to zero over the prescribed horizon time.
This approach is denoted Genesis PPSDC, since a nearly identical strategy was implemented in
operations for the GENESIS mission "

ORBIT MAINTENANCE EXAMPLE - L, HALO ORBIT

While some successful stationkeeping approaches do not require a precise baseline orbit®? an ob-

jective for many orbit maintenance strategies is to secure a spacecraft near some desired reference
motion in the presence of unplanned variations from the nominal trajectory. Such a “strict” ap-
proach is advantageous in cases when mission requirements require close adherence to the planned
reference motion. Performance of any orbit maintenance algorithm is inherently a function of these
errors, resulting from imperfect maneuver execution, navigation, orbit injection, and system model-
ing, among other possible sources. In this investigation, orbit maintenance of an Ly halo orbit in the



Earth-Moon system is assessed. The selected orbit is depicted in Figure[d] along with the arbitrarily
assumed orbit injection location. Parameters for this particular orbit are provided in Table[I] A 500
revolution mission lifetime, corresponding to approximately twenty years, is selected to be repre-
sentative of relatively long mission lifetimes expected for future cislunar missions® Modeled errors
are summarized in Table[2] Consideration of orbit injection and navigation errors is consistent with
those employed by Gémez et al.'® and maneuver execution error is simulated identically to Davis et
al® A minimum allowable maneuver magnitude is also incorporated for all implemented strategies.
Specifically, orbit maintenance maneuvers with a maneuver magnitude less than 3 cm/s are waived,
consistent with Davis et al.®

Table 1: Reference Halo Orbit Parameters

7 (days) ‘ Jacobi Constant ‘ Time Constant (days) ‘ Time Constant (revs)
14.6368 | 3.1300 | 2.1854 | 0.1493
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Figure 4: Reference Halo Orbit and Injection Location

Table 2: Error Modeling

Category Error Type 1o Value Location

Navigation Posit1.on I'km 24 hours prior to maneuver
Velocity 1 cm/s

Orbit Injection 5215(1)23; llcl:nnjls Injection location on orbit
Relative 0.5%

Maneuver Execution Fixed 0.0473 cm/s  Each executed maneuver
Direction 1/3°

The performance of any orbit maintenance approach that is based on a reference trajectory is
also a function of maneuver frequency and placement. Within this investigation, orbit maintenance
maneuvers are permitted at epochs that correspond to arrivals at specific locations along the base-
line orbit. These maneuver epochs are spaced by one quarter (1/4) revolution along the reference
halo orbit, and the associated OMM locations are depicted in Figure [5| For all PSDC strategies,
the horizon time for determining stretching and restoring subspaces is, therefore, 1/4 of the orbit
period (or about 3.7 days). Note that the selected epoch spacing is between one and two orbit time
constants. This selection for maneuver spacing bounds the maximum possible growth of oy, the
unstable variational state component, above by a factor of 2 (approximately 7.4).
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Figure 5: Maneuver Locations on Baseline Lo Halo

For the five orbit maintenance strategies outlined previously, 500 Monte Carlo trials are con-
ducted to estimate an annual orbit maintenance cost in terms of AV, as well as a total cost over the
mission lifetime. The results appear in Table [3] Recall that orbit maintenance maneuvers are con-
structed based upon the linearized variational dynamics and are implemented “as-is” (i.e., without
subsequent targeting) in the full nonlinear system. Strategies for which values are not reported indi-
cate a failure of the approach to maintain a spacecraft within 20,000 km of the isochronous state on
the reference orbit. From Table [3] it is clear that all successful orbit maintenance strategies posses
a comparable mean annual stationkeeping cost. However, this result should not be generalized to
other orbits, or even to different maneuver placement strategies within the specified orbit of interest.
While orbit maintenance costs across successful strategies are comparable, the performance of each
of these methods differs in terms of controlling position variation with respect to the reference orbit.
Representative plots of isochronous position error for 15 Monte Carlo trials associated with each
of the three successful strategies are provided in Figure[6] Note that, despite the comparable orbit
maintenance costs, the Energy + State FMC strategy is associated with significantly higher position
variation from the baseline orbit. This result is not necessarily surprising; recall that the PPSDC
approaches explicitly seek to control position variations, whereas the Energy + State FMC method
does not.

Table 3: Orbit Maintenance Cost by Strategy - 500 Monte Carlo Trials, 500 Revolution Mission

Strategy Mean Total Std. Dev. Mean Annual Std. Dev.

AV (m/s) Total (m/s) AV (m/s) Annual (m/s)
Standard FMC - - - -
Energy + State FMC 241.0627 4.5532 12.0311 0.2272
Standard PPSDC 243.9701 4.5541 12.1762 0.2273
Genesis PPSDC 249.5727 42212 12.4558 0.2107
State PSDC - - - -

DYNAMICAL CHARACTERISTICS OF SUCCESSFUL STRATEGIES

Insight into the fundamental dynamical characteristics that the three successful orbit maintenance

approaches leverage is available by viewing the variational state evolution in terms of modal coordi-
nates. Representative plots of the modal coordinate evolution for a single Monte Carlo trial for each

10
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Figure 6: Representative Position Errors for Successful Strategies

strategy appear in Figures The top row in each of Figures displays the modal coordinate
evolution over the entire 500 revolution mission lifetime, whereas the bottom row depicts a 10 rev-
olution subset that highlights the characteristic modal coordinate behavior more clearly. Dynamical
similarities are observed across the three approaches.

Unstable Subspace

For each of the three successful orbit maintenance approaches considered, the component of a
spacecraft variational state associated with the unstable subspace is well controlled. Recall that oy
represents this component of the variational state and naturally grows at an exponential rate deter-
mined by the time constant of the periodic orbit. From Figure [/] it is clear that orbit maintenance
maneuvers associated with each of the three effective strategies reset this modal coordinate to a
value near zero, thus preventing unchecked exponential growth in the unstable subspace for the or-
bit. While the Energy + State FMC method is formulated to control the unstable state component
explicitly, the same is not true for the two PPSDC approaches. The time-histories in Figure [7] sug-
gest, unsurprisingly, that effective control over the unstable component of a spacecraft variational
state is required for successful long-term orbit maintenance.

Stable Subspace

In contrast to the behavior associated with the unstable subspace, effective orbit maintenance
strategies appear to increase the component of a spacecraft variational state associated with the
stable subspace of the orbit. Recall that a9, representing this state component, naturally exhibits
exponential decay characterized by the time constant for the orbit. Correspondingly, orbit mainte-
nance strategies that increase o are not expected to be problematic. In fact, because the variational
subspace of the orbit is spanned by f;_g, an orbit maintenance maneuver that decreases the magni-
tude of one component of the variational state (e.g., 1), must generally increase the magnitude of
some other component (e.g., a2), since spacecraft position is unchanged by an impulsive OMM. It
is advantageous that the increased component decays naturally over time.

Complex Center Subspace
Recall that the complex center subspace is associated with quasi-periodic motion in the vicinity

of the reference orbit. Viewed in terms of modal coordinates, this quasi-periodic motion is observed

11
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Figure 8: Representative Behavior - Stable Subspace

as a sinusoidal evolution of a3 and 4, and depicted previously in Figure 2} From Figure [9] it is
clear that the three successful orbit maintenance strategies disrupt this natural oscillatory behavior.
This disruption is not, generally, expected to be required for successful orbit maintenance because
the natural oscillatory behavior is predicted to be bounded. However, it is desirable to prevent
orbit maintenance maneuvers from resulting in excessive growth of these state components; in such
a case, the linearized approximation for variational motion may break down. It is notable that

12



the Energy + State FMC approach seems to result in generally larger values of as and oy over
the mission lifetime. This observation may explain, in part, why the Energy + State approach is
associated with larger position errors as compared to the PPSDC methods.
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Figure 9: Representative Behavior - Complex Center Subspace

Trivial Center Subspace

For all three successful orbit maintenance strategies, Figure [I0]indicates that cv, associated with
the “along family” direction and a nonzero variation in the energy-like Jacobi Constant, is well-
maintained to a value near zero. Recall that a nonzero value of «yg is associated with a linear
change in as, describing the “along orbit,” or phasing, direction. The slope of this linear change
is determined by the value of «g, that remains constant under the linearized dynamics when no
maneuver is applied. It is intuitive, then, that efficient orbit maintenance strategies maintain the
“along family” component of a spacecraft variational state near zero to prevent such a drift in phase.
Controlling this mode is analagous to maintaining any variation in the energy-like Jacobi Constant
(or Hamiltonian) to a small value. Note that the Energy + State FMC approach seeks to accomplish
this objective explicitly, whereas the two PPSDC strategies do not. Correspondingly, slightly greater
values of ag are observed for the PPSDC approaches. All three successful strategies also prevent

excessive growth in the magnitude of «s, indicating that orbit phase is well maintained by these
orbit maintenance methods.

DYNAMICAL CHARACTERISTICS OF UNSUCCESSFUL STRATEGIES: THE
STANDARD FMC APPROACH

A modal coordinate representation of spacecraft variational state evolution can also be leveraged
to elucidate modes of failure for ineffective orbit maintenance strategies. The results from these
types of analysis are particularly illuminating in the case of the Standard FMC approach. Recall
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Figure 10: Representative Behavior - Trivial Center Subspace

that this orbit maintenance strategy is formulated to eliminate only the unstable component of a
spacecraft variational state and to minimize the corresponding maneuver magnitude. For a subset
of 15 Monte Carlo trials, representative plots of the isochronous position error magnitude for the
Standard FMC approach are plotted in Figure [T1] For all trials, oscillatory behavior is observed
in addition to increasing secular growth. Note that the time of divergence for this particular orbit
maintenance algorithm varies widely, even within a small subset of 15 Monte Carlo Trials. While
Standard FMC is not effective for the specified 20-year mission duration, it is possible that such this
could be feasible in the short term, if some secular growth in variation from the reference orbit is
permissible.
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Figure 11: Representative Position Error Plots - Standard FMC

It is quickly observed that the mode of failure for the Standard FMC approach is not an inability
to control the unstable component of a spacecraft variational state. Plots of the unstable and sta-
ble modal coordinate time histories are presented for twenty revolutions of a representative Monte
Carlo trial associated with this scheme in Figure Similar to the successful orbit maintenance
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approaches, maneuvers constructed using the Standard FMC approach reset the unstable variational
state component to a near-zero value. Recall that the Standard FMC strategy is, in fact, formulated
to eliminate the unstable state component, so this behavior is expected. The effect of the Stan-
dard FMC scheme on as is also similar to the successful orbit maintenance approaches. In both
cases, executed orbit maintenance maneuvers increase the magnitude of the naturally-decaying sta-
ble component of the variational state.
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Figure 12: Hyperbolic Modal Coordinate Histories - Standard FMC

Failure of the Standard FMC scheme can, therefore, be attributed to insufficient control over the
center modes of the reference orbit (defined by a3_g). Representative time histories of these four
modal coordinates are plotted for a single Monte Carlo trial in Figure [I3] From Figure [I3(a)] it is
apparent that the natural oscillatory behavior of the complex center state components is preserved
under the Standard FMC approach. Recall that the Standard FMC approach seeks only to eliminate
the unstable component of the variational state, so the persistence of this behavior is not unexpected.
In fact, some growth in the complex center components is observable in Figure[I3(a)l The formu-
lation of the Standard FMC enacts no control over ai3_4, so while this growth may not always be
present, it is not actively prevented by the orbit maintenance algorithm. Over time, excessive growth
in the complex center state components may result in sufficient drift from the reference motion that
the linearized variational dynamics, necessary for any FMC strategy, are no longer valid, resulting
in accelerated departure from the desired orbit.

More significant than the lack of control over the complex center components is the failure of
the Standard FMC strategy to effectively control the trivial center components, «s_g. From Figure
[13(b)} it is clear that large secular growth associated with « is present, indicative of a drift in phase
with respect to the reference periodic orbit. This drift in phase is partially associated with ineffec-
tive control over ag. Recall that ag defines the component of a spacecraft variational state that is
associated with the “along family” direction and a variation in the system integral of motion (Jacobi
Constant or Hamiltonian) with respect to the baseline orbit. When the value of ag is nonzero, a
linear change is also observed in a5 as a consequence of the variation of the orbit period between
periodic orbit family members. Hence, failure to maintain the value of ag close to zero will inher-
ently produce a phase drift with respect to the isochronous baseline, introducing a mode of failure
into the Standard FMC strategy.

More than simply failing to maintain a near zero-value of o, the Standard FMC approach actively
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introduces change in this state component. Under the natural linearized dynamics, ag remains a
constant value. From Figure[T4(a)] it is clear that cis demonstrates appreciable growth in magnitude
over time, indicating that successive OMMs produce a variation in Jacobi Constant with respect the
baseline motion. These OMMs result in a “slide” along the associated family of periodic orbits, as
depicted in Figures [I4(b)| and This behavior is prevented in the successful Energy + State
FMC approach by explicitly eliminating the “along family” component of the spacecraft variational
state. For an orbit maintenance strategy to be effective, it therefore seems necessary to control both
the unstable component of a spacecraft variational state, and the “along family” component.
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Figure 14: Along Family Drift and the Standard FMC Strategy

DYNAMICAL CHARACTERISTICS OF UNSUCCESSFUL STRATEGIES: THE
STATE PSDC APPROACH

An investigation of the modal coordinate evolution associated with the State PSDC approach
is also possible, but is less useful for identifying the mechanisms of failure associated with this
strategy as compared to the Standard FMC scheme. Representative plots of the modal coordinate
history for a single Monte Carlo trial of the State PSDC approach are displayed in Figure [I5] From
Figure[T3] it appears as though this orbit maintenance algorithm generates maneuvers that actually
increase some or all of the modal coordinate magnitudes, including o (the unstable component).
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Clearly, this behavior is undesirable and results in an extremely rapid departure from the reference
orbit.
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Figure 15: Representative State PSDC Modal Coordinate History

More insight into the failure of the State PSDC strategy is produced by exploring the evolution
of the magnitude of dx(t) over time. A representative plot of this six-dimensional (isochronous)
variational state error appears in Figure [[6] A characteristic stair-step pattern is observed, where
a vertical jump in the value of isochronous state error is associated with the application of an im-
pulsive orbit maintenance maneuver. Note that between each of these discontinuities, a decrease in
the mangitude of the state error is clear. Recall that the State PSDC scheme is formulated such that
the post-maneuver variational state exists within the restoring subspace, S—, associated with the
selected horizon time. These decreases in variational state magnitude are, correspondinigly, charac-
teristic of a post-maneuver state that exists within S~. However, the applied maneuvers (associated
with the vertical jumps in Figure [T6) actually increase the magnitude of the variational state error
more than the corresponding restoration and result in the failure of the State PSDC strategy. Note
that the State PSDC approach can be effective in other orbits 1% and it is possible that a change in the
horizon time selection or maneuver placement could produce successful results for the halo orbit in
this investigation. However, the results of this investigation highlight that State PSDC is not always
an effective orbit maintenance approach.
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CONCLUDING REMARKS

In this investigation, the utility of Floquet Theory for analyzing the performance of orbit mainte-
nance strategies is highlighted. Specifically, transformation of a spacecraft variational state history
to modal coordinates is employed to assess the effect of five different orbit maintenance strategies
on the state components associated with invariant subspaces of the reference orbit. All of these
strategies leverage information available from the linearized variational dynamics near the base-
line motion. Two of these strategies, termed Floquet Mode Control strategies, explicitly seek to
enact control over the modal coordinates of the spacecraft variational state. The remaining three
approaches leverage information available from the STM to define restoring subspaces near the or-
bit, that result in a decrease in full-state or position magnitude over a specified horizon time. These
approaches are termed Principal Stretching Direction Control. All strategies are assessed in the con-
text of an Lo halo orbit and for a selected mission duration of twenty years, to represent a long-term
orbit maintenance scenario.

Dynamical similarities exist between all three effective strategies. Specifically, all successful
approaches enact control (explicitly or implicitly) over the unstable component of a spacecraft vari-
ational state by constructing orbit maintenance maneuvers that reduce this state component to a
near-zero value. These orbit maintenance strategies are also typically associated with an increase
in the stable component of the variational state. Of particular importance is the fact that all three
of these strategies enact control over the center modes of the orbit as well, particularly the “along
family” direction that defines the only subspace of a periodic orbit associated with a variation in the
system integral of motion (Jacobi Constant).

Results for the unsuccessful Standard FMC approach indicate that, while control over the unsta-
ble component of a spacecraft variational state is necessary for long term stationkeeping, it is not
generally sufficient. If an orbit maintenance strategy permits maneuvers that do not maintain the
“along family” state component near zero, a drift in phase will occur over time. Maintenance of
this “along family” state component can be understood in terms of preventing a variation in energy-
like Jacobi Constant from the baseline. Moreover, if a strategy is formulated such that a consistent
change in the “along family” component does result, “sliding” of the spacecraft along the family of
periodic orbits containing the reference motion is possible. In general, it is therefore recommended
that control be enacted over at least both the unstable and “along family” components for long-term
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orbit maintenance. Some control may also be required over the quasi-periodic motion associated
with the complex center modes of the orbit, at least to prevent excessive growth in this subspace
that may invalidate the linearized representation of the dynamics near the baseline orbit.

The cislunar orbit maintenance problem is inherently broad. As such, a variety of avenues could
be pursued to extend the present work. Floquet Mode Control strategies would benefit from greater
intuition for efficient control over the complex center and “along orbit” subspaces associated with a
periodic orbit. An investigation into appropriate selections of the weights necessary for these Flo-
quet Mode Control approaches is warranted. Hybrid strategies, leveraging both the Floquet Mode
Control and Stretching Direction Control methodologies are another possible avenue for continued
consideration that may yield promising results. The State PSDC methodology, while ineffective in
this investigation, allows modification to consider restoring subspaces over longer horizon times,
potentially improving results. Finally, all strategies in this investigation should be assessed in a
higher-fidelity ephemeris force model and in additional cislunar orbits.
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