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OBSERVING THE CISLUNAR SURVEILLANCE CONE FROM
SYNODIC RESONANT ORBIT CONSTELLATIONS

Noah I. Sadaka; Maaninee Gupta] Kathleen C. Howell; and Carolin Frueh?®

Space situational awareness is a priority to enable the development of the cislu-
nar region. The 30-degree cone with vertex at the Earth and opening towards the
Moon is identified as a region requiring frequent visibility. Constellations of side-
real resonant orbits with a synodic resonance overlap in the Circular Restricted
Three-Body Problem possess repeating geometries with the Sun and the surveil-
lance cone. Different relative magnitude models are evaluated to examine their
impact on observing objects of different radii. Visibility of the interior cone by a
constellation is examined to evaluate the constellation surveillance characteristics.

INTRODUCTION

Sufficient space situational awareness to permit comprehensive space domain awareness of the
cislunar region is crucial for safely expanding spaceflight operations into this environment."-> One
area of particular interest is the “surveillance cone” with vertex at Earth opening up towards the
Moon.? Surveilling this region from a variety of vantage points is critical as lunar backlighting
hampers viewing for terrestrial observers.* Therefore, space-based assets, such as the upcoming
Oracle-P mission,> are required to provide the necessary space situational awareness information to
enable sustainable spaceflight in cislunar space.

Observing cislunar space for the purpose of space situational awareness is recently a focus as
spacecraft begin operating in this domain. Holzinger et al. describe some of the major challenges
with observing cislunar space from ground-based sensors and propose cislunar orbits as more ap-
propriate surveillance vantage points.® Vendl & Holzinger define a 20-degree surveillance cone and
identify the visibility within it at various relative magnitude limits from synodic-resonant Lagrange
point orbits associated with L; and L>.” Bhadauria et al. examine the visibility of the planar circular
region spanning a range from LEO to regions beyond the lunar orbit from inertially-fixed locations
in space and determine the visibility of this region by considering exclusion cones and apparent
magnitude constraints.® Gupta et al. employ cislunar periodic orbits to observe the lunar vicinity
and to transit between the lunar and Earth regions.? The same authors also leverage constellations
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of cislunar orbits to observe the surveillance cone and transmit data to Earth.” Gupta expands on
this analysis by employing solar, lunar, and Earth exclusion cones to determine the visibility of
cislunar orbits by a constellation.!” Visonneau et al. also explore the use of constellations for
observing the surveillance cone by constructing them with a genetic algorithm that optimizes the
visibility for a defined apparent magnitude cutoff.!! A framework for characterizing cislunar orbits
by their suitability for tracking objects in other cislunar orbits is described by Baker-McEvilly et
al.'? This investigation contributes to cislunar space situational awareness by leveraging constella-
tions of synodic resonant orbits in the Circular Restricted Three-Body Problem (CR3BP) for their
ability to observe the surveillance cone. Metrics that incorporate both apparent magnitude of a tar-
get and the geometry of exclusion cones are developed to evaluate the capability of a constellation
to view the surveillance cone volume.

DYNAMICAL MODELS

Several dynamical models are employed. The Circular Restricted Three-Body Problem (CR3BP)
is leveraged for cislunar periodic orbit generation and analysis. The Bicircular Restricted Four-Body
Problem (BCR4BP) is employed to locate the Sun in the CR3BP. Finally, solutions are transitioned
to a High-Fidelity Ephemeris Model (HFEM); an /N-body model with epoch-dependent planetary,
lunar, and solar positions.

THE CIRCULAR RESTRICTED THREE-BODY PROBLEM

The CR3BP is a time-independent model that describes the motion of a particle with negligible
mass, labeled Ps, in a gravitational potential formed by two spherically-symmetric massive bodies.
In this model, the massive bodies, termed the primaries and denoted P; and P, for the larger and
smaller mass, respectively, move in circular orbits about their common barycenter. Any CR3BP
system is characterized by the mass ratio p = % for the primaries, where M; and My are
the masses of P} and P», respectively. Motion in this model is expressed in a barycenter-centered
frame that rotates with the primaries as viewed in teal in Figure 1(a), with the right handed-triad
Z, 1, 2 (carets identify vectors of unit length). The orientation of the rotating frame with respect to
an inertial frame at a certain time is defined by the angle 6 in Figure 1(a). The CR3BP equations
of motion are non-dimensionalized by the distance between the primaries [*, the total mass of the
system, m* = M + Mo, and the characteristic time ¢* that is selected such that the mean motion
g for the primaries relative to the barycenter B, is equal to 1. The resulting equations of motion for
the six-dimensional state for Ps, ¥ = [z, v, 2, &, U, £], are
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where (); is a partial derivative of the pseudo-potential function €2 with respect to each of the position
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components, i: ) = ”17?1 ;‘” + I|Flf2|| +Z ;ry , and as evident in Figure 1(a), 712 and 73 are the
respective position vectors from P and P» to P3. Arrow overbars indicate vectors.

The equations of motion admit five equilibrium solutions in the & — ¢ plane, denoted the Lagrange
points. The collinear Lagrange points, i.e., Ly, Lo, and L3, are all located along the z-axis. The
equilateral Lagrange points L4 and L5 form equilateral triangles with the primaries. No analytical
solution in the CR3BP exists, however, one integral of the motion is available i.e., the Jacobi Con-
stant (JC). This integral represents an energy-like quantity that remains constant along any ballistic
arc and is evaluated for any state as JC = 2 — (2% + 9% + 22).



Modeling the Sun in the Coplanar Bicircular Restricted Four-Body Problem

The coplanar BCR4BP is leveraged to locate the Sun in the CR3BP Earth-Moon rotating frame.
As with the CR3BP, the Earth (P;) and Moon (/%) move in circular orbits around their common
barycenter B. The Sun, denoted Ps, is assumed to follow a circular orbit about the Ps — B barycen-
ter Bg; B also follows a circular path around Bg. For the coplanar BCR4BP, the P, — P» and the
Ps — B orbital planes are not inclined relative to each other. The equations of motion for the
BCR4BP are equivalently expressed in two frames; the Earth-Moon rotating frame and the Pg — B
rotating frame. As the solar location from the BCR4BP is modeled in the CR3BP Earth-Moon ro-
tating frame, only the Earth-Moon rotating frame formulation is incorporated. Relevant quantities
are the non-dimensional solar mass mg; the mass of the Sun divided by the Earth-Moon mass pa-
rameter m™*, as well as the non-dimensional solar distance as; the average Pg — B distance divided
by {*. The mean motion fsp of the Sun as viewed in the Earth-Moon rotating frame is computed

as Ogp = m;—j'l — 113 where the resulting mean motion is negative as Sun travels around the

Earth-Moon systsem clockwise. The CR3BP is employed for the orbit propagation, that is, the solar
gravity is not incorporated; a reasonable assumption for the interior Earth-Moon system as the solar
gravity is not a key force.'* However, the location of the sun is obtained from the BCR4BP when
evaluating the visibility of a location in space. From an initial solar position, the subsequent solar
locations are computed for each time-step in the CR3BP propagation post-priori from this initial
condition and the solar mean motion.

High-Fidelity Ephemeris Model

Solutions from the CR3BP are transitioned to the HFEM to evaluate their feasibility in this model
that incorporates epoch-dependent positions for the bodies that describes their true motion. This
model is constructed as an N-body model in an inertial frame from the relative position vectors
Tmn = Tn — Tm of the N bodies with respect to each other and the central body. For this in-
vestigation of cislunar resonant orbits, the Earth is selected as the central body, and therefore, the
Earth-centered J2000 inertial frame is employed to describe the positions of the bodies and the
spacecraft. A schematic of a HFEM model appears in Figure 1(b). The motion of the spacecraft
Ts/c,0 With respect to the central body P is described by the second-order system of equations that
are non-dimensionalized by the Earth-Moon CR3BP characteristic quantities
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where m; describes the mass of body P; and the gravitational constant G,,4 = 1 in this non-

dimensional formulation of the equations. The planetary, lunar, and solar positions with respect to
the Earth are retrieved from the DE440 ephemerides'> provided by the NASA Jet Propulsion Lab’s
Navigation and Ancillary Information Facility.'® The SPICE toolkit!”'® is employed to extract
the relevant relative position vectors required to evaluate Equation (2). An arbitrary number of
perturbing bodies may be included in the HFEM, however, when focusing on the cislunar regime,
incorporating the perturbing gravitational effects of the Moon, Sun, and Jupiter is reasonable.'?

PERIODIC ORBITS IN THE CR3BP

Periodic solutions exist in the CR3BP as closed trajectories with some period, T'. This repeatable
motion is frequently leveraged when designing trajectories to provide structure in an otherwise



(a) The CR3BP rotating frame. (b) Schematic for an Earth-centered N = 4
ephemeris model.

Figure 1: Model frameworks.

complex dynamical environment. These solutions also serve as an initial guess when transitioning
to the HFEM; additional operational constraints such as eclipse avoidance may also be included
while preserving the CR3BP orbital geometry.'*! Periodic orbits are constructed from an initial
guess for a state vector, propagating, and employing a corrections algorithm to deliver periodicity.
Families of periodic orbits are expanded from the corrected solution by varying one or several orbital
parameters and re-correcting the trajectory to be periodic.

Periodic orbits are often characterized by their stability properties. The state transition matrix
for a periodic orbit evaluated after precisely one period, termed the monodromy matrix, possesses
an eigenstructure that informs on the linear stability properties of the orbit. Due to the hamiltonian
structure, the eigenvalues are in reciprocal pairs. Then, an orbit whose monodromy matrix has
at least one eigenvalue with real part greater than 1 is denoted a linearly unstable orbit; an orbit
is considered marginally linearly stable if all eigenvalues lie on the unit circle. Several metrics
for quantifying the stability of an orbit exist. The maximum stability index, often evaluated as
v = max(0.5(||\i|| +1/]|Ail])),2* where ); are the eigenvalues, is one suitable metric for evaluating
stability, however it is not appropriate when comparing the stability of orbits with different periods
due to the inflation in the magnitude of the eigenvalues as the time-of-flight of an orbit increases.??
Instead, the time constant kr is selected for evaluating stability, and is defined as k7 = m,
where «7 describes the amount of time required for a perturbation from the reference motion to
grow by a factor of e and 7 is the period.??> This metric is therefore well-suited to compare stability
information between orbits, as it directly relates the “departure” from the orbit in terms of time
and operationally, is related to the frequency of stationkeeping maneuvers required to maintain the
reference motion.

Sidereal Resonant Orbits

Sidereal resonant orbits are a classification of periodic orbits in the CR3BP that are characterized
by a p : ¢ resonance ratio where, in the Earth-Moon system, p represents the number of revolutions
of the orbit around the Earth as viewed in an Earth-centered inertial frame and q is the correspond-
ing number of revolutions of the Moon around the Earth in approximately the same time.?* The
numerous possible resonance ratios define a large set of resonant orbit families that possess varied
geometries that collectively reach many useful locations throughout the Earth-Moon space, such as



the regions near the primaries, the vicinities of the Lagrange points, and the exterior region of the
system.>> From the set of possible resonant orbit families, specific orbits are selected to satisfy a
particular set of mission objectives.

Periodic orbits appear as planar or spatial families. Two types of spatial families are identified
by their symmetry across the z-axis: PC-type families possess mirror configurations with perpen-
dicular crossings, i.e. a state vector of the form T = [a: 0 2z 0 gy 0], while AC-type families
possess axial crossings with a state vector of form & = [x 00 0 g z"]. The 3:2 planar side-
real resonant orbit family plotted in Figure 2(a) is identified as possessing a geometry with apses
in the lunar vicinity, and these characteristics are noted to persist for the associated PC-type spatial
family plotted in Figure 2(b) and the AC-type family plotted in Figure 2(c). These spatial orbits
host constellations of observers to view this region, as the particular 3:2 geometry offers multiple
vantage points that linger near the region of interest for extended time intervals.
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(a) Planar. (b) Spatial PC-type. (c) Spatial AC-type.

Figure 2: Subsets of the 3:2 spatial and planar sidereal resonant orbit families. The color scale is
consistent across the three families.

CONSTELLATIONS OF SYNODIC RESONANT ORBITS

Orbits possessing a period that is commensurate with the synodic period, i.e., the time for the
Earth-Moon-Sun configuration to repeat, are synodic resonant. This resonance is notably different
from sidereal resonance, even though both are described by similar nomenclature. Sidereal reso-
nance is defined by a p : ¢ integer ratio, and are described in an Earth-centered inertial frame. For
example, a precisely 3 : 4 resonant orbit possesses a period of Tjnertial = 4/3Tsiderear to yield a
closed path in the inertial frame, however, it requires 3 revolutions in this inertial frame, correspond-
ing to 4 lunar revolutions, to be closed in the rotating frame, and therefore, its period in the rotating
frame is actually T' = 47%;4ereq- In contrast, synodic resonances are also defined by a p : ¢ integer
ratio, but this ratio describes orbital revolutions as viewed in the rotating frame. Now considering a
3 : 4 synodic resonant orbit, it possesses a period of 7' = 4/3T,,,04ic When viewed in the rotating
frame. The synodic resonance ratio instead delivers the number of revolutions of the orbit in the
rotating frame to yield ¢ synodic periods. While this orbit may not be closed when viewed in the
inertial frame, these 3 revolutions of the orbit in the rotating frame result in a total time of flight of
4T synodic in the inertial frame. This information is summarized in Table 1.

As the definitions for sidereal and synodic resonant orbits are distinct, sidereal resonant orbits
that possess synodic resonant periods, termed orbits with a sidereal-synodic resonance overlap,'”



exist. This feature is possible due to the periods of sidereal resonant orbits being near, but generally
not exactly equal to, the sidereal resonant period. The orbital period therefore varies across the
family, as is viewed for the spatial 3:2 sidereal resonant families in Figure 3. Selecting orbits with
a sidereal-synodic resonance overlap permits leveraging the desired geometry from the sidereal
resonant orbit family while maintaining repeatability with the Earth-Moon-Sun configuration.

Table 1: Comparison of synodic and sidereal resonance ratio definitions.

Resonance type Rotating frame period Inertial frame period

Sidereal p : g qTsidereal %Tsidereal
Synodic p:q %Tsynodic quynodic
1.7 - / 1.8 1
) 3:5 Synodic Resonance \
£164 E 1.7 1 3:5 Synodic Resonance
> S 1.6
S 1.5 S
1.5 1
1.4
1.4
2.95 3.00 3.05 2.8 2.9 3.0 3.1
Jacobi Constant Jacobi Constant
(a) PC-type family. (b) AC-type family.

Figure 3: Variation in the fraction of an orbital period 7" with respect to a synodic period T'synodic
plotted against Jacobi Constant value for the spatial 3:2 sidereal resonant orbit families. The 3:5
synodic resonance value is highlighted by the dashed line.

Constellations (a number of satellites spaced along the orbit) are placed on synodic-resonant
orbits such that the constellation configuration is also resonant with the synodic period. The location
of a spacecraft along an orbit is parametrized by the encoding angle 0., = 27t/T introduced by
LaFarge and Howell,® where ¢ is measured as the time of flight since departing the apse nearest
to the Moon. Define a constellation of ng spacecraft equally-spaced in time along the same p : ¢
synodic resonant orbit, i.e. spaced by nlq in time along the orbit, where n is a non-zero integer.
Each spacecraft rotates by 0., = 27p/q increments along the orbit every synodic period, ensuring
that some spacecraft are always located at the same encoding angle values as the configuration at
the initial time. As a synodic resonant orbit is defined by two commensurate periods, the synodic
period and the period of the orbit, the movement of spacecraft in the constellation are mapped
to a torus, where the longitudinal angle represents the solar phase angle fgp and the latitudinal
angle represents the encoding angle 6., for each spacecraft. Figure 4(a) plots the motion of a
five-spacecraft constellation on a 3 : 5 synodic resonant orbit, where the presence of closed curves
indicates that the constellation configuration repeats. The configuration restoration is viewed on a
stroboscobic map for the torus in Figure 4(a) after a synodic period, as illustrated in Figure 4(b).



Initial configuration After 1 synodic period
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Figure 4: Visualizing a five-spacecraft constellation placed along a 3 : 5 synodic resonant orbit.

EVALUATING THE VISIBILITY OF THE SURVEILLANCE CONE

The surveillance cone, defined by a 30-degree half-angle with vertex at the Earth and directed
towards the Moon, is identified as a region of interest for space situational awareness.>* This cone
angle is generally considered as the Lunar exclusion angle for observers on Earth’s surface, where
the background brightness of the atmosphere due to lunar backlighting limits optical observations.
The cone extends to £ = 500000km, or approximately 55353km beyond the location of Lo. Within
this cone, two sub-regions are identified. The first is a cone with a 10-degree half angle represent-
ing the lunar exclusion cone for Earth-orbiting observers. This lunar exclusion cone exists as an
operational constraint for spacecraft with optical sensors, as a point angle that remains outside the
exclusion cone prevents stray light reflected from the Moon from entering the sensor.”’ The second
zone, denoted the L Lo sphere, is centered around the Moon with a radius of 0.3 non-dimensional
length units, or approximately 115424km, and approximately bounds the subset of the halo orbit
families in the vicinity of L and Lo, a region that is often the focus for cislunar trajectory de-
sign. This sphere is larger than the Moon Hill sphere of radius approximately 61175km, as the Hill
sphere only extends to the L /Ly libration points and does not capture portions of some of the halo
orbits, most notably at their apolunes where observations would be most beneficial. These zones
are viewed in Figure 5.

Apart from the lunar exclusion cone, space-based observers additionally consider solar and Earth
exclusion cones to prevent stray light entry due these bright bodies.”® The orientation of these
exclusion zones are a function of both the observer position and the luminous bodies themselves.
Lunar, solar, and Earth exclusion cones are incorporated, with half-angles of 10, 30, and 10 de-
grees, respectively.!” The values of the exclusion cone angles are hardware-dependent for a given
optical sensor design, however, this baseline set of exclusion angles permits a preliminary anal-
ysis considering generic space-based observers. As synodic resonant orbits are periodic with the
Sun-Earth-Moon configuration, and the synodic resonant constellation configuration is maintained
every synodic period, the lunar, solar, and Earth exclusion cones for the constellation also return to
an initial orientation after this period.® A visibility analysis incorporating exclusion cones over a
synodic period, therefore, informs on long-term visibility capabilities.

The relative magnitude of an object within the surveillance cone is also incorporated when eval-
uating the visibility. Assuming a single object, termed the point of interest (POI), its illumination is



computed via an illumination model; several formulations exist, and model selection has a crucial
impact on the results of the visibility analysis. Generic objects in space are typically assumed to act
as Lambertian spheres to simplify the analysis and to reduce the number of parameters required (in-
cluding, for example, spacecraft attitude dynamics, specific geometry, and reflectivity coefficients
of different surfaces); spacecraft are also most often composed of flat plates that reflect specularly.
However, this approximation is often employed as the sphere exposes the same area to the Sun as
the solar panels of a stabilized spacecraft.

Several spherical Lambertian illumination models exist; two are considered in this section to
illustrate the impact of model selection. The relative magnitude of an object is evaluated via

Mobj = Msun—at—earth — 2.5 lOglO (Iobj/Isun—at—earth) (3)
where m refers to a magnitude, subscript obj to the object, and [ to an irradiance. Differences
between models typically lie in the definition for Iy, where Iopj = Lsun—at—ob; %23 The
solar irradiance at the location of the object I, —at—op; 15 scaled by the phase function W that
incorporates the geometry of the observer, the object, and the Sun to determine the quantity of
light reflected back towards the observer. This quantity is further scaled by the travel function 7
that describes the dispersion of the reflected light as it travels from the object to the observer. The
resulting /,; is the amount of light received by the observer from the object. The model leveraged
in this investigation is described by Frueh et al.,>>3 where the full magnitude expression is

2 , 1 2R2, C
s, 0bj obj (sina+ (m — a) cos @)

AU? 27r? T

Mobj = Msun—at—earth — 2.5 loglo (
obs,obj

where the first term in the log function scales the solar irradiance from the average Earth location
at 1AU to the location of the object, the second term is the travel function for light distributed over
a half sphere, and the third term is the phase function, where C; is the Lambertian coefficient, R ;
the object radius, and « is the angle between the object, Sun, and observer. This formulation differs
from the model introduced by Shell?!

1 (2(2Ry;)*Cq, . ‘
( 3;]_ d (sina + (m — ) cos a))) 5)

Apart from not scaling the solar irradiance to the object’s location, Shell’s formulation incorporates
the surface area of the sphere as the reflecting area and, consequently, pairs it with a travel function
more commonly employed for a flat plate. As a result, the Shell model estimates an object to
be approximately 87 brighter than the Frueh model, corresponding to a magnitude difference of
approximately -3.5. As is apparent later in the results, this difference significantly impacts the
visibility of different size objects from cislunar constellations.

mobj = Mgun—at—earth — 2-510g10 ( 5
obj,obs

To assess the visibility of the surveillance cone regions, 100000 POIs are randomly sampled from
a uniform distribution within the surveillance cone via rejection sampling, as plotted in Figure 5(b),
and the visibility of each point is evaluated. For each POI at a particular epoch, the set of spacecraft
that do not observe this point in an exclusion zone are recorded and the smallest magnitude for the
POI as observed by this set is selected to represent the visible magnitude of the POI as seen by the
constellation. When this minimum magnitude is larger than the cutoff magnitude of 20, selected as
a baseline magnitude limit that is consistent with previous investigations,”!? or when the POI lies
within the exclusion cones for all spacecraft in the constellation, the POI is described as not visible
by the constellation. This process is repeated over a synodic period. Note that unless described
otherwise, the Frueh model is employed when assessing the relative magnitudes.
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Figure 5: Region of interest for cislunar SSA observations.

RESULTS: 1:1 SYNODIC RESONANT L; LYAPUNOV ORBIT

The 1:1 synodic resonant L; Lyapunov orbit is identified as a candidate orbit in a multi-orbit con-
stellation of observers by Visonneau et al.!! Vendl & Holzinger’ also identify this orbit as a suitable
path to place observers onto. The synodic resonant properties of this orbit provide repeating visi-
bility characteristics for the surveillance region, the orbital geometry maintains the orbit within the
surveillance cone for large intervals relative to the orbital period as apparent in Figure 6(a); and,
as noted by Vendl & Holzinger, properly phasing an observer on this orbit with the Sun angle nat-
urally aligns the viewing direction towards the cone with the incident solar rays such that objects
in the cone are well-illuminated with respect to the observer.” Building from these contributions,
a synodic-resonant constellation is investigated for this orbit. As this L; Lyapunov orbit possesses
a 1:1 synodic resonance, an arbitrary number of spacecraft in the constellation return to a base-
line configuration every synodic period. Several constellations are examined, and a four-spacecraft
constellation yields high visibility of the cone employing all the spacecraft for objects at a given
radius. Larger constellations result in diminishing returns in terms of surveillance cone visibility
improvement.

The visibility of the points within the surveillance cone are analyzed by separately employing the
magnitude models described by Frueh et al.?%>3° and Shell.3! The analysis is accomplished out for
objects with Lambertian coefficients of C;; = 0.5 and various radii, from R,,; = 0.5m representing
a generic multi-unit cubesat, to R,,; = 3.5m representing a medium-to-large spacecraft of a similar
size to the Gateway HALO module length. The initial solar phase angle is zero, i.e., the Sun initially
lies on the positive Z-axis, and the encoding angle for one spacecraft is initially zero. The percentage
of points within the surveillance cone that are visible by the constellation for one synodic period are
plotted in Figures 6(b) and 6(c), where the solid lines represent the analysis results when employing
the Frueh magnitude model and the dashed lines represent the results when employing the Shell
magnitude model.
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Figure 6: b) and c): Percentage of points within the surveillance cone that are visible by the constel-
lation for objects with a Lambertian coefficient of C;; = 0.5. Dashed lines represent the visibility
when employing the magnitude model described by Shell,?! and solid lines when employing the
magnitude model described by Frueh et al.?%-30

For the analysis employing the Frueh model, the reduction in radii significantly reduces the per-
centage of points in the surveillance cone that are visible by the constellation, as the magnitude
cutoff of m = 20 increasingly reduces the set of points that are visible from the combined capa-
bilities of the four spacecraft, until a drastic reduction in visible points occurs as the object radius
drops to R,,; = 0.5. In contrast, the results that incorporate the Shell magnitude model are less
dependent on the object radii for this magnitude cutoff. For the R,,; = 3.5m case in Figure 6(b),
the percentage of points visible by the constellation between the models is similar. However, the
results employing the Shell model do not have any points with magnitude greater than 20; regions
that are not visible by the constellation are limited only by the overlaps in exclusion cones from the
constellation. For smaller radii, such as for R,; = 0.5m in Figure 6(c), the impact of the magnitude
model on the visibility results is apparent. The percentage of points visible from the constellation
when employing the Shell model is considerably higher than with the Frueh model. The large differ-
ence in the results between the two models highlights the importance of magnitude model selection
and the assumptions incorporated. The challenges in observing the cislunar region are apparent; the
brightness of objects under observation is a crucial parameter in cislunar SSA,® and understanding
the reflection properties of these objects is necessary when designing the trajectories and hardware
for observation.

This L1 Lyapunov orbit is linearly unstable, with a time constant of k7 = 1.445 non-dimensional
time units or approximately 6.283 days, where time constant values less than 1.5 non-dimensional
time units are sometimes considered to possess “fast” departure characteristics.’> However, the ge-
ometry of this orbit when paired with a constellation of observers strategically phased in the orbit
offer varied vantage points for regions within the cone, reducing the “blind spots” for the constel-
lation. Additionally, the constellation remains in the vicinity of the cone for a large percentage of
the orbit, contributing to the large number of points that are visible, as spacecraft do not spend time
in other regions of space. However, should other regions of cislunar space be selected as regions
of interest for SSA, such as the L3 region, it would be challenging to view them due to the large
distances of these regions from the L; Lyapunov orbit.

10



RESULTS: 3:5 SYNODIC RESONANT 3:2 SIDEREAL PC-TYPE SPATIAL RESONANT
ORBIT

For observing the surveillance cone, several geometrical heuristics are noted to result in diverse
vantage points of the surveillance cone region. Orbits possessing large £-axis excursions limit the
impact of the solar surveillance cone constraint when paired with a sufficient number of spacecraft
in the constellation. Orbits with apoapses within the cone then result in several spacecraft in the
constellation remaining in that region for long periods of time, providing various point of view that
are near many of the points in the cone. The 3:2 spatial PC-type family is illustrated in Figure 2(b),
and from the synodic ratios in the period variation across the family plotted in Figure 3(a), the 3:5
synodic member is selected as it possesses the desired geometrical properties and supports a synodic
resonant constellation of bn spacecraft; 5 spacecraft are selected for the particular constellation
described in this section. This orbit is viewed in the CR3BP rotating frame in Figure 7. This orbit
is linearly unstable, but less unstable than the 1:1 synodic L; Lyapunov orbit, with a time constant
of kK = 2.857nd, or approximately 12.42 days, corresponding to around double the time constant
of the Lyapunov orbit in the previous section.
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Figure 7: Views of the 3:2 spatial PC-type sidereal resonant orbit possessing 3:5 synodic resonance
in the Earth-Moon CR3BP rotating frame. The surveillance cone is highlighted in the top-right
isometric view.

The constellation is initially phased with a solar angle of zero and with one of the spacecraft at an
encoding angle of zero. The results from the visibility analysis for this constellation are presented
in Figure 8 for objects with radii of 0.5m, 1.5m, and 3.5m. The visibility characteristics of the orbit
with objects of the largest radius, described in Figure 8(c), are primarily limited by exclusion zone
constraints, however the geometry of the orbit with this constellation results in a high percentage
of the cone being visible, with average percentages of points visible by the constellation of 99.0%,
97.4%, and 98.7% for the 30-degree surveillance cone, 10-degree lunar exclusion cone, and L Lo
sphere, respectively.

With smaller radius objects, the visible magnitude cutoff of m = 20 reduces the number of points
visible in the regions of interest. For 1.5m objects in Figure 8(b), this average percentage drops to
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97.1%, 96.5%, and 98.3% for the surveillance cone, lunar exclusion cone, and L Ly sphere, respec-
tively. When the object radius is further reduced to 0.5m in Figure 8(a), the average percentages
drop to 57.6%, 73.7%, and 82.8%, respectively. Notable however is that even when R,,; = 0.5m,
on average there is a larger amount of the L; Lo sphere that is visible, as many cislunar orbits of
interest lie within this region.

£ 100 - 100 100
Q .
5 g \//V\ \/ N
2 80 7
2 95 98
~ 60
é — 30° cone
2 —— 10° cone
o 40 90 4 Ly Lo sphere 96 1
& T T T
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
t/Tsy” t/Tgy" t/Tsyn
(a) Radius of 0.5m. (b) Radius of 1.5m. (c) Radius of 3.5m.

Figure 8: Visibility of the surveillance cone from a five-spacecraft constellation in a 3:5 synodic
3:2 spatial PC-type sidereal resonant orbit for different object radii with a Lambertian coefficient of
Cq=0.5.

The results from the CR3BP analysis that incorporate
the coplanar BCR4BP solar position are validated in the
HFEM. The initial epoch when transitioning the CR3BP
orbit to the HFEM is selected to yield the same planar
solar phase angle in the Earth-Moon pulsating-rotating
frame as from the lower-fidelity analysis. Figure 9 plots
the planar solar phase angle in this pulsating-rotating
frame for the first six synodic months of 2026. Positions
of the Sun, Earth, and Moon are retrieved from SPICE
ephemerides, and details about the rotation of inertial
states into the Earth-Moon pulsating-rotating frame are
detailed by Park & Howell.'"* For this example, an ini-
tial solar phase angle of fgg = 0 is selected, and this
angle is obtained on January 18, 2026 at 20:21:16 UTC. Figure 9: Planar solar phase angle in the
This epoch is the initial epoch employed for the CR3BP g, .th_Moon pulsating-rotating frame.
to HFEM transition process.
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The CR3BP trajectories are transitioned to the HFEM by constructing an initial guess from
stacked revolutions of the CR3BP trajectory. As there are five spacecraft in the constellation, five
unique trajectories are generated due to the not perfectly periodic motion of the celestial bodies
in the J2000 frame. These trajectories are computed with times-of-flight of at least six months,
however longer baselines could feasibly be converged. A two-level differential targeting process
is employed that yield trajectories that are initially continuous in position only and the trajecto-
ries are re-converged by reducing the magnitude of the velocity discontinuities until ballistic paths
are produced. An eclipse avoidance path constraint developed in Ojeda-Romero and Howell!® and
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Zimovan-Spreen, Howell, and Davis,?’ and applied to sidereal resonant orbits by Gupta and How-
ell,?! is implemented. The ballistic trajectories that emerge do not pass through the Moon and Earth
penumbra cones plotted in Figure 10. Strategies exist to seek individual trajectories that are more
similar, but they are not pursued here. The Earth and Moon eclipse cones are viewed in Figures
11(a) and 11(b) in the Sun-Earth and Sun-Moon pulsating-rotating frames, respectively, where the
red markers denote regions of eclipse. The eclipse avoidance path constraint shifts the orbital paths
such that they merely “skim” the penumbra cones. Note that the eclipse point in Figure 11(b) that
appears to be inside of the cone actually skims the penumbra cone at a location closer to the Moon
where the diameter of the cone at that £ gy, location is smaller than apparent in the projection. Ad-
ditionally, lines that appear to enter the penumbra cones but are not in eclipse, pass between the Sun
and eclipsing body, and therefore, do not pass through the penumbra cones.

(a) Earth-Moon pulsating-rotating frame. (b) Earth-centered J2000 frame.

Figure 10: 3:5 synodic spatial PC-type 3:2 sidereal resonant orbit in different frames for the five-
spacecraft constellation in the Earth-Moon-Sun-Jupiter HFEM model. All paths are ballistic and
eclipse-free with a a minimum time-of-flight of 6 synodic months.

Evaluating the visibility of the points within the surveillance cone from the HFEM trajectories
and the Sun location retrieved from ephemerides over six synodic months for objects of radius
Ry; = 3.5m and the Lambertian coefficient Cy; = 0.5 yields the results plotted in Figure 12.
The percentage visibility for the different zones over the six synodic months is 99.0%, 96.8%,
and 98.2%, for the surveillance cone, lunar exclusion cone, and L; Lo sphere, respectively. The
horizontal axis tick marks are spaced out by 1 synodic month; similar trends for 1 synodic month
in the lower-fidelity analysis plotted in Figure 8(c) are thus identified in the higher-fidelity results.
This similarity in the visibility results demonstrates that the dominant frequencies that govern this
analysis are captured in the lower-fidelity analysis, as even when adding perturbing bodies and their
realistic positions in the HFEM, this dominant behavior is maintained.

RESULTS: 3:5 SYNODIC RESONANT 3:2 SIDEREAL PC-TYPE SPATIAL RESONANT
ORBIT AND 4:1 SYNODIC RESONANT Ly HALO ORBIT

Several synodic resonant orbits paired together can improve the visibility of the cone. For this
example, the same PC-type orbit as the previous example with a five-satellite constellation is paired
with a sixth observer in a 4:1 synodic resonant Ly halo orbit in the CR3BP. The halo orbit with one
spacecraft repeats every synodic period (and in fact, every 1/4 synodic periods), and so the entire
six-satellite network maintains its configuration every synodic period as well. Views of the 3:2

13



x10%

N
E — \VAY S
=,
s 0 ®
=
® 1
AN
—2 0 2
YSE,rot [km] x10% YSM,rot [km] x10%
(a) Earth eclipses viewed in the Sun-Earth pulsating- (b) Moon eclipses viewed in the Sun-Moon
rotating frame pulsating-rotating frame

Figure 11: Viewing the PC-type trajectory from different frames after implementing the eclipse
avoidance path constraints. Red points identify portions of the trajectory in eclipse and the pink
circle is the projection of the penumbra cone at the eclipse location with the largest amplitude
position component in the Sun-body direction.
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Figure 12: Visibility analysis for the ballistic and eclipse-free HFEM trajectories displayed in Figure
10, Ry = 3.5m,Cy = 0.5.

resonant orbit and the halo orbit relative to the surveillance cone in the CR3BP rotating frame are
displayed in Figure 13, where the halo orbit notably possesses a very small set of vantage points and,
even with multiple observers, does not offer significantly different points of view. For this reason,
the initial phase of the sixth observer along the halo does not significantly impact the results; for
this constellation, this observer initially possesses an encoding angle of 6.,. = 0 and remains in the
L1 Lo sphere at all times.

The percentage of points visible in the regions of interest from this two-orbit, six-satellite constel-
lation is plotted in Figure 14. The same set of object radii are examined: R,; = 0.5m, 1.5m, 3.5m.
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In these plots, the solid lines represent the percentage visibility when including only the 3:2 sidereal
resonant, i.e., they describe the same results as Figure 8 with only five observers. The dashed lines
reflect the six-spacecraft constellation that incorporates the observer in the halo orbit.
For the largest radius with results plotted in Fig-

ure 14(c), the average percentage of points in A

the cone that are visible by the constellation e

1s 99.3%, 99.1%, and 99.7% for the surveil-
lance cone, lunar exclusion cone, and Lo
sphere, respectively. For the R,,; = 1.5m ob-
jects in Figure 14(b), these average percentages
are 97.6%, 98.7%, and 99.7% for those same
respective regions. Finally, for the smallest
Ryy; = 0.5m objects in Figure 14(a), the aver-
age percentages are, respectively, 65.9%, 84%,
and 93.7%. This additional observer notably
improves the visibility of the L Lo sphere, es-
pecially for smaller object radii. Recall that for
the five-spacecraft constellation in the 3:2 reso-
nant orbit, the average percentage of points visible in the L1 L2 sphere for R,,; = 0.5m is 82.8%,
compared to 93.7% with the additional observer in the halo orbit.

Figure 13: 3:5 synodic resonant 3:2 spatial PC-
type sidereal resonant orbit and a 4:1 synodic Lo
halo orbit
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Figure 14: Visibility of the surveillance cone from a five-spacecraft constellation in a 3:5 synodic
3:2 spatial PC-type sidereal resonant orbit paired with an additional observer in a 4:1 synodic Lo
halo orbit for different object radii with a Lambertian coefficient of Cy = 0.5. The solid lines are
the percentages incorporating only the 3:2 resonant orbit constellation and the dashed lines reflect
adding the observer in the halo orbit to the constellation.

RESULTS: 3:5 SYNODIC RESONANT 3:2 SIDEREAL AC-TYPE SPATIAL RESONANT
ORBIT

The 3:2 spatial sidereal AC-type resonant orbit family is also identified as possessing repeating
geometries with varied vantage points for observing this cislunar region of interest. Specifically
with the 3:2 spatial sidereal AC-type family, the 3:5 synodic resonant member of the family, plotted
in Figure 15, supports a five-spacecraft synodic resonant constellation that returns to the initial con-
figuration after every synodic period. This orbit is also linearly unstable, with a time constant similar
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to the 3:2 spatial sidereal PC-type resonant orbit with 3:5 synodic resonance of kK = 2.8986nd or
approximately 12.60 days. For this constellation, the initial solar phase angle is selected as 180 de-
grees and one spacecraft is initially placed at an encoding angle of zero. The visibility of the points
within the surveillance cone are analyzed for one synodic period, with the resulting percentage of
points visible within each region over that interval plotted in Figure 16 for object radii of 0.5m, 1.5,
& 3.5m, and a Lambertian coefficient of Cy = 0.5. For objects of radius R,,; = 3.5m in Figure
16(c), the percentage of points visible by the constellation for the entire surveillance cone, lunar
exclusion cone, and L1 L9 sphere are 99.1%, 98.3%, and 98.7%, respectively. Reducing the radius
to Rop; = 1.5m in Figure 16(b), these respective percentages drop to 91.8%, 95.4%, and 97.9%.
For the smallest considered radius of R,,; = 0.5m in Figure 16(a), these respective percentages are
notably smaller, i.e., 50.2%, 70.5%, and 76.1%. These percentages are lower than in the PC-type
example in the previous section, however, this orbit remains a potential option pairing with other
orbits for cislunar surveillance cone observations.
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Figure 15: Views of the 3:5 synodic resonant 3:2 spatial AC-type sidereal resonant orbit in the
Earth-Moon CR3BP rotating frame. The surveillance cone is highlighted in the top-right isometric
view.

The five-spacecraft constellation is transitioned to the HFEM and, as the initial solar phase angle
for the lower-fidelity analysis is g = 180, an initial epoch of April 2, 2026 at 01:57:05 UTC
is selected from Figure 9. The same transition process is employed, and the resulting ballistic and
eclipse-free trajectories for all five observers in the constellation over a time-of-flight that spans
at least six synodic months are plotted in Figure 17. The projections into the Sun-Earth and Sun-
Moon frames normal to the penumbra eclipse cones are displayed in Figure 18, where the converged
trajectories skim the eclipse cones, as expected after convergence with the eclipse avoidance path
constraint implemented.

Finally, the points within the surveillance cone are evaluated for their visibility from the con-
stellation converged in the HFEM over six synodic months for objects of radius R,,; = 3.5m and
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Figure 16: Visibility of the surveillance cone from a five-spacecraft constellation in a 3:2 spatial
AC-type sidereal resonant orbit possessing a 3:5 synodic resonance ratio for different object radii
with a Lambertian coefficient of Cy = 0.5

(a) Earth-Moon pulsating-rotating frame (b) Earth-centered J2000 frame

Figure 17: 3:5 synodic spatial AC-type 3:2 sidereal resonant orbit in different frames for the five-
spacecraft constellation in the Earth-Moon-Sun-Jupiter HFEM model. All paths are ballistic and
eclipse free with a minimum time-of-flight of 6 synodic months.

a Lambertian coefficient of Cy; = 0.5. The variation in percentage of points visible by the con-
stellation exhibits repeatable patterns every synodic period that are similar to the synodic-month
lower-fidelity analysis plotted in Figure 16(c). The average percent visibility by the constellation
is 98.5%, 98.3%, and 99.1% for the surveillance cone, lunar exclusion cone, and I; Lo sphere, re-
spectively, and reasonably consistent with the values obtained in the lower-fidelity analysis. This
similarity highlights the advantage of analyzing the visibility of the surveillance cone from a con-
stellation by employing a lower-fidelity model to evaluate the feasibility of a particular constellation
before conducting a computationally-intensive HFEM analysis.

SUMMARY

Sidereal resonant orbits possessing a synodic resonance overlap are identified as useful baseline
orbits for constellations of satellites to observe the cislunar surveillance cone for space situational
awareness applications. Constellations of observer spacecraft equally-spaced in time along these
orbits such that the configuration is maintained every synodic period are analyzed for one synodic
month to inform on their long-term visibility trends. Visibility is quantified by sampling a number
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Figure 18: Viewing the HFEM 3:5 synodic spatial AC-type 3:2 sidereal resonant orbit trajectories
from different frames after implementing the eclipse avoidance path constraints. Red points identify
portions of the trajectory in eclipse and the pink circle is the projection of the penumbra cone at the
eclipse location with the largest amplitude position component in the Sun-body direction.
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Figure 19: Visibility analysis for the ballistic and eclipse-free HFEM AC-type trajectories displayed
in Figure 17. Ry; = 3.5m, Cyq = 0.5.

of points inside the surveillance cone and assessing the potential for the points to be visible from
a constellation of satellites on a common orbit; the criteria for visibility includes (i) the relative
magnitude of the points and (ii) whether they lie in the spacecraft solar, lunar, or earth exclusion
cones. Two commonly-used relative magnitude model formulations are examined, and the choice
of model selection significantly affects the number of visible points, especially when considering
smaller objects. Cislunar space observations from space-based observers, therefore, also requires a
careful understanding of the photometric properties of objects being observed.

Several modeling frameworks are employed in this investigation. The CR3BP is leveraged to
permit a lower-fidelity analysis where the solar position is obtained from the coplanar BCR4BP. In
this framework, and when using synodic resonant orbits, the visibility analysis occurs over a single
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synodic period and, therefore, long-term behavior is inferred from this short-term analysis, greatly
reducing the computational cost. Solutions from this lower-fidelity formulation are transitioned
to a higher-fidelity ephemeris model, and the general behavior predicted by the CR3BP+BCR4BP
analysis exist and demonstrates approximate synodic resonance as well. As the computational cost
associated with the HFEM analysis is higher than the CR3BP+BCR4BP analysis, the lower-fidelity
formulation serves to as a basis to assess the feasibility of a particular constellation before validating
these results in the HFEM.

The PC-type and AC-type 3:2 sidereal resonant orbit families are sample scenarios to demonstrate
pairing orbits for an observing constellation, as these families possess geometries that offer varied
vantage points for observations of the surveillance cone and, with apses in the cone, spacecraft
linger near the region of interest. Specifically, the 3:5 synodic resonant members of these fami-
lies and a five-spacecraft constellation are employed. Both the AC-type and PC-type geometries
observe nearly the entire surveillance cone, on average, when focused on large objects, implying
few overlaps of exclusion cones for the constellation. For smaller objects, the relative magnitude
cutoff reduces the visibility of the surveillance cone. A PC-type resonant constellation, paired with
an observer in a 4:1 synodic Lo halo orbit, improves the visibility within the cone, with notable
improvements for smaller objects in the L1 Lo sphere.
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