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CISLUNAR TRAJECTORY DESIGN FOR CONSTELLATIONS
LEVERAGING SIDEREAL-SYNODIC RESONANT BEHAVIOR

Maaninee Gupta* and Kathleen C. Howell’

To establish a comprehensive SSA architecture in cislunar space, space-based sen-
sors that can traverse the expansive volume are currently an option being evalu-
ated. With the availability of unique vantage points across the domain of cislunar
space via sidereal resonant orbits, orbits that are additionally commensurate with
the lunar synodic period provide options for feasible visibility conditions that per-
sist over time. Metrics for modeling cislunar targets and evaluating their visibility
are leveraged to assess and design trajectories for optical observers.

INTRODUCTION

There is an increasing general interest in trajectories within the cislunar regime in support of
a wide ranging types of activities, including Space Domain Awareness (SDA) and Space Situa-
tional Awareness (SSA) operations. The expanse of cislunar space, that extends beyond the GEO
(geosynchronous) belt and towards the lunar orbit, necessitates trajectories that are able to span this
vast volume while maintaining access with the Earth.! Specifically for supporting SSA needs, i.e.,
those that entail the foundational, current, and predictive knowledge and characterization of space
objects and the space domain, it is likely necessary to design trajectories that can host space-based
sensors.” As such, orbits constructed in multi-body dynamical models that exhibit repeating ge-
ometries under natural dynamical motion offer clear advantages. One option for such orbits include
trajectories in sidereal resonance with the Moon, since they naturally remain phased with the lu-
nar orbit while also traversing various different regions within cislunar space. In the Earth-Moon
Circular Restricted Three-Body Problem (CR3BP), these orbits exist in families that offer orbits
possessing sidereal resonant geometries at different energy levels. From such orbit families, it is
also possible to identify orbits that, in addition to providing the unique vantage points exhibited by
sidereal resonant orbits, are resonant with the lunar synodic period. This characteristic allows the
convenient assessment of visibility conditions in cislunar space, since repeatability relative to the
orientation of the Sun is achieved. This investigation provides an overview of such orbits, computed
in the Earth-Moon CR3BP, and their application towards the design of space-based optical observer
trajectories. Targets that locally and globally describe the volume defined by the cislunar realm are
modeled, and the visibility of the various targets is evaluated via the proposed observer trajectories.
All the analyses presented in this work are conducted in the Earth-Moon CR3BP to obtain a realistic
assessment of the cislunar dynamical environment.
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BACKGROUND

To model the gravitational environment of cislunar space with reasonable accuracy, a dynam-
ical model that incorporates the influence of both the Earth and the lunar gravity on the motion
of a spacecraft is necessary. As such, the Earth-Moon Circular Restricted Three-Body Problem
(CR3BP) is employed in the current work for preliminary analysis. A subset of periodic orbits that
are constructed in this dynamical model, termed resonant orbits, are introduced for further explo-
ration towards the design of space-based observer trajectories.

Dynamical Model: Circular Restricted Three-Body Problem

The Circular Restricted Three-Body Problem (CR3BP) is an autonomous dynamical model that
incorporates the gravitational influences of two planetary bodies, for example, a planet-moon or
a Sun-planet pair. In this investigation, the Earth-Moon CR3BP is leveraged for the preliminary
assessment of cislunar trajectories. The Earth and the Moon, termed the primaries and denoted as
P and P, respectively, are assumed to be point masses orbiting their mutual barycenter in circular
orbits. The third body models the spacecraft, denoted P, that is assumed to be of infinitesimal mass
and, thus, does not influence the orbits of the Earth and the Moon. A rotating frame based in the
motion of the primaries is adopted to describe the behavior of the spacecraft governed by the two
bodies. In this frame, represented {Z, ¢, 2}, & is directed from the Earth to the Moon, Z is parallel to
the angular momentum direction of the system, and ¢ completes the dextral orthonormal triad. The
quantities [*, m*, and t*, termed the characteristic length, characteristic mass, and characteristic
time, respectively, nondimensionalize the equations of motion of the spacecraft in this model.> The
resulting scalar equations of motion that represent the motion of the spacecraft as expressed in the
rotating frame are expressed as,
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The quantity U* is the pseudo-potential function, determined as,
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where p is the system mass parameter evaluated as p = %, with M; and M5 representing the
mass of the Earth and the Moon, respectively. Additionally, 13 and ro3 denote the nondimensional
distances between the Earth and the spacecraft as well as the Moon and the spacecraft, respec-
tively. The values (z,y, z) correspond to the nondimensional position of the spacecraft relative to
the system barycenter in the Earth-Moon rotating frame; similarly, (&, ¢, ) represent the velocity
components of the spacecraft as viewed in the rotating frame. While a closed-form solution does not
exist for the equations of motion in the CR3BP, the model permits one integral of the motion, termed
the Jacobi constant and evaluated as C' = 2U* — v2, where v is the speed of the spacecraft relative
to the rotating frame. The Jacobi constant is inversely proportional to the energy of the system and
remains constant for ballistic propagation in the CR3BP. There exist five equilibrium solutions in
the CR3BP, termed the libration points and denoted L; for ¢ = 1,2, ..., 5. Of these libration points,
Ly and Lo lie approximately 57,000 £m and 63,000 km from the surface of the Moon, respec-
tively. Considering the vastness of cislunar space, the proximity of these points to the Moon has
prompted the exploration of dynamical structures in their vicinity to enable lunar exploration.* One
type of such a dynamical structure includes periodic orbits constructed in the CR3BP. There exist



periodic orbits that traverse the vicinity of the libration points, as well as orbits in the neighborhoods
of the primaries in the rotating frame. Additionally, the existence of a single periodic orbit leads to
the determination of a family of periodic orbits, typically characterized by similar geometries that
evolve in Jacobi constant value. Thus, rather than assessing isolated trajectories, the wide range of
similarly characterized orbits supply additional options for viable trajectories for mission design.

CR3BP Resonant Orbits

A particularly useful option for periodic orbits in the CR3BP includes orbits that are resonant with
the lunar sidereal period (Ts;q4 = 27.32 days). When analyzed in the CR3BP rotating frame, these
orbits, hereby denoted resonant orbits, exhibit expansive geometries that sweep through broader
areas of cislunar space. Such orbits are characterized by their resonance ratio, denoted p:q, that is
a simple integer ratio of the orbital period of the Moon and the spacecraft orbit. A spacecraft in a
p:q resonance with the Moon encircles the Earth p times in the interval required for the Moon to
complete g revolutions of the Earth. For resonant orbits constructed in the Earth-Moon CR3BP, the
ratio of the orbital periods may not necessarily be integer. As such, a spacecraft in p:q resonance
constructed in this model completes p orbits in approximately the time required for the Moon to
complete g orbits around the Earth. Nonetheless, such orbits are precisely periodic in the rotating
frame. For an integer resonance ratio of p:q, orbits with p > ¢ are denoted interior resonant orbits.
The periods of these orbits, as viewed in the inertial frame, are shorter than the period of the Moon.
In general, these orbits remain interior to the Earth-Moon system. Alternatively, when p < g,
the orbits are termed exterior resonant orbits. The orbital periods in this case are longer than the
period of the Moon, and the orbits provide excursions beyond the Earth-Moon system, with potential
opportunities for close periodic passes of the two bodies.

As is true for all periodic solutions in the CR3BP, the construction of a single resonant orbit in
this model guarantees the existence of a family of resonant orbits. Although the orbits in the family
exist over a range of periods and, as a result, are nearly resonant, they exhibit resonant behavior
and characteristics that retain the utility of the underlying sidereal resonant orbits. The construction
of planar resonant orbit families enables the search for three-dimensional resonant orbit families
that provide excursions beyond the Earth-Moon plane. The availability of such solutions opens
additional dynamically viable regions for spacecraft pathways over various values of the Jacobi
constant. To construct spatial families of resonant orbits, the eigenvalue structure of the monodromy
matrix along the planar orbit families is investigated in search of bifurcating orbits.> In the current
work, certain tangent and period-doubling bifurcations from planar resonant families are identified
to construct their spatial analogs. Families of planar and spatial resonant orbits corresponding to
various resonance ratios appear in Figure 1, where orbits are colored by their Jacobi constant values
for each ratio. The orbits in black highlight the direction of motion along the trajectory, indicated
via black arrows. Also plotted in Figure 1 is the evolution of the stability index and the orbit
period along each resonance family. The stability index is a function of the eigenvalues (\;) of
the monodromy matrix for each resonant orbit and is determined as v; = % (| IAi]| + HT1]H> The
stability index provides a measure of the linear instability of each orbit, where a value greater
than unity indicates that the orbit is unstable in a linear sense.® In addition to the stability index,
the evolution of the orbit periods in the CR3BP (i.e., the period in the rotating frame), appear in
red along the right vertical axes for each family. Overall, the planar and spatial orbit families
illustrate vastly differing geometries and stability properties spanning various energy levels. This
characteristic of resonant orbits renders them particularly useful for trajectory design in the cislunar



domain, since access to various regions within this space is available via their expansive geometries
and energy range.
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Figure 1. Families of resonant orbits constructed in the Earth-Moon CR3BP and
plotted in the rotating frame.



Resonant Orbits with Sidereal-Synodic Overlap

For certain sidereal resonant orbit families in the CR3BP, it is possible to identify members that,
in addition to being nearly sidereal resonant with the Moon, exhibit lunar synodic resonance as
well. This characteristic arises due to the orbits being nearly sidereal resonant, a characteristic that
allows the family of sidereal resonant orbits to span a wide range of orbital periods in the rotating
frame. Thus, the orbits retain favorable geometries and stability properties inherent to their sidereal
resonant structure, with the added advantage of repeatability relative to the orientation of the Sun
in the Earth-Moon rotating frame. This characteristic is particularly relevant for SSA operations
beyond the vicinity of the Earth, where illumination and visibility conditions are evaluated.” The
synodic resonance also renders these orbits favorable for eclipse avoidance where, depending upon

the resonance ratio, options for multiple baseline trajectories are available that naturally avoid the
shadows cast by the Earth and the Moon.?

Sample orbits from various sidereal resonant families that are commensurate with the lunar syn-
odic period in the rotating frame are identified in Figure 2. Figures 2(a), 2(c), 2(e) and 2(g) represent
synodic resonant members from the 1:2, 2:1, 4:3, and 2:1-H; sidereal resonance families, respec-
tively. In each plot, the legend indicates the ratio of the associated synodic resonance. For reference,
Figures 2(b), 2(d), 2(f) and 2(h) represent the ratio of the lunar synodic period (T, = 29.53 days)
with the period along the family for the associated sidereal resonant orbits. Integer ratios from these
plots are identified, yielding several options for orbits that exhibit the sidereal-synodic overlap.
However, for practical purposes, it is useful to focus on the orbits that exhibit a smaller resonance
order, since those members tend to possess shorter periods in the rotating frame. Notably, this
synodic resonance allows the orbits to provide repeatability with respect to the Earth-Moon-Sun
orientation, while preserving the geometry that is unique to sidereal resonant behavior.
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Figure 2. Orbits from various sidereal resonant families that are commensurate with
the lunar synodic period.



OBSERVING TARGETS IN CISLUNAR SPACE

To establish a comprehensive SSA architecture in cislunar space, the need for space-based sensors
has been recognized.”'® With the availability of unique vantage points across the cislunar domain,
space-based sensors enable the detection and tracking of objects in space, especially beyond GEO
and in the vicinity of the Moon. Observations from space-based sensors are key for supporting
autonomous navigation, communications, and sustaining operations beyond the Earth. For optical
sensors operating in space, there also exist inherent limitations that may curtail the visibility of tar-
gets of interest. These challenges include insufficient illumination of the target object that limit the
frequency with which targets are visible to the observer spacecraft.” These conditions for evaluating
the visibility of a target as viewed by space-based optical observers are detailed within the context
of cislunar space.

Limiting Apparent Magnitude

In astronomy, the apparent magnitude is a measure of the brightness of an object.”-!! The ap-
parent magnitude of a target as seen by an observer is critical in determining the brightness and, by
extension, the nature of a target as “visible”.!> The magnitude of an object is evaluated as,

2
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where Cj is the reflection parameter for the target and Ry is the radius of the target, i.e., an indicator
of its size. The angle v is the Sun-target-observer angle and is termed the solar phase angle. Finally,
the quantity mg is the apparent magnitude of the Sun and is fixed as —26.74. The magnitude scale is
reverse logarithmic: a lower value of the magnitude is indicative of a brighter object. For reference,
Figure 3(a) illustrates the orientation of the target relative to the Sun and the observer and the
associated angle definitions. The utility of any space-based observer may be assessed by quantifying
the brightness of various targets as they appear to the observer, and assessing the value to determine
if it is less than some limiting magnitude. The reference limiting magnitude values employed by
various authors are detailed in Table 1. While this limiting magnitude is inherently a function of
the sensor aperture and the properties of the detector, in the current work, a representative value of
miim = 20 is employed to yield a broad evaluation of the observer performance. For further analysis
and, to accommodate various optical sensor apertures, lower values of the limiting magnitude may
be explored. Thus, when a target possesses a magnitude less than my;,, it is assumed to be visible
to the observer. In this investigation, all targets are characterized as Lambertian spheres with a
Rt = 3.54 m and a diffuse reflection coefficient equal to Cy = 0.5.!! Finally, since the Earth-
Moon CR3BP is the primary dynamical model in this investigation, the magnitude of each target is
directly evaluated in the Earth-Moon rotating frame, with the position of the Sun obtained via the
SPICE Toolkit and transformed directly into this frame.!3

Exclusion Zone Modeling

For targets that lie close to the line-of-sight with the Sun, the Earth, or the Moon, the brightness
of the celestial body causes the target to be backlit as viewed by the observer. As such, any onboard
optical sensors may not be able to obtain or maintain custody of the target, assuming solely optical
measurements are incorporated. To identify the severity of this effect, exclusion zones are defined
for each body. These conical zones, such as the solar exclusion zone depicted in Figure 3(a), are
centered on the observer and expand out towards the celestial body. The exclusion angle, denoted



Table 1. Reference values for limiting apparent magnitude.

Authors Limiting Magnitude
Thompson et al.’ 13 -16
Frueh et al.!l- 14 20
Bhadauria et al.” 20
Vallado et al.'? 16.5 —17.5
Worthy et al.!> 12 -15
Vendl et al.'® 17— 20
Current work 20
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Figure 3. Schematics for the Sun-target-observer geometry and relevant exclusion zones.

o, is the cone half-angle that defines the exclusion zone cast by the body. The angle « locates the
target relative to the axis of the exclusion zone, as defined in Figure 3(a), and varies as the relative
positions of the observer, target, and the Sun change with time. For a target to be visible in space,
then, the following exclusion condition is defined,

k(t) > o; “)

where o; represents the exclusion angle for each of the three bodies. The solar exclusion angle
is represented as og, o represents the Earth exclusion angle, and o, defines the lunar exclusion
zone. Table 2 summarizes exclusion angles employed by various authors, as well as the values in
this investigation. For a target to be visible to the observer at any time, Equation (4) must be satisfied
for exclusion resulting from all three celestial bodies at that time.

For challenges with solar exclusion, the long range between the Sun and the observer (and target)
is leveraged to inform a solar phase angle that minimizes exclusion. From Figure 3(a), it is apparent
that,

K+ 1h =~ 180° )

When « < og, the target lies within the solar exclusion zone and is not visible to the observer.
Thus, a relative phasing between the observer and target is desired such that ¢ € [0,180 — og].



By phasing the observer appropriately, the impact of solar exclusion on the visibility of a target is
reduced.

Table 2. Reference values for exclusion angles.

Solar Exclusion Earth Exclusion Lunar Exclusion

Authors [deg] [deg] [deg]
Thompson et al.’ 30 10 10
Bhadauria et al.” 50 35 30

Vallado et al.'? 30 - 10
Fowler et al.!” 30 - -

Kinzly et al.'® 10 10 10
Somavarapu et al.'’ 15 - -

Current work 30 10 10

Modified Lunar Exclusion Zone

For targets in cislunar space and, in particular, those that exist in the vicinity of the Moon, lunar
exclusion significantly impacts visibility.” While the nominal value for the lunar exclusion zone
defined in Table 2 aids preliminary analyses, one methodology for increasing the fidelity of mod-
eling the lunar exclusion zone considers the brightness of the Moon itself. Depending upon the
lunar phase as viewed by the space-based observer, the Moon may appear full (i.e., brightest), or
new (i.e., dimmest). Intuitively, this cycle is equivalent to the phases of the Moon as seen from the
Earth every lunar synodic period. During a full Moon event as viewed by the observer in space,
the target will be completely backlit. As such, any exclusion due to the Moon is maximized, and
oy (t) = oy = 10°. Conversely, during a new Moon, the Moon is the dimmest as viewed by the
observer, and o/(t) = 0°. Based on the lunar phase viewed by the observer at any time, then, the
modified lunar exclusion zone is defined as a function of the lunar phase angle, denoted x(¢), and
illustrated in Figure 3(b). The case of x(¢) = 0° occurs when Moon lies between the observer and
the Sun and causes no exclusion; when x(¢) = 180°, the Sun-observer-Moon orientation occurs
and results in maximum lunar exclusion. Based on the value of x(t) for every time step, the lunar
exclusion zone angle is instantaneously determined as,

x(t)

onm(t) =10°- 180°

(6)

where x(t) is measured in degrees, and the value 10° is the standard, constant lunar exclusion angle
defined in Table 2. Equation (6), then, essentially scales the nominal value of the lunar exclusion
angle based on the brightness of the Moon, increasing the fidelity of modeling lunar exclusion.

MODELING TARGET LOCATIONS

While it is not possible to uniquely examine the visibility at every point in cislunar space, a
representation of the quality of an observer trajectory is assessed by determining the visibility of
various targets. To evaluate the ability of an observer to track various locations within cislunar
space, the following three scenarios for modeling target locations are examined:



e Targets within the Lunar Exclusion Cone (LEC):

For a given solar phase, the illumination of the Moon may be such that Earth ground-based
observations of a target located between the Earth and the Moon may not be possible due to
lunar exclusion. As such, this conical volume centered on the Earth and facing out towards the
Moon is identified as a high priority zone for maturing the current tracking and surveillance
capabilities in cislunar space.?’ As a conservative estimate, a fixed cone with a 30° half-angle
is used to define this zone, also called the “cone of shame”.2° In this investigation, this region
is denoted the Lunar Exclusion Cone (LEC). Targets are randomly sampled from a uniform
distribution of points in this cone to represent the underlying volume of space. The current
work assumes the length of the LEC to equal 500, 000 £m, extending just beyond the the Lo
libration point. Figure 4(a) illustrates a sample distribution of targets located in the LEC.

» Targets within the cislunar domain:

It is also possible to randomly sample various target locations across the entire volume of the
cislunar domain. Only the knowledge of the target positions is assumed. But, depending upon
their velocity, targets may be able to rapidly access other locations of interest, thus, rendering
these locations equally important for visibility assessment. Figure 4(b) illustrates a sample
distribution of targets distributed across the spherical volume of cislunar space. In the current
work, the radius of this sphere is equal to 500,000 km and encompasses all the libration
points.

* Targets operating in cislunar orbits:

The knowledge of existing periodic orbits in the Earth-Moon CR3BP also offers insight into
the possible locations of targets. By considering targets operating in various periodic orbits,
the knowledge of their velocity at a given energy level is also available. In this investigation,
five representative targets are employed that operate independently near the L1, Lo, L4, and
L libration points. For the L and Lo cases, the targets are modeled in halo orbits about these
points. For the targets about L, and L5, planar Short Period Orbits (SPOs) are employed
as representative examples. An additional target is assumed to operate in a spatial Distant
Retrograde Orbit (DRO). These five sample target orbits are visualized in Figure 4(c) in the
Earth-Moon rotating frame. The visibility of any number of the five possible target orbits is
evaluated.

The first two scenarios represent the probable locations of targets in cislunar space, whereas the third
approach is guided by the possible locations of targets. By determining their apparent magnitudes
and orientation relative to cislunar exclusion zones, the visibility of each target location for the de-
tailed scenarios is assessed by constructing various observer trajectories in the Earth-Moon CR3BP.
The following conditions determine the visibility of each target from the observer spacecraft:

1. The apparent magnitude of the target is less than the limiting magnitude.
2. The target lies outside the solar exclusion zone.
3. The target lies outside the Earth exclusion zone.

4. The target lies outside the modified lunar exclusion zone.

These metrics, along with the three scenarios for modeling target locations in cislunar space, provide
a baseline assessment of the utility of the considered observer orbits for supporting cislunar SSA.
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Figure 4. Sample target representations identified within various regions in cislunar space.

EXAMPLE: SINGLE OBSERVER IN A SIDEREAL-SYNODIC RESONANCE

To demonstrate the assessment of visibility conditions for various targets in cislunar space, along
with the advantages of geometries supplied by sidereal resonant orbits, resonant orbits with sidereal-
synodic overlap are explored. Specifically, a representative example follows an optical observer
operating in the 1:1 synodic resonant member from the family of 2:1 sidereal resonant orbits iden-
tified in Figure 2(c). Given that both favorable and unfavorable visibility conditions repeat with the
lunar synodic period, the choice of this synodic resonant orbit enables the identification of ideal
conditions for observers tasked with tracking targets. In the subsequent analysis, an initial epoch
corresponding to January 01 2025 00:00:00 UTC is assumed to locate the Sun in the Earth-Moon
rotating frame.

Visibility of Targets in the LEC

The efficacy of an observer operating in the 1:1 synodic resonant member from the 2:1 sidereal
resonant family is assessed for targets located inside the Lunar Exclusion Cone (LEC). As an ex-
ample, 5,000 points are randomly distributed inside the cone defined by the LEC, as illustrated in
Figure 4(a). The targets are stationary, and there is no assumed knowledge of their velocity. Thus,
as the observer spacecraft moves along its orbit, the visibility at locations represented by the fixed
targets is evaluated. At each sampled instance in time, the percentage of targets that meet the criteria
for visibility is recorded. Figure 5 illustrates the visibility of each target point within the LEC at
the initial time, when the observer in the blue orbit is located at apolune. At this instant in time, the
targets highlighted in green in Figure 5 represent the volume of the LEC that is visible to the ob-
server for the associated visibility criterion. Clearly, the limiting case at this time is solar exclusion,
with only 2% of the volume visible due to solar backlighting. Comparatively, the percentage of the
volume with a visible apparent magnitude is 34%, the volume outside Earth exclusion is 58%, and
outside the lunar exclusion zone is 96%.

This process of observing the LEC from different locations along the sidereal-synodic resonant
orbit is repeated for twelve instances along the observer orbit over one revolution in the rotating
frame. At each of the twelve locations, the percentage of the volume of the LEC that is visible to
the observer from each of the sampled time steps is recorded. The results over one synodic period
appear in Figure 6, where the vertical axes represent the percentage of targets that are visible to
the observer at the sampled time step along the orbit and, thus, representing the percentage of the
volume of the LEC that is visible. Intuitively, as the observer approaches the vicinity of the Moon
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Figure 5. Visibility of fixed-position targets in the LEC as viewed by the 1:1 synodic
resonant observer at initial time.

(after traversing through the vicinity of the Earth), the number of visible targets increases. The
phasing of the observer and the Moon is such that when the observer is at the half-period mark (near
L), the Sun is located towards Ls; thus, solar exclusion effects also reduce. When the observer
is far from the Moon, lunar exclusion does not occur; when the observer is close to the Moon, the
Sun-Moon-observer phasing is such that lunar exclusion is minimized. Notably, since this orbit is in
1:1 synodic resonance with the Moon, the visibility of targets over one revolution persists over sub-
sequent revolutions as well. In general, this behavior demonstrates the advantages of resonant orbits
for hosting space-based optical sensors, as the challenges with geometries that inhibit illumination
are alleviated via their unique vantage points that manifest under natural dynamics.

Visibility of Targets in the Cislunar Domain

The same analysis is repeated for the cislunar domain as defined in Figure 4(b). As a represen-
tative example, 5, 000 points are sampled from this volume to represent stationary targets that are
dispersed throughout cislunar space. At the initial time, when the observer is located at apolune,
the targets that meet the various visibility criteria are highlighted in green in Figure 7. While solar
exclusion still restricts the visibility of targets, fewer targets meet the limiting magnitude criterion at
this time step. Only 73% of the targets possess an apparent magnitude that is lower than the limiting
value; 77% of the targets are outside the solar exclusion zone. In this scenario, Earth and lunar
exclusion do not significantly impact the visibility of targets, considering that a majority number of
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Figure 6. Overall visibility of fixed-position targets in the LEC as viewed by the 1:1
synodic resonant observer over one month.

targets lie significantly beyond the Earth-Moon plane.

Propagating the observer in its orbit changes the orientation of the observer spacecraft relative to
the Sun and the fixed-position targets that describe the cislunar domain. As a result, at subsequent
time steps, a greater percentage of the volume becomes visible to the observer. The number of
targets that are visible to the observer under various conditions appear in Figure 8. In general, the
volume is well observed in the presence of solar, Earth, and lunar exclusion zones. The limiting
magnitude is the predominant factor that restricts the visibility of the targets. However, it is noted
that the number of targets visible to the observer in Figure 8(a) oscillates with the solar phase angle.
Thus, to mitigate the challenges with illumination imposed by the limiting magnitude, multiple
observers may be incorporated such that their phase is offset from the solar phase angle.

Visibility of Targets in Cislunar Periodic Orbits

The final scenario for assessing the quality of an observer orbit for optical observations of cislu-
nar space is by evaluating the targets in the representative periodic orbits illustrated in Figure 4(c).
The initial conditions employed in the previous two scenarios are assumed for the observer, with
the spacecraft located at apolune and the Sun oriented at the epoch January 01 2025 at initial time.
The observer, and the targets in their orbit, are propagated for one synodic period and appear in Fig-
ure 9(a) as viewed in the Earth-Moon rotating frame. Figure 9(c) illustrates the apparent magnitude
of each target as viewed by the observer over the propagated synodic period, where the black line
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Figure 7. Visibility of fixed-position targets in the cislunar domain as viewed by the
1:1 synodic resonant observer at initial time.

indicates the limiting magnitude. Considering all the visibility conditions together, the number of
days that each target is visible to the observer are summarized in Table 3. Evidently, solar exclusion
is the predominant issue that inhibits visibility for all the planar targets. This result is intuitive, since
all the objects lie in the same plane as the solar exclusion zone. In addition to the higher magnitude
values for the libration point orbits in Figure 9(c), passage through the solar exclusion zone limits

their visibility.

Table 3. Visibility of targets in cislunar orbits for one period of the 1:1 synodic resonant orbit. The
phasing of the observers and the targets assumes an initial epoch of January 01 2025.

Target Orbit Number of Days Visible

L Halo 18.5
Lo Halo 16.9

DRO 27.9
L4 SPO 14.7
L5 SPO 14.3
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Figure 8. Overall visibility of fixed-position targets in the cislunar domain as viewed
by the 1:1 synodic resonant observer over one month.

Observer Phase Modification

One option for mitigating the challenges of a sensor’s limiting magnitude is to vary the relative
phasing for the observer and the target. Without any modifications to the target in its orbit, and with
the initial location of the observer fixed at apolune, the epoch is allowed to vary. This change in
epoch induces a variation in the solar phase angle, allowing the identification of an observer phasing
that is better suited for optical observations of the target. Recall that the observer is located in a 1:1
synodic resonant member from the 2:1 sidereal resonant periodic orbit family constructed in the
Earth-Moon CR3BP. This process is illustrated in Figure 10, where the magnitude and solar phase
angle for each target are evaluated over a range of epochs. In each magnitude plot in Figure 10, the
black line indicates the limiting magnitude employed in the current work. In the plots representing
the solar phase angles, the black line is indicative of the requirement on the solar phase angle
recognized in Equation (5): when the solar phase angle exceeds 180 — og = 150°, the condition
recognized in Equation (5) is violated, and the target is not visible to the observer. Thus, in each
solar phase plot in Figure 10, the target will not be visible to the observer when the angle exceeds
the indicated solid black line. The inverse relationship between the magnitude and the solar phase
angle is apparent. Regions of low magnitude, that are indicative of visible targets, correspond to
low solar phase angles. The optimal phasing scenario occurs for the target in the DRO illustrated
in Figure 10(c). Here, in the minimum magnitude case (yellow), the timing of the locations of the
highest magnitude coincide with the passage of the target through the solar exclusion zone. This
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Figure 9. Visibility of targets in various periodic orbits as viewed by the 1:1 synodic
resonant observer.

configuration yields the ideal visibility conditions for the target as viewed from the observer in
the given resonant orbit. Notably, due to the synodic resonance of the observer orbit, these ideal
visibility conditions persist over subsequent revolutions as well.

EXAMPLE: CONSTELLATION OF OBSERVERS IN A SIDEREAL-SYNODIC RESONANCE

The vastness of cislunar space limits the abilities of single observer spacecraft to adequately
surveil this space over time. As demonstrated via the single-observer example, the effects of solar
exclusion, in particular, restrict the visibility of targets throughout the cislunar volume. However,
the properties of sidereal resonant orbits that are in synodic resonance with the Moon provide op-
tions for phasing multiple observers in the same underlying resonant orbit to supply comprehensive
coverage. As an example, a 2:5 synodic resonant orbit from the family of 5:3 spatial sidereal res-
onant orbits is selected.® Although there exist options for synodic resonant orbits with shorter
periods, this orbit traverses the cislunar volume spatially, providing additional vantage points for
observations and visibility beyond the Earth-Moon plane. The longer orbital period also allows the
observer spacecraft to be spaced sufficiently far away from the other observers in the network to
achieve broader coverage. The spatial geometry of the orbit is also favorable for achieving line-of-
sight with assets on the lunar far-side.

Table 4. Characteristics of the selected sidereal resonant orbit with a synodic overlap.

Parameter Value
Jacobi Constant 3.0127

Period [days] 73.81
Maximum Spatial Excursion [km] 91, 040
Perilune Altitude [km] 69, 000

A sample constellation of multiple space-based observers operating in the 2:5 synodic resonant
orbit is designed. Comprehensive surveillance could, in such a scenario, be achieved by phasing the
sensors such that they pass through different regions of cislunar space at the same time. From an
operations standpoint, this architecture offers redundancy in cislunar coverage, since a volume that
is swept by one observer is revisited by the other observers in the network. Additionally, depending
upon the selection of the primary orbit, concerns regarding communications with the Earth may be
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Figure 10. Change in the apparent magnitude for various targets over one synodic
period as a function of the initial Sun-observer orientation.

alleviated. In contrast to a spacecraft located behind the Moon, all observers in the network have
the opportunity to directly interface with Earth-based ground stations.

As an example, four space-based observers are located in this orbit. For resonant orbits, a natural
choice for the initial phasing of the observers is the locations of apses or, in the Earth-Moon rotating
frame, along the loops around the orbit. Two observers are initially placed at two of the four peri-
apses along the orbit that appear on either side of the Earth. The remaining two are located at two
of the four apoapses relative to the Earth, one near L3 and the other at the orbit perilune. Figure 11
illustrates the four observers at their initial locations along the orbit as viewed in the Earth-centered
inertial and Earth-Moon rotating frames. Note that in the Earth-centered inertial frame, two of the
observers (blue and red) appear overlaid due to the coincidence of periapses at the initial time, ex-
aggerated by the marker size. The visibility of various targets is assessed over one rotating frame
period of each observer in this orbit, or for approximately 74 days.
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Figure 11. Initial locations of four observers phased along the 2:5 synodic resonant
orbit in the CR3BP as seen in the Earth-centered inertial and Earth-Moon rotating
frame.

Visibility of Targets in the LEC

While each observer independently may not be able to sufficiently observe the entire volume
of the Lunar Exclusion Cone (LEC) at a given instant in time, together, the constellation provides
comprehensive visibility of this target volume. On the whole, considering visibility due to the
limiting magnitude, solar, Earth, and lunar exclusion, over 90% of the targets are visible to at least
one observer at each time. Solar exclusion remains the predominant issue in limiting the visibility
of this volume from space-based observers; however, the observer phasing in the constellation is
such that the visibility of targets in this region is significantly improved compared to a single-
observer scenario. Additionally, as the observers go along the orbit in time, redundancy in optical
observations of the same target is also supplied.

Visibility of Targets in the Cislunar Domain

Overall, the spherical volume that defines the cislunar domain in this investigation is well ob-
served by the space-based observers in this constellation. At each instant in time, over 96% of
the targets defined in Figure 4(b) are visible to at least one observer in the constellation. The ob-
servers provide various vantage points that, together, overcome the issues in visibility faced by the
single-observer case.

Visibility of Targets in Cislunar Periodic Orbits

Finally, the visibility of cislunar targets in the representative orbits introduced in Figure 4(c)
is assessed for the observers in the constellation. In Figure 12, each plot illustrates the apparent
magnitude for all the targets in their orbits as viewed by each observer for the given initial phasing
of all targets and observers. Notably, at every instant in time, all the targets possess an apparent
magnitude that is visible to at least one observer. In addition to that, considering the effects of solar,
Earth, and lunar exclusion, the target in the L; halo orbit is visible to the constellation of observers
for 97.6% of the time, while the Lo halo target is visible for 96.2% of the time. Intuitively, for
targets in these two orbits, proximity to the Moon causes lunar exclusion effects that limit their
visibility. The target in the DRO is visible for 99.7% of the propagation time, where a 5 hr period
of exclusion due to the Earth limits visibility. However, this instance coincides with the perilune
passage of the target in its orbit; as such, Earth-based observers may be utilized to supplement
the observations of the constellation and retain custody of the target. Finally, the targets in the Ly
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and L5 SPOs are visible to the constellation of observers for the entirety of the propagation time.
Thus, these observers are well-suited for surveillance of the region about the equilateral libration
points. Additionally, the high spatial component of the observer orbits in this constellation, along
with the synodic phasing, allow for these favorable viewing conditions to persist over subsequent
revolutions.
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Figure 12. Apparent magnitude of the various targets in different orbits as viewed
by each observer in the constellation at the initial relative phasing; then each evolving
along the orbit.

CONCLUSIONS

The current work investigates the design and assessment of space-based optical observer trajec-
tories to support cislunar operations beyond the GEO belt. The analyses presented in this work are
accomplished in the Earth-Moon CR3BP, incorporating the gravitational influences of the Earth and
the Moon on the observer trajectories. From certain sidereal resonant orbit families, specific orbits
are identified that, in addition to being nearly sidereal resonant with the Moon, exhibit commen-
surability with the lunar synodic period as well. This characteristic arises due to the orbits being
nearly sidereal resonant, that allows the family of sidereal resonant orbits to span a wide range of
orbital periods in the rotating frame. Thus, the orbits retain the favorable geometries and stability
properties inherent to their sidereal resonant structure, with the added advantage of repeatability
with respect to the orientation of the Sun in the Earth-Moon rotating frame. These characteristics
are leveraged to design observer trajectories in support of SSA operations beyond the vicinity of the
Earth, where illumination and visibility conditions are evaluated.
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Metrics for assessing the utility of cislunar trajectories for visibility and connectivity in this
regime are introduced. Visibility criteria that are introduced include the observed target magnitude,
and visibility relative to solar, Earth, and lunar exclusion zones. The fidelity of lunar exclusion zone
modeling is improved by introducing the modified lunar exclusion zone that incorporates the lunar
phase as seen by the observer. Fixed target locations near the Moon, as well as targets dispersed
across the cislunar volume, are introduced and evaluated as viewed from candidate observer orbits.
Additionally, leveraging known periodic solutions in the Earth-Moon CR3BP, targets operating in
cislunar orbits are assessed for their visibility from space-based optical observers.

Orbits exhibiting the sidereal-synodic overlap allow the design of observer constellations that can
overcome gaps in coverage by simultaneously sweeping through the cislunar domain. The sample
scenario in the current work demonstrates total coverage of the cislunar domain in the presence of
limiting magnitude and exclusion constraints. The synodic resonance of the observer orbits allows
flexibility in trajectory design, since successful configurations repeat periodically. The current work
employs representative values for the assessment of visibility conditions; the trajectory design and
analysis framework is adaptable to incorporate other values as necessary.
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