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LEVERAGING INTERMEDIATE DYNAMICAL MODELS
FOR TRANSITIONING
FROM THE CIRCULAR RESTRICTED THREE-BODY PROBLEM
TO AN EPHEMERIS MODEL

Beom Park* and Kathleen C. Howell"

While the Earth-Moon Circular Restricted Three-body Problem (CR3BP) provides useful
dynamical structures that are successfully leveraged for actual missions, transitioning the
CR3BP solutions into a higher-fidelity ephemeris model remains nontrivial. The transition-
ing procedure may benefit by more consistently incorporating information from an interme-
diate model. This work examines the Elliptic Restricted Three-Body Problem (ER3BP) and
Bi-Circular Restricted Four-Body Problem (BCR4BP) as the intermediate models that poten-
tially bridge the gap between the CR3BP and a higher-fidelity ephemeris model. The value
of these models within the context of a transition is investigated, and some sample transitions
are demonstrated.

INTRODUCTION

The dynamical structures that exist in the Earth-Moon Circular Restricted Three-Body Problem (CR3BP)
are integral to multiple types of missions in cislunar space. Libration points and the associated periodic or
quasi-periodic orbits may serve as science orbits to meet various objectives. For example, the Acceleration,
Reconnection, Turbulence and Electrodynamics of the Moon’s Interation with the Sun (ARTEMIS) space-
craft successfully leveraged Lissajous orbits around both L; and Ly for multiple heliophysics and planetary
objectives in 2010.! In the near future, JAXA’s EQUilibriUm Lunar-Earth point 6U Spacecraft (EQUULEUS)
plans to utilize an Ly quasi-halo orbit to demonstrate the trajectory control capabilities for a CubeSat.”> The
Gateway mission, as proposed by NASA, is also expected to deliver a hub-like facility into an Lo 9:2 Near
Rectilinear Halo Orbit (NRHO), leveraging the stability and eclipse properties of the orbit.>

While the CR3BP offers diverse structures suited for a variety of missions and enables mission design in
a simplified dynamical environment, a higher-fidelity model that is critical for flight inevitably introduces
additional forces. In the cislunar space environment, assuming a point-mass model for the celestial bod-
ies, some of the most impactful forces originate from the non-uniform pulsation of the Earth-Moon system
(“pulsation”) and any additional gravitational bodies, mainly the Sun. Depending on the region, these forces
may be non-negligible and can impact the solution significantly. Thus, transitioning the CR3BP dynamical
structures into their counterparts or analogs within a higher-fidelity model can be a nontrivial process. Nu-
merical procedures that leverage differential correctors are typically employed, often paired with optimizers
to enforce desired characteristics” or to minimize the deviation from the original solution designed within the
CR3BP.*?

Given an orbit or trajectory that is constructed in the CR3BP, transitioning such a solution to a higher-
fidelity dynamical model without leveraging any intermediate models, is termed here as a “direct” approach.
As the additional forces are unmodeled in the CR3BP, the direct approach relies on the specifics of the nu-
merical schemes to produce successful results. Multiple patchpoints, rather than a single patchpoint, are
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frequently utilized, where the original CR3BP solution is discretized and transformed to an initial guess
within a higher-fidelity model. The transformation procedure typically involves a rotation and dimension-
alization process, where the instantaneous distance between the gravitational bodies is retrieved from the
ephemerides and aids in an appropriate scaling process.>® The results of the transition also depend on other
components of the numerical schemes including the number of patchpoints, propagation direction, and the
baseline epoch for the transition.”-® The direct approach offers a simple yet versatile transition method that
produces desired results for many regions throughout cislunar space. However, due to the innate limitations
of the CR3BP to incorporate some of the additional forces into the solution, the direct approach may require
more “trial-and-error” steps with different numerical formulations. This endeavor, for example, includes
searching for a favorable baseline epoch when the desired characteristics are better preserved; as the CR3BP
is a time-independent model, it provides only limited information regarding the epoch. Furthermore, previ-
ous authors’”® note that some periodic orbits in the Earth-Moon Ly halo family, e.g., those close to the 3:1
synodic resonance, do not maintain their geometry within a higher-fidelity model, which serves as a sample
case where the direct transition is particularly challenging.

One alternative to the direct approach is a strategy to explicitly incorporate intermediate models that poten-
tially bridge the gap between the CR3BP and a higher-fidelity ephemeris model. For example, Lantoine and
Russell'? introduce a continuation method, where intermediate models are constructed by introducing the in-
terpolated positions of the gravitational bodies originating from the CR3BP and evolving into the ephemeris
model. A number of periodically perturbed Hamiltonian systems are also employed as intermediate models
that introduce an additional force in an ideal form, generally governed by one frequency. These models in-
clude, but are not limited to, the Elliptic Restricted Three-Body Problem (ER3BP), the Bi-Circular Restricted
Four-Body Problem (BCR4BP), and the Quasi Bi-Circular four-body Problem (QBCP). For example, Peng
and Bai!' leverage halo orbits within the ER3BP for an ephemeris transition with application to constellation
design. Boudad, Howell and Davis® demonstrate that dynamical structures from the BCR4BP offer an en-
hanced guess for the 3:1 synodic resonance halo region, where the direct transition is challenging. Dei Tos
and Topputo'? discuss the advantages of utilizing the ER3BP and BCR4BP as intermediate steps for smoother
transition. Jorba-Cuscé, Farrés, and Jorba'® examine the potential benefits of incorporating the BCR4BP and
QBCP for examining the dynamics near the libration points within a higher-fidelity model. Finally, interme-
diate models with multiple added frequencies are constructed for a more accurate approximation of the actual
dynamics. Gémez, Masdemont, and Mondelo'* identify five basic frequencies in the Earth-Moon system to
construct an intermediate model and produce dynamical substitutes for collinear libration points. Similarly,
Hou and Liu'>'6 leverage intermediate models with four frequencies to analyze the motion of spacecraft near
both collinear and triangular libration points in an ephemeris model.

While multiple formulations for the intermediate models are possible, the current investigation focuses on
the ER3BP and BCR4BP, hereby denoted “intermediate models™ for simplicity. In addition to the CR3BP
dynamics, these two models include the conic pulsation of the primaries, and the gravity of an ideal Sun within
a circular orbit around the Earth-Moon barycenter, respectively. These models are selected as extensions to
the CR3BP that incorporate additional forces due to pulsation and the solar gravity in ideal forms. These are
periodically-perturbed Hamiltonian systems, where the periodic orbits in the CR3BP generally evolve into
periodic orbits or quasi-periodic orbits.!” Thus, it is possible to systematically assess and characterize the
impact of the ideal additional perturbing forces.'®!° Moreover, the unique structures within these models may
bridge the gap that exists between the CR3BP and a higher-fidelity ephemeris model and serve as effective
evolving initial guesses for transition, particularly when maintaining the characteristics of the lower-fidelity
solution is critical. While other variations of the restricted problem potentially offer similar benefits, the
ER3BP and BCR4BP are selected since they are relatively simple to construct and appear more frequently in
previous research investigations.

The goal of the current effort is a strategy and an assessment of the ER3BP and BCR4BP as intermediate
models for the transitioning process from the CR3BP to a higher-fidelity ephemeris model. In the litera-
ture,>!! a bottom-up approach is typically adopted, i.e., sample transition cases that successfully leverage
these intermediate models are reported. This work employs a top-down approach; the ephemeris dynamics
is analyzed first and facilitates the subsequent assessment of the ER3BP and BCR4BP. A careful evaluation



of these models is warranted, as incorporating the intermediate models inevitably adds complexity as com-
pared to a direct transition from the CR3BP. Since the intermediate models introduce the additional forces
into the CR3BP only in ideal forms, they are not guaranteed to be “more accurate” for a given epoch or sys-
tem configuration. Moreover, the ER3BP still does not model any solar gravity, and similarly, the BCR4BP
does not incorporate pulsation. Hence, the capabilities of the intermediate models to evolve the solution to
the full ephemeris representation are expected to depend on a number of factors and consideration of these
issues warrants more analysis: (1) identification of the impact of the additional forces on an arc within a
higher-fidelity model, (2) evaluation of the the ER3BP and the BCR4BP models to represent the respective
additional forces in a more global sense within cislunar space, and (3) demonstration of the procedure to
incorporate these models for a successful ephemeris transition process.

The analysis is organized as follows. The dynamical models are initially defined, where the Equations
Of Motion (EOMs) are cast within a common coordinate frame to facilitate analysis. Then, the EOMs
are rearranged to yield more intuition concerning the effects of the additional forces within an ephemeris
model. The capabilities and limitations of the ER3BP and BCR4BP in describing the respective additional
forces are noted. Finally, the applicability of the ER3BP and the BCR4BP within the Earth-Moon system is
demonstrated by introducing a sample transition process from a lower- to higher-fidelity model.

DYNAMICAL MODELS

In the current investigation, the focus involves four dynamical models: CR3BP, ER3BP, BCR4BP, and the
Higher-Fidelity Ephemeris Model (HFEM). The differential equations governing the behavior in the HFEM
are typically represented in an inertial frame, e.g., J2000 frame, whereas the restricted multi-body problems
are typically cast within a rotating frame where the primaries, Earth and the Moon, are located at fixed po-
sitions. To cope with this discrepancy, Gémez, Masdemont, and Mondelo'* introduce a pulsating-rotating
frame where the HFEM is now represented in a similar form as compared to the CR3BP, but under realistic
perturbations from the additional forces, a formulation that is well-suited for the current work. The defini-
tion of the pulsating-rotating frame is reviewed, followed by a common form of the EOMs for the various
models that are under investigation within this frame. The assumptions and the analytical expressions for the
coefficients in the EOMs for each model are provided. Finally, the isochronous correspondence between the
models, necessary to accomodate the different independent variables in the models, is also detailed.

Inertial Frame and Pulsating-Rotating Frame

The relationship between the inertial frame and the pulsating-rotating frame is first constructed. Without
losing generality, the spacecraft (s/c) is under the gravitational influence of Earth and the Moon, i.e., the
primaries, and the additional bodies that are incorporated in the model. By assumption, a point-mass model
is utilized for the gravitational bodies. Subscripts E, M, and j denote Earth, the Moon and the additional
bodies, respectively, where j is an element of the set of additional bodies, A. For example, if the Sun is
included as the only additional body, A = {Sun}. An inertial frame is illustrated in Figure 1(a), where the
origin O is located at an inertially fixed point, which may be defined differently depending on the models.
Unit vectors X — Y — Z define the mutually perpendicular directions, where carets identify unit vectors.
The dimensional position vector for the s/c with respect to O is denoted R (all vectors are denoted with an
overarrow.) Within this frame, the dimensional position vector from Earth to the Moon is expressed as R EM-
The barycenter, i.e., the center of mass between Earth and the Moon, is denoted B, where B corresponds to
the position vector for B with respect to O. The position vector from B to the s/c is denoted RBC, where
subscripts B and c correspond to the barycenter and the s/c, respectively. Then, consider a second frame as
illustrated in Figure 1(b), denoted the pulsating-rotating frame, where the origin is now located at B. The
unit vectors, £ — § — 2, are constructed as,
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where [ is the magnitude of EE M, or the dimensional distance between Earth and the Moon. The angular
momentum vector reflecting the primary motion, h, is computed as h = Rgps X Vg, where x denotes



(a) Inertial frame (b) Pulsating-rotating frame

Figure 1: Frames under investigation

the cross product and VE M 1s the dimensional velocity expressed in terms of the inertial frame, i.e., I7E M=
R ;5 M= dRpy /dT, where the prime denotes the derivative with respect to the dimensional time, 7. The
magnitude of h is denoted h. The value for [, or the dimensional distance between Earth and the Moon,
potentially pulsates as the Earth-Moon motion evolves within the inertial frame. However, the Earth-Moon
distance within the pulsating-rotating frame is always nondimensionalized to be unit magnitude. Consistent
with the rotation of the frame, Earth and the Moon lie on the Z-axis at fixed positions, (—u,0,0) and (1 —
1,0, 0), respectively. The mass ratio u is computed as = fipns/(fig + fiar ), where fi denotes the dimensional
gravitational parameter of the respective bodies. Within the pulsating-rotating frame, the nondimensional s/c
position vector is represented as p' = xZ + yy + z2. Then, without losing generality, the relationship between
the position vectors within two frames is retrieved as,

R=B+ICp, 2)

where the appropriate direction cosine matrix C' is evaluated as, C' = [:i: U 2] (All matrices are bold.)
Note that no assumptions are introduced to the models to derive this relationship; it is valid for all models
under investigation. Equation (2) consists of three components: translation of the origin, B, dimensional-
ization via the pulsating distance, [, and rotation with the direction cosine matrix, C'. These components are
generally functions of 7" and are evaluated at each instant to construct the pulsating-frame given the states
of the gravitational bodies. The time history of the states are evaluated differently depending on the models.
The nondimensional velocity of the s/c, as viewed and expressed in terms of the appropriate frame, is rep-
resented by p, where the dot represents the differentiation of o’ with respect to the nondimensional time, .
Similarly, the nondimensional acceleration of the s/c with respect to the pulsating frame is represented by p.
The notations for two independent variables, i.e., T and ¢, are summarized in Table 1 for clarification.

Table 1: Notations for two independent variables

Dimensional time Nondimensional time
Symbol T t
. . d(- d(- :
Derivative symbol % =) % =(4)
Associated frame | Inertial frame (Figure 1(a)) | Pulsating-rotating frame (Figure 1(b))

Equations of Motion

The EOMs for motion of the s/c within the context of the pulsating-rotating frame, i.e., expressions for p",
are produced for any models under investigation. To derive the EOMs in a common framework for all the



models, differentiate Eq. (2) twice with respect to the dimensional time, 7'. The first and second derivatives
result in the following,

R':E'H’C;H '"p+1Ch 3)
R'=B + (I"c+2'C’ +1C")p+ (2I'C +21C")p’ +1Cp", 4)

respectively. While this process is consistent with the Newtonian derivation, the Lagrangian derivation is also
possible.'* Note that B, 1, C are functions of T, in general, and it is natural to include derivatives with respect
to dimensional time 7'. However, as expressions for p are desired, the transformation between derivatives of
£ with respect to dimensional and nondimensional times, i.e., T and ¢, is detailed. The first and second
derivatives are related by,

dp g dt
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respectively. Then, Eq. (4) is solved for p" to render,

- 120 ¢ 1.0 2l ~
p=—gl(F + T +207C 5~ ST+ - CTC + CTC" i+ Z?,QCWR -8,
where superscript T denotes the transpose of a matrix, and I corresponds to a three-by-three identiy matrix.
Gomez, Masdemont, and Mondelo'* also introduce an alternative representation of Eq. (7) with a set of
coefficients, i.e., the following form,

bl b4 b5 0 b7 b9 bg
5: b2 + —b5 b4 bﬁ ﬁ"‘ —bg blO b11 ﬁ'f‘ blSngv (8)
bs 0 —bs by bs  —bi1 b2

where and b; _13 correspond to a set of coefficients that are evaluated differently across models but with this
same formulation of the EOMs. Note that V(2 is the gradient of a potential function €2 that is evaluated from,
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where the nondimensional gravitational parameter for j € A, u;, is computed as p; = fi;/(fg + fn)-
The different analytical expressions for b; _13 for each model are provided in Table 2. These expressions are
assessed within the context of the assumptions for the respective model as follows.

HFEM The HFEM is introduced first, as the expressions for the coefficients in the HFEM apply for other
models as well, where the terms simplify depending on the assumptions introduced in the lower-fidelity mod-
els. For the HFEM, the set .4 is comprised of the Sun and the rest of the planets in the solar system. It is
assumed to be a coherent model, where the six-dimensional states and the epoch for the gravitational bod-
ies under their mutual gravitational influence are well-approximated by the ephemerides from the SPICE li-
braries.?’ Then, the solar system barycenter is the origin, O, for the inertial frame in the HFEM. The analytical
expressions for the coefficients for the HFEM are summarized in the second column of Table 2. Note that the
coefficients are evaluated with a number of quantities retrieved from the ephemerides. For example, b; _3 are

/!
related to the acceleration of B within the inertial frame, i.e., B = —_ jeA (“ i(=p )R + “ L RJ M),

R3

where the barycenter is influenced by the bodies within A. Additionally, in Table 2, A ey and J EM corre-
—//

spond to the acceleration and jerk of the Moon with respect to Earth, respectively, or, Apy = R gy and

J; EM = = R = Note that these quantities are not directly retrieved from the ephemerides, as the SPICE



Table 2: Coefficients in the EOMs for the models under investigation

HFEM CR3BP ER3BP BCR4BP
by — (32:;25; 0 0 —;‘2—5 cosfg
E,I~A * )
b (f/)zyl 0 0 —p“gi sin fs
b3 )21 0 0 0
4 esin f
b4 2t'1 0 T 2 /1te cos f 0
bs 3?2 2 2y/1+ecosf | 2
b | ZApy -2 0 0 0
l// h2
b? _(t’)zl + )22 1 1 1
bg —ﬁAEM -2 0 0 0
by | Ghem 0 0 0
blO - (tl//)lzl + (t’h)ZZ4 + (t’§2h2 (JIEM : 2)2 1 1 1
b1 3?2:)72%2}/’1151‘4 Gt (t’;2hjEM -z 0 0 0
12 2 - ~
b1 _ﬁ"‘@fﬁW(AEM'Z)Q 0 —ecos f 0

data only includes up to the first derivative of the position, i.e., the velocity, Viar. Thus, these higher-order
derivatives are manually constructed assuming the point-mass model for the gravitational bodies. The re-
maining quantities in the coefficient expressions depend on derivatives of [, h, and ¢, also constructed from
the ephemerides. For detailed derivations for these quantities, refer to Dei Tos.?! Since the HFEM does
not assume a simplified motion for the gravitational bodies, the nondimensional analytical expressions for
many coefficients are not necessarily reduced to constants, e.g., one. Rather, they are constructed by the
instantaneously retrieved information from the ephemerides depending on 7.

CR3BP For the CR3BP, only the Earth and the Moon are included as the gravitational bodies in the model.
The Moon is orbiting around Earth in a circular orbit with a radius of /., denoted as the characteristic length.
The characteristic time, 1/t., is constructed such that (2(¢,)?/(fig + jips) = 1. Employing Eq. (2) by
nondimensionalizing the distance with [,. and time with 1/¢,, the following EOMs are produced with respect

to the pulsating-rotating frame,??
g=—2%x g+ VQe, (10)

where ¢ is the pseudo-potential function for the CR3BP, computed as Q¢ = (22 + y?)/2 + Q, where
Q is evaluated with A = @, or an empty set, as additional gravitational bodies are not included within the
CR3BP. The CR3BP depends on only one parameter, u, and is a time-independent system. In the current
work, the p value is selected to be consistent with the SPICE data, i.e., u ~ 0.01215. Note that Bis a
zero vector since the barycenter is an inertially fixed point for the CR3BP; it results in b;_3 = 0, as these
terms involve the acceleration of B within the inertial frame, i.e., B”. Many other coefficients are simplified
since I’ = h' = 0, as [ and h do not vary for a circular orbit of the Moon around Earth, as assumed in
the CR3BP. Therefore, a majority of the coefficients simplify to zeros, except the following notable terms:
bs = 2 (Coriolis), by = byy = 1 (centrifugal), and by3 = 1 (gravity from the primaries).

ER3BP The ER3BP currently assumes a conic orbit for the Moon around Earth, where no additional
gravitational bodies are present, or, A = &. The semi-major axis for the conic is assumed to be [, the
characteristic length for the CR3BP, with an eccentricity value of e. Introducing a new independent variable,



then, the following EOMs are developed with respect to the true anomaly, f e,

d’p dp

“P— 2 x L v 11

de Zde+v E, (11D
ecos f

where () is the pseudo-potential function for the ER3BP, evaluated as g = 7 _Hios ch ~ TrecosT 5.
Switching the independent variable from f to the nondimensional time ¢, the EOMs for the ER3BP are
derived as,

2

ﬁz—%ﬁ—%xﬁ’\/1+ecosf—ecosfz2+VQC, (12)
24/ (14 ecos f)

where the added complexities are apparent in comparison to the CR3BP, as [ is not constant as modeled
within the ER3BP. As a result, some of the coefficients from Table 2 are evaluated with terms containing e
and f, but, note that the expressions are much simpler in contrast to the HFEM. The relative simplicity is due
to the fact that a conic orbit leads to A’ = 0. Similar to the CR3BP, as additional bodies are not present, B
is considered an inertially fixed point and b; 3 are still zeros. Yet, due to the appearance of f in the EOMs,
the ER3BP is a time-dependent system where f = /T + ecos f, with a nondimensional period of 27, also
denoted the sidereal period. The ER3BP is fully defined by two pararameters, 1 and e, as well as the initial
value for f.

BCR4BP The BCR4BP incorporates the solar gravity into the CR3BP dynamics. In addition to the as-
sumptions in the CR3BP, the BCR4BP models the Sun and B both as following circular paths around their
mutual barycenter, Bg, where all the gravitational bodies are moving in the same plane. By assumption,
the Sun does not exert a gravitational force on Earth and the Moon directly, but it influences B; thus, the
BCRA4BP is not a coherent model. The constant, nondimensional distance between the Sun and B is denoted
ps«. Then, the nondimensional position vector of the Sun within the pulsating-rotating frame is expressed as,
Ps = ps« cosOsT + pgy sin g7, where g denotes the angle between -axis and pg, also labeled the Sun an-

gle. The Sun angle changes at a constant rate in the BCR4BP, or, g = 1 — ng, where ng = /%.
S
The EOMs representing the BCR4BP within the pulsating-rotating frame yield,?

g=—24xp+VQpg, (13)

where 2 is the pseudo-potential function for the BCR4BP, evaluated as Qp = (2% + 3%)/2 + Q — Qs 5.
The potential function €2 is formulated with A = {Sun}. Note that the last term, Qs 5 = ps/p%, (x cosfs +
y sin @), originates from the gravitational acceleration of B due to the Sun, or,

1 - e CR
cpr = _fs Clss _ s 5 (14)

VQs.p =
12t 2t, Rip P%.

Thus, the coefficients by _3 for the BCR4BP are non-zero and depend on the location of the Sun within the
pulsating-rotating frame. The rest of the coefficients for the BCR4BP are the same as in the CR3BP, as [ and
h in the BCR4BP are also constant. These constants occur by adding the Sun to the CR3BP in a manner that
is not coherent, i.e., where the Moon remains in a circular orbit around Earth despite the presence of the Sun.
Yet, the BCR4BP is a time-dependent system where the nondimensional period is 277/(1 — ng), also denoted
the synodic period. The BCR4BP is fully defined by three pararameters, 1, ps«, and ng, as well as the initial
value for fg.

Isochronous Correspondence

While the EOMs from Eq. (8) provide a methodology to assess the dynamical models in a consistent
formulation, the evaluation of the coefficients in Table 2 requires a definition for the relationship between the
independent variables in the different models. For example, while the CR3BP EOMs in Eq. (10) evolve with
the nondimensional time, ¢, the bodies within the HFEM depend on the dimensional time, 7', as retrieving the
SPICE data requires an epoch expressed in terms of 7". Thus, writing the EOMs for the HFEM with respect



to ¢ requires a definition for ¢’ = dt/dT, a quantity that appears frequently in the expressions for by 3. It
is emphasized that ¢ may be defined by any arbitrary function, as the CR3BP and HFEM are constructed
independently; the expression for ¢’ does not change the dynamical evolution in the models but deliver a
suitable isochronous correspondence between the various models.

While there exists no precise definition for ¢/, one formulation may be preferred over another for some
numerical properties. One possible option for ¢’ is an assumption to render a uniform flow of time, i.e.,

g+ b

Uniform flow of time ¢’ = ¢, = E ,
]

15)
where [, is the constant, characteristic length from the CR3BP. One advantage of this formulation is the
simplicity in computing ¢” that appears in expressions for the coefficients that are related to p, i.e., b7 10,12
Thus, the constant flow of time is typically adopted as in previous investigations'> %13 leveraging the EOMs
within the pulsating-rotating frame. However, one noticeable drawback of this formulation is that, as the
distance [ pulsates, the quantity [3(¢,)?/(jig + fiar) does not equal to one. Here, Gomez et al.** note that a
coherence problem then occurs, as in the CR3BP, the core property of the nondimensionalization process is
that 12(#.)2/(fig +fiar). As a consequence, when utilizing ¢ = ¢/, under a realistic pulsation of the primaries,
the coefficient for the gravity from the primaries, b3, is not consistently scaled to one but depends on the
distance between the primaries.

In response to this correspondence problem, in the current work, a non-uniform flow of time is adopted
instead. The relationship between ¢ and 7" is defined as follows,
RE + i

Non-uniform flow of time t' = 3 ,

(16)
where t' is now a function of the pulsating distance, [, and automatically satisfies [3(t')?/(jig + fipr) = 1. As
a result, by3 is consistently evaluated as unity for all models under investigation. Utilizing this non-uniform
flow of time also aids in the proper scaling for the transformation of the states between the inertial and
pulsating-rotating frames. The following expression summarizes the transformation,

_ c O3x3 | |P
= [l’CJrlC’ lC~t’] |:p:;| an

where the rows correspond to Eq. (2) and Eq. (3), respectively. For given initial conditions in the CR3BP,
(P, Po), the initial guess within the HFEM is often delivered from the above equation.>® It is noted that the

R—-B
ﬁ/—él

dimensional inertial velocity expression, él B l, includes a term that scales ﬁ by ¢'. Indeed, the initial guess
for the velocity in the HFEM is inseparable from the relationship between the independent time variables,
i.e., t’. Note that (g, po) evolves under the CR3BP dynamics and, intuitively, leveraging Eq. (16) aids in
generating an initial guess in the HFEM that maintains the characteristics in the original CR3BP solution, as
noted by many authors.>>%2% For the current investigation, it is desired to identify additional forces in the
HFEM with respect to the CR3BP by writing the EOMs in the common formulation. Thus, a choice of ¢’ that
results in relatively small deviations of the coefficients between the HFEM and CR3BP facilitates the analysis
and Eq. (16) is, thus, adopted. It automatically satisfies [*(¢')2/(fig + fipr) = 1; therefore, the coefficient for
the gravity of the primaries, i.e., by 3, is consistently evaluated as unity, and velocity is also consistently scaled
such that the difference in the coefficients is likely to be reduced. One small complexity in this formulation
is the non-zero value of the ¢’ term. It is computed as t/ = —\/(fig + fiar) /1% = —=3t'l'/21, and is
straightforward to evaluate.

For completeness, the isochronous correspondence for the independent variables in the remaining two
models, i.e., the ER3BP and the BCR4BP, is also important. For the ER3BP, the following relationship
between f and ¢ is constructed,

, " hg 13,
== =2 —E = \/1+ecosf, (18)



where hg and lg are the angular momentum and the Earth-Moon distance for the assumed conic motion of
the Moon around Earth. The conic equation, i.e., iz = h%,/((iig + fins) - (1 + ecos f)), is leveraged for the
derivation. For the BCR4BP, it is straightforward to assume that the independent variable for the BCR4BP is
the same as that of the CR3BP.

EVALUATION OF MODELS

The EOMs from Eq. (8) supply a common formulation of the dynamical models, where the coefficients
b1_13 are evaluated differently for each model. As apparent from the expressions in Table 2, the HFEM
coefficients consist of quantities that depend on time. The time history for the coefficients in the HFEM
appear in Figure 2 over one year originating on 09/23/2023. Two coefficients are not included in the figure;
b1 typically differs from b; by a very small amount that is not apparent visually in the scale of Figure 2(c),
and by3 is computed as a constant number, i.e., one. As the coefficients for the HFEM display complex
behavior, it is non-trivial to deduce simple patterns that aid in understanding the HFEM as a perturbed model
of the CR3BP. In response to this problem, previous investigations focus on identifying the core frequencies
in the coefficients via Fourier analysis.'>!* Instead, the current work takes an analytical approach to further
reduce the complexity of the expressions in Table 2 and to produce more intuitive patterns that facilitate the
assessment of the value of incorporating the ER3BP and BCR4BP.
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Figure 2: Time history for the coefficients in the HFEM beginning 09/23/2023 and ranging over one year

Rearranging the HFEM EOMs

The EOMs for the HFEM are rearranged such that cancellations occur among the complex coefficients,
that also highlight the impact of the additional forces. The accelerations in the HFEM are categorized relevant
to the three sources: (1) CR3BP, (2) pulsation, and (3) additional bodies, i.e.,

pu = po + 5P,H + 5A,H (19)

where the subscripts H, C, P, and A denote the HFEM, CR3BP, pulsation and additional bodies, respectively.
Note that Eq. (19) is consistent with the isochronous correspondence defined by Eq. (16). This categorization
of the terms is somewhat arbitrary, as the “true” pulsation is indeed inseparable from the gravitational influ-
ence due to the additional bodies. As the ER3BP incorporates a conic pulsation with A = &, the additional
terms in the ER3BP, as compared to the CR3BP, are initially identified as the acceleration originating from



pulsation. Observing the coefficients in the CR3BP and ER3BP, the pulsation acceleration is defined as,

. . . b4 b5 - 2 0 . 0 0 0
ﬁp = _‘E*ﬁc = _b5+2 b4 0 ﬁ+ 0 0 0 57 (20)
0 0 by 0 0 bigg

where the subscript £/ denotes the ER3BP. These additional terms consist of b4 5 12, that are evaluated dif-
ferently for the ER3BP and HFEM to retrieve ﬁ P r and p_' p 1, respectively. The coefficient by, is the first
term in byo, evaluated as bya, = —I”/(t"?1). These coefficients are primarily dependent on [,!" and I, i.e.,
the quantities that are related to pulsation. As the BCR4BP does not incorporate pulsation into the model,
this acceleration is evaluated as zero in the BCR4BP. The remaining the perturbing accelerations are then
grouped and represented as originating from the inclusion of additional bodies, or,

. . . . by 0 0 U by =1 bo bs "
pa=pau—pc—pp=|ba| +|0 0 bg|p+ | —bg biog—1 b11 ﬁ"*‘VZfJ’
b3 0 —bs O bs —bi1 b1z — bi2a jea Pic
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where some of the terms are now approximated in the BCR4BP. In contrast, the ER3BP includes a zero
acceleration for p 4 as additional bodies are not present in the model. Although grouping the “rest” of the
terms is arbitrary to some degree, manipulation of Eq. (21) results in much simplified expressions that are
dominated by the quantities associated with the additional bodies. Following the derivations in Appendix A,
the equation is rewritten as,

) ) 0 0o 0] Jo 0 0
pan=pac+ |0 0 bg|pg+ [0 bi2—bi2, b11 8 (22)
0 —bs O 0 —b11 bi2 — bi2q

where ﬁ A, denotes the “pseudo-gravity” term, evaluated as,

(Fi > 2) + B2 (s x 2) = (52— Z4)3) . (23)
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The significance of this expression is that the terms only depend on 5; and p, or, the position vectors of the
additional bodies and the s/c in the pulsating-rotating frame, as the primaries are fixed within this frame. The
terms also include the inverse cubes of the distance between the bodies; hence, they are labeled as the pseudo-
gravity term. Many of the original expressions for the coefficients in Eq. (21) cancel to result in this simplified
formulation; as the HFEM is assumed to be a coherent model, the coefficients all essentially originate from
the mutual gravitational influences of the bodies. While the cancellation happens between by _3, b7_19 and
vy je (j/pjc), the remaining terms do not necessarily transform into simple expressions. These terms
correspond to bg 11, and b12 — b12, in Eq. (22). While these coefficients involve some non-trivial terms that
are challenging to evaluate, e.g., Jen - 3, they are typically associated with relatively small magnitudes as
compared to the other coefficients. Also, the pseudo-gravity acceleration involves pairs of similar expressions
that reflect the subtraction of terms dependent on j; 57 from terms involving p; z. Noting these characteristics,
Eq. (22) is further simplified with the following assumptions: (1) the additional bodies exert negligible
forces except the Sun, (2) the Sun is far from B, i.e., pg >> 1, and (3) the out-of-plane component of the
Sun’s position within the pulsating-rotating frame is negligible in comparison to the in-plane components, or,
|zs| << ps. Then, as deduced from the the derivations in Appendix B, Eq. (22) is simplified as,

- - 3us . .
PAH = PAL = pLE, (2zsysyd + (y& — z%)yd) , (24)
S

where the subscript L denotes linearization. If p% ~ z% + y%, or the out-of-plane component of the Sun’s
position is negligible, a1 = 3us/pi|yl, i.e., the magnitude of the solar perturbation varies linearly with
the y-excursion of the s/c within the pulsating-rotating frame. Denoting the Sun’s position vector as ps ~
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ps cos g + pgsin gy, where 0g is the Sun angle that is defined consistent with the BCR4BP, Eq. (24) is
equivalently expressed as,

pAL = &‘—Ssy(sm 205 — cos 2057), (25)
Ps

where it is notable that 205 appears in the trigonometry functions. To validate this result, consider three
contour plots in Figure 3, corresponding to g4 1, f.4,m, and difference between two accelerations. These
acceleration expressions are investigated at multiple points constructed within the & — § plane, assuming that
z and p are both zero in magnitude and the zero vector, respectively. In the plots, the white circles denote the
primaries, i.e., Earth and the Moon and the red x’s correspond to the five Lagrange points. The color of the
plots denotes the acceleration magnitude computed at each location, and the cyan arrows note the direction
of the acceleration vector. The contour plots correspond to an epoch on 09/23/2023, when 6 ~ —105°, as
illustrated by an orange arrow aligned with the direction of the Sun within the frame. From the plots it is
notable that the linearized acceleration, pl4. 1, is closely aligned with the original acceleratlon direction, g4 r,
where the differences are orders of magnitude smaller as compared to the scale of g’ p A H. Approximately, the
magnitude varies linearly with the y-excursion of the s/c, resulting in negligible perturbing accelerations
near the Z-axis but more significant in the L4 5 regions, where the y-excursion is approximately 0.87 in
the nondimensional unit (n.d.). In these regions, the acceleration magnitude exceeds 0.01 n.d., comparable
to an acceleration level that a low-thrust engine is able to provide, e.g., Intuitive Machine’s Khon-1 s/c,?
which also approximately produces an acceleration level of 0.01 n.d., implying a non-negligible acceleration
magnitude. The direction of the acceleration is computed as,

arctans (—sgn(y) cos 20, sgn(y) sin26s) = —90° + 265 (y > 0) or 90° + 265 (y < 0), (26)

where arctans is a four quadrant arctangent and sgn is a sign function. From the plots, it is apparent that the
cyan arrows generally align with the above angles. While the form in Eq. (25) is counter-intuitive, it indeed
represents the gravitational influence of the Sun on the s/c in the pulsating-rotating frame under a coherent

model.
1 05 0 05 1

Figure 3: Contour plots for ﬁ A1 (left), ﬁ A, 5 (center), and ﬁ AH — ﬁ A1, (right), epoch: 09/23/2023
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Assessment of the ER3BP

_ The capabilities and limitations of the ER3BP to serve as an intermediate frame are assessed in terms of
pp. Note that as qglditional bodies are not included in the ER3BP, i.e., A = &, the ER3BP only provides a
zero estimate for p 4. As pp is principally dependent on the velocity of the s/c, i.e., p, an arc that is prop-
agated within the ER3BP is expected to deviate more from the arc within the HFEM when (1) the velocity
magnitude is relatively small and (2) y-excursion is relatively large, such that 54 is non-negligible. However,
as the relative magnitudes of gp and p 4 are path-dependent, it is first assumed that |5 4] ~ O to facilitate
analysis. Then, the ER3BP is assessed in terms of b4 5 124, as these coefficients constitute the acceleration
from pulsation, i.e., ﬁ p. These terms are comprised of several time-varying quantities, including [, h, and
I’. For illustration, the time history for these quantities in the HFEM is plotted in Figure 4 over two years,
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given an epoch 09/23/2023. Clearly, these quantities are not periodic and are known to incorporate multi-
ple frequencies for a reasonable approximation,?’ where one of the frequencies roughly corresponds to the
sidereal period. Thus, the capabilities and limitations of the ER3BP depend on the approach to approximate
these non-periodic quantities with only one frequency governed by the sidereal period, i.e., 27 in t. The
value of the ER3BP as an intermediate model in cislunar space also depends on two user-selected variables
for the model: the eccentricity, e, and the initial true anomaly, fy. Under the definition of the isochronous
correspondence from Eq. (18), the semi-major axis for the elliptical orbit of the Moon around Earth, g, does
not appear explicitly in the coefficients for the ER3BP.

For illustration, consider a sample value of e = 0.055 for the initial epoch 09/23/2023, where the initial
true anomaly is based on the osculating orbital elements of the lunar orbit around Earth at the epoch. In
Figure 5, the grey lines correspond to the difference in b4 5 12, between the HFEM and CR3BP models over
two years. The red lines note the difference in the coefficients for the HFEM and ER3BP. In this sample case,
the ER3BP provides better estimates for the coefficients for approximately one year, after which its ability to
reflect the evolution of the HFEM deteriorates. This tendency holds for other epochs in general; over time,
the conic motion of the Moon becomes out-of-sync from the realistic lunar motion for the HFEM and the
ER3BP does not suitably reflect the evolution of the osculating quantities, in comparison to the CR3BP, at
least, in terms of the coefficients. While “re-initializing” the ER3BP with new values of e and f; may provide
an approach to properly update the ER3BP in response to the realistic pulsation, it remains out-of-scope for
this work. Rather, the values for e and f; are assumed to be fixed over a certain duration, i.e., one year. Figure
6 illustrates the average difference between the coefficients under different values for e and fj over one year,
starting from 09/23/2023. The x-axis corresponds to the difference in the initial true anomaly, denoted as
A f, measured from the true anomaly provided by the osculating orbital elements at the initial epoch. The
y-axis denotes the eccentricity value and the color illustrates the average difference between the coefficient
values for the HFEM and ER3BP, where darker regions correspond to better matched combinations of fj
and e over the time span. The contours appear as concentric circles surrounding the combination that results
in the minimum average difference, where the specific patterns only slightly vary for each coefficient. As
e approaches zero, the ER3BP reduces to the CR3BP; at this epoch, the ER3BP indeed offers an improved
estimate for the coefficients over the given time interval on average, as compared to the CR3BP. Extending
this analysis to multiple initial epochs, the minimum combinations are recorded for each initial epoch and
plotted in Figure 7, where the initial epochs are constructed between 09/23/2023 and 09/23/2024 with a step
size of 1/4 days. Figure 7(a) demonstrates that an eccentricity value between 0.05 and 0.056 is typically
desired, and the desirable values evolve with only small deviations across epoch for all three coefficients.
On the contrary, Figure 7(b) illustrates that the initial true anomaly value sometimes requires a significant
adjustment for proper initialization (note that plots for three coefficients are indistinguishable in this scale);
for some epochs, utilizing the osculating true anomaly results in the ER3BP that offers less value when
compared to the CR3BP. The troughs of the plot, i.e., epochs when more adjustments are required for fj,
correspond to the perigee of the Moon’s motion around Earth, and vice versa. Approximately, when the
Moon is at the apogee, utilizing fo = 180° typically provides a reasonable estimate. Indeed, additional
analysis is warranted to examine different initialization schemes for fj; such is not the focus of the current
work. However, assuming that the true anomaly is initialized properly, it is clear that the ER3BP improves the
estimate for the perturbing acceleration from pulsation as compared to the CR3BP on average over this finite
span of time, i.e., one year; the patterns of concentric circles persist for all epochs with the center located
at eccentricity values between 0.05 and 0.056. Of course, while better approximation for the coefficients
indicates that the ER3BP potentially bridges the gap between the CR3BP and HFEM, its impact on the actual
transition process remains unclear. As the transition process leverages a differential corrector that displays
chaotic behavior in general, the solutions from the ER3BP are not always guaranteed to provide more accurate
initial guesses for the HFEM. Still, the ER3BP is expected to provide some useful insights on the evolution
of the CR3BP solutions under the additional accelerations originating from pulsation.

Assessment of the BCR4BP

Similar to the ER3BP evaluation, the capabilities and limitations of the BCR4BP as an intermediate model
are assessed in terms of the acceleration from the additional bodies. i.e., p 4. For the BCR4BP, the accelera-
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Figure 4: History of [, h, I’ for the HFEM, starting epoch: 09/23/2023
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tion is evaluated as,
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Pas = -2 55 — £ ps., 27)
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where subscript 4 denotes the BCR4BP. The first term corresponds to the gravitational influence of the Sun
on B, and the second term dengtes the direct influence of the Sun on the s/c. In general, the BCR4BP
does not accurately estimate the g4 from the HFEM. For illustration, consider the contour plots in Figure 8,
where p 4 is compared between the BCR4BP and HFEM; the instantaneous values s ~ —105°, pg, =~ 388
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n.d., ng ~ 0.074 n.d. are employed to construct the BCR4BP. Regardless of these values, however,nthe
contour plots for the BCR4BP and HFEM display noticeably different patterns. While the magnitude of 54 4
gradually increases in the radial direction from B, the magnitude of ﬁ' 4,1 18 mainly dependent on the y-
excursion. As a result, the difference between the accelerations from the two models results in non-negligible
magnitudes across cislunar space. This tendency holds for all epochs, where the concentric circle patterns
in the third plot only slightly rotate and pulsate depending on the selected epoch. This difference originates
from the fact that the BCR4BP is not constructed in a coherent manner. For the HFEM, expressions for by _3
are partly cancelled by b7_12, resulting in the linear relationship described in Eq. (24). However, while the
BCRA4BP incorporates some solar perturbations in the form of coefficients b;_s, it only provides constant
values for by_12 that do not cancel b; _3. Thus, the challenge in the use of the BCR4BP as an intermediate
model is apparent. It does not completely bridge the gap between the coefficients for the CR3BP and HFEM,
and it does not always characterize the dynamics adequately within the pulsating-rotating frame across the
entire cislunar space. While Jorba-Cuscé, Farrés, and Jorba'? discuss the challenges of the BCR4BP for
analyzing the motion in the vicinity of the collinear equilibrium points, here, the challenge also persists for
the triangular equilibrium points. It is noted, however, that the BCR4BP still offers an extremely useful model
for analyzing the motion of a s/c in the exterior region of the Earth-Moon system, where the geometries of the
BCRA4BP solutions within the Sun-B rotating frame serve as viable initial guesses for the HFEM transition.
However, in the interior region, the solutions from the BCR4BP do not necessarily enhance the initial guesses
as compared to the CR3BP solutions. When the BCR4BP supplies a unique solution that deviates from the
original CR3BP solution within the pulsating-rotating frame, the geometry change is driven by p4 4 that,
generally, is an inadequate approximation for ﬁ A H -
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Figure 8: Contour plots for /3’ 4,4 (left), ﬁ A, H (center), and ﬁ AH — p"' 4.4 (right), epoch: 09/23/2023

TRANSITION TO A HIGHER-FIDELITY EPHEMERIS MODEL FOR A SAMPLE ORBIT

While the investigation of the coefficients for the EOMs offers useful intuition regarding the additional
perturbations in the HFEM and the capabilities of the ER3BP and BCR4BP, it requires further validation. As
noted before, the small relative values of the coefficients do not necessarily guarantee that the solutions from
the intermediate models are better preserved in the HFEM. Also, the comparison of the coefficients requires
an isochronous correspondence definition, potentially a limiting assumption in any actual transition from a
lower-fidelity model to the HFEM. Typically, the independent variables, or times, are incorporated as parts of
the initial guess for the transition process; subsequently, the time variables are also under adjustments. Thus,
for further validation, a sample transition problem is introduced, where a ballistic CR3BP orbit is directly
transitioned into the HFEM. For demonstration, the Lo southern halo orbit family serves as the basis for the
sample scenario. The first plot in Figure 9 illustrates some CR3BP periodic orbits belonging to the family,
colored differently according to the period of the orbits. When transitioned to the HFEM, the periodicity of
the original solution is no longer guaranteed. To preserve the geometry of the original periodic orbits, one
common practice is to stack multiple revolutions of the orbits and enforce continuity along the trajectory,
utilizing a multiple shooting algorithm.” This strategy locates possible structures within the HFEM in the
vicinity of the stack of orbits; a minimum-norm solution is typically employed to locate suitable arcs that are
geometrically very similar without explicitly incorporating an optimizer. Utilizing such techniques, sample
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solutions in the HFEM are produced by directly transitioning the selected Lo halo orbits from the CR3BP, as
illustrated in the second plot of Figure 9. For fast computation, only the Sun is incorporated as the additional
body in the HFEM. Noted by previous authors,”® some members of the family in a particular region evolve
into solutions that deviate significantly from the original CR3BP solutions when transitioned to the HFEM
in comparison with the majority of the members of the family. While this challenging region is not well
bounded, orbits with periods ranging between 9 and 10 days tend to converge to solutions with behavior in
the HFEM that appears more random.

For an orbit in the Earth-Moon Ly halo family in the CR3BP for which direct transitions are challenging,
the ER3BP potentially mitigates the issue, as deduced from the analysis of the coefficients. The maximum
y-excursions of the halo orbits are relatively small and, thus, 4 is typically associated with relatively small
magnitudes as compared to pp along the path of a halo orbit in the HFEM, implying that the evolution of
the solutions in this region is likely to be driven by pulsation; the ER3BP potentially provides a model that
bridges the gap between the CR3BP and HFEM in this region. As an enhanced initial guess, an analog of the
CR3BP periodic orbit within the ER3BP is examined. The CR3BP periodic orbits evolve into periodic orbits
in the ER3BP only when the period of the orbit is in resonance with the sidereal period and such an orbit is
first identified. The third plot of Figure 9 illustrates the CR3BP orbit associated with a period that is 1/3 of
the sidereal period, in green. In the same plot, the red orbit corresponds to the ER3BP counterpart, where it
requires exactly one sidereal period to complete one orbit that consists of three distinct lobes or revolutions
around the Moon. An eccentricity value of e = 0.055 is leveraged to produce the periodic orbit. For more
information about constructing the ER3BP periodic orbits, refer to Ferrari and Lavagna.'® For this specific
orbit, the timing of the apolune in the middle lobe coincides with an epoch when the Moon is at the apogee
within its conic motion, i.e., f = 180°, as required by the mirror configuration of the system.!”

Then, a direct transition is initially attempted from the CR3BP to HFEM, solely utilizing the original
CR3BP solution as the initial guess. For a consistent analysis, the following parameters are commonly
employed in the multiple shooting algorithm: 12 revolutions of the orbit are stacked starting from the apolune,
each revolution consists of five segments that are equally divided in ¢, and the reference (baseline) epoch is
fixed to correspond to the apolune of the innermost (7th) revolution. Sample results are provided in Figure 10,
corresponding to three different reference epochs. The original periodic structure from the CR3BP evolves
into somewhat random solutions in the HFEM depending on the epoch, that is not explained solely by the
CR3BP. It is notable that a distinct three-lobe geometry also appears for some reference epochs.

For comparison with a direct transition, the ER3BP is leveraged as an intermediate model, where the
ER3BP counterpart or analog periodic orbit is now incorporated as an initial guess for the transition. The
same formulations are utilized for the orbit stacking process, except that four revolutions of the ER3BP
orbit are stacked as each revolution of the orbit is comprised of three lobes. For the baseline epoch, the
construction of ER3BP periodic orbit requires that the apolune on the middle lobe occur at an epoch when
f = 180°. As noted previously, an epoch when the Earth-Moon distance is at a local maximum, i.e., apogee,
suffices as a reasonable guess for the reference epoch. Sample results are depicted in Figure 11, where
three selected epochs are apart by approximately one sidereal period, i.e., 27.5 days. In comparison with
the direct transition approach, leveraging the ER3BP as an intermediate model provides several benefits for
this sample orbit. First, visually, the solutions transitioned from the ER3BP are more tightly converged,
a desirable characteristic when repeated geometry for the solution within the pulsating-rotating frame is
warranted. Also, as indicated by the change in the geometry from the respective periodic orbits, the transition
from the ER3BP typically requires fewer iterations during the corrections process; on average, the ER3BP
transition requires six iterations in comparison to 12 iterations for the CR3BP transition. For the sample
cases, the error from violating the continuity constraint monotonically decreases for the ER3BP, whereas
the CR3BP requires a few initial iterations before the corrector locates a basin of attraction. This “smooth”
transition is desired as it generally prevents the differential corrector from randomly converging into a HFEM
solution that is not necessarily an analog of the original solution from the lower-fidelity models. Next, the
ER3BP offers some systematic understanding of the evolution of the CR3BP structures under pulsation.
Note that the ER3BP periodic orbit is associated with a three-lobe geometry that accurately approximates
the evolution of the original CR3BP periodic orbit into the HFEM. Thus, even when the ER3BP solutions
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are not directly leveraged as an enhanced initial guess for the HFEM transition, they do offer insight into
the potential geometry changes under pulsation. The CR3BP alone, e.g., bifurcation analysis,’ provides only
limited clarity for the appearance of the three-lobe geometry in this region. This challenge of the CR3BP is
often mitigated with extra computational efforts. The ER3BP, as an intermediate model, offers more informed
predictions regarding the reference epoch, as the ER3BP structures are associated with particular values for
the true anomaly that narrow the search space for the favorable reference epoch. Of course, it is emphasized
that these benefits are valid for this sample orbit, and the results cannot be generalized to other regions
across cislunar space. While the ER3BP does offer an improved estimate for the coefficients “on average”,
the structures from the ER3BP also may not maintain their geometries when parts of the trajectories are
extremely sensitive to the difference in the coefficients. Also note that the ER3BP is not expected to deliver
such an upgrade in the initial guess when the y-excursion of the s/c is non-negligible. In summary, while the
ER3BP aids in the HFEM transition process for this sample orbit, the capabilities and limitations must be
further verified in other regions in cislunar space.

z (n.d.)

z (n.d.)
s
Period (days)

0 o1 0.1 0 0.1
y (n.d.) z (n.d.) y (n.d.)
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Figure 11: ER3BP results for selected epochs

In contrast, the BCR4BP is not expected to provide similar benefits in comparison with the ER3BP as an
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intermediate model within the Lo halo orbit family where the direct transition is challenging. However, within
the same region, the BCR4BP does introduce a periodic orbit associated with a three-lobe geometry!'® that
potentially serves as an enhanced initial guess, as investigated by Boudad, Howell and Davis.” While for some
epochs, it is possible that the geometry of the transitioned solutions is consistent with that of the BCR4BP,
recall that the additional acceleration in this region is dominated by the pulsation due to the relatively small
y-excursions of the orbits. In Figure 12, the Earth-Moon distance is plotted on the left axis, and the Sun
angle, fg, is plotted on the right axis over a time interval of 400 days. The cyan lines denote the epochs
when g = 0°; in the BCR4BP, the three-lobe periodic orbit exists when the timing of the middle lobe
apolune coincides with an epoch where g = 0°. Hence, it corresponds to a favorable reference epoch for
the transition as observed in the BCR4BP. Three transition results are illustrated at three different reference
epochs, utilizing the BCR4BP solution as the initial guess. For the case A, the transitioned solutions visually
appears to maintain the three-lobe geometry as apparent in the BCR4BP. While this epoch indeed corresponds
to an epoch when g = 0°, it is also noted that the Earth-Moon distance, [, is at a local minimum. Further
examination reveals that this “perigee” epoch is indeed a reference epoch when the geometries are well
maintained, not an epoch with 8¢ = 0°, illustrated by case B results. Thus, it is indicated that the geometries
are more likely to be influenced by the pulsation, where the BCR4BP happens to provide similar geometry in
position space.
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Figure 12: BCR4BP results for selected epochs

CONCLUDING REMARKS

The capabilities and limitations of the ER3BP and BCR4BP to serve as intermediate models are analyzed
within the context of transition from the lower-fidelity CR3BP to an ephemeris model, HFEM, in cislunar
space. The differential equations in the models are cast within a common, pulsating-rotating frame. The
additional forces appearing in the HEFM are investigated and classified into two main sources: non-uniform
pulsation of the Earth-Moon systen, and solar gravity. The rearranging of the solar gravity terms results in
additional heuristics that the solar gravity contribution is mainly governed by terms that linearly depend on
the y-excursion within the pulsating-rotating frame. The ER3BP and BCR4BP are then evaluated regarding
their capabilities in describing the respective additional forces. While the capability of the ER3BP depends
on the eccentricity value and the initial true anomaly, not surprisingly, it tends to better reflect the modeling
of pulsation and line of apsides orientation on average as compared to the CR3BP, that is represented by the
coefficients of the dynamical model. The BCR4BP is limited in estimating the actual solar perturbations that
arise in the HFEM due to the fact that the Sun is not incorporated in a coherent manner. These findings are ap-
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plied to a sample transition scenario for a member of the Ly halo orbit family. For this sample transition case,
the ER3BP provides benefits compared to the direct transition that solely depends on the CR3BP, whereas
the BCR4BP is associated with some challenges as expected from the analysis of the dynamical models. The
results here suggest a first step in a strategy to apply different intermediate models under various conditions.

APPENDIX A: DERIVATIONS OF EQUATION (22)

The acceleration terms in Eq. (21) are rearranged to yield cancellations and a more useful form. First, note
that the relative acceleration of the Moon with respect to Earth is evaluated as follows,

Apry = BBt B N 1,(#3’, _ 1B >:M<,T+ , ,/,(Li, _ 1z )) 28
EM e Bea + 3 e a i \ mep Bie — g Rim = jeat (- Pim = o lim (28)

Then, for the ephemeris model, p 4 1s denoted as p AH > where each coefﬁment in Eq. (21) is evaluated with

instantaneous ephemendes data. The Z-component of p p A, H 18 evaluated as, ,OA H-&=0b+ (b — Dz +
boy + bgz — Z]EA Vi (x — z;). Here, note that b is evaluated as,
e

=> ( u—wj)+p§f(1—u—xj)>- (29)

jEA JM

Next, b; results in the following,

by 1= — 1 N h2 L URpm - Apu + VEy) = V(Beym - Veu) N B(VE, —1?) .
(tl)Zl (t/)2l4 (t/)Zld (t/)2l4
S 30
=TT N2 ()21 ZNJ p] N+IJ)+IO;),7M(1_N_QEJ) s
where leveraging ﬁE v =1z, and h = [/ V]% M 1’2, Similarly, bg is evaluated as,
1 - . 1 1
bs = ——mApn 2= py| =z — =2 |- S
t"l , PiE Pim
jEA J J
Finally, bg results in,
% Q(R’EMX/TEM) 1 - 1 1
by = = = ——=Apm-9= ) Wj Yi+ =Y |- (32)
(tl)2l2 (t/)212 t/2l ; J p:JSE J pg]V[ J
Repeating a similar process for p" A H -4 and p" A H - 2 results in the following expression,
Fam=— Z“J (ch /'Jm rﬁ]E—WﬁjM—nghy(ﬁjE><2)+[)E§'y(/3‘]-M><2)—(Z§j—?)i)
jea /’Jc )]E Pim PiE Pim Pie  Pim
o 0o o] [o 0 0 (33)
+10 0 bs|p+ |0 bz —bi2a b11 p.

The above equation is the same as Eq. (22), concluding the derivations.

APPENDIX B: DERIVATIONS OF EQUATION (24)

Further simplification of Eq. (22) for p"’ 4,5 1s deduced from the additional assumptions. Assuming that
pj >> 1, the inverse cubes of distance from j to the s/c, Earth, Moon, are linearized as,

1 1 3 1 1 3 1 1 3
——~ =+ < (e +yy+zz), —=~—=+—=zi(—p), —=-—=+—=z;1-—p), G4
CENC N IR
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respectively. Utilizing these linearized functions, the expressions for the terms in Eq. (22) are reduced to
simpler formulations. For the Z-direction, the resulting expression is,

-, . 3
fam i~ Z(% - 2wiy). (35)
jeA "I

Next, the approximate accelerations for the ¢ and Z-directions are evaluated as,

, . 314 :

PAH Y = Z % (5 — 23y +y52j2) + (b12 — br2a)y + b112 + be? (36)
jea Pi

- 5 314 .

PAH 2™ Z % (Y;j25y + 2j2j2) — b11y + (b12 — b124)2 — e, (37
jeA i

where coefficients are also well approximated as,

3 315 RPN 35

b6 mKlz%szj, b11 %ng%l'ij-’-KgZ#(I;ij, b12 —b12a %K4(Z %szj)z,
jea i jea i jea i jea i

(38)

where K _, are functions of ephemerides, e.g., K1 = 2/t' /h. Additionally, if additional bodies are negligi-
ble except for the Sun, and assuming that |zg| << pg, or the Z-component of the solar position is negligible,
the following linearized expression is produced,

3 R R 3 . . N
L5 (2wsysyi + (y3 — 22)yd) = %y(sm 205 — cos 207), (39)
S S

5A,H ~ EA,L =
concluding the derivations of Eq. (24).
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