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CONVERGENCE BASIN ANALYSIS FOR
SPACECRAFT TRAJECTORY TARGETING

Collin E. York*, Kathleen C. Howell†, and Belinda Marchand‡

One robustness measure in trajectory targeting is the ability to determine feasible
trajectories under dispersions. If sufficiently large dispersions cannot be accom-
modated, unpredictable targeting behavior may result. Dynamical properties of
the reference path and the targeting problem formulation influence the region of
perturbations for which a targeting strategy reliably produces a feasible reference
trajectory, denoted the convergence basin. Characterization of this basin is ex-
plored in the Circular Restricted Three-Body Problem and a higher-fidelity model.
A basin metric produced from 1st- and 2nd-order state transition tensors evaluated
on the reference path is introduced, and the correlation with discretized approaches
is summarized.

INTRODUCTION

One measure for assessing targeting robustness in spaceflight applications is the ability of a target-
ing scheme to determine a feasible trajectory in the presence of dispersions. If the mission trajectory
and targeter cannot accommodate sufficiently large dispersions, the result is unpredictable targeting
behavior and, potentially, a failure to converge on an acceptable solution or, perhaps, any solution at
all. Thus, this investigation is focused on the identification of sensitive trajectories and the develop-
ment of robust references. The objective of this effort is characterization of the region that defines
state perturbations for which a targeting strategy will reliably correct a perturbed trajectory to a
feasible reference. This region in perturbation space, denoted the convergence basin, is determined
by an interaction between the dynamical properties of the baseline or reference path and the selec-
tion of the targeting scheme, including the constraint, design variables, and update formulation. In
this investigation, characterization of the convergence basin is explored in the Circular Restricted
Three-Body Problem (CRTBP) as well as an ephemeris force model. Frequently, sensitivity to per-
turbations is assessed through simulating the targeting process for a set of discrete points in the
perturbation space. Yet, this discretized approach is computationally intensive, requiring multiple
numerically-integrated predictions and matrix inversion calculations. This investigation introduces
a basin metric produced from 1st- and 2nd-order state transition tensors evaluated solely on the ref-
erence path. The correlation with discretized approaches is then summarized.

Previous investigators have explored the characterization and then the improvement of conver-
gence behavior for corrections schemes based on Newton-Raphson approaches. Epitropakis and
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Vrahatis applied Newton’s method, as well as alternative strategies, to the determination of regions
of attraction for periodic orbits in nonlinear systems.1 Harden and Spreen applied finite-time Lya-
punov exponents (FTLEs) to node, or patch point, placement in a Two-Level Targeter (TLT) strategy
within the CRTBP and ephemeris force models, respectively.2, 3 Additionally, Spreen investigated
the use of state transition tensors above 1st-order in calculating FTLE values across arcs within a tar-
geting problem.3, 4 Then, FTLE values are also applied as weightings in the minimum norm update
computation to improve the convergence behavior of the TLT.5 By assuming that trajectory seg-
ments possessing a large magnitude of dynamical stretching correspond to a reduction in the validity
of the linear corrections process, these investigations demonstrate improvements in the convergence
behavior of the targeting algorithm. Muralidharan’s investigation into robust station-keeping algo-
rithms utilizes both the magnitude and direction of dynamical stretching through analysis of the
Cauchy-Green tensor.6, 7 The methodology in this investigation seeks to expand on these results
by measuring the convergence basin directly and correlating this measurement with the dynamical
properties of the reference.

DYNAMICAL MODELS

To mirror applications of targeting problems in both preliminary and later stages of mission
design, a characterization of the convergence basins is introduced under two different dynamical
models, one associated with the CRTBP and one with higher-fidelity ephemerides for gravitational
bodies. By exploring convergence basin prediction under differing dynamical conditions, this in-
vestigation examines broader applicability of the methods.

Circular Restricted Three-Body Problem

Many contemporary space flight missions, such as those within the Artemis program,8, 9 employ
the CRTBP for the preliminary design and analysis of the trajectories. The CRTBP provides a
dynamical model for the motion of a spacecraft under the significant influence of two primary
gravitational bodies, P1 and P2, where P1 arbitrarily corresponds to the primary body with the
largest mass.10 A simplifying assumption that the two primaries move in circular orbits about
their mutual barycenter is applied and the spacecraft is assumed to possess negligible mass. These
assumptions produce a framework for the motion of a spacecraft in the Earth-Moon system.

Insights into the dynamics emerge when the system is viewed from a reference frame centered at
the barycenter and rotating with the primary system. The unit vector x̂ is defined in the direction
from P1 to P2, and the unit vector ẑ is in the direction of the orbital angular momentum of the
primary system. The unit vector ŷ completes the triad as ẑ × x̂. The characteristic quantities in
the primary system include (i) the distance between the primaries for length, (ii) the time required
for the primary system to rotate by one radian in an inertial frame for time, and (iii) the sum of
the masses of the primary bodies for mass. The mass parameter, µ, is defined as the mass of P2

divided by the sum of the primaries’ masses. Let ρ be the nondimensional position vector from the
barycenter to the spacecraft. Then, the nondimensional equations of motion are expressed as

ρ̈ =

ẍÿ
z̈

 =

2ẏ + x− (1−µ)(x+µ)
d3

− µ(x−1+µ)
r3

−2ẋ+ y − (1−µ)y
d3
− µy

r3

− (1−µ)z
d3
− µz

r3

 (1)

where d and r represent the nondimensional distances between the spacecraft and the primaries, P1

and P2, respectively.
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The N -Body Problem

At later stages in the mission design process, trajectories are transitioned to a higher-fidelity
dynamical model, incorporating the ephemerides of the gravitational bodies of interest. In this in-
vestigation, spacecraft motion is numerical integrated in the J2000 inertial reference frame using the
Adaptive Trajectory Design (ATD) software tool11 developed at Purdue University; NASA’s Nav-
igation and Ancillary Information Facility SPICE toolkit is incorporated for planetary ephemeris
data. The motion of the spacecraft, body q, with respect to the central body i is determined via
gravitational interactions with perturbing bodies j, i.e.,

r̈qi = −G(mi +mq)

r3
qi

rqi +G
∑
j=1
j 6=i,q

mj

(
rij
r3
ij

− rqj
r3
qj

)
(2)

where G is the gravitational constant. In this investigation, the mass of the spacecraft is assumed to
be negligible while the Earth, Moon, and Sun are incorporated and approximated as point-masses.

CONVERGENCE BASIN ANALYSIS

To frame the analysis, suppose a baseline, or reference, trajectory is known to satisfy a set of
constraints. Such a baseline trajectory might be a periodic orbit, a transfer path, an intermediate leg,
or even a complex combination of these elements. Typically, this baseline trajectory is the solution
to a prior differential corrections or constrained optimization problem. In an operational spacecraft
targeting or guidance scenario, the reference might be a baseline path, designed prior to launch, for
which considerable analysis has been conducted. In flight, as the spacecraft deviates from the path
due to perturbing forces and stochastic sources of error, the baseline is no longer viable, and an
updated feasible path is required. The effects of these deviations are modeled as state perturbations
applied to the baseline trajectory. A targeting scheme is required to produce a new solution in
the vicinity of the reference that retains the important characteristics of the baseline solution while
satisfying the imposed set of constraints.

Background

If a perturbation is applied to a baseline solution, the resulting perturbed trajectory, in general,
does not satisfy the imposed constraints. The perturbation variables, states altered relative to the
baseline solution, e.g., inertial position at the initial time or a velocity component, are represented
by the vector Y . The perturbation itself, δY , is applied to the baseline, and a targeter is employed to
re-converge on a feasible solution within kmax iterations via a Newton-Raphson corrections process.
To target a new feasible solution nearby the baseline, the iterative differential corrections process
incorporates an update to a design variable vector, X , to produce a constraint vector, F (X ,Y),
that is ideally equal to 0. The states that constitute the design variables may or may not also exist
as perturbation variables. For a targeting problem with an equal number of constraints and design
variables, this correction step via a 1st-order Newton-Raphson update is expressed as

δX = − ∂F
∂X

∣∣∣∣−1

(X ,Y)

F
∣∣
(X ,Y)

(3)

where the design variable Jacobian, ∂F∂X , and the constraint vector are evaluated for the design and
perturbation variable vector pairs (X ,Y). Since the Newton-Raphson method computes an update
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to the design variables based on a linear approximation of a nonlinear system, multiple iterations
are required to converge the constraints to within some tolerance.

The convergence basin, or basin of attraction, for a solution to the iterative Newton-Raphson
problem is defined as the region in perturbation space for which initial guesses converge to that spe-
cific solution. For problems where more than one solution exists globally, a local convergence basin
exists for each solution. Recall that the true solutions are likely unknown for nonlinear problems
and are determined to within an error tolerance. In the field of mathematics, the convergence basin
and its properties are studied within the application of root-finding algorithms.1 Methods exist for
determining local regions for which a Newton-Raphson corrections problem converges at particular
rates, e.g., quadratically or superlinearly; however, these approaches require analysis of derivatives
continuously across the region of perturbation space.12 In the dynamical systems of interest to this
investigation, this analysis is not possible, so the exact regions for which the Newton-Raphson pro-
cess will converge at a particular rate cannot be exactly determined. At the boundaries of these main
basins, the convergence behavior becomes more complex. For polynomial root-finding algorithms
in the complex plane, these boundaries between main basins form intricate fractal patterns.1, 13 In
trajectory targeting applications, the boundaries between main basins are characteristically chaotic,
resulting in unpredictable convergence to an arbitrary local solution or, possibly, no convergence
within a reasonable number of iterations. Thus, a characterization of the main basin associated with
a baseline solution is necessary if convergence in the presence of perturbations must be guaranteed.

A main basin of convergence for a sample baseline solution is illustrated on a planar perturbation
space in Figure 1 to visualize the structure and define a framework for its characterization. The

Figure 1. Idealized Basin Width

reference solution is represented by the black point, and the colored contours reflect theoretical
continuous convergence basin regions for various iteration limits, kmax. As the contours shift from
green to yellow, more iterations are required to converge from the perturbed trajectory to a feasible
solution in the vicinity of the reference. The red area represents the chaotic region bounding the
main basin where convergence behavior is unpredictable. The convergence basin width, ||δYkmax ||,
for each limit of kmax iterations is defined as the maximum radius of a sphere in perturbation
space, originating from the baseline solution, for which all points in the region converge to the
baseline within the iteration limit. In Figure 1, the construction of the defining sphere and the
convergence basin width are illustrated for a 2-iteration limit. At some point, increasing the iteration
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limit, kmax, ceases to yield meaningful results as the behavior transitions to chaos. Ideally, the
exact basin width is determined by continuously traversing the perturbation space; however, this
approach is numerically impossible. Therefore, alternative methods for approximating the basin
width are necessary. Three basin width approximation methods are explored in this analysis: naïve
perturbation space discretization, principal direction search, and 2nd order sensitivity evaluation for
the reference.

Discretized Targeting Simulations

Since the convergence basins cannot be determined analytically, numerical methods are required
to approximate the basins. A naïve discretization perturbation space is the closest to approximating
a continuous search across the perturbation space, assuming that the points are sufficiently refined.
This discretization of the full perturbation space may be structured as a regularized grid search or
a randomly-sampled Monte Carlo analysis. However, this approach is the most computationally
expensive, because a full targeting simulation is required at each discretized point. In Figure 2(a), a
schematic representation of this regularized grid search strategy is overlayed on the illustrative con-
vergence basin from Figure 1. The regularly-spaced points are colored according to the number of

(a) Naïve Discretization (b) Principal Direction Search

Figure 2. Discretization Methods

iterations required for convergence, demonstrating that the naïve discrete method seeks to represent
the underlying contours through an array of numerous targeting simulations. To recover features of
the underlying contours, a sufficient density of simulations is required, resulting in a process that
may be impractical or prohibitively computationally expensive.

To reduce computation time, the principal direction search strategy exploits information concern-
ing the local structure of the basin to conduct a line search in, at most, 2p directions, where p is the
number of perturbation variables in Y . The principal directions of the perturbation Jacobian, ∂F∂Y ,

are determined by exploiting the eigenvectors of the Cauchy-Green tensor, ∂F
∂Y

T ∂F
∂Y , as evaluated

on the reference path.6 This orthogonal set of vectors corresponds to the local principal stretching
directions of the perturbation Jacobian and predicts the local form of the basin. These principal
directions are associated with the stretching magnitudes, equivalent to the singular values, σ, of the
Jacobian.7 The benefit of limiting the search to these principal directions in contrast to the naïve
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search is illustrated in Figure 2(b), where a finer resolution is achieved with fewer overall simu-
lations by exploiting a search along these principal stretching directions. Unless otherwise noted,
basin widths that are estimated for the perturbed targeting problems in this investigation employ the
principal direction search method.

In this investigation, basin width associated with a given number of iterations, kmax, is deter-
mined by bisecting the bounds for the minimum and maximum value of ||δYkmax ||. In the principal
direction search strategy, perturbations are modeled as vectors of magnitude s in the direction asso-
ciated with the principal direction unit vector, v̂. The process is initiated with a step of magnitude
s0 = 10−10 nondimensional units in the principal direction associated with the maximum stretching
direction. The perturbed targeting problem is simulated, and the scale factor s is increased via

si+1 = 1.1si

until convergence is not achieved within kmax targeting iterations. This procedure sets lower and
upper bounding values, sl and su, for the basin width corresponding to that principal direction. The
next scale factor, si+1, is then determined by bisecting sl and su. The lower and upper bounding
values are updated depending on the perturbed targeting simulations and their convergence charac-
teristics within the iteration limit. The process is terminated when a relative tolerance condition for
the scale factor is met, i.e.,

|si+1 − si|
si+1

< 0.001

The final scale factors are determined for each principal direction, in both the positive and negative
directions, and the basin width is approximated as the overall minimum scale factor.

Reference Evaluation

In contrast to discretized methods that rely on numerous full simulations of the perturbed targeting
problem, previous investigators infer convergence properties in the neighborhood of the baseline
solution via the computation of dynamical properties of the baseline solution itself.2–7 The current
effort seeks the correlation between quantities associated with the reference flow and the measured
basin width. One such property of the flow is the FTLE, denoted λΦ and defined as

λΦ =
1

T
ln(||Φ||) (4)

where || · || is the 2-norm and T is the propagation time associated with the state transition matrix
(STM), Φ. The FTLE represents the dominant exponential stretching rate for the volume associated
with the STM. In addition to this pure characteristic of the flow, analogous properties are introduced
that reflect the coupled nature of the flow and targeting problem formulation, i.e.,

λX =
1

T
ln

(∣∣∣∣∣∣∣∣ ∂F∂X
∣∣∣∣∣∣∣∣) (5)

λY =
1

T
ln

(∣∣∣∣∣∣∣∣∂F∂Y
∣∣∣∣∣∣∣∣) (6)

These 1st-order quantities serve as candidate metrics that may be correlated with the measured basin
widths.
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A new methodology is also introduced to produce a metric correlated to the basin width. The
derivation for this metric originates with an observation regarding the typical evaluation approach
for the design variable Jacobian in differential corrections processes. In many applications, the Ja-
cobian in the corrections process is evaluated along the perturbed trajectory rather than the baseline
solution. In other words, the design variable Jacobian, ∂F

∂X , from Equation (3) is updated at each
iteration for the current design variables and perturbations (X ,Y) in contrast to fixing the Jacobian
at a constant value associated with the baseline, (X ∗,Y∗). A matrix quantity,

Ψ =
∂F

∂X

∣∣∣∣−1

(X ∗,Y∗)

∂F

∂X

∣∣∣∣
(X ,Y)

(7)

and an associated scalar value,

ψ = max{σmax(Ψ), σmin(Ψ)−1} (8)

are defined where σmax and σmin denote the maximum and minimum singular values, respectively.
These quantities are then employed to conceptualize measures of similarity between the two varia-
tional mappings. As the perturbed trajectory is brought arbitrarily close to the baseline, this quantity
Ψ approaches the identity matrix, i.e.,

lim
(X ,Y)→(X ∗,Y∗)

Ψ = I, lim
(X ,Y)→(X ∗,Y∗)

ψ = 1 (9)

Through a Taylor series expansion, the design variable Jacobian along the perturbed trajectory is
approximated as

∂F

∂X

∣∣∣∣
(X ,Y)

≈ ∂F

∂X

∣∣∣∣
(X ∗,Y∗)

+
∂2F

∂X∂Y

∣∣∣∣
(X ∗,Y∗)

(δY ⊗ I) (10)

where ⊗ is the Kronecker product. In this formulation, the 2nd -order derivative term is reformatted
from a 3-dimensional tensor into a 2-dimensional matrix via

∂2F

∂X∂Y =
[

∂2F
∂X∂Y1

∂2F
∂X∂Y2 . . . ∂2F

∂X∂Yp

]
(11)

where p is the number of perturbation variables in Y .14, 15 Substituting Equation (10) into the
similarity measure in Equation (7) yields

Ψ =
∂F

∂X

∣∣∣∣−1

(X ∗,Y∗)

∂F

∂X

∣∣∣∣
(X ,Y)

≈ ∂F

∂X

∣∣∣∣−1

(X ∗,Y∗)

(
∂F

∂X

∣∣∣∣
(X ∗,Y∗)

+
∂2F

∂X∂Y

∣∣∣∣
(X ∗,Y∗)

(δY ⊗ I)

)
= I +

∂F

∂X

∣∣∣∣−1

(X ∗,Y∗)

∂2F

∂X∂Y

∣∣∣∣
(X ∗,Y∗)

(δY ⊗ I)

(12)

Thus, the deviation of this quantity from identity is denoted the normalized change in the Jacobian
and is reduced to

∆Ψ =
∂F

∂X

−1 ∂2F

∂X∂Y (δY ⊗ I)
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where the matrix quantities are evaluated on the baseline trajectory, i.e., (X ∗,Y∗). Intuitively,
if a large perturbation magnitude and small normalized change in the Jacobian are desirable, the
contribution from the expression ∂F

∂X
−1 ∂2F

∂X∂Y should be as small as possible. Therefore, the basin
metric, denoted γ, is then defined as

γ =

∣∣∣∣∣∣∣∣ ∂F∂X −1 ∂2F

∂X∂Y

∣∣∣∣∣∣∣∣−1

(13)

Basin metric values are expected to positively correlate with the measured values of the basin width.

APPLICATION: L2 SOUTHERN HALO ORBITS IN THE CRTBP

A suitable sample problem to evaluate the correlation between the numerically measured con-
vergence basin width and the basin metric is introduced as a targeting problem involving the Earth-
Moon L2 southern halo family, a family of periodic orbits in the CRTBP — one of particular interest
for upcoming space flight missions.16 A sampling of this periodic orbit family is plotted in Figure
3(a). This family consists of periodic orbits that vary in their proximity to the primary gravitational

(a) L2 Southern Halo Family (b) Sample Halo Orbit

Figure 3. L2 Southern Halo Family in Earth-Moon Rotating Frame

bodies and their stability properties; thus, it is a useful application subset for this analysis. A sample
halo orbit is plotted on Figure 3(b) with its perilune and apolune points marked. In this investiga-
tion, the L2 southern halo orbit family is defined from the orbit with perilune distance equal to the
lunar radius through the orbit which lies in the x̂-ŷ plane.

To investigate the convergence basin behavior and the predictive capability of the basin metric,
a targeting problem is constructed wherein the position at the initial time is perturbed from the
reference. The position after a fixed time-of-flight is constrained, and the initial velocity is varied
to target the final position such that it satisfies the constraint. This perturbed targeting problem is
represented by

F = ρ(tf )− ρd = 0, X = ρ̇(t0), Y = ρ(t0) (14)
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Recall that ρ is the nondimensional position vector from the barycenter to the spacecraft. For each
halo orbit in a sampling of theL2 southern halo orbits, as distinguished by its unique perilune radius,
the initial state is defined at apolune. After a fixed propagation duration, i.e., some integer multiple
of the orbit period, the spacecraft is targeted to return to the apolune position.

The principal direction search method is employed to assess the convergence basin width for
kmax = 4, . . . , 8 iterations. The basin width and basin metric are represented for 1-period, 2-period,
and 3-period simulations in Figures 4(a)-4(b), 4(c)-4(d), 4(e)-4(f), respectively. For each perturbed

(a) 1-Period: ||δYkmax || (b) 1-Period: Basin Metric γ

(c) 2-Period: ||δYkmax || (d) 2-Period: Basin Metric γ

(e) 3-Period: ||δYkmax || (f) 3-Period: Basin Metric γ

Figure 4. Halo Family Apolune-to-Apolune Targeting

9



targeting scenario, the basin metric essentially captures the features of the measured basin width. In
general, though the magnitudes are different, the forms of the plots of numerically-measured basin
width are present in the plots of the computed basin metric. Thus, the basin metric, γ, appears to
reliably predict the relative — as opposed to absolute — basin widths of different periodic orbits in
the L2 southern halo family.

Some notable observations from the plots in Figure 4 arise from the numerical aspect of the
problem. In general, the relative features of the basin width plots, including slope and critical
points, are preserved as the iteration limit, kmax, increases from 4 to 8. However, the plots of
basin width in Figure 4(a), associated with the 1-period scenario, exhibit scattered and non-smooth
behavior for halo orbits with a perilune radius up to approximately 20,000 km when the iteration
limit is set to 7 or 8 iterations. This chaotic behavior is indicative of traversal into the chaotic
region between main basins in perturbation space and suggests that limits above 6 iterations fail
to guarantee convergence to the main convergence basin of the baseline solution. Also on the
sample plot for the 1-period scenario, some peaks that represent the basin width occur in Figure
4(a) for orbits with perilune radius between 10,000 and 20,000 km, differing from the relatively
smooth basin metric representation in Figure 4(b). The singular values of the perturbation Jacobian
∂F
∂Y from the 1-period case are plotted in Figure 5(a). In this plot, the two largest of the three

(a) 1-Period (b) 2-Period

Figure 5. Singular Values of Perturbation Jacobian

singular values are nearly equal in magnitude and close to 1 for orbits with a perilune radius of up
to 20,000 km. Thus, a single dominant stretching direction is unclear for this subset of the periodic
orbit family, and the principal directions associated with these singular values exist in a plane and
are not well-defined numerically.7 Therefore, the actual direction associated with the theoretical
basin width may be misaligned in the plane relative to the computed vectors, resulting in some
switching behavior that produces the peaks in Figure 4(a). In contrast, the targeting problems with
longer propagation times, e.g., the 2-period scenario, possess more distinct singular values, plotted
in Figure 5(b), resulting in distinct principal directions with a clear dominant stretching behavior
and a basin metric that more accurately captures the numerically-produced width. In Figures 4(c)
and 4(e), basin widths for orbits with a large perilune radius are less definitive; the measured basin
widths of 1 m or less begin to interact with noise from the numerical convergence and integration
tolerances.

The 2-period apolune-to-apolune perturbed targeting problem is selected to further demonstrate
the validity of using the principal direction search method as a more efficient approximation of a
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broader grid search. For a maximum iteration limit of kmax = 5, the basin width across the family,
as measured via both methods, appears in Figure 6. In general, the measured values of basin width

Figure 6. 2-Period: ||δY5||

via the naïve grid search and principal direction search strategies are nearly identical. As perilune
radius reaches its maximum value, the difference in measured basin width between the two methods
increases. However, this difference occurs when the basin width is on the order of meters, the same
order as the numerical tolerances in the targeting problem. Overall, the principal direction search
strategy is an efficient and effective substitute for the grid search strategy.

To briefly illustrate the predictive capability of the basin metric, one that relies on 2nd-order state
transition tensor information, versus the FTLE-based 1st-order metrics, the 2-period case is selected
for comparison. In Figure 7(a), the basin width is plotted across the halo family for the 2-period
apolune-to-apolune targeting scenario with kmax = 5 iterations, and the associated 1st-order FTLE-
like metrics are plotted in Figure 7(b). Since the magnitudes of the FTLE-based 1st-order metrics,

(a) ||δY5|| via Principal Direction Search (b) FTLE-like First Order Metrics

Figure 7. 2-Period Apolune-to-Apolune Problem

λΦ, λX , and λX , correspond to rates of stretching, the basin width is expected to possess a negative
correlation to these 1st-order metrics. The increasing trend in FTLE across the family appears to
represent the general decreasing trend in basin width, demonstrating the general usefulness in this
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quantity as noted in previous investigations. However, the acute basin contractions across the family
are not captured by these 1st-order metrics.

A similar perturbed targeting problem is formulated with the final state at the perilune for each
member of the L2 halo orbit family. Analogous to the apolune-to-apolune examples, these apolune-
to-perilune problems are simulated for 1.5-period, 2.5-period, and 3.5-period times-of-flight, and
the results appear in Figures 8(a)-8(b), 8(c)-8(d), and 8(e)-8(f), respectively. Again, the qualitative

(a) 1.5-Period: ||δYkmax || (b) 1.5-Period: Basin Metric γ

(c) 2.5-Period: ||δYkmax || (d) 2.5-Period: Basin Metric γ

(e) 3.5-Period: ||δYkmax || (f) 3.5-Period: Basin Metric γ

Figure 8. Halo Family Apolune-to-Perilune Targeting
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features of the basin width plots are represented in the corresponding values of the basin metric, γ.
Similar to the apolune-to-apolune targeting scenarios, the interaction of the basin width and the nu-
merical tolerances of the problem produces scattered behavior for orbits with a large perilune radius,
and this trend becomes more pronounced as longer propagation times induce smaller basin widths.
Additionally, basin width appears irregular and discontinuous for orbits with a small perilune radius,
as it appears in Figure 8(a) for perilune radii of up to approximately 5,000 km, suggesting traversal
into the chaotic region between main convergence basins. For the purpose of highlighting where the
constrictions in the convergence basin occur across the family, the simply-evaluated basin metric is
sufficient to approximate the simulation-heavy measured results.

APPLICATION: HIGHER FIDELITY L1-TO-L2 TRANSIT

To explore the correlation of the predictive basin metric and the numerically-produced basin
width in a different dynamical regime, a transfer trajectory is constructed in the Sun-Earth system.
The Genesis mission, depicted in Figure 9, reproduced from NASA’s mission website,17 entered into
an L1 halo orbit in the Sun-Earth system to collect solar wind samples before leveraging dynamics
near the L2 point to return to Earth.18 Represented in the Sun-Earth rotating frame as a dashed

Figure 9. Genesis Mission Trajectory

orange line in Figure 10, a trajectory, based on work in support of the Genesis mission,19 is corrected
to be continuous in position and velocity in an ephemeris force model, consisting of the Sun, Earth,
and Moon. A portion of this trajectory, colored in blue in Figure 10, represents the departure

Figure 10. Genesis-like Trajectory with L1-to-L2 Transit of Interest
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from the L1 halo orbit, transit to the L2 vicinity, and return to the Earth vicinity. This final leg
of the mission, traversing the L1 and L2 vicinities with a close pass of the Earth, serves as the
baseline solution and the focus of this convergence basin analysis. The perturbed targeting problem
associated with this baseline trajectory is formulated with

F = rESc(tf )− rESc,d = 0, X = ṙESc(t0), Y = rESc(t0) (15)

where rESc is the position from the Earth (E) to the spacecraft (Sc) in the J2000 reference frame.
Two characterizations of the convergence basin are performed: (i) as the spacecraft moves down-
stream along the trajectory and (ii) as the initial epoch is offset over the course of 28 days. These
applications reflect typical analyses that may be of interest to mission designers.

Convergence Basins Along the Baseline Trajectory

Knowledge of the convergence basin characteristics along a baseline trajectory allows mission
designers to determine times when re-targeting to account for accumulated errors is more or less
likely to converge on a feasible solution. To analyze the convergence basin along the baseline
trajectory, the principal direction search method is used to measure the basin width at different
points in time as the spacecraft moves downstream along the baseline trajectory. The targeting
epoch, t0, is the time at which the perturbation is applied and targeting is simulated, and this analysis
is conducted as t0 moves between the initial and final epochs of the full baseline trajectory, t0,ref
and tf , respectively. The numerically-measured basin width, defined for the iteration limit of 20
iterations, is plotted in Figure 11(a). In this plot, time is measured as the difference between t0 and

(a) Convergence Basin Wells (b) Baseline Trajectory

Figure 11. Locations Along Baseline Trajectory with Constricted Convergence Basins

t0,ref , reflecting the time along the trajectory since the last perilune of the L1 halo orbit. As the
targeting epoch is brought closer to the final time, in general, the basin width possesses a general
positive trend, punctuated by local minima and maxima. The local minima in basin width, marked in
black, occur along the trajectory and accompany regions of basin constriction, marked on either side
by a red point. The corresponding locations along the trajectory are marked in Figure 11(b). Though
the second local minimum, associated a close approach of the Earth-Moon vicinity, is commonly
identified as a sensitive region, the existence of the first and third local minima may not fit within
the intuition of a mission designer. Thus, the ability to predict these minima without running large
batches of targeting simulations is valuable.
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Applying the basin metric methodology to this perturbed targeting problem yields a useful cor-
relative surrogate to the basin width. Plotted in Figure 12 alongside the measured basin width, the
basin metric calculated at each targeting time, t0, captures the relative behavior of the basin width
as the targeting time is moved downstream. Though the magnitudes differ, the three local minima

Figure 12. Basin Width vs. Metric for Varied Targeting Time

are present in each plot and occur at the same times along the baseline trajectory. The informa-
tion captured by the basin metric may be useful in determining how to place trajectory correction
maneuvers ahead of convergence basin contractions. This basin metric, requiring only information
associated with the baseline trajectory, may be stored on-board spacecraft for automated determina-
tion of correction maneuver times.

Convergence Basins with Varying Departure Epochs

Another possible mission design task is to assess changes in the targeting feasibility for new
baseline trajectories generated by varying the launch epoch. To simulate this task, new baseline
trajectories are produced by shifting the initial epoch of the entire original baseline trajectory, shown
in Figure 10, in single day increments over the course of 28 days, chosen to capture the effects of
lunar phasing. The original baseline trajectory, plotted in Figure 10, is conceived as possessing a +0
day epoch shift. To preserve the basic geometry of the transfer in configuration space, this original
baseline trajectory is discretized into a series of patch point nodes and then re-targeted at each
new epoch to achieve state and epoch continuity using a multiple-shooting targeter within the ATD
software package. This process results in 28 new baseline trajectories that have a similar geometry
but reflect changes in the positioning and orientation of the gravitational bodies. A sampling of
these trajectories is plotted in Figure 13 for epoch shifts of +0, +7, +14, +21, and +28 days. The
effects of the different positions of the gravitational bodies at each starting epoch are apparent in the
drift in baseline trajectories; however, the overall geometry of the original baseline is successfully
preserved.

The perturbed targeting problem outlined in Equation (15) is employed, where the final desired
position is the final position uniquely associated with each epoch-shifted baseline trajectory. For
each baseline trajectory across the 28 day survey, the basin width, measured via numerous targeting
simulations within the principal direction search strategy, and the basin metric, computed via state
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Figure 13. Sampling of Epoch-Shifted Baseline Trajectories

transition tensors for each baseline, are plotted in Figure 14. Again, the relative features present

Figure 14. Basin Width vs. Basin Metric for Epoch-Shifted Baselines

in the basin metric for each epoch-shifted trajectory mirror the features seen in the measured basin
width. All expansions and contractions of the basin width as the trajectory is offset in epoch are
represented in the basin metric. Local maxima in both basin width and basin metric occur for the
+7 and +18 day offset baseline trajectories, communicating that relatively large perturbations may
be accommodated. For the +14 and +25 day baseline scenarios, local minima occur in each basin
quantity, highlighting that targeting in the vicinity of these baseline solutions is especially sensitive
to perturbations.

CONCLUDING REMARKS

In space flight, foreknowledge of the convergence behavior along a pre-planned baseline trajec-
tory is critical to mission success. Traditional techniques to assess the ability of a targeting strategy
to correct for perturbations to a baseline trajectory, such as Monte Carlo simulations, contribute a
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substantial portion to the computational and scheduling requirements of the verification and vali-
dation stage of a mission. Additionally, the effectiveness of these discretization-based methods is
contingent on the proper refinement of points, which may require multiple attempts and numerous
simulations. To more efficiently quantify and characterize convergence behavior of a baseline solu-
tion, this work introduces a framework for defining the width of a convergence basin and proposes
the principal direction search method as a means of reducing the computational cost of numerically
measuring the basin. By combining information about the dynamical properties of the baseline tra-
jectory and the formulation of the targeting problem, this work then derives a metric associated with
the baseline itself and investigates the correlation of this metric to the numerically-measured basin
widths for trajectories within two different force models and regions of space.

In general, the behavior of the 2nd-order basin metric, γ, correlates strongly with the behavior
of the measured basin width. Though the basin metric does not directly predict the value of the
perturbation magnitude associated with the basin width, a relative assessment of the basin metrics
for a given set of baseline trajectories reflects the relative basin widths of these baselines. Since the
1st-order metrics analyzed in this investigation, such as the FTLE, are demonstrated to be insufficient
for predicting the major features of the convergence basin, a natural question arises about whether
metrics with information of orders higher than 2 may be beneficial. For the applications examined
in this investigation, there appears to be no additional benefit to exploring 3rd-order metrics, because
the plots of the 2nd-order basin metric, γ, capture the key features in the measured basin width plots.
The predictive measure of the convergence basin metric derived and introduced in this work lays a
foundation for methods to identify the relative convergence properties of design options, diagnose
convergence difficulties in existing designs, and model convergence behavior for onboard maneuver
planning.
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