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ENERGY AND PHASING CONSIDERATIONS FOR LOW-ENERGY
TRANSFERS FROM CISLUNAR TO HELIOCENTRIC SPACE
Kenza Boudad*, Kathleen Howell†, Diane Davis‡
In the next decades, multiple missions are proposed or planned that originate in
the vicinity of the Moon and are to be delivered to heliocentric space, such as
servicing missions to the Nancy Roman or the James Webb Space Telescopes, as
well as departures from Gateway to other interplanetary destinations. The EarthMoon-Sun transit dynamics are complex, primarily influenced by the Earth and
the Moon in cislunar space; the gravitational influence of the Sun becomes significant after departure from the Earth-Moon vicinity. The current investigation
leverages an Earth-Moon-Sun-spacecraft four-body model, that is, the Bicircular
Restricted Four-Body Problem, including dynamical structures in this regime such
as periodic orbits and manifolds, to design low-energy transfers from the cislunar
space to the heliocentric orbits near the Sun-Earth L1 and L2 portals.

INTRODUCTION
Transit between cislunar space and the region near the Sun-Earth L1 and L2 libration points offers many interesting opportunities. For example, the planned Gateway facility in cislunar space
is expected to serve as a steppingstone for missions to various destinations in the solar system,
such as Mars or an asteroid. Additionally, many space telescopes, including NASA’s James Webb
Space Telescope (JWST) and the Nancy Roman Space Telescope (NRST), as well as ESA’s Euclid
and PLATO telescopes, are planned to launch into Sun-Earth L2 libration point orbits in the next
decade. Finally, space weather observatory missions are also scheduled to launch in the 2020s; for
instance, ISRO’s Aditya-L1 is planned to join the SOHO, ACE, WIND and DSCOVR spacecraft in
orbits associated with the Sun-Earth L1 libration point. Access to heliocentric space from LEO, i.e.,
inside the Earth’s gravity well, requires a non-negligible ∆V maneuver cost. Note that part of this
departure cost, approximately 3,200 m/s and 3 months of travel time when the transfer is initiated
from a 200 km parking orbit around the Earth,1 is often assumed by the launch vehicle. However,
regular access to heliocentric space need not rely on such expensive departure scenarios. Both the
∆V and the time of flight can be decreased when the transfer is initiated from the lunar vicinity,
outside of the Earth gravity well. Transfers between the lunar vicinity and heliocentric libration
point orbits for less than 100 m/s of total ∆V are observed in previous investigations.1–3 These
low-cost transfers suggest the existence of natural dynamical pathways connecting the lunar vicinity to the heliocentric libration point orbits. This investigation extends previous work by Folta and
Webster2 as well as Boudad et al.3 by investigating the transit dynamics between the lunar vicinity
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and the Sun-Earth L1 and L2 libration point regions. The energy levels along the transit pathways
are investigated and the phasing of the connections with the lunar vicinity is explored. This investigation leverages a four-body model, the Bicircular Restricted Four-Body Problem (BCR4BP),
including various dynamical structures in this regime such as periodic orbits and manifolds to examine the natural pathways between the cislunar and the heliocentric regimes. A four-body model
allows smooth transitions between domains and the transit characteristics are generally preserved in
a higher-fidelity model.
DYNAMICAL MODELS
Two dynamical models are employed in this investigation. The Circular Restricted Three-Body
Problem (CR3BP)4 is an autonomous model approximating the Earth-Moon system dynamics. The
Bicircular Restricted Four-Body Problem (BCR4BP)5–7 is a time-dependent, periodic model describing the motion of a particle in the Earth-Moon-Sun regime. The BCR4BP is an intermediate
step between the CR3BP and a higher-fidelity, time-dependent, non-periodic ephemeris model.
The Circular Restricted 3-Body Problem
In the CR3BP, the motion of a spacecraft of negligible mass is subject to the influence of two
primary gravitational bodies, for example, the Earth and the Moon. The model assumes that the two
primaries are point masses in circular orbits about their common center of mass. The motion of the
spacecraft under the influence of the two primaries is described relative to a rotating frame moving
at a fixed rate consistent with the circular rotation of the primaries. By convention, the differential
equations governing the CR3BP are nondimensionalized. The characteristic quantities employed
include: (i) the Earth-Moon distance; (ii) the sum of the primary masses; (iii) a characteristic time
such that the nondimensional gravitational constant G̃ equals unity. The nondimensional equations
of motion are then
∗
∂U ∗
∂U ∗
ẍ = 2ẏ + ∂U
(1)
∂x , ÿ = −2ẋ + ∂y , z̈ = ∂z
where x, y, z (respectively, ẋ, ẏ, ż) are the position (respectively, the velocity) components of the
spacecraft expressed in the Earth-Moon rotating coordinates and derivatives as viewed by an observer in the rotating frame. The associated pseudo-potential function U ∗ is defined as
1
µ
1−µ
U ∗ = (x2 + y 2 ) +
+
2
re-sc
rm-sc

(2)

The quantities re-sc and rm-sc are the distances between the spacecraft and the primaries, and µ =
mm/(me +mm ) is the mass parameter for the Earth-Moon CR3BP system.
The equations of motion in the CR3BP do not admit a closed-form solution. However, five
equilibrium solutions, the libration points, exist and are denoted L1 through L5 . Stable and unstable
orbits in families, such as the L2 halo family, exist in the CR3BP. The CR3BP allows a single
integral of the motion, the Jacobi constant, evaluated as

C = 2U ∗ − ẋ2 + ẏ 2 + ż 2
(3)
This energy-like quantity limits the motion of the spacecraft to regions where the magnitude of the
rotating velocity is real and not a complex quantity. These regions are bounded by Zero Velocity
Surfaces (ZVSs). For values of the Jacobi constant greater than the one associated with the L1
libration point, the ZVSs form two closed regions around each of the primaries. As the energy
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along the spacecraft trajectory increases, the value of the Jacobi constant decreases until, at the L1
value, the ZVSs open at the L1 libration point, and the spacecraft is able to move from the vicinity of
one primary to the vicinity of the other. Similarly, when the value of the Jacobi constant decreases
to the value associated with L2 , the ZVSs open at L2 allowing escape beyond the vicinity of the
primaries entirely. The Jacobi constant is an energy-like quantity that bounds motion in the CR3BP.
Orbits of interest in this investigation include the Earth-Moon NRHO subset and the Sun-Earth
halo families of periodic orbits. The L1 , L2 , and L3 halo families are comprised of three-dimensional
periodic orbits in the CR3BP. The halo family of orbits bifurcate from each family of planar Lyapunov orbits associated with the collinear libration points. The halo orbits are mirrored across the
x-y plane: a northern family member possesses a positive z component over the majority of each
orbit, while the southern family members are defined by negative z components. The NRHOs are
a subset of orbits in the Earth-Moon CR3BP halo families. Zimovan et al.8 define bounds in the
Earth-Moon L1 and L2 halo families to define the NRHOs by their linear stability properties. For
a spacecraft orbiting in one of the selected NRHOs, the CR3BP is a good approximation for the
behavior of the trajectory.
The Bicircular Restricted 4-Body Problem
In scenarios where the gravitational influence of the Sun is non-negligible, a higher-fidelity model
is necessary to accurately describe the spacecraft behavior. The BCR4BP incorporates the gravitational effect of three massive bodies, for instance, the Earth, the Moon and the Sun, on the motion of
a spacecraft.5–7 The mass of the spacecraft is assumed to be negligible in comparison to the masses
of the other bodies. In this model, the Earth and the Moon are assumed to move in circular orbits
around their common barycenter, denoted B1 , while the Sun and B1 move in circular orbits with
respect to the Earth-Moon-Sun barycenter, labeled B2 , as denoted in Figure 1(a). The BCR4BP is
not a coherent model: the perturbing acceleration from the Sun does not influence the motion of the
Earth and the Moon, thus, the motion of the Moon is not a solution to the Sun-Earth CR3BP. Coherent bicircular models have been investigated previously,6 but are not necessary in this analysis. The
equations of motion in the CR3BP, in Equation (1), are extended to include the solar gravitational
influence as follows,
ẍ = 2ẏ +

∂Υ∗
∂x ,

ÿ = −2ẋ +

∂Υ∗
∂y ,

z̈ =

∂Υ∗
∂z

(4)

where Υ∗ is the pseudo-potential function in the BCR4BP and evaluated as
Υ∗ = U ∗ +

µs
µs
− 3 (xs x + ys y + zs z)
rs-sc as

(5)

rs
s
Then, µs = mem
+mm is the nondimensional mass of the Sun and as = re-m is the nondimensional
distance between the Earth-Moon barycenter and the Sun. Note that this adaptation of the BCR4BP
assumes the Sun moves in the Earth-Moon plane of motion. The Earth-Moon and Sun-B1 systems
can be modeled in different planes,7 but a planar model suffices for this application. The variables
xs , ys , zs are the position components of the Sun, originating at B1 , and expressed in terms of the
Earth-Moon rotating frame,
 

 

xs
cos(θ)
cos(−ω t + θ0 )
 ys  = as  sin(θ)  =  sin(−ω t + θ0 ) 
(6)
zs
0
0
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where the Sun angle θ is measured from the rotating x̂ axis to the Sun position vector as defined in
Figure 1(a), and ω = 0.9253 is the magnitude of the nondimensional angular velocity of the Sun as
viewed in the Earth-Moon rotating frame. This angular velocity is computed as the difference between the nondimensionalpmean motion of the Sun in the inertial frame centered at the Earth-Moon
barycenter, that is, nS = (1+µs )/a3s , and the nondimensional mean motion of the Earth-Moon system with respect to the same observer, n, that is, the value one. Observe that the independent time
variable, t, explicitly appears in the BCR4BP pseudo-potential through the Sun terms. Therefore,
the BCR4BP is time-dependent and does not admit an integral of the motion. However, a scaled
version of the Hamiltonian value in the BCR4BP is defined to be consistent with the Jacobi constant
in the CR3BP, i.e.,

H(θ) = 2Υ∗ − ẋ2 + ẏ 2 + ż 2
(7)
Note that the Hamiltonian value is a function of the Sun angle θ and, thus, a function of the independent time variable. Equation (7) relates nondimensional position and velocity states. Thus, similar
to the Jacobi constant in the CR3BP, the Hamiltonian, is a nondimensional metric. Equations (4) to
(7) describe the Earth-Moon-Sun BCR4BP as defined in the Earth-Moon rotating frame.
In scenarios where the spacecraft departs the Earth-Moon vicinity, its trajectory may be more
insightful when represented in the Sun-B1 rotating frame. The BCR4BP equations of motion are,
therefore, also derived in this frame. In the Sun-B1 rotating frame, the Sun and B1 are fixed, while
the Earth and the Moon are in circular orbits about their barycenter B1 , as illustrated in Figure
1(b). The Sun-B1 rotating frame is centered at B2 . The x̂-axis is directed from the Sun to B1 ,
the ẑ direction is aligned with the Sun-B1 orbital angular momentum direction, and ŷ completes
the right-handed orthogonal coordinate triad. (Note that underlined variables denote quantities in
the Sun-B1 rotating frame, while non-underlined variables describe quantities in the Earth-Moon
rotating frame). In terms of the Sun-B1 rotating frame, the positions of the Earth and the Moon
are uniquely described by the Moon angle, defined as the angle between the rotating x̂ axis and the
position vector from B1 to Moon, labeled r̄B1 m . The equations of motion for the BCR4BP in the
Sun-B1 rotating frame are derived as,
ẍ = 2ẏ +

∂Υ∗
∂x ,

ÿ = −2ẋ +

∂Υ∗
∂y ,

spacecraft
ẑ

z̈ =

∂Υ∗
∂z

ẑ

ŷ

ŷ
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Figure 1: BCR4BP as formulated in the Earth-Moon rotating frame (a) and in the Sun-B1
rotating frame (b).
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where Υ∗ is the pseudo-potential function defined in the Sun-B1 rotating frame,
1 − µs1+1
1 2
2
+
Υ = (x + y ) +
2
rs-sc
∗

1
µs +1 (1

− µ)

r̄e-sc

+

µ
µs +1

rm-sc

(9)

The equations of motion in the BCR4BP as formulated in the Sun-B1 rotating frame, in Equation
(8), represent the same dynamics as the equations of motion for the BCR4BP in the Earth-Moon
rotating frame, in Equation (4).
Consistent with the equations of motion in the CR3BP and the equations of motion for the
BCR4BP as formulated in the Earth-Moon rotating frame, the equations of motion describing the
BCR4BP dynamics in the Sun-B1 rotating frame are nondimensionalized. The characteristic quantities include: (i) the Sun-B1 distance; (ii) the sum of the Sun, Earth and Moon masses; (iii) a
characteristic time such that the nondimensional gravitational constant G̃ equals unity. The position
of the Earth and the Moon with respect to the system barycenter, B2 , are then defined as,
  µ


1 − µs1+1
− as cos(θ)
r̄e = r̄B1 + r̄B1 e = 1 − µs1+1  +  − aµs sin(θ) 
0
0
(10)




1−µ
1 − µs1+1
as cos(θ)

r̄m = r̄B1 + r̄B1 m = 1 − µs1+1 + +  1−µ
as sin(θ)
0
0
ω
is the nondimensional angular rate
where θ = π − θ = ωt + θ0 is the Moon angle, and ω = 1−ω
of the Earth and the Moon in their motion around their common barycenter B1 . Alignment of the
Sun, Earth, and Moon occurs every synodic period, that is, about 29.5 days. Similar to the BCR4BP
formulated in the Earth-Moon rotating frame, the Sun-B1 BCR4BP is a non-autonomous, periodic
system. Consistent with Equation (7), a scaled Hamiltonian value is defined in the Sun-B1 rotating
frame,

H(θ) = 2Υ∗ − ẋ2 + ẏ 2 + ż 2
(11)

Note that this value is a function of the epoch, i.e., the Moon angle θ. The equations of motion for
the BCR4BP as viewed in the Earth-Moon frame, in Equation (4), and the formulation in the SunB1 rotating frame, in Equation (8), describe the same dynamical system. Thus, trajectory design in
the BCR4BP leverages two sets of differential equations, i.e., Equation (4) and Equation (8), as well
as the rotation matrices to transform states from one frame to the other. The BCR4BP is a versatile
dynamical model for trajectory design in the Earth-Moon-Sun multi-body regime.
DESIGN FRAMEWORK
A framework is developed to design transfers from the lunar vicinity to heliocentric space. First,
a departure baseline orbit, the 9:2 synodic resonant L2 NRHO, is identified in the lunar vicinity.
Then, selected ranges of Sun-B1 L1 and L2 halo orbits are leveraged to approximate the flow in and
out of the Earth-Moon vicinity. Lastly, maps are computed to select initial guesses for end-to-end
transfers while incorporating energy and phasing considerations.
Reference Departure Orbit
The selected departure orbit in this investigation is the Earth-Moon 9:2 synodic resonant L2
NRHO as computed in the BCR4BP. The 9:2 synodic resonant L2 NRHO is a potential candidate baseline trajectory for a long-term facility near the Moon due its favorable eclipse-avoidance
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and stability properties.9 The 9:2 synodic resonant L2 NRHO as computed in the CR3BP, plotted in
black in Figure 2, is transitioned to the BCR4BP using continuation in the Sun mass parameter.10
Multiple 9:2 NRHOs exist in the BCR4BP;10 the orbit selected in
this investigation is the NRHO that allows the largest relative distance with respect to the Earth shadow and is colored in blue in
Figure 2. The period of the 9:2 synodic resonant L2 NRHO in the
BCR4BP is equal to exactly two synodic periods, or 9 orbital periods along the 9:2 synodic resonant L2 NRHO in the CR3BP. The
radius ranges corresponding to its nine perilunes (between 3,100
and 3,900 km) and apolunes (between 69,900 and 71,700 km) are
consistent with the values of the CR3BP 9:2 synodic resonant L2
NRHO. The Jacobi constant value remains constant along a periodic orbit in the CR3BP. Its counterpart in the BCR4BP, the Hamiltonian value, varies due to the variation of the Sun angle. For a
periodic orbit in the BCR4BP, the Hamiltonian value returns to its
Figure 2:
9:2 synodic initial value after precisely one orbital period. As a potential stagresonant L2 NRHO in the ing location to various destinations from the lunar vicinity, the 9:2
CR3BP (black) and the NRHO as computed in the BCR4BP is selected as the reference
BCR4BP (blue).
departure orbit in this investigation.
Reference Destination Orbits
There exist three subsets of the Sun-Earth L1 and L2 halo orbits that serve as the baseline SunB1 orbits for this analysis. This investigation focuses on transit to and from Sun-B1 northern halo
orbits that reflect a limited range of z component magnitudes, as plotted in Figure 3. In addition to
a higher associated energy-like value, i.e., a lower Hamiltonian value H, halo orbits with a larger
maximum z component magnitude possess a high inclination relative to the Sun-Earth-Moon plane
and are, thus, more challenging to access from the Earth-Moon vicinity.
The subset of the L2 Sun-B1 orbits considered in this investigation is composed of the L2 halo
family members with maximum z amplitude less than 225,000 km; these orbits are plotted in bold
in Figure 3. The L2 halo orbit with zero z amplitude in each family in Figure 3 corresponds to
the bifurcating orbit from the planar Lyapunov L2 family of orbits. The largest selected orbit,
i.e., the orbit with a maximum z amplitude equal to 225,000 km, presents dimensions similar to the
periodic/quasiperiodic orbits considered for the Nancy Roman Space Telescope.2 The subset of halo
orbits bounded by these two orbits (i.e., max amplitude of 225,000 km and the bifurcating Lyapunov
orbit) are denoted by the bold lines in Figure 3. The baseline L1 Sun-B1 orbits are constructed using
two different approaches. First, a subset of L1 halo orbits that possess the same range of maximum
z amplitudes are selected and plotted in bold in Figure 3(a). Note that the Jacobi constant values
along the L1 and L2 halo families evolve differently. Therefore, the iso-amplitude range along the
L1 orbits plotted in Figure 3(a) do not possess the same range of Jacobi constant values as their L2
counterparts. A second set of baseline L1 Sun-B1 orbits are constructed and these L1 halo orbits
do possess the same range of Jacobi constant values as the selected L2 halo orbits. Representative
orbits within this iso-energy range are plotted in bold lines in Figure 3(b). In this investigation, the
iso-amplitude orbits refer to the orbits highlighted in Figure 3(a), while the iso-energy orbits refer
to the orbits highlighted in Figure 3(b). (Note that the L2 set of orbits is common to both subsets.)
Orbital and geometrical characteristics for the selected orbit ranges are summarized in Table 1.
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(a) Iso-amplitude

(b) Iso-energy

Figure 3: Representative L1 and L2 halo orbits as computed in the CR3BP with maximum z
amplitude values between 0 and 1,000,000 km. Ranges of orbits with similar characteristics
are plotted in thicker lines.

Table 1: Characteristics of the selected ranges of L1 and L2 halo orbits in the CR3BP
max. z ampl. [km]
Jacobi constant C
Period [days]

L1 (iso-amplitude)
0 − 250, 000
3.000817 − 3.000831
177.80 − 177.89

L1 (iso-energy)
141, 500 − 262, 000
3.000812 − 3.000826
177.76 − 177.86

L2
0 − 250, 000
3.000812 − 3.000826
180.23 − 180.36

Representative orbits from each of the subsets defined in Figure 3 and Table 1 are transitioned to
the BCR4BP. An infinite number of periodic solutions, i.e, solutions that precisely repeat in all six
position and velocity states over every revolution, exist in the CR3BP.11 The BCR4BP is formulated
to represent a time-dependent, periodic system. Therefore, only isolated periodic orbits with specific
periods equal to a multiple of the lunar synodic period exist rather than families with continuously
varying periods.12 Gómez et al.5 and Boudad10 use a continuation method to transition synodic
resonant orbits from the CR3BP to the BCR4BP. While this approach presents many advantages,
it greatly restricts the number of periodic orbits available. Therefore, an alternative approach is
employed here: periodic orbits in the CR3BP are transitioned to reflect simply bounded motion in
the BCR4BP. Multiple revolutions of the periodic orbit from the CR3BP are ‘stacked’, discretized,
and corrected for continuity in the BCR4BP using a differential corrections scheme and the γcontinuation method.3 The γ-continuation method leverages a parameter, γ, to scale the EarthMoon distance in the Sun-B1 rotating frame, allowing continuation from the Sun-B1 CR3BP to
the BCR4BP as formulated in the Sun-B1 rotating frame. However, periodicity is not enforced:
the initial and final states along the corrected trajectory in the BCR4BP do not necessarily match.
Bounded motion in the BCR4BP in the vicinity of a CR3BP L2 halo orbit is plotted in Figure 4.
The L2 equilibrium point and its instantaneous E2 counterparts in the BCR4BP are denoted by red
dots and are indistinguishable at this scale. The BCR4BP set of instantaneous equilibrium points is
the collection of points that have instantaneously zero rotating acceleration and velocity for a given
Sun angle.7 Thirty revolutions, or approximately 15 years, of bounded motion near the CR3BP
halo orbit are produced in the BCR4BP. Note that the halo orbits leveraged in this investigation
are linearly unstable,3 thus, discretization of the trajectory and a numerical corrections scheme are
necessary to produce these long, bounded trajectories.
In this framework, transfers are constructed in reverse time, i.e., starting from the destination orbit
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(a)

(b)

Figure 4: Isometric (a) and side (b) views of the bounded BCR4BP motion (in orange) in the

vicinity of the L2 CR3BP halo orbit (in black) with max. z amplitude equal to 125,000 km
and working back to the departure orbit. Thus, states along a selected Sun-B1 orbit are propagated
backward in time to the lunar proximity. Maps of natural arcs that connect from the destination to
the lunar vicinity are constructed. Then, an additional arc is leveraged to connect the natural arc to
the departure state along the Earth-Moon 9:2 synodic resonant L2 NRHO. These two steps, the map
generation and the construction of the transfer, deliver an end-to-end transfer from the cislunar orbit
to the heliocentric orbit/space, and are detailed in the next sections.
Map Generation
Maps are generated to explore the dynamical flow between the selected range of Sun-B1 orbits
and the lunar vicinity. Recall that the bounded baseline motions are not precisely periodic orbits.
However, they are nearly periodic when considering only a single revolution along the orbit at a
time. Thus, the stable manifold directions are approximated (for flow toward the Sun-B1 halo orbits) and representative trajectories are computed along each revolution. Trajectories (propagated
backwards in time) that possess a perilune distance within 30,000 km of the Moon are recorded.
Additional filtering of the remaining trajectories is then applied: trajectories that present a Hamiltonian value, i.e., the energy-like quantity in the BCR4BP, that is below the block of Earth-Moon
Hamiltonian values corresponding to the E4/5 equilibrium points are excluded. This additional filter
removes trajectories with a high energy value in comparison to orbits in the lunar vicinity. Representative perilunes from trajectories corresponding to both the iso-amplitude L1 subset and the L2
subset are plotted as viewed in the Sun-B1 rotating frame in Figure 5(a), and colored as a function
of their associated Earth-Moon Hamiltonian values, H. Darker colors denote higher energy (lower
Hamiltonian) values and lighter colors indicate perilunes with lower energy (higher Hamiltonian)
values. Circle markers denote perilunes for trajectories leading to a Sun-B1 L2 orbit while diamond
markers denote perilunes along transfers to a L1 orbit. Recall that the diamond and circle markers
denote state vectors along trajectories propagated backwards in time from the Sun-B1 destination
orbits; each point is both a perilune state and within a sphere of 30,000 km radius around the Moon.
The lunar orbit is denoted by a black circle in Figure 5. A set of quadrants, centered at B1 in the
Sun-B1 rotating frame and labeled in Figure 5, is defined in a counterclockwise manner to facilitate the investigation of the net perturbing acceleration due to the Sun, or tidal acceleration.13 The
majority of the perilunes associated with trajectories leading to the L1 halo orbits are located in the
right half-plane (i.e., quadrants I and IV). Transfers that present a lower energy (higher Hamiltonian
value) at perilune correspond to the diamonds markers colored in light shades of green and blue,
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highlighted by the red dashed circle in Figure 5(a) and are located close to the rotating Sun-B1 +x
axis. A cluster of perilunes possessing higher energy (lower Hamiltonian value) is apparent near
the rotating +y axis, and are highlighted by the black dashed circle. In contrast, the majority of the
perilunes for natural arcs that lead to the selected range of Sun-B1 L2 halo orbits are located in the
left half-plane, that is, quadrants II and III. Similar to the transfers reaching the L1 side, low-energy
transfers, denoted by light green and light blue circles in Figure 5(a), are located near the rotating
−x axis, and are highlighted by the purple dashed circle. However, the higher energy transfers to
the L2 halo orbits are located near the rotating −y axis (dashed green circle). The perilune map in
Figure 5(a) indicates the perilune locations for trajectories flowing toward the L1 and L2 destination
orbits as oriented in the Sun-B1 rotating frame (i.e., the phasing of the trajectory with respect to the
Earth, the Moon, and the Sun), and the values of their associated energy-like quantities.

(a)

(b)

Figure 5: Perilune maps of trajectories leading to iso-amplitude Sun-B1 L1 (diamond marker)

and L2 halo orbits (circle marker), as viewed in the Sun-B1 rotating frame. The color of the
marker denotes the Earth-Moon Hamiltonian H in (a) and the minimum isochronous ∆H
with the 9:2 NRHO in (b).
A map that incorporates both the energy and the phasing differences for the arcs departing the
lunar vicinity with respect to the departure orbit, the 9:2 synodic resonant L2 NRHO, as computed
in the BCR4BP, is constructed and plotted in Figure 5(b). To produce this map, the minimum energy
difference at a specific Sun angle, ∆H min (θ), between the departure NRHO and the perilune states
that represent the departure arcs is introduced. Recall that the 9:2 synodic resonant L2 NRHO as
constructed in the BCR4BP possesses an orbital period equal to 2 synodic periods. Thus, for each
Sun angle θi , there are two distinct states along this NRHO: one at θi , and one at θi + 2π, that occur
at the same Earth-Moon-Sun configuration. However, the two states are not isochronous: they occur
one synodic month (or approximately 29.5 days) apart along the periodic orbit. Consider the EarthMoon Hamiltonian value, H, along the 9:2 synodic resonant L2 NRHO, plotted as a function of the
Sun angle, θ, in Figure 6. The Sun angle associated with each state along the 9:2 synodic resonant
L2 NRHO are wrapped between 0 and 2π. Thus, two separate blue curves are plotted in Figure
6: one line corresponds to the states along the NRHO that occur during the first synodic period
(0 ≤ θ ≤ 2π), and the other blue curve corresponds to the states that occur during the second
synodic period (2π ≤ θ ≤ 4π, wrapped between 0 and 2π). The perilunes and apolunes along
the 9:2 synodic resonant L2 NRHO orbit are denoted by red triangles and inverted red triangles,
respectively. Recall that the 9:2 synodic resonant L2 NRHO as computed in the BCR4BP consists

9

of 9 individual revolutions around the Moon. Apses occur at the same Earth-Moon-Sun orientation
states along the orbit: i.e., for each perilune, an apolune with the same Sun angle occurs 29.5 days
apart. To compare the relative energy between the NRHO and the manifold trajectories departing
from the Sun-B1 halo orbits, three perilunes associated with the manifolds are selected from Figure
5(a) and are plotted with diamond markers in Figure 6. The minimum energy difference for a given
Sun angle, ∆H min , is computed as

∆H min (θ∗ ) = sgn H∗ (θ∗ ) − H9:2 (θ∗ ) min H∗ (θ∗ ) − H9:2 (θ∗ )
(12)
where the ∗ subscript denotes quantities associated with the perilunes along the departure trajectories, i.e., the points on the map in Figure 5, and sgn(·) is the signum function. The ∆H min values
associated with the three selected perilunes are represented by the vertical lines in Figure 6. Note
that this minimum energy difference quantity is signed: ∆H min,1 is positive, while ∆H min,2 and
∆H min,3 are negative. The sign of ∆H min determines whether energy must be gained or lost in
order to connect the 9:2 synodic resonant L2 NRHO and the departure arc for this specific Sun angle. Positive ∆H min (H∗ (θ∗ ) > H9:2 (θ∗ )) implies that the perilune along the departure trajectory
has a lower energy than the 9:2 synodic resonant L2 NRHO state at the same Sun angle. Note the
small magnitude of ∆H min,2 : its associated line in Figure 6 is indistinguishable at this scale. The
minimum energy difference is a useful metric to measure the energy differences between departure
arcs and the 9:2 synodic resonant L2 NRHO, while considering their relative phasing.
The minimum energy difference for a given Sun angle is computed for all perilunes plotted in
Figure 5(a). The perilunes are plotted in the Sun-B1 rotating frame and colored as a function of
the ∆H min , as apparent in Figure 5(b). Markers colored in shades of white correspond to the
perilunes for transfers with an associated small magnitude for the quantity ∆H min . Trajectories
with an associated energy higher than the value along the NRHO at the same Earth-Moon-Sun
configuration, i.e., at the same Sun angle, are colored in shades of pink, while trajectories with a
lower associated ∆H min value are colored in shades of green. Clusters are identified as previously
apparent. Perilunes presenting a low energy difference with the 9:2 NRHO states at the same Sun
angle are predominantly located near the Sun-B1 rotating ±x axis (purple and red dashed circles).
Perilunes with an higher associated energy are primarily located off the Sun-B1 rotating ±y axis,
as denoted by the pink markers in Figure 5(b) and are highlighted by the black and green dashed
circles. Perilunes presenting a lower energy than the departure orbit state at the same Sun angle are
sparser and mainly correspond to transfers to the L1 halo orbits, as evidenced by the green diamond
markers in Figure 5(b). The perilune maps in Figure 5 inform the general structure of the natural
flow from the lunar vicinity to the Sun-B1 L1 and L2 halo orbits; these are leveraged to construct
initial guesses for transfers between lunar and heliocentric spaces.

Figure 6: Earth-Moon Hamiltonian as a function of the Sun angle.
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Transfer Generation
A strategy to construct an initial guess for an end-to-end transfer between the 9:2 synodic resonant
L2 NRHO and a Sun-B1 halo orbit is detailed. The first parameter is the selection of the destination
orbit: in this example, an L1 halo orbit with a maximum z amplitude of 225,000 km is identified.
This trajectory is consistent with orbits selected for solar weather observatory missions, such as the
WIND spacecraft.14 The perilune of a predetermined transfer to this L1 destination orbit is selected
and highlighted in Figure 7(a). The perilune is located in quadrant III, and its associated energy is
above the value associated with the state along the NRHO that possesses the same Earth-Moon-Sun
orientation. The minimum energy difference for this Sun angle value, plotted in Figure 7(b), is
approximately equal to −0.04.

(a)

(b)

Figure 7: Perilune of the sample initial guess to the 225,000 km amplitude L1 halo orbit,
as viewed in the Sun-B1 rotating frame (a). Hamiltonian value associated the initial guess
perilune as a function of the Sun angle θ (b).

The selected transfer is examined in configuration space. The departure orbit, the arrival orbit,
and the transfer are plotted as viewed in the Sun-B1 rotating frame in Figure 8(a). The lunar orbit
is plotted in gray and the perilune state from Figure 7(a) is denoted by a red diamond. The time of
flight between the perilune and the end of the trajectory along the L1 halo is approximately 280 days.
Note that this time includes some ’winding’ on the destination orbit and may not be representative
of the actual transfer time of flight. A close view of the trajectory near the Moon, as viewed in the
Earth-Moon rotating frame, appears in Figure 8(b). The departure orbit, the 9:2 synodic resonant
L2 NRHO, is plotted in blue. Note the generally close alignment of the trajectory in black and
the NRHO as viewed in the lunar-centered, Earth-Moon rotating frame. However, it is apparent
from Figures 7(b) and 8(a) that perilune along the transfer and the closest perilune along the 9:2
synodic resonant L2 NRHO are not at the same Sun-Earth-Moon orientation. Thus, a direct transfer
departing from the perilune along the 9:2 NRHO is not possible. Rather, a ’bridge’ arc is leveraged
to link the transfer trajectory and the departure state along the NRHO, as plotted in Figure 9. The
departure location from the NRHO is selected near perilune and is labeled ‘1’. The time of flight
along the bridge arc is approximately one and one-half revolutions along the 9:2 NRHO, that is,
approximately ten days. A second maneuver, labeled ‘2’ in Figure 9, allows a connection between
the bridge arc and the transfer arc plotted in Figure 8. After a differential corrections process, the
first and second ∆V maneuver magnitudes are approximately 20 m/s and 74 m/s, respectively. Thus,
a feasible guess for a transfer from the 9:2 synodic resonant L2 NRHO to the selected L1 halo orbit
is produced for a ∆V impulsive maneuver cost under 100 m/s.
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(a)

(b)

Figure 8: Sample initial guess in the BCR4BP to the 225,000 km amplitude L1 halo orbit, as
viewed in the Sun-B1 rotating frame (a) and the Moon-centered Earth-Moon rotating frame
(b). The departure orbit, the 9:2 synodic resonant L2 NRHO, and the destination are colored
in black. The perilune is denoted by the red diamond.

APPLICATIONS
Multiple samples of transfers trajectories to heliocentric destinations that represent different types
of geometries are explored. First, extending previous work,3 families of end-to-end transfers from
the 9:2 synodic resonant L2 NRHO to selected Sun-B1 L1 halo orbits are constructed by leveraging the method outlined previously. For a given phasing and similar ∆V maneuver magnitude
range, families of transfers to a selected L2 and its iso-energy L1 counterpart are obtained. Then,
the method is employed to create families of BCR4BP transfers from the 9:2 synodic resonant L2
NRHO to heliocentric space, both on the L1 and the L2 sides of the Earth.
Transfers to Sun-B1 Halos
Continuous end-to-end transfers in the BCR4BP between the 9:2 synodic resonant L2 NRHO and
a Sun-B1 halo orbit are constructed using a numerical scheme. The initial guess is selected from
the map of perilune samples in Figure 5(b). A maneuver departure location along the 9:2 synodic
resonant L2 NRHO is selected; a bridge arc is leveraged if the phasing between the departure state
and the perilune is not consistent with the selected perilune state. In this investigation, the differential correction schemes for the transfer generation are applied for states as represented in the
Earth-Moon rotating frame. However, recall that the dynamics in the BCR4BP as described by the
equations of motion in the Earth-Moon frame (Equations (4) and (5)) are identical to the behavior
modeled by the equations of motion in the Sun-B1 frame (Equations (8) and (9)). Boudad et al.3
employ numerical corrections on states represented in the Sun-B1 rotating frame; results in the current investigation are consistent within the specified numerical tolerance. The initial guess trajectory
is discretized into patch points to facilitate the convergence process. While a single-shooting algorithm is an acceptable alternative in certain scenarios, it generally fails for long transfers with close
passages of one or more primaries. Thus, a multiple-shooting scheme is selected for the numerical
corrections. The trajectory is corrected for continuity between consecutive patch points. Maneuvers
are allowed at the departure from the NRHO, at the insertion into the Sun-B1 destination orbit and,
when a bridge arc is used, at the connection between the bridge arc and the heliocentric part of the
transfer. The arrival location and epoch in the Sun-B1 halo orbit are fixed in the current implementation of the numerical scheme. The time of flight is not explicitly allowed to vary during the
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corrections process, but it is adjusted by modifying the departure location along the Earth-Moon
NRHO. Recall that the BCR4BP is a time-dependent, periodic model. Thus, adjusting the departure
state also changes the departure time and, thus, modifies the time of flight. Once a transfer satisfies the constraints within some specified numerical tolerance, families of transfers are produced
by continuing the numerical corrections along some parameter, such as departure location from the
NRHO.
End-to-end transfers from the NRHO to a Sun-B1 halo
orbit with maximum z amplitude equal to 225,000 km
are computed for different epochs. Representative transfers are plotted in Figure 10. Trajectories are colored according to the total ∆V, that is, the sum of the departure, arrival, and potential bridge maneuver magnitudes.
Transfers in Figures 10(a)-(b) possess a total ∆V ranging
from approximately 130 to 240 m/s. The insertion ∆V
varies from 7 to 30 m/s, while the bridge ∆V remains below 10 m/s. Transfers in Figures 10(c)-(d) possess a total
∆V ranging between 90 and 250 m/s. No bridge arc is
leveraged for constructing this family, and the insertion
∆V is ranges from 20 to 30 m/s. Thus, the majority of
the maneuver cost occurs at the NRHO departure for both
Figure 9: Bridge arc (in red) between
families of transfers. The initial epoch, i.e., the Earththe 9:2 synodic resonant L2 NRHO
Moon-Sun relative geometry at departure, is different for
(in blue) and the transfer trajectory
each group of transfers in Figure 10. Though the depar(in black) to the Sun-B1 L1 halo orture locations for both families, denoted by white dots in
bit, as viewed in the Earth-Moon roFigures 10(b) and 10(d) are all located in quadrant III, the
tating frame.
two families are separated in epoch by a synodic month.
The geometry of the departure from the Earth-Moon NRHO is also explored. The close vicinity of
the Moon in the Earth-Moon rotating frame is apparent in Figures 10(a) and 10(c). The departure
locations along the NRHO are denoted by white dots. The locations for the departure maneuver
are selected to occur after perilune, on the side of the NRHO with a positive rotating y component
for the transfers in Figure 10(a), and after apolune (states with a negative rotating y component) in
Figure 10(c). Note that no departure location is selected close to perilune; near this apse, higher
dynamical sensitivities present challenges in constructing consistent departures. The departure geometry in Figure 10(a) presents a sharp ‘turn’ after departing the NRHO; this behavior is consistent
with observations from previous contributions.3, 15 However, the departure arcs in Figure 10(c)
do not include this turn geometry; rather, they wind off from the NRHO. The tilted lobe around the
Moon could suggest some structures from a BCR4BP resonant 3:1 NRHO10 or from a higher-period
dynamical structure near the NRHO.16 Note that none of these transfers are optimized. Nevertheless, this investigation demonstrates that low-cost transfers leveraging natural arcs between between
the 9:2 synodic resonant L2 NRHO and Sun-B1 L1 halo orbits can be produced using dynamical
systems tools in the BCR4BP.
The evolution of the energy along the NRHO-to-halo transfer families is explored. Recall that
the BCR4BP does not admit an integral of the motion. Two time-dependent Hamiltonian values,
the Earth-Moon Hamiltonian value, H, and the Sun-B1 Hamiltonian value, H, are defined to be the
energy-like quantities in the BCR4BP. The Earth-Moon Hamiltonian values along the transfers in
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(a)

(b)

(c)

(d)

Figure 10: Two geometries of representative end-to-end transfers in the BCR4BP between the
9:2 NRHO and the Sun-B1 L1 halo orbit with maximum z amplitude equal to 225,000 km.
Transfers as viewed in the Sun-B1 rotating frame (a,c) and in the Earth-Moon rotating frame
near the Moon (b,d).

Figure 10 are plotted as function of time in Figure 11. The initial time is arbitrarily defined as the
initial time along the departure orbit, that is, the 9:2 synodic resonant L2 NRHO. The Hamiltonian
values associated with the departure and the arrival orbit, the L1 halo orbit with maximum z equal to
225,000 km, are plotted in blue. Note that the difference in the Hamiltonian values oscillations between the two periodic orbits. The oscillations along the Sun-B1 halo Hamiltonian values are much
larger than those along the Hamiltonian values associated with the Earth-Moon NRHO, since the
dimensions of the Sun-B1 halo are larger when represented in the Earth-Moon rotating frame. The
oscillations along the Sun-B1 halo Hamiltonian values also have a lower frequency due to the longer
orbital period of the orbit as compared to the 9:2 synodic resonant L2 NRHO. The Hamiltonian values associated with the transfers in Figures 10(a)-(b) are depicted in turquoise, and orange lines are
associated with the Hamiltonian values along the trajectories in Figures 10(c)-(d). The Hamiltonian
values depicted in Figure 11 accomplish the required change of energy naturally between the 9:2
NRHO and the Sun-B1 halo orbit. Two small discontinuities in Hamiltonian values are present, one
at departure from the Earth-Moon NRHO and one at arrival in the Sun-B1 halo orbit, as illustrated
in the inserts in Figure 11. These differences in the Hamiltonian values are labeled the ∆H dep
and ∆H arr , and correspond to the minimum ∆V maneuver magnitudes required to accomplish the
change in energy, without considering the velocity direction. The two families of transfers in Figure
11 share the same departure and arrival orbit, but they differ in phasing. The transfers from Figures
10(a)-(b) have a longer time-of-flight than the transfers from Figures 10(c)-(d); they depart earlier
from the NRHO and insert later into the Sun-B1 halo orbit. The correct transfer phasing is accom-
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Figure 11: Earth-Moon Hamiltonian values as a function of time along the trajectories plotted

in Figure 10. The blue lines denote the Earth-Moon departure and Sun-B1 arrival orbits.
plished differently along each family. Transfers (a)-(b) included a quick departure from the NRHO,
as observed in Figure 10(a), but spend some time in the Earth-Moon vicinity before inserting into
the Sun-B1 orbit, as apparent in Figure 10(b). Conversely, transfers (d) and (c) present a slower
departure from the lunar vicinity: note the extra lobes in Figure 10(c) and the longer ’flat’ orange
lines for the Hamiltonian values after departure in Figure 11. After departure from the lunar vicinity,
the trajectories in Figure 10(d) deliver a shorter time of flight before inserting into the Sun-B1 halo.
The analysis of the Earth-Moon Hamiltonian values along the transfers trajectories offer insight into
the changes in energy and phasing.
Energy and phasing of the transfer trajectories to two iso-amplitude Sun-B1 halo orbits are investigated. Two transfer families are plotted in Figure 12. The turquoises lines in Figure 12 denote the
transfers to the BCR4BP L1 halo orbit with a maximum z component magnitude equal to 225,000
km, while the purple lines denote the transfers to the BCR4BP L2 halo orbit with similar dimensions. The transfers are plotted in the Sun-B1 rotating frame in Figure 12(a); the left plot is a top
down view of the transfers and the right plot is an isometric projection. The departure and arrival
orbits are plotted in blue. The departure maneuver locations from the NRHO are highlighted by
the dotted circles in the top-down view Figure 12(a): the departure maneuvers for both families
of transfers are implemented in Quadrant III. Beyond the cislunar space, the geometry of the two
transfers is very similar: they both appear to be mirrored across the Sun-B1 rotating x axis. A close
view of the trajectories after the NRHO departure is plotted in Figure 12(b). The locations of the
departure maneuvers are both indicated by the red arrow; the maneuvers are implemented on the
positive Earth-Moon rotating y side of moon. Transfers to the L1 halo, colored in turquoise, quickly
depart the lunar vicinity. However, transfer to the L2 region, colored in purple in Figure 12(b), include two additional revolutions around the Moon before departing. This geometry may be related
to a higher-period orbit16 in the vicinity. The additional revolutions around the Moon possess a total
time of flight approximately equal to 15 days. After the extra revolutions, the phasing of the transfers with respect to the Earth, Moon, and Sun permits transit to the Sun-B1 L2 halo orbit. Note that
both transfer families exhibit the ’sharp-turn’ geometry, indicated by the blue arrow in Figure 12(b).
The evolution of the Earth-Moon Hamiltonian values along the transfers arcs is plotted in Figure
12(c). The two destination halo orbits do not possess the same Earth-Moon-phasing; since these
two orbits are sufficiently far from the perturbations caused by the individual orbital motions of the
Earth and the Moon, they are successfully constructed for a variety of phasing conditions. Note
that the selected destination orbits possess the same maximum z amplitude; thus, they do not pos-
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sess the same energy characteristics: the amplitude of the oscillations in Earth-Moon Hamiltonian
value along the L2 halo is slightly larger than the one associated with the iso-amplitude L1 orbit.
However, the total ∆V magnitude ranges for the two families of feasible transfers are very close:
between 131 and 244 m/s for the transfers to the L1 halo orbit and between 112 and 245 m/s for
the transfers to the L2 halo orbit. Two transfer families to two iso-amplitude halo orbits, originating
from similar locations along the 9:2 synodic resonant L2 NRHO, are produced for a similar ∆V
cost. Correct phasing is achieved for one of the transfer families with additional, post-maneuver
revolutions around the Moon.

(a)

(b)

(c)

Figure 12: End-to-end transfer families in the BCR4BP between the 9:2 NRHO and the Sun-

B1 halo orbit with maximum z amplitude equal to 225,000 km on the L1 side (turquoise)
and on the L2 side (purple) . Transfers as viewed in the Sun-B1 rotating frame (a) and in the
Earth-Moon rotating frame near the Moon (b). Earth-Moon Hamiltonian values as a function
of time along the trajectories (c).
Transfers to Heliocentric Space
Access to destinations beyond the Sun-B1 libration point orbits present many interesting opportunities. Such missions include safe disposal of discarded logistics modules or departure to various
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destinations in the solar system. Previous investigations15, 17, 18 examined departure from the 9:2
NRHO vicinity from the perspective of logistics modules disposal. This analysis extends this work,
leveraging bridge arcs to yield consistent disposal geometries. Note that the 9:2 synodic resonant
L2 NRHO is unstable in the linear sense: over time, any unmaintained object in such an orbit eventually departs due to the instabilities associated with the orbit. A separation maneuver speeds the
departure from the NRHO; but the effects of the maneuver on the spacecraft behavior depends on
the location, magnitude, and direction of the burn.18 To illustrate the sensitivities of the departure
geometry to various parameters that define the departure maneuver, consider Figure 13. Departure
states are selected close to one apolune of the 9:2 synodic resonant L2 NRHO as computed in the
BCR4BP. A ∆V maneuver with magnitude equal to 55 m/s is implemented in the rotating velocity
direction near apolune. In a previous investigation comparing departure maneuvers between 0 and
15 m/s in the rotating velocity, normal, and binormal directions, Davis et al.18 demonstrate that
the fastest departure from the 9:2 NRHO in the CR3BP are obtained for maneuvers in the normal
direction for burns near apolune. For departure maneuvers of larger magnitude (≥ 40 m/s), the velocity direction yields shorter departure as evidenced from the current investigation. The departure
trajectories as viewed in the Earth-Moon frame are propagated for six months and plotted in Figure
13(a). The trajectories are colored as a function of the time difference between the maneuver time
and the apolune time; shades of green correspond to trajectories occurring before apolune, shades
of red to trajectories with maneuvers after apolune. All the trajectories in Figure 13(a) depart the
lunar proximity in the rotating −x direction. However, the time spent in a NRHO-like motion, or
the number of revolutions around the Moon post-maneuver is not uniform across all the departure
trajectories. Thus, the phasing and energy along the departing arcs vary significantly, resulting in
the trajectories as viewed in the rotating Sun-B1 frame in Figure 13(b). Some trajectories escape
the Earth-Moon vicinity through the E1 or E2 portal, while a large number of trajectories remain
captured around the Earth-Moon barycenter, B1 , for the selected propagation time. Several trajectories, colored in yellow, orange, and red, include at least one Earth close flyby. The close vicinity of
the Moon is a dynamically challenging environment; sensitivities to the departure maneuver yield

(a)

(b)

Figure 13: Departures from 9:2 synodic resonant L2 NRHO near apolune for a 55 m/s ma-

neuver in the velocity direction, as viewed in the Earth-Moon rotating frame (a) and in the
Sun-B1 rotating frame.
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unpredictable results for disposals to heliocentric space.
Bridge arcs are leveraged to produce consistent BCR4BP trajectories that are delivered to heliocentric space after departures along sections of the 9:2 synodic resonant L2 NRHO. First, a disposal
trajectory from the NRHO with the desired characteristics (for instance, time of flight, maneuver
location and magnitude) is selected from the trajectories in Figure 13, or is constructed using transit information from Sun-B1 libration point orbits. Then, a location along this escape trajectory
is selected as the initial state for the heliocentric transfer. The location of this initial point for the
heliocentric transfer influences the geometry of the resulting bridge arc and the associated ∆V maneuver cost. In this analysis, the selection of this point is heuristic; further analysis is required to
refine its placement. The time of flight along the bridge arcs ranges from 16 to 21 days in Figure
14(a) and between 14 and 17 days in Figure 14(c). Two families of heliocentric transfers from the
9:2 synodic resonant L2 NRHO are plotted in Figure 14. In Figures 14(a) and 14(b), transfers to heliocentric space through the E1 portal are plotted, while transfers through the E2 portal are presented
in Figures 14(a) and 14(b). The maneuver locations are denoted by white dots and the end of the
bridge arc, i.e., the initial point along the heliocentric transfer is denoted by a black dot. The time
difference between the time of the maneuver relative to the apolune ranges from -50 hours to +20
hours, comparable to the maneuver locations in Figure 13. The ∆V maneuver cost varies between
40 and 85 m/s. Note the difference between Figure 13(b), where structures are difficult to identify,
and the controlled departure flow in Figures 14(b) and 14(d). Consistent departures to heliocentric

(a)

(b)

(c)

(d)

Figure 14: Families of BCR4BP transfers to heliocentric space originating near one apolune of
the 9:2 NRHO, as viewed in the Earth-Moon rotating frame (a,c) and in the Sun-B1 rotating
frame (b,d). Transfers transiting through the Sun-Earth E1 (a,b) and the E2 portals.
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space are constructed by leveraging a bridge arc to link the 9:2 synodic resonant L2 NRHO to a
heliocentric transfer.
Dynamical sensitivities remain along the bridge arcs linking the 9:2 synodic resonant L2 NRHO
to the heliocentric trajectories. The escape trajectories in Figures 14(a) and 14(c) are viewed in the
Earth-Moon rotating frame. The geometry of the first post-maneuver ‘revolution’ around the NRHO
is almost identical for both families; the two heliocentric transfers diverge after this loop. Recall
that both families are computed from the same apolune along the 9:2 synodic resonant L2 NRHO,
i.e., the transfers are constructed for the same Sun-Earth-Moon relative configuration. Thus, for the
same location along the NRHO and for a similar magnitude of ∆V maneuver, the direction of the
maneuver determines whether escape to heliocentric space is achieved through the E1 or E2 portal.
To explore the sensitivities to the departure maneuver direction, each component of the ∆V for the
transfers constructed in Figure 14 is projected onto the Earth-Moon rotating axes and are plotted
in Figure 15(a). The orange line represents transfers through the E1 portal, the yellow line denotes
the transfers through E2 , and the horizontal axis represents the maneuver time since apolune. Near
apolune, for the -10 to +10 hours range, the ∆V maneuver components along the Earth-Moon
rotating x̂, ŷ, and ẑ directions are nearly identical for both families of transfers. The difference
between the two transfers from the same location along the NRHO is of the order of 1 m/s. Thus,
any small thrusting maneuver delivery error potentially modifies the outcome of the disposal quite
significantly; one trajectory intended to depart the Earth-Moon system through the E1 gate could
actually depart through E2 , or not at all, when uncertainties in the maneuver execution are present.
Sensitivities to uncertainties are a fundamental component of the design of NRHO-to-heliocentric
transfers.

(a)

(b)

Figure 15: Components of the ∆V maneuvers along the transfers from Figure 14 as a function

of the time since apolune (a). Location and direction of the maneuvers, as viewed in the EarthMoon rotating frame (b).
CONCLUDING REMARKS
Many opportunities for regular transit between the lunar vicinity and heliocentric orbits will arise
in the near future, including servicing missions to space telescopes, departure to destinations beyond
the Earth-Moon vicinity, and safe disposal of various objects. This investigation extends a framework for designing such transfers within the Earth-Moon-Sun BCR4BP. Departure and arrival orbits
are transitioned from both the Earth-Moon CR3BP and the Sun-B1 CR3BP to the Earth-Moon-Sun
BCR4BP. Leveraging dynamical tools in the BCR4BP, trajectories representative of the natural flow
between the cislunar and heliocentric spaces are constructed. Phasing and energy differences with
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respect to the departure orbit are considered when constructing initial guesses for end-to-end transfers. A technique to bridge the departure orbit to a preselected heliocentric arc, thus mitigating
phasing discrepancies, is introduced. Two families of transfers between the 9:2 synodic resonant
L2 NRHO and a Sun-B1 halo orbit are computed. The transfers represent a range of departure and
arrival epochs, as well as geometries for the NRHO departure. Characteristics of transfers to L1 and
L2 at the same energy level are explored. The framework is extended to construct disposal trajectories to heliocentric space. As an application, transfers to heliocentric space through either the L1 or
the L2 portals are constructed, and the sensitivities of the maneuver directions are assessed.
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