67" International Astronautical Congress (IAC), Guadalajara, Mexico, 26-30 September 2016.
Copyright ©2016 by the International Astronautical Federation (IAF). All rights reserved.

IAC-16-C1.9.2

Orbit-Attitude Coupled Motion Around Small Bodies: Sun-Synchronous Orbits with Sun-Tracking
Attitude Motion

Shota Kikuchi®*, Kathleen C. Howell?, Yuichi Tsuda®, and Jun’ichiro Kawaguchi®

® Department of Aeronautics and Astronautics, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo, Japan,
113-0033, kikuchi.shota@ac.jaxa.jp

> School of Aeronautics and Astronautics, Purdue University, 701 West Stadium Avenue, West Lafayette, IN 47906,
howell@purdue.edu

¢ Institute of Space and Astronautical Science, Japan Aerospace Exploration Agency, 3-1-1 Yoshinodai, Chuo-ku,
Sagamihara, Kanagawa, Japan 252-0222, tsuda.yuichi@jaxa.jp

¢ Institute of Space and Astronautical Science, Japan Aerospace Exploration Agency, 3-1-1 Yoshinodai, Chuo-ku,
Sagamihara, Kanagawa, Japan 252-0222, kawaguchi.junichiro@jaxa.jp

* Corresponding Author

Abstract

The motion of a spacecraft in the proximity of a small body is significantly perturbed primarily due to the
irregular shape of the small body and solar radiation pressure. In such a strongly perturbed environment, the coupling
effect of the orbital and attitude motions has a large effect that cannot be neglected. However, natural orbit-attitude
coupled dynamics around small bodies that are stationary in both orbital and attitude motions have yet to be observed.
The present study therefore investigates natural coupled motion that involves both a Sun-synchronous orbit and Sun-
tracking attitude motion. This orbit-attitude coupled motion enables a spacecraft to maintain its orbital geometry and
attitude state with respect to the Sun without requiring active control. The proposed method can reduce the use of an
orbit and attitude control system, which reduces the weight of a spacecraft and prolongs the life time of the mission.
This study provides evidence that Sun-synchronous orbits with Sun-tracking attitude motion are feasible for small-
body missions and exhibit unique dynamic characteristics.
Keywords: Small body, Solar radiation pressure, Gravity irregularity, Sun-synchronous orbit, Sun-tracking motion,

Orbit-attitude coupled motion

1. Introduction

Rendezvous missions to small bodies, such as
asteroids and comets, have been of interest in recent
years. In such missions, the motion of a spacecraft
around a small body is strongly perturbed primarily due
to the irregular gravity field and solar radiation pressure
(SRP). These perturbations significantly influence both
the orbital and attitude motions of the spacecraft; thus,
the dynamical environment around a small body

completely differs from those around planets and moons.

To understand this unique environment, many previous
studies have analyzed orbital and attitude dynamics
around small bodies.

With regard to orbital motion around a small body,
gravity irregularity due to the oblateness of the body
and the SRP perturbation are the two predominant
perturbing forces, which can lead to significant changes
in orbital elements [1]. One of the classical approaches
to this problem is implementing Sun-synchronous
frozen orbits, for which the orbital geometries are
constant with respect to the Sun, as depicted in Fig. 1
(left). Previous studies have revealed that Sun-
synchronous orbits can be achieved when either or both
the oblateness effect and SRP perturbation are dominant
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[2 - 5]. Therefore, Sun-synchronous orbits are useful
options for small-body missions.

On the other hand, with regard to attitude motion
around a small body, most published studies focused on
the effect of higher-order gravity gradient (GG) torque
acting on a spacecraft as a result of gravity irregularity.
The attitude dynamics of a spacecraft subject to this
effect have been formulated and analyzed [6, 7], and the
attitude motion has been found to be affected by the
shape of the small body [8]. In addition to GG torque,
the torque due to SRP can also disturb the attitude of a
spacecraft, depending on the system [9]. For these
reasons, the attitude motion of a spacecraft around a
small body is strongly perturbed, resulting in complex
dynamics.

In the studies described above, the orbital motion
and the attitude motion of a spacecraft have been
analyzed independently, by assuming constant attitude
states or stationary circular orbits. However, these
motions are not independent in reality, such that there is
a dynamic interaction between them. For example, the
gravitational force and the SRP force are dependent on
the attitude of a spacecraft when the spacecraft is
modelled as a rigid body [10]. On the other hand, GG
torque is dependent on the position of a spacecraft with
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respect to a gravitational mass. With regard to multi-
body dynamics, past studies have analyzed the effects of
GG torque and SRP torque on libration point orbits in
the interplanetary region [11, 12]. Within the same
regime, further investigation has identified periodic
solutions of such orbit-attitude coupled motion [13].

Recent studies have revealed that such orbit-attitude
coupling effect also significantly impacts the motion of
a spacecraft around a small body [14 - 16]. It has
therefore been concluded that modelling the motion of a
spacecraft around a small body as orbit-attitude coupled
dynamics is necessary for precise analyses. However,
natural coupled dynamics that are stationary in both
orbital and attitude motions have yet to be identified.
Moreover, past studies regarding attitude motion around
small bodies have evaluated the attitude of a spacecraft
with respect to a small body [6, 8, 15], although attitude
motion with respect to the Sun can also significantly
affect real missions.

Therefore, the present study investigates natural
orbit-attitude coupled motion that involves both a Sun-
synchronous orbit and a Sun-tracking attitude motion, as
depicted in Fig. 1. Sun-tracking attitude motion is the
natural motion, by which the specific axis of a
spacecraft continuously tracks the direction of the Sun,
as implemented in the Hayabusa and Hayabusa 2
mission in the interplanetary region [17, 18]. The
proposed orbit-attitude coupled motion around a small
body enables a spacecraft to maintain its orbital
geometry and attitude state with respect to the Sun
without requiring any active control. Thus, the proposed
method is advantageous for solar power generation,
thermal design, and optical observation. Moreover, it

Fig. 1. Sun-synchronous orbit (left) and Sun-tracking
attitude motion (right)

Orbital motion (section 3)

- Lagrange planetary eq.
- Analytical analysis

. Coupled motion (section 5)
- Sun-synchronous orbit

- Hill eq. and Euler eq.
- Numerical analysis

- Sun-synchronous orbit with
Sun-tracking motion

Attitude motion (section 4)

- Linearized Euler eq.
- Analytical analysis
- Sun-tracking motion

Fig. 2. Research process
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can reduce the use of orbit and attitude control systems,
such as thrusters and reaction wheels, thereby reducing
the weight of a spacecraft, prolonging the life time of
the mission, and reducing the operational workload.

The present study was designed to develop general
theories behind achieving Sun-synchronous orbits with
Sun-tracking attitude motions around small bodies and
to verify the feasibility of such motions. Toward this
end, this paper is composed of three parts, as shown in
Fig. 2. First, the orbital motion is modelled as Lagrange
planetary equations, and the solutions of Sun-
synchronous orbits are solved. Second, the attitude
motion is modelled as linearized Euler equations,
considering the Sun-synchronous orbits obtained in the
first step, and conditions required to achieve Sun-
tracking motion are derived. Finally, the orbital and
attitude motions are propagated by numerical
integration, based on coupled orbit-attitude equations of
motion. Ultimately, it is demonstrated that a Sun-
synchronous orbit with Sun-tracking attitude motion can
be achieved via an orbit-attitude coupled system around
a small body.

2. Dynamic model
2.1 Spacecraft and small body model

The physical parameters for a spacecraft used in this
paper are given in Table 1. Although these parameters
are based on the Hayabusa 2 spacecraft [18, 19], which
was launched by JAXA in 2014, it is assumed that the
spacecraft has an axisymmetrical shape for simplicity.
Throughout this paper, the z axis of the spacecraft body-
fixed frame is regarded as the axis that should be
directed toward the direction of the Sun, that is, the
normal direction of solar array panels, for example. Cj,
C;, and C, are optical constants of the spacecraft
surface that correspond to the modes of specular

reflection,  diffuse reflection, and absorption,
respectively, which satisfy C; + C; + C, = 1.
Table 1. Spacecraft parameters
Item Symbol Value
Mass m 600 kg
Area A 13 m?
Moments of Inertia I, 1,1, 360,360, 480 kg - m?
CS-CM distance* [ 0.2m
Optical constants C,,C4,C, 0.1,0.1,0.8
CS: Center of SRP; CM: Center of mass
Table 2. Small body parameters
Item Symbol Value
Distance from the Sun d 1 AU
Mean diameter 1 km
Axis ratio Ry:Rp:R. 14:1.2:1
Density 2.6 g/cm3
Rotation period Trot 7 hr
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The physical parameters for a small body are given
in Table 2. The body is assumed to be moving in a
circular orbit, with a radius of 1 AU, around the Sun.
The body is modelled as a homogeneous triaxial
ellipsoid, with a mean diameter of 1 km, rotating
uniformly about the shortest axis. This rotation axis is
assumed to be perpendicular to the ecliptic plane. The
rotation axis can take any direction in general; however,
near Earth asteroids and main belt asteroids with small
diameters (< 30 km) show a lack of rotation axes close
to the ecliptic plane [5, 20]. Therefore, this assumption
regarding the rotation axis is reasonable for initial
analyses. The bulk density of the body is assumed to be
the same as the common value of a C-type asteroid [21].

2.2. Coordinate system
2.2.1 Definitions of coordinate systems

To describe the orbital and attitude motions of a
spacecraft, six different coordinate systems are used, as
shown in Fig. 3.

* Inertial coordinate: (x!,y, z")

The origin is at the center of the Sun. All axes are
fixed in the inertial space.

* Hill coordinate: (x,y", z)

The origin is at the center of a small body. The x
axis points in the anti-Sun direction, the z axis is
aligned with the angular velocity vector of the orbit of
the small body around the Sun, and the y axis completes
a right-handed Cartesian coordinate system.

* Small-body-fixed coordinate: (x58,ySE, z58)

The x, y, and z axes are fixed on the longest,
intermediate, and shortest axis, respectively, of the
small body. The z axis is identical to z* because of the
assumption given in the previous subsection.

Fig. 3. Coordinate systems
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* Sun-pointing coordinate: (x5F,y5?, z5F)

The origin is at the center of the spacecraft. The z
axis points in the Sun direction, the x axis is
perpendicular to the plane formed by x* and y*, and
the y axis completes a right-handed Cartesian
coordinate system.

* Spin-free coordinate: (x5F, ySF, z5F)

The origin is at the center of the spacecraft. The z
axis is fixed on the spacecraft, the x axis is
perpendicular to the plane formed by x5F and ySF, and
the y axis completes a right-handed Cartesian
coordinate system.

» Spacecraft-fixed coordinate: (x5¢, y5¢, z5¢)

The origin is at the center of the spacecraft. All axes
are fixed on the spacecraft and are aligned along the
principal directions. The z axis is identical to z5F.

From these definitions, the attitude of the spacecraft
can be expressed by Euler angles (¢, 6,1), considering
a 2-1-3 rotation sequence from the Sun-pointing
coordinate to the spacecraft-fixed coordinate. Because
the distance between the small body and the spacecraft
is sufficiently smaller than that between the Sun and the
small body, 8 and ¢ can be regarded as in-plane and
out-of-plane Sun angles with respect to the ecliptic
plane.

2.1.2 Transformations between coordinate systems

Let ‘u denote a 3-dimensional vector in an
arbitrary ¢ -coordinate system, and let 7C; denote the
rotational transformation matrix from an &-coordinate to
an n-coordinate system. Then, the rotational coordinate
transformation for the vector is expressed as "u =
"C:fu . The rotational coordinate transformation
matrices between some of the coordinate systems are
given in the following part. Here, the rotational
transformation matrices about the x, y, and z axes by an
angle ¥ are denoted as R, (9), R, (¥), and R,(¥).

When the rotation angle of a small body with respect
to the Hill coordinate is denoted by 8,,;, as shown in
Fig. 3, the rotational transformation from the Hill
coordinate to the small-body-fixed coordinate is given
by the equation below.

SBCH =R, (0r0) 1)
Let 6, and 6, be defined as

1

6, = tan"'—2—, 9, = tan~! — )
! d+x 2 d+x

where (x, y, z) denotes the position of the spacecraft in
terms of the Hill coordinate. Because x,y,z « d holds
in the proximity of a small body, the rotational
transformation from the Hill coordinate to the Sun-

pointing coordinate is given by the following equation:
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SPCy = R,(—0,)R,(—0,)R, (— E) R, (—)

=Re(=5)R:(3)

Considering a 2-1-3 rotation sequence with a
rotation angle set of (¢,0,0) , the rotational
transformation from the Sun-pointing coordinate to the
spin-free coordinate is expressed as follows:

FCsp = Ro($)R,(6) @

Considering a 2-1-3 rotation sequence with a
rotation angle set of (¢,0,y) , the rotational
transformation from the Sun-pointing coordinate to the
spacecraft-fixed coordinate is expressed as follows:

SCCSP = Rz(lp)Rx(¢)Ry(9) = Rz(ll))spcsp 5)

2.3 Gravity model

The gravity of a small body is calculated based on
an ellipsoid model. The gravitational coefficients C,,,
of its spherical harmonics expansion up to the fourth
order are defined by Eq. (56) in the Appendix. Using
these coefficients, the gravitational potential of a mass
element due to the zeroth-, second-, and fourth-order
gravity terms can be expressed as follows [7, 24]:

- *
GCoo ™ |R]
3( - R)? 1 1
Us,c,, = HCaoRS (5% - EW)
(a-R)*—(B-R)?
IR[>
35(y - R)*

15(y - R)?
UG,C4,k = ,l,lC40Rg (? |R|9 _T |R|7

+ﬂC22R§ * 3

31
+§W>
(105 {(a-R)?* - (B-R*}(ry-R)’
+uCyoRy (T IR[°

15(a - R)*—(B - R)?
2 IR )

(a-R)*'+(B-R*
IR|?

(a-R)*B- R)2>
IR|®

+uC, R (105

—630

(6)

Here, a, B, and y denote unit vectors along the longest,
intermediate, and shortest axes of the small body,
respectively, and R denotes the relative position vector
of a mass element with respect to the center of mass of
the small body, as shown in Fig. 4. R can be expressed
as follows:
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Small body

Fig. 4. Position of a spacecraft relative to a small body

R=r+p @)

where r is the relative position vector of the center of
mass of the spacecraft relative to that of the small body,
and p is the relative position vector of the element
relative to the center of mass of the spacecraft.

Considering the derivative of the gravitational
potentials with respect to R, the gravitational force and
the GG torque can be expressed by Egs. (8) and (9).

aUG C, aUG C aUG C
F — »Loo L2k Lak
G f R dm+m oR |, R . (®
=Fgco T Focoup + Foco + Fecy
aUG,COO aUG‘CZ
= ) —=00 X ——=1
Tee f p 3R dm + f P 3R dm ©)

=Teec0 T Toccy

These equations assume that the gravitational potential
up to the fourth order contributes to the force acting on
the spacecraft, while the potential up to the second order
contributes to the torque. In Eq. (8), the spacecraft is
treated as a point mass for the calculation of the
gravitational force due to the second- and fourth-order
terms. By contrast, the shape of the spacecraft is taken
into account for the force due to the zeroth-order term,
which means that the attitude of the spacecraft exerts
influence on the orbital motion, thereby causing the
gravitational coupling effect [14, 16]. The explicit
formulations of the terms described in Egs. (8) and (9)
are provided by Egs. (60) and (61) in the Appendix.

2.4 SRP model

In this study, the SRP acting on a spacecraft is
calculated based on a flat plate model. This plate is
perpendicular to the z5¢ axis. Then, the SRP force
acting on the spacecraft is given as follows [22]:

Fopp = —PA(n- s)

X {(Z(n -8)C, + Bde)n +(Cy+ Ca)s} (10)
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where n is a unit vector normal to the surface of the
spacecraft; s is a unit vector pointing from the
spacecraft to the Sun; By =2/3 is the Lambertian
coefficient; and P = P,/d? is the SRP acting on the
surface of the spacecraft, where P, ~ 1 x 107 kg -
m/s? is the solar flux constant [23]. As a result, the
SRP torque can be expressed by the equation below.

Tspp = Lspp X Fggp (11)

where Lggpis the position vector of the center of the
SRP relative to the center of mass, which is defined as
SCLspp = [0,0,L,]T. Note that the vector m is given
such thatn - s > 0 is satisfied.

Eg. (10) depends on the attitude of the spacecraft,
which causes the coupling of the orbital and attitude
motion of the spacecraft. This coupling effect due to the
SRP is usually much larger than the gravitational
coupling effect described in the previous subsection.

3. Orbital motion

In this section, Sun-synchronous orbit solutions are
solved by an analytical approach using Lagrange
planetary equations. Although not the major
contribution of this study, the derivation of the solution
is described for clarity of discussion in subsequent
sections.

3.1. Lagrange planetary equation

The largest gravity irregularity effect is due to the
C,o(= —J,) term, in general, which constitutes the
oblateness effect. The orbital motion of a spacecraft
subject to SRP perturbation and the oblateness effect is
expressed by the following averaged Lagrange planetary
equations [5]:

a=0
é = —Ksgpy 1 — e?(sinw cos Q + cos w sin Q cos i)
e

i= —KSRP\/__ezcoswsianini
. e . . sz .
0= _KSRP \/?EZSIH(U sin Q) + mCOSl —N
KSRP
w=——"—{(1—-e?)coswcosQ) —sinwsinQcosi}
eVl — e?
K 5
]2 2.
+—(—sm i— 2)
(1—e2)2\2
(12)

where (a, e, i, Q, w) denotes the set of orbital elements
defined in the Hill coordinate; N denotes the mean
motion of a small body; and K}, and Ksgp are functions
of the semi-major axis a, as follows:

3 \/ﬁczoRz 3|Fsppln=s |a
Ky, = E—Za SRP = E# p (13)
a2
IAC-16-C1.9.2

This section assumes that the attitude of the spacecraft
is always directed toward the Sun.

3.2. Sun-synchronous orbit solutions

Sun-synchronous frozen orbits can be achieved
when all of the derivatives of orbital elements described
in Eq. (12) are equal to zero. Several types of orbits are
known to satisfy this condition. The present study
investigates one of these orbits, called a near-polar
terminator orbit, because this type of orbit can avoid
solar eclipse and has relatively small eccentricity [5].
The orbital elements of near-polar terminator orbits can
be solved as follows:

a=free, e=fi(a), i=Ff(a),
T T

Q=+-, w=TF=
5 w +2

(14)

Here, f;(a) and f,(a) are implicit functions of the
semi-major axis obtained by solving the following
equations numerically:

K. ¢ =N
cosi =
SRP 1 — 62 (1 _ eZ)Z (15)
ﬁcosi —L(Esin2 i— 2) =0
eVl — e? (1—-e?)2\2

Table 3. Parameters of the Sun-synchronous orbit

Item Symbol Value
Semi-major axis a 2.2 km
Eccentricity e 0.1686
Inclination i 94.10 deg
Longitude of the ascending node Q -90 deg
Argument of periapsis ) 90 deg
Period T 19.09 hr
2, 2
)
£ —_
N1 £0
-2 A
3L
0 4 g 1
T2 40 1 0 1
Y [km] X [km] % [km]
2 2
1 11
g° O
N1 ol
-2 -2
-3 aL—
2 1 0 1 -2 10 1
y [km] x [km]

Fig. 5. Example of a Sun-synchronous orbit
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An example of a Sun-synchronous orbit is provided in
Fig. 5, and the parameters of the orbit are provided in
Table 3. The semi-major axis is given as 2 km, and the
eccentricity and inclination are solved from Eq. (15).
This result demonstrates that the solution of a Sun-
synchronous orbit actually exists, even when both the
SRP perturbation and the oblateness effect are
considered. Note that Fig. 5 simply shows an ideal
elliptic orbit that is not the result of orbit propagation.

4. Attitude motion
4.1. Linearized Euler equation

Attitude motion of a spacecraft observed in an
arbitrary ¢ -coordinate is expressed by the Euler
equations below.

dH

— =- XH+T
dtg @i

(16)
Here, d/dt|; represents the time derivative in the ¢-
coordinate system, and w;,, denotes the angular
velocity vector of an é-coordinate system relative to an

n -coordinate system. In addition, the angular
momentum vector H is defined as follows:
H = stc/l + h (17)

where h is an internal angular momentum vector of the
spacecraft provided by internal actuators, such as
reaction wheels. It is assumed that h has only the z
component in terms of the spacecraft-fixed coordinate,
which yields the equation below.

S¢h = SFh = 10,0, h,]" (18)
Throughout this paper, h, is specified as a constant
variable, which means that the spacecraft has constant
bias angular momentum with no feedback control. The
moment of inertia tensor I is a constant variable when it
is expressed in the spacecraft-fixed coordinate. It is also
constant when it is expressed in the spin-free coordinate,
if the spacecraft’s shape is axisymmetrical. Accordingly,
the moment of inertia tensor can be expressed as
follows:

L 0 0 L. 0 0
scy=10 1, 0], SF1=[0 I, ol (19)
0 0 I, 0 0 I,

where I = I, = I,. As a result, when it is expressed in
the spacecraft-fixed or spin-free coordinate, Eq. (16)
can be rewritten as the following equation:

deC/I

I
dt

= —wg; X (Iwse;; +h)+T  (20)
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To achieve Sun-tracking attitude motion, it is
essential to understand the dynamics regarding the in-
plane Sun angle 6 and the out-of-plane Sun angle ¢.
Thus, the attitude motion observed in the spin-free
coordinate is analyzed in this section. The equation of
attitude motion expressed in the spin-free coordinate is
given by the equation below (ref. Appendix A).

L$] [-UQ, +h)(6—N)
FOI=] @ +hyd |+ oo+ Tow
1,4, 0

(21)

where SFwgc /s = [0,0,9,]".

When GG torque due to the higher-order gravity
term is assumed negligible, T;; can be expressed as
follows, based on Egs. (9) and (61):

3u
TGG = —WTXIT

(22)
Position vectorSFr can be expressed with the orbital
elements as follows:

r
fr = R,(— QR (DR, (—w — f) [0] (23)
0

SF.r — SFCSPSPCHHT (24)
where r is also a function of orbital elements, which
satisfies the equation below.

a(l—e?)

= " ‘ 25

"1t cosf (25)

Because SFr is a function of the true anomaly f, 57T,

is a time-dependent variable. However, the GG torque

can be averaged over one period of the orbit around a
small body as given by the equation below.

_ 1r°
T = _f ST gedt
TJo

3 (26)
_@a- e?)z (2" SFTqe(f) d
T2 fo (1+ecosf)? f

where t denotes the orbital period. When the orbital
element parameters in Eq. (26) satisfy Eq. (14), which is
the Sun-synchronous frozen orbit condition, those
orbital parameters are constant, and “FT; is a time-
independent function. From Egs. (22)—(26), this
averaged GG torque has the following explicit form:
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1P+ c0 +cy

_ 3ull, — 1)
SFTGG = Z—r?, C2¢ + C39 + CS (27)
4a3(1 — e?)2 0
where

¢; = 2(—sin? isin? Q + cos? i)
¢, = —sin 2i cos ()
c3 = 2sin?icos 2Q (28)
¢4, = —sin 2i sin ()

cs = sin? i sin 2Q

It is important to reiterate that ¢ and 6 are assumed to
be small, such that Eq. (27) is linearized with respect to
¢ and 6. Using this small angle approximation, the SRP
torque can be expressed in the spin-free coordinate by
the equation below, based on Egs. (10)—(11).

¢
$FTggp = PAL(1 — Cy) [9] (29)
0

Considering z components of Egs. (21), (27), and
(29), Q, is a constant parameter. Given that the
spacecraft is a three-axis stabilized non-spinning
spacecraft, Q, = 0 always holds. Then, the following
two-dimensional differential equation is derived:

. . SFF SF
-6+ N Teex Tsrp x

I[‘?]=h[ . ]+[ _']+[ ] (30)
"lg § ¢ SFTGG,y SFTSRP,y

Based on this averaged linearized Euler equation,
dynamical characteristics of Sun-tracking attitude
motion can be well understood by several analytical
analyses, as shown in later subsections.

4.2. Torque field

The attitude motion of a spacecraft is composed of
low frequency motion called precession and high
frequency motion called nutation. In general, the time
dependence of precession is much smaller than nutation.
Therefore, when the nutation motion is ignored so that
only the precession motion is considered, the rates of
change in ¢ and 6 can be approximated as constant,
yielding ¢ = 6 ~ 0 [18]. This assumption can also be
made for the situation where the spacecraft is always in
pure rotation [9]. Then, Eg. (30) simplifies to the
following first-order differential equation:

. SF SF
0 h,N Teex Tsrp x

h’Z [ .:I - C + [ Ty ] + [ ' ] (31)
¢ [ 0 ] _SFTGG,y _SFTSRP,y

The first term of the right-hand side represents the
inertial torque due to the rotational motion of the
coordinate itself. The second and third terms correspond
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(c) SRP torque (d) Resultant torque
Fig. 6. Torque fields

to the GG torque and the SRP torque, which are
functions of ¢ and 6 given by Egs. (27) and (29),
respectively. Therefore, Eq. (31) expresses the velocity
field in the ¢-0 plane as the summation of the inertial
torque, GG torque, and SRP torque.

Fig. 6 shows the torque fields of these torques and
the resultant torque field expressed in the ¢-6 plane, in
which the origin corresponds to the direction of the Sun.
Inertia torque simply depends on the bias angular
momentum h, (not on ¢ nor @), as shown in Fig. 6a.
Fig. 6b shows the averaged GG torque applied on a
spacecraft moving in the Sun-synchronous orbit
provided in Fig. 5. The SRP torque has a concentric
torque field, the center of which is located at the origin,
as shown in Fig. 6¢c. As a result, the resultant torque
field, which is illustrated in Fig. 6d, can be obtained as
the superposition of the three torque fields. In this figure,
the bias momentum is given as h, = 2 Nms. Here,
magenta points in these figures represent equilibrium
points, where the torque is identical to zero.

As previously mentioned, Eg. (31) describes the
precession motion of a spacecraft. Therefore, Fig. 6d
implies that the spacecraft can always be pointed in the
Sun direction by precessing around the equilibrium
direction located close to the Sun, which means Sun-
tracking attitude motion can be achieved in this system.

4.3. Stability conditions of Sun-tracking attitude motion

The second-order differential equations in Eg. (30)
can be rewritten as the following first-order differential
equations:
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#1 [0 O 1 0 1[¢ 0
dlel_[o o o 1 ole|, 0
dt|¢ |1 G, 0 —h, /.|| Cy+ h,N/I,
6 C; C3 hy/ly 0 6 Cs
(32)
where
_ PAL(l - Cs) 3:“(12 B Ir)
- 7 - 3
I 4a3(1—e?)2l.  (33)
Ci=p+qc, C=qc,
Ci=p+qc;, Co=qc, Cs=qcs

Substitution of ¢ = 6 = ¢ = 6 = 0 into Eq. (32) yields
the following equilibrium solution:

_ CZCS - Cs(C4 + th/[r)

¢eq Cl C3 - CZZ (34)
9 _ _C1C5 + Cz(C4 + hZN/[T)
“ CiC3 — sz

This equilibrium point (¢eq, 6.,) is shown as the
magenta point in Fig. 6d. As shown in Eq. (34), the
position of an equilibrium point depends on the physical
parameters of the spacecraft and the small body, the
orbital elements, and the magnitude of bias angular
momentum.

The stability of the motion around an equilibrium
point, which can also be regarded as the stability of the
Sun-tracking attitude motion, is analyzed based on the
following characteristic equation:

M4+al>+p=0 (35)
Here, A represents the eigenvalues of the 4 x 4 matrix
in Eq. (32), and a and S are defined as follows:

2

= (';—) (G, +Cy)

r

B =0CC—C3

(36)

Given the form of Eq. (35), the Sun-tracking motion
exhibits stability only when the eigenvalues have two
conjugate pairs of pure-imaginary values, as expressed
by the following condition:

a’—48>0 and ¢ >0 and 8> 0 (37)

The necessary and sufficient conditions of Eq. (37) can
be expressed by the two inequalities below.

6163 - CZZ > 0
hZ > 17«\/61 + Cg + 2 6163 - 622

IAC-16-C1.9.2

(38)

(39)
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Fig. 7. Stability of an equilibrium point

Eq. (38) is a condition regarding the formulations of the
GG torque and the SRP torque. This inequality indicates
that an equilibrium point must be stable to ensure the
stability of the Sun-tracking attitude motion. In other
words, the flow of a torque field must not be divergent.
Fig. 7 shows examples of a stable equilibrium point,
which satisfies C;C; —C? >0, and an unstable
equilibrium point, which satisfies C;C; — CZ < 0. As
illustrated in these figures, the stable case corresponds
to a center point and the unstable case corresponds to a
saddle point. Note that Fig. 7 depicts an example of
torque field assuming an arbitrary orbit, but not a Sun-
synchronous orbit. Eqg. (39) is a constraint on bias
angular momentum, which expresses that the magnitude
of momentum must be sufficiently large to achieve
stable Sun-tracking attitude motion. Given the system
and the Sun-synchronous orbit specified using the
parameters provided in Table 1 — Table 3, the solution
to Eq. (39) is h, > 0.115 Nms. It appears that this
constraint is realistic, given the example of the
Hayabusa 2 spacecraft, which is operated with a
nominal angular momentum of h, = 3.09 Nms [18].

When an equilibrium point is stable and a spacecraft
possesses sufficient bias angular momentum, the Sun-
tracking motion is stable, and the eigenvalues can be
expressed as follows:

A= tiw,, Tiw, (40)

Here, w,, is the frequency of precession motion, and w,,
is the frequency of nutation motion, which are
calculated as follows:

o = a—.Ja?—4p o = /a+w/a2—4,8 (41)
12 2 ’ n — 2

5. Coupled orbit-attitude motion
5.1. Hill’s equation and Euler equation

Orbital motion is analyzed by introducing the
Lagrange planetary equation in Section 2, and attitude
motion is analyzed by introducing the linearized Euler
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equation in Section 3. Although these models allow
analytical analyses to understand the dynamics behind
the orbit-attitude coupled system, they are formulated
with approximations that involve linearization and
averaging. Therefore, in this section, a non-linear orbit-
attitude coupled equation of motion is derived for more
precise analyses to verify the validity of the analytical
solutions obtained in the previous sections.

The orbital motion of a spacecraft in the proximity
of a small body moving in a circular orbit around the
Sun can be modelled using Hill’s equation below [23,
26].

mi + 2mwy;; X ¥ + mwy ) X (@) X 1) “2)

=m|wy,|*3(d-1r)d — 1) + F; + Fspp
where d is a unit vector pointing from the Sun to the
small body. This equation is expressed in the Hill
coordinate as follows:

X
m [yl =m
VA
The gravitational force #F,; and the SRP force #Fgzp
are calculated from Egs. (8), (10), and (60), which
incorporate the effect of the spacecraft’s attitude.
On the other hand, the attitude motion of the
spacecraft is modelled by Eq. (20), and the motion

observed in the spacecraft-fixed coordinate can be
expressed by the equation below.

2Ny + 3N2x
—2Nx
—N?z

+HF; + HFgrp  (43)

Lewy (Iy - IZ)wywz - hzwy
Loy =, - [)wyw, + ho, | + SCTGG + SCTSRP
I,w, (I, — I, ) wyw,

(44)

where g/ = [0y, wy, wz]T. The GG torque 5°T
and the SRP torque STy, are calculated from Eqgs. (9),
(11), and (61). Because the GG torque depends on the
position of the spacecraft relative to the small body, Egs.
(43) and (44) form coupled orbit-attitude equations of
motion.

Considering a 2-1-3 rotation sequence from the Sun-
pointing coordinate to the spacecraft-fixed coordinate
with an Euler angle set of (¢, 6,vy), the relationship
between angular velocities and Euler angles can be
expressed as follows (ref. Appendix B):

é Wy COSY — w,, siny
0| =| (wxsiny + w, cosy)secp + N
Y (wysiny + w,, COS Y)tan¢ + w,

(45)

Then, Egs. (43)—(45) and the relationship between
position and velocity provide a total of twelve equations,

IAC-16-C1.9.2

such that the following twelve variables can be obtained
using numerical propagation:

(x,9,2,%,9,2,¢,0,9, wy, 0y, w,) (46)

5.2. Propagation of orbit-attitude coupled motion

The simulated results obtained for orbit-attitude
coupled motion are provided in Fig. 8 — Fig. 10. These
results show the coupled motions of a spacecraft
orbiting in the Sun-synchronous orbit shown in Fig. 5,
which satisfies the stability condition given by Eqg. (38).
The simulations are performed for different bias angular
momentum values, which are h, = 2, 0.25, and 0.04
Nms. The former two cases satisfy the stability
condition given by Eq. (39), while the last case does not
satisfy this condition. These motions are propagated for
100 days.

Fig. 8 demonstrates that a Sun-synchronous orbit
with Sun-tracking attitude motion can actually be
achieved if a spacecraft has sufficient bias angular
momentum. Fig. 8a illustrates the orbital motion in the
Hill coordinate. It can be observed from this figure that
the orbital shape and geometry remain constant, and
thus, this orbit is Sun-synchronous. Fig. 8b contains a
visual representation of the attitude trajectory in the ¢-
0 plane, in which the origin corresponds to the Sun
direction. This figure indicates that the spacecraft is
always directed toward the Sun, with a slight oscillation
of several degrees around the equilibrium point. The
blue arrows in Fig. 8b represent the torque field
calculated from Eq. (31). This result demonstrates that
the precession motion of the spacecraft varies along the
flow of the torque field. As observed from the enlarged
view in the red box, the nutation motion also appears as
a trajectory with many loops, and it is winded mainly
because of the variation in GG torque. Fig. 8c gives the
history of the spin phase v, and, as depicted, the phase
varies less than 5 deg over 100 days.

These observations indicate that the proposed
method to implement both a Sun-synchronous orbit and
Sun-tracking motion is feasible even when the
dynamical system around a small body is strongly
perturbed and coupled. Moreover, the result
demonstrates that the analytical solutions obtained in
Section 2 and 3 are valid approximations describing the
dynamics of the complex system. It is also important to
reiterate that the bias angular momentum is kept
constant in this simulation, and no feedback control is
applied. Thus, implementation of the proposed method
is expected to be simple.

Fig. 9 shows a case in which bias angular
momentum is smaller than the previous case. Although
the stability condition given by Eq. (38) is still satisfied,
the attitude motion is less stable, as shown in Fig. 9b.
Incidentally, the positions of equilibrium points differ

Page 9 of 15



67" International Astronautical Congress (IAC), Guadalajara, Mexico, 26-30 September 2016.
Copyright ©2016 by the International Astronautical Federation (IAF). All rights reserved.

2 2
1
1
_— D f—
E
5_1 E, 0
N >
2 A
3L
2 47 -2
0 1
-1 0 40 1
y [km] X [km] x [km]
(a) Orbital motion
5
4
3
2
1
o
30
s
-2
-3
-4
5

0 20 40 60 80 100
t [day]

(c) Attitude motion: spin phase

Fig. 8. Orbit-attitude coupled motion, h, = 2 Nms

between Fig. 8b and Fig. 9b, because these positions
depend on the magnitude of bias angular momentum.

When the magnitude of angular momentum further
decreases and the stability condition given by Eq. (38) is
violated, orbit-attitude coupled motion becomes
unstable. Fig. 10b illustrates that Sun angles ¢ and 6 are
no longer close to zero. This unstable attitude motion
causes large variations in the SRP force applied to the
spacecraft, resulting in the divergence of orbital motion,
as shown in Fig. 10a. This observation implies that, in
order to achieve a Sun-synchronous orbit with Sun-
tracking attitude motion, it is essential to fulfill certain
initial conditions regarding both the orbital and the
attitude motion.

5.3. Frequency analysis of orbit-attitude coupled motion

A Sun-synchronous frozen orbit is not a periodic
orbit, in the strict sense, but is rather quasi-periodic.
This is because the orbit is subject to periodic
perturbations, which are not considered in the averaged

IAC-16-C1.9.2
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Fig. 9. Orbit-attitude coupled motion, h, = 0.25 Nms

Lagrange planetary equation [2]. Moreover, when
coupling effects are considered, the periodicity of
orbital motion is affected by the frequency of attitude
motion, and vice versa. Consequently, both the orbital
and the attitude motion consist of multiple frequency
components, making it difficult to characterize those
motions using only the time-domain history.

Therefore, to identify the characteristics of orbit-
attitude coupled motion, frequency analysis is
performed using discrete Fourier transform (DFT). In
previous research, DFT has been used to deduce
fundamental characteristics (for example, the stability)
of quasi-periodic orbits [26, 27]. This analysis method is
an effective numerical approach with low computational
cost. By applying the same approach to the present
study, the frequency components of coupled motion can
be extracted from the propagated discrete data.

Let u denote an arbitrary state variable regarding the
orbit-attitude coupled motion. Then, this variable can be
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Fig. 10. Orbit-attitude coupled motion, h, = 0.04 Nms

decomposed into multiple frequency components as
follows:

Nprr—1

U = z Agelkti (= 0,1,..,Npsr — 1) (47)
k=0

where

2m _ Tprr . (48)

Wi

)’

= ] =
TDFT NDFT

Here, Nppr denotes the number of sample points, and
Tprr denotes the total time span. Then, the amplitude
A, of the corresponding frequency w, is obtained by
the following DFT calculation:

Nprr—1

D weT (k= 0,1, Nopr = 1)

j=0

A, =
g NDFT

(49)
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Fig. 11. Frequency analysis of orbit-attitude coupled
motion

An example result of DFT analysis is shown in Fig.
11. Fig. 11a provides the time history of the in-plane
Sun angle ¢ when h, = 0.25 Nms, which corresponds
to the simulation shown in Fig. 9. It can be observed
from this figure that the attitude angle varies with
multiple frequencies. When DFT is applied to this time-
domain history, Fig. 11b is obtained as the frequency
spectrum. This figure illustrates frequencies w,, of the
attitude motion, and their magnitudes |A,|. In this
computation, Nppr = 22° and Tprr = 100 day. Among
the multiple peaks appearing in Fig. 11b, the three
major peaks correspond to the following: the frequency
of precession motion w,,, which is given by Eq. (41); the

Page 11 of 15



67" International Astronautical Congress (IAC), Guadalajara, Mexico, 26-30 September 2016.
Copyright ©2016 by the International Astronautical Federation (IAF). All rights reserved.

frequency of nutation motion w,,, which is given by Eq.
(41); double the mean motion n, which is calculated
numerically by detecting the spacecraft crossing the x- z
plane. Other peaks in the figure are expressed as
combinations of w,, w,, n, and w,,. . Here, w,o =
2n /T, is the rotational spin rate of the small-body.
This result implies that the propagated motion contains
both orbit-related and attitude-related frequency
components, due to the coupling effect. The result also
indicates that, although the strongly perturbed orbit-
attitude coupled dynamics exhibit complex behavior,
the motion can be characterized by analytical theory.

5.4. Dynamic environment around a small body

The simulation results presented in the previous
subsections imply that the orbit-attitude coupling effect
influences the motion of a spacecraft around a small
body. This subsection provides a more detailed analysis
and reveals which forces or torques acting on a
spacecraft are dominant.

Fig. 12 provides the magnitudes of forces and
torques applied to the spacecraft during a single orbital
period. This figure corresponds to the simulation
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(b) Torque history

Fig. 12. The forces and torques acting on the spacecraft
during one orbital period, h, = 2 Nms
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illustrated in Fig. 8, which is a stable case. Here, C,,,,
represents the gravitational force/torque due to the
corresponding spherical harmonics coefficient. Fig. 12a
shows that the zeroth-order gravitational force is the
largestt. The SRP force and the second-order
gravitational forces, both of which substantially perturb
the orbital motion, have almost the same order of
magnitude. As observed from the figure, the fourth-
order gravitational forces, the solar tidal force, and the
gravitational coupling effect are much smaller. On the
other hand, Fig. 12b shows that the SRP torque and the
GG torque due to the zeroth-order gravitational term are
dominant. The second-order GG torque has a magnitude
that is approximately 1-10% of those of the major
torques, while the GG torque due to the solar gravity is
negligible.

Fig. 13 shows forces and torques histories of the
simulation illustrated in Fig. 10, which is an unstable
case. Comparing Fig. 12a and Fig. 13a, it is apparent
that the variation in SRP force is much larger in the
unstable case. This variation is caused by unstable
attitude motion, as shown in Fig. 10b, and causes
unstable orbital motion, as shown in Fig. 10a.
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Fig. 13. The forces and torques acting on the spacecraft
during one orbital period, h, = 0.04 Nms
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These results show that the motion of a spacecraft
around a small body is perturbed by both SRP and
gravitational effects. Moreover, via these perturbations,
the orbital and attitude motion are coupled and
significantly influence each other. The important point
is that even in such a complex system, stationary orbit-
attitude coupled motion can be achieved without active
control if the initial conditions of orbital and attitude
motion are designed properly.

6. Conclusions

The motion of a spacecraft in the proximity of a
small body is significantly perturbed by the solar
radiation pressure (SRP) and the gravity irregularity. In
such a strongly perturbed environment, the coupling
effect of the orbital and attitude motion exerts a large
influence and can cause divergence of these motions. To
solve this problem, the present study investigated the
implementation of Sun-synchronous orbits with Sun-
tracking attitude motion.

First, the orbital and attitude motion were analyzed
separately, and the conditions to achieve Sun-
synchronous orbits and Sun-tracking attitude motion
were investigated. Although the coupled system is
complex, analytical solutions of the proposed motion
were successfully obtained by applying averaging and
linearization. Next, the orbit-attitude coupled motion
was propagated based on more precise non-linear
equations of motion. This step demonstrated that if the
initial conditions of orbital and attitude motions are
given properly, both a Sun-synchronous orbit and Sun-
tracking attitude motion can be achieved without
requiring any active control.

These novel orbit-attitude coupled dynamics can
reduce the use of orbit and attitude control system,
thereby reducing the weight of a spacecraft and
prolonging the life time of the mission. It is therefore
concluded that the proposed natural orbit-attitude
coupled dynamics is feasible and useful for real small-
body missions.
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Appendix A: Derivation of Eq. (21)

Considering a 2-1-3 rotation sequence from the Sun-
pointing coordinate to the spin-free coordinate with an
Euler angle set of (¢,0,0), the angular momentum
vector can be expressed as follows, according to the
kinematic equations [9]:

9 ¢
SFwgpsp = 0cosp | =g (50)
—@sin¢ 0
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Here, it is assumed that ¢, 8 « 1, which means that the
z axis of the spacecraft-fixed coordinate points very
closely in the Sun direction. Under this assumption, the
following equation holds from Eq. (4):

0

—-N
0

(51)

SF _ SFp SP -
Wspy; =" Csp™ Wspyp =

where N denotes the mean motion of the revolution
orbit of the small body around the Sun, and thus,
SPwsp,; = [0,—N,0]" . From Egs. (50) and (51), the
following equation can be obtained:

SFwgp = Fwspisp +Fwsp =g - N (52)
0

Letting Q,denote the angular velocity of the spacecraft-
fixed coordinate relative to the spin-free coordinate
yields SFagc,sr =[0,0,Q,]T . Then, the following
equation is obtained from Eq. (52):
¢
SFwse)r = wscisp +Fwsp = |6 - N (53)
Q,

From Egs. (20), (52), and (53), the attitude motion
observed in the spin-free coordinate can be expressed in
the same coordinate by Eq. (21).

Appendix B: Derivation of Eq. (45)

Considering a 2-1-3 rotation sequence from the Sun-
pointing coordinate to the spacecraft-fixed coordinate
with an Euler angle set of (¢,0,y), the relationship
between angular velocities and Euler angles can be
expressed as the equation below [9].

¢ = @, cosy — @, siny
6 = (@, siny + @, cosP) sec (54)
P = (Gx siny + @, c051/)) tan¢ + @,

T . .
where SCwgc /gp = [@,, @), @,] . Considering angular
velocity vectors among the inertial, Sun-pointing, and
spacecraft-fixed coordinate, the following equation
holds:

SC“’SC/SP = SC“’SC/I —CCsp SPwSP/I
@y = wy + N cos ¢ siny
&< @y, =w, + Ncospcosyp
@, = w, + Nsin¢g

(55)

Then, substitution of Eq. (55) into Eq. (54) yields Eq.
(45).
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Appendix C: Explicit forms of forces and torques
The spherical harmonics coefficients are defined as
follows [23]:

Cy = 10R2 {2RZ — (RZ+RD)}, Cpp = WR‘ZI(R‘ZI - R})
5 5 5
Coo = 7(C20 +2C3), G = ;Czoczz’ Coy = %sz
(56)

Considering the vector form of the Taylor series, the

where

62
Vi) =0k (58)
R=r

v =2

When the approximation expressed by Eq. (56) is
applied to Egs. (8) and (9), and higher-order terms are
neglected, the explicit forms of forces and torques are
derived by Egs. (60) and (61). Here, the moment of
inertia tensor is defined by the equation below.

following equation can be derived:
geq 1= [ pPE - pp"ydm (59)
f(R)=f(r+p)
1 T2 (57)
= f(r) +Vf(r) ptopV f@p
mp
FG'COO = _Wr
3u 3 u 15 -
FG,Coup |T|51r Eﬁtr(l)r'k_w(r IT)T
15(y - r)? y-r 31
— 21— R
Foe, = m,uCZORa( 2 1T r+3 BB Y+ 2 |T|5r
(a-1r)?— (B 1)? a-r [} T
2 _
+myszRa< 15 Bl r+6 BB a— |T|5 B
F  uC R 315 (y - r)* 35(y 1) 105 (y - r)? 15y -r 15 1
6w = MHEa0la | =g T T T p & P2t e
945 {(a - 1r)* — (B -1}y - 1)? (a-r)(y-1)? (60)
4f 722 = A 7
+mucCyu,R, < > BE r+ 105 i
B-r)(y-1r)7 {la- =B -MN3{y-1)
1055 T—— B + 105 T Y
105 (a - 1)? — (B - 1)? a-r B-r
T |1'|9 - 15_'1"7 a+ 15_|T'|7 B
(a-m)*+ (B -r)*—6(a-r)?B-r)? (a-1)°
+muCy4RE <—945 i T+ 420 FE a
3 a-r)(B-r)? a-r?B-r
14208 g 1560 @ BT )([j ) o~ 1260 &V B 1) Ef; )[;)
|r|° || ||
3u
TGG,COO = _WT x Ir

r
2 |r|’

105(y-r)? 15 1)
2 rxIr—-1

Teec,, = 1CyoRZ {(T BE

y 1
| |7 (r><Iy+y><Ir)+3| lsyxly}
(61)

a-r)?— (B -r)? a-
+uCy,R2 (105( ) 9([)’ ) rxIr—30-—: (era+a><Ir)
|7 7|
+3 I|;|7(r><lﬂ+ﬂx1r)+6||5(a><1a Bxlﬂ)}
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