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Libration point orbits have been incorporated in many missions, with the capability
of orbiting near L1 and L2 in the Earth-Moon system recently demonstrated during the
ARTEMIS mission. While the orbits in the vicinity of the collinear libration points have
been well studied, knowledge about the availability and evolution of these orbits is not
generally exploited during the mission design process. In this investigation, strategies to
display information about the global solution space in the vicinity of the libration points
are explored, facilitating a rapid assessment of the available solutions for a range of energy
levels. A design process is presented that exploits information about the available orbit
structures, and is demonstrated for several sample design scenarios, including transfers
to and between libration point orbits.

Introduction

Within the last several decades, libration point or-
bits have been incorporated into many missions as, for
example, the Sun-Earth L1 and L2 points prove quite
useful for solar and cosmological observatories. The
capability of excecuting a libration point mission in the
Earth-Moon system was recently demonstrated during
the ARTEMIS mission, where the impact of solar radi-
ation in the lunar vicinity was examined as the Moon
moved into and out of the Earth’s magnetosphere. The
orbits in the vicinity of the libration points have been
well studied, providing a wealth of information about
the available orbits and their evolution.1–8 This in-
formation can be leveraged during the mission design
process. For example, stability information associated
with the GENESIS mission orbit was exploited to com-
pute the invariant manifolds employed for the transfer
design.9 However, knowledge about the solution space
is not generally exploited in current trajectory design
tools. Collection and exploitation of this informa-
tion within the design process would prove valuable
to assess the available orbits against the design re-
quirements, to consider possible trade-offs between the
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various orbit types, and to inform the selection of or-
bits that meet the mission constraints.

As mission requirements become increasingly com-
plex, trajectory design tools that take advantage of the
available natural dynamics are essential. Several tools
exist that exploit dynamical systems theory for mis-
sion design, including Generator10,11 and LTool.12 A
tool to interactively compute libration point orbits and
their associated manifolds is demonstrated by Mondelo
et al.13 The AUTO software allows for computation of
periodic orbits, numerical continuation of orbit fami-
lies, as well as bifurcation detection and analysis.14

An Adaptive Trajectory Design (ATD) strategy was
demonstrated by Haapala et al., and provides inter-
active access to a variety of solutions for rapid design
and analysis of trajectory options.15 A dynamic ref-
erence catalog is introduced by Folta et al. as well as
Guzzetti et al., and offers an interactive environment
for orbit comparison and selection.16,17

In this investigation, strategies to display informa-
tion about the global solution space in the vicinity of
the libration points are explored, and their incorpora-
tion into the mission design process is demonstrated.
Several distinct periodic and quasi-periodic orbit types
are available in the vicinity of a libration point, and
each may offer different advantages. As parameters,
such as the Jacobi constant, change in value, the so-
lution space evolves and the available orbits can be
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modified significantly. An overview of the current
knowledge about this evolution is summarized, and a
framework for the global solution space is charted, fa-
cilitating a rapid assessment of the available periodic
and quasi-periodic solutions over a range of energy lev-
els. A design process that exploits this information is
demonstrated for several sample design scenarios.

Circular Restricted Three-Body Model
The Circular Restricted Three-Body (CR3B) prob-

lem18 is a simplified model that offers insight about
libration points and their associated orbits. In many
cases, a preliminary design constructed within the
framework of the CR3B can be transitioned to a
higher-fidelity ephemeris model while maintaining the
significant qualitative features of the original solution.
In the Earth-Moon CR3B problem, the motion of a
spacecraft, assumed massless, is determined by the
gravitational forces of the Earth and the Moon, each
represented as a point mass. The orbits of the Earth
and Moon are assumed to be circular relative to the
system barycenter. A barycentric rotating frame is
defined such that the rotating x-axis is directed from
the Earth to the Moon, the z-axis is parallel to the
direction of the angular velocity of the primary sys-
tem, and the y-axis completes the right-handed, or-
thonormal triad. The position of the spacecraft is
defined relative to the Earth-Moon barycenter, and
the six-dimensional state vector is written in terms of
rotating coordinates as x = [x, y, z, ẋ, ẏ, ż]. The mass
parameter is defined as µ = m2

m1+m2
, where m1 and

m2 correspond to the mass of the Earth and Moon,
respectively. The first-order, nondimensional, vector
equation of motion is

ẋ = f (x) , (1)

where the vector field, f (x), is defined

f (x) =
[
ẋ, ẏ, ż, 2nẏ + Ux,−2nẋ+ Uy, Uz

]
, (2)

noting that the nondimensional mean motion of the
primary system is n = 1. In Equations (1)-(2),
U (x, y, z, n) = 1−µ

r13
+ µ

r23
+ 1

2n
2
(
x2 + y2

)
is the

pseudo-potential function, where the nondimensional
Earth-spacecraft and Moon-spacecraft distances are
written as r13 and r23, respectively, and the quan-
tities Ux, Uy, Uz represent partial derivatives of U
with respect to rotating position coordinates. The
only known integral of the motion is the Jacobi
constant, evaluated as C = 2U − v2, where v =(
ẋ2 + ẏ2 + ż2

)1/2
. This quantity is a constant of the

motion and offers useful information about the energy
level associated with a given solution in the CR3BP.

Collinear Libration Points
The equations of motion described by equations

(1)-(2) admit five equilibrium points, including three

collinear points that lie along the x-axis, and two
equilateral points. Linearization about any collinear
libration point reveals an eigenvalue structure of the
type saddle×center×center.6,18,19 A pair of real roots,
±σ, correspond to the one-dimensional stable and
unstable manifolds. Two pairs of imaginary roots,
±iν and ±iω, indicate that the center subspace is
four-dimensional and oscillatory behavior exists in the
vicinity of the libration point for the linear system.
The eigenvalues ±iν correspond to oscillations in the
x − y plane, while the roots ±iω yield out-of-plane
oscillations. Both periodic and quasi-periodic orbits
exist and have been demonstrated to persist in the
nonlinear model by a number of researchers.5,7, 8, 20–22

Periodic Orbits

Lyapunov and Vertical Orbits

From a linear analysis, the existence of Lyapunov
and vertical orbits is demonstrated. Employing an
orbit from the linear system as the initial guess, a pe-
riodic orbit may be constructed in the nonlinear model
using a differential corrections or targeting algorithm.
From the converged solution in the nonlinear model,
families comprised of the Lyapunov and vertical or-
bits are computed via numerical continuation.8 Thus,
solutions within the global center manifold associated
with a libration point are located. Sample members
from the families of Lyapunov and vertical orbits ap-
pear for the Earth-Moon system in Figs. 1 and 2. All
families in Figs. 1 and 2 emerge directly from the li-
bration point with the two fundamental frequencies ν
and ω. The orbits within the families are colored con-
sistent with the associated value of Jacobi constant so
that red→blue corresponds to higher→lower values of
Jacobi constant. Note that the color mapping is not
the same among the different families.

Stability of Periodic Orbits

In addition to the families of Lyapunov and vertical
orbits, as computed in the nonlinear system, families
of halo and axial orbits also exist. These families bi-
furcate from the Lyapunov and vertical orbit families,
that is, the originating member of the halo family is
also a member of the planar Lyapunov family, and two
‘originating’ members of the axial family exist and are
also members of the Lyapunov and vertical families.
To locate bifurcations, the stability of the orbits within
the families is examined.

To explore the stability of a periodic orbit, it is use-
ful to first examine the linear variational equations.
Consider the linear system δẋ = A(t)δx, where δx =
x− xr, xr is some reference solution, A(t) = Df(xr)
is the Jacobian matrix of first partial derivatives of f ,
and f is defined as in equation (2) for the CR3BP. The
general solution to the linear equations of motion is of
the form δx(t) = eA(t−t0)δx(t0), and the state tran-
sition matrix (STM) is defined as Φ(t, t0) = eA(t−t0),
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Fig. 1 Sample members from the families of Lyapunov and vertical orbits in the Earth-Moon system;
Jacobi constant denoted by color

where A is not constant, in general.

Define Γ(t) as the set of all states along a peri-
odic orbit of period T ; then x∗ = Γ(τ), 0 ≤ τ ≤ T ,
serves as a fixed point along Γ(t). A stroboscopic map-
ping is defined by the monodromy matrix Φ(T, 0), i.e.,
the STM computed by integrating the state associated
with the fixed point for one period of the orbit. The
monodromy matrix possesses eigenvalues λi that occur
in reciprocal pairs, and the associated eigenvectors, vi,
span Rn. Thus, the space is defined by the union of
three invariant subspaces, ES , EU , and EC . Let nS be
the number of eigenvalues with real parts of magnitude
< 1, nU be the number with real parts of magnitude
> 1, and nC be the number for which |λ| = 1, so that
n = nS +nU +nC = rank(Φ(T, 0)). Then, the dimen-
sions of the invariant subspaces ES , EU , and EC are
nS , nU , and nC , respectively. The monodromy matrix
possesses at least one pair of unit eigenvalues whose
associated eigenvectors are tangent to the periodic so-
lution at the fixed point, thus, nC ≥ 2 always. If
nC ≥ 4, a nontrivial center manifold is predicted from
linear analysis. For a linearly stable periodic orbit,
nC = 6 and stable and unstable manifolds associated
with the periodic solution may not exist in the non-
linear system. For unstable periodic orbits, at least
one reciprocal pair of real eigenvalues λU = 1

λS
ex-

ists such that |λU | > 1 and stable/unstable manifolds
associated with the fixed point exist. Because a peri-
odic solution is defined by an infinite number of fixed
points along the orbit, the stable/unstable manifolds
are composed of an infinite number of asymptotic tra-
jectories.

Halo and Axial Orbits

Stepping along the families of Lyapunov and verti-
cal orbits in Figs. 1 and 2, parameters such as the
orbital period, Jacobi constant value, and the orbital
stability, defined in terms of λi, evolve continuously.
The location at which a stability change occurs within
a family of periodic orbits is denoted as a bifurcation

point. Different types of stability changes are possi-
ble, and the type determines any qualitative changes
that exist as a result of the bifurcation. By tracking
the changes in stability along a particular family of
orbits, bifurcations to other distinct orbit families are
located. For the Lyapunov and vertical families of or-
bits, plots depicting the stability of individual orbits
within each family appear in Figs. 3-5. For each
representative orbit from Figs. 1 and 2, the number of
eigenvalue pairs for which |λ| = 1/|λ| = 1 is recorded,
not including the trivial pair of unit eigenvalues that
exist for any periodic orbit. When (nC−2)/2 = 0, the
orbit is unstable with stable and unstable subspaces
of dimension nS = nU = 2, and there exists no center
manifold except for that associated with the pair of
unit eigenvalues. If (nC − 2)/2 = 1, nS = nU = 1 and
a nontrivial center subspace of dimension nC − 2 = 2
is predicted from the linear analysis. Orbits corre-
sponding to (nC−2)/2 = 2 are linearly stable, i.e., are
associated with a nontrivial center subspace of dimen-
sion nC−2 = 4 and may not possess stable or unstable
manifolds in the nonlinear system.

Examining the evolution of the orbital stability
across the Lyapunov and vertical families, several bi-
furcations exist and are summarized in Table 1. The
first bifurcation, Ly-1, in each of the Lyapunov families
yields the families of halo orbits. The northern halo
families are plotted for the Earth-Moon system in Fig.
6. Southern families are computed by reflecting the
northern families across the x−y plane. The second bi-
furcation, Ly-2, signals the emergence of the families of
axial orbits from the plane. Portions of the axial fami-
lies appear in Fig. 7. Only those orbits for which z > 0
at the maximal value of y are plotted. The second
half of the families are computed by reflecting these
members across the x − y plane. Again, the individ-
ual orbits within the families in Figs. 6-7 are colored
according to the associated value of Jacobi constant,
however, the color mapping is not consistent across the
different families. The L1 and L2 Lyapunov families
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Fig. 2 Sample members from the families of ver-
tical orbits in the Earth-Moon system; Jacobi con-
stant denoted by color

possess a third bifurcation, Ly-3, which corresponds to
a period-doubling bifurcation. The third bifurcation,
Ly-4, in the L3 Lyapunov family connects to fami-
lies of planar orbits that originate from the equilateral
points, L4 and L5.8 From examination of the stability
plots for the vertical families, several additional bi-
furcations are apparent. The first bifurcation in each
family is labeled V-1, and corresponds to a bifurcation
to the respective axial families. The bifurcation, V-2,
corresponds to a period-doubling bifurcation from a
family of planar orbits.21 The L3 vertical family con-
nects to the L4 and L5 families of vertical orbits via
the bifurcation V-3.8

Plots representing the stability corresponding to the
halo orbits appear in Fig. 8. For the halo families, the
number of complex eigenvalue pairs is represented as a
function of orbit amplitude ratio Az/Ay. At the points
H-1, H-2 and H-4, the L1 and L2 families experience
period-doubling bifurcations. A stability change oc-
curs in the family at H-3 and H-5, but does not lead
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Fig. 3 Stability information for Lyapunov and
vertical orbits in the Earth-Moon system; Jacobi
constant denoted by color

to any new orbit families.5 The L2 halo family under-
goes a period-doubling bifurcation, H-6, that yields the
family of L2 butterfly orbits.8 Only those orbits with
perilune above the surface of the Moon are included in
the plots, thus, a bifurcation from the L1 family of halo
orbits to the L4 and L5 families of axials orbits does
not appear in the L1 halo stability chart.8 The axial
orbits are unstable (nc = 2) for each of the families.

Table 1 Bifurcations in Periodic Orbit Families

Label Bifurcation

Ly-1 halo family
Ly-2 axial family
Ly-3 period-doubling
Ly-4 planar L4,L5 families
V-1 axial family
V-2 ‘reverse’ period-doubling
V-3 L4 and L5 vertical families

H-1, H-2, H-4, H-6 period-doubling
H-3, H-5 cyclic fold

Quasi-Periodic Orbits

For a periodic orbit possessing a nontrivial cen-
ter manifold, nearby quasi-periodic solutions exist.
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Fig. 4 Stability information for Lyapunov and
vertical orbits in the Earth-Moon system; Jacobi
constant denoted by color

These orbits are bounded, and close only as t → ∞,
that is, they are periodic solutions with infinite pe-
riod. The path traced by a quasi-periodic orbit lies
on the surface of an invariant torus of dimension two
or greater. Thus, a quasi-periodic orbit is defined
by two or more frequencies, in contrast to the single
frequency associated with a periodic orbit. Quasi-
periodic orbits have been computed previously by var-
ious researchers.22–24 In this investigation, the tori
are computed directly via methods demonstrated by
Olikara and Scheeres.25 Note that a similar strategy
is demonstrated by Castellá and Jorba and employed
by Gómez and Mondelo.7,23 Assuming the function
ψ(θ0, θ1) describes a two-dimensional torus on which
a quasi-periodic orbit lies with associated frequencies
ω0 = θ̇0, ω1 = θ̇1, then, the dimension may be re-
duced to one by selecting an initial value of θ0 so that
an invariant circle, u(θ1), along the torus is defined.
Integrating some initial state u(θ1 = θ1,0) along this
circle for time Tq = 2π

ω0
yields the final state on the

circle u(θ1,0 + ρq), where ρq = ω1 · Tq. A map, G,
is defined based on the frequencies ω0, ω1 so that
propagating discretized states along u(θ1) for time
Tq and removing the rotation by the angle ρq yields
G(u) = u. To compute a torus, a differential correc-
tions algorithm is employed to determine the values
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Fig. 5 Stability information for Lyapunov and
vertical orbits in the Earth-Moon system; Jacobi
constant denoted by color

for Tq, ρq, and the discretized states along u(θ1) that
satisfy G(u) − u = 0, while applying an additional
constraint on the value of Jacobi constant. Once a
torus is constructed, pseudo-arclength continuation is
employed to locate additional tori in the family, as-
suming that additional phase constraints on θ0 and θ1
are incorporated. Gaps in a family of tori may occur
due to resonance in the torus frequencies. Pseudo-
arclength continuation is successful to generate the
complete family of tori as long as these resonance gaps
are not too large. Given a periodic orbit, a family of
tori is initialized by employing the associated stabil-
ity information to locate a linear approximation for a
nearby invariant circle. Let λC = eiρ be a complex
eigenvalue and vC a corresponding eigenvector asso-
ciated with the monodromy matrix computed from a
fixed point x∗ along the periodic orbit. Then, the ini-
tial guess for an invariant curve centered on x∗ is of
the form u(θ1) = k · (cos(θ1)Re(vC)− sin(θ1)Im(vC)),
where k is a small value used to scale the circle. The
period T and the argument ρ of the complex eigen-
value associated with the central periodic orbit serve
as an initial guess for the values of Tq and ρq associ-
ated with a nearby torus. A truncated Fourier series is
used to represent the invariant curve, and a Newton-
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Fig. 6 Sample members from the families of halo
orbits in the Earth-Moon system; Jacobi constant
denoted by color

Raphson method is employed to compute Tq, ρq, and
the discretized states along u(θ1) that satisfy the con-
straints. Further details on the computation of tori
are available in Olikara and Scheeres.25

For a periodic orbit with a nontrivial center mani-
fold of dimension (nC − 2)/2 ≥ 1, quasi-periodic or-
bits associated with the central periodic orbit may be
computed via the previously described approach. For
example, a halo orbit that exists for a Jacobi constant
value greater than that of the bifurcation H-1 in the L1

and L2 halo families corresponds to nC = 4 and there
exists a family of quasi-periodic solutions identified as
the quasi-halo orbits in the vicinity of the halo orbits.
All L3 halo orbits appearing in Fig. 6 correspond
to nC = 4. Selecting the L1 halo orbit correspond-
ing to C = 3.15, sample members from the family of
quasi-halo tori, each also corresponding to the Jacobi
constant value C = 3.15, are computed and appear
in Fig. 9 as gray surfaces. A different quasi-halo or-
bit covers the surface of each of these two-dimensional
tori; note that, while the orbits and tori may appear to
be self-intersecting when projected into configuration

3.2 3.6 4 4.4 −0.5 0 0.5

−0.5

0

0.5

y (105 km)x (105 km)

z 
(1

05
km

)

Moon

a) L1 family

3
4

5

−101
−1

−0.5

0

0.5

1

y (105 km)

z 
(1

05
km

)

x (105 km)

Moon

b) L2 family

−6−4−2 0 2 4 −5
0

5

−2

0

2

Moon

y (105 km)
x (105 km)

z 
(1

05
km

)

c) L3 family

Fig. 7 Sample members from the families of axial
orbits in the Earth-Moon system; Jacobi constant
denoted by color

space, they do not self-intersect in the full phase space.
Similarly, an orbit that exists before the bifurcation V-
1 in the families of L1, L2 and L3 vertical orbits in Fig.
2 corresponds to nC = 4, and there exists a family of
quasi-vertical orbits, commonly labeled the Lissajous
orbits, in the vicinity of each of these vertical orbits.
Sample tori associated with the L2 vertical orbit that
exists for C = 3.15 appear in Fig. 10, and a different
Lissajous orbit covers the surface each torus. For en-
ergies less than (higher Jacobi constant values than)
the bifurcating orbit at V-1, this family of tori offers a
bridge between the Lyapunov and vertical orbits, and
can be computed using either periodic orbit to initiate
the family. Thus, the tori collapse to the planar orbit
as they evolve away from the vertical orbit.

Libration Point Orbit Evolution and Frequency
Analysis

Examining the frequencies associated with periodic
libration point orbits is useful to demonstrate the re-
lationships between the orbit families. The Lyapunov
and vertical families of orbits inherit their orbital pe-
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Fig. 8 Stability information for halo orbits in the
Earth-Moon system

riods from the two central frequencies associated with
the collinear point. The Lyapunov orbit family orig-
inates from the ‘planar’ frequency ν associated with
the libration point, while the vertical orbits inherit the
‘vertical’ frequency ω, as demonstrated by the blue and
magenta curves in Fig. 11. In the figure, the halo orbit
family bifurcates from the L1 Lyapunov orbits, as in-
dicated by the green line that branches from the blue
Lyapunov curve. The families of axial orbits bifurcate
from both the Lyapunov and vertical orbits, thus, the
cyan axial line bridges the blue and magenta arcs.

For energy levels less than (higher Jacobi constant
values than) that associated with the bifurcation Ly-
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Fig. 9 L1 quasi-halo tori in the Earth-Moon sys-
tem for C = 3.15
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Fig. 10 L2 Lissajous tori in the Earth-Moon sys-
tem for C = 3.15

1 to the halo family, both the Lyapunov and vertical
orbits possess a nontrivial center subspace of dimen-
sion nC − 2 = 2. Using the approach from Olikara
and Scheeres to compute tori, the families of quasi-
Lyapunov and quasi-vertical tori are constructed for
C = 3.18. The frequencies ω0 and ω1 associated with
the quasi-periodic orbits appear in Fig. 12(a). Because
the family of tori bridges the Lyapunov and vertical
orbits, the quasi-Lyapunov and quasi-vertical orbits
form a single black curve in the figure. Define TL and
ρL as the period and the argument of the complex
eigenvalue, respectively, associated with the Lyapunov
orbit, and Tv and ρv as the period and the argument
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Fig. 12 Frequency analysis for L1 orbits

of the complex eigenvalue associated with the verti-
cal orbit. The frequencies associated with the periodic
orbits are additionally plotted, where ω0 = 2π/TL,
ω1 = ρL/TL for the Lyapunov and ω0 = (2π+ ρv)/Tv,
ω1 = ρv/Tv for the vertical orbit. Note the addition
of the angle ρv in the expression for ω0 for the vertical
orbit; this is included to define ω0 so that it repre-
sents the frequency of in-plane oscillations as a torus
collapses to the plane. The periodic Lyapunov (blue)
and vertical (magenta) orbits for C = 3.18 are depicted
in Fig. 13(a). The Poincaré map defined by cross-
ings of the hyperplane Σ = {x|z = 0} is computed
for sample quasi-Lyapunov/quasi-vertical orbits. Map

crossings are projected into configuration space and
plotted in gray in the figure. As the crossings of
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Fig. 13 Poincaré maps representing L1 orbits

the map approach the Lyapunov orbit, the associated
torus collapses to the plane.

After the bifurcation Ly-1 to the halo families, the
northern and southern halo orbits emerge and the Lya-
punov orbit loses its nontrivial center manifold. Thus,
the quasi-Lyapunov orbits do not exist between the Ja-
cobi constant values associated with the bifurcations
Ly-1 and Ly-2. Families of quasi-halo and quasi-
vertical orbits are computed for C = 3.15 and the
associated frequencies are represented in Fig. 12(b).
Clearly, each family originates from the frequencies of
the associated central periodic orbit. As the quasi-
periodic orbits evolve along the family, their frequen-
cies approach that associated with the Lyapunov orbit,
ω0 = 2π

TL
, indicated by the blue dashed line. Note

that the black dashed lines represent a linear interpo-
lation between the last computed tori in the families
and ω0 = 2π/TL, ω1 = 0. The Lyapunov, vertical, and
halo (green) orbits for C = 3.15 appear in Fig. 13(b),
in addition to the projection of the z = 0 Poincaré
map crossings for sample quasi-halo and quasi-vertical
orbits. From the freqency plot and Poincaré map it is
clear that the quasi-halo and quasi-vertical orbits form
two distinct families.

Continuing to evolve the energy level beyond the
bifurcation Ly-2 to the axial family, the Lyapunov
orbit regains a nontrivial center manifold and a new
family of quasi-Lyapunov orbits emerges. A Poincaré
map representing selected L1 orbits, including the Lya-
punov, vertical, halo, and axial (cyan) map crossings,
appears for C = 3.01 in Fig. 14(a). For this energy
level, the periodic Lyapunov, vertical, and halo orbits
have each passed through a number of period multiply-
ing bifurcations. Thus, additional periodic orbits exist
and their crossings may be added to the Poincaré map.
The family of quasi-halo orbits (green) is interrupted
by a period-2 (p-2) halo orbit for which nC = 4. The
crossings of this p-2 halo orbit appear in orange, in
addition to the p-2 quasi-halo region. A second p-2
halo orbit also exists, corresponding to nC = 2, and
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Fig. 14 Sample L1 orbits for C = 3.01

crossings of this orbit are included in purple. In addi-
tion, crossings along p-3, p-4, and p-5 halo orbits are
represented in yellow, dark green, and light blue, and
many more period-multiple halo orbits may be com-
puted for this value of Jacobi constant. (Note that one
pair of the dark green crossings is nearly covered by
the yellow crossings of the p-3 halo in the figure.) The
quasi-Lyapunov orbit crossings are computed and are
plotted on the map in blue. This family evolves from
orbits with nearly planar oscillations to a torus with
relatively large z-excursions that are bounded by the
cyan axial orbits; a sample torus appears in gray in
Fig. 14(b) with a 150-day propagation of an orbit on
the surface included in blue. Sample quasi-vertical or-
bit crossings are represented on the map in pink, with
a torus plotted in gray in Fig. 14(b) in addition to a
130-day propagation of the orbit in magenta.

Stable and Unstable Manifolds
For any periodic orbit, Γ(t), with nS = nU > 1, sta-

ble and unstable manifolds exist and provide asymp-
totic flow into and out of the orbit. A local sta-
ble/unstable manifold is computed by introducing a
perturbation in some state, x∗ = Γ(τ), 0 ≤ τ ≤
T , along the periodic orbit in the direction of the
stable/unstable eigenvector associated with the mon-
odromy matrix, Φ(τ + T, τ), corresponding to x∗.
Assume that λS < 1 and λU = 1/λS are stable and
unstable eigenvalues of the monodromy matrix associ-
ated with a periodic orbit. Let wU and wS be their
associated eigenvectors, and define wU+, wU−, wS+,
wS− as the two directions associated with each eigen-
vector. The local half-manifold, WU−

x∗,loc (WS−
x∗,loc),

is approximated by introducing a perturbation rela-
tive to x∗ along the periodic orbit in the direction
wU− (wS−). Likewise, a perturbation relative to x∗

in the direction wU+ (wS+) produces the local half-
manifold WU+

x∗,loc (WS+
x∗,loc). The magnitude of the

step along the direction of the eigenvector is denoted
d, and the initial states along the local stable mani-

folds are computed as xS+ = x∗ + d · wS+, xS− =
x∗ − d · wS−, where wS+ and wS− are normalized
so that the vector containing the position components
of the eigenvector is of unit length; this normaliza-
tion provides a physical meaning for the value of d as
a distance. The local stable/unstable manifolds are
globalized by propagating the states xS+ (xS−)/xU+

(xU−) in reverse-time/forward-time in the nonlinear
model. This process yields the numerical approxima-
tion for the global stable manifolds, WS+

x∗ (WS−
x∗ ), and

unstable manifolds, WU+
x∗ (WU−

x∗ ). The value of d is
critical because it determines the accuracy with which
the global manifolds are approximated. Selecting d too
small yields manifold trajectories that require long in-
tegration times before departure from the vicinity of
the periodic orbit, leading to accumulation of numeri-
cal error. If d is too large, then the approximation to
the local manifold is poor. Here, a value of d = 20
km is selected so that propagating the initial state
along the manifold back toward the periodic orbit, i.e.,
propagating xS−,xS+ in forward-time and xU−,xU+

in reverse-time, yields a manifold trajectory that re-
mains in the vicinity of the periodic orbit for at least
two revolutions. The collection of all unstable mani-
folds forms the surfaces WU+ and WU− that reflect
asymptotic flow away from the periodic orbit. Like-
wise, the collection of all stable manifolds forms the
surfaces WS+ and WS− that reflect asymptotic flow
toward the orbit. In Fig. 15(a), a subset of trajecto-
ries on the unstable/stable manifold associated with
an L1 northern halo/L2 vertical orbit in the Earth-
Moon system are propagated for a fixed time interval,
and are plotted in red/blue.

Several numerical schemes have been developed to
locate the stable/unstable manifolds asymptotic to
quasi-periodic orbits.19,26 In this analysis, families of
quasi-periodic tori and their associated manifolds are
computed numerically using techniques demonstrated
by Olikara and Scheeres.25 Recalling that a periodic
orbit represents a fixed point under the stroboscopic
map F (x) defined by time T , then stability informa-
tion for the periodic orbit is recovered by examining
the eigenvalues of the linearization of the map, i.e.,
the monodromy matrix Φ(T, 0) = Fx. Analogously,
the invariant circle, u(θ1), represents a fixed point of
the mapG(u) defined by frequencies ω0 and ω1. Thus,
stability of the torus is determined by the eigenvalues
of the matrix Gx, i.e., the linearization of the map G;
the eigenvectors corresponding to eigenvalues that lie
off of the unit circle in the complex plane provide the
directions tangent to the stable and unstable manifolds
associated with each of the discretized states along
u(θ1) on the torus. More details on the computation
of quasi-periodic tori and their associated manifolds
are available in Olikara and Scheeres.25 Examples of
tori corresponding to quasi-halo (left) and Lissajous
(right) orbits appear in Fig. 15(b). For each torus,
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a single manifold trajectory is propagated for a fixed
time interval; propagating the manifolds back toward
the quasi-periodic orbits (in forward-/reverse-time for
the stable/unstable manifold) for 2 · Tq yields the two
revolutions along the quasi-periodic orbits in black.
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Fig. 15 Sample stable (blue) and unstable (red)
manifolds associated with libration point orbits in
the Earth-Moon system for C = 3.15

Incorporating Orbit Evolution into the
Design Process

In the previous sections, a review of the evolution
of the libration point orbits is offered. Methods of
consolidating this information into charts that can
be employed within the mission design process would
prove useful in selecting orbits that best meet mission
requirements. For example, knowledge about the evo-
lution of periodic orbit stability with Jacobi constant
value is useful to determine the existence of periodic
orbits as well as their associated stable/unstable and
center manifold structures. The stability information
from Figs. 3-5, and 8 is collected to produce the chart
in Fig. 16. Here the orbit family names appear in
the boxed labels, and the bifurcations from Table 1
are included as well. Members from the various peri-
odic orbit families are represented by their associated
value of Jacobi constant, and are colored according to
the dimension of the unstable subspace nU = nS such
that nU = 2 → red, nU = 1 → green, and nU = 0 →
blue. In the chart, the abscissa is inverted so that mov-
ing along the horizontal axis corresponds to increasing
energy (decreasing Jacobi constant). Note that the
vertical families extend beyond the limits of the chart,

thus, not all orbits in the family appear in the plot.
Also, the L3 families of halo and axial orbits exist for
a range of Jacobi constant values that does not ap-
pear within the axis limits on this chart. For the L1

and L2 halo families, more than one orbit may ex-
ist for a particular value of C. In such cases, multiple
lines appear on the chart to represent the family, where
one line above another indicates a higher value of the
amplitude ratio Az/Ay, and Ay and Az represent the
maximal y− and z−excursions along an orbit. For
example, two L2 halo orbits exist between the values
C = 3.015− 3.059; for this range of C, the orbits with
a higher value of Az/Ay appear as a second line above
the first. So that the orbit families for each of the
collinear points are clearly represented in one chart,
the vertical axis in Fig. 16 serves only to differenti-
ate between the orbit families. To include additional
information, such as orbit amplitudes, it is useful to
consider a reduced set of orbits for clarity. For ex-
ample, the plot in Fig. 17 represents orbit amplitude
information for the Earth-Moon L2 Lyapunov, verti-
cal, halo, and axial orbits for a range of Jacobi constant
values. The horizontal blue and orange dashed lines,
and vertical black dashed lines are included for an up-
coming example.

Additional information, such as representative
transfer costs, could also be included in the analysis.
Folta, Bosanac, Guzzetti, and Howell implement an
interactive approach to compare transfer and station-
keeping costs, among other parameters, across various
orbit types.16,17 Folta et al. compute the cost to
transfer to Lyapunov, halo, quasi-halo, vertical, and
Lissajous orbits for a variety of Jacobi constant values,
assuming a direct transfer from a 200 km low-Earth
orbit (LEO) to a libration point orbit, achieved by per-
forming one tangential maneuver (∆v1) at LEO, and
one maneuver (∆v2) at the x-axis crossing of the li-
bration point orbit where ẏ < 0.27 Varying the energy
level of the orbit impacts the cost of direct transfer
significantly, where cost is defined as the magnitude
of ∆v2 for locally optimal transfers. Generally, the
cost for direct transfers decreases with Jacobi constant
for the halo and Lyapunov orbits. For two orbits at
the same value of C, the cost is less for that maneu-
ver possessing the smaller z-amplitude at insertion on
the libration point orbit. Many other transfer types
exist and could be included in the analysis. For exam-
ple, transfers to halo orbits employing stable manifolds
have been computed by Parker and Born;28 Folta et al.
additionally demonstrated a reduction in cost achieved
by including a maneuver near the Moon, where, the
cost to insert into an L2 halo orbit decreases with Az.

27

Informing the Orbit Selection Process

Including charts that supply information about the
global solution space in the vicinity of the collinear
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Fig. 17 Amplitude and stability information for
L2 Lyapunov, vertical, halo, and axial orbits.

points within the mission design process allows mission
designers to exploit the currently available informa-
tion, and improves the efficiency of the design process.
The charts in Figs. 16 and 17 are useful to:
• determine the existence of specific orbit types at

various energies and amplitudes
• approximate quasi-periodic orbit amplitude

ranges
• locate orbits with stable/unstable manifolds
• locate orbits with a possible center manifold

For example, if it is desirable to transfer onto an L1

quasi-halo orbit via the stable manifold, the Jacobi
constant values corresponding to the green portions
of the L1 halo lines in Fig. 16 should be consid-
ered since, for these orbits, the linear analysis predicts
the existence of a center manifold and indicates that
stable/unstable manifolds are available. In addition
to revealing information about the available manifold
structures, Fig. 17 offers periodic orbit amplitude
information, which also proves useful to gain insight
about the amplitude ranges associated with the fami-
lies of quasi-periodic orbits in the vicinity of the libra-
tion point for a given energy level.

Design Examples

Transfer to an L1 Lissajous Orbit

Because many of the vertical and Lissajous orbits in-
volve significant time intervals above/below the eclip-
tic plane, they are useful to avoid interference from
zodiacal light. However, a direct transfer to an L1

vertical orbit requires at least 100 m/s more ∆v when
compared with transfers to L1 halo orbits.27 If longer
transfer times are an option, it is often more efficient
in terms of propellant to incorporate a lunar pass into
the transfer. Thus, it may be desirable to initially
transfer to an L2 orbit of low Az and construct a con-
nection between the L2 halo and L1 vertical orbits.
From Fig. 17 it is apparent that lower L2 halo or-
bit z-amplitudes generally correspond to higher values
of Jacobi constant, thus, it is useful to explore energy
levels near the bifurcating orbit from the L2 Lyapunov
family (C = 3.152). To compute the connection be-
tween the L2 and L1 orbits, it is necessary to select
an energy level for which the orbits possess stable and
unstable manifolds. Additionally, the Lissajous orbits
exist only for vertical orbits corresponding to nC ≥ 4.
Thus, the green ranges of the L1 vertical orbits in Fig.
16, and green or red ranges along the L2 halo orbit bar
are considered.

To design the transfer, the northern and southern
L2 halo orbits and the L1 vertical and family of quasi-
vertical orbits are computed for C = 3.14. For this en-
ergy level, the L1 vertical orbit is unstable with a non-
trivial center manifold, and the cost of a direct transfer
to a quasi-vertical orbit is estimated to lie within the
range 550-715 m/s from the charts that appear in Folta
et al.27 The unstable manifold associated with each
of the halo orbits is approximated using 1000 trajec-
tories computed as previously described. The stable
manifold surfaces asymptotic to each of the quasi-
vertical orbits are generated via the method of Olikara
and Scheeres.25 Each manifold arc is numerically in-
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tegrated for 15 nondimensional time units (65 days,
forward-time for unstable, reverse-time for stable), and
crossings of the surface of section Σ = {x|x = 1 − µ}
are recorded. The resulting Poincaré map is four-
dimensional; the map is projected onto the y−z plane
in Fig. 18(a), where blue points represent the quasi-
vertical stable manifold trajectories, and red crossings
represent the unstable manifold arcs that depart the
northern and southern halo orbits. To search for a

a) y − z projection for Σ
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Fig. 18 Transfer to an L1 quasi-vertical orbit in
the Earth-Moon system for C = 3.14

heteroclinic connection, the method demonstrated by
Goméz et al.29 is employed: the dimension of the map
is reduced by selecting values y∗, z∗ and a new sur-
face of section Σ∗ = {x|x = 1 − µ, y = y∗, z = z∗}
is defined. Because only a finite number of manifold
arcs are propagated, all points within the boundaries
y∗ − δy ≤ y ≤ y∗ + δy, z∗ − δz ≤ z ≤ z∗ + δz are
considered, where δy = δz = 578.5 km for this ex-
ample. The small black box in Fig. 18(a) is centered
on the selected coordinates y∗, z∗, however, the di-
mensions of this box are exaggerated compared to the
selected values of δy, δz. Examining only those points
within the prescribed tolerance of the surface Σ∗, the
projection of the resulting two-dimensional Poincaré
map onto the ẏ − ż plane appears in Fig. 18(b). Se-
lecting the red and blue points that are closest on the
map, i.e., those within the black box in Fig. 18(b),
and propagating the corresponding manifold arcs, an

initial guess for a heteroclinic connection between the
L2 southern halo orbit and an L1 quasi-vertical torus
is generated and appears in Fig. 19(a). Here, a dis-
continuity exists where the red and blue arcs meet.
(Note that Poincaré maps for C = 3.15 indicate that a
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Fig. 19 Transfer to an L1 quasi-vertical orbit in
the Earth-Moon system

heteroclinic connection does not exist for this precise
energy level).

Before a corrections process is applied, the initial
guess is modified to include: 1) an Earth conic arc to
provide the transfer arc from LEO to the Moon, 2)
a lunar conic arc to allow transfer from the Moon to
the initial state along the halo orbit unstable mani-
fold. The modified trajectory is, then, corrected in a
Sun-Earth-Moon ephemeris model. Departure with a
tangential maneuver (∆v1) is enforced from a 200 km
LEO of 28.5◦ inclination. The location of the second
maneuver is constrained to a 200 km altitude perilune
passage. The third and fourth maneuvers to insert
onto the Lissajous orbit stable manifold are not con-
strained, except that ∆v2 + ∆v3 + ∆v4 is reduced to
less than 300 m/s via a continuation method. The ma-
neuvers are as follows: ∆v1 = 3.134 km/s, ∆v2 = 181.8
m/s, ∆v3 = 100.9 m/s, ∆v4 = 16.2 m/s. The time-
of-flight along the corrected path is 172.6 days, where
the magenta and green transfer arcs require 5.7 and
3.0 days, respectively, and the red arc corresponds to a
23.5 day time-of-flight. The final Lissajous orbit is as-
sociated with a Jacobi constant value near C = 3.147.
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Modifying Halo Orbit Amplitudes

Transfers between halo orbits of different amplitudes
have been demonstrated by several researchers using
a variety of strategies.30–32 Employing the chart in
Fig. 16, candidate halo orbits with a potential for low-
cost transfers can be identified. Recall that the halo
orbits are represented by more than one line in the
chart, indicating that, for a range of Jacobi constant
values, more than one halo orbit exists. Energy levels
for which two or more distinct halo orbits exist and
possess stable/unstable invariant manifolds may admit
free transfers between the orbits. Locating the Jacobi
constant values on the chart for which more than one
L1 halo orbit exists yields a range of C = 2.998−3.004
for which three distinct orbits exist. From the range
C = 2.998−2.999, two unstable and one linearly stable
halo orbit appear as candidates; from C = 2.999 −
3.004, three unstable halo orbits exist. The Jacobi
constant values for which two distinct L2 halo orbits
exist is C = 3.015−3.059; two unstable halo orbits are
also available for C = 3.017− 3.058.

To search for a free or low-cost transfer between two
L1 halo orbits of different amplitudes, values of Jacobi
constant within the specified ranges are selected, and
two distinct halo orbits at this energy level are chosen.
The unstable (stable) manifolds associated with the
halo orbit possessing the smaller (larger) ratio Az/Ay
are considered. Using methods demonstrated by Haa-
pala and Howell,33,34 Poincaré maps are employed in
the search for a low-cost transfer. Here, a surface of
section is selected at an x-coordinate value that lies
between the x-axis crossings of the two halo orbits.
For example, for the L1 halo orbits plotted in black in
Fig. 20, a value of x∗ = −2.1 × 104 km (left of the
Moon in Moon-centered coordinates) is selected, cor-
responding to the gray surface Σ = {x̄|x = x∗}. The
unstable (stable) manifolds associated with orbits of
lower (higher) ratio Az/Ay are computed, and cross-
ings of Σ are recorded. Each crossing is plotted using a
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Fig. 20 Employing Poincaré maps to locate an
initial guess for the transfer

vector such that the basepoint is defined as (y, z), and
the vector components correspond to k ·(ẏ, ż), where k

is a scaling factor. This representation avoids the defi-
nition of the additional constraints required to reduce
the map dimension in the previous example. Locating
nearby vectors with similar length and orientation, and
propagating the associated initial conditions, generally
offers a suitable initial guess for a low-cost transfer. A
corrections algorithm is applied that allows the Jacobi
constant value associated with the periodic orbits to
vary, as well as the departure/insertion location of the
unstable/stable manifold, and the time-of-flight along
the manifold arcs. Continuity along the transfer is
enforced, with a ∆v allowed where the stable and un-
stable manifolds are linked. Using this process, the
sample transfers appearing in Figs. 21-22 are con-
structed, each requiring ∆v = 10 m/s. The Jacobi
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Fig. 21 Shifting between L1 halo orbits, 75.2 day
transfer (66.5 days along red arc), C1 = 3.0000, C2
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Fig. 22 Shifting between L2 halo orbits, 71.2 day
transfer (45.6 days along red arc), C1 = 3.0231, C2

= 3.0348, Az/Ay = 1.52→ 3.35, ∆v = 10 m/s

constant values, C1 and C2, for the departure and in-
sertion halo orbits are noted in the figure captions and
clearly require a maneuver to compensate, although
they do lie within the previously specified ranges. For
the corrected transfers, the stable manifold does not
depart significantly from the halo orbit. Thus, it may
be possible to generate transfers of similar cost for final
orbits that do not possess a stable manifold.

Selecting Orbits within Constraint Cones

For many missions, the need to enforce constraints
on the amplitude of a libration point orbit may ex-
ist. The MAP mission required a Sun-Earth/Moon
L2 Lissajous orbit that avoided the Earth’s shadow,
resulting in a constraint that the Sun-Earth-vehicle
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angle remain above 0.5◦ for the 4-year mission dura-
tion.35 The DSCOVR mission requires an L1 orbit for
which the Earth-spacecraft line-of-sight angle remains
between 4− 15◦ from the Sun-Earth line for at least 4
years.36 Such constraints can be incorporated via an
overlay of the orbit amplitude information onto a chart
such as that in Fig. 17, where orbit amplitudes are
given for the Earth-Moon L2 Lyapunov, vertical, and
halo orbits for a range of Jacobi constant values. To
demonstrate the application of cone angle constraints
during orbit selection, two constraint cones with ver-
tices at the center of the Earth and of half-angles 3◦

and 6◦ are arbitrarily selected. In the following ex-
ample, orbits that maintain the Earth-vehicle angle
between 3− 6◦ are sought.

To translate the cone angle constraints into am-
plitude constraints, the radii of the cones at the x-
location of L2 are included in Fig. 17 as the orange
(47183 km) and cyan (23527 km) lines. While the orbit
amplitudes in the figure do not necessarily correspond
to this x-value, it serves as a useful first approxima-
tion. From Fig. 17, it is clear that a small range of
halo orbits exists for which Ay and Az are within the
3−6◦ amplitude range. Selecting C = 3.115, indicated
by a dashed black vertical line in Fig. 17, within this
small range yields the green halo orbit, appearing in
Fig. 23, that maintains the desired constraints over the
entire path. While the selected halo orbit is predicted
to possess a nontrivial center manifold (nC = 4), a
quasi-halo orbit at this energy level will likely violate
the constraints. From the chart, however, a second
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Fig. 23 Halo orbit satisfying cone constraints

option emerges in terms of quasi-Lyapunov or quasi-
vertical orbits. There exists a range of C values for
which the Lyapunov orbit Ay and vertical orbit Az lie
within the specified amplitude ranges. For example,
at C = 3.135, an unstable (nC = 2) Lyapunov orbit
exists for which Ay is nearly equal to the 6◦ ampli-
tude, and an unstable (nC = 4) vertical orbit exists
with Az between the 3 − 6◦ amplitude range. While
both periodic orbits cross through (y, z) = (0, 0) and
necessarily violate the constraints, a center manifold
is expected for the vertical orbit, and Lissajous orbits
that meet the constraints over some time period may
exist. Sample members from the family of Lissajous
tori are computed for C = 3.135 and 100 revolutions
along the orbits are propagated using states from the

invariant circle and a differential corrections process to
enforce full-state continuity along each orbit. Exam-
ining the tori within the family, a solution is located
that lies between the constraint cones for 40.92 days.
Increasing the energy level to C = 3.125, the Lya-
punov orbit Ay violates the 6◦ amplitude constraint.
However, Lissajous orbits still exist that meet the con-
straints for some time interval. A sample torus and
100 revolution propagation appear in Fig. 24(a) for
C = 3.125. The portion along the orbit that satisfies
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Fig. 24 A portion of a Lissajous orbit (C = 3.125)
meeting cone constraints

the constraints is 54.83 days long and appears in Fig.
24 in blue, with the inner cone in cyan in Fig. 24(b).

Conclusions
Multi-body orbits, such as libration point orbits,

have been well studied and a great deal of information
is available about their structure and evolution. Ex-
ploiting the knowledge about these orbits during the
mission design process proves valuable to select orbits
that best meet specific mission constraints. Here, a
general framework for the global solution space in the
vicinity of the libration points is charted, and strate-
gies to display this information are explored. Such
guidelines prove useful to evaluate the available peri-
odic and quasi-periodic orbit types and to understand
the evolution of the solution space with certain pa-
rameters, such as the energy level. A design process
that exploits this information about the available orbit
structures is demonstrated for sample design scenarios.
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