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To investigate the behavior of a spacecraft near a pair of irregular bodies, consider a three body
configuration (one massless). Two massive bodies, P1 and P2, form the primary system; each pri-
mary is initially modeled as an ellipsoid. Concepts and tools similar to those applied in the Circular
Restricted Three-Body Problem (CRTBP) are exploited to construct bounded trajectories for a
third body in such a synchronous system. Then, to accommodate model uncertainties and other
non-gravitational perturbations, a design strategy to maintain a spacecraft near a reference path
is proposed.

I. INTRODUCTION

While most of the more massive bodies in the solar sys-
tem are reasonably spherical, there are many smaller
objects with very irregular shapes. Such small bodies
may orbit the Sun, a planet, or even an asteroid or
other small body. These irregular objects are the focus
of increasing scientific interest and their study, through
various types of observations, offers insight into the
early development of the solar system, as well as the
formation and origin of more massive bodies. However,
ground-based observations possess limited capabilities
and closer observations, available during in situ mis-
sions, supply higher volume and higher quality data
for analysis. Yet, to successfully design trajectories
to reach such small, arbitrarily-shaped bodies and to
explore the nearby regions, a more thorough under-
standing of the dynamical environment in the vicinity
of such systems is required.

In recent years, several spacecraft have been de-
livered to the vicinity of small irregular bodies and
more complex missions are under development. In
2001, after a series of orbital revolutions to bring
the NEAR spacecraft closer to the asteroid 433 Eros
and to gather more scientific observations, the vehi-
cle landed on the asteroid surface.1 Launched in 2007,
the current Dawn project is another mission to mul-
tiple irregular bodies, with a spacecraft that orbited
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Vesta for over a year and is now enroute to the dwarf
planet Ceres.2 The Russian Phobos-Grunt spacecraft,
launched in November 2011, originally planned to land
a probe on Phobos and return a soil sample to Earth;
unfortunately, the spacecraft never left Earth orbit.3

Currently, ESA’s Rosetta spacecraft is orbiting comet
67P/ChuryumovGerasimenko and will deliver a lan-
der to the comet’s surface for further exploration of
this very irregular body.4 In 2016, the NASA mission
OSIRIS-REX is scheduled to deliver a spacecraft to
the asteroid 1999 RQ36 to collect soil samples and to
investigate this potentially hazardous object.5 Based
on such initial steps, the number of proposals involv-
ing such spacecraft destinations is generally increasing.
In addition, current estimates indicate that approxi-
mately sixteen percent of the known near-Earth aster-
oid population may be binaries6 and a few new mission
concepts are emerging to visit binary systems com-
prised of irregular bodies. Thus, further exploration of
the dynamical behavior in such an environment is war-
ranted. In support of such future endeavors, previous
analyses have investigated the dynamical environment
in the vicinity of a pair of irregularly-shaped bodies
with a ellipsoid-sphere model,7, 8 and some investiga-
tions have been completed with alternative approaches
that are based on modeling of the primary bodies as
geometric polyhedra.9, 10 Such models have also been
previously applied to scenarios that involve a single as-
teroid.11

The focus of the analysis in this work is the behavior
of a third body in the vicinity of a system comprised
of two irregular bodies that might represent a binary.
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Previous work from the authors8, 12 focused on the ex-
ploration of bounded trajectories in the vicinity of a
simplified system. However, these types of dynamical
models are idealized representations of the actual dy-
namical regime and do not incorporate uncertainties
in the physical properties of the bodies and other non-
gravitational perturbing effects. In this analysis, a tra-
jectory design strategy to maintain a spacecraft near
reference third-body trajectories that exhibit some de-
sired characteristics is constructed incorporating mul-
tiple sliding surfaces guidance.13, 14 Such a control law
can be demonstrated to be globally stable and robust.
In practical applications, the exact physical properties
of the massive bodies in the system are not known. It is
reasonable to assume sufficient knowledge to construct
an ‘estimated’ model that approximates the properties
of the ‘true’ system. For the true system, each primary
is modeled as a polyhedron and the ‘estimated’ sys-
tem employs a sphere-ellipsoid or an ellipsoid-ellipsoid
model. Then, to maintain the spacecraft in orbit near
a desired reference path, a ‘coast and thrust’ scheme is
proposed.

II. DYNAMICAL MODEL DEVELOPMENT

Within the context of trajectory exploration near sys-
tems comprised of small irregular bodies, a first step in
the analysis is the development of a dynamical model
that describes the motion of the primary system. Then,
to incorporate the motion of a third body, additional
dynamical models that describe the third-body behav-
ior for different levels of complexity in the primary
system model are constructed.

II.I Idealized Dynamical Model

Consider an initial idealized dynamical model such that
the primary system is comprised of two rotating el-
lipsoids, i.e., both P1 and P2 are modeled as tri-axial
constant density ellipsoids with semi-major axes αi, βi,
and γi for the bodies Pi, i = 1, 2. The motion of the
isolated primary system is first addressed before deriv-
ing the equations that govern the behavior of a third
massless body near such a system.

Motion of the primary system

One strategy to derive the equations of motion that de-
scribe the time evolution of such a system is to assume
that the mutual orbit of the two ellipsoids is coplanar
and equatorial. Then, the problem can be fully de-
scribed with four degrees of freedom, qi, in terms of
one distance and three angles.15 First, an inertially
fixed frame (ê1, ê2, ê3) is defined such that the plane
spanned by (ê1, ê2) is parallel to the orbital plane of
the primary system. Then, a second frame is defined
consistent with the rotating frame in the Circular Re-
stricted Three-Body Problem (CRTBP), that is, the

first base vector ŝ1 is directed from P1 to P2 between
the centers of mass, ŝ3 is parallel to the orbital angu-
lar velocity of the primary system, and ŝ2 completes
the right-handed unit vector basis. Thus, the inertial
and orbital frames are related via a rotation about the
inertial direction ê3 = ŝ3 through the angle θ. Also,
both ellipsoids are assumed to be rotating about the
third inertial direction, ê3, such that the orientation
between the body fixed-frame (x̂i, ŷi, ẑi) moving with
the primary i and the orbital frame is fully described
by the angle φi. Consequently, ê3 = ẑ1 = ẑ2. Finally,
the distance r denotes the separation between the two
primary bodies, as illustrated in Figure 1. Then, the
Lagrangian equations of the motion for the primary
system, of the form d (∂L/∂q̇i) /dt = ∂L/∂qi, are de-
rived as follows,
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1
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where m denotes the reduced mass of the primary
system defined as m = m1m2/(m1 + m2). Then,
Ur = ∂U/∂r, Uφ1

= ∂U/∂φ1, and Uφ2
= ∂U/∂φ2 and

U is the potential energy of the system defined as,
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where G is the universal gravitational constant and
¯̄I1 and ¯̄I2 represent the inertia dyadics associated
with P1 and P2, respectively, such that ¯̄Ii =
diag

[

Iix , Iiy , Iiz
]

, i = 1, 2.

Three-body dynamical model (EETBP)

The motion of a massless third body is modeled as-
suming that the primary system is comprised of the
two massive ellipsoids, P1 and P2, as illustrated in
Figure 1. Note in the figure that the third particle
is located relative to the first primary, P1, center of
mass, as viewed in the inertially-fixed frame, by the
position vector ρ̄ = xê1 + yê2 + zê3. Similar to the full
two-body problem, the equations of the motion that
describe the behavior of a massless particle near a pri-
mary system are derived from Newton’s second law.
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Fig. 1: Ellipsoid-ellipsoid full two-body problem and three-body problem geometry

Expressed with respect to the inertial frame, the 2nd-
order vector EOM is,

¨̄ρ =
∂UEE

∂ρ̄
[6]

where the symbol UEE then denotes the gravitational
potential defined as UEE = (1−µ)Ue1 +µUe2 ; Ue1 and
Ue2 represent the potentials that are associated with
P1 and P2, respectively. Similar to the CRTBP, where
no complete analytical solution to the EOMs exists,
this set of differential equations is also numerically in-
tegrated along with the full-two body problem EOMs
to simulate the motion of a massless third particle.

Synchronous systems

From the general formulation, two equilibrium primary
configurations are identified: the long-axis equilibrium
and the short-axis equilibrium configurations. Initially,
consider the long-axis configuration, that is, a primary
orientation such that the two ellipsoids’ largest semi-
major axis directions, α1 and α2, are each aligned with
the ellipsoid-ellipsoid direction ŝ1. For this configura-
tion to be maintained, both rotating frames coincide
and the primaries P1 and P2 appear to be fixed in
the rotating frame. This configuration is labeled ‘syn-
chronous’. Also true in synchronous systems, the an-
gular velocity θ̇ is constant in magnitude.

II.II High-Fidelity Dynamical Model

An alternate higher-fidelity approach to the ellipsoidal
shape model for the representation of the primaries in
a given system is a model that constructs each body as
a constant density polyhedron. There is no restriction
on the geometric complexity in the polyhedron model;
as a consequence, the relative orbital motion and the
attitude orientation of the two bodies are coupled.

Motion of the primary system

The differential equations for the coupled relative mo-
tion of a primary system, such that each massive body
is an arbitrarily-shaped but constant density polyhe-
dron, can be numerically integrated. One approach
exploits a semi-implicit Lie Group Variational Integra-
tor (LGVI) and the discretized equations of the motion
for the full two-body problem as expressed in a frame
that is fixed with and centered at the primary P1.

9, 16

The scalar EOMs are coupled and include both the
relative orbital motion as well as the attitude of the
two bodies as time evolves. As part of the integration
process, the mutual forces and moments, that is, the
resultant force and moment that each body exerts on
the other, must be evaluated. There is no known ex-
act method to compute these quantities for a pair of
arbitrary polyhedra; rather, the algorithm relies on an
infinite series expansion of the gravitational potential
function. Then, the force and moment terms are com-
puted as the derivatives of the approximated potential
function with respect to the relative position vector and
the relative attitude matrix, respectively.17, 18 The nu-
merical integration is computationally expensive and
a trade-off between the resolution of the discretiza-
tion for each shape model and the number of terms
to include in the series expansion for the gravitational
potential approximation is necessary to achieve rea-
sonable computation times. For this analysis, a C++
program that leverages a Message Passing Interface
(MPI) is employed for the integration of the relative
motion for a given binary system. Simulations are per-
formed on Purdue University’s Coates cluster using up
to 2800 cores (350 nodes).

Three-body dynamical model (PPTBP)

The motion of a massless third body is modeled as-
suming that the primary system is comprised of the
two constant density polyhedra, P1 and P2, where the
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relative motion of the primary system is pre-computed.
Note that the third particle is located relative to the
primary P1 center of mass, as viewed in the inertially-
fixed P1-centered frame. (See Figure 1.) However, the
problem can be similarly formulated for either primary
as the central body. The equations of motion that de-
scribe the behavior of a massless particle near such
a primary system are similar to the ellipsoid-ellipsoid
problem, as expressed with respect to the inertial frame
in Eq. [6] where the symbol UEE is replaced with UPP .
The symbol UPP now denotes the gravitational poten-
tial defined as UPP = (1−µ)Up1

+µUp2
where Up1

and
Up2

represent the potentials that are associated with
the polyhedra P1 and P2, respectively. In contrast to
the motion of the primary system, where the mutual
gravitational potential is expressed in terms of an in-
finite series, the gravitational potential that is exerted
on the massless third body by each polyhedron can be
computed independently. For each gravitational poten-
tial, and consequently the gravitational force, exerted
by a single constant density polyhedron onto a massless
particle, there exists an exact closed-form solution.19

Thus, the gravitational potential is exact for a given
shape and density. The resolution of the calculated
field depends directly upon the level of discretization
selected for a particular shape. However, the polyhe-
dron is still an approximation for the actual shape of
the body and the accuracy of the gravity field is con-
sistent with its shape determination. In addition, the
Solar Radiation Pressure (SRP) that is exerted on a
spacecraft is a significant perturbing acceleration, es-
pecially in a scenario that involves small bodies, such as
asteroids. In this analysis, a simple model that assumes
the spacecraft is spherical and possesses a constant re-
flectivity is employed to include this perturbation effect
into the model.

III. MULTIPLE SLIDING SURFACES
GUIDANCE (MSSG)

A robust guidance law to control the motion of a space-
craft in the vicinity of a pair of irregular bodies is
introduced. The multiple sliding surfaces guidance13, 14

development relies on higher order sliding control the-
ory.20, 21 The objective is to develop an acceleration
law, one that is robust against unmodeled perturba-
tions, and sufficiently flexible to accommodate the de-
sign objectives.

III.I MSSG guidance law development

To explore and direct the behavior of a spacecraft near
a binary system comprised of irregular bodies, the ob-
jective is an acceleration guidance law that is robust
against unmodeled perturbing effects. Since the grav-
ity field is an approximation and additional unmodeled
forces may exist, such a strategy offers an effective as-

sessment tool. Initially consider the derivation of the
MSSG guidance law without perturbing accelerations.
First, rewrite the vector EOMs, as expressed in terms
of the inertial frame, in a first-order form,

˙̄ρ = v̄ [7]

˙̄v =
∂U

∂ρ̄
+ āc [8]

where āc is the acceleration command. It is clear that
the control āc appears in the second time derivative
of the output, that is, ¨̄ρ or ˙̄v. Thus, the motion of
the guided spacecraft exists on a 2-sliding mode. For
a 2-sliding mode control scheme,20, 21 the goal is the
selection of a sliding surface vector s̄ such that s̄ =
˙̄s = 0̄ when the control objective is achieved. Also, the
dynamics of the sliding system must possess relative
degree 2, that is, the acceleration command appears in
the second time derivative of the sliding surface vector.
Define a first sliding vector surface as,

s̄1 = ρ̄− ρ̄D [9]

where ρ̄D is the desired nondimensional position vector
of the spacecraft. Differentiating s̄1 with respect to
time yields,

˙̄s1 = ˙̄ρ− ˙̄ρD = v̄ − v̄D [10]

where v̄D is the desired nondimensional velocity vector
of the spacecraft. Note that the sliding surface is, in
fact, of relative degree 2. The second time derivative
of s̄1 is evaluated as,

¨̄s1 = ˙̄v − ˙̄vD =
∂U

∂ρ̄
+ āc − ˙̄vD [11]

The guidance problem is formulated as follows: de-
termine the acceleration command, āc, such that the
sliding vector surface s̄1, and its time derivative, both
converge to zero in a finite time, i.e., t→ tf , s̄1, ˙̄s1 → 0.
The objective is achieved by selecting ˙̄s1 as a virtual
control coupled with a backstepping method. First, ˙̄s1
is selected such that the first sliding surface reaches
zero in a finite time. One choice for the virtual control
such that s̄1 → 0 as t→ tf is,

˙̄s1 = −
Λ

tf − t
s̄1 [12]

where Λ = diag [Λ1 Λ2 Λ3] is a diagonal matrix and
Λi are guidance gains such that Λi > 0. To prove
that the virtual control ˙̄s1 is globally stable and, thus,
effectively drives the first sliding surface to zero in a
finite time, consider the candidate Lyapunov function,

V1 =
1

2
s̄T1 s̄1 [13]

Clearly, V1(s̄1 = 0̄) = 0 and ∀s̄1 ∈ R
3−{0̄}, V1 (s̄1) > 0,

therefore V1 is positive definite. Then,
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V̇1 = s̄T1 ˙̄s1 = −
1

tf − t
s̄T1 Λs̄1 [14]

where Λ, as recalled, is defined such that Λi > 0, i.e.,
Λ is positive definite. Then, −V̇1 is expressed as a
quadratic form of the virtual state s̄1 with Λ positive
definite, therefore, V̇1 is negative definite. Finally, with
V1 and −V̇1 positive definite, the Lyapunov theorem
concludes that the virtual control ˙̄s1 is globally stable.
A solution for the virtual state, s̄1, can be explicitly de-
rived and allows further constraints on the gain matrix
Λ. Applying separation of variables on Eq. [12],

ds1i
s1i

=
Λidt

tf − t
[15]

where i = 1, 2, 3, i.e., s̄1 = [s1 s2 s3]
T
. Direct integra-

tion of Eq. [15] produces,

log (s1i) = Λi log (tf − t) + Ci [16]

where s1i are the components of s̄1 and the vector in-
tegration constant C̄ is explicitly defined by imposing
the initial condition s̄1(0) = s̄10. Also, after evalua-
tion of the exponential of both sides in Eq. [16], the
solution results in the expression,

s1i (t) = s1i0 (tf − t)Λi [17]

The time derivative of the sliding surface is then di-
rectly derived as,

ṡ1i (t) = Λis1i0 (tf − t)Λi−1 [18]

Provided that Λi > 0, Eq. [17] guarantees that the
sliding surface vector converges to zero in a finite time.
However, if Λi < 1, the time derivative of the sliding
surface in Eq. [18] diverges as t → tf . Therefore, the
matrix gains are selected such that Λi > 1 to guaran-
tee that both the sliding surface vector and its time
derivative reach zero as t → tf . Recall that the goal
is an acceleration command āc that achieves the con-
trol objective. Thus, the virtual control ˙̄s1 must be
explicitly related to the acceleration command to suc-
cessfully achieve the objective s̄1, ˙̄s1 → 0̄. Also note
that, initially, the spacecraft position and velocity vec-
tors may not, in general, satisfy Eq. [12]. The next
step in deriving the guidance law is the definition of
a second sliding surface that forces the desired accel-
eration command to drive the virtual control from its
initial value to a trajectory that follows the dynam-
ics in the first-order nonlinear equation defined in Eq.
[12]. In addition, under the acceleration command, the
system must be maintained on the second surface un-
til s̄1, ˙̄s1 → 0̄ is attained. The second sliding surface
vector is selected as,

s̄2 = ˙̄s1 +
Λ

tf − t
s̄1 = 0̄ [19]

where it is easily verified that the second sliding surface
is now of relative degree 1 with respect to the accelera-
tion command, that is, āc appears explicitly in the first
time derivative of the second surface,

˙̄s2 = ¨̄s1 +
Λ

tf − t
˙̄s1 +

Λ

(tf − t)2
s̄1 [20]

The expression for ¨̄s1 derived in Eq. [11] is substituted
in Eq. [20] to produce,

˙̄s2 =
∂U

∂ρ̄
+ āc − ˙̄vD + Λ

(tf − t) ˙̄s1 + s̄1

(tf − t)2
[21]

To select an adequate acceleration command that guar-
antees global stability of the closed-loop system, the
Lyapunov stability theory is again exploited. Consider
the second Lyapunov candidate function,

V2 =
1

2
s̄T2 s̄2 [22]

Similar to V1, V2 is positive definite and its time deriva-
tive is explicitly computed as,

V̇2 = s̄T2 ˙̄s2 = s̄T2

[

∂U

∂ρ̄
+ āc − ˙̄vD + Λ

(tf − t) ˙̄s1 + s̄1

(tf − t)
2

]

[23]
Finally, for V̇2 to be negative definite, one possible
choice for the command acceleration is,

āc (t) = −

{

∂U

∂ρ̄
− ˙̄vD + Λ

(tf − t) ˙̄s1 + s̄1

(tf − t)
2

+Φsgn (s̄2)

}

[24]
where the coefficients for the second diagonal matrix
Φ = diag [Φ1Φ2Φ3] can be selected such that,

Φi =
s2i0
t∗f

[25]

where t∗f = ntf , n < 1. Recall that tf is the pre-
scribed time of flight, thus, the second sliding surface
reaches zero in the finite time such that t∗f < tf . To
demonstrate this property, substitute the acceleration
command derived in Eq. [24] into the first time deriva-
tive of the second sliding surface vector in Eq. [21] to
obtain,

˙̄s2 = Φsgn (s̄2) [26]

Further, noting that the vector s̄2 retains the same sign
until reaching zero, the previous equation in Eq. [26]
can be explicitly integrated,

s̄2 (t) = s2i0

(

1−
t

t∗f

)

[27]

It is now apparent that the second sliding surface vec-
tor is driven to zero as t → t∗f . Finally, the derived
control law is proven to be globally stable.
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III.II MSSG under uncertainty

The acceleration command derived in Eq. [24] does not
currently accommodate unmodeled perturbing effects.
Now consider the augmented system with an unknown
or unmodeled perturbing acceleration, āP ,

˙̄ρ = v̄ [28]

˙̄v =
∂U

∂ρ̄
+ āc + āp [29]

The first derivative of the Lyapunov function V2 be-
comes,

V̇2 = s̄T2 ˙̄s2 = s̄T2 [āP (t)− Φsgn (s̄2)] [30]

Thus, to guarantee that V̇2 is negative definite, the
gains Φi are selected such that Φi > max

∣

∣amax
Pi

∣

∣. The
second Lyapunov function is decrescent and negative
definite, thus, the Lyapunov stability theorem for non-
autonomous systems guarantees that s̄2 → 0̄ when
t → t∗f , and consequently, s̄1, ˙̄s1 → 0̄ when t → tf . Fi-
nally, provided that a upper bound for each component
in the unmodeled perturbing acceleration is available,
the MSSG control law is globally stable. The derived
law supplies a robust control for the spacecraft in the
vicinity of a pair of massive bodies.

III.III MSSG with Bounded Control

In the general formulation for the MSSG acceleration
command, no explicit upper limit for the computed ac-
celeration is enforced, that is, the control is unbounded.
In practical applications, the feasible thrust magnitude
may be limited; thus, a strategy to enforce bounded
acceleration while preserving the direction of the com-
puted acceleration is proposed. Consider the following
control command, modified for boundedness,

āc =

{

āc if ‖āc‖ < TMAX ,

TMAX
āc

‖āc‖
if ‖āc‖ ≥ TMAX .

[31]

where TMAX is the maximum allowed acceleration
command. Recall that current technology for low-
thrust engines offers feasible thrust levels of approx-
imately 100 mN. Assuming a spacecraft wet mass of
500 kg, the maximum thrust corresponds to a maxi-
mum acceleration of TMAX = 2 × 10−4 m/s2. This
modified control input guarantees that the acceleration
that is applied to guide the spacecraft remains within
a feasible limit.

IV. DESIGN STRATEGY FOR PERIODIC
ORBIT TRACKING WITH PRIMARY

SHAPE UNCERTAINTY

The objective in this analysis is a strategy to maintain
a spacecraft along a path that exhibits some desir-
able characteristics. Employing the multiple sliding

surfaces guidance method, an acceleration command
law is derived that delivers a spacecraft from an ini-
tial state to a desired state. Also, the guidance law is
demonstrated to achieve global stability for the closed-
loop system. In practical applications, such as mission
scenarios that involve close proximity of a spacecraft
within a binary system of asteroids, the exact physical
properties of the massive bodies in the system are not
known. It is reasonable to assume sufficient knowledge
of the system to construct an ‘estimated’ model of the
system that approximates the actual properties of the
‘true’ system.

IV.I Strategy

A strategy to maintain a spacecraft near a desirable
path with limited knowledge concerning the primary
system is introduced. First, a reference periodic orbit
is computed for an estimated primary system model.
Then, a scheme is constructed incorporating multiple
sliding surfaces guidance to maintain the spacecraft
near the reference. Within the context of mission sce-
narios that involve proximity to the primary system,
it is not, in general, desirable to continuously operate
the propulsive subsystem. For instance, during inter-
vals of data collection such as science measurements,
it may be important that the spacecraft is subject to
minimal internal perturbations. Within this context, a
‘coast and thrust strategy’ is proposed. The spacecraft
coasts until it reaches a prescribed deviation from the
reference path, at which point the spacecraft is driven
back to the reference path within a defined time. This
process is repeated as necessary such that the space-
craft orbit is maintained.

IV.II Reference Trajectory

To explore the dynamical behavior of a third body in
the vicinity of two irregular primaries, periodic orbits
are of special interest. A differential corrections based
technique is employed to compute a trajectory that
is periodic in the nonlinear regime given some initial
guess. Particular families of periodic orbits within this
regime are labeled resonant orbits and the classical
two-body problem is leveraged to generate an initial
guess. Within the context of a restricted two-body
problem, consider two bodies, A and B, that orbit a
primary body. The primary body is massive while bod-
ies A and B are assumed massless, consistent with the
restricted two-body problem model. Body B is defined
to be in resonance with body A if it completes p or-
bits with respect to the primary in the same time that
body A achieves exactly q orbits.22 In this definition,
p and q are two positive integers where p is associated
with body B and q refers to the period of body A.
For instance, a spacecraft in a 1 : 2 resonance with
the Moon completes one revolution around Earth in
the same time that the Moon completes two periods.
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Using this restricted two-body problem to produce an
initial guess for a resonant orbit given some resonant
ratio p : q, an orbit that is periodic and possesses, ap-
proximately, the two-body resonant ratio is computed
in the three-body regime. Employing a continuation
method in a higher-fidelity model, a family of resonant
orbits, or, a set of orbits that share some common char-
acteristics, is computed. Also, exploiting bifurcations
within the planar resonant family, other families with
the same resonance ratio that include symmetric or
asymmetric three-dimensional trajectories can be gen-
erated.

IV.III MSSG with Perturbing Acceleration

Consider two models for the binary system. First, a
‘true’ model is one that corresponds to the actual in
situ system; the true gravitational model is, in fact,
unknown or at least uncertain, prior to the mission.
The true system is represented by the higher-fidelity
dynamical model, that is, each primary is modeled as
a polyhedron. Then, an ‘estimated’ system, that is, an
approximate system, is constructed based upon prior
knowledge of the system and is employed for trajectory
design. The motion of the spacecraft is numerically in-
tegrated with the EOM and the gravity model that cor-
respond to the higher-fidelity polyhedron model while
the acceleration command is computed solely based
upon the lower-fidelity estimated system, that is, as-
suming the system is comprised of ellipsoidal massive
bodies. The deviation between the total gravitational
acceleration exerted by the true and the estimated sys-
tem is defined as the perturbation acceleration vector
āp in Eq. [28]. The control law is globally stable if the
second matrix gains Φ are selected such that,

V̇2 = s̄T2 [āP (t)− Φsgn (s̄2)] < 0 [32]

that is, such that Φi > max
∣

∣amax
Pi

∣

∣.

IV.IV Validation with Fictitious Binary Model

The proposed strategy is initially validated exploiting a
fictitious primary system model. For a given reference
trajectory, the ‘coast and thrust’ scheme is simulated.

Primary system models

Consider a fictitious primary system such that the pri-
mary P1 is a scaled model of the asteroid Eros and
the second primary is a spheroid. For the true system,
each primary, P1 and P2, is constructed as a constant
density polyhedron. Also, the motion of the primary
system is assumed to be consistent with a synchronous
system, that is, each primary appears fixed as viewed
in the rotating frame. The estimated system is then an
ellipsoid-sphere model with an elongated primary such
that the largest equatorial P1 radius equals 5 km, the

ellipsoid axes ratios are β = γ = 0.5, the primary mass
ratio is ν = 0.2, and the primary distance is r = 6.

Reference trajectory

The reference trajectory for this application is a sample
three-dimensional 1 : 2 symmetric resonant orbit as
computed with the estimated system, and illustrated
in Figure 2.

Simulation

For the fictitious primary system model and the sam-
ple reference trajectory, the ‘coast and thrust’ scheme
is simulated. The initial state to generate the reference
orbit from the ellipsoid-sphere system is numerically
integrated using the EOM with the gravitational ac-
celeration computed using the polyhedron model until
the spacecraft state reaches a predetermined deviation
from the reference path. Then, using the final state
along the coast arc as the new initial condition state
vector for the controlled trajectory, the EOM incorpo-
rating the MSSG acceleration command, as computed
with the ellipsoid-sphere model, is numerically inte-
grated for the prescribed finite time tf . For this simu-
lation, the time of flight is selected as tf = 1/5P where
P is the period of the reference orbit, t∗f = 1/2tf , i.e.,
n = 1/2, the gain matrix Λ is Λ = [5 5 5], and the
matrix Φ is selected such that Φi > max |aP i

max|. In
Figure 3 are illustrated the reference trajectory, the
uncontrolled trajectory using the reference orbit initial
state, the coast arcs, and the controlled arcs in black,
red, blue, and purple, respectively. Visually, the de-
sign objective is achieved for the two thrust arcs that
are apparently required to maintain the spacecraft in
orbit for one revolution along the reference trajectory.
Further, the acceleration profile and the sliding surface
vector time histories are illustrated in Figure 4. The
second and first sliding surfaces converge to zero at t∗f
and tf for the two controlled arcs, respectively. Note
that, although not yet incorporated as a constraint,
the magnitude of the acceleration command remains
smaller than the reference maximum value of 2× 10−4

m/s2. Also, as expected, the tracking errors also con-
verge to zero, as depicted for the first arc in Figure
5. Finally, this example successfully demonstrates the
proposed ‘coast and thrust‘ strategy. The acceleration
command computed with the MSSG algorithm allows
the spacecraft to successfully reach the reference path.
To maintain the spacecraft in orbit for one revolution
along the desired trajectory, two coast arcs and two
controlled arcs are sufficient.

IV.V MSSG with Bounded Control Input

As demonstrated in the previous example, the pro-
posed scheme successfully drives the spacecraft state to
the reference path under the perturbing accelerations
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Fig. 2: Reference trajectory: resonant 1:2 3D symmetric orbit in the EE3BP
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Fig. 5: Error history: thrust arc 1

that are due to uncertainties in the system physical
properties. The acceleration command magnitude is
reasonable with respect to the currently available tech-
nology for the specific simulation in Section IV.IV.
However, no explicit upper limit for the computed ac-
celeration is enforced, that is, the control is unbounded.
To assess the validity of the bounded control strategy,
as introduced in Section III.III, the same simulation
is repeated. Additionally, a velocity perturbation is
applied to the initial state on the reference path to
exaggerate the drift rate from the reference trajectory
during the first phase of the simulation, that is, when
the spacecraft is nominally coasting under the natu-
ral dynamics. Also, the predefined deviation from the
reference solution that triggers a thrust arc is signif-
icantly increased. Such a scenario may be analogous
to a spacecraft experiencing a failure and drifting from
the reference solution beyond the prescribed boundary
limits. Assuming the spacecraft eventually recovers,
the objective of this simulation is to assess the capa-
bility of the proposed scheme to recover the reference
orbit, under a bounded control input, from an initially
large deviation. Consider a first test case with an
initial velocity perturbation in nondimensional units
equal to δv̄ =

[

0 − 5× 10−2 0
]

, and initially assume
that the MSSG controller employs an unbounded con-
trol input. The resulting coast arc and the controlled
arc are illustrated in Figure 6(a) along with the ref-
erence trajectory in blue, purple, and black, respec-
tively. As designed, at the end of the initial coast
arc, the spacecraft is located further from the refer-
ence compared to the previous simulation. Then, the
MSSG control law successfully drives the spacecraft
back to the reference path; however, the acceleration
command magnitude exceeds the maximum allowed ac-
celeration TMAX . Now consider the same problem with

a bounded acceleration command. The trajectory arcs
that result from the simulation are illustrated in Fig-
ure 6(b). Again, the MSSG control law successfully
drives the spacecraft back to the reference orbit and
the controlled arc, with bounded acceleration, closely
resembles the unbounded controlled path. However, as
illustrated in Figure 7, the acceleration command does
not exceed the maximum allowable acceleration yet
still achieves the design objective, as depicted by the
two sliding surface vectors converging to zero within
the allocated finite time. For this first simulation, the
bounded MSSG successfully drives the spacecraft from
a distant state relative to the desired path back to the
reference solution while the acceleration command is
bounded to remain within a feasible maximum value.

To further assess the performance of the bounded con-
troller, additional test cases are examined with a va-
riety of initial velocity perturbations. Consider the
scenarios with initial velocity perturbations, δv̄1 =
[

−1× 10−2 − 1× 10−2 0
]

, δv̄2 =
[

0 − 5× 10−2 0
]

,

and δv̄3 =
[

0 − 3× 10−2 − 2× 10−2
]

. The results
from the three scenarios are represented in Figures 8
and 9. First, the controlled arcs for cases 1 through
3 are illustrated in purple, green, and orange, respec-
tively, in Figure 8. Visually, the design objective is
achieved in all three cases. Next, the sliding surface
vectors converge to zero as expected for the three sce-
narios as depicted in Figure 9. Also represented in
this figure is the magnitude of the acceleration com-
mand and, for the three cases, the control input is
again bounded by the upper value TMAX . In sum-
mary, the robust MSSG controller is augmented with
a bounded control input. To assess the performance of
the bounded control, a fictitious scenario is introduced
where the spacecraft is initially far from the reference.
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Fig. 6: Simulation under uncertainty: coast (blue) and thrust (purple) arcs
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The guidance strategy is active as the motion evolves.
Without bounds on the control input, the MSSG suc-
cessfully drives the spacecraft back to the reference but
the acceleration command magnitude exceeds the cur-
rent technology that is assumed to be available for low
thrust engines. A strategy for bounded control that
preserves the direction of the computed acceleration
vector is demonstrated.

V. APPLICATION TO KNOWN BINARY
1999 KW4

A design strategy to maintain a spacecraft near a
reference path with some desirable characteristics is
proposed assuming limited a priori knowledge of the
primary system. The scheme is initially validated with
a fictitious binary system model and a next step in the
investigation is an extension to a known binary system.

V.I Primary System Model: 1999 KW4

Consider the well-known Near Earth Asteroid (NEA)
1999 KW4. The first step in the analysis is the con-
struction of both true and estimated models for the
motion of the given primary system.

Primary shape model

For 1999 KW4, a medium resolution polyhedron shape
model is illustrated in Figure 10 for the primary and
secondary component that comprise the KW4 binary
asteroid. This shape model is derived from the full
resolution model constructed in Ostro et al.23 Also,
some representative physical parameters for each body
are summarized in Table 1. The primary exhibits the
characteristic ‘walnut’ shape while the secondary, much
smaller in size, is a very oblate and significantly elon-
gated body.

Table 1: 1999 KW4 shape model

AX (km) AY (km) AZ (km)
Primary 1.53 1.49 1.35
Secondary 0.57 0.46 0.35

density (kg m−3) rotation period (hr)
1970 2.76
2810 17.42

Primary motion simulation

The irregular shape of each of the two bodies directly
affects the relative motion of the two primaries; the
fully coupled motion of the two-body system is mod-
eled and numerically integrated, as outlined in Section
II.II. The initial orbital conditions and configuration
for such a simulation are summarized in Table 2 for
the primary orbital motion, in terms of semi-major

axis and eccentricity, and the initial orientation of both
bodies. The angles ψi, θi, and φi correspond to the Eu-
ler angles for a 3−1−3 sequence and i = 1, 2 for the pri-
mary and secondary, respectively. The mutual motion,
both orbital and rotational, is numerically integrated
for approximately 15 revolutions of the primary sys-
tem. Recall that the computation of the mutual force,
as well as the torque that one body exerts on the other,
at each time step during the numerical integration
process relies on an infinite series expansion of the grav-
itational potential. In this simulation, only the first five
terms in this series are retained, that is, four orders be-
yond the point mass solution. Selected results from this
simulation appear in Figure 11. As expected, the ir-
regular shape of the body directly impacts the mutual
orbital motion, as clearly illustrated by the oscillat-
ing semi-major axis and eccentricity as time evolves;
also, it is directly apparent in the primary-centered in-
ertial view of the trajectory. Although not presented
here, the attitude of each body is also influenced by
the mutually irregular shapes. For this problem, en-
ergy and angular momentum are conserved, however,
it is sometimes challenging to achieve conservation of
these quantities, to some specified tolerance, during the
numerical integration process over long time intervals.
In this analysis, the symplectic algorithm allows energy
and angular moment to be conserved within reasonable
and bounded values throughout the simulation.

Table 2: 1999 KW4 initial conditions

a (km) e ψ1 (deg) θ1 (deg)
2.54 0.01 27.04 10

φ1 (deg) ψ2 (deg) θ2 (deg) φ2 (deg)
-83.93 0 0 180

V.II Reference Trajectory

The reference trajectory is a three-dimensional sym-
metric 1 : 2 resonant orbit computed for a sample
synchronous ellipsoid-ellipsoid system consistent with
the dimensions of the 1999 KW4 primary bodies, as il-
lustrated in Figure 12. In Table 3 are summarized the
characteristics that are associated with the 1999 KW4
model, including the system mass ratio, µ, the primary
distance separation, r, and the ellipsoid axes ratios, αi,
βi, γi for the primary Pi.

Table 3: Characteristic quantities associated with
the 1999 KW4 model

µ r β1 γ1 β2 γ2
0.0541 3.64 1 0.845 0.8109 0.6112

V.III Simulation

The proposed guidance strategy is now applied to the
known binary system 1999 KW4. In addition to the
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Fig. 8: Additional simulations under uncertainty with bounded input
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Fig. 10: 1999 KW4 shape model: primary (left) and secondary (right)
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Fig. 12: Reference trajectory: resonant 1:2 3D symmetric orbit in the EE3BP

perturbing acceleration due to the uncertainty in the
physical and dynamical properties of the primary sys-
tem, solar radiation pressure exerted on the spacecraft
is also incorporated into the simulation. Note that
the magnitude of both perturbing accelerations remain
smaller than the reference maximum value TMAX . The
results of the simulation incorporating the MSSG guid-
ance law appears in Figure 13, where the reference
trajectory, the coast arcs, and the controlled arcs are
plotted in red, blue, and purple, respectively. In this
simulation, the allowed deviation from the reference
path is arbitrarily selected to equal 1.25 nondimen-

sional distance units, the time of flight is specified as
tf = 1/10P , n = 1/3, that is, the second sliding surface
vector reaches zero at t∗f = tf/3. The time constants
are also arbitrary. For test values of t∗f equal to val-
ues between 1/4 and 3/4, similar simulations result
in the same successful outcome. A relatively small tf
value allows short thrust arcs to maximize scientific
activities while requiring a larger control effort. In
contrast, a longer time of flight would allow a smaller
thrust magnitude, if required. The number of coast
and thrust arcs is then determined autonomously; the
design objective is achieved for the two thrust arcs
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Fig. 13: Simulation under uncertainty with bounded input for 1999 KW4 viewed in rotating (left) and
inertial (right) frame. Reference (red), coast (blue) and thrust (purple) arcs
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that are required to maintain the spacecraft in orbit
for one revolution along the reference trajectory. The
acceleration profile and sliding surface vector time his-
tories are illustrated in Figure 14. The first and second
sliding surfaces converge to zero at tf and t∗f for the
two controlled arcs, respectively. Note that the mag-
nitude of the acceleration command remains smaller
than the reference maximum value of 2 × 10−4 m/s2.
Finally, this application successfully demonstrates the
proposed ‘coast and thrust‘ strategy for an actual bi-
nary system. The scheme is robust against unmodeled
accelerations due to uncertainties in the physical and
dynamical properties of the primary system, as well as
the solar radiation pressure.

VI. CONCLUSION AND FUTURE WORK

The multiple sliding surfaces guidance algorithm is
employed to derive an acceleration command for the
control of a spacecraft in the vicinity of a pair of irregu-
lar bodies. The control law is demonstrated to achieve
the design objective, that is, tracking a desired solu-
tion, in a finite time. Most importantly, the control law
is globally stable. The guidance law is also robust and
globally stable against unmodeled accelerations, pro-
vided an upper bound for the perturbing acceleration
is available. A trajectory design strategy to maintain a
spacecraft near reference third-body trajectories that
exhibit some desired characteristics is constructed. In
practical applications, the exact physical properties of
the massive bodies in the system are not known. It is
reasonable to assume sufficient knowledge to construct
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an ‘estimated’ model that approximates the properties
of the ‘true’ system. For the true system, each primary
is modeled as a polyhedron and the ‘estimated’ system
is an ellipsoid-ellipsoid model. Then, to maintain the
spacecraft in orbit near a desired reference trajectory, a
‘coast and thrust’ scheme is proposed. The spacecraft
coasts until it reaches a prescribed deviation from the
reference path, at which point the spacecraft is driven
back to the reference within a defined time. This pro-
cess is automated to allow successive coast and thrust
arcs to maintain the spacecraft orbit. Based upon
the simulations, the design strategy achieves the ob-
jective under the perturbing acceleration due to the
uncertainty in the system physical properties. The
acceleration command magnitude is, in general, rea-
sonable with respect to the assumed current available
technology. Nevertheless, the robust MSSG controller
is augmented with a bounded control input that pre-
serves the direction of the computed acceleration vector
to better represent an actual mission scenario. Also, a
simulation that includes the solar radiation pressure
on the spacecraft as an additional perturbation near
a known binary system, 1999 KW4, is introduced. In
this analysis, the acceleration command is computed in
terms of Cartesian components as expressed in the in-
ertial frame. Future work includes the incorporation of
additional constraints to better capture realistic thrust
conditions based upon the attitude of the spacecraft.
Also, currently, the acceleration command can be ar-
bitrarily small while, in practical applications, in addi-
tion to a maximum deliverable thrust, engines also are
constrained by a minimum feasible thrust. Bounded
control for the lower limit can also be explored.
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