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To investigate the behavior of a spacecraft near a pair of irregular bodies, consider a
three body configuration (one massless). Two massive bodies, P, and P, form the primary
system; each primary is modeled as a sphere or an ellipsoid. Concepts and tools similar
to those applied in the Circular Restricted Three-Body Problem (CR3BP) are exploited
to construct periodic trajectories for a third body in synchronous systems; such orbits are
also leveraged to design even more complex trajectories. An alternative approach where
the primaries are modeled as geometric polyhedra is also discussed.

I. Introduction

While most of the more massive bodies in the solar system are reasonably spherical, there are many
smaller objects with very irregular shapes. Such small bodies may orbit the Sun, a planet, or even an
asteroid or other small body. These irregular objects are the focus of increasing scientific interest and their
study, through various types of observations, offers insight into the early development of the solar system, as
well as the formation and origin of more massive bodies. However, ground-based observations possess limited
capabilities and closer observations, available during in situ missions, supply higher volume and higher quality
data for analysis. Yet, to successfully design trajectories to reach such small, arbitrarily-shaped bodies and
to explore the nearby regions, a more thorough understanding of the dynamical environment in the vicinity
of such systems is required.

In recent years, several spacecraft have been delivered to the vicinity of small irregular bodies and more
complex missions are under development. In 2001, after a series of orbital revolutions to bring the NEAR
spacecraft closer to the asteroid 433 Eros and to gather more scientific observations, the vehicle landed on
the asteroid surface.! Launched in 2007, the current Dawn project is another mission to multiple irregular
bodies, with a spacecraft that orbited Vesta for over a year and is now enroute to the dwarf planet Ceres.”
The Russian Phobos-Grunt spacecraft, launched in November 2011, originally planned to land a probe on
Phobos and return a soil sample to Earth; unfortunately, the spacecraft never left Earth orbit.” In 2016,
the NASA mission OSIRIS-REX is scheduled to deliver a spacecraft to the asteroid 1999 RQ36 to collect
soil samples and to investigate this potentially hazardous object.” Based on such initial steps, the number
of proposals involving such spacecraft destinations is generally increasing. In addition, current estimates
indicate that approximately sixteen percent of the known near-Earth asteroid population may be binaries’
and a few new mission concepts are emerging to visit binary systems comprised of irregular bodies. Thus,
further exploration of the dynamical behavior in such an environment is warranted. In support of such
future endeavors, previous analyses have investigated the dynamical environment in the vicinity of a pair
of irregularly-shaped bodies with a similar ellipsoid-sphere model,”>” and some investigations have been
completed with alternative approaches that are based on modeling of the primary bodies as a geometric
polyhedron.®? Such models have also been previously applied to scenarios that involve a single asteroid.'”

The focus of this analysis is the behavior of a third body in the vicinity of a system comprised of two
irregular bodies. There are three major objectives: (i) survey of the design space through the computation of
a large set of families of periodic orbits employing increasingly complex dynamical models and identification
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of trajectories with particular interest for mission scenarios that involve the exploration of the primary bodies
or the nearby regions, (ii) exploitation of such orbits, develop an automated tool to construct third-body
trajectories that exhibit some desired characteristics to produce baseline trajectories for such mission sce-
narios, (iii) complete an initial assessment of the robustness of such solutions under more realistic simulation
conditions. Initially, the familiar Circular Restricted Three Body Problem (CR3BP) is employed, that is, a
model where the primary bodies are modeled as point masses. Within the context of exploring third-body
trajectories in the vicinity of two small irregular bodies, two spherical primaries may not, in general, be a
reasonable assumption. This more specific problem motivates the introduction of a dynamical model that
incorporates more complexity in the primary system model. As a first step, one primary is modeled as a
massive ellipsoid rather than a point mass, that is, a sphere-ellipsoid system. Then, the complexity of the
model is increased again and both primaries are ellipsoidal, or, an ellipsoid-ellipsoid system. To explore the
dynamical behavior of a third body near such systems, periodic orbits are of special interest. In the CR3BP, a
wide variety of periodic trajectories that exhibit distinct characteristics are well known. For sphere-ellipsoid
and ellipsoid-ellipsoid systems, a synchronous primary configuration represents a system that is analogous
to the CRTBP, with one or two ellipsoidal primaries rather than point masses. Thus, concepts and tools
similar to those applied in the CRTBP are available. Finally, in an initial effort to assess the feasibility and
robustness of the trajectories produced with the idealized dynamical models, these solutions are converged
into a higher fidelity model where each primary is modeled as a geometric polyhedron.

II. Dynamical Models Development

Within the context of trajectory exploration of systems comprised of small irregular bodies, a first step
in the analysis is the development of a dynamical model that describes the motion of the primary system.
Then, to incorporate the motion of a third body, additional dynamical models that describe the third-body
behavior for different levels of complexity in the primary system model are constructed.

II.A. Circular Restricted Three-Body Problem (CRTBP)
1I.A.1. Motion of the primary system

In the CRTBP, the two primaries are point masses, labeled P; and P, with masses mi and mo, respectively.
The mass parameter of the system is defined as u = ml’i";nz and the orbits of the two bodies are assumed
to be coplanar and circular relative to the system barycenter. A barycentric rotating frame is defined such
that the z-axis is aligned with the angular velocity of the primary system, the z-axis is directed from P; to

Ps, and the y-axis completes the right-handed basis.

II.LA.2.  Three-body dynamical model (CRTBP)

The equations of motion for a third-body in the CRTBP are derived from Newton’s second law of motion,
that is, the acceleration of a particle in the gravity field is derived from the gradient of the gravitational
potential function. As expressed in the rotating frame, the EOMs are written as,

B . ) ou

ﬁ+2wxﬁ+®x(wxﬁ)+wxﬁ:6—ﬁ (1)
where w = nZ and n is constant and equal to 1 in the nondimensional unit system, p = & + y§ + 22 denotes
the location of the third body in the rotating frame with respect to the primary system barycenter. Thus,

under the assumptions in the CRTBP, the nondimensional EOMs are reduced to,

p=[2ny + Uy, —2ni + Uy, U,] (2)

where U(xz,y, z,n) = 3n? (2% + y*) + 1_7” + £ is the pseudo-potential function, d and r represent the distances

between the third body and the primaries P; and Ps, respectively. Then, the quantities U,, Uy, and U,
represent the partial derivatives of U with respect to the nondimensional coordinates of the third body
position. The EOMs are time-invariant and there is a unique known integral of the motion, labeled Jacobi
constant, defined as C' = 2U — v? where v denotes the magnitude of the rotating velocity vector of the third
body.
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II.B. Sphere-Ellipsoid Systems

A first step in increasing the complexity of the model for the primary system and, consequently, the model
that describes the motion of a third body that evolves near such a system, is to consider each primary as
a massive body rather than a point mass. Consider a configuration such that the primary P; is a constant
density tri-axial ellipsoid and P, is a sphere.

II.B.1. Motion of the primary system

To describe the mutual motion of a pair of massive bodies, consider the Full Two-Body Problem (F2BP).
Define one primary, P;, as an ellipsoid with semi-major axes «, 3, and 7, and let P», the second primary,
be spherical.”>!! The distance separating the two primaries, between their respective centers of mass, is
denoted r. Both bodies are uniform with constant density. In general, the motion of P, with respect to Py,
is numerically simulated in a rotating frame (Rp,) that is fixed with the ellipsoidal primary P, with unit
vectors that are aligned along the ellipsoid semi-major axes. A second rotating frame (Rp,), one that is
rotating with the second primary, i.e., P, is also introduced, as illustrated in Figure 1. The EOMs for the
mutual motion of a sphere and an ellipsoid are derived from Newton’s second law of motion, as viewed by an
inertial observer. To facilitate numerical exploration, a set of characteristic quantities to nondimensionalize
the equations are introduced. The characteristic distance is selected as the largest ellipsoid semi-major axes
« and the characteristic time is defined as the inverse of the mean orbital motion of the system at this radius,
that is, t* = \/a/G(m1 + ms). In the rotating frame that is fixed with the ellipsoid, the nondimensional

translational and rotational equations of motion are written,
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Figure 1. Sphere-ellipsoid full two-body problem geometry
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where ps = xsZ1 +ysy1 + 2521 is the nondimensional position vector that denotes the location of the center of
mass of the spherical primary with respect to the ellipsoid center of mass in the ellipsoid-fixed rotating frame,
@ is the angular spin rate of the ellipsoidal primary such that @ is aligned with the inertial Z direction, I is
the inertia dyadic for the ellipsoid, and U, represents the gravitational potential. Dots denote derivatives
with respect to time as viewed by an observer in the working rotating frame, that is, Rp,. It is further
assumed that the two primaries move along coplanar orbits, as viewed by an inertial observer, reducing the
problem to a two Degree-Of-Freedom (DOF) Hamiltonian system, labeled ps and p. In Hamiltonian form,
these EOMs are written in the form,

ps=Hp ; p=—Hp, (5)

where pg is the position vector that denotes the location of the sphere with respect to the ellipsoid in the
Rp, frame. Then, p denotes the corresponding inertial velocity vector, and H is the scalar Hamiltonian.
Formulating the problem in terms of Hamiltonian variables offers the advantage of explicit expressions for
the angular rate w and its rate of change w. The Hamiltonian for the ellipsoid-sphere system is,

1__ 7 PO _
H=35pp+ 5T (K —%-(ps x p))* = U, (6)
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where I, is the ellipsoid moment of inertia along the inertial Z direction, K is the magnitude of the angular
momentum of the system, and U, denotes the mutual potential of the ellipsoid-sphere system, that is,
computed as an elliptical integral. The simplified Hamiltonian equations of motion in Eq. 5 are numerically
integrated to simulate the behavior of any given ellipsoid-sphere system.

II.B.2. Three-body dynamical model (SETBP)

The motion of a massless third body is modeled assuming that the primary system is comprised of the
two massive bodies, P; and P», as illustrated in Figure 2. Note in the figure that the third particle is
located relative to the ellipsoid center of mass, as viewed in the ellipsoid-fixed frame, by the position vector
Pe = Tl + YelU1 + 2e21. Similar to the full two-body problem, the equations of the motion that describe
the behavior of a massless particle near a primary system are derived from Newton’s second law, that is,
the acceleration of a particle in the gravity field is derived from the gradient of the gravitational potential
function. The EOMs are,

pid — - — — — - — 8USE 8U€
e 2 e e e — : 7
Pe+ 20 X P+ @ X (0 X pe) +@ X p 3ﬁe+5ﬁs (7)

where ¢ represents the location of the sphere center of mass and @ is the orbital angular rate of the ellipsoidal
primary P;. The symbol Ugg then denotes the gravitational potential defined as Usg = puUs + (1 — p)Ue,
where Ug and U, represent the potentials that are associated with the sphere and the ellipsoid, respectively.
Since no analytical solution to the EOMs exists, the set of differential equations is numerically integrated
along with the F2BP EOMs to simulate the motion of a massless third particle.
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Figure 2. Three-body problem geometry under periodic F2BP

II.B.3. Synchronous systems

From the general formulation, two equilibrium primary configurations are identified: the long-axis equi-
librium and the short-axis equilibrium configurations. Initially, consider the long-axis configuration, that
is, a primary orientation such that the ellipsoid largest semi-major axis direction, «, is aligned with the
ellipsoid-sphere direction Z5. For this configuration to be maintained, both rotating frames coincide and the
primaries P; and P, appear to be fixed in the rotating frame. This configuration is labeled ‘synchronous’.
Also true in synchronous systems, the angular velocity w is constant in both magnitude and direction.

II.C. Ellipsoid-Ellipsoid Systems

The complexity in the dynamical model is further increased by considering a primary system that is comprised
of two rotating ellipsoids, i.e., both P; and P, are modeled as tri-axial constant density ellipsoids. Similar
to the Sphere-Ellipsoid problem, the motion of the primary system is first addressed before deriving the
equations that govern the motion of a third massless body near such a system.

1I.C.1. Motion of the primary system

One strategy to derive the equations of the motion that describe the time evolution of such a system is to
assume that the mutual orbit of the two ellipsoids is coplanar and equatorial. Then, the problem can be fully
described with four degrees of freedom, ¢;, one distance and three angles.'” First, an inertially fixed frame
(€1, €2, €3) is defined such that the plane spanned by (€7, €2) is parallel to the orbital plane of the primary
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system. Then, a second frame is defined consistent with the rotating frame in the CRTBP, that is, the first
base vector §7 is directed from P; to P between the centers of mass, §3 is parallel to the angular orbital
velocity of the primary system, and s completes the right-handed unit vector basis. Thus, the inertial and
orbital frames are related through a rotation about the inertial direction €5 = s3 by the angle 6. Also, both
ellipsoids are assumed to be rotating about the third inertial direction, €3, such that the orientation between
the body fixed-frame (&, ¢;, Z;) that is associated with the primary ¢ and the orbital frame is fully described
by the angle ¢;. Consequently, €35 = z1 = Z5. Finally, the distance r denotes the separation between the two
primary bodies, as illustrated in Figure 3. Then, the Lagrangian equations of the motion for the primary
system, of the form d (0L/d¢;) /dt = OL/dq;, are derived as follows,

. 1

mr?\ 1 1 6
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2 ( I ) mr2 T 2 92 * r 9)
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where m denotes the reduced mass of the primary system defined as m = myms/(m1 + ms). Then, V, =
oV /0r, Vy1 = 0V /0¢1, and Vye = OV/0¢y and V is the potential energy of the system defined as,

V(Ta ¢17¢2) = 2T2
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where G is the universal gravitational constant and fl and I:Q represent the inertia dyadics associated with
P, and P, respectively, such that I; = diag [Iiz,liy,liz] ,i=1,2.

x>

Figure 3. Ellipsoid-ellipsoid full two-body problem and three-body problem geometry

I1.C.2.  Three-body dynamical model (EETBP)

The motion of a massless third body is modeled assuming that the primary system is comprised of the two
massive ellipsoids, P, and P», as illustrated in Figure 3. Note in the figure that the third particle is located
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relative to the first primary, P, center of mass, as viewed in the inertially-fixed frame, by the position vector
p = xé1 + yés + zé3. Similar to the full two-body problem, the equations of the motion that describe the
behavior of a massless particle near a primary system are derived from Newton’s second law. Expressed with
respect to the inertial frame, the EOMs are,

. OUggp
where the symbol Ug g then denotes the gravitational potential defined as Ugg = (1—p)U,, + uUe, where U,,
and U,, represent the potential that is associated with P, and Ps, respectively. Similar to the CRTBP and

SETBP, where no analytical solution to the EOMs exists, the set of differential equations is also numerically
integrated along with the F2BP EOMs to simulate the motion of a massless third particle.

(13)

II.C.3. Synchronous systems

Similar to the sphere-ellipsoid model, a synchronous configuration is identified such that the two ellipsoids
largest semi-major axis directions, a; and as, are each aligned with the ellipsoid-ellipsoid direction §;. For
this configuration to be maintained, both rotating frames coincide and the primaries P, and P, appear to
be fixed in the rotating frame. Also true in synchronous systems, the angular velocity 0 is constant in
magnitude.

II.D. Polyhedron-Polyhedron Systems

An alternate approach to the spherical or ellipsoidal shape model for the representation of the primaries in a
given system is a model that constructs each body as a constant density polyhedron. There is no restriction
on the geometric complexity in the polyhedron model; as a consequence, the relative orbital motion and the
attitude orientation of the two bodies are coupled. Note that polyhedron shape models for each primary can
be constructed with symmetry properties that would yield equilibria primary configurations, or synchronous
configurations. However, since such scenarios are captured by the simplified dynamical models, SETBP and
EETBP, and, thus, the focus is on systems with very irregular, hence, asymmetric, shape models.

II.D.1. Motion of the primary system

The coupled relative motion of a primary system such that each massive body is an arbitrarily-shaped but
constant density polyhedron can be numerically integrated. One approach exploits a semi-implicit Lie Group
Variational Integrator (LGVI) and the discretized equations of the motion for the full two-body problem
as expressed in a frame that is fixed with and centered at the primary P;.%'? The EOMs are coupled and
include both the relative orbital motion as well as the attitude of the two bodies as time evolves. As part
of the integration process, the mutual forces and moments, that is, the resultant force and moment that
each body exerts on one another, must be evaluated. There is no known exact method to compute these
quantities for a pair of arbitrary polyhedra, rather the algorithm relies on an infinite series expansions of
the gravitational potential function. Then, the force and moment terms are computed as the derivatives of
the approximated potential function with respect to the relative position vector and the relative attitude
matrix, respectively.'* ' Also, the numerical integration is very computationally expensive and a trade-off
between the resolution of the discretization for each shape model and the number of terms to include in the
series expansion for the gravitational potential approximation is necessary to achieve reasonable computation
times. For this analysis, a C++ program that leverages Message Passing Interface (MPI) is employed to
perform the integration of the relative motion for a given binary system. Simulations are performed on
Purdue University’s cluster Coates using up to 2800 cores (350 nodes).

II.D.2.  Three-body dynamical model (PPTBP)

The motion of a massless third body is modeled assuming that the primary system is comprised of the two
constant density polyhedra, P, and P», where the relative motion of the primary system is pre-computed.
Note that the third particle is located relative to the primary P; center of mass, as viewed in the inertially-
fixed P;-centered frame. However, the problem can be similarly formulated for either primary as the central
body. The equations of motion that describe the behavior of a massless particle near such a primary system
are similar to the ellipsoid-ellipsoid problem, as expressed with respect to the inertial frame in Eq. 13

6 of 20

American Institute of Aeronautics and Astronautics



where the symbol Ugpg is replaced with Upp. The symbol Upp now denotes the gravitational potential
defined as Upp = (1 — p)Up, + puU,, where Uy, and Up, represent the potential that is associated with
the polyhedra P, and P», respectively. In contrast to the motion of the primary system, where the mutual
gravitational potential is expressed in terms of an infinite series, the gravitational potential that is exerted on
the massless third body by each polyhedron can be computed independently. For the gravitational potential,
and consequently the gravitational force, exerted by a single constant density polyhedron onto a massless
particle, there exists an exact closed-form solution.'®'” Thus, the gravitational potential is exact for a
given shape and density. The resolution of the calculated field depends directly on the level of discretization
selected for a particular shape. However, the polyhedron is still an approximation for the actual shape of
the body and the accuracy of the gravity field is consistent with its shape determination.

III. Bounded Motion in Synchronous Systems

Within the context of exploring third-body trajectories in the vicinity of two small irregular bodies,
that is, a problem where investigating the motion in close proximity to the primaries is necessary, two
spherical primaries may not, in general, be a reasonable assumption. This more specific problem motivates
the introduction of a dynamical model that incorporates more complexity in the primary system model.
In addition to the CRTBP, consider the synchronous Sphere-Ellipsoid Three-Body Problem (SETBP) and
the synchronous Ellipsoid-Ellipsoid Three-Body Problem (EETBP). With similar equations of motion, both
models possess attributes similar to those in the CRTBP. In particular, while no analytical solution for the
motion of the particle is available, the EOMs are time-invariant and periodic solutions exist.

ITI.A. Periodic Orbits in Synchronous Systems

To explore the dynamical behavior of a third body within the vicinity of two primaries, periodic orbits
are of special interest. A multi-phase technique based on differential corrections is employed to compute a
trajectory that is periodic in the nonlinear regime given some initial guess. The same algorithm is used to
produce such trajectories for any of the simplified dynamical models, that is, CRTBP, SETBP, or EETBP.
A trajectory is labeled periodic if there exists no discontinuity between two six-dimensional states along the
path that exceeds a prescribed tolerance, typically 10~ nondimensional units.

III.A.1.  Libration Point periodic Orbits. (LPO)

Most common families of periodic orbits within this regime are labeled libration point orbits and a preliminary
exploration of the dynamical structures typically originates near any equilibrium solutions. The first-order
variational equations of motion are employed to generate an initial guess in the vicinity of a given equilibrium
point. In this problem, there are, in general, five equilibrium points and the equilibrium locations evolve
as a function of the system mass ratio and the ellipsoid semi-major axes distances of each primary.” First,
the planar Lyapunov families corresponding to the equivalent collinear Lagrange points are computed for a
sample system. Employing a continuation strategy, additional families of more complex orbits that include
three-dimensional trajectories are also computed, as illustrated in Figure 4 for a sample ellipsoid-sphere
system with one elongated primary. In this plot are displayed Lyapunov, halo, and axial families of periodic
orbits associated with each of the three collinear points. Although not illustrated in this figure, similar
families of orbits can also be constructed in the vicinity of the two equilateral points. Although these
families of orbits may or may not offer options for any direct application in design or analysis scenarios,
these trajectories are most useful in constructing even more complex trajectories.

III.A.2.  Resonant periodic orbits.

Other families of periodic orbits within this regime include trajectories that are labeled resonant orbits. The
classical restricted two-body problem is leveraged to generate an initial guess to produce a periodic orbit in
the three-body regime via a corrections strategy and/or continuation. Within the context of the restricted
two-body problem, consider two bodies, A and B, that orbit a primary body. The primary body is massive
while body A and B are assumed massless, consistent with the restricted two-body problem model. Body B
is defined to be in p : ¢ resonance with body A if it completes p orbits with respect to the primary in the
same time interval in which body A achieves exactly g orbits.'® In this definition, p and ¢ are two positive
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Figure 4. Libration point Periodic Orbits (LPO): ellipsoid axes ratios § = v = 0.5 - primary mass ratio p = 0.3 - primary
distance r = 3

integers where p is associated with body B and ¢ refers to the period of body A. For instance, a spacecraft
moves in a 1 : 2 resonance with the Moon if it completes one revolution around Earth in the same time
that the Moon completes two periods. In this analysis, the primary is the primary P;, body A is the second
primary, P,, and the third body, B, is a spacecraft. Using the restricted two-body problem to produce an
initial guess for a resonant orbit given some resonant ratio p : ¢, an orbit that is periodic and possesses
approximately the initial resonant ratio in the three-body regime is computed. Employing a continuation
method, a family of resonant orbits, or, a set of orbits that share some common characteristics, is computed.
Also, exploiting bifurcations within the planar resonant family, other families with the same resonance ratio
that include symmetric or asymmetric three-dimensional trajectories can be generated. First, families of
planar resonant orbits for various p : g ratios are computed for a sample point mass, ellipsoid-sphere, and
ellipsoid-ellipsoid system. In Figure 5 is illustrated selected families of planar resonant orbits as computed
for a sample ellipsoid-ellipsoid system with an elongated primary with largest equatorial P; radius of 5 km,
ellipsoid axes ratios § = v = 0.5, primary mass ratio 4 = 0.2, and primary distance » = 6. While the
various families exhibit orbits with very different shapes and sizes, all offer one or more close encounters
with at least one primary body. Then, in Figure 6 is illustrated selected sample three-dimensional families of
symmetric and asymetric resonant orbits computed for a sample ellipsoid-sphere system with an elongated
primary with largest equatorial P; radius of 5 km, ellipsoid axes ratios 8§ = v = 0.5, primary mass ratio
p = 0.2, and primary distance » = 6. Similar to the libration point orbits, these families of orbits may
or may not offer options for any direct application in design scenarios, however, these trajectories are also
useful in constructing even more complex trajectories.

III.A.3.  Low Prograde Orbits (LoPO) and Distant Retrograde Orbits (DRO)

Periodic orbits labeled Distant Retrograde Orbits (DRO) and Low Prograde Orbits (LoPO) are also of special
interest as these families feature numerous stable orbits. The DROs are, in fact, 1:1 resonant orbits. Planar
LoPOs are also centered at one primary, P, or P». Exploiting bifurcations within the planar families, and
employing a continuation technique, a three-dimensional family that branches from the planar family is also
computed, as illustrated in Figure 7 for a sample sphere-sphere system with P; radius of 5 km. As clearly
apparent in the figure, the orbits in the three-dimensional families allow regular close-range proximity of a
third-body with respect to either primary. In addition, the three-dimensional aspect of the trajectories offers
extensive coverage of the surface of the attractive primary.

I1.A.4. Stability analysis

A key factor to assess the suitability of a trajectory for a given application is often its stability. Significant
information concerning the stability of a particular solution is available from the first-order variational
equations relative to a reference. For a periodic orbit, the monodromy matrix, M, is defined as the state
transition matrix evaluated after exactly one orbital revolution along the reference path, that is, M =
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Figure 5. Sample families of planar resonant orbits: ellipsoid axes ratios 51 = 1 = 0.5 - 82 = 72 = 0.65 - primary mass
ratio p = 0.2 - primary distance r = 6
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Figure 6. Sample families of 3D resonant orbits: : ellipsoid axes ratios 81 = 71 = 0.5 - primary mass ratio y = 0.2 -

primary distance r =6

®(t 4+ P,t). The eigenvalues of the monodromy matrix are then computed for each orbit of interest. The
dynamical model for the motion of a particle in this problem represents a three degree-of-freedom Hamiltonian
system. Consequently, the monodromy matrix admits six eigenvalues that occur in reciprocal and complex
conjugate pairs,'”? where two are always equal to unity.”’ Define the stability index, v, as the average of each
reciprocal pair of eigenvalues, that is, v = %()\ + A\*) for the reciprocal pair (A + A*) , where v is a numerical
quantity to assess the stability of a given solution. For a periodic orbit, one pair of eigenvalues is always
unity, thus, the four remaining multipliers define two stability indexes. A first horizontal index is associated
with stability in the plane of the orbit, v = v}, and a vertical index that corresponds to out-of-plane stability,
that is, v = v,,. For values of v less than 1, the orbit is defined as stable, and alternately, an orbit is labeled
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Figure 7. P; and P> centered 3D LoPO families: primary radius = 5 km - primary mass ratio ¢ = 0.2 - primary distance
r==6

unstable for values of v greater than 1. The orbit is unstable if either index exceeds 1. Finally, a graphical
approach is proposed to quickly assess the stability properties of a given solution as a part of a family of
periodic orbits without losing visibility concerning the overall behavior of the family of interest. Specifically,
consider the maximum stability index defined as v = mazx {|vy], |vp|}. Then, for values of vy, less than
1, the orbit is defined as stable, otherwise it is unstable. However, using such a representation, the form of
the instability is not clear.

First, consider selected families of libration point orbits. In Figure 8 is illustrated the maximum stability
index as a function of the abscisse of the initial point of individual trajectories, scaled by the primary
separation distance, within a given family of libration point orbits. Each of the families is computed for a
sphere-sphere, sphere-ellipsoid, and ellipsoid-ellipsoid sample system to highlight the effect of the shape of
the primary bodies onto the dynamical behavior of a third body in the vicinity of such a primary system.
In the CRTBP, the selected families of orbits in this figure, that is, L1 and L3 Lyapunov, L1, Lo, and L3
halo, and L3 vertical, all but the L; halo family exhibit some stable members, as depicted by the maximum
stability index line achieving values less than one for some trajectories. The families that are computed
for the sphere-ellipsoid system exhibit the same behavior in most instances, with the exception of the L3
Lyapunov and halo families where no stable orbits exist. Note that, for the models that incorporate a
massive body model in the primary system, i.e., an ellipsoid, as opposed to a point mass, the families are
only computed until a trajectory first collides with one of the primaries. Further differences appear when
considering the families computed for the ellipsoid-ellipsoid system. In particular, the ellipsoidal shape of the
second primary has a significant impact on the behavior of the L; and Ly halo orbits as these families feature
orbits with very close approaches to P,. Consequently, stable orbits exist in the L; halo family while only
unstable trajectories are apparent for the sphere-sphere and sphere-ellipsoid families. Alternatively, while
numerous stable orbits belong to the Lo halo families for the sphere-sphere and sphere-ellipsoid systems,
only very few stable members exist for the ellipsoid-ellipsoid families. Overall, stable periodic orbits in close
proximity of one or two primaries apparently exist even when considering dynamical models that incorporate
non-spherical primary shape models. In Figure 9 is illustrated stable members from the families computed
for the ellipsoid-ellipsoid model. A variety of shape and size is available and such trajectories may suggest
interesting applications for mission scenarios that involve close observations of one or both primary bodies.

A similar analysis for some selected planar resonant orbits illustrated in Section III.A.2. The stability
properties associated with these families are depicted in Figure 10. Similar to the libration point families,
the overall stability behavior of the members within a given family is similar between the three dynamical
models examined. However, differences do exist and such discrepancies are emphasized for trajectories
that include very close passages with one of the primary bodies. Again, stable periodic orbits that involve
close proximity to one or two primaries exist even when employing dynamical models that incorporate non-
spherical primary shape models. Finally, most three-dimensional resonant orbits are unstable as computed
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Figure 8. Maximum stability index for selected libration point families in the CRTBP, SETBP, and EETBP

Figure 9. Sample stable libration point orbits in the EETBP

for the set of parameters in this analysis. Finally, the low prograde orbits that surround P; reflect another
family of periodic orbits that feature close approaches to a primary. This family also possesses numerous
members that are defined as stable, as illustrated for a sample sphere-sphere system in Figure 11. Note that
the stability index is now plotted as a function of the period of the trajectories. The shortest period orbit
corresponds to the bifurcation from the LoPO planar family. Recall that any member with a maximum
stability index value less than one is labeled as stable. In the figure, two regions with trajectories that satisfy
the stability criterion are apparent. Then, the two cusps where the maximum stability index reaches a local
minimum correspond to trajectories such that the combination of both stability indexes yield a minimum,
in a sense, these orbits are the most stable members in the family to some arbitrary perturbation.

III.B. Continuation

The specific existence, shape, and other relevant characteristics, e.g., stability, of an individual orbit or a
family of trajectories depends on the physical and dynamical properties of the primary system. Specifically,
the mass ratio of the system, the primary separation distance, and the shape of the individual primary
bodies are some of the most influential parameters. Within the context of preliminary mission design, it is
impractical to produce an extensive catalog of the infinite number of potential periodic orbits for sample
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primary system models that cover the entire design space. However, assume a pre-computed catalog for
a few sample systems, one that is reasonably representative of the overall behavior. Then, an automated
process that exploits natural parameter continuation is employed to produce a specific trajectory for any
desired primary system model. As an example, a three-dimensional 2:3 symmetric resonant orbit is computed
for the known binary system 1999 KW4; the trajectory is generated from a 2:3 symmetric resonant orbit
initially computed in the CRTBP for a sample system. In Table 1 are summarized the characteristics that
are associated with the sample system and the 1999 KW4 model. The initial and continued trajectories are
illustrated in Figure 12. Although the mass ratio corresponding to the two primary models is very different,
the continued trajectory retains the same overall characteristics as viewed in configuration space.

III.C. Tours

Within the context of exploring the regions near the primary bodies, isolated periodic orbits may or may not
be suited for direct application in mission scenarios, however, such periodic orbits can be used to construct a
trajectory that satisfies some desired characteristics. The goal is an automated strategy to construct a nearby
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Table 1. Characteristic quantities associated with the sample system and the 1999 KW4 model

Iz r fi m B2 72
sample system 0.2 6 1 1 1 1
1999 KW4 0.0541 3.64 1 0.845 0.8109 0.6112

5
S
So
Ny L4
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5 5
0 0
y,nd x,nd y,nd R x,nd

Figure 12. Sample 2:3 symmetric resonant orbit for the sample sphere-sphere system (left) and 1999 KW4 (right)
computed using continuation

sequence of arcs in such systems. In an initial effort, a sample trajectory is computed for demonstration
purpose. While the path is, in fact, too complex and risky to be used as a baseline solution for flight, it
does, however, demonstrate that the capability of the proposed algorithm.

II1.C.1. Algorithm

In preparation for future tour design algorithms, a first step is to understand how pathways in the vicinity of
a binary system of irregular bodies can be exploited to construct a path with some desirable properties. The
objective is an automated algorithm that leverages pre-computed periodic orbits to construct a continuous
trajectory that exhibits some pre-specified characteristics. From a user-defined chain of periodic orbits, the
task is the construction of a trajectory that travels between the specified orbits. The strategy is comprised
of four tasks (i) Computation of transfer arcs between user-selected periodic orbits that are pre-computed.
Originating from the first prescribed orbit in the chain, an arc that links one orbit to the next is constructed
from the stable and unstable manifolds that are associated with two orbits that are to be linked, if such
manifolds exist. If one of the two orbits is stable, the manifolds that are associated with the other orbit are
solely employed to construct a direct transfer into the stable orbit. (ii) A number of user-defined revolutions
of each selected periodic orbits are ‘stacked’ to anchor the correction process. (iii) Concatenation of the
transfer arcs and periodic orbit revolutions into an initial discontinuous trajectory yields an initial guess.
(iv) A continuous trajectory is then constructed from the initial guess in a differential corrections algorithm.
To facilitate the corrections process and also to accommodate the differences in energy level between the
selected periodic orbits, impulsive maneuvers are allowed at the nodes between a transfer arc and a periodic
orbit and between two the manifold arcs that constitute one transfer arc.

11.C.2.  Application

Consider a sample sphere-sphere system. In this application, three distinct periodic orbits are chained
together to produce a trajectory that tours the primary system. Initially, an unstable 2:3 symmetric three-
dimensional resonant orbit is selected as the departure orbit, and is periodic. Then, the construction scheme
produces a first transfer arc to a three-dimensional unstable P, centered low prograde orbit, followed by a
second transfer segment to a stable 3D P; centered low prograde orbit. Finally, a last arc is computed to
return to the initial resonant orbit that evolves around the primary system. To allow more time for potential
observations of each primary body, one revolution around each periodic orbit might be incorporated into
the initial discontinuous trajectory. In Figure 13 is illustrated the resulting initial guess projected onto the
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(x,y) plane where each colored segment represents a different transfer arc. The initial guess is then corrected
to produce a trajectory continuous both in position and velocity. To ensure velocity continuity, impulsive
maneuvers are allowed at the nodes between the various segments that constitute the initial guess. Although
some maneuvers may be reduced or entirely eliminated through iterative corrections, because the energy level
of the orbits selected in this application are not equal, some maneuvers are required. Without attempting to
reduce or remove any maneuvers, the thrust events as computed by the algorithm are summarized in Table
2 and the total required thrust is |AV| = 1.93 m/s. Note that time is referenced with respect to the initial
epoch tp=0. Also, the approximate time of flight of each segment appears in Table 3.

0
z,nd

Figure 14. Converged trajectory from tour algorithm

An initial assessment of the viability of the produced trajectory is performed. The altitude of the third
body with respect to each primary is evaluated as a function of time along the path. While low altitude
phases are desired for observation campaigns, such trajectory segments are also the most demanding in
terms of spacecraft operations. Realistically, the time frame in such systems is very fast, and there is no
time for orbit determination and correction maneuvers between primary encounters. Within this context,
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Table 2. Maneuver history for tour

Time (d) 57 17.9 209 222 273 29 312 33.6 50.8
IAV| (m/s) 0.01 029 022 049 0.15 0.16 0.04 0.52 0.0009

Table 3. Time of flight for individual arcs in tour

Departure orbit Transfer 1 P, LoPO Transfer 2 P; LoPO Transfer 3
Time of flight (d) 5.7 15 2 5.7 2 19.5

autonomous guidance is required. In Figure 15 is illustrated the altitude of the third body with respect to
P, and P, as a function of time, where color, from blue to red, also depicts time evolution and is matched
on the left-hand figure that represents the trajectory in configuration space. The altitude is reported in
terms of primary radii and the black horizontal line on the altitude plots represents 1 radii, that is, a third-
body altitude of 1 body radii above the spherical primary body surface. For this particular tour, the lowest
altitude with respect to P; is approximately equal to a few body radii while it is reduced to just above 1 radii
with respect to P». Finally, given a converged path in a sphere-sphere system and using the continuation
algorithm introduced in Section III.B, a trajectory that exhibits the same characteristics is computed for
an ellipsoid-ellipsoid system employing the pre-computed result from the sphere-sphere system as initial
solution. The trajectory that is produced through this process appears in Figure 16 and it is apparent that
the path is similar to the initial sphere-sphere solution without repeating the entire design process.
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Figure 15. Altitude analysis

IV. Bounded Motion in Higher-Fidelity Dynamical Models

The simplified models that are developed in this analysis to construct complex trajectories retain some
interesting system dynamical properties, such as periodicity. However, although the complexity in the
primary system model is gradually increased with bodies modeled as ellipsoids rather than point masses,
these models are still an idealized representation of an actual system of small bodies. An alternative approach
to the ellipsoid-ellipsoid or sphere-ellipsoid models is based on modeling the primary bodies as geometric
polyhedra. Such a methodology allows the representation of the actual shape of the body with a higher
accuracy and, thus, enhances the fidelity. Trajectories computed from one of the simplified models can
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Figure 16. Converged tour for ellipsoid-ellipsoid system

be used as an initial guess for the higher fidelity model. However, periodicity no longer exists and such a
dynamical model is not well-suited for extensive analysis, but it is useful to assess the robustness, stability,
or feasibility of a given solution under more realistic simulation conditions.

IV.A. Primary System Model: 1999 KW4
IV.A.1. Primary shape model

In an initial investigation into the transition between the idealized dynamical models exploited thus far and
a higher fidelity representation, consider the well-known Near Earth Asteroid (NEA) 1999 KW4. A medium
resolution polyhedron shape model is illustrated in Figure 17 for the primary and secondary component of
the KW4 binary asteroid. This shape model is derived from the full resolution model constructed in Ostro et
al.”! Also, some representative physical parameters for each body are summarized in Table 4. The primary
exhibits the characteristic ‘walnut’ shape while the secondary, much smaller in size, is a very oblate and
significantly elongated body.

Figure 17. 1999 KW4 shape model: primary (left) and secondary (right)
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Table 4. 1999 KW4 shape model

Ax (km) Ay (km) Az (km) density (kg m™3) rotation period (hr)
Primary  1.53 1.49 1.35 1970 2.76
Secondary 0.57 0.46 0.35 2810 17.42

IV.A.2.  Primary motion simulation

The irregular shape of the two bodies directly affects the relative motion of the two primaries; the fully
coupled motion of the two-body system is modeled and numerically integrated, as outlined in Section I1.D.1.
The initial orbital conditions and configuration for such a simulation are summarized in Table 5 for the
orbital motion, in terms of semi-major axis and eccentricity, and the initial orientation of both bodies. The
angles ¥;, 0;, and ¢; correspond to the Euler angles for a 3 — 1 — 3 sequence and i = 1,2 for the primary
and secondary, respectively. The mutual motion, both orbital and rotational, is numerically integrated for
approximately 15 revolutions of the primary system. Recall that the computation of the mutual force and
torque one body exerts on the other at each time step during the numerical integration process relies on an
infinite series expansion of the gravitational potential. In this simulation, only the first five terms in this
series are retained, that is, four orders beyond the point mass solution. Selected results from this simulation
appear in Figure 18. As expected, the irregular shape of the body directly impacts the mutual orbital
motion, as clearly illustrated by the oscillating semi-major axis and eccentricity as time evolves; also, it is
directly apparent in the primary-centered inertial view of the trajectory. Although, not presented here, the
attitude of each body is also affected by the mutually irregular shape. For this problem, energy and angular
momentum are conserved, however, it is sometimes challenging to achieve conservation of these quantities,
to some tolerance, during the numerical integration process over long time intervals. In this analysis, the
symplectic algorithm selected allows energy and angular moment to be conserved within reasonable and
bounded values throughout the simulation.

Semi-major axis Eccentricity
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& o o 002f
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Figure 18. 1999 KW4 simulation
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Table 5. 1999 KW4 initial conditions

a(km) e 4 (deg) 6 (deg) ¢ (deg) ¢ (deg) 05 (deg) ¢ (deg)
254 0.01 27.04 10 -83.93 0 0 180

IV.B. Sample Third-Body Bounded Trajectories

In an initial assessment of the robustness, stability, or feasibility of a given solution under more realistic
simulation conditions, selected orbits that are pre-computed with an idealized model are employed as initial
guesses in a differential corrections algorithm to produce bounded trajectories that retain similar charac-
teristics. The third-body motion is numerically integrated based upon the relative motion of the primary
system and the shape of each body. In Figures 19-21 are illustrated selected Lyapunov, halo, and axial orbits
transitioned into the polyhedron-polyhedron model as viewed in a synodic primary-centered frame. Since
the orbit of the primary system is not planar or circular, and the orientation of the bodies is time-varying,
the primary orientation representation in these figures is only valid at the initial time. Overall, the third
body remains on or near the reference trajectory for multiple revolutions, including close encounters with
one primary. These simulations demonstrate that trajectories in an idealized model can easily be transi-
tioned into a higher-fidelity dynamical model, assuming the required information about the primary system
to construct such a model is in fact available.

L L, Lyapunov L, Lyapunov

1
Lyapunov

v v
@i —@® -

f

Figure 19. Sample Lyapunov orbits for polyhedron-polyhedron system

Figure 20. Sample halo orbits for polyhedron-polyhedron system

V. Conclusion

For primary systems that can reasonably be modeled as synchronous, a large survey of third-body periodic
trajectories is completed. The catalog that is produced features a wide spectrum of trajectories in terms of
dimension, shape, period, and stability properties. Transitioning to dynamical models with incrementally
increasing complexity yields results that retain some of the characteristics of the parent simpler model,
i.e., the CRTBP, is performed. These trajectories are also subsequently incorporated into an algorithm to
construct user-defined tours of the system to explore the regions near the primary bodies. Also, continuation
techniques allow such trajectories to be produced for any desired system of bodies that can reasonably be
modeled as a pair of ellipsoids. Finally, in an initial assessment of the feasibility and robustness of the
trajectories that are constructed leveraging idealized dynamical models, sample trajectories for a known
binary system, 1999 KW4, are transitioned into a higher-fidelity dynamical model where each primary body
is modeled as a polyhedron and the motion of the primary system reflects the coupling between orbital motion
and attitude dynamics. However, such an analysis assumes that detailed knowledge of the primary system
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Figure 21. Sample axial orbits for polyhedron-polyhedron system

in terms of the physical and dynamical properties of the primaries is available prior to in situ operations.
The authors are currently developing tools to incorporate in the design strategy an autonomous and robust
control strategy to maintain a spacecraft in orbit near such reference trajectories based solely on limited
knowledge regarding the primary system properties.
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