
AAS 14-467

VARIOUS TRANSFER OPTIONS FROM EARTH INTO DISTANT
RETROGRADE ORBITS IN THE VICINITY OF THE MOON

Lucı́a Capdevila ∗, Davide Guzzetti ∗ and Kathleen C. Howell †

Future applications within the Earth-Moon neighborhood, under a variety of mission scenar-
ios, such as NASAs Asteroid Redirect Robotic Mission (ARRM), may exploit lunar Distant
Retrograde Orbits (DROs). Thus, further investigation of transfers to and from these orbits is
useful. The current study is focused on transfer trajectoryoptions that employ impulsive ma-
neuvers to deliver a vehicle from Low Earth Orbit (LEO) into various lunar DROs. The sta-
bility region surrounding specific DROs, as modeled in the Earth-Moon Circular Restricted
Three-Body Problem (CR3BP), may also serve to facilitate the transfer design process and
is explored within that context. Representative solutionsare transitioned to an ephemeris
model and station keeping costs are compared.

INTRODUCTION

The recently proposed concept for NASA’s Asteroid RedirectRobotic Mission (ARRM) is based upon the
capture of an asteroid and the relocation of the object into the vicinity of the Moon; one initial option under
this proposal, in fact, is the insertion of the asteroid intoa lunar Distant Retrograde Orbit (DRO).1 Subsequent
manned missions might then be expected to deliver a crew to the asteroid for exploration and investigation.2

The asteroid redirect concept is not the sole purpose for further analysis of DROs and transfer strategies from
the Earth to reach these orbits, however. Future applications within the Earth-Moon neighborhood, under a
variety of mission scenarios, may exploit such DROs. Thus, further general investigations of transfers to and
from these orbits are useful.

Distant retrograde orbits are well-known trajectory types.3,4,5,6,7 Such orbits have also been the focus of
a number of investigations concerning transfers. However,most of these transfers have involved DROs about
the Earth or Jupiter’s moon Europa.8,9,10,11,12 With the exception of two transfer trajectories from Earth into
a lunar DRO, as investigated by Ming and Shijie in 2009,13 and a transfer from LEO into a three-dimensional
lunar DRO, as constructed by Vaquero in 2012,14,15 few transfers into lunar DROs are available in the lit-
erature. The current analysis is focused on transfer trajectory options that employ impulsive maneuvers to
deliver a vehicle from Low Earth Orbit (LEO) into various lunar DROs. The stability region surrounding
specific DROs, as modeled in the Earth-Moon CR3BP, may also serve to facilitate the transfer design process
and is explored within that context. Thus, this analysis maybe useful in the development of future trajectory
design strategies for both manned and robotic missions involving lunar DROs.

CIRCULAR RESTRICTED THREE BODY PROBLEM

In this investigation, the motion of the spacecraft in the Earth-Moon environment is modeled in terms of
the CR3BP. The CR3BP equations of motion (EOMs) can be expressed as follows

ẍ− 2ẏ =
∂U

∂x
, ÿ + 2ẋ =

∂U

∂y
, z̈ =

∂U

∂z
(1)
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whereU is the pseudo-potential function. These equations describe the position of the spacecraft,~R =

[x, y, z]T , and its velocity,~V = ~̇R = [ẋ, ẏ, ż]T , in terms of components in the rotating reference frame.
The rotating reference frame is centered at the barycenter of the Earth-Moon system,B, and rotates with the
primaries. The rotatinĝx axis is directed from the Earth to the Moon,ŷ is perpendicular tôx and in the plane
of the primaries, and̂z = x̂ × ŷ completes the right handed triad. The rotating reference frame is related to
the inertial frame through a simple rotation,θ, about thêz = Ẑ axis.

The rotating frame coordinates are nondimensional based onthe characteristic length,L∗ ∼= 384,388 km

(the distance between the Earth and the Moon), and time,T ∗ =
√

L∗3

G(mEarth+mMoon)
, whereG is the universal

gravitational constant. The pseudo-potential is denoted as U in equations (1), and is computed asU =
1
2

(

x2 + y2
)

+ (1−µ)
r13

+ µ
r23

, where the characteristic mass parameter,µ, is a function of the masses of the
Earth,mEarth, and the Moon,mMoon, such thatµ = mMoon

mEarth+mMoon
. For this investigationµ = 0.012151. The

scalar quantities in the denominator,r13 andr23, are the distances to the spacecraft measured from the Earth
and the Moon, respectively. The CR3BP EOMs admit an integralof the motion, that is, the Jacobi constant,
C. This constant is a function of the pseudo-potential and thespeed such thatC = 2U −

(

ẋ2 + ẏ2 + ż2
)

.
The Jacobi constant proves useful in distinguishing regimes of motion in the CR3BP.16

DISTANT RETROGRADE ORBITS

The emergence of DROs in the literature is not recent. As early as 1968, Broucke’s work offers evidence
of the existence of DROs in the Earth-Moon system. Broucke’scomprehensive investigation onx-axis sym-
metric periodic orbits in the planar Earth-Moon CR3BP mentions a family of retrograde lunar orbits labeled
family “C”. Members with single loops around the Moon, as viewed in the rotating reference frame, are ob-
served as stable. Broucke also notes that family C corresponds to Stromgren’s class “f”.17 Several authors
have since contributed to the understanding of the dynamical properties of DROs and the surrounding neigh-
borhood in different systems.3,4,6,7 In Hill’s limiting case of the planar restricted three-bodyproblem, these
orbits were investigated by Hénon. The 1969 publication byHénon refers to these orbits as family “f”.3 For
illustration, the family in the Earth-Moon CR3BP is plottedover a large range in Figure1(a). The color of
each orbit indicates the Jacobi constant value, specified bythe colorbar on the right. It is apparent that the
path of some members extends very far from the Moon, hence thename Distant Retrograde Orbits (DROs). It
is also evident that DROs orbiting close to the Moon possess high Jacobi constant values, close to the Jacobi
constant values forL1 (CL1

= 3.18834 ) andL2 (CL2
= 3.17216), while DROs with close passes of the

Earth are characterized by much lower Jacobi constant values.
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Figure 1. DRO properties in the Earth-Moon CR3B problem
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The period of an orbit complements the geometry in terms of the speed of the spacecraft along a particular
path in comparison to others; speed is also indicative of thespecific three-body system. The DRO orbital
periods in Figure1(b), are plotted as a function of Jacobi constant. DROs close to the Moon (highC)
are characterized by very short periods, but DROs grow in size (decreasingC) as the orbital period passes
through the 1:3 and 2:3 lunar resonances, and asymptotically approaches a 1:1 resonance with the Moon.
From Broucke’s 1968 report, a family of Earth retrograde orbits also exists in the Earth-Moon planar CR3BP,
i.e., family “A1”. As Earth DROs evolve from orbits in the close vicinity of the Earth to orbits with close
passages of the Moon, they appear as a mirror image of the lunar DROs across the linex ≈ 0.5. Similar to the
family of lunar DROs, as Earth DROs approach the collision orbit with the Moon, the period of these orbits
approaches the period of the primary system. Also, notable is the fact that not all Earth DROs are stable.17

The stability of a periodic orbit reveals much information concerning the behavior of the associated neigh-
boring flow, and a change in stability can signal bifurcations with other families of periodic orbits. As previ-
ously mentioned, lunar DROs are stable when only planar motion is considered. Nonetheless, several period-
multiplying bifurcations can be detected. The lowest multiplicity occurs atC ∼= 2.95494 andC ∼= 2.84913,
where a period-tripling bifurcation occurs. Hénon labeled this family as “g3”.4 Thus, such three-revolution
periodic orbits are denoted as period-3 DROs (P3DROs). Higher multiplicity period-multiplying bifurcations
also exist, as introduced by Markellos in 1974 in the Sun-Jupiter CR3BP, and in 2007 by Douskos, Kalantonis
and Markellos in the Earth-Moon system.5,7 However, when out-of-plane motion is considered, a bifurcation
with a three-dimensional family is detected atC ∼= 2.36871 < CL2

< CL1
as noted by Vaquero and Howell.

The three-dimensional family of orbits is stable, while DROs that exist atC > 2.36871 are unstable.14,15

Although P3DROs are only one of numerous period-multiplying families that bifurcate from the planar
DRO family, they play an important role in characterizing the neighboring DRO dynamics. Given that a DRO
at a particular energy level exists, a corresponding P3DRO also exists. Some characteristics of both, P3DRO
and DRO families, at select energy levels, appear in Figure2. For the sample trajectories, it is evident that
the path along the P3DRO remains loosely in the vicinity of the DRO. The time along one revolution across
the family of P3DROs evolves similarly to the DRO orbital period, as demonstrated in Figure2(d). However,
in contrast with DROs, P3DROs are linearly unstable. As unstable orbits, P3DROs have associated stable
and unstable manifolds, that is, flow that asymptotically approaches or departs the orbit, respectively. Stable
DROs, however, only possess an associated center manifold,that is, flow that neither departs or approaches
the orbit. This ‘DRO stability region’ is comprised of the various period-multiplying families previously
mentioned as well as quasi-periodic DROs (QPDROs).7 In fact, the P3DRO stable and unstable manifolds
bound the DRO stability region at all energy levels.11 However, the stability region is destroyed at the each
of the period-tripling bifurcations previously highlighted. This phenomenon was first observed by Hénon in
Hill’s problem; Markellos, then, confirmed it in the Sun-Jupiter CR3B problem.4,5 Winter, in 2000, and then
Douskos, Kalantonis and Markellos, in 2007, corroborated the same dynamical behavior in the Earth-Moon
CR3BP.6,7

The DRO stability region proves useful to transition results from the CR3BP into the ephemeris model.
To better understand and visualize this region, consider the energy levelC = 2.91. The lunar DRO that
exists at this Jacobi constant value is plotted in black in Figure3(a). The green path is the P3DRO, and a
QPDRO at the same energy level appears in gray. However, there exists an infinity of QPDROs at this same
energy level, but, due to the high number of lunar revolutions, it is not useful to visualize them in thex − y

space. Instead, the dynamical structures in the region surrounding the DRO are more easily visualized on
a surface of section. Consider a two-sided surface of section along thex-axis at a specific Jacobi constant
value,C∗, y = 0, C = C∗. The surface associated withC∗ = 2.91 yields the map that appears in Figure
3(b). It is apparent that similar structures emerge for positive(left) and negative (right)y-velocities, that is,
on both DRO crossings of thex-axis. Focusing only on the left half witḣy > 0, the DRO is represented as a
single black dot, several QPDROs appear in gray, and the P3DRO appears as three hyperbolic points on the
section. As previously mentioned, the stable (blue) and unstable (red) P3DRO manifolds bound the stability
region. Furthermore, the distance between the DRO fixed point, and the P3DRO hyperbolic point that lies
on thex-axis can be used to represent the width of the stability region. If these fixed points are computed
at different energy levels, it is possible to generate a graphical representation that indicates the width of the
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Figure 2. P3DRO properties in the Earth-Moon CR3BP

stability region at different Jacobi constant values. A limited range of information is plotted in Figure3(c)
across the DRO, period-3 and period-4 DRO families in the(x0, C) plane. In the figure,x0 is thex-position
of the periodic orbit as it crosses thex-axis perpendicularly (̇x = 0) with positivey-velocity (ẏ > 0), andC is
the orbit’s Jacobi constant. As expected, DROs and P3DROs intersect whenC ∼= 2.95494 andC ∼= 2.84913
at the period-tripling bifurcations. The quasi-periodic region surrounding the DRO disappears at these Jacobi
constant values. The period-4 DROs originate from a period-quadrupling bifurcation with the DRO family,
atC ≈ 2.99572, and exist within the stability region.7

RESULTS

To explore the solution space and the dynamical behavior from the perspective of the three-body problem,
analysis is initially focused on the planar problem. Thus, some transfer arcs from a 200-km altitude orbit
about the Earth to various DROs and the surrounding stability region are first investigated. A scheme to
design transfers into the DRO stability region and then intoa DRO is described, and sample results are
provided. Representative results are transitioned to an ephemeris model. To investigate the impact of non-
periodic and out-of-plane perturbations, stationkeepingcosts are also sampled.
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Figure 3. DRO Stability Region

Differential Corrections

To construct a transfer arc in the restricted problem, a corrections process is simple and efficient to im-
plement. Using a suitable initial guess and a multi-dimensional Newton-Raphson differential corrections
scheme, it is possible to numerically determine a trajectory that departs a circular Earth orbit tangentially,
and arrives at anx-position and velocity that matches the connecting trajectory.

The differential corrections process allows adjustment ofcertain variables to meet a set of specified con-
straints. The algorithm constrains departure from a circular Earth orbit, and the initial transfer velocity is
required to be tangential to the Earth orbit. Upon arrival, the finalx-position and velocity along the transfer
path are required to match that of the destination trajectory at the crossing of thex-axis (y = 0). To ac-
complish these requirements, the initial position along the Earth circular orbit, the initial velocity along the
transfer trajectory, and the transfer time are allowed to vary.

Direct Transfers to Lunar DRO via L1 Lyapunov Orbits: Lunar Near-Side Insertion

In the absence of manifold structures associated with a stable destination orbit, a Hohmann transfer is
commonly employed as an approximation for the computation of a transfer trajectory from the vicinity of a
gravitating body to a stable orbit in the CR3BP. Thus, understanding the geometry,∆V cost and the Time of
Flight (TOF) associated with Hohmann transfers computed inthe Two-Body Problem (2BP) is insightful as
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a baseline for comparison with transfers constructed in theCR3BP.

The geometry of the Hohmann transfers can appear very different depending on the reference frame used
for visualizing the trajectory. Figure4(a) demonstrates three Hohmann transfers as viewed in the inertial
Earth-centered frame, where light blue, gray and pink dashed lines indicate the radius distance toL1, the
Moon, andL2, respectively. Each of the three transfers originate from a200-km altitude circular Earth orbit,
and arrive at a circular orbit with radius corresponding to the locations ofL1, the Moon, andL2, respectively.
When viewed in the barycentered rotating reference frame, the inertial ellipses appear as plotted in Figure
4(b). The∆V cost for an Earth LEO departure and the TOF are summarized foreach transfer in Table1. In
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Figure 4. Hohmann Transfers toL1, the Moon, andL2 in the 2BP

Table 1. Hohmann Transfers toL1, the Moon, andL2 in the 2BP

Destination Location L1 Moon L2

∆V1 [km/s] 3.1178 3.134 3.1473

TOF [days] 3.9117 4.9775 6.2591

this investigation, more accurate transfers are then computed using the differential corrections process as an
initial investigation of transfers from the vicinity of theEarth into stable lunar DROs in the CR3BP.

Distant retrograde orbits, however, are only one type of family in the lunar region – even in the planar
problem. Numerous other families of periodic orbits exist,and are available in the literature. One such
family is the set of periodic Lyapunov orbits. Parts of the family of DROs and theL1 Lyapunov orbits appear
together in Figure5(a). The color of each orbit indicates the associated Jacobi constant value,C. These
two planar families of periodic orbits overlap in geometry,but they occupy very different locations in the
energy space. Lyapunov orbits aboutL1 exist at a higher energy level than DROs. However, the size of
the energy gap between the two families decreases as the orbits extend beyond the vicinity of the Moon. A
similar phenomenon occurs in comparisons ofL2 Lyapunov orbits and lunar DROs. For some DROs, it is
possible to locate an adjacentL1 Lyapunov orbit, such that these orbits share a crossing of the x-axis, in
position, wheṅy > 0. For example, the DRO that exists atC = 2.91 and the adjacentL1 Lyapunov appear as
viewed in the rotating, barycentered reference frame in Figure5(b), where the symbols “o” and “∗” indicate
the initial and final state along each orbit, respectively. When these orbits are viewed in the Earth-centered,
inertial reference frame, they appear as in Figure5(c). Similarly, the Moon-centered, inertial view of both
orbits are plotted in Figure5(d). Note that, while these orbits are periodic in the rotating frame, they are
not periodic in the inertial frame. Evident from the non-elliptical geometry of the DRO and Lyapunov orbit
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paths in either the Earth- or Moon-centered inertial frames, the gravitational influence of the third body is
significant. Furthermore, the adjacentL1 Lyapunov orbit associated with a lunar DRO can be employed to
re-direct an inbound Earth transfer to arrive at the DRO on the near side of the Moon.
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Figure 5. DRO and adjacentL1 Lyapunov orbit comparison

Given a destination DRO, it is possible to deliver a transfertrajectory with a DRO insertion on the near-side
of the Moon via corresponding adjacentL1 Lyapunov. After departure from LEO, these transfers incorporate
an insertion maneuver to shift into anL1 Lyapunov, wherey = 0 andẏ < 0 in the rotating frame. The space-
craft, then, follows the Lyapunov path for exactly half a period. When theL1 Lyapunov and DRO coincide
in position, a final maneuver is implemented to insert into the DRO. Since the DROs in this investigation
are completely in the plane of the primaries, they are uniquely identified by their maximum excursion in the
y-direction, that is, theiry-amplitude as measured from thex-axis. Let this quantity be denoted asAy. AsAy

increases, the farther the excursion of the DRO path relative to the Moon. For eachAy amplitude, the transfer
from LEO includes an associated departure maneuver,∆V1, anL1 Lyapunov insertion maneuver,∆V2, and
∆V3 for DRO insertion. The geometry for such transfers in thexy plane as viewed in the rotating reference
frame is represented in Figure6(a), where each transfer path is colored consistent with the total∆V cost, and
the colorbar on the right translates color into∆V values in km/s. The time to reach theL1 Lyapunov orbit,
T1, and the additional time until arrival onto the DRO,T2, also vary as a function of the DRO amplitudeAy.

A trajectory path that links a LEO to theL1 Lyapunov orbit, is essentially a high energy arc, comparable to
an outbound Hohmann transfer arc in the 2BP. The LEO departure cost for transfers with lunar near-side DRO
insertions range between3.1165 ≤ ∆V1 ≤ 3.1317 km/s, and the TOF to theL1 Lyapunov orbit insertion
point is within the range4.15 ≤ T1 ≤ 5.67 days. Higher LEO departure costs and TOFs correspond to
larger amplitudeAy DROs. Therefore, both of these ranges are comparable to the∆V1 and TOF ranges that
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Figure 6. Direct transfers into lunar DRO via L1 Lyapunov Orbits

exist between standard Hohmann transfers to theL1 location, and to the Moon’s location as listed in Table1.
Many authors have investigated direct transfers into lunarL1 orbits from Earth.18,19 One of the more recent
studies by Folta et al. computes direct transfers from a 200-km altitude LEO intoL1 Lyapunovs in the Earth-
Moon CR3BP. For a similarL1 Lyapunov orbit amplitude range, the insertion cost reported by Folta et al. is
approximately within 350-650 m/s.20 In this investigation,∆V2 decreases monotonically from 710.34 m/s,
corresponding to the smallestL1 Lyapunov that appears in Figure6(a), to 368.61 m/s for the largest orbit
in the figure. Therefore, theL1 Lyapunov insertion cost in this investigation is in agreement with previous
results.

The transfers to the lunar near-side of the DRO also includesa second leg, i.e., of a half-revolution along
anL1 Lyapunov orbit. In comparison to the inbound transfer arc from Earth,L1 Lyapunov orbits are slower
dynamical structures. Therefore, it is not surprising thattime along the second leg is nearly as long as the
first arc. The time spent along the Lyapunov orbit ranges from5.84 to 9.40 days, as orbits grow in size. Upon
arrival at the DRO, a final maneuver is required to bridge the gap in energy existing between the arrivingL1

Lyapunov arc and the DRO. Recall from Figure5(a), that the energy gap between the families decreases as
orbits become larger. Thus, the magnitude of this maneuver equals 491.96 m/s, for the smallestL1 Lyapunov
and DRO in Figure6(a), and decreases monotonically to 90.94 m/s for the largest orbit pair.

The∆V costs and TOFs for transfers to DROs viaL1 Lyapunovs are characterized by the impact of the
lunar passage. Given the relatively minor variation in the Earth departure cost, the total difference in the∆V ’s
is driven by the Lyapunov and DRO insertion∆V s (∆V2 +∆V3), ranging from 1.2023 km/s to 0.4595 km/s,
decreasing monotonically as the location of∆V2 approaches the Moon. Similarly, total TOF is overwhelmed
by theL1 Lyapunov half-period, and varies from 9.9895 to 15.0189 days, increasing with proximity to the
Moon. Furthermore, given the mirror theorem, any trajectory in the CR3BP possesses a corresponding mirror
image that exists across thex-axis in negative time.21 In positive time, then, the first leg of these transfers
and their mirror image form one continuous cislunar free-return trajectory similar to those by Folta et. al.20

Direct Transfers to Lunar DRO: Lunar Far-Side Insertion

An alternative to transfers with DRO insertion on the near-side of the Moon, transfers to the lunar far-side
insert directly into the DRO. These transfers only require two maneuvers, one to depart the LEO, and one
to insert into the DRO. Representative far-side arrivals appear in Figure7(a) in thexy plane in the rotating
reference frame. The colorbar on the right indicates the total ∆V associated with each color. It is apparent
that the total∆V cost decreases with increasing DRO size. The far-side transfers consist of a high energy
arc that delivers the spacecraft from LEO to the DRO far-sidedistance, again comparable to a Hohmann
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Figure 7. Direct transfers into lunar DRO with far-side insertion

transfer in the 2BP. For the altitude range corresponding tothe DROs far-side insertions, the LEO departure
cost along the Hohmann arc is in the range 3.1428 - 3.1728 km/s, where the higher cost corresponds to the
highest altitude. Transfers to the far-side in the CR3BP depart the vicinity of the Earth after a maneuver
with magnitude within3.1451 ≤ ∆V1 ≤ 3.1734 km/s, confirming the similarity with 2BP Hohmann Earth
departure costs. The Hohmann transfer TOF increases from 5.77 to 11.14 days, as the destination altitude
grows. Much like the Hohmann TOF, CR3BP transfers with lunarfar-side insertions exhibit monotonically
increasing flight times, i.e.,5.19 ≤ TOF ≤ 10.90 days. Thus, neither the Earth departure cost, or the TOF
are surprising results.

The DRO insertion cost for transfers from the vicinity of theEarth to the lunar far-side reflects the energy
required to bridge the gap in Jacobi constant between the inbound transfer arc and the destination DRO.
The DRO insertion cost,∆V2, ranges from a minimum of 310.52 m/s, for the largest orbit inFigure7(a),
to a maximum of 611.75 m/s. This maximum, however, does not occur at the smallest DRO. In fact, the
maximum insertion cost occurs for a DRO whosex-axis crossings are loosely in the neighborhood ofL1 and
L2, which is, roughly, also the vicinity of the Moon’s sphere ofinfluence. Similar to transfers from Earth
to L1 orbits, transfers to orbits aboutL2 have also been investigated by many authors.18,22 A recent study
by Folta et al. includes direct transfers from a 200-km altitude circular Earth orbit toL2 Lyapunov orbits.
The Lyapunov insertion maneuvers range from 650 m/s to 975 m/s.20 Comparing the DRO insertion cost to
that associated withL2 Lyapunovs, it is apparent thatL2 Lyapunovs are more expensive in terms of insertion
sinceL2 Lyapunovs exist at lower energies than DROs and, therefore,exist at a further distance in the energy
space from the high-energy inbound transfer arc.

Given transfers with both lunar near- and far-side DRO insertions, it is apparent that each transfer type
possesses advantages and disadvantages. While transfers with DRO insertions on the lunar far-side are faster
than transfers with lunar near-side insertion, transfers to the near-side require less propellant than transfers to
the far-side for certain DRO amplitudes. Similar to transfers to the lunar near-side, transfers to the far-side
are approximately half of a translunar free-return transfer, consistent with Folta et. al.20

Transfers to Lunar DRO with Close Lunar Flyby

Exploiting the Adaptive Trajectory Design (ATD) software package,23 transfers to DROs with lunar far-
side insertions can also be used in combination with a lunar conic for an initial transfer design to a DRO that
incorporates a lunar flyby, similar to the transfer types explored in Muirhead, as well as Stich.1,2 Also using
ATD, the initial design can be corrected for continuity in position and velocity everywhere along the path
with the exception of the expected maneuver locations: nearthe lunar flyby (∆V1), and at DRO insertion
(∆V2). Finally, a continuation process in terms of maximum total∆V (= ∆V1 + ∆V2) within the ATD
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environment, yields a transfer with a significant reductionin the total maneuver∆V . Note that the∆V at
departure from LEO is not included in the following discussion because it does not differ significantly from
the values already mentioned.

For example, consider the design of a transfer with a lunar flyby to reach the DRO that exists atC = 2.91,
with a period approximately of 16.44 days. The vehicle is delivered to the lunar vicinity along a direct
transfer path with a lunar far-side insertion into the smallest DRO in Figure7(a). A lunar conic then delivers
the spacecraft to the DRO atC = 2.91. After this design is corrected for continuity in position and velocity,
excluding the maneuver locations, the resulting transfer appears in Figure8(a), where the maneuver locations
are denoted by the red “∗” symbol. Continuation to reduce the total∆V yields the final design in Figure
8(b). The final design requiresT1 = 5.08 days to reach the lunar vicinity. Near the Moon, a∆V1 = 151.021
m/s maneuver is executed. An additionalT2 = 7.75 days are required to reach the DRO insertion location,
where a final maneuver of∆V2 = 68.9662 m/s is required. The total∆V = 219.9872 m/s, and the total
transfer time is 12.83 days. In comparison to the direct transfer with insertion on the lunar far-side for the
same DRO, i.e.,C = 2.91, the transfer that incorporates a lunar flyby requires 7.642days longer to reach
the destination DRO. However, including a lunar flyby reduces the total∆V by 387.1728 m/s. Other DROs
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(b) Final design with reduced total∆V

Figure 8. Transfer into lunar DRO at C = 2.91 with lunar flyby

are also available after a lunar encounter. Using a similar process, it is possible to design a transfer with a
lunar flyby to a larger DRO, for example, one characterized bya Jacobi constant value ofC = 2.75365 and
a 25.4973-day period. The final transfer design for the larger destination DRO appears in Figure9. This
transfer delivers the spacecraft to the lunar vicinity inT1 = 4.14 days. The maneuver executed near the
Moon is∆V1 = 147.1516 m/s in magnitude. AfterT2 = 17.19 days, a∆V2 = 72.8481 m/s DRO insertion
maneuver is required. Thus, the total∆V (219.9997 m/s) for the transfer with a lunar flyby (to a DRO with
a largerAy amplitude) is 264.2503 m/s cheaper than the transfer that delivers the spacecraft directly to the
DRO on the lunar far-side, but the total transfer time (21.3294 days) is 12.83 days slower. It is apparent that
close lunar flybys can reduce∆V requirements, as expected. From a broader perspective, incorporating a
lunar encounter en route to a DRO is straightforward and clearly adds opportunities to reach a variety of DRO
destinations.

Direct Transfers to Lunar DRO Stability Region: Lunar Far-S ide Insertion

Recall that, with the exception of two energy levels, DROs generally are surrounded by a region of stability.
Similar to transfers from LEO to various periodic orbits, itis also possible to construct transfers to QPDROs
by requiring that the finalx-position and the velocity along the transfer arc simply locates the state within
the stability region as defined by the manifolds of the unstable P3DRO at a particular energy level. For
example, recall the QPDRO plotted in Figure3(a) that exists atC = 2.91. The transfer to this QPDRO
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Figure 9. Transfer into 25.4973-day period lunar DRO (C = 2.75365)

from LEO has a departure∆V1 = 3.1503 km/s, consistent with the departure cost associated with the 2BP
Hohmann transfer toL2 as listed in Table1. After a transfer time ofT = 5.9849 days, the QPDRO insertion
maneuver is∆V2 = 586.5 m/s, yielding a total∆V of 3.7368 km/s. The transfer path is plotted in Figure
10 in dark purple, and the QPDRO is gray as viewed in thexy plane in the rotating reference frame. In
comparison, the transfer directly to the DRO at this energy level requires a slightly higher insertion maneuver,
∆V2 = 602.0297 m/s, and a longer transfer time,T = 6.36 days. Certainly, transfers to QPDROs appear to
be an interesting alternative.
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Figure 10. Transfer to QPDRO atC = 2.91

Despite constraining the QPDRO energy level to one value andthe insertion location to the lunar far-side,
transfers to a particular QPDRO still offer an infinite variety of insertion locations, each corresponding to a
differentx-position and velocity within the stability region. Moreover, an infinite number of QPDROs exist
at a particular energy level. Of course, the∆V cost and TOF vary for transfers to different locations within
the stability region at a particular energy level. For example, Figures11(a)-11(b)highlight the DRO stability
region captured aty = 0 andC = 2.91 and outlined in black by the P3DRO manifolds at this energy level.
The DRO at this energy level appears as a black dot at the center of the stability region. Unsurprisingly,
given that transfers to QPDROs are similar to Hohmann arcs, the LEO departure cost increases, almost
exclusively, with increasing QPDRO insertion location along thex-axis. However, the overall variation in
departure cost,3.1495 ≤ ∆V1 ≤ 3.1547 km/s, is relatively small; the variation in the insertion maneuver,
579.2455 ≤ ∆V2 ≤ 620.2080 m/s, is apparent in Figure11(a). The range in transfer TOF,5.86 ≤ T ≤ 7.23
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Figure 11. Direct Transfers into DRO stability region,C = 2.91

days, is easily appreciated from Figure11(b). Transfers with negative arrivalx-velocity “overshoot” the
final location to achieve the final condition, and therefore require more time to reach the QPDRO insertion
location than transfers with positive arrivalx-velocity. Therefore, certain locations within the quasi-periodic
region are associated with faster and cheaper transfers to the stability region, than the single DRO at the same
energy level. Targeting the stability region in nearly equivalent to targeting the DRO. The QPDRO may offer
advantages when transitioning to higher fidelity models.

The DRO stability region can also be employed as an intermediate step to deliver the spacecraft from
LEO to a lunar near-side DRO insertion. For example, the transfer to the DRO atC = 2.91 in Figure12
is constructed by combining a transfer to a QPDRO (at a lower Jacobi constant than the destination DRO),
a specified number of lunar revolutions along the QPDRO, and alunar near-side DRO insertion maneuver.
For this transfer the total∆V is marginally less costly than the direct transfer with a lunar far-side DRO
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Figure 12. Transfer to DRO via QPDRO

insertion for the same destination DRO. The sample transferto the QPDRO was constructed to exploit the
DRO stability region at different energy levels to reduce the maneuver cost. Therefore, TOF is not particularly
meaningful in this type of transfer because the QPDRO insertion location can always be adjusted to meet a
specific TOF requirement.

In the presence of perturbations in higher fidelity models, DROs appear as QPDROs. Therefore, trans-
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fers to DROs are essentially transfers to QPDROs. Hence, transfers to QPDROs can be very useful when
transitioning solutions to a higher-fidelity ephemeris model.

Transfers to Lunar DROs in the Ephemeris Model

To validate the characteristics of the transfer trajectories, sample transfers are transitioned into a higher-
fidelity model and, in fact, generally retain their geometry, maneuver costs and TOF. This evaluation is
achieved using the ATD software.23 First, the transfer trajectory, as well as several revolutions of the des-
tination DRO are discretized into numerous arcs, represented as position and velocity states, and saved in a
suitable format to interface with ATD. These states are thenimported and, within the ATD environment, cor-
rected for continuity in position and velocity (except at maneuver locations) in an ephemeris model. Before
the corrections process is applied, however, several options are specified:

1. Ephemeris epoch: The ephemeris date corresponding to thefirst discretized state must be specified. In
this investigation, the first discretized state is located at departure from LEO, and each sample transfer
is converged in the ephemeris model for epochs corresponding to the first day of every month in the
calendar year 2021. Furthermore, the departure epoch is constrained at the desired date throughout the
corrections process.

2. Central and perturbing bodies: The central and perturbing bodies are selected to characterize the equa-
tions of motion to propagate the imported states. Here, the Earth is specified as the central body, and
the Sun and Moon are included as perturbing bodies.

3. Reference CR3BP: The reference CR3BP system is specified for viewing and output purposes. The
Earth-Moon CR3BP is selected in the current analysis.

4. Apse, altitude, and inclination constraints: Specific states may be required to remain at a specified alti-
tude, to occur at an apse corresponding to a specific gravitational body, or to possess some inclination
with respect to a specific central body’s equator throughoutthe corrections process. For the transfer
paths here, the first state is constrained to be a 200-km altitude perigee, at 28.5◦ inclination with respect
to the Earth’s equatorial plane.

5. Maneuver locations: The ATD differential corrections process adjusts the states to produce a path
continuous in position and velocity, except at locations where maneuvers are allowed. These maneuver
locations are specified before the corrections process is applied. Direct transfers with lunar far-side
insertions incorporate one maneuver at the DRO insertion location, while direct transfers via anL1

Lyapunov orbit with a lunar near-side DRO insertion includeone maneuver at the Lyapunov orbit
insertion point, and one at the DRO insertion point.

In ATD, all trajectories converged in the ephemeris model are viewed in the reference CR3BP rotating,
barycentered frame. Thus, unless otherwise stated, all discussion related to results obtained in the ephemeris
model in this investigation are reported with respect to thereference Earth-Moon CR3BP rotating, barycen-
tered frame.

Two transfers to the DRO that exists atC = 2.91 in the Earth-Moon CR3BP system are selected for
transition to the ephemeris model incorporating the Sun, Earth and Moon gravitational fields. The first path is
directly targeted to the lunar far-side of the DRO for insertion, while the second arrives at the near-side of the
Moon, initially inserts into anL1 Lyapunov orbit and, after a half-period along the Lyapunov,it reaches the
DRO. Projections onto thexy, xz, yz planes, as well as a three-dimensional view of these transfers are plotted
in Figures13(a)and13(b), respectively, as they appear (after convergence) in the ephemeris model, and as
viewed in the rotating, barycentered Earth-Moon frame for departure epoch January 01, 2021, 0 hours. The
“∗” symbol denotes the maneuver points. For different departure epochs, solutions similar to that for January
01, 2021, 0 hours can also be computed in the ephemeris model.In this investigation, solutions for departure
epochs on the first day of every month throughout the calendaryear 2021 are calculated. The magnitude of
each maneuver, as well as the TOF (first approach to the lunar region) are summarized in Figures14-15as a
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(a) Lunar far-side DRO insertion (b) Lunar near-side DRO insertion

Figure 13. Transfers to DRO (CR3BPC = 2.91) converged in the ephemeris model
for departure epoch of January 01, 2021, 0 hours as viewed in the rotating, barycen-
tered Earth-Moon frame.

function of the corresponding ephemeris date. The black circles indicate the value for the quantity associated
with the ephemeris model solution, and the flat blue lines highlight the values that characterize the initial
guess from the planar CR3BP.

The variations in the results are clearly influenced by the impact of the perturbing bodies on the initial
guess as the trajectory is corrected for continuity in the ephemeris model corresponding to different epochs
in 2021. As a demonstration of the impact, and for predictionpurposes, consider the distance between the
Earth and the Moon in 2021 plotted in the top plot in Figure16, and the inclination of the Moon’s orbit with
respect to Earth’s equatorial plane plotted in the bottom plot of the same figure. The daily values appear
in black. The values at each departure date are highlighted in green, while the values at the arrival time in
the lunar region are highlighted in red for the far-side insertion case, and in purple for the near-side insertion
transfers. For transfers to the near-side, recall that one additional maneuver is required to insert into the DRO.
The values corresponding to this maneuver are highlighted in light blue. Clearly, the Earth-to-Moon distance
at departure influences the magnitude of the departure maneuver,∆V1 (which is also naturally influenced by
the solar position). The farther the Earth-to-Moon distance, the larger the departure maneuver is, consistent
with any Hohmann transfer. Similarly, the transfer time increases as the distance between the Earth and the
Moon at the departure epoch increases. For the transfer to the lunar far-side, the DRO insertion maneuver
decreases with increasing distance between the Earth and the Moon at arrival. For different departure epochs
in the ephemeris model, the transfer insertion location shifts across the width of the DRO stability region.
When the Moon is closest to the Earth, so is the stability region, dictating that the initial guess from the
CR3BP is shifted to the outer-most part of the stability region. Therefore, the converged solution yields a
transfer path that inserts into the most expensive part of the stability region, as previously noted in Figure
11(a). Conversely, when the Moon is farthest from the Earth, the CR3BP initial guess yields a trajectory
in the ephemeris model with an insertion to the inner-most, and less expensive, part of the stability region.
Furthermore, the distance and orientation of the Sun with respect to the Earth-Moon system is also influential.

DRO Stationkeeping

Given that a potential application for distant retrograde orbits in the Earth-Moon system is future manned
missions to lunar DROs, an assessment of the stationkeeping(SK) costs associated with maintaining such
orbits is useful. For this initial consideration of stationkeeping, the investigation refers to the model in the
CR3BP. The long-term SK strategy described by Pavlak is employed for a preliminary consideration of DRO
maintenance.24 Such a scheme is particularly useful in dynamically sensitive regimes. Given a trajectory
that is continuous in position and velocity in a particular model, this SK scheme uses a multiple-shooting
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Figure 14. Variation in maneuver size and TOF throughout year 2021 for transfer to
DRO (CR3BPC = 2.91) with lunar far-side insertion in ephemeris model.

algorithm combined with a sequential quadratic programingdirect optimization routine to compute each
SK maneuver that is required to maintain the given trajectory in the presence of navigation/modeling and
maneuver execution errors. First, the SK keeping costs associated with periodic orbits across the planar DRO
family are computed for a baseline error level. The DRO atC = 2.91 is a representative orbit for the SK
analysis, one that is beyond the Earth-Moon libration points, i.e., beyond the Hill region. Thus, the SK costs
are expected to be relatively smooth. Three additional scenarios compare the SK cost associated with the
DRO that exists atC = 2.91 to:

1. DROs in 1:3 and 2:3 resonance with the Moon

2. A QPDRO atC = 2.91

3. An adjacentL1 Lyapunov orbit

Each scenario considers higher error levels in comparison to the baseline set that is employed across the
planar DRO family.

An initial exploration of SK across the family offers context. In the computation of SK costs associated
with select members of the planar DRO family, navigation/modeling errors are simulated as random, and
normally distributed with 1-σ statistics equal to 1 km in position and 1 cm/s in velocity. Additionally, after
each SK maneuver is computed, a 1-σ maneuver execution error of 1% (in magnitude only) is applied. In
this analysis, each periodic orbit is maintained over 12 periods, with maneuvers at each crossing of thexz-
plane in the rotating frame. The final crossing is constrained to match the original trajectory in thex and
z-position. Then, the total SK∆V cost associated with the maintenance of each orbit is the resulting mean
of 500 Monte Carlo trials, extrapolated for 1 year of maintenance operations. When applied to the family of
lunar DROs in the Earth-Moon CR3BP model, the costs in Figure17are obtained. Recall the range of DRO
orbital periods in Figure1(b). The three DROs plotted in dashed black lines in Figure17 are periodic orbits
in the planar DRO family that bifurcate to other families. The smallest and intermediate amplitude DROs
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Figure 15. Variation in maneuver size and TOF throughout year 2021 for transfer
to DRO (CR3BPC = 2.91) with lunar near-side insertion in ephemeris model.

plotted in dashed black lines are in 1:3 and 2:3 resonances with the Moon, respectively, and are bifurcating
orbits with the planar family of P3DROs. The largest DRO in dashed black is the out-of-plane bifurcation
orbit, a member of both the planar and three-dimensional families of DROs as described by Vaquero and
Howell.14,15 The range for SK costs in these DROs, i.e., 0-14 m/s, total fora one year maintenance strategy,
is reasonably low when compared to other orbits in the lunar region. For example, given a comparable error
framework,L1 andL2 Lyapunov, halo and quasi-halo orbits possess SK costs in an approximate range of 0-
35 m/s. Similar to theL1 andL2 orbit families, DRO SK costs increase as stability decreases.24 In particular,
there are specific regions where SK costs are noticeably higher than those throughout the rest of the family.
These regions coincide with the 1:3, 2:3 and out-of-plane bifurcations. Also, as expected, higher SK costs
are associated with unstable DROs than those that are stable.

Given a variety of potential applications for lunar DROs, SKcosts are investigated in the presence of larger
navigation/modeling and maneuver execution errors. The navigation/modeling errors considered for the first
two scenarios are summarized in Table2. Three examples are explored. In each sample, results for the

Table 2. High error levels

Multiplication Factor Position Error [km] Velocity Error [cm/s]

×1 1 1

×10 10 10

×100 100 100

representative DRO are compared to other notable orbits as mentioned previously. In the first scenario, the
SK costs for a DRO with a 16.4421-day orbital period (C = 2.91) is compared to each of the planar DROs in
resonance with the Moon. The SK costs are computed for the three error levels as described in Table2. The
results, summarized in Figure18, reveal that for “×1” and “×10” error levels, the orbits in resonance with

16



Jan−01 Feb−01 Mar−01 Apr−01 May−01 Jun−01 Jul−01 Aug−01 Sep−01 Oct−01 Nov−01 Dec−01

3.6

3.7

3.8

3.9

4

4.1
x 10

5

Date in 2021

E
ar

th
−

M
oo

n 
D

is
ta

nc
e 

[k
m

]

Jan−01 Feb−01 Mar−01 Apr−01 May−01 Jun−01 Jul−01 Aug−01 Sep−01 Oct−01 Nov−01 Dec−01

20

25

30

35

40

Date in 2021

Lu
na

r 
In

cl
in

at
io

n 
w

ith
 R

es
pe

ct
 to

E
ar

th
’s

 E
qu

at
or

ia
l P

la
ne

(d
eg

.)

 

 
Daily
Departure
DRO insertion (far−side)
Lyapunov insertion (near−side)
DRO insertion (near−side)

Figure 16. Distance between the Earth and the Moon (top plot), and lunar inclination
with respect to the Earth’s equatorial plane (bottom plot) throughout year 2021

the Moon require higher SK costs for maintenance, than the non-resonant orbit. However, at the highest error
level “×100”, perhaps exceeding the linear range, the SK costs are more competitive.

The second scenario compares SK costs for the same representative DRO as emphasized in scenario 1,
and the QPDRO plotted in black in Figure19(a)at the same energy level,C = 2.91. For each Monte Carlo
simulation, the final QPDRO crossing of thex-axis is constrained to remain within±2, 500 km in thex andz
directions relative to the initial state. The resulting QPDRO, including the maintenance maneuvers, is plotted
in blue in Figure19(a), and the red “∗” symbol denotes the SK maneuver locations. It is apparent, and not
surprising, that the QPDRO shifts to the boundary of the constraints inx as the corrections and optimization
process is applied. The SK costs for both orbits are summarized in Figure19(b). Clearly, a lower SK cost
is associated with maintaining the QPDRO rather than the DROat all three error levels considered in this
investigation. For the QPDRO, the looser constraints on thex-axis crossing is beneficial. However, more
investigation is required for the Monte Carlo simulations since≤ 10% of the trials did not converge for the
higher error level “×100”.

The third scenario compares SK costs for the DRO and Lyapunovorbit in Figure5(b). Due to the close
lunar passage present in the rather large Lyapunov orbit, this motion is difficult to maintain. Moreover,
a significant % of the Monte Carlo simulations may not converge if numerous Lyapunov revolutions are
required, and/or a high maneuver execution % error is applied. Therefore, to obtain≥ 99.99 % converged
trials, only 3 Lyapunov revolutions are required, and only 1% of the maneuver magnitude execution error
is applied. However, the DRO is still maintained for 12 revolutions, and a 2% maneuver execution error is
applied. The resulting SK costs for the DRO and Lyapunov orbit are compared in Figure20. Although this
scenario considers significantly smaller error levels, it is evident that the Lyapunov orbit requires SK costs
that increase at a higher rate than that required to maintainthe DRO. However, recall that this representative
DRO remains beyond the Hill region. The relatively large Lyapunov orbit does enter the region between the
Moon andL1; the perturbations are significantly influenced by the relatively close lunar pass.

CONCLUDING REMARKS

Through this investigation, DRO characteristics such as stability, period, and properties of the surrounding
stability region were found insightful in the analysis of SKcosts associated with maintaining motion along a
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Figure 17. Earth-Moon SK costs in CR3BP across the DRO family
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Figure 18. Scenario 1: DRO SK in CR3BP in the presence of high error levels

DRO, and the behavior in the ephemeris model. The different transfer strategies explored provide a baseline
understanding of the costs and TOFs associated with the dynamics of traveling to DROs and the surrounding
stability region from Earth. Several transfer options wereindentified, including direct transfers with lunar
near- and far-side DRO insertion, as well as transfers into QPDROs. In particular, transfers into QPDROs
facilitate the understanding of solution characteristicswhen transitioned to an ephemeris model. This inves-
tigation also revealed relatively low SK costs associated with DROs, with isolated exceptions that can be
predicted from the stability information available for DROs from the CR3BP analysis. These preliminary
results suggest future directions for additional work. Such investigations are ongoing.
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