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Abstract

Eccentric and inclined resonant orbits exhibit complex motions that have the potential to become chaotic.
Furthermore. these complex motions may also destabilize classical control strategies. Understanding the mechamisms

that cause such motions to occur is crucial to arriving at robust. stable control methods.

determined that the interaction between resonant tesseral

Previous research has

harmonics can produce chaotic responses in the semi-major

axis and stroboscopic mean node (primary variables of interest in East-West stauonkeeping) of an orbit. However. the
previous work did not include the effects of potentially significant luni-solar perturbations: the present effort does so.
Utilizing a vanety of techniques. including resonance overlap criteria, Poincaré sections. stroboscopic plots. and Lie

perturbation methods.

resonance overlap is found between interacting lunar harmonics.

This overlap result can

produce significant excursions in eccentricity.  Furthermore, the potential for diffusion between the eccentricity (or

inclination) and semi-major axis exists because of the coupling introduced by the tesseral harmonics.
found that the interaction between these two modes (motion

orbits with periods of 12 hr or lower,

However, it 1s
in eccentricity and motion in semi-major axis) is slight tor

It is concluded that the gualitative motion of the semi-major axis and the node.

on time scales of interest for mission planning. evolves primarily from tesseral harmonic effects.

Introduction

Satellite orbits that are eccentric and inclined with
near-repeating ground tracks can exhibit complex
dynamical motions. Of particular interest is the behavior
of the semi-major axis and the stroboscopic mean node;
controlling these variables is crucial to maintaining a
repeat groundtrack. Ely and Howell'® examined the
effects of interacting tesseral harmonics on these
variables. Depending on the selected mean motion
commensurability (i.e., orbits with a 24 hr period, 12 hr
period, etc.), inclination, and eccentricity, the interaction
can produce a variety of motions ranging between
periodic, quasiperiodic, and chaotic. However, the
previous work did not include the potentially significant
effects of luni-solar perturbations. The current study
incorporates these additional gravity terms in the
dynamical model so that their impact on the motion
(primarily semi-major axis and node) can be determined.
Secular perturbation theory is used to determine isolated
resonance characteristics (for all the contributing
perturbations), and resonance overlap criteria is applied
to determine the likelihood of resonance interaction and
the potential for chaotic motion.> The numerical analysis
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employs a combination of stroboscopic  plots and
Poincaré sections. The stroboscopic plots are used to
determine the likelihood of extremely long time scale
diffusion processes in the fully dimensional system
(including all geopotential and luni-solar perturbations
with only secular and long-period perturbing terms).
Using suitably reduced 2 Degree-of-Freedom (2-DOF)
models, the motion can be analyzed using Poincaré
sections. The reduction to 2-DOF is accomplished using
a combination of first order averaging and second order
Lie perturbation methods. A 2-DOF system removes
diffusion as a possible type of motion with the resulting
model well suited for assessing the existence of regular
and/or chaotic motions. The focus of ongoing work is
the development of analytical tools for assessing
quasiperiodicity and chaos (from resonance overlap
and/or diffusion) in the system with coupled
geopotential and luni-solar perturbations.

Development of the Dynamical Model

This study considers eccentric and inclined orbits
that are nearly resonant (or nearly commensurate) with
the Earth’s rotation rate (i.e., orbital periods near 12 hrs).
Of primary interest is the long term evolution of these
orbits, hence, perturbation expansion terms possessing
secular and long period behaviors are retained in the
dynamical model. For the time scales of interest, short
period effects have little net effect on the long term
response.  More formally, short period terms are
removed by transforming coordinates to a mean element
set. The most significant perturbations to a nominal
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Keplerian orbit in the class being considered include:
Earth geopotential (tesseral and zonal) effects and third
body effects tfrom the Sun and the Moon.

Model

" The dynamical model can be represented formally as
an integrable Hamiltonian A, (/) being perturbed by
eH (1.6). The
Hamiltonian is transformed into a set of action/angle
variables (/.6) that prove convenient for studying mean
motion resonances with the Earth.* Included in H, is
the inverse square gravity term, a secular term due to the
Earth’s oblateness (i.e.. the potential energy term Ve ).

and an additional term introduced because the reference
frame is fixed in the Earth and rotates with it. The
perturbation €H,(1.0) includes long period potential
energy terms from the Earth's tesseral harmonics
(longitude dependent) V., . the Earth's zonal harmonics

(longitude independent) V4. the Moon’s harmonics V ,

additional conservative terms

and the Sun’s harmonics V. Note. the subscript 0% is
used when referring to Earth oblateness, 7 for tesseral
terms, 2 for zonal terms, £ for lunar quantities, and S for

solar quantities. Formally, the Hamiltonian takes the
following form,

H=H,(I)+€eH (],6), ()]

22
H=_%_9e11 +Vou (1) 15.13) +
i

ZV7(I|.12‘I_1,A,“))+ZV3(II'12‘[3‘w)+
ZVA(II.Il,13,60.9‘94)*'2‘/5(1['/2"3vw'Q)’

(2)
where the action/angle pairs are defined as follows,
I =s,L=s,ua, A =—l-(M +w)-(6,-Q);
SU
I=LVl-¢* - L, w; (3)

Iy=LV1-¢" cosi—s,L, Q.

Additionally. (a.,e,i. M.®,Q)are the classical orbital
elements, s, is the integer nearest the ratio: satellite
mean motion over Earth rotation rate, [ is the Earth's

reduced mass, 6, is the Greenwich sidereal angle and

6, is its associated rate. and Q_ is the longitude of the

ascending node (referenced to the ecliptic plane) of the
lunar orbit.  Note that the angle A. called the
stroboscopic mean node, has a slow variation in time due
to the commensurability between satellite mean motion
and the Earth’s rotation rate. Furthermore. the perigee @
and the right ascension of the ascending node Q vary
slowly, primarily because of Earth's oblateness. The
ascending node of the lunar orbit Q, varies linearly
with time.

Tesseral and Zonal Perturbations

The secular and long period geopotential (tesseral
and zonal) terms are determined by averaging the
geopotential expansion, expressed in terms of classical
orbital elements, over the satellite mean anomaly. A
brief review of the development follows. The secular
oblateness term that remains after averaging is of first
order O(J,) and has the form,

y UR>J, {3 . 1} “
== S5 ), oS 1 ——r.
i a3(l—e')/3 4 4

The tesseral terms that remain after averaging are of
second order and have the following form,

oo { oo

!
ZV7 = 222 Zh,:’,,Pq(a.e.i)cos[m(l - A ) — ql,

=2 m=] p=0g=—
(5)
where,
!

L
Impq '—am

F,,,,p ()G, (), .

and R, is the Earth’s radius; Fimp(i) and Gy, (e) are

the inclination and eccentricity functions, respectively,

defined in Kaula;® and J,,,,=,}C,f,,+5,i, is the

unnormalized coefficient corresponding to the tesseral
harmonic of degree / and order m. The eccentricity
function G, (e) is implemented using a quickly

convergent expansion that is well suited for mean motion
dynamics.” The terms included in the summation satisfy
the long period constraint equation /~2p+g~m/s, =0.

For purposes of simulation, the summation in Eq. (5) is
truncated to have finite / and gq. Previous analysis' has
suggested that a minimal set consisting of the largest
harmonic and its next largest neighbors is sufficient for
determining the qualitative nature of the motion. The
current study includes a larger set of harmonics to verify
this claim. The value of the phasing angle associated
with J, . is computed as follows,
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The zonal terms Vs (notincluding the first order secular

oblatencss term) that remain in the geopotential
expansion after averaging are of second order and have
the same representation as Eq. (5) with the following

changes: the summation now consists of elements that
sausfy [23. m = 0, and the constraint equation
g =2p~—1[. Additionally, the zonal harmonic coefficient

is defined as J,

The phasing angle A, replaces A, and is determined as
indicated.

E'C,OI and replaces J,, in Eq. (5).

Cip>0.leven

Cio>0.10dd

A = Cio<0,leven

7N

Nl';\_;’.\.gum o

Co <0.10dd

where the angle argument of the cosine function now
takes the form A, —qw . As with the tesseral harmonics,
the summation is truncated to finite / for simulation
purposes. Finally, an additional second order oblateness
term V. must be considered as well. It is represented

4,2
v,=-£& Rf4jl [Aa,e.i)cos20 + B(a,e, i)
: a

(8)

The detailed

expressmns for A and B are discussed by Hough® and
Delhaise®. Ely and Howell'? have shown that the
tesseral resonances overlap at most inclinations and
eccentricities when a satellite’'s mean motion is
commensurate  with the Earth’s rotation rate.
Trajectories in these overlap regions can be either
regular or chaotic depending on the selected initial
conditions.  Furthermore, at critical inclination an
additional resonance from the long period zonal
harmonics can overlap with the tesseral harmonics and
produce a region of chaos isolated near the separatrices
of the primary resonances. A preliminary study by Ely
and Howell® examined the effect of these resonance
interactions on East-West stationkeeping, and suggested
that complex motions (high order quasiperiodicity and
chaos) can destabilize a classical control technique. To
complete the analysis of stable East-West control

and is included in the summation YV, .

strategies. it 1s necessary to assess the impact of lum-
solar  perturbations on the semi- major
stroboscopic node in the resonant regions.

axis  and

Luni-Solar Perturbations

Third body perturbations from the Sun and the
Moon can have a significant tmpact on high-Earth orbits
(HEO). For a satellite in an eccentric HEO at apogee
(ie. r,=a(l+e)). the altitude above the Earth can
become significant with a correspondingly low velocity.
and. thus. the attraction of the third body becomes large
relative to the other perturbations. Indeed. the luni-solar
perturbations become O(J,) for a 24 hr satellite.

Consistent with the development of the potential function
for third body perlurbauons that is discussed in Delhaise
and Morbidelli,” a useful model that is amenable to DOF
reduction. yet still retains the essential long period
perturbative effects due to the Sun and the Moon. can be

obtained. It is based on the following simplifying
assumptions:

I. The lunar orbital parameters are defined relative to
the ecliptic plane in a coordinate frame centered at
the Earth. In this frame, the inclination i, and semi-
major axis a, of the lunar orbit are approximately
constant, while the longitude of the ascending node
varies linearly with time Q_, =Q ¢ +Q,

2. The orbital parameters associated with the solar
‘orbit” are defined with respect to the equatorial plane
in a coordinate frame centered at the Earth. In this
frame, the Sun appears to orbit the Earth in the
ecliptic plane, and the relative motion is denoted the
‘apparent orbit’ of the Sun. The inclination ig

(which equals the obliquity of the ecliptic €, the
angle between the equatorial and ecliptic planes) and
semi-major axis agof the solar ‘orbit’
approximately constant. Additionally, the longitude
of the ascending node Q¢ can be assumed constant
for the time scales of interest.

are

3. The eccentricity of the lunar and solar orbits are
assumed as zero.

4. The Hamiltonian is averaged over the satellite mean
anomaly up to first order.

5. The Hamiltonian is averaged over the Moon and the
Sun’s mean anomaly in their respective orbits up to
first order.

Incorporating these assumptions results in a lunar
contribution to the Hamiltonian that can be written in the
following form,
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1=2.
even

- 1
Zvl = Z ZZZh,‘,:Up(a.e.i.a‘,.i.,)(—l)'“ x
. m=0 s=0 p=0

9
{U{"‘"’(e)cos(m, -9)+ U,’""‘(E)cos(m_ 9)}

where,

l
EE -5 a
hlirp = ‘,ul(_l)kl ———'(__] X

2a,(l+m'\a,

Flmp(i)F[:(I/l)(i.l )H(p|2p~1)(e)‘

_ lifm=0, l1ifs=0,
“12ifm=eo, 2ifs#0,

kz =m+s,

I}

ky

. m
. the largest integer part of X

b;=0ifsevenand b, = 1/2 if 5 is odd.
and. finally,

(me0) =((I-2p)w+mQ+5(Q, ~1/2) b 1)

Details associated with the function U™ (€) can be
found in Delhaise and Morbidelli;’ Fu() is the

inclination function defined in Kaula;® and Hypap-1y(e)
is an eccentricity function similar to G,pq(e) % Note that

the expression for the lunar potential is complicated by
the fact that a frame rotation is required to obtain orbital
elements that are referred to the ecliptic plane. Since the
expression for the solar potential does not require this
rotation it has a representation that is simpler than the
lunar contribution, that is,

fad {

S, = z Ziih,ijp(a,e,i.as,is)x

(=2, m=0 5=0 p=0
leven

cos[(l =-2p)w+m(Q - Qs)].

(10)

where,

i
-my
h[i.tp =-k ‘#—Sﬁ[i] X

Mag (l+m)!| ag

Flmp(i)Flm(is )Hlp(lp-l)(e)'

L
km=1s,

and, the definitions for the inclination and eccentricity
functions are of the same functional form as those
corresponding to the lunar contribution. The luni-solar
perturbations, in their present forms, increase the
system’s phase space dimension from 4 to 6 (ie.. 3-
DOF) and renders it nonautonomous. Of particular note
is the independence of Eqs. (9) and (10) from the
stroboscopic mean node; hence, the impact of these
perturbations on the action /; ( = a) is indirect.

m=0

m=#0

Reduction to 2 Degrees-of-Freedom

For the class of resonances considered in this study,
Eq. (2) embodies the essential secular and long period
effects that govern an orbit's long term evolution.
However, the system is still not in a form convenient for
analysis using Poincaré sections; reduction to a 2-DOF
system is required. In particular, it is desirable to
remove the dependence on the three quantities
representing the longitude of the ascending node that
appear in Egs. (9) and (10): Q,Q,, and Q¢ . This will
result in (/;,A) and (/,,w) as the independent
action/angle pairs. The ascending node of the satellite
orbit € varies nonlinearly because of the coupling
between terms in the Hamiltonian, but, is secular in the
regions of interest. The ascending node of the lunar orbit
Q, is linear and is the source of the Hamiltonian's
explicit time dependence. Finally, the ascending node of
the solar orbit Q. can be approximated as a constant
over the time scales of interest. The reduction to 2-DOF
must be accomplished carefully for two reasons: the
luni-solar perturbations can become first order O(J,) for
large semi-major axes and the potential for additional
resonances beyond those examined thus far (i.e., mean

motion and critical inclination resonances) may be
introduced.

Assessment of Order

Regarding the first issue, i.e., the asymptotic order
of the luni-solar perturbations, it can be shown that for
24 hr orbits, the luni-solar perturbations in Egs. (9) and
(10) are of the same order as the secular ohlateness term
in Eq. (4), that is,
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The tesseral and  zonal  harmonics  maintain their
contribution as second order effects. As the semi-major
axis 1s decreased. the luni-solar perturbations increase
their order incrementally from first towards second order.

That 1s. they introduce an undetermined gauge 0< <1

in their order representation. i.e.. O(J3%). For an

analytical reduction procedure, it is desirable to use a
fiest order secular approximation for the longitude of
ascending node Q. In the 24 hr case. the combined
effects of oblateness and luni-solar perturbations prevent
a first order secular approximation from being valid. A
semi-analytical reduction would be required.  For
resonances with a shorter period. such as the 12 hr case,
the first order secular approximation is valid, but the
reduction should be accomplished to the second order.
In these cases. it is advantageous to use a Lie
perturbation method. since this technique yields the
desired transformations without the need for any
inversion of implicit functions (which is the case with
standard canonical perturbation theory).

Lie Perturbation Analysis
Before addressing the issue of additional resonances
between w. Q. and Q. the perturbation analysis will be

accomplished. To first order, the method is equivalent to
an approach involving standard canonical perturbation
theory, however to second order the algorithms differ in
their implementation because the Lie method does not
use mixed generating functions. It utilizes a determining
function W(7,8, €) that is a function of the transformed
variables. indicated by the bar. The relationship between
the I, 9—) and the old
action/angle pairs is obtained formally by

new action/angle pairs
(1,8)

applying Hamilton's equations to W(/,8,¢) , where the
determining function replaces the Hamiltonian and the
small parameter € replaces time. For autonomous
systems Hori'® obtained a perturbation series that
eliminates dependence on selected angles, i.e., © and
Q,. The resulting perturbation equations written to

second order are,

O H(1.6)=H, ),

1 ﬁ,(fé)_):(H,(fﬂ_)).
ﬁ,(f@)st(f.§)—<Hl(/_.§)> (2
[H‘,(l_).W,(I-O—)]=.‘7(I_.6_) )

2 ﬁ;(l—§)=(H2(I'.é'))—%<[ﬁ(i§>W,(ie—)D

where H, is the transformed Hamiltonian, W is an

element of W=Z£'W, the index { is the associated

=1
order. [] is a Poisson bracket. and <> is the averaging
operation over the selected angles (i.e., Q.Q,). Itis

noteworthy that the second order Hamiltonian does not
require the second order determining function. Now.
apply Egs. (12) to the system in Eq. (2) with

H, = —55/,13/2112 -6,1, +V,e +Q:IJ (14 is introduced
to make the system autonomous), H, = 2V, +Ve, and
H, =3V, +V;. The zeroth order result simply returns

the original Hamiltonian with the new actions replacing
the old ones. The result for the first order Hamiltonian is
typical, too. The computation yields,

H o= Dok T U cos((1 -2 pya)+

m.s=0

D hE oL Tcos(( - 2 p)a).

m.s=0

(13)

For simplicity, the remaining results show only the lunar
contribution, since results for the solar contribution are
similar. The expression for the first order term of the
determining function W, has the form,

(_l)kzh’lm Um.—s _
W1=‘z #sin(m‘-9)+
m.s20 m, -0

(_l)k: h/ﬁup (JI”L+j —
= sin(m_-0 ).
m_-6

(14)

The computation for the second order term in the
expression for the Hamiltonian is tedious, but
straightforward. The Poisson bracket that appears in the

expression for H, is evaluated with the following result,

()-S5 TS T T (b 0¢)x

a=2 B=0 (=2 p=0m=l s=|
cos [(a =28 -(- 2p)]5},

where r = min(a, /) and,

(15)
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(16)

The remaining part of the second order term 172 1s

comprised simply of the zonal and tesseral terms with the
old action/angles replaced by the new, that s

<H3>=ZV7(I-_9_)+V3(1'_9_). Assembling  the

preceding Hamiltonian terms produces.

H=H”+f_1,+I73, (17

where this is a system with 2-DOF; (I,.1) and (/,.@)
are the participating action/angle pairs: and 7, and 7,
are constants of motion. Note, for ease of notation the
overbars on the action/angle variables are dropped in the
sequel. The luni-solar and zonal terms are dependent on
perigee only. and produce a primary resonance at critical
inclination. Each tesseral harmonic produces its own
resonance that can interact with the other tesserals and,
near the critical inclination, with the resonance produced
by the luni-solar and zonal perturbations. As observed
by Delhaise and Morbidelli’, inclusion of luni-solar
terms, beyond just the zonal terms in the Hamiltonian,
increases the magnitude of resonant harmonic terms
significantly at critical inclination. This results in a
significant increase in the resonant action excursions
(functions of eccentricity and inclination) and a
corresponding decrease in perigee’s libration period.
However, this does not provide the complete picture,
additional resonances exist that must be considered
before H can be used to study selected orbits.

Lunar Resonances

The presence of additional resonances between
@,LQ. and Q, and their impact on tesseral resonances
must be considered before proceeding with the analysis

of H.ie., Eq. (17). Resonance between these angles is
defined as the existence of linear combinations of
angular frequencies that yield

ﬂLt'é=(l—2p)d)+inSQ4=O. Delhaise
Morbidelli’ investigate the existence of resonances of the

and

form anisQ4 =0, for orbits at the critical inclination,
and found none of any significant order. Expanding the

search to include i<70° and e<! the resonance

((I=2p).m £5)=(0,1-1) does exist for € <44 and

58°<i<70° . If the search for resonances is expanded
further. to include 1-2p=0, a greater array of
resonances are encountered. Note that the index ! is set
equal 1o two so that the search for primary resonances
can be restricted to the lowest orders. Figure | depicts
the locations of these resonances as functions of
eccentricity and inclination. In the figure. there are five
families of curves emanating from an eccentricity of one.
The straight line at each center corresponds to the
resonance with s =0 curves to either side correspond to
s€ {1,2}. Two families are labeled. the family at critical
inclination, (2,0,%s). and a neighbor at inclination of
69°, (2.1.xs). Within these two families, the resonance
that is present when s =0 is highlighted by the thicker
line. Using secular perturbation theory, a primary effect
of an isolated resonant term is to increase the amplitude
of oscillation for a system's action by a fractional order.
For example, if an isolated lunar harmonic term has order

O(JZ"‘S), then the amplitude of oscillation in deep

resonance is O(Jél"wz), recall & is currently an

unknown gauge. As conditions depart from deep

resonance the amplitude approaches O(J 2'*5) . However,

with other resonances present the potential exists for
even larger chaotic excursion in the action variable.®
Figure | suggests, because of the close spacing of
resonance locations, that lunar resonances can overlap
and produce chaotic responses in eccentricity and

(2,0,5) (Z.T.s)

0.8 /V
G

0.6

v

04
0.2 \
| B
i \
ol AR | | \
20 30 40 50 60 70 80 90
{
Figure 1: Location of resonance centers of the form

mo+myQ+mQ , =0
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inchinaton. Simple first order calculations can vield I
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estimates for the excursions in the actions. and using the RV W oL U ey ] =25 (23,
resonance  overlap  criteria (sce Lichtenberg  and | s
Licherman’). the potennal  for global  chaos  in 3 _

cceentricity and inclination) can be ascertained. and using the first variations of  Egs. (3) with

v ) I, =(=2 )i‘_/;=r;:i,+i. and /1, =#s/, +/, the
Convider a Hamiltonian consisting only of the -l P : i o P
oblateness term Eq. (4) and lunar perturbing terms from half-width excursions in eceentricity and inclination

Eq. (9). become,
H=VOE(I|‘IZ-I})+Q414+ (18) Aemax=_([_2p) 129_ ':ma,l
DVl 0.0, e .
A, Max \
In this form /, is a constant of motion because the node Ai™* =’Ae . [ [ 7m — —ecol(J.
A is not present. Consider an isolated resonance. The tme LU= 2pisini

Hamiltonian then reduces to the oblateness term and a

_ : As an example consider resonance at critical
single harmonic.

inclination.  This corresponds to (({=2p)mzxs)=
P p

. ) £ -2 < i

H=Vog(ly 1y 1)+ Q1 + (2.0.0) ‘: hiso and (-2,0.0) = hcoq: . and results in four
(19) harmonic terms that can be combined into one single
term because the angular argument is the same. For a 12
hr orbit at an inclination of 63.4° and .7 eccentricity, the

maximum half-width excursions become Ai™* =3§°
and Ae™* =096 and perigee's linear period of libration

: A N A is roughly 9.1 years. As Figure 1 indicates there is an
F:(1.6)=(m. -6)1,+QI,+Q,I, transform to the rest additional resonance nearby at an approximate

frame of the resonance, where the new actions are inclination of 69° (for energy to remain constant the
indicated by carets (%). Note, the rest frame is eccentricity is ~.55) corresponding to (2.1.0) = h¥,
determined using m, -6 =0= (I;.15.15,17), and the and has two terms that can be combined into one. The
(*) identifies the actions at exact resonance. Expanding maximum half-width excursion for this resonance

in a Taylor series around this location yields the first becomes Ai™ =29° and Ae™* =.108.
order Hamiltonian for this resonance,

(-hkt /z,f,_v,(ll.Iz.l;)U,’"';"(E)cos(m: -6).

In this form the oblateness term is first order O(J,) and
the harmonic term is of a fractionally higher order

O(jll"‘s ). Using  the  generating function

Figure |
shows that at this inclination and eccentricity, these
resonances should overlap, and are likely to produce a

N lc?zvog - region of chaotic motion. To see that this is indeed the
H= P RETE (A" + (20) ©ase. Poincaré sections for the Hamiltonian in Eq. (18)

(with s = 0 so that the system has only 2-DOF) are
depicted in Figure 2a,b. The selected energy surface is
. defined by the initial conditions
’ (a.e.i, M. @.Q)=(26574 km, .7, 64°, -210°, 200°, 0°),
and other initial conditions on the section are selected
using this energy surface. The upper plot, Figure 2a,
depicts the section on (w, e), and the lower plot, Figure
2b, corresponds to (w,i). Note the horizontal line in the
section (w,e) at e = .76 indicates that the eccentricity
In this form, the maximum half-width excursion in the has become sufficient to produce orbits that are
action is. subterranean. Clearly the resonances have overlapped,
and there is a large region of chaotic motion surrounding
the surviving islands of regular motion near critical
inclination.  An initial condition lying in the chaotic
region can experience an extremely large variation in

eccentricity Ae ~35 and inclination Ai ~10°, while a
trajectory in the surviving island can incur relatively

(=D* ki, (1] 15 I)U M (€)cos(m, -6),

Vee 3 IR

TS TS T -2 22_15 2
als  2a*(1-€?)? (( p)( cos z)+(21)

5m(1—2p)cosi—m2)
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Figure 2a, b: Poincaré sections near the critical
inclination with only Lunar perturbations s = 0

smaller excursions with maximums of Ae ~1 and

Ai ~45°.  Also, trajectories outside of the chaotic
region (see for example (w,i)=(0°72°)) experience
more modest excursions. Furthermore, the excursions in
eccentricity can be even more dramatic when the
additional resonances corresponding to s#0 are
included in the dynamical model. Coupling the intricate
lattice of resonance locations shown in Figure 1 with
significant excursions in the action from each resonance
suggests the presence of an even larger region of chaotic
motion than indicated in Figure 2. Indeed, simulations
have shown that the model in Eq. (18) with / = 2 (and s
not restricted to 2) can produce excursions in eccentricity
that are larger than Ae~35. A sample eccentricity
history is shown in Figure 3 with associated initial
conditions (a,e.i,M,w,Q)=(26574 km, .7, 60.5°

-210°, 270°, 0°). The trajectory experiences a shift of
-4 in eccentricity. Figure | also suggests the interaction

0.7
0.6
~ 0.5
0.4
0.3
0 10000 20000 30000 40000
days

Figure 3: Sample trajectory in chaotic region with
only Lunar Perturbations s % 0

Is greater at moderate eccentricities. Clearly, multiple
resonance interaction between lunar harmonics is an area
that needs more thorough study.

Combined Tesseral and Luni-Solar Resonances
=T _¢esseral and Luni-dolar Resonances

Returning to the issue of the interaction between
tesseral harmonics and luni-solar harmonics, the time
scale associated with the lunar harmonics is longer
(recall, the linear libration period of perigee at critical
inclination and .7 eccentricity is ~ 9.1 years) than that of
the largest tesseral harmonic (where the linear libration
period of ¥ =2(A- Ay, )~w, the stationary nodal angle
at critical inclination and .7 eccentricity, is ~ 1.4 years).
Thus, the system with tesseral, zonal, and luni-solar
perturbations is characterized by two time scales, and, in
the full non-autonomous 3-DOF model. the actions
Iy, 1y, and/; are nearly  asymptotic, adiabatic
invariants I,. this  mulu-

dimensional problem introduces complex interactions
between resonances that precludes an asymptotic analysis
from being accurate over sufficiently long time-scales.
Even with weakly interacting resonances (i.e., the
interaction between tesserals and luni-solar perturbations
is at most O(J,,,) ~ O(J3) ) the actions can diffuse and
cause large shifts in their time response.’ But. diffusion
is an extremely long time scale process that may not be
significant in the current problem. To ascertain the
potential for diffusion, a series of stroboscopic plots are
obtained in the (a,y) plane for various model effects.

relative to However,
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Figure da, b, ¢, d: Stroboscopic plots (500,000 day span sampled every 100 days) illustrating the interaction of
perturbations on (a,y) and showing the potential for diffusion. For (a) and (b), initial (a.4) are near separatrix

and initial (e.i,w,) are not in resonance overlap region.

For (c) and (d), initial (a,A) are not near separatrix and

initial (e,i,,Q) are in resonance overlap region. The model in (a) and (c) includes only tesseral harmonics, and the
model in (b) and (d) includes tesseral, zonal, and luni-solar harmonics.

The data for the stroboscopic plots is obtained by
sampling (a.y) every 100 days, the nominal length of a

trajectory is 500,000 days. As with all the data
produced, the veracity of the propagations have been
verified by simulations using various numerical
integration (4/5 Cash-Karp Runge-Kutta and Bulirsch-
Stoer using the modified midpoint method for steps) and
symplectic mapping (1"-order Wisdom mapping)
schemes. ~ When appropriate, the energy remained
constant to machine precision for the duration of the
propagation. Figure 4 shows selected results. In Figure
4a.c, the dynamical model includes only low order

tesseral harmonics through V33, , all other perturbations

beside the secular oblateness are turned off. The model
used to generate Figure 4b,d includes the same tesseral

harmonics, plus zonal harmonics through Vf&ﬂ, and

The
conditions selected in Figure 4a,b place (a,y) near the

luni-solar harmonics through V55 . initial

separatrix of Vi3, and (e.i,w.Q) are in the primary

island at critical inclination (see Figure 2). The initial
conditions in Figure 4c,d place (a,y) further from the

separatrix of V37210 and (e./,w.Q) are in the chaotic sea
(see Figure 2). In the case with only tesseral harmonics.
diffusion is not possible, and the trajectories can be
confined by KAM surfaces. The stroboscopic plots
cannot reveal the KAM surfaces, however they provide
information on the possible extent of motion on the
(a,y) plane. In both Figure 4a,c the motion is confined
(i.e. libration) with distinct edges present — indicative of
bounding KAM surfaces. When the luni-solar
perturbations are present the trajectories can diffuse,
however, as shown in Figure 4b,d. The motion remains
in libration - no large scale diffusion is present. A case,
not shown, with the initial (a, ) closer to the separatrix

of Vi, did exhibit a trajectory with chaotic transitions
from libration to rotation — diffusion enhanced the size of

127



a)

26600

2658()/\ -~ . .
z e A
2265600 /N . 1 N\ X
S \_/J - . \g/ .

26540f =, T

65200 B

50 100 150 200 250 300 350
A (deg)

b)

26600

to
(=)
h
oC
<

athm)
to
(o)
tn
[
S

50 100 150 200

A (deg)

250 300 350

Figure Sa,b: Poincaré section of 12 hr orbitat i =55°. e = .7 (nominally). @ =200": (a) includes only low order
tesserals. (b) includes tesserals, zonals. luni-solar perturbations using Lie perturbation result.
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Figure 6a, b: Poincaré section of 12 hr orbitat i =23°. e = .7 (nominally). @ =200°: (a) includes only low order
tesserals. (b) includes tesserals, zonals, luni-solar perturbations using Lie perturbation result.

the chaotic region near the separatrix. These results
indicate that the addition of zonal and luni-solar
perturbations do not affect the motion of (a,y¥) ( or

(a.A)) greatly over significant time-scales. Hence. it is
reasonable to use the 2-DOF model obtained from the
Lie perturbation analysis to assess the impact of luni-
solar perturbations on the motion of (a.A) using
Poincaré sections.

Using the 2-DOF model of Eq. (17) to construct
Poincaré sections, comparisons with prior results that use
a model consisting of only tesseral harmonics can be
made.  Prior work has shown that as inclination
decreases away from the critical value the region of
chaos near the separatrix of the primary tesseral
resonance grows.'*? Eventually, at a sufficiently small
inclination. the entire region within the separatrix
becomes chaotic. This trend is examined in the next set
of figures for the 12 hr example at a nominal .7

eccentricity. The model using only tesseral effects. for
brevity labeled Tesseral.’ includes harmonics through

Vio. And, the model using Eq. (17), denoted “All
Effects.’ includes tesseral and zonal harmonics through
V:m:u and all 1* and 2™ order luni-solar perturbations

with /= 2. Figure Sa depicts a section for a 12 hr orbit at
an inclination of 55° and a nominal .7 eccentricity
obtained using the Tesseral model. Figure Sb depicts the
same conditions using the All Effects model. In both
cases the region of chaos remains isolated to the
separatrix region.  However, note that the island
structures depicted in Figure 5a have not been duplicated
in Figure 5b.  Efforts are currently underway to
analytically analyze the mechanisms causing the inner
islands to appear in Figure 5a and their apparent
Jisappearance in Figure 5b. Now consider the case of a
fully developed chaotic region as shown in Figure 6a.
Ayain. the Tesseral model is used and the orbit is a 12 hr
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case with nominal .7 eccentricity, but now the inclination
is 237 Figure 6b depicts the same conditions using the
All Effects model. There 1s little discermble qualitative
difference between the two figures.  These results
demonstrate that the influence of conal and luni-solar
perturbations on the qualitative long-term evolution of
semi-major axis and node 1s small. The largest impact is
the disappearance of inner islands in Figure 5b. although
this may be due to higher order tesseral harmonics. and
not the third body perturbations.

Conclusions

A great variety of resonance phenomena can be
encountered by satellite orbits that are eccentric,
inclined. and commensurate with the Earth's rotation
rate. In particular, the commensurability with the Earth's
rotation rate yields tesseral harmonics that can overlap
and produce chaotic motions of the semi-major axis.
Furthermore. overlapping lunar resonances can result in
chaotic motions of eccentricity and inclination.
However. the coupling between these two resonance
types produces an extremely long time scale diffusion
process rather than a strong primary resonance overlap.
This implies the semi-major axis and stroboscopic node
evolve primarily from the influence of the tesseral
harmonics. Current investigations include development
of analytical tools to determine the transition from local
to global chaos of (a,A) and development of robust

East-West stationkeeping algorithms to control (a,A) .
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