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Abstract 

Analytic expressions have been found for 
Euler's Equations of Motion and for the Eulerian 
Angles for both symmetric and near symmetric 
rigid bodies under the influence of arbitrary 
constant body-fixed torques. These solutions 
have been used to solve for the secular terms in 
the translational A\' equations in inertial 
space. This secular A V  solution is of ,interest 
in application to spinning spacecraft in that it 
describes the average direction of the A 0  of the 
spacecraft during a spin-up maneuver. Numerical 
integration of the governing differential 
equations has verified that the secular A V  
solution is valid for large time and is accurate 
in many physical situations including spin-up 
maneuvers of the Galileo spacecraft. 

1. Introduction 

The Galileo spacecraft is a dual-spin 
spacecraft designed to explore Jupiter and its 
moons. It is scheduled to be launched from the 
space shuttle in May of 1986 to arrive at 
Jupiter in August of 1988. The spacecraft's 
prime mission is to send a probe into the Jovian 

W atmosphere. After the probe has been released 
the spacecraft will perform the orbit insertion 
maneuver, sending it into orbit around Jupiter. 
It will spend the next twenty months collecting 
scientific data on Jupiter and its moons and 
transmitting it to Earth. 

The spacecraft is usually in dual-spin 
mode, but during A\' maneuvers the mode is 
changed to single-spin by locking the rotor and 
stetor together. It is then spun up to 1.05 
radls, from a nominal of 0.306 radls, prior to 
an axial A V  burn. This increases the stability 
margin and accuracy of the maneuver. After the 
burn, the spacecraft is spun down to 0.306 
radls. The thruster configuration is illu- 
strated in Fig. 1 where S2A and -SlA are the 
primary spinup and spindown thrusters, 
respectively, and SZB and -SIB are backups. 
Because of certain design considerations, (such 
as a h m e  imoineement oroblems. redundancy and 

I, 

." 
Fig. 1 Spin thruster Configuration. 

Analytic expressions are found for Euler's 
Equations of Motion and for the Euler ian Angles 
for both symmetric and near symmetric rigid 
bodies under the influence of arbitrary constant 
body-fixed torques.' These solutions provide 
the body-fixed angular velocities and the 
attitude of the body, respectively, as functions 
of time. They are of special interest in 
applications to spinning spacecraft because they 
include the effect of time varying spin rate. 
Thus, they have been applied to spin-up and 
spin-do- maneuvers as well as to error analysis 
for thruster misalignments. In order to 
complete the analysis of these maneuvers, one 
final set of differential equations must be 
integrated: those corresponding to the A V ' S  
imparted to the spacecraft during the spin-up or 
spin-do- maneuver. 

The main purpose in solving these equations 
is found in their applications to satellites and 
deep space probes. Even though numerical solu- 
tions arc easily found by computer simulations 
analytic solutions can provide deeper insight 
and understanding and can be used in obtaining 
quick solutions, error analyses, and compact 
algorithms for on-board computations. In space 
applications certain simplifying, yet realistic, 
assumptions can be made so that valuable 
approximate analytic solutions can be found. 

The following sections include a brief 
description of the previous work, the analytic 
development of the secular solution for the A V  
equations. and simulation results which validate 
the accuracy of the solution. 

. I  

expense of thrusters), the Galileo spacecraft 
does not have coupled thrusters. Thus, during a 11. Background and Summary of Previous Work 
spinup or spindown manuever, there will be not 
only a constant body-fixed torque about the Spin 
a x i s ,  but also small undesired constant torques Solution of Euler's Equations of Motion 
about the transverse axes .  The undesired torques 
cause the orientation of the angular momentum Euler's equations of motion of a rigid body 
vector to change in inertial space. are: 
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An a c c u r a t e  approximate  a n a l y t i c  s o l u t i o n  
t o  E q s .  ( 1 )  is ob ta ined  f o r  near-symmetric r i g i d  
bodies  s u b j e c t  t o  a r b i t r a r y  c o n s t a n t  moments by 
assuming: 

oz >Iz t /Iz + w . ( 2 )  
2 0  

~~ 

When Ix = ~ ~ I  then  Eq. ( 2 )  is  e x a c t  but  when 1 s 

I t h e  a&xonimarion p rov ides  ve ry  use?ul 
a e c u r a t e  s o l u t i o n s ,  p a r t i c u l a r l y  when w x  a n d  w 
are s m a l l ,  w h i c h  i s  u s u a l l y  t h e  case  f o r  s p i n x  
s t a b i l i z e d  s p a c e c r a f t .  The s o l u t i o n s  f o r  w x  and 
w y  a r e  given  i n  Appendix 1. 

Approximate S o l u t i o n  f o r  t h e  E u l e r i a n  Ang les  

The k inemat i c  e q u a t i o n s  of motion f o r  a 
t ype  1:3-1-2 Euier ang le  r o t a t i o n  are2:  

& x  = wxcosey + wzsin$)  

$ y  = w y  - (wzcos+ - wxsin+ ) t a n  + x  Y Y 
b Z  = (wzc0s4 - u x s i n + y )  sec m,. ( 3 )  Y 

A h i g h l y  a c c u r a t e  approximate  a n a l y t i c  
s o l u t i o n  f o r  t h e  EQlerian Angles f o r  a near- 
symrnerric r i g i d  body h a s ~ b e e n  found and t h e  main 
r e s t r i c t i o n s  on t h e  s o l u t i o n  are t h a t  two of t h e  
Euler ian a n g l e s  (m,, 4 1 and t h e  pa rame te r ,  
wz/w:, must remain sma?l. Th i s  s o l u r i m  is 
given i n  Appendix 2 .  

S o l u t i o n  f o r  t h e  Angular Momentum Vector  
~ ~~ 

With t h e  a n a l y t i c  r e s u l t s  f o r  t h e  a n g u l a r  
v e l o c i t i e s ,  w x ,  w y ,  a n d  oz, and type  1:3-1-2 
E u l e r  angles, m,, m,, and  the approximate  
a n a l y t i c  s o l u t i o n  l o r  t h e  a n g u l a r  momentum 
v e c t o r  i n  i n e r t i a l  space  can be c o n s t r u c t e d  
e a s i l y :  

where A is t h e  t r a n s f o r m a t i o n  m a t r i x  based upon 
t h e  E u l e r i a n  a n g l e s .  The nominal p o i n t i n g  
h i s t o r y  of t h e  a n g u l a r  momentum vector, k; d u r i n g  
t h e  sp inup  maneuver is shown in Fig .  2 ,  which 
was gene ra t ed  from Eq. ( 4 ) . 3  Since t h e  angles 
i nvo lved  a re  v e r y  s m a l l ,  t h e  q u a n t i t i e s  H x / H z  
and H /HZ a r e  used t o  d e s c r i b e  t h e  o r i e n t a t i o n  
of tXe a n g u l a r  momentum v e c t o r  i n  i n e r t i a l  
space. 

I t  is i n t e r e s t i n g  t c  no te  t h a t  t h e  r a d i a l  
d i s t a n c e  of t h e  s p i r a l  p a t h  e x h i b i t e d  i n  F ig .  2 
from its c e n t e r  can be approximated  a c c u r a t e l y  
by t h e  h e u r i s t i c  r e l a t i o n :  

2 
o ( t )  = (M: + M ~ ) 1 / 2 / I z U z ( t l  ( 5 )  

The c e n t e r  p o i n t  of t h e  s p i r a l  is a l s o  
approxirnaced by t h e  s imple  h e u r i s t i c  r e l a t i o n s :  

H x / H z  = -M / I  w 2 

H Y / Y  - 2  = M x / I z w z ~ .  

Y z o  

( 6 )  

t i -2.7s 

-4. ml I I I I 
-1. M a 2 5  1. m 2.75 4. m 

H x l H y  I mrad I 

Fig .  2 Nominal O r i e n t a t i o n  of t h e  angular 
momentum v e c t o r  i n  i n e r t i a l  space  dur ing  
spin-up maneuver. 

These s o l u t i o n $  were i n s p i r c d ~ ~  by i h e  c o n s t a n t  
s p i n  r a t e  case,  n, = 0, i n  which they  can be 
e a s i l y  de r ived  f o r  small angles +, and $y .  In 
t h i s  s i t u a t i o n  t h e  a n g u l a r  momentum v e c t o r  
p r e c e s s e s  about  t h e  d i r e c t i o n  given i n  Eq. ( 6 )  
in a c losed  curve. 

I t  was f u r t h e r  reasoned  t h a t  f o r  very large 
d u r a t i o n s  of t h e  s p i n u p  maneuver, as t ime 
approaches  i n f i n i t y ,  t h e  d i r e c t i o n  of A? should  
approach  t h e  ave rage  direction of t ,  or t h e  
c e n t e r  p o i n t  of t h e  s p i r a l  i n  F i g .  2.  Since the  
a n g l e s  invo lved  i n  t h i s  case are  also very  
s m a l l ,  t h e  q u a n t i t i e s  A V x / b V Z  and A V Y / A V z  w i l l  
be used t o  d e s c r i b e  t h e  o r i e n t a t i o n  of t h e  A V  
v e c t o r  i n  i n e r t i a l  space. It is t h e  i n t e n t  O F  
t h i s  paper  t o  show t h a t  by ignoring p e r i o d i c  
r.erms ana c o n c e n t r a t i n g  on t h e  s e c u l a r  t e rms ,  
1:hc approximate  s o l u t i o n s  f o r  t h e  A V  e q u a t i o n s  
f o r  very large times wi:: approach  a l i m i t i n g  
d i r e c t i o n  comparable t o  Eq. (6) -or i n  o t h e r  
wofds: 

v 

A V x l A V z  -M / I  u Y 2 zo 

-'Y 1 20  
A U  /AVz - Mx/I w 2 .  ( 7 )  

~~~~ 

111. Secular s o l u t i o n ;  f o r  t h e  A V  Equa t ions  

A c c e l e r a t i o n  Equa t ions  

Let F,, F , Fz be t h e  body f i x e d  f o r c e s  
due t o  he  s p i n  J h r u s t e r  and m be t h e  mass of t h e  
s p a c e c r a f t .  Then f o r  Type 1:3-1-2 E u l e r i a n  

t h e  a c c e l e r a t i o n  a n g l e s ,  



where A is t h e  t r a n s f o r m a t i o n  m a t r i x  based upon - wys(a kyl~cs(?s 1, 0, -0. Of)+k J (1 ,  1.0, -~,a;) 
y2 ss t h e  E u l e r i a n  angles. During t h e  sp inup  maneuver 

t h e  terms f,, f , and m Z  can be large whi le  fz, 
+" and m., are Z y p i c a l l y  sma l l .  I n  t h e  case of 

2 

2z 

2 

z m  2s 

+ k F (7) + k G (7) 

G i l i l e o  f, i s  a s m a l l  t e rm encompassing t h r u s t e r  u misa l ignment ,  p l u m  impingement,  and wobble. By 
a l lowing  m x  and m y  t o  be sma l l  Eqs. ( 8 )  reduce  + ky3Jcs (7. sgnz, &G, -a, .i) 
t o :  

f f 
f x  C O S $  - 2 srnmz- $ (mycosmz + mxsinO,) + ky4Jss (7, spa ,  L p z ,  -a, ai) a = -  x m  

f x  f f Y5 s ~6 s 
a = - s i n e z  + $  cosmz + 2 ( a  s i n + z  - +xcosmz) 

- - ~m Y 
Wxc(~)=kx lJcc (7 ,  1, O , - o , a F ) + k  x2 J c s  (y , -a ,ay , l ,  0) 

( 9 )  
f Z  

az = $ m y  + f m x  +F 
-f f 

1 
62 23 1 

-2 

2z 
+ kx3Jcc(?. s g n a ,  - b  --sgnZ, -a. a7 

where,  a c c o r d i n g  t o  Appendix 2 ,  

+ kx4Jes(7. -a, a?, sgnZ. --spa 

+ kx5Fc(3  + kX6Gc(3 
m, (t) = mxo cos[a(: a t 2  + X t ) ]  + 

si"[a(: at2 + E)] + u sg,, 
+YO 

1 -  - - 
[ w Y s  ( z  a t2  + ~ t l  + wXc ( k  at2 + WyC(T)-kylJCC(~,  1, 0, -a. aT)+ky2JCSi;, -a, a;, 1, 0)  

n 
m z  ( t )  = 2- t 2  + w * $ +  mzo. (10) 

- - - - 212 

IC is r e a s o n a b l e  t o  assume t h a t  t he  large tirne 
s o l u t i o n  would be independent  of t h e  i n i t i a l  
c o n d i t i o n s  t h e r e f o r e  E a s .  (10) can be reduced 

WXS(?)-kXIJCS(T,  1, 0, -0 ,  al) +kx2Jss(T. 1, 0, -n, a;) 

t o :  

m x  ( t )  = u sg"; [u (; a t 2  + E) t 
YS 

wxc (; at + at]] 

and t h e  J f u n c t i o n s  can in t u r n  be de f ined  as: 
w x s  (; a t 2  + L)]  

6 , K  K K K ) = L  ( ; , K - K , K - K )  

+ L (7, K +K , K +K ) 
(11)  Jcc 1' 2' 3' 4 C 1 3  2 4  

Mz 
( t )  =r t 2  + w  

zo t ,  z 

1 3  2 4  v 
where u ,  2, and 6 a re  as d e f i n e d  i n  Appendix 1. 
The u f u n c t i o n s  can be expres sed  as f o l l o w s :  

3 



- L (7, K -K , K -K ) 
1 3  2 1  

(7, K , K  , K  ,K ) ~ L (7, K -K , K -K 
Jss 1 2 3 4  1 3  2 u  

- Lc (F , K +K , K +K 
1 3  2 4  

where f o r  l a r g e  t ime :  

- s i n  h 2 Lc (7, h , h ) = -- 
2h IC! 

I 

From Ref .  ( I )  i t  can be Seen ' tha 6, and GC 
are n e g l i g i b l e  i n  comparison t o  Fs and F C  a n d  by 
c o n s i d e r i n g  on ly  t h e  h i g h e s t  order  terms can be 
w r i t t e n  a s :  

where 

t l = o i + T  ai? , 
2 a  

t 
s i n  ( s )  ds 

S 
S i " ( t 0 ,  t l )  - j '  

t 
0 

Equat ion  ( 1 2 )  can now be r e w r i t t e n  a s :  

K o cos(n7.r) K s ln(a7)  
Y1 Y2 + 

( l a 2 )  ( l a 2 )  

Asymptotic expans ions  can be w r i t t e n  f a r  
Es. (IS) and by a l lowing  t ime to become ve ry  
l a r g e  and by keeping h ighe r  order t e rms:  

4 



Taking the expressions for the constant 
coefficients Ql through K and K through 
K ,found i n  Appendix I,su6~titutingYlthem into 
tze above equation, and then combining the 5: 
functions i n  accordance with Eqs. (11) yields: 

U 

5 
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o z  z 2 

' -?+ = 'AV W G  

m z  ' _ =  e 

2 
'[(ID) so3 u - 

P 
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d u r i n g  spin-up maneuver. 
F ig .  3 T r a n s v e r s e  de l t a -V ' s  i n  i n e r t i a l  space  

-4. m 
-2.m -1.m -0. w 1.00 2. m 
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Fig .  4 Xominal o r i e n t a t i o n  of t h e  delta-V 
v e c t o r  i n  i n e r t i a l  space  d u r i n g  sp in-up  
maneuver. 

AS was mentioned p r e v i o u s l y ,  F ig .  ( 2 )  
i l l u s t r a t e s  t h e  p o i n t i n g  h i s t o r y  of t h e  H v e c t o r  
of G a l i l e o  d u r i n g  t h e  pre-JOl spin-up 
maneuver. F ig .  (3 )  i l l u s t r a t e s  t h a t  d u r i n g  t h i s  
spin-up maneuver t h e  l a t e r a l  v e l o c l t y  of the  
s p a c e c r a f t  is bounded and F ig .  ( 4 )  shows the  
p a i n t i n g  h i s t o r y  of t h e  AV v e c t o r  and t h a t  i t  i s  
conve rg ing  upon t h e  po in t  mentioned above. I t  
is i n t e r e s t i n g  t o  n o t e  t h a t  t h e  c e n t e r  of t h f  
c e n t e r  s p i r a l  in Fig .  ( 2 )  is along t h e  same 
d i r e c t i o n  as t h e  s p i r a l  i n  F ig .  ( 2 )  is  along the 
same d i r e c t i o n  as t h e  s p i r a l  Center  in Fig .  ( 4 ) .  
This  conf i rms  the  p rev ious  assumpt ion  t h a t  the  
l i m i t i n g  d i r e c t i o n  of t h e  A\' v e c t o r  as a r e s u l t  
of do ing  a spin-up maneuver f o r  l a r g e  t i m e  

W c o i n c i d e s  wi th  t h e  average H v e c t o r  d i r e c t i o n .  

v.  Conc lus ions  

A n a l y t i c  e x p r e s s i o n s  have been found f o r  
Euler's Equa t ions  of Motion and f o r  t h e  E u l e r i a n  
Angles f o r  bo th  symmetric and near  symmetr ic  
r i g i d  bodies  under  t h e  i n f l u e n c e  of a r b i t r a r y  
c o n s t a n t  body-fixed t o r q u e s .  These s o l u t i o n s  
w e r e  t hen  used t o  deve lop  a s e c u l a r  s o l u t i o n  f o r  
t h e  change i n  v e l o c i t y  impar ted  tb  t h e  r i g i d  
body as a r e s u l t  of t h e s e  body-fixed td rques  a n d  
subsequen t ly  t h i s  s e c u l a r  s o l u t i o n  was conf i rmed 
by a numer ica l  time s i m u l a t i o n .  
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where 

and 

u - 1 for  pure spin up (a a n d  i; same sign) - -1 for pure spin down 6 and 6 opposite 
sign and 0 I t 5 - bm 

'? and 3 can be writren in t e r m  of Fresnel 
integrals 

n c - fi [ c (qqzq- .(e)] V 
"a 

where c and S are the Fresnel integrals 

cos (+ t') d e  

s ( z )  - I,' sin ($ t') d t  

By writing the Fresnel integrals In terms of the 
f and g functions 

the solution for w x  can be simply written as 

where 

kxl - W X O '  kx2 - - g w y o  

a 



Appendix 2 

W 

c 1  - cos 5 .  6 ,  - sin5 Oy(t) - +YO cos [.(+atz + E ) ]  

co - c 
na 

so - s (JF) 

The so lu t ion  far w y  is analogous t o  the 
so lu t ion  for w and can be found from the ox 
Solution by repracing 

( ~ , / ~ , ) L / Z i i t h  (a,/a ) 11 z 
1 

c v i t h  d, 

O x o  with wyo. 

v i t h  wxo, 

and d vith -c. 

YO 
0 

- Oxo sin [a (+ at2 + !) ] 

where 

1 
0. -- 

3"1"2 

- 

9 



Def ine  the  i n t e g r a l s  L and L : 

where 

J c s ( r ,  k l s  k 2 *  k3. k4) - 
The", by well-known t r i g o n o m e t r i c  i d e n t i t i e s :  

10 



Y 

The i n t e g r a l s  L, and L, can be e x p r e s s e d  
s o l e l y  in t e rms  of F r e s n e l  I n t e g r a l s  C2 and S2 

where 

Next, t h e  unknown i n t e g r a l s  F,, F,,  G, and G, 
must be e v a l u a t e d  by a s y m p t o t i c  expans ion  since 
t h e y  canno t  be e x p r e s s e d  e x p l i c i t l y  in t e r n s  of 
known f u n c t i o n s .  
f and g f u n c t i o n s  are 

The a s y m p t o t i c  expans ions  of t h e  

only two terms of the expaunions w i l l  be used 

1 3 f ( z )  - - - , 
nz .3=5 

1 15 

n z  2 3 ,4z7  
g ( z )  7 - - - 

t o  o b t a i n  

U 

The C and S Fresnel i n t e g r a l s  a r e  r e l a t e d  t o  C 
and S by a eiange of argument 2 

- C 0 S U l  sin 1 (u 0' u1 )] - 3 ($)2 



2 - C0SVl sin 2 (u 0' U l ) ]  -15 ( $ 1  

where 

-2 -2 - ab ob 
2a 2a 

u1 - CAT + - ,  - uo = T 

and the definitions have been used 

sin. s sin (t tl) E ds m 0' 

t 
r l  

cos m (to, tl) ? d s  

c o s l ( u ~ ,  "1) and sinl(u0, ul) are expressible in 
terns of the sine and cosine integrals 

where 

c , ( z )  y + tnr + 
0 

The solution far 4 is analogous to the 
and canY be found from the 4, solution f o r  + 

solution by repfacing 


