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Abs t rac t  

To perform a  complete and exhaus t ive  e r r o r  ana ly -  
sis by computer s imula t ion  i s  t e d i o u s ,  t ime consum- 
i n g ,  and expensive ,  e s p e c i a l l y  when s e v e r a l  param- 
e t e r s  must be  pe r tu rbed  (Mx, Hz, Ix, Iy,  I,) .  
P rov id ing  h e u r i s t i c  and/or  ana y t i c  formulas  f o r  t h e  
e r r o r s  i s  f a r  e a s i e r ,  more s u c c i n c t ,  and much more 
e l e g a n t .  

I n  t h i s  paper ,  we provide bo th  an  a n a l y t i c  e r r o r  
a n a l y s i s  of t h e  a n a l y t i c  s o l u t i o n s  f o r  s e l f - e x c i t e d  
r i g i d  b o d i e s ,  and suppor t ing  s i m u l a t i o n  t e s t s  t h a t  
h e l p  v a l i d a t e  and c a l i b r a t e  t h e  f i n a l  e r r o r  equa- 
t i o n s .  These e r r o r  e q u a t i o n s  g ive  g e n e r a l  guide- 
l i n e s  f o r  t h e  accuracy and a p p l i c a b i l i t y  of t h e  ana- 
l y t i c  s o l u t i o n s  f o r  whatever parameters  t h e  u s e r  
might encoun te r .  

Severa l  computer p l o t s  a r e  provided t o  show t h e  
accuracy of a  nominal c a s e  (us ing  G a l i l e o  s p a c e c r a f t  
parameters)  and t o  p rov ide  a  few c a s e s  of extreme 
d e v i a t i o n ,  demons t ra t ing  t h e  use  of t h e  e r r o r  
e q u a t i o n s .  

I n  development of t h e  e r r o r  e q u a t i o n s ,  s impl i -  
f i e d  a n a l y t i c  s o l u t i o n s  were de r ived  f o r  E u l e r i a n  
r a t e s ,  a n g l e s ,  and angu la r  momentum v e c t o r s  d i r e c t l y  
from t h e  o r i g i n a l ,  h i g h l y  complicated a n a l y t i c  s o l u -  
t i o n s .  The compact r e s u l t  f o r  t h e  a n g u l a r  momentum 
v e c t o r  i s  i d e n t i c a l  t o  t h e  h e u r i s t i c  e q u a t i o n s  de- 
duced from computer s i m u l a t i o n s  pub l i shed  i n  a  pre-  
v i o u s  paper .  

I.  I n t r o d u c t i o n  

I n  a  s e r i e s  of a r t i c l e s  s i n c e  1980, t h e  a u t h o r s  
have given approximate  a n a l y t i c  and h e u r i s t i c  s o l u -  
t i o n s  f o r  s e l f - e x c i t e d  n e a r  symmetric r i g i d  b o d i e s .  
The a n a l y t i c  s o l u t i o n  was f i r s t  r e p o r t e d  i n  1 9 8 0 ~ .  
which prompted a  second paper  t h a t  demonstra ted t h e  
i n c o r r e c t n e s s  of t h e  g s n e r a l  Bodewadt s o l u t i o n  f o r  
t h e  E u l e r i a n  a n g l e s . 2  F u r t h e r  s tudy  of t h e  a n a l y t i c  
90 lu t ionS  revea led  a  h i g h l y  s i m p l i f i e d  and u s e f u l  
h e u r i s t i c  s o l u t  ion3 ,  p a r t i c u l a r l y  i n  t h e  a n n i h i l a -  
t i o n  of t h e  angu la r  momentum v e c t o r  d r i f t . 4  Al- 
though p a r t i c u l a r  c a s e s  have been s t u d i e d ,  u n t i l  now 
t h e  accuracy of t h e  s o l u t i o n s  had n o t  been t e s t e d .  

I n  t h i s  paper  we p r e s e n t  t h e  a n a l y t i c  e r r o r  
bounds f o r  t h e  a n a l y t i c  s o l u t i o n s  and t h e i r  a p p l i c a -  
t i o n s .  Fur thermore,  a  s i m p l i f i e d  a n a l y t i c  s o l u t i o n  
f o r  t h e  E u l e r i a n  r a t e s  and a n g l e s  and t h e  s i m u l a t i o n  
r e s u l t s  a r e  p resen ted .  

11. E u l e r ' s  Equat ions  

E u l e r ' s  e q u a t i o n s  of motion of a  r i g i d  body w i t h  
p r i n c i p a l  axes  a t  t h e  c e n t e r  of mass a r e  
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Bodewadt ob ta ined  an  e x a c t  a n a l y t i c  s o l u t i o n  of 
t h e s e  e q u a t i o n s  f o r  a  symmetric r i g i d  body s u b j e c t  
t o  c o n s t a n t  a r b i t r a r y  t o r q u e s  i n  1952.596 The s o l u -  
t i o n  a l lows  f o r  v a r i a b l e  s p i n  r a t e  and is given i n  
terms of t h e  F r e s n e l  i n t e g r a l s .  Unfor tuna te ly ,  f o r  
n e a r  symmetric r i g i d  b o d i e s  such a s  t h e  G a l i l e o  
s p a c e c r a f t ,  t h i s  s o l u t i o n  does  n o t  p rov ide  enough 
accuracy f o r  performance a n a l y s i s .  Th i s  is e:pecial- 
l y  t r u e  when t h e  s o l u t i o n  is  i n t e g r a t e d  a g a i n  i n  t h e  
k inemat i c  e q u a t i o n s  t o  f i n d  t h e  E u l e r i a n  a n g l e s .  
Th i s  problem can  be circumvented by t h e  fo l lowing  
assumption f o r  n e a r  symmetric bodies1 

A s  shown i n  Appendix 1, t h e  E u l e r i a n  r a t e s  may 
b e  expressed a s  fol lows:  

A s imple  q o l u t i o n  f o r  t h e  Eu le r i an  r a t e s  may be 
ob ta ined  by assuming asympto t i c  s e r i e s  expansions  
f o r  t h e  F r e s n e l  i n t e g r a l s  embedded i n  c o e f f i c i e n t s  
k3 and kq, and by approximat ing f u n c t i o n s  f and g  by 
t h e  f i r s t  term of t h e i r  r e s p e c t i v e  asymptot ic  
expans ions l  

f  ( z )  = l / n z  ( 4 )  

2  2  2  3  
So = 112 - cos (nz / 2 ) / u z  - s i n  (nz / 2 ) / n  z  

(6) 
2 2  2  3 

Co = 1 / 2  + s i n  (nz / 2 ) / n z  - cos  (nz / 2 ) / n  z  

! i )  
where 

S u b s t i t u t i n g  Equat ions  ( 4 )  through (7)  i n t o  
Equat ion ( 3 ) ,  and assuming zero i n i t i a l  r a t e s  r e -  
s u l t s  i n  t h e  f o l l o w i n g  s i m p l i f i e d  equa t ion  f o r  t h e  
E u l e r i a n  r a t e :  

Cop?righl $ American lnslitule of Aeronautics and 
Astronautics. Inc., 1984. All rights reser8ed. 



S i m i l a r l y ,  
I 

u ( t )  = { - 2 / 1  c  c o s  ( x I 
Y [ J-Z 0.) - 11 

When I, = Iy,  a s  i n  t h e  Bodewadt s o l u t i o n ,  t h e s e  
s o l u t i o n s  a r e  e x a c t  f o r  any s p i n  change commencing 
from any i n i t i a l  s p i n  r a t e ,  b u t  when I = I rhe  ap- 
proximat ion p rov ides  very  u s e f u l ,  a c c u r a t e  ~ A l u t i o n s ,  
p a r t i c u l a r l y  when o, and a r e  s m a l l ,  which i s  usu- 
a l l y  t h e  c a s e  f o r  s p i n - s t z i l i z e d  s p a c e c r a f t .  For 
n e a r  symmetric c a s e s ,  t h e  n e g l e c t e d  t e rm ( I  -Ix)Ax-y Y 
i n t r o d u c e s  e r r o r  i n t o  t h e  L, s o l u t i o n .  The e r r o r  
c o n t r i b u t i o n  may be  found by i n t e g r a t i n g  t h e  term 
ove r  t h e  s p i n  change maneuver p e r i o d  

An upper bound f o r  t h e  e r r o r  is  de r ived  u s i n g  
t h e  s i m p l i f i e d  s o l u t i o n s  f o r  k x  and e y ,  given above. 
These e x p r e s s i o n s  a r e  s u b s t i t u t e d  i n t o  Equat ion (10) 
r e s u l t i n g  is 

J 
(-cd CoS ( 2 f i  t Z )  + Zcd c o s  (6 aZ)  

where 

S ince  a l l  b u t  one of t h e  terms under t h e  i n t e -  
g r a l  a r e  s i n u s o i d a l ,  i t  i s  c l e a r  t h a t  f o r  l a r g e  
v a l u e s  of t ,  p roduc t  dc becomes t h e  dominant f a c t o r  
Hence, t h e  model e r r o r  f o r  t h e  E u l e r i a n  a n g u l a r  
v e l o c i t y  i s  bounded by t h e  f o l l o w i n g  e x p r e s s i o n :  

S u b s t i t u t i n g  f o r  t h e  s p i n  change p e r i o d  T i n  
Equat ion (12) r e s u l t s  i n  t h e  d e s i r e d  e r r o r  
e q u a t i o n  

i n  t h e  s o l u t i o n s  a r e  t h a t  two Of t h e  E u l e r i a n  a n g l e s ,  
wx and u,,, must remain s m a l l  s o  t h a t  t h e  approxima- 
t i o n s  

h o l d ,  and t h a t  

Th i s  l a s t  requirement  i s  n o t  e s s e n t i a l  s i n c e  i t  
r e s u l t s  from choosing t h e  a sympto t i c  s e r i e s  expan- 
s i o n .  A s e r i e s  expansion i n  t e rms  of ~~0 may be ae -  
veloped t o  c i rcumvent  t h i s  l i m i t a t ' i o n .  I n  t h a t  
c a s e ,  on ly  t h e  sma l l  a n g l e  r e s t r i c t i o n  a p p l i e s .  

Fol lowing t h e  same p rocedure  and r eason ing  used 
f o r  t h e  s i m p l i f i e d  E u l e r i a n  r a t e s ,  t h e  s impl i -  
f i e d  s o l u t i o n s  f o r  t h e  E u l e r i a n  ang les  a r e  
o b t a i n e d .  

ax = - M s i n  a + M (cos  q z  - [ Y z  X 
(16)  

c = -[Hx s i n  t z  - M ( cos  Cz - l ) ] / l z . zO ( 1 7 )  
Y Y 

The f o l l o w i n g  p rocedure  is  used t o  d e r i v e  an  
upper bound on t h e  magnitude of t h e  above a n g l e s  

- 2 c o s  Q + M  2)]1 z  (Mx y 

Hence 

There a r e  two s o u r c e s  of e r r o r  f o r  t h e  symmetric 
r i g i d  bod ies .  One s o u r c e  i s  t h e  s m a l l  ang le  approxi-  
ma t ion ,  which may be  checked by l i m i t i n g  t h e  s i z e  of 
t h e  two E u l e r i a n  a n g l e s  t o  a  r e a s o n a b l e  l i m i t .  An 
e r r o r  which may be  l a r g e r  i s  caused by o m i t t i n g  t h e  
t y w i  from t h e  k inemat i c  e q u a t i o n  d e s c r i b i n g  C Z  
a n g l e  

111. E u l e r ' s  Angles An upper  bound f o r  t h e  a n g u l a r  r a t e s  may be de- 
r i v e d  from E u l e r ' s  e q u a t i o n s  of motions 

The k inemat i c  e q u a t i o n s  of mot ion,  f o r  a  t ype  
1  :3-1-2 Eu le r  a n g l e  r o t a t i o n 7  a r e  w < M / ( I x  - IZ)wz 

x -  Y 
0, = L cos 0  + s i n  a 

Y z  Y 

x  i wy 2 M,/(Iz - Iy uz 

- - ( W Z  CGS a - L s i n  q ) t a n  @ (14) 
$Y - "Y Y x  Y 

S i m i l a r l y ,  from E u l e r ' s  k inemat i c  e q u a t i o n s  

$z  = ( L ~  cos q  - s i n  $ ) s e c  5 2 
Y x  Y @ y  L My/IzdzO 

An approximate  s o l u t i o n  f o r  t h e  E u l e r i a n  a n g l e s  S u b s t i t u t i o n  of Equat ions  (21) i n t o  Equat ion 
i s  p re sen ted  i n  Appendix 2.  The main r e s t r i c t i o n s  (20) r e s u l t s  i n  t h e  d e s i r e d  e r r o r  term 



H x =  I G  c o s  $ z - I  !A s i n  @ 
X X Y Y 

+ I ~ I J J ~ ( @  cos $, + $, s i n  $ ) 
Y 

H = Ixux s i n  $ + I i~ c o s  0 
Y z  Y Y  

+ I w (Q s i n  $z  - $, cos o,) 
z z  Y 

H z = I i i  
z  z  

I n  a d d i t i o n  t o  t h e  above e r r o r ,  t h e  nonsymmetric 
model has  an  e r r o r  c o n t r i b u t i o n  caused by t h e  inac -  
curacy i n  modeling t h e  E u l e r i a n  r a t e s  d i s c u s s e d  

S u b s t i t u t i n g  f o r  4, and $y from Equat ions  (16) 
and (17) r e v e a l s  t h e  s e c u l a r  terms i n  t h e  angu la r  
momentum v e c t o r  

= [ I  + M L / c o s  d - M / -  2 
Hx y  z  zo z  y z z o  

S u b s t i t u t i n g  Equat ions  (21) i n t o  Equat ion (23) 
and i n t e g r a t i n g  &,-2 ove r  t ime r e s u l t s  i n  t h e  f o l -  
lowing e r r o r  e q u a t i o n  

+ M u / L  '1 s i n  pz  
+yLy X z  zo 

s i n  tZ + M X - z / = z O  2  
Y 

1 Y Y + ~~q.,~] c o s  

i n  t h e  f o l l o w i n g  a n g u l a r  momentum T o t a l  a n g u l a r  e r r o r  may be de f ined  a s  t h e  r o o t -  
sum s q u a r e  of t h e  above two terms 

t h a t  r e s u l t  
p o i n t i n g  

I V .  Angular Momentum Vector  

and With t h e  a n a l y t i c  r e s u l t s  f o r  t h e  a n g u l a r  ve lo - '  
c i t i e s ,  L . ~ ,  9 ,  and -, and t h e  Type 1:3-1-2 Eu e r  
a n g l e s ,  C X ,  Oy and C Z ,  t h e  a p p r o p r i a t e  a n a l y t i c  so-  
l u t i o n  f o r  t h e  a n g u l a r  momentum v e c t o r  i n  t h e  i n e r -  
t i a l  space  can be e a s i l y  c o n s t r u c t e d ,  

where 

I n  a n a l y z i n g  t h e  e r r o r ,  i t  should  be  noted t h a t  
s i n c e  t h e  t r a n s f o r m a t i o n  i s  e x a c t ,  i t  does  n o t  con- 
t r i b u t e  t o  t h e  t o t a l  p o i n t i n g  e r r o r ,  b u t  i n h e r e n t  
e r r o r  embedded i n  t h e  c a l c u l a t e d  va lues  of t h e  Eu- 
l e r i a n  r a t e s  and a n g l e s  may cause  unacceptably  l a r g e  
e r r o r s  i n  t h e  c a l c u l a t e d  v a l u e s  of  t h e  a n g u l a r  mo- 
mentum p o i n t i n g .  An e r r o r  model may be de r ived  by 
p e r t u r b i n g  t h e  E u l e r i a n  r a t e s  and a n g l e s  

where A is  t h e  t r a n s f o r m a t i o n  m a t r i x  based on 
t h e  E u l e r i a n  a n g l e s ,  and s u p e r s c r i p t  T deno tes  t h e  
t r a n s p o s e  of  t h e  m a t r i x .  

Using t h e  s m a l l  a n g l e  approx ima t ion ,  t h e  A 
m a t r i x  may b e  d e f i n e d  a s  

and 

The pe r tu rbed  v a l u e s  can  then  b e  s u b s t i t u t e d  i n  
Equat ion (22) t o  o b t a i n  t h e  pe r tu rbed  momentun 
v e c t o r  

H = (A + cA) (I, + E ) ". 

and t h e  a n g u l a r  momentum v e c t o r  a s  



The difference between the perturbed and the 
nominal H-vector is defined as the error vector 

Table 1 Galileo spacecraft parameters 
and initial conditions 

The orientation of the angular momentum vector 
may be defined as follows: 

Similar results were found for the y component 
of the momentum vector. 

The angular momentum vector error equation may 
be defined as the root-sun square of the pointing 
errors on x and y components 

V .  Results 

The main restriction in deriving the analytic 
solutions was that the size of two Eulerian angles 
:, and Cy should remain small. This implies that 
in order to obtain good analytical results, in 
addition to Equation 15, the following inequality 
should hold 

4- I (Iz uZoZ) 2 6 (39) 

where 6 is a small positive value. Equations (13), 
( 2 5 ) ,  and (38) define the error bounds for the 
simulation. 

To test the results, it was decided to limit 
Equations (15) and (39) to 0.1. Furthermore, it 
was decided that the predicted angular momentum 
pointing error should not exceed the predicted 
pointing defined by Equation (33), that is 

As a nominal case, the Galileo spacecraft's 
physical parameters (see Table 1) were used in a 
computer simulation. The results shown in Figs. 1 
through 5 show that for the nominal case, the ana- 
lytical solutions are very close approximations of 
the exact numerical simulations. Following the 
guidelines set by this paper, similar simulations 

- -  

Parameters Nominal values 

Ix, Kg-m 2985 

I Kg-m 
Y' 

2729 

IZ, Kg- 4183 

Mx, Kg-m -0.4757 

M Kg-m 
Y' 

-0.5669 

MZ, Kg-m 13.5 

kXO, radls 0.0 

L radls 
YO' 

0.0 

L ~ ~ ,  radls 0.306 

wZf, radls 1.047 

$xO, rad 0.0 

QyO. rad 0.0 

F,~, rad 0.0 

T x lo2 SECONDS 

1. Analytic and exact solution of Eulerian 
rate u (t) for the nominal case 

were performed for extreme transverse axis torques 
and extreme asymmetrical orientations on the space- 
craft. These results are shown in Figs 6 through 
11. 

Simulation results in each case were compared 
to the error expressions and the result was tabu- 
lated (see Table 2). In general, the model is very 
accurate in predicting the behavior of the near- 
symmetric rigid bodies with transverse torques less 
than half the spin-axis torque. Because the error 
equations are extremely conservative as the body 
becomes more asymmetric or as the transverse torques 
approach the spin axis torque, the error model may 
not predict the good cases. 
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2. Analytic and exact solution of Eulerian 

rate (t) for the nominal case 

T x lo2  SECONDS 

Fig. 3. Analytic and exact solution of Eulerian 
angle r,(t) for the nominal case 

VI . Conclusion 

Simplified analytic expressions for the solu- 
tion, the range of application and the error bounds 
for the analytic solutions of Euler's equations of 
motion and the Eulerian angles were found. These 
expressions were tested against the simulation 
results. The simplified solutions were very accu- 
rate for the near symmetric body. 

T x lo2 SECONDS 

Fig. i. Analytic and exact solution oi Eul~ri.:.: 
angle : (t) for the noninal case 

Fig. 5. Nominal orientation of the angular 
momentum vector in inertial spacs icr thi 
nominal case 

The range and error bound expression may be 
used as fast and relatively accurate guidelines 
for rigid body spin change maneuvers analysis. 
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,- 11s. . 10. Analytic and exact solution of Eulerian Fig. IT. Angular momentum orientation H,'H, icr 

angle :,.(t) for an asymmetric rigid bod>- an asymmetric rigid bod)- I, = A000 
Ix = 4000 

Table 2 Simulation results 

iiormalized 
Rate error, Angle error, pointing Approximation 

radls radls error, success 
Test case p/ca p/ca p/ca flag Comments 

Seminal * 2.3E-51; 5E-5 2.6E-3/4E-3 4E-3/1E-2 Succeeds Very 
accurat e 
results 

y = M = -5 2E-316.4E-4 0.23!0.034 " Y 
0.695/0.012 Succeeds Very 

accurate 
results 

?1 = ?l = -10 
x t 

9E-3/2E-3 1.010.15 2.810.083 May fail Borderline 

?I = M = -20 
x Y 

0.034!0.012 3.7/0.74 11.0810. 28 Fails Fails 

Asymmetric 7E-4/3E-4 0.07/0.03 1.2211.85 May fail Borderline 
Ix = 4000 

ap is the predicted, and c is the calculated value. 



Appendix 1 'T. and 3 can be w r i t t e n  i n  terms of Fresnel  N 

i n t e g r a l s  

- - s i n  [(+ s2+.. + 9 sgnz] I ]  
d - G  

where 

cos  s - d s  , .'r 

and 

u - 1 f o r  pure s p i n  up (z and 6 same s i g n )  

where C and S a r e  the  Fresnel  i n t e g r a l s  

By wr i t ing  the  Fresnel  i n t e g r a l s  i n  terms of the 
f  and g  func t ions  

the  s o l u t i o n  f o r  w, can be simply wr i t t en  as 

where 

- [s X1X2 (:- so) + (: - co) ] 

- -1 f o r  pure  s p i n  down (g and 6 oppos i te  
s i g n  and 0 ( t ( - bfi )  



Appendix 2 

s2 = sin [(c + $) S ~ S ]  

The s o l u t i o n  f o r  w  i s  analogous t o  the  Y s o l u t i o n  f o r  w and can be found from the  wx  
s o l u t i o n  by rep lac ing  

11 (al  /a2 1 2 with (a2 /.A PZ 
1 

c with d ,  

w x ~  wi th  w  
YO'  

w 
Y 0 

wi th  w x 0 ,  

and d with -c. 

So lu t ion  f o r  0, and 

4,(t)  = 4x0 cos [a (+ ;t2 + K ~ )  ] 
+ sin [a (f b2 + bt) ] 

where 



x2 
+ kx4JCs(is -a, a?, sgni, - - . sw~)  

23  

Define the integrals LC and Ls: 

where 

Jcs(K kl' k2' k3'  k4) = 
Then, by well-known trigonometric identities: 



The i n t e g r a l s  LC and Ls can be expressed 
s o l e l y  i n  terms of Fresne l  I n t e g r a l s  C2 and S2 

Next, t h e  unknown i n t e g r a l s  Fc, F,, Gc and G, 
must be eva lua ted  by asymptot ic  expansion s i n c e  
they  cannot be expressed e x p l i c i t l y  i n  terms of 
known func t ions .  The asymptot ic  expansions of t h e  
f and g f u n c t i o n s  a r e  

Only two terms of the expansion8 w i l l  be used 

t o  ob ta in  

where 

[cosul cos3(uo. ul) = s i n u  1 s i n  3 (u 0 * ~ 1 ) ]  I , 
- cosul s i n  (u I] - 3 (:) 1 0'  u1 

[sinul cosj(uo, ul) - cosul s i n  3 (u 0+)], I The C and S Fresne l  i n t e g r a l s  a r e  r e l a t e d  t o  C 
2 and S by a ciange of argument 

Z 
+ sinul  s in2(uOs  ul)] -15 (f) 



O,  ul) - cosul s i n  

where 

and t h e  d e f i n i t i o n s  have 

s in , ( tO,  t l )  

s inm( t0 ,  
s i n i (  t o ,  
t i o n  of  

c o s  ( t o ,  t l )  ' m 

been used 

J t1 s i n  s 
m 

0 

t i )  and co%( tO,  t i )  can be reduced t o  
t i )  and c o s l ( t O ,  t i )  by repea ted  a p p l i c a -  

t h e  formulas: 

+- I s i n  
1 - m m - l ( U ~ '  U1) 

s i n  (u 1 Lu:- ginul - uo 1-m s inuoJ 
m O *  U1) T 

where 

c i (2 )  5 y + t n z  + 1' cost; 1 d t  

0 

The s o l u t i o n  f o r  + y  i s  analogous t o  t h e  
s o l u t i o n  f o r  4 and can be found from t h e  e x  
s o l u t i o n  by r e p f a c i n g  

Oxo w i t h  + Y 0 

Oxo w i th  *xo 

w with  -wx 
Y 

w, w i t h  w 
Y 

Wys  w i t h  -Wxs 

Wxc w i t h  W 
Y C  

cos l (u0 ,  u1) and sinl(uo, ul) a r e  e x p r e s s i b l e  i n  
terms of t h e  s i n e  and c o s i n e  i n t e g r a l s  

cosl(uO. ul) = Ci(ul) - Ci(uO) 

s inl(uo.  ul) = Si(u1) - Si(uo) 


