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During a  spin-up o r  spin-down manouror of a  
spinning sprcocraft, it is usual t o  hat. not only a  
cons t an t  body-f ixod torquo about tho  doai rod s p i n  
a x i s ,  bu t  a l s o  s r o l l  undosirod cons t an t  t o rques  
a b o u t  t h o  t r a n s r o r s o  axor .  T h i s  c a u s o s  t h o  
or ienta t ion  of tho angular momontu roa tor  t o  ahango 
i n  i n e r t i a l  spaor. Since an a n a l y t i c  s o l u t i o a  i s  
a r a i l a b l o  f o r  tho  .angular  rorontum r e c t o r  s a  a  
f u n c t i o n  of t ime,  t h i s  boha r io r  can be s tud ied  f o r  
largo t a r i a t ions  of tho dynamic pararotors. such as  
tho i n i t i a l  s p i n  r a t e .  tho i n e r t i a l  p r o p o r t i o r  and 
tho torqoos.  A s  r n  oxamplo, tho  spin-up r ad  spin- 
down manourors of tho Galiloo sprooarri t  was studied 
and a s  a  r o s u l t .  r o r 7  s imple  h o u r i s t i c  so lmt ions  
r o r o  d i r o o r o r o d  w h i c h  p r o r i d o  v e r y  good  
approximations t o  tho paramotr ia  boha r io r  of tho 
anlofar mmontum toa to r  orientat ion.  

Tho s tndy  of tho p a r a r o t r i o  boha r io r  of tho  
angular m m o n t u  raotor during spia-up a d  spia-dora 
DanOUTOrS of r i g i d  body * ~ 8 0 0 o r & f  t is  ~ t 0 8 t l y  
facilitated by tho  a n a l y t i c  s o l u t i o n .  &t) .  I h i l o  
it is a  simplo r a t t o r  t o  o b t a i n  tho  s o l u t i o n  
n ruor i c r l l y  by iatograting tho opu t iona  of motion 
on a  computor. it is not so may  t o  f  i.d oat Lm tha 
f i n a l  c o n d i t i o n s  v a r y  a s  o r c k  o f  t h o  dyaamia  
p r r u o t o r s  involved arm portubed. R i a  is boaamam 8 

s o p a r a t o  s i r u l a t i o n  i s  r o q u i r o d  f o r  e a c h  
p e r t u r b a t i o n  and t h i a  a m  bo oxponai te  and t i r e  
consuming. I n  t h i s  study. a  ao rp r t a t ioo r l  algorithm 
was w r i t t e n  bared  on tho  a n a l y t i c  so lu t io8 r1  f o r  
Bulor's o q a t i o a s  of motionr t&o B o l o r i u  anglos and 
tho angular  moron ta r  t o a t o r  ao t h a t  tho  f i a r l  
angular moron- rootor d d  be fomnd qriokly u d  
o f f i a ioa t ly  r i t h o r t  a rnor iea l  iatogrrtion. 

i ts nomlu l  rcllua. mas, plot* ,arm diap1a)ud which 
show tho f u a t i o a r l  bohevior of 4 i8 t o r r s  of 
i n  t o r r s  of Am e t a .  s p ~ c i f i a  r u o r i ~ a l  
p u u o t o r a  from t%gr ~ r l i l o o  spsoorraf t spis-ap end 
spin-dora  msrourora wore a s o i  8s an oxamplo. n o  
p e r t u b a t i o n s  corrospolJ.d msirly t o  tkm 3dr tub .d  
d o ~ i r t i o n a )  v8luaa o r  largor. Using a  d o t o a k i s t i c  
p ~ t i o r m u o o  u a l y u i a  a p p t o r o ~  u ortimato of tko b 
r o e t m  rariatioma from its noml8.f fin81 o r io r t a t ioa  

is f o a r d  Siaco soma of tho p ~ r t o r b a t i o a s ~  such as  
Mx and Y,, exhibited a  l i aoa r  r a r i a t i o a  of Bf, thoao 
weto examined f o r  mrch g r o a t o r  ranges than tho 3a 
r a luos .  Th i s  approach roroalod simplo h o u r i s t i c  
relations f o r  tho err-  model. Finally, tho rosul t s  
of Yonto Carlo s i m u l a t i o n  a r e  oomparod t o  tho 
h e u r i s t i c  e s t i m a t o r  and conclus ions  aro  drawn f o r  
t h i s  pa r t i cu la r  and s imi l a r  oxamplos. 

EulorDa equations of motion of a  r i g i d  body at0 

Hz = I,&, + (I,-I,)m,uf (1) 

An aoaura to  approx i r a t .  a n a l y t i c  s o l u t i o n  i s  
obtainod fo r  n o a r a ~ m o t r i c  r ig id  bodioa subjoct t o  
a rb i t r a ry  omatant  mouats  by assuming 

Vhmn 1. = I . than  tho equat ion  i s  exac t  a s  i n  tho 7 

~ o d o w a d t ~  s o l r t i o n  b a t  whoa 1, a I,, t h o  

a p p r o r i m a t i o n  p r o r i d o r  v e r y  u s o f u l  a c c u r a t e  
so lu t ions .  p o r t i o u l a r l y  whoa a x  and my a ro  sma l l ,  
r h i a k  i a  u a u r l l y  tho case  f o r  s p i n  s t a b i l i z e d  
spaaooraff .  Tho s o l ~ t i o n  f o r  mx is given i n  tho  
rof oraaao. 

T&o k i a o r r t i c  oqua t ioas  of motion f o r  a  Trio 1: 
3-1-2 B.fo+ &lo Rotation axo3 

P o i  tko  o r s o  of a ~ r o t r i a  r i g i d  bodies  s u b j e c t  t o  
o a a t u t  molestsr Bodoradt2 propose4 a  aolat ion of 
Hqs. 3  ( a r b  a11 o tko r  r o r a i o r s  of Bulor Anglo 
b t a t i o a a )  whim& kaa boor shown t o  bo val id  only f o r  
a  vow r a t r i a t ad  so t  of aoaditioaa ub ia8orroat in 
g.i.rr1. I 
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A highly aaaurs te  approximate w l y t i c  solution 
for  the Eulerisn angles for  a near-synretric r ig id  
body has. been found corresponding t o  Case 3 of 
Bodewadt. The main res t r ic t ions  in the solution are 

must remain smal l  
and the must +orsin large. 

With t h e  a n a l y t i c  r e s u l t s  f o r  t h e  a n g u l a r  
v e l o c i t i e s r  ox, u,. and u, and the Type 1:s-1-2 
B u l e r  a n g l e s ,  a . a and 6, .  t h e  rpprox im8te  
-1p ic  solution i o r  &e . y u l ~ r  m a e n t u  vrctot i a  
inor t i s l  spsoe c u  be easily constr~oted:  

where A i s  the  t ransformat ion matr ix  based on the  
Eulerian angles. 

I n  t h i s  sec t ion  r e  w i l l  s tudy the parametr ic  
behavior of the upl8r momoahr vootor d u i n g  spin 
up and s p i n  down maneuvers f o r  a s p e c i f i c  
spaororaf t. the Gsl i l ro .  The purpose here is  t o  
obta in  p r a c t i c a l  r e s u l t s  which ma7 be used i n  
probabilist ic error models. It rill bo demonstratwl 
t h a t  simple h e u r i s t i c  so lu t ions  can be used t o  
e x p r e s s  t h e  o r i e n t a t i o n  of t h e  f i n a l  a n g u l a r  
momentu vector and tht per tubat ion of these solo- 
t i o n s  provide the secu la r  of feats .  I n  add i t ion  i t  
i s  shown t h ~ t  the pe r iod ic  e f f e c t s  can be c l o s e l y  
modeled by a ring dirtribotion. The f i u l  resul t  is 
a p r o b a b i l i s t i c  e r r o r  model which can be used t o  
assess  d i spers ions  of the  angular momentmm vec to r  
during spin up and spin d m r  muowerr.  The resul t  
i s  c o d i t r e d  by the classical  Monte Carlo m l y s i s .  

Galileo i s  a dual-spin dual puposr  spaceoraft. 
Scheduled for  a 1986 launch toward Jupiter, it w i l l  
release a mob. into the J o r i m  atmosfiere and then 

The nominal  3 p o i n t i n g  d u r i n g  t h e  spin-up 
maneuver i s  shown i n  Figure 2 which was generated 
from Bq. 4. Since the angles  involved a r e  very 
small ,  the q u a a t i t i r s  Hx/HZ and EY/H a re  used t o  
descr ibe  the o r i e n t a t i o n  of the  rngufar momentor 
vector  i n  i n e r t i a l  spaos. The a n a l y t i c  so lu t ions  
were t e s t e d  by e r p l o t i n g  the -ACSL (Advanced 
Continnous Simulation -go) t o  do a ver7 precise 
numerical integration tpe Iluge-Kutta method. 12 
was found t h a t  the a n a l y t i c  so lu t ion  f o r  the H 
point ing prodrced e r r o r s  no g r a s t e r  than o rder  of 
10'~ r d i r n s  throwhoot the muerver duration. 

I t  is  very i n t e r o e t i n g  t o  note  t h a t  the  r a d i a l  
d i s t snoe  of the s p i r a l  path exhibi ted i n  Figure 2 
from its writer can be a c c u a t e l ~  approxiaat~d, in 
this  particular case. by the h e n i s t i c  relation 

orbit  the -planet for  about t r ea ty  months sathering . -a 4 4 
-1.0 0 1.0 2 0 3.0 r 

8nd t r u s m i t t i a g  sc ient i f ic  data. The spaarcraft is 
usually in dul-spin m o d . ,  but during AV manoovers HxI  HZ (rnrad) 
the  mode i s  charged t o  single-spin by locking the  
rotor 8nd s ta tor  together. It i s  also s p m p  t o  1. 
rad/seo, from 
an a x i a l  AV 
following the  

a nomi881 of 0.306 radlsec ,  p r i o r  t o  
burn. The p rocodare  i s  r e v e r s e d  P i m e  2. Nor ia81  O r i r n t a t i o a  of t h e  Angular 
burn. This inoreases  the s t a b i l i t y  Yoren tu  Vector in Inor t i s l  Space During 

a r g i n  and t k e  r c o u r s c y  of t h e  maneuver. The Spin- Wueurer 
t h r r s t e r  oonf igurs t ion i a  i l l u s t r a t e d  i n  F ig r re  1 
where S2A .nd -8lA are the 'p t imaq spin-mp a d  spin- 
down th rus te r s .  r e spec t ive ly  and 828 and -SIB a r e  
backups. l%e aontrr point of tbe spira l  i s  r lso  approximated 

by simple heuristic relations: 

2 
= * 1 1, %o 

T = / 1% uzo 2 (6 )  

There solutions were inspired f r o r  the case of Hz = 
0, in which t h q  can be derived for  #=all  q 1 . s  6, 
and 9,. I n  t h i s  s i t u a t i o n  of constant spin  ra te .  
the an#ular  momentum r e c t o r  precesses about the  
direction given by x and y. in a closed cone .  

F i p r e  1. Spin Thruster Confi#nrstion 

2 



Now the parare t r io  behavior of the f i n a l  anemfar 
morentpr vector orientation rill be rxuined.  For 
t h e  purpose of t h i s  s tudy i t  was a s s u e d  t h a t  t h e  
correct  f ina l  spin r a t e  is always achieved. This oar 
be accomplished by using appropriate sensors such as 
s t a r  t r a c k e r s  o r  sun sensors  i n  a feedback oon t ro l  
system. ha a l t e r n a t i v e  approach was a l s o  s t r d i e d  
inrolvine a controlled burn t i r e  whiah is open loop. 
but these r e su l t s  a re  not presented. 

~ o t  Sf represent the *mind angular mom-tum a t  
the end of the spin r a t e  a h 4 0  mu.over and l e t  df 
( A d  r e p r e s e a t  the  v e c t o r  r h e a  a parameter a i s  
per turbed by Aa. Usin6 ACIL f f a l i l eo  spin-chaise 
d p u i c s  was s imr la t ed l  Zh. simulation was based on 
t h e  a n a l y t i c  s o l o t i o n s  der ived f r o r  Bqs. 1-4. The 
r e  tho4 of de t e r r i n i s  t i c  p e r f o n a n o e  a r r l y s i s  was 
r rp loyed  t o  o a l o u l a t e  and p l o t  t h e  v y i a t i o n f l  
behavior of the aagular rorntpr vector af (ba3 -xi 
a s  A a  i s  v a r i e d  from e x t r e r e  a a e a t i v e  t o  extreme 
posit ive values. A f a r  sample case8 f o r  s p i r r p  snd 
spindown modes a t e  shows in Pigmras 3 throw 13. 

l h s e  r e s r l t s  indicate t h s t  p a t a r o t r i a  behavior  
8.8 be descr ibed a s  e i t h e r  per iodic .  s e a u l a r  o r  a 
a o r b i n a t i o n  of  p e r i o d i c  and s r e u l a r  r f f e a t s .  
Pertorbatior of the t r u s v e r r e  t o r q u s  r e d t e d  in a 
secular per tarbat ior  of the f i n a l  8-u r o r n t u  
veotor while per tarbat ior  of r,, Y, ud V, giodw.4 
ao rb ined  p e r i o d i c  and s e c u l a r  v a r i a t i o n s  w i t h  
p e r i o d i c  e f f e c t s  b e i r e  t h e  d o r i a a r t  f s a t o r  rxaept  
f o r  cr i n  the  spin-up rode. P e r t u b a t i o a s  of Ix 
and f - r e s u l t e d  ir v e r y  l i t t l e  v a r i a t i o r s .  
~ a r i a t f o n  of the  t r a r s r e s s e  a n s r l a r  v e l e a i t i e s  
produced a l i n e a r  (o r  s e c o l a r )  e f f e c t  on thm f i n a l  
angular m a e r t o r  veotor. - -. 
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Figmro 6. Variational oriortatioa of % h i n g  Sph- 
up for 1% 2 2- 

B i w r  8. Variatioul Olirrtaticn of 3, Duri.6 Spin- 
up for r,, + .0005 r r d i u s  p.r roood 

P i w o  9. Uoriaal Oriortatioa of tho Angular 
Momoatam Voator ia Iuortial Spaor Durw 

Wunrvor 
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Pisurr 10. Vaiiatioral oriertatior of Hi Dmtfn~ 

S p L n d a  for N, 2 $0011 

- 
-L Pigsre 11. Vatiatioral Orirrtatior of Pi Pubs 

8ph* for a,, 2 

Pi-. 11. Vaiiatioral Oriertatior of Hf Duirs 
Sph-dam for I, 2 2- 

HxIHz (mad) 

+ 
P i w e  13. Variatieul Oriontatfor of Pi Dmrirg 

S p i r d a  foi i, + Jm . - 



Fisuros 3 throash S hare tho hour is t ic  solat ivns.  
a s  g i h n  by Eq. 6, rapor i rposod on tho p lo t s .  For 
zoro i n i t i a l  t r a n s r o r s o  r o l o c i t i o s  tho hour i s  t i c  
so la t ion  proridor a  good spproximation of tho soaa- 
l a r  and a ro raso  po r iod io  of foots .  Tho o f f o a t  of 
nonzero i n i t i a l  t raasrorro angular ro loo i t io s  is t o  
produco an i n i t i a l  n a t a t i o n  angle,  C. r h i a h  is  do- 
f inod  as  tho  angle botwoon tho z  a x i s  and tho  
angalar momnotum roator. Tho i n i t i a l  notat ion angle 
i s  s i ron  by 

Norrally tho traasrorso ro loai t ioa  aro moarly zoro 
and tho ro  i a  a o  n o t a t i o n  angle. Por torbat ions_of  

aad f o  r o s u l t  i n  a  l i n o a r  perturbation of HI. 
This i s  r  own in  Pisure 7 fo r  var ia t ions  Zn a,,. 

Sinao Eq. 5 pro r ido r  a  sood o r t i r a t e  f o r  tho 
a ro raso  p o i n t i n s  o r ro r .  it may a l s o  bo used t o  
ortimato tho r a r i u a o  d w  t o  tho roar lar  toms.  Lot 
8, - dx/x sicmi* tho e r ro r  i n  x, thor. 

Honco. a s s k i i g  tha t  tho parsro tors  s ro  indopondont 
tho r o o a l a r  u n c e r t a i n t y  about tho  a ro raso  1.7 bo 
o s t i u t o d  by tho following o w i o n .  

Tho s i r u l a t i o n  r o s u l t s  f o r  tho po r iod io  e r r o r s  
r h o r  t h a t  tho f i n a l  romontum t o a t o r  duo t o  thoso 
p a r a r o t o r  v a r i a t i o n s  w i l l  t r aoo  a  a i r010  a b o t t  an 
avorase p o i n t  which is  g i r o 8  by Bq. 6. This  r o s a l t  
soggosts a  narrow width r i a8  d i s t r i b u t i o r  m o d e l  f o r  
tho var ia t ions  of tho periodic offorta. 

Farthormoro a  a n i f o i l  d i s t r ibu t ion  i n  8 is assorod. 
i... , 

f (8)  = (11) 
othonriso 

Thoso assumptions imply tha t  the m o r o n t u  roa to t  
po in t s .  w i th  aqua1 p r o b a b i l i t r .  t o  any l o o a t i o r  on 
tho p o r i r o t o r  of a  c i r c l e  tho ooator  of which i s  
giro. by Ep. 6 and tho r a d i o s  i s  R. This  i n  o f f o a t  
dofinor a  con0 about tho arorago pointing direction,  
s i r o n  by Eqs. 5 and 6, tho t r a c e  of which i n  tho 1-7 
plane is a  a i r e l o  tha t  may bo os t i r a tod  as  fo l lora .  

I t  may bo rho rn  t h a t  tho  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  i n  t o r m s  of on0 o f  t h o  c a r t o s i a n  
coordinates. ray I, rill bo given 

Whoro moan and rariarcro f  t h i s  d i s t r i b t t i o n  a ro  
s i r o n  a s  z o r o  and i/Jf r o s p o a t i r o l y .  n o  
d i s t r i b u t i o i  p lo t  is shorr i n  Fisoro 1s. 

Pi-• 15. Zom l i d t a  Ring Distr ibution Ia Cartosiaa 
Co0rdtorrt.s 

I. tho ~ p l i c a t i o r  t o  tho &lib0 spacooraft we 
a re  k t o r e s t o d  ir the 30 dispotoions of tho r r su l a r  
101.itum rrotor.  rh i ah  aormsponds to  99.7% l o w 1  of 
conf ideroo f o r  a  6amsriaa d i s t r i b t t i o n .  Por t l o  
rial d i a t r i h t t i o r  it io  o u i l y  s b w a  tht tho 99.- 
l o r 0 1  o f  o o n f i d o n t  r i l l  o c o r r  a t  x  = R. Tho 
hoa r i s t i e  soiutios. 8q. 5. gives a  good ostimato of 
E fo r  u y  rs(t). Iho a i ro l e  of k t o r o a t  is tho traoo 
o f  tho  r o r w n t a r  r o u t o r  P ( t ) r t  t = t . Honoo Bq. S 
w i t h  ax = azf s i r a s  a  good a p p r o z f r a t i o n  t o  th. 
99.7s 0o~ti40.c~. a i r o i ~  of -rtai.ty. 

By o o r b i n i i ~  tho  aboro r o s a l t a  r o  o b t a i n  a  
siqlw probabil iat ie mod01 fo r  tko poiattag orrar .  
Fi- 16. Tko f k a l  aagwlar momator roa tor  rill 

Figuzo 14. Zero Width E k g  Diatr ibwtioi  poin t .  w i t h  99.7% p r o b a b i l i t y .  w i th in  a  a i r010 of 
r a d i u s  Rt about t ho  at .ra(o p o i n t i n g  r a o t o r  po 

To s i r p l i *  tho u u l y s i s  a  z o r o l i d t l  riry distr ibu- .Lore. 

ti-, P i t u O  14, i S  ~ S S - O ~ .  *hiah i ~ l i ~ ~  tha t  tho I(t - 3apo + R (13) 
p r o b a b i l i t y  dons i ty  f u o t i o r  r i t k  rospoa t  t o  r i s  
i rpols i ro .  6 



Figure 16. Tho Pointing Error W o l  fo r  
tho Spin-6hango Ihnouvor 

Tho numoriaal  r a l u o s  of tho  p a r a r o t o r s  used i n  
tho simulation urd tho rosul t  of tho dotorministio 
po r fo r ranao  a n a l y s i s  a r e  s u r r a r i z o d  i n  Tablo I. 
Usinr those  ~ a r a r o t o r  r a l u o s  tho o s t i r a t o d  r i n g  

A h i g h l y  aooura ta  approximato analy t ic  solution 
is given fo r  tho angular rorontum rec to r  f o r  n o a r  
symrotria r ig id  bodies subjaat t o  oonstsnt momenta. 
Tho solution applios whon two of tho E d o r i a n  angles 
a r e  s m a l l  and a  a o r t a i n  p a r a r o t o r  i s  largo.  This  
analy t ic  r e s u l t  permits tho p a r u o t r i a  behavior of 
tho angu la r  r o r o n t a r  vootor  t o  bo s tud ied  dur ing  
s p i n  r a t ,  ohanso ranomrots  suoh s s  oaaur  i n  tho 
Q a l i l o o  mis s ion  t o  J u p i t o r .  Por t h i s  p a r t i a u l a t  
aaso,  s i r p l o  h o u r i s  t i o  formulas  worm disoororod 
which a i d  g r e a t l y  i n  ob ta in in6  quiak  numoriaal  
rosults .  While i t  would not be wiso t o  axtond thoso 
h o u r i s t i a  r o s u l t s  t o  tho gonoral  oar., tho b a s i c  
a p p r o a c h  can  bo used  t o  s t u d y  a  v a r i e t y  of  
in toror t ins  aaaos usins tho sa ro  aa r ly t i a  solution. 
w i thou t  whioh saah s t u d i o s  would be p r o h i b i t i r o l y  
oxponsiro a d  t i r o  aonsuming duo t o  tho .any 
aomputor simulations roqrirod. 

r d i &  is o a l k a t o d  as  0.146 m r u l .  in aloao .(;roo- 
moat with tho r o r u l t r  giro. in Tablo I. 

Table 1. Deterministic Performance Aoalysis Results 
- - -  

ERROR 
SOURCE 

NOMINAL 
SOURCE 
VALUE 

SOURCE 
ERROR 

2 1% 
2 4% 
1.5% 
5.1% 
5.1% 
5.1% 

Finally, I l m t o  Carlo s i r t l a t i o l l  was p r i o r r e d .  
For tho p a r a a o t o t a  prodtoina  ~ o r i o d i o  o f f  oots tho 

Ix 3OI2 kg& 
I Y  27l6 kg-m2 
Iz 4627 kg-m2 

4 4757 N m  
-Q 5669 N m  $ 13.ON-m 

%o QM6 a d l s  6.8%(1) 
Wzf 1.047radls 17% ( ' I  

KITAL ERROR 

roan ud l o  vmlus. 

RESULTANT 
SECUAR ERROR 

( mrad 

0.00381 
0.00479 
0.04 
0.0585 
0.0699 - 

Tho roooarok dosoribed in t h i s  pmpor was oarriod 
o a t  by tho f l t P r o p ~ l s i o n  Labotmtory, C a l i f o r n i a  
I n s t i t o t o  of ToaL .o lo~y .  ms&r a o n t r a o t  w i t h  the  
N a t i w l  Aommaaties ul Sweo Administration. 

PERIODIC RADIUS 
OF UNCERTA l NTY 

(mnrd) 
- - 

0.15 - 
- 

0.147 

0.225 

0.07 

0.247 

(1) J. Jf. L o ~ g a s k i ,  " l o l r t i o a a  of Baler 's  Sqaat ions  
of Notion .cl B 8 h r i . n  4 1 0 s  fo r  Now S y m u t r i a  
l i l i d  Bodies Snbjoot  t o  C o n s t a n t  Yoronts:' 
A I M / A A 8  4 s  t rody.8  i a s  Coat oronco, A I M  Papor 
80-1642, D u n t s .  laso.  b.mt 11-13. 1980. 

- 
0.135 

0.15 

(2) U. T. h d o w a d t ,  Dor s ~ r o t r i s a h o  Kro i so l  bo i  
zo i t fos t a r  Drohkraft. Math Z.55. 310-320 (1952). 
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Dordrooht. Holland, 1980. 

(4)  J. I. Longusti ,  "Commrnts on the  Leimanis 
Solution of Solf-Excited Big i d  ~ody:' MS/AIM 
Astrodfnam i o s  Conf oronco, Papor 81-104, Lake 
Tahoo, Novada, Ausust 3-5, 1981. Aoooptod f o r  
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a q u l a r  maoatam rootor 

i - u i s  ro ta t ion  rat. a t  t-0 
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d i r t a n o e  from o r i g i n  t o  tho aen to r  of 
spiral 

var ia t ions  abort x 
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