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Abstract— This paper reports on a novel simulation method
combining the speed of analytical evaluation with the accuracy
of finite-element analysis (FEA). This method is known as the
rapid analytical-FEA technique (RAFT). The ability of the RAFT
to accurately predict frequency response orders of magnitude
faster than conventional simulation methods while providing
deeper insights into device design not possible with other types
of analysis is detailed. Simulation results from the RAFT across
wide bandwidths are compared to measured results of resonators
fabricated with various materials, frequencies, and topologies
with good agreement. These include resonators targeting beam
extension, disk flexure, and Lamé beam modes. An example
scaling analysis is presented and other applications enabled are
discussed as well. The supplemental material includes example
code for implementation in ANSYS, although any commonly
employed FEA package may be used.
Index Terms— Microelectromechanical systems (MEMS), modeling, piezoelectric, resonator, spurious mode.

I. I NTRODUCTION

P

IEZOELECTRIC radio frequency microelectromechanical systems (MEMS) resonators are a promising technology for meeting the increasing demands of a crowded
electromagnetic spectrum while offering high integratability
and low loss in an area efficient footprint. Contour-mode resonators are a potential technology for the next-generation filtering to replace current bulk acoustic wave (BAW) solutions.
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The lithographically defined center frequencies of contourmode resonators facilitate monolithic integration of multiple
frequencies on a single chip, ideal for filter bank applications.
Despite these advantages, the contour-mode resonator technology has not seen widespread use in commercial or military
applications. One of the main obstacles toward this end is
the spurious mode problem [2]–[5]. This was a major problem the BAW community needed to solve before successful
commercialization [6]. Continuum distributed mechanical systems theoretically have an infinite number of natural modes.
Frequently, electrodes designed to optimally excite an intended
mode will also excite several other (spurious) modes. This can
affect the passband roll-off and group delay of filters created
from these resonators, and potentially exposes the radio system
to damaging high-power signals at frequencies far from the
intended frequency.
Part of the reason spurious modes remain a challenge
is the lack of a rapid and wide-band simulation technique.
Piezoelectric resonators typically have complex geometries
with nonanalytical mode shapes and complex electric fields
that must be modeled using finite-element analysis (FEA) for
accuracy. Conventionally, a multiphysics harmonic analysis
is run to model resonators [7]. For these simulations, the
full equations of state must be solved at every single frequency point for which information is desired. These simulations can take hours to days to complete, and sometimes
longer [7]. Trades must be made between frequency spacing
and bandwidth for the simulation to complete in a reasonable
amount of time. This technique is susceptible to missing
resonances if frequency point spacing is too wide. Due to the
time limitations, designers often run 2-D simulations, which
complete much faster [3], [5], but will miss any out-of-plane
information, such as modes propagating out of plane, or strain
variation along that direction.
To address these challenges, the wide-band rapid analyticalFEA technique (RAFT) has been developed using software
commonly found in research laboratories [1]. The RAFT
combines the speed of analytical analysis with the accuracy of FEA for full 3-D solutions that complete orders of
magnitude faster than conventional harmonic analysis while
accurately modeling all modes. In this case, the software used
is ANSYS and MATLAB; however, it may be implemented
in any other FEA/analytical package desired. This enhanced
speed is enabled by generalized expressions for the motional
parameters of the modified Butterworth van-Dyke equivalent
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circuit [8]: motional resistance (Rm ), inductance (L m ), and
capacitance (Cm ).
To simulate the frequency response, first information from
an FEA modal analysis and an electrostatic analysis are used
in the generalized equations for the motional parameters,
effectively reducing the number of frequency points that must
be simulated in FEA to only those where mechanical modes
exist. Next, the mechanical quality factor Q m must be set for
each mode. Other modified Butterworth van-Dyke (mBVD)
parameters such as capacitances and resistances must be set.
After this is completed, the full frequency response of the
resonators may be quickly simulated in an analytical software
package which performs the modal superposition.
This method is shown to improve simulations speeds by several orders of magnitude. In addition to the improved modeling
of spurious response, the RAFT enables new uses of FEA for
design and analysis. Wide-band simulations to assess the resonator performance far from resonance are now possible [1].
Accurate para metric device exploration to investigate mode
scaling and behavior to higher frequencies can be undertaken
[9]. The reduced simulation duration frees time for researchers
to conduct studies of other critical device variables, such as
the simulations of fabrication nonidealities, including electrode
misalignment or sidewall angles. These effects are often not
simulated due to time constrains. Thermal effects on frequency
may be included to generate frequency–temperature curves for
each mode’s unique response to temperature variations. Also,
novel modes may be investigated.
The modeling methodology is applicable to other resonant
systems as well, such as gyroscopes, ultrasonic motors, strain
sensors, and oscillators, but detailed discussion is beyond the
scope of this paper.
The remainder of this paper is arranged as follows.
Section II discusses in detail the components of RAFT, its
implementation, and advantages. It will include a presentation
of the most general mBVD motional parameter equations with
complex electric fields, as well as a general expression for the
2 . Section III contains experielectromechanical coupling keff
ment details. Section IV presents validation and applications
of the RAFT, including wide-band frequency simulations and
parametric device exploration. Section IV draws the conclusion. The Appendix provides an alternate derivation of the
motional parameters of the mBVD.
II. M ODELING
This section discusses various components of the RAFT
individually, and gives details on how they are combined into
a unified modeling technique.
A. Modified Butterworth Van-Dyke Model
The mBVD model is a well-known equivalent circuit model
for piezoelectric resonators, and is instrumental in developing
this simulation technique [8]. It is discussed here to clarify
its use in the simulation technique. The mBVD for one and
two-port resonators is shown in Fig. 1(a) and (b). Capacitors
C0 (one-port) and C1 and C2 (two-port) are formed by the
electrodes of the piezoelectric resonator. The Rteth are the

Fig. 1. mBVD model for (a) one-port resonators and (b) two-port resonators.

resistance of the electrical routing to the device. C f is the feedthrough capacitance, which is the mutual capacitance between
the electrodes of the two ports. The motional arm, consisting
of the motional resistance, inductance, and capacitance, is the
electrical equivalent of the lumped mass-spring-damper model
with coupling incorporated. Modal analysis is used to superimpose the response of each mode to obtain a full frequency
response [10]. This is accomplished in the mBVD by placing
motional arms in parallel. In this way, each mode experiences
the same applied voltage, but produces a different motional
current depending on resonance conditions and coupling.
B. Generalized Motional Parameters
The derivation of the motional parameters in this paper
is different compared to the derivation in [11]. A derivation
similar to that of [11] is included in the Appendix. In this
derivation, a uniform electric field between two parallel plates
is no longer assumed, and a generalized “turns ratio” is
explicitly given [12]. This seemingly minor distinction is quite
significant, as higher frequency applications demand the use of
interdigitated transducers (IDTs) [13]–[15]. These transducers
produce complex electric fields that can be difficult to model
analytically. The shape of this electric field determines the
interaction with the strain field, and therefore is directly related
to coupling. Similar to the derivation in [11], the assumptions
from modal analysis that the modes are not strongly coupled
and therefore solutions are linearly independent, and that a
distributed system may be represented as a lumped system, are
fundamental to this analysis. In addition, another assumption
inherent in this analysis is that the undamped mode shapes
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are an excellent approximation for the damped modes shapes.
This is valid for modes with low damping.
The quasi-static total internal energy of a system may be
written as a summation of the energy stored purely elastically (Ue ), purely electrically (Ud ), and the mutual energy
stored as a consequence of the piezoelectric effect (Um )
[16]. The mutual energy represents the additional energy
stored elastically when an electric field is applied to a piezoelectric creating mechanical displacement, as well as the
consequent additional energy stored capacitively due to the
increased polarization from the strained piezoelectric (hence
the factor of 2)
U = Ue + 2Um + Ud .

(1)

Modal analysis allows the treatment of a single mode independently of all other modes for mechanical modes with
low damping and negligible coupling. The full frequency
response is then a superposition of these individual contributions. Therefore, the energy of a single arbitrary mode is
considered and expressions kept are generalized to apply to
any mode. Considering the energy of a single, arbitrary mode,
the energies of that mode are defined as

1
Sn × c E × Sn d V
(2)
Ue = δ 2
2
V

1
Um = δ
et ×∇φ × Sn d V
(3)
2
V

1
(∇φ) ×  T × (∇φ)d V .
(4)
Ud =  2
2
V
Here, δ is the modal displacement, which is defined to be
the point of maximum displacement on the resonator for the
particular mode. Sn is the unity normalized strain written in
6-D vector notation (therefore, δSn is the real strain), c E is the
stiffness matrix at constant electric field,  is the magnitude
of the applied voltage, φ is the unity normalized potential field
(therefore, ∇φ is the real electric field),  T is the permittivity
at constant stress, and V is the volume of the resonator. (Note
that Um is only nonzero in the piezoelectric.)
The derivation is performed in the quasi-static case,
in which a voltage is applied to the electrodes of a resonator.
The frequency-dependent equations may be generated by
multiplying the relevant expressions by
e j ωt

ut = 
2
1 − ωω2 +
n

jω
Q m ωn

(5)

where ω is the drive frequency, ωn is the natural frequency, and
Q m is the mechanical quality factor of the particular mode.
In the quasi-static case, the mutual energy is understood to
account for both the mechanical potential energy stored from
the displacement/strain of the beam and the additional charge
that is stored on the electrode due to the increased polarization
caused by the mechanical displacement. Ue accounts for
energy from purely elastic effects. Ud represents the energy
that is stored purely from dielectric effects. Therefore, only
the mutual energy is considered when analyzing coupling
between domains. This energy is then modeled by a lumped
modal spring with an applied modal force (to represent the
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electric field causing a displacement) and a lumped modal
capacitor with an applied voltage (to represent the additional
charge stored from the increase in polarization caused by
displacement). The energy from these lumped parameters is
equated to the total mutual energy

1
1
Fm δ + Q = δ
et × ∇φ × Sn d V
(6)
2
2
V
where Fm is the modal force and Q is the charge on the modal
capacitor.
Dividing both sides of (6) by δ and  returns

1Q
1 Fm
+
=
et × ∇φ × Sn d V
(7)
η=
2 
2 δ
V
where η is the “turns ratio” for the transduction of voltage
to modal force and displacement to charge on the same port,
and is defined to be the ratio of modal force to voltage or the
ratio of charge to modal displacement (or current to modal
velocity) [12].
From [12], the motional parameters are
bm
η1 η2
η1 η2
=
km
mm
=
η1 η2

Rm =

(8)

Cm

(9)

Lm

(10)

where km , m m , and bm are the modal stiffness, mass, and
damping. The subscripts on η are used to distinguish the case
where the input and output electrodes (ports) are different. The
modal mechanical parameters are given by

Sn × c × Sn d V
(11)
km =
V
mm =
ρ(x, y, z)u 2n d V
(12)
V

bm =

km
m m ωn
=
Q m ωn
Qm

(13)

where ρ is the density and u n is the unity normalized mode
shape. Using (7) and (13) in (8) returns the motional resistance,
given by
Rm =

Q m ωn


V

km

.
et × ∇φin × Sn d V V et × ∇φout × Sn d V
(14)

This is the most general form of the motional resistance,
and is valid for any topology, material, or mode, provided
all assumptions have been met. For a two-port resonator,
the two integrals in (14) may have different signs depending
on where the electrodes are placed on the resonator. Note that
with parallel plate topology (i.e., ∇φ = [(1/tpiezo)00] , where
tpiezo the thickness of the piezoelectric), (14) reduces to the
expression given in [11].
L m and Cm are derived by inserting (7) into (9) and (10)
mm

Lm =  t
(15)
e
×
∇φ
×
S
d
V
et × ∇φout × Sn d V
in
n
V
V
 t
 t
V e × ∇φin × Sn d V V e × ∇φout × Sn d V
Cm =
. (16)
km
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Fig. 2. Graphical overview of the RAFT. First, FEA Eigen and electrostatic analyses are run. This information is entered in the generalized motional
parameters, and the quality factor is set. Finally, the modes are superimposed using the mBVD in an analytical software package to simulate the frequency
response.

2 , it gives a
When (16) is placed in the equation for keff
convenient expression to predict coupling [17]
2
=
keff

=

1
C0
Cm

+1
1



|

V

kmC 0
et ×∇φin ×Sn d V V et ×∇φout ×Sn d V |

+1

(17)

where C0 is the shunt capacitance for a one-port resonator, or the equivalent capacitance of C1 and C2 (Fig. 1)
when placed in series to create an equivalent one-port resonator (Fig. 1) as in [18]. Note that, this expression requires no
knowledge of the frequency response. In harmonic analyses,
2 is often obtained by fitting the mBVD model to the
the keff
resonator, simulating that fit resonators frequency response,
and then using
2
keff
=

f a2 − fr2
f a2

(18)

where fa is the antiresonant frequency and fr is the resonant
frequency [17].
The first thing to note for these expressions is that they
are symmetric, i.e., these expressions represent a reciprocal
system. Second, the spatial interaction of the electric field and
the strain is important. Ideally, they have the same shape to
maximize their dot product. Any strain that is not directly
transduced to/from the electric field serves only to increase
the motional stiffness, thereby increasing Rm and reducing
coupling, a point elaborated upon in [11] and [18]. Also, the
2 does not require any knowledge about the
expression for keff
frequency response; if the electric field and strain are known,
it may be calculated directly from that information. Finally, L m
and Cm (and hence the coupling) are both unaffected by the
quality factor of the device, while Rm is inversely proportional
to quality factor.
C. Predicting Displacement and Charge
The real displacement and charge produced by a piezoelectric on an elastic layer are useful in many applications such as
strain sensors, ultrasonic motors, actuators, and gyroscopes.
These expressions are derived in the Appendix as substeps
to an alternate derivation of the motional parameters, and
are specifically called out here. To the best of the author’s
knowledge, this is the first time that such closed form expression has been presented. They have not been experimentally
verified. However, a similar methodology was used for modeling the dynamics of an actuator used for switching [19].

This approach used a specific expression for the modal force
to predict the displacement of each mode, and superimposed
these displacements to predict time-domain switch dynamics
with good agreement.
For a particular mode, the charge appearing on the output
port due to an applied strain and displacement caused by an
applied electric field are predicted by
 t
e × ∇φ × Sn d V
Fm
= V
(19)
δ=
km
km
Q out =

e × δSn ×∇φout d V.

(20)

V

Here, δSn is the real spatial component of strain, and ∇φ is
the real electric field across the input port. The time varying
charge and displacement magnitude may be expressed by
multiplying (19) and (20) by (5).
D. Rapid Analytical-FEA Technique
The major components of the RAFT have been discussed,
and this section ties them together and discusses the difference
between the conventional harmonic analysis. Fig. 2 gives a
graphical overview of the RAFT.
The RAFT assumes small piezoelectricity [20]–[22]. With
small piezoelectricity, the electric field contribution from
mechanical strains is considered negligible, and the purely
elastic solution to the wave equation is considered a good
approximation to the solution from the piezoelectric wave
equation.
The purely mechanical modal properties are obtained via
an Eigen analysis. This delivers the modal strain and natural
frequency, as well as the total mechanical energy and maximum normalized displacement, which are used to obtain the
modal stiffness. An electrostatic simulation returns the shape
of the applied electric field. This simulation can also return
any shunt and/or parasitic capacitances for use in the mBVD
model. At this point, the only unknown information is Q m ,
which must be measured, assumed, or modeled. The modeling
of quality factor is outside of the scope of this paper. Methods
exist in the FEA packages for modeling Q m , such as structural
damping models, viscous damping models (compatible with
modal analysis), and perfectly matched layers. Next, analytical
evaluation software is utilized to generate network parameters
by either directly generating admittance/impedance or first
evaluating the circuit into ABCD parameters, and then converting the parameter of choice.
The RAFT minimizes reliance on computationally intensive
simulation by using the generalized motional parameters and
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mBVD model to reduce the required number of simulated
frequency points and separate the simulation of the mechanical
and electrical domains. Apart from the above, this approach
has multiple additional major benefits over multiphysics harmonic analysis for simulation speed and insight.
Relating to simulation speed, there are several other advantages. First, the electrical component of the problem is only
solved once to obtain the shape of the electric field, as opposed
to harmonic analysis where it is effectively solved at every
frequency step. Second, the completion time of the RAFT
is proportional to the number of modes in the simulation
band. With harmonic analysis, every single-frequency point
for which information is desired must be simulated, which is
generally denser than the spacing of modes. Finally, the RAFT
returns the electromechanical coupling without requiring the
frequency response to be generated (17).
Relating to insight, first the RAFT will not miss modes
by the nature of Eigen analysis, provided a dense enough
mesh is used. Harmonic analysis can potentially miss or distort
information if frequency points are not appropriately chosen.
Second, designers may attribute contributions to the frequency
response to individual modes. The motional resistance and
coupling of every single mode is returned before frequency
response generation. This allows the designer to pick out
exactly which modes are interfering with the desired response.
In harmonic analysis, the results obtained are a superposition
of all modes at each frequency, and can be difficult to decouple. Third, designers may distinguish between contributions to
coupling from individual piezoelectric constants. For example,
the RAFT allows designers to quantify the amount of coupling
from e33 versus e31 to the overall coupling, or any other
constant of interest. Finally, the RAFT allows the designer to
set the Q and pie zoelectric constants after all FEA simulations
have been run. This is particularly useful for ferroelectrics
for which the piezoelectric constants, dielectric constants,
and even the Q are dependent on an applied dc bias field.
In addition, the designer may assign Q based on whatever
criteria or model they choose.
III. E XPERIMENT
To demonstrate the flexibility of this modeling method,
devices based on PZT or AlN are analyzed at frequencies as
low as 1 MHz and as high as 800 MHz in various shapes and
with various electrode designs. This demonstrates the model
is accurate across materials, frequencies, and topologies.
PZT-on-silicon devices have shown high performance at
frequencies below 200 MHz [23], [24], a frequency range
utilized for many military applications. This performance is in
part due to the high piezoelectric constants of PZT [25], [26].
Thin-film PZT tends to be a low Q material, and therefore
silicon is incorporated into the resonators to boost the Q at
the cost of electromechanical coupling.
Aluminum nitride (AlN) is often the top choice for highfrequency applications due to its high acoustic velocity, low
loss, and well developed and repeatable processing [27]. The
AlN cross-sectional Lamé-Mode resonators (CLMRs) modeled in this paper have shown high coupling and quality factors
at higher frequencies [28], [29]. The Lamé mode is a primarily
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a 2-D mode, since in the ideal case only two nonzero directions
of strain exist.
For the fabrication of the PZT-on-silicon resonators analyzed in this paper, the author refers the reader to [30]. For
the fabrication of the AlN resonators analyzed in this paper,
the author refers the reader to [18].
A. Computer and Software Specifications
All simulations were run on machine running Windows 7
Enterprise with 32 GB of memory. The processor is an Intel
Xeon E5-2620 CPU.
FEA simulations were performed in ANSYS 15.0 using the
mechanical APDL interface. APDL was used to allow easy
parameterization of designs for scaling studies, as well as
simplify the automated saving of data. MATLAB R2015a was
used for analytical evaluations of the mBVD and parsing of
data.
Example code is provided as a supplemental file for the
APDL/MATLAB implementation of the simulation of the
CLMR bar resonator. It should be noted that it is not necessary
to use the software, in which this technique was implemented.
It is possible to implement this in any FEA package capable of
Eigen analysis and electric field simulation, and any analytical
software.
B. Device and Measurement Details
The frequency response of three resonator geometries is
analyzed. The first is a PZT-on-Si bar resonator intended to
excite the sixth harmonic of length extension. The second is a
PZT-on-Si disk resonator, intended to excite the (1, 1) mode of
disk flexure. Devices based upon this mode have shown −1 dB
of loss in a recent publication [24]. Both resonators have a
two-port topology. The third resonator is an AlN bar CLMR
with top and bottom IDT electrodes, which has demonstrated
low impedance, high coupling and high quality factor [30].
The PZT-on-silicon resonators were tested using a ZVB-8
network analyzer terminated to 50  and calibrated using a
through, open, short, and load standard (GGB CS-5). The
two-port scattering (S) parameters were measured. Nonmotional mBVD properties were obtained via extraction. For
the capacitance and tether resistance, the Z 11 parameter
was examined away from resonance. The real part of Z 11
was affected by the tether resistance as well as the real
component of the impedance of the shunt capacitor. These
effects are distinguishable due to the frequency dependence
of the impedance change due to a lossy dielectric. The tether
resistance was assumed to remain constant across frequency.
The feed-through capacitance [Fig. 1(b)] was small compared
to C1 and C2 , and therefore neglected.
The material properties of the PZT-on-silicon resonators
were independently measured [32]. The e31 constants were
fit to the data, but fell within values extracted from on-after
cantilever test structures [26]. Lateral device dimensions were
taken from design, and modified slightly for frequency agreement, resulting in a 0.5-μm decrease in disk radius and
beamwidth. Layer thicknesses were taken from nominal deposition values. The material stack consists of 1-μm buried
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Fig. 4. RAFT results for a beam extension resonator intended to operate in
its sixth harmonic.
Fig. 3. Cross-sectional view of the (a) material stacks for the PZT-on-silicon
resonators and (b) aluminum nitride CLMRs.

silicon dioxide, 10 μm of silicon, 300 nm of silicon dioxide,
125 nm of platinum, 0.5 μm of PZT, and 50 nm of platinum
[Fig. 3(a)].
PZT-on-Si resonators generally show the best performance
below 200 MHz, where the electrodes generally have a parallel
plate topology. The equation for motional resistance presented
in [11] is applicable
Rm =

Q m ωn |

km


Ain

e × Sn d A


Aout

e × Sn d A|

.

(21)

Since a constant electric field is assumed, no simulation of the
electrical domain was performed.
The CLMRs were measured using an Agilent 5071C vector network analyzer and Cascade Microtech ground–signal–
ground probes in air at room temperature. Calibration was
performed on reference substrate using a short, open, and load
standard. In addition, pad capacitances were de-embedded to
obtain performance attributable directly to the device [33].
Material properties were obtained from the default
COMSOL material library. AlN thickness was obtained using a
Nanospec Spectrophotometer, and the platinum thickness was
obtained using a Dek-tak 3030/3St stylus profilometer. These
resulted in thicknesses of 0.3, 4, and 0.3 μm for the Pt–AlN–Pt
stack [Fig. 3(b)].
IV. R ESULTS
A. Beam PZT-on-Silicon Resonator
The beam extension device was measured from 1–80 MHz,
with the designed mode at 20.7 MHz. Agreement between the
measurement and results from RAFT is presented in Fig. 4.
The Q m was taken directly from measurement where possible.
Other modes had fit Q m due to extraction difficulty from
loss or adjacency to other modes. The RAFT accurately
predicted device behavior across a wide range of frequencies. The modal analysis indicated that there are a total

Fig. 5. Four highest coupling modes in the pseudopassband of Fig. 3. RAFT
allows designers to pick out individual modes, which are contributing the
most to spurious responses. The number next to each mode is the number out
of the 247 spurious modes when modes are organized from lowest to highest
frequency.

of 247 modes in the simulated frequency span. This simulation
took 9.9 min to complete with 345 000° degrees of freedom.
Across modes with measured Q m , the average error was
approximately 1.5 dB. For the intended mode at 20.4 MHz,
the error was 1.4 dB.
In Fig. 4, there is a pseudopassband from ∼60–70 MHz.
The RAFT shows there are 15–20 harmonics of width flexure
creating this undesirable behavior. These harmonics are at
slightly different frequencies due to the tether modifying local
stiffnesses. With RAFT, it is possible to identify the modes
with largest coupling. These modes may be seen from Fig. 5.
B. Disk Flexure PZT-on-Silicon Resonator
The disk flexure-based devices were measured from
1 to 100 MHz, with the intended mode at 20.65 MHz. Eigen
analysis indicates that there are 103 modes in this frequency
range. The RAFT generated and measured frequency response
may be seen from Fig. 6. Again, close agreement with the
measurement is observed. As with the beam example, Q m was
taken from measurement where possible. Across modes with
fit Q m , the average error at resonance was 1.5 dB. The error
for the intended mode at 22.6 MHz was 0.35 dB. For the disk,
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TABLE II
S IMULATION T IMES FOR 99-MHz BANDWIDTH
OF D ISK F LEXURE R ESONATOR

Fig. 6. RAFT results for a disk resonator designed to optimally excite the
(1, 1) mode of disk flexure.
TABLE I
S IMULATION AND D EVICE C HARACTERISTICS

the time from simulation start to generation of S-parameters
was 11.7 min with ∼460 000 degrees of freedom.
C. Beam AlN CLMR
Three separate beam CLMR designs which had previously
been presented in [34] were analyzed. The primary difference
between is the pitch of the IDT electrodes. The device characteristic may be seen from Table I. Since the elastic moduli and
densities were not measured, the simulated center frequencies
were not well matched to the measured frequencies. Therefore,
each simulation band was shifted by 8.29%, 7.16%, and 6.13%
for devices A1, A2, and A3, respectively. For the simulation
results, all modes were set to have identical Q m to that of the
main resonance. The results from these simulations may be
seen from Fig. 7.
The simulations took an average of 26 min to complete.
As mentioned previously, the RAFT’s completion time is proportional to the number of modes in the simulation bandwidth.
At higher frequencies, the number of spurious modes increases
drastically. This results in a decrease speed for the RAFT in
terms of bandwidth simulated per minute. To allow for rapid
modeling, a mesh such as that show in Fig. 8 was utilized.
The mesh is coarse in the length, but fine along the width and
the thickness. A similar approach to meshing was taken in [6].
After the center frequencies are aligned and the Q m are set
to the measured value, excellent agreement is seen between
the measurement and simulation. One of the reported benefits
of CLMRs is ability to coherently transduce using both e31
and e33 [30]. RAFT confirms this numerically. The RAFT

predicts e31 contributes 17.3%, 19%, and 21.2% of the total
coupling for devices A1, A2, and A3, respectively. For coupling comparison, the Cm from RAFT and the results from
fitting an mBVD to measured data are presented in Table I.
The percent error in Cm for each resonator was 5.9, 11.5, and
3.6. The coupling predicted by RAFT was calculated using
(17) and (18). Both methods agreed within half a percent.
2 are 3.69%, 3.79%, and 3.91% for A1, A2,
The calculated keff
and A3, respectively. These results, along with the minimum
simulated and measured impedances are reported in Table I.
Due to frequency disagreement between measurement and
simulation, there was difficulty attributing modes in simulation
to modes in measurement. This is mostly attributed to uncertainty in the material properties, as previously it was stated
that the default material library from COMSOL was used to
set values. Therefore, all modes were set to have the same
Q m as the main resonance. The frequency disagreement also
creates difficulty drawing a conclusion about the accuracy of
the spurious modes modeled.
D. Comparison to Harmonic Analysis
To illustrate the speed of this method, a COMSOL harmonic
analysis simulation was compared to the RAFT for the disk
flexure resonator from Section II. Simulating the full frequency
spectrum with harmonic analysis is not feasible, and so several
shorter runs were performed and timed. A time per frequency
point was calculated and linearly extrapolated. Table II compares the time to completions for the disk resonators over
the 99-MHz bandwidth for models with 460 000 degrees of
freedom (tCOMSOL and tRAFT ). For context, a 1-kHz frequency
resolution will place approximately 35 points in the bandwidth.
E. Discussion
The RAFT has demonstrated significant reduction in simulation speed when compared to conventional harmonics analysis. The numerous other advantage have been exhibited as
well, namely, direct calculation predicted coupling without
the requirement of simulating frequency, ability to attribute
coupling to particular piezoelectric constants, and the inherent
quality of the RAFT of not missing modes.
One caveat must be observed when utilizing RAFT: if a low
loss mode is just outside the bandwidth simulated, the effect
of that mode will not be included in the simulated frequency
response at all. This is on disadvantage that harmonic analysis
does not have, as the full equations of state are solved at
each frequency point. Therefore, it is prudent to simulated
frequencies outside the bandwidth of interest as well.
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Fig. 7. (a) Scanning electron micrograph of a CLMR. The red and blue denote the ground and signal electrodes. The simulation results for (b) device A1,
(c) device A2, and (d) device A3 AlN CLMR resonators. The results from the RAFT were scaled up in frequency for comparison due to uncertainties in the
material properties.

Fig. 8.

Image of the mesh used for the CLMRs.

V. C ONCLUSION
The RAFT has been demonstrated, showing a significant reduction in simulation times. Example code has been

provided as supplemental material for implementation in
ANSYS using the ANSYS Parametric Design Language and
MATLAB. The code is relatively short and straightforward.
Similar FEA and analytical software is commonly found
in research laboratories, allowing low-cost adoption of this
technique. The numerous advantages of the RAFT have been
demonstrated. These include: significant reduction in simulation times while accurately including all modes in the
response, ability to isolate and attribute contributions to the
frequency response of individual modes, ability to attribute
coupling to individual piezoelectric components. While this
paper was originally inspired by the need to predict spurious
modes, other capabilities are now enabled by the RAFT. One
such capability is the rapid mode scaling investigations without having to simulate frequency responses. Another would
be investigation of nonidealities in the resonator fabrication
process.
The technique has been compared to fabricated devices
which are one-port, AlN based, and high frequency and
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two-port, PZT-on-silicon based as lower frequencies. For the
PZT-on-Silicon devices, excellent frequency agreement was
seen. For the AlN CLMR resonators, center frequencies were
OFF due to the uncertainty in material properties. However,
good agreement was demonstrated after scaling the results.
The ability to quickly predict resonator coupling as a function
of geometric properties was also demonstrated. A key advantage here is ability to predict coupling without simulating a full
frequency response, in contrast to other simulation techniques.
Future work will involve including various Q modeling
techniques in the RAFT. Accurate quality factor modeling
in CMRs is still an area of active research, and therefore
experimental Q was used in this paper to validate the RAFT
without the extra degree of modeling freedom (i.e., the coupling expression was validated). In addition, adapting the
methodology to model other piezoelectric systems (e.g., surface acoustic wave and thin-film bulk acoustic resonators)
and other transduction methods (e.g., piezomagnetics and
electrostatics) as well is of interest. Thermal loading effects
will also be modeled. The methodology used here may also
be applied to other resonant systems, such as a piezoelectric
gyroscope or a ultrasonic motor.
A PPENDIX
The modeling methodology in this section employs comparisons of energy in lumped and distributed systems to arrive at
the motional resistance. The derivation is material, mode, and
topology agnostic. It is, therefore, a general model, applicable
to many systems. A generalized modal force, spring, mass,
and capacitor are derived dependent on the strain fields,
electric fields, geometric properties, and material properties.
The modal (lumped) force is obtained by comparing the strain
energy of a spring with an applied force and the strain energy
induced by an applied electric field through the piezoelectric
material. The modal spring and mass are obtained by comparing the total mechanical energies of each mode of the distributed system with the energy of the simple harmonic oscillator,
which is a precept of modal analysis. The charge, and therefore
current, on the output electrode is obtained by comparing the
energy stored in a lumped capacitor with the energy stored
by the induced dielectric displacement in the piezoelectric
layer. A transfer function using these elements may be used
go from applied voltage to induced strain and finally to
output current, or in other words, the motional resistance.
Small piezoelectricity is assumed, as discussed in body of this
paper.
Modal analysis allows the consideration of one mode independent of all others, and the displacement may be written
as a product of the time and spatially dependent components.
It may, therefore, be expressed as
u = δu n u t

(22)

where u n is the unity normalized mode shape, δ is the zerofrequency displacement amplitude (i.e., maximum displacement) as well as the modal displacement of the lumped
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parameter spring, and u t is the frequency response given by
e j ωt
u t (t) = 
 2 
1 − ωωn
+

(23)
ω
ωn Q m

where ω is the excitation frequency, ωn is the natural frequency
of the nth mode, and Q m is the mechanical quality factor.
To obtain the modal force, the strain energy created by the
applied electric field is compared to the strain energy of a
forced spring. This energy may be expressed as

1
1
T × S d V = km δ 2
(24)
PE =
2 V
2
where T and S are the 6-D condensed vector representations
of stress and strain, respectively, in Voigt’s notation, V is
the volume of the resonator, and km is the modal spring,
as obtained by from (11). In this case, the T is the stress caused
by the piezoelectric effect, and S is the modal strain. The
piezoelectric stress may be obtained from the stress-charge
form of the indirect effect piezoelectric constitutive equation
T = c E × S − et × E.

(25)

Here, c E is the stiffness matrix at constant (zero) electric
field, e is the matrix of piezoelectric stress constants, and E is
the electric field. Of interest is additional energy introduced
into the system from the applied electric field. The stiffnessstrain term in (25) account for energy in the system already,
and is therefore ignored. Now placing (25) in (24)

1
1
1
2
Fm δ = k δ =
et × E app × δSn d V
(26)
2
2 m
2 V
where Fm is the modal force, km is the modal spring, Sn is the
strain from the unity normalized mode shape, and E app is the
applied electric field. The general modal force may be written

et × E app × Sn d V .
(27)
Fm = km δ = −
Vin

The displacement caused by this modal force is then
 t
e × E app × Sn d V
Fm
δ=
=− V
.
km
km

(28)

For later convenience, (32) may be rewritten with the
applied voltage explicitly stated

in V et × ∇φin × Sn d V
Fm
=−
(29)
δ=
km
km
where φapp is the magnitude of the applied voltage, and in
is the unity normalized electric potential field from the input
capacitor, with the ground at 0 potential and the input electrode
at a potential of 1.
The real strain may now be expressed as

φapp V et × ∇φin × Sn d V
S = δSn u t = −
Sn u t . (30)
km
This may be placed in the direct effect equation of the stresscharge form of the piezoelectric constitutive equation
D = e × S + εS × E

(31)
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where D is the induced electric displacement in the piezoelectric layer. The permittivity-electric field term account for electric displacement already present across the output capacitor.
The concern is with additional electric displacement generated
by the resonator strain, and so the second term is ignored. The
energy stored by the direct effect is compared to the energy
stored in a “modal” capacitor. The term modal is used here to
indicate that the magnitude of the capacitance depends directly
on the modal strain. This capacitance, however, is not directly
calculated

1
1
D p × E out d V = Q out out
(32)
2 V
2
where D p is the electric displacement from the piezoelectric
effect, E out is the electric field resulting on the output electrode, Q out is the charge on the output capacitor, and out
is the magnitude of the voltage across the output port. After
writing the electric field once again as the unity normalized
potential and voltage magnitude, the charge on the output port
may now be written

e × δSn ×∇φout d V.
(33)
Q out =
V

Now substituting (29) into (33) returns an expression for the
charge on the output port dependent upon modal properties,
geometry, and material properties only


in V e × Sn ×∇φin d V V e × Sn ×∇φout d V
Q out =
. (34)
km
Including (5), taking a time derivative, then absolute value,
and setting the frequency to the natural frequency, an expression for the current out of the resonator is obtained


in ωn Q m V e × Sn ×∇φin d V V e × Sn ×∇φout d V
.
Iout =
km
(35)
Reorganizing to obtain in /Iout returns the motional resistance, in agreement with (14)
Rm =

Q m ωn


V

km

.
e × Sn ×∇φin d V V e × Sn ×∇φout d V
(36)
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