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ABSTRACT 
    We demonstrate a new type of rotational resonance, circularly-
polarized mechanical resonance (CPMR), where a normal mode of 
a circular membrane revolves around its center. Clockwise or 
counter-clockwise full-angle rotation of normal mode is observed in 
circular membranes with a diameter of 710 μm or 960 μm and a 
thickness of 15 μm. We measure the (1,1) and higher order CPMR 
resonances with rates up to 5.3 million revolutions/second.  

 
INTRODUCTION 
    Generating large and stable angular momentum at microscale has 
applications in spinning-mass MEMS gyroscopes, precision rotation 
stages, and micro-motors. Ultrasonic motors rely on nonlinear 
bifurcation of the stator’s mode to cause rotation [1], while 
electrowetting requires complicated assembly [2], and levitation 
demands large, perfectly symmetric voltages [3,4]. Circular 
movement of nano-cantilever requires large vibration amplitude 
beyond “classical” Duffing regime [5,6].  

    Our discovery of CPMR provides a novel and simple way to 
generate large angular velocity. The excitation of CPMR only 
requires an axial piezo actuator and a sinusoidal tone. It is operated 
in the linear regime with no threshold. A rotation rate of 33.5 million 
radians per second for a higher order mode is observed. The range 
of mode frequencies is only limited by the bandwidth of our 
piezoelectric transducer. 

 

RESONATORS AND EXPERIMENTAL SETUP  
    Fig. 1 (a) and (b) illustrate the fabrication process of the 
membranes. We carry out deep reactive ion etch (DRIE) on the 
backside of 4H SiC wafers [7,8]. By timing the etching, suspended 
circular membrane resonators are fabricated. The process is like 
backside release process except there is no stop layer. The 
membrane has a diameter of 710 μm or 960 μm and thickness of 
15 μm. The thickness of the membrane is determined by measuring 
the depth of the trench [Fig. 1 (c)]. A photograph of the diaphragm 
chip is shown in Fig. 1 (d).  

    We employ a scanning Laser Doppler Vibrometer (LDV, Polytec 
MSA-400) to characterize mechanical motion [9,10]. The apparatus 
is located on a vibration isolation slab that meets NIST-A1 vibration 
standards. The membrane is bonded to the edge of an axial piezo 
actuator [Fig. 2 (a)]. The laser beam of the interferometer is focused 
through a 5× microscope objective and incident normal to the 
membrane plane. The laser wavelength is 633 nm, and the laser 
power is less than 1 mW. We raster scan the laser spot over ~ 1000 
points on the membrane and measure frequency and time-domain 
responses at each point. We drive the piezo actuator with a 
broadband, pseudo-random excitation and perform Fast-Fourier 
Transform (FFT) to construct frequency spectrum. Alternatively, we 
can drive the piezo actuator with a single-tone, sinusoidal excitation, 
and measure the membrane displacement as a function of time. The 
velocity resolution is less than 1 um/s which corresponds to a 
displacement resolution of < 1 pm at 1 MHz.   

 
Figure 1: (a)-(b) Timed DRIE of 4H SiC to fabricate suspended 
membrane resonators [7,8]. Indium Tin Oxide (ITO) is used as a 
hard mask. 84.7o sidewall is achieved.  (c) A DRIE trench profile 
measured by a 3-dimensional optical profiler (GT-K). The thickness 
of the membrane is obtained by subtracting the depth of the trench 
from the chip thickness.  (d) Photograph of the diaphragm chip. The 
5-mm square chip has a 15 μm thin membrane which looks like a 
pinhole because it is transparent to visible light. The membrane 
diameter is 960 μm.  
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RESULTS 
    Fig. 2 shows the measured displacement spectra of a 960 μm 
diameter membrane. We first measure the broadband displacement 
spectrum over 0-5 MHz. Many membrane modes are observed [7]. 
Their mode shapes and resonant frequencies are consistent with 
COMSOL simulation to within 4%. Next, we do a fine scan of the 
displacement spectra near the (1,1) mode. We observe the normal 
modes and two CPMR (1,1) modes at 746 kHz and 790 kHz with 
clockwise and counterclockwise revolutions. Table 1 shows the 
measured timestamps of the CPMRs observed in Fig. 2 (c) and many 
higher order CPMRs of a 710 μm diameter membrane. The CPMR 
modes complete one revolution in a period , where f is the 
excitation frequency. In 1 second, the (1,1) CPMR mode completes 
746000 revolutions, while the (2,2) CPMR mode of the 710 μm 
membrane completes 5.3 million revolutions.  

    We also plot the time-average mode shape in the last column of 
Table 1. In contrast to the normal modes, the time-average mode 
shape of CPMRs show circular symmetry, as expected from the 
revolutions. A distinct feature of CPMR is that the location of 
maximum displacement travels around the membrane. Each point 
reaches its maximum displacement at a time corresponding to its 
angular position on the membrane plane. We perform time-domain 
measurements at 6 locations equidistant from the center [Fig. 3. (a)]. 
At 763 kHz, all points reach their maximum and minimum points 
concurrently, as is expected for a normal mode [Fig. 3 (b)]. Fig. 3 
(c) shows the displacements as function of time for the (1,1) 
clockwise CPMR mode. In contrast to Fig. 3 (b), points at smaller 
angular position reach maximum displacement later, leading to 
clockwise rotation. 

    Up to the resolution of the LDV, we do not observe any “onset” 
or threshold point for the revolution. We measure a linear 
relationship between drive amplitude and piezo stimulus up to the 
maximum voltage allowed by the LDV system [Fig. 4(a)]. The 
CPMR does not arise from nonlinear model coupling [1,5,6]. 

    Operating at the resonant peak [blue line in Fig. 4(b)] gives us 
almost perfect traveling wave revolution. However, the amplitudes 
are not exactly uniform throughout the rotation, as shown by the 
time-averaged mode shape and Fig.3 (c). By operating at 10 kHz off 
the resonance [purple line in Fig. 4(b)], we observe a perfectly 
smooth revolution [see legends of Fig. 4 (b)]. The difference 
between on and off-peak response indicates that the CPMR is not an 
eigenmode of the membrane, but a superposition of eigenmodes that 
is perfectly balanced in amplitude and phase. 

 

DISCUSSION 
    Here we provide a mathematical framework to describe the 
CPMR. We model CPMRs as the excitation of two spatially 
orthogonal normal modes with out-of-phase oscillations (See Fig. 5 
for a visual illustration). To be more precise, we start with the 
general solutions  of the vibrating drum head:  

 

where  is the Bessel function, ,  is the 
n-th positive root of , a is the radius of the membrane, and c is the 
wave speed. The Bessel function and index m define the number of 
nodal circles. The index m defines the number of nodal diameters. 
Constants C and D define the mode orientation, while constants A 
and B define the phase relation between the driving voltage and 
displacement. The two spatially orthogonal normal modes are 
described by two solutions with same indices m and n, but 

with  and , respectively (See Fig. 5). When these 
two modes oscillate out of phase, that is, the first mode oscillates as 

 [ ] while the second mode oscillates as  
 [ ], the superposition of these two modes 

generates full-angle counterclockwise rotation in one period of 
oscillation. On the other hand, if the first mode oscillates as 

 and the second mode oscillates as , the 
superposition of these two modes lead to clockwise rotation.  Exact 
source of out-of-phase signaling is currently under investigation.  

 
Figure 2: (a) LDV measurement setup with one key caveat — the 
sample is glued to the PZT at the edge of the actuator. The laser is 
raster scan over ~1000 points on the membranes. (b) Displacement 
spectrum of a 960 μm membrane in 0-5 MHz range measured by the 
LDV in FFT mode. [Picture and plot are reproduced from [7] to 
provide context to] (c) Fine scan of the displacement spectrum 
around the (1,1) normal mode at 780 kHz. The CPMR modes are on 
either side of the normal modes.  
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Table 1: Measured timestamps of the normal (1,1) mode (second row) compared to the (1,1) and higher order CPMR 
resonances. Two membranes with diameters of 960 μm and 710 μm are measured. CPMR with rate up to 5.3 million 
revolutions/second is observed. The period T is given by . The time-average mode shapes (last column) for the CPMR 
modes have circular symmetry because of revolution. 

Figure 3: The vibration phase is the most distinctive feature of the CPMR modes. (a) We positioned laser spots on six points to measure 
their displacement as a function of time with respect to the drive (3 Volt). (b) For the normal mode, all points vibrate coherently. They 
reach their amplitude maximum and minimum at the same time.  (c) For the CPMR mode, consecutive points reach maximum 
displacement with 60o 

 
phase delay. There is no instant in time where all points have zero displacement, as seen in Fig. 3(b) at 0.6 μs.  

Figure 4: (a) The membrane vibrates in the 
linear regime. The peak displacement of the 
(1,1) CPMR mode at 1.397 MHz as a function of 
driving voltage. (b) Time-average deflection 
shapes at the excitation frequencies. A perfectly 
smooth revolution (with circular symmetry) is 
achieved by driving 10 kHz off resonance 
(purple line). 
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Figure 5:  Illustration of a mathematical model for CPMR. Two 
spatially-orthogonal normal modes (upper left and upper right) 
oscillating out of phase leads to CPMR. The rotation direction 
depends on the A, B, C, D coefficients.   
 
    In conclusion, we present the observation of CPMRs in 
microfabricated membranes. We measure normal modes revolving 
under single tone excitation from an axial piezo actuator. CPMRs 
undergo full-angle, ultra-fast rotation (the mode rotates, not the 
resonator) and can be selectively biased to revolve clockwise or 
counter-clockwise rotational direction. We measure the (1,1) and 
higher order CPMR resonances with rates up to 33.5 million radians 
per second. The CPMR modes complete one revolution in one 
period of oscillation. We model the CPMR as a superpositions of 
two normal modes with out-of-phase vibrations. The direction of 
vibration is determined by the relative phase of the two modes.  
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