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This study investigates pressured drop and heat transfer characteristics for saturated flow boiling in a
micro-channel heat sink specific to the annular flow regime. A theoretical control-volume-based model
is presented, which relies on new relations for liquid droplet entrainment and deposition. While prior
models have been attempted for annular flow, these models were based on simplified depictions of
the vapor core based on average velocity. On the other hand, the present model provides detailed assess-
ment of turbulence effects in the core, enabling the development of detailed cross-sectional profiles for
momentum diffusivity, velocity, and shear stress. Predictive accuracy of the model is assessed against
experimental data for R134a using a 609.6-mm long and 203.2-mm wide micro-channel heat sink con-
taining 100 of 1 � 1-mm2 flow channels. The model shows good accuracy against 69 experimental pres-
sure drop data points, with mean absolute error (MAE) of 16.22%, and 97.10% and 100.0% of the data
predicted within 30% and 50%, respectively. It also shows very good accuracy against 388 data points
for local two-phase heat transfer coefficient, evidenced by a MAE of 8.35%, and with 98.45% and
99.74% of the data predicted within 30% and 50%, respectively.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction

1.1. Implementation of two-phase mini/micro-channel cooling
schemes

Recent efforts to cope with rising heat fluxes at device, module,
and system levels in many modern applications have yielded an
unprecedented number of published studies concerning both the-
ory and implementation of two-phase cooling schemes [1–4]. Dur-
ing a period spanning over three decades, researchers at the
Purdue University Boiling and Two-Phase Flow Laboratory (PU-
BTPFL) have conducted extensive work concerning both funda-
mental mechanisms and applications of two-phase cooling
schemes. They include investigations into pool boiling [5,6], falling
film [7,8], macro-channel [9,10], micro-channel [11,12], jet
impingement [13,14], and spray [15,16], as well as hybrid cooling
schemes [17] combining the benefits of two or more of the afore-
mentioned schemes.

A recent review article [18] showed how three of these two-
phase cooling schemes have become the most serious contenders
for very high flux applications: micro-channel, jet, and spray.
While all three provide distinct advantages and drawbacks relative
to one another, two-phase micro-channel cooling has received the
most attention, especially during the past decade. This interest is
the result of a number of intrinsic advantages of micro-channel
heat sinks: compact, light-weight design, high cooling area to vol-
ume ratio, and small coolant inventory, let alone the ability to pro-
duce very high heat transfer coefficients [19]. Initial interest in
implementing micro-channel cooling was focused on single-
phase heat sinks [20–23]. But, despite their ability to achieve very
high heat transfer coefficients, single-phase heat sinks suffer a fun-
damental drawback: large stream-wise increases in both fluid and
device temperatures [19]. Two-phase micro-channel heat sinks can
greatly reduce temperature gradients by relying on both latent and
sensible heat (rather than sensible heat alone for the case of single-
phase heat sinks), thereby maintaining temperatures close to the
coolant’s saturation temperature.

But two-phase micro-channel heat sinks are not without short-
comings. In 1994, Bowers and Mudawar [24] launched the first
effort to predict both pressure drop and critical heat flux (CHF)
for two-phase heat sinks, and provide a comprehensive assessment
of practical concerns associated with implementing these devices
in very high heat flux applications [25,26]. Key among those con-
cerns is high pressure drop, which is accompanied by appreciable
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Nomenclature

A area
A+ Kay’s damping coefficient
Abase total base area of heat sink
Ac cross-sectional area of mixture core
Ach cross-sectional area of micro-channel
Aentrained liquid flow area resulting from entrainment
Af ;� flow area in liquid control volume
AH;� flow area in mixture core control volume
Adexp experimental liquid flow area
a damping coefficient in Eq. (64)
Bo boiling number, q00H=G hfg
b damping coefficient in Eq. (64)
C liquid droplet concentration in mixture core
Ca capillary number, lfG/(qfr)
cp specific heat at constant pressure
Dh hydraulic diameter
Dh,c hydraulic diameter of mixture core
e entrained droplet quality
F function
Fe0 fraction of liquid entrained as droplets
f fanning friction factor; liquid film quality
fi interfacial friction factor
G mass velocity
Hch micro-channel height
Htc distance between thermocouple and bottom wall of

micro-channel
h enthalpy; heat transfer coefficient
hfg latent heat of vaporization
htp two-phase heta transfer coefficient
K Von-Karman constant, K = 0.4
k deposition mass transfer coefficient; thermal conductiv-

ity
ks thermal conductivity of solid
Lch micro-channel length
l+ dimensionless turbulent mixing length
_m total mass flow rate of micro-channel module
N number of Dz segments in finite difference scheme;

number of data points
Nch number of micro-channels in heat sink
Pf,y local perimeter at distance y from channel wall
Pf,d interfacial parameter
PH heated perimeter of micro-channel
PH,y perimeter in homogeneous core mixture
PR reduced pressure, p/pcrit
Pr Prandtl number
p pressure
pcrit critical pressure
Dp pressure drop
Re Reynolds number
Rec Reynolds number of mixture core
Refo liquid only Reynolds number, GDh/lf

Q total heat input to heat sink
q00 heat flux at distance y from channel wall
q00B heat flux based on total base area of heat sink
q00H heat flux based on heated area of micro-channel
T temperature
T+ dimensionless temperature
Tw micro-channel wall temperature
Tw,b bottom wall temperature of micro-channel
u velocity
u+ dimensionless velocity
u⁄ interfacial friction velocity
uw
⁄ wall friction velocity

ui interfacial velocity

�uc mean velocity of vapor core
�uf mean liquid film velocity
v specific volume
vfg specific volume difference between vapor and liquid
W deposition rate
Wch micro-channel width
Wefo liquid-only Weber number, G2Dh/(qfr)
Ww half-width of copper sidewall separating micro-

channels
x vapor quality
x0 vapor quality at onset of annular flow
xc effective mixture core quality
xe thermodynamic equilibrium quality
y perpendicular distance from micro-channel wall
y+ dimensionless distance perpendicular to micro-channel

wall, y+ = yu⁄/mf
z axial coordinate

Greek symbols
a void fraction; iteration coefficient
b channel aspect ratio
bc aspect ratio of mixture core
Cd droplet deposition rate per unit channel length
Cfg evaporation rate per unit channel length
d thickness of annular liquid film
dH
+ dimensionless mixture core thickness, yu⁄/mH

(d � y � Hch/2)
de=0 calculated liquid film thickness without droplet entrain-

ment
em eddy momentum diffusivity
g fin efficiency
h percentage predicted within ±30%
l dynamic viscosity
m kinematic viscosity
n percentage predicted within ±50%
q density
qH homogeneous core mixture density
r surface tension
s shear stress
/2
f frictional pressure drop multiplier

x coefficient in Beattie and Whalley viscosity model

Subscripts
0 location of onset of annular flow
A accelerational
ann annular flow
c contraction; mixture core
cor correlation
e entrained liquid droplets
exp experimental (measured)
F frictional
f saturated liquid; liquid film
fo liquid-only
g saturated vapor
H homogeneous mixture
i liquid-vapor interface
in micro-channel inlet
max maximum
mb momentum balance
opt optimum
out micro-channel outlet
pred predicted
sat saturation
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sp single-phase liquid
tc thermocouple
tp two-phase
w micro-channel wall

Wallis based on Wallis treatment
z local property along axial direction

512 S. Lee, I. Mudawar / International Journal of Heat and Mass Transfer 133 (2019) 510–530
compressibility and flashing, as well as increased likelihood for
two-phase choking. Bowers and Mudawar pointed out these con-
cerns may be alleviated by relying on accurate predictive tools
for both pressure drop and heat transfer.
1.2. Thermal management for space missions using large length-to-
diameter micro-channel heat sinks

Future long-term manned space missions, especially to Mars,
are projected to greatly increase the space vehicle’s power input
and heat rejection. The vehicle’s Thermal Control System (TCS)
plays the primary role in tackling heat rejection from both astro-
nauts and avionics, as well as maintaining acceptable temperature
and humidity. Key to successful design of the vehicle is reducing
weight and volume of all internal sub-systems, including the TCS
and all its subcomponents [27–29].

The TCS has three primary heat management duties: acquisi-
tion, transport, and rejection. Using a closed coolant flow loop,
both metabolic heat and heat produced by the avionics are
extracted using a variety of heat exchange equipment, and trans-
ferred to yet another heat exchanger from which the heat is
rejected by radiation to deep space. All earlier TCS architectures,
includes those used onboard NASA’s space shuttles, involved use
of single-phase cooling loops, which are now deemed far too heavy
for future space missions. This is why focus has recently shifted to
cooling loops that rely on evaporation and condensation of an
appropriate coolant to, respectively, extract and reject the heat.
The primary benefit in using a two-phase cooling loop is ability
to achieve orders of magnitude enhancement in both evaporation
(by boiling) and condensation heat transfer coefficients, thereby
greatly reducing both weight and volume of heat exchange compo-
nents for a given total heat load.

Since the early 2000s, researchers at PU-BTPFL have performed
extensive work related to adaptation of two-phase TCS technolo-
gies, including mechanisms, assessment of prior predictive tools,
and development of new predictive models; these studies involved
both ground and parabolic flight microgravity experiments
[30–33]. More recently, efforts were focused on thermodynamic
considerations [34], with emphasis on specific space vehicles,
including Orion. They showed anticipated heat loads could be
effectively removed with the aid of a two-phase loop utilizing
micro-channel evaporators having multiple parallel channels with
large length-to-diameter ratio [35–37].

Several important issues must be addressed when employing a
micro-channel evaporator to dissipate the heat in a TCS cooling
loop. First, coolant mass velocity within the micro-channels must
be kept high enough to both achieve high heat transfer coeffi-
cients [38–41] and avoid dry-out [35–37]. For a fixed total flow
rate, mass velocity may be increased by having fewer parallel
evaporator channels. On the other hand, relying on fewer chan-
nels increases pressure drop and associated aforementioned prob-
lems, including excessive compressibility and flashing, and
increased likelihood of two-phase choking [42,43]. Another prac-
tical concern is achieving equal distribution of coolant flow
among the parallel channels, which requires careful design of
inlet and exit plenums. Proper sizing of the plenums also helps
maintain constant inlet and outlet pressures, and guards against
certain types of flow instabilities.

1.3. Prior predictive methods for pressure drop and heat transfer
coefficient in two-phase micro-channel flows

By far the vast majority of available methods for predicting two-
phase pressure drop in channels are based on either the Homoge-
neous Equilibrium Model (HEM) [44–49] or empirical/semi-
empirical formulations [50–55]. The semi-empirical tools, many
of which being based on the Lockhart-Martinelli [55] separated
flow formulation, have been especially popular in recent years.
However, correlations are often based on databases for few fluids
and limited ranges of operating and geometrical parameters, and
extrapolating these correlations beyond the validity range for
which they were originally intended has been shown to yield
unusually large predictive errors.

A powerful alternative is use of ‘universal correlations,’ which
rely on massive databases from many sources, and which cover
numerous fluids and very broad ranges of operating and geometri-
cal parameters. In recent years, universal correlations have shown
great success in predicting several important micro-channel
parameters, including pressure drop [38], heat transfer coefficient,
and dryout [39–41], and choking [42].

Given the tendency for flow boiling in micro-channels to pro-
duce annular flow over a large fraction of the channel length,
another powerful technique to predict both pressure drop and heat
transfer coefficient is the analytical control volume method, where
mass, momentum, and energy conservation laws are applied to
control volumes encompassing the vapor core and liquid film sep-
arately, with appropriate velocity, shear stress, temperature, and
heat flux applied along the vapor-liquid interface. This method
has shown great versatility and success in predicting thermal
behavior in pool boiling [56], flow boiling [9], and falling films
[57]. The accuracy of these models is highly dependent on appro-
priate use of eddy diffusivity relations to account for turbulent
effects within each phase and interfacial damping of turbulence
along the liquid-vapor interface.

1.4. Objectives of study

The present study is part of a series of joint investigations
between the Purdue University Boiling and Two-Phase Flow Labo-
ratory (PU-BTPFL) and the NASA Glenn Research Center (GRC),
whose ultimate goal is to develop two-phase thermal management
design tools for future space vehicles.

In this study, the control volume method is used to develop
analytical models for pressure drop and heat transfer coefficient
in two-phase micro-channel heat sinks. Unlike prior attempts at
predicting the same performance parameters using the control vol-
ume method [58–60], which employed average velocity calcula-
tions for the vapor core, the present study involves detailed
prediction of velocity profiles across both the vapor core and annu-
lar liquid film. Accuracy of the models is examined in detail by
comparing predictions to data for both pressure drop and heat
transfer coefficient.
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2. Experimental methods

2.1. Two-phase flow loop

Fig. 1(a) shows a schematic of the flow loop that is configured to
deliver subcooled R134a to a test module containing parallel
micro-channels sharing inlet and outlet plenums. The test module
serves as evaporator for the loop, wherein electrical energy is
Fig. 1. (a) Schematic diagram of two-phase loop. (b) 3D CAD stacked rendering of m
measurement instrumentation.
supplied to the fluid, changing the fluid state from subcooled liquid
to saturated two-phase mixture.

The two-phase mixture exiting the test module is routed
through an air-cooled condenser, which removes heat from the
fluid and returns the fluid to subcooled liquid state. A solid-state
controller is used to regulate the condenser’s fan speed in response
to the condenser’s downstream temperature. A tee-junction down-
stream from the condenser leads to a 10-gallon liquid reservoir
icro-channel module. Assembled module with (c) pressure and (d) temperature
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containing electrical immersion heaters. A PID controller is used to
regulate power input to the immersion heaters, providing precise
production of vapor inside the reservoir in response to the differ-
ence between condenser outlet pressure and PID set-pressure.
And, mounted in the top portion of the reservoir is a condensing
coil, which rejects heat from the fluid to an external modular
water-cooling system. Combination of vapor production and con-
densation in the reservoir, along with the PID control, provides a
stable reference pressure set point at the tee-junction.

Further subcooling is achieved by passing the fluid through a
plate-type heat exchanger situated downstream of the tee-
junction. This heat exchanger rejects heat from the fluid to a sec-
ond modular water-cooling system, ensuring that the R134a is
fully converted to liquid state. Exiting this heat exchanger, the sub-
cooled fluid is routed to a gear pump followed by a turbine flow
meter. A throttling valve, situated between the turbine flow meter
and test module, is used to both regulate flow rate and help combat
pressure-drop oscillations within the test module.
2.2. Micro-channel test module construction and instrumentation

The micro-channel test module is comprised of a stack of mul-
tiple layers as shown in Fig. 1(b). The main layer is a copper heat
sink, having 100 of 1 � 1-mm2 square flow channels. The heat is
supplied from thick-film resistors fitted to the underside of the
copper heat sink. The heat is conducted through the copper heat
sink and supplied to the fluid passing through the channels. The
heat sink is surrounded along its perimeter and below the thick-
film resistors by insulating layers made from G-7 and G-10 fiber-
glass plastic, respectively. The G-7 layer also provides inlet and
outlet plenums for the micro-channels. The tops of the micro-
channels are sealed off with the aid of a transparent polycarbonate
cover plate, which also provides optical access to the flow along the
micro-channels. The test module also includes a top stainless steel
brace and top/bottom aluminum support bars, which serve to pre-
vent fluid leaks from the micro-channels as well as enhance struc-
tural integrity of the entire test module assembly.

As shown in Fig. 1(c), steady-state pressure drop across the
micro-channels is measured with the aid of two Omega-MMA
absolute pressure transducers, one installed in the test module’s
inlet plenum and another in the outlet plenum. Additionally, any
fluctuations in pressure drop across the micro-channels are mea-
sured with a Honeywell-THE differential pressure transducer con-
nected between the inlet and outlet plenums.

Axial variations of the copper heat sink temperature are mea-
sured by a series of 10 type-E thermocouples inserted laterally
across, Fig. 1(d), with their tips reaching the centerline of the heat
sink. Axial locations of these thermocouples are provided in Table 1.
Precise temperature measurements are the result of high Seebeck
coefficient, 66 lV/�C, of type-E thermocouples, along with careful
calibration of each thermocouple over a range of �22.5 to 80 �C
[35–37]. Additional type-E thermocouples are inserted into the
flow at various locations along the flow loop external to the test
module itself.

Power input to the thick film heaters and volumetric flow rate
are measured by a Yokogawa W230 power meter and an FTO Flow
Technology flow meter, respectively. Signals from the pressure
Table 1
Micro-channel heat sink dimensions.

Length
[mm]

Width
[mm]

Number of
channels

Axial locations of thermocouples [mm]

609.6 203.2 100 44.2, 102.1, 160.0, 217.9, 275.8, 333.8,
391.7, 434.3, 507.5, 565.4
transducers, thermocouples, power meter, and turbine flow meter
are collected using a Data FET multiplexer and voltmeter, and pro-
cessed using LabView software. Axial changes in interfacial behav-
ior along the channels was captured with the aid of an Ultima APX
high speed camera fitted with Micro Nikkor 105-mm lens at a
shutter speed 1/8000 s, using a fiber optic light source.

Measurement uncertainties are estimated at ±0.1%, ±0.1%,
±0.1 �C, ±0.12%, and ±0.3% for absolute pressure, differential pres-
sure, temperature, mass flow rate, and heat input, respectively.
Using the root-sum-square method [61,62], maximum uncertain-
ties propagated in calculating heat transfer coefficient, pressure
drop, and vapor quality increment are estimated at 13.46%, 0.1%,
0.16%, respectively.

Fig. 2(a) provides additional details of the test module assembly
and heat sink construction. Notice that the top micro-finned sur-
face of the heat sink measures 609.6-mm long and 203.2-mmwide,
providing a micro-channel length-to-diameter ratio of 609.6. This
ratio is vitally important to the findings from the present study,
by providing a broad axial span to capture large variations in both
two-phase flow pattern and heat transfer coefficient, compared to
much shorter micro-channel modules employed in prior studies.
This high ratio also provides better representation of ‘cold plates’
used for cooling of electronic and avionic hardware.

2.3. Operating conditions and determination of heat transfer
coefficient

Coolant is supplied to the test module in subcooled liquid state
and changes to saturated mixture as it absorbs heat moving along
the channels. The phase change is estimated to occur at the axial
location where the coolant reaches saturation temperature, Tsat,
and thermodynamic equilibrium quality, xe, is equal to zero. Qual-
ity at the test module’s inlet, xe,in, is determined from the relation

xe;in ¼ hin � hf

hfg
¼ � cp;f Tsat � Tinð Þ

hfg
; ð1Þ

where cp,f and hfg are the coolant’s specific heat and latent heat,
respectively, based on the the measured inlet pressure, and Tin is
the measured inlet temperature. The outlet quality is determined
by applying energy balance to the entire module,

xe;out ¼ xe;in þ q00
BAbase

� �
= _mhfg ; ð2Þ

where q00
B is heat flux based on the 609.6-mm long by 203.2-mm

wide area, Abase, of the heat sink, and _m the total flow rate of
R134a. Table 2 provides ranges of key parameters of the present
study, including, aside from xe,in, xe,out, and q00

B, inlet pressure, pin,
and mass velocity, G.

Fig. 2(b) provides a detailed cross-sectional representation of a
unit cell used in development of the present model. It consists of
single channel and two half-width sidewalls, and shows heat flux
from the thick film resistor supplied to the heat sink’s underside,
conducted across the heat sink and into the channel bottom wall
and sidewalls, before being convected to the coolant. The two-
phase heat transfer coefficient, htp, is determined by treating the
sidewalls as adiabatic tip fins with efficiency of g,

htp ¼ q00
B Wch þ 2Wwð Þ

Tw;b � Tsat
� �

Wch þ 2gHchð Þ ð3Þ

whereWch (=1 mm),Ww (=0.5 mm), and Hch (=1 mm) are the micro-
channel width, sidewall half-width, and channel height, respec-
tively. Temperature Tw,b in Eq. (3) corresponds to the micro-
channel’s bottom wall, and is determined from the thermocouple
measured temperature, Ttc, by assuming one-dimensional conduc-
tion between the Ttc and Tw,b planes, Tw;b ¼ Ttc � q00

B Htc=ks; where
Htc and ks are distance between thermocouple junction and
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Table 2
Operating conditions of micro-channel heat sink module.

G [kg/m2s] qB‘‘[W/m2] xe,in xe,out pin[kPa]

75.92–208.79 3990–28,209 �0.041 to �0.022 0.096–0.956 688.3–731.3
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Fig. 3. Schematic of channel cross-section used in annular flow model.
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channel’s bottom wall, and thermal conductivity of copper, respec-
tively. In Eq. (3), Tsat is determined by interpolating between inlet
and outlet plenum saturation temperatures, both based on corre-
sponding measured plenum pressures.

3. Annular flow model development

3.1. Model assumptions

The annular flow model presented here employs some of the
same basic assumptions employed in two previous studies
[59,60] but features crucial differences in terms of ability to predict
detailed velocity and temperature profiles, something not available
in the earlier studies. Fig. 3 shows a cross-sectional schematic of a
single unit cell, and identifies key parameters used in the model.
The flow consists of an annular liquid film of thickness d covering
all four inner walls of the channel, surrounding a vapor core, which
also contains liquid droplets that are formed by interfacial breakup
of the liquid film. The droplets are formed by upstream shattering
upon initiation of the annular flow regime and gradually deposited
along the channel. Notice that the heat is transferred to the liquid
film along three walls, bottom wall and two sidewalls, while the
top wall is insulated. Being different from a uniformly heated cir-
cular channel, three different heat fluxes are defined and used in
the model: heat flux along the base area of the heat sink, q00

B, aver-
age heat flux along the channel’s bottom wall and sidewalls, q00

H,
and local heat flux in the liquid film, q00, at distance y from the
channel walls, were

q00
B ¼ _m hout � hinð Þ

Wch þ 2Wwð ÞLch ; ð4Þ

q00
H ¼ q00

B Wch þ 2Wwð Þ
Wch þ 2Hchð Þ ; ð5Þ
and

q00 ¼ q00
H Wch þ 2Hchð Þ

Wch � 2yð Þ Hch � 2yð Þ : ð6Þ

Following are key assumptions employed in the model:

1. The annular flow is steady and concurrent.
2. Pressure is uniform across the channel’s cross-section.
3. Thermodynamic equilibrium is maintained along the

channel.
4. Gravitational effects are negligible.
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5. The liquid film interface is smooth, and its thickness uniform
along all four inner channel walls.

6. Axial momentum changes in the liquid film are negligible
due to small liquid velocity gradient compared to that of
the core mixture.

7. Mass transfer by evaporation and droplet deposition occurs
only along the film interface.

8. Heat flux is uniform at any distance y across the film, as well
as along the interface.

9. Liquid droplets are entrained into the core by shattering of
liquid ridges from upstream slug flow at the onset of annular
flow, and no further liquid entrainment occurs downstream.

10. Entrained droplets are uniformly distributed within the core.
11. Entrained liquid droplets are deposited upon the interface

gradually in the flow direction.
12. Vapor and entrained droplets of the mixture core maintain

equal velocities and are at same saturation temperature;
i.e., no temperature gradients are considered across the mix-
ture core.

13. Eddy momentum diffusivity at the liquid film interface is
zero because of turbulence suppression resulting from sur-
face tension [60,63].

3.2. Model formulation

3.2.1. Control volume analysis
3.2.1.1. Mass conservation. Total mass flow rate, _m, is the sum of
flow rates of the liquid film, _mf , entrained droplets, _me, and vapor,
_mg ,

_m ¼ _mf þ _me þ _mg : ð7Þ
Individual qualities for the three components of the flow are calcu-
lated as ratios of individual mass flow rates to total flow rate. There-
fore, three different qualities are used: liquid film quality, f,
entrained liquid droplet quality, e, and vapor quality, x, where

f ¼ _mf

_m
; ð8Þ

e ¼ _me

_m
; ð9Þ

and

x ¼ _mg

_m
: ð10Þ

From assumption (3), vapor quality in the saturated region
(0 6 xe 6 1) is set equal to thermodynamic equilibrium quality, xe,

x ¼ xe ¼ h� hf

hfg
: ð11Þ

Mass conservation is applied to the unit control volume depicted in
Fig. 3 to determine variations of mass flow rates of the liquid film,
entrained droplets, and vapor in direction z along the channel.

d _mf

dz
¼ Cd � Cfg ; ð12Þ

d _me

dz
¼ �Cd; ð13Þ

and

d _mg

dz
¼ Cfg ; ð14Þ

whereCd andCfg are the droplet deposition rate per unit length and
evaporation rate per unit length, respectively.
Mass flow rate of the liquid film is calculated by integrating the
film’s velocity profile,

_mf ¼ qf

Z d

0
uf yð ÞPf ;ydy; ð15Þ

where uf and Pf,y are, respectively, the local liquid velocity and
perimeter at distance y from the channel walls. And the rates of
mass transfer due to evaporation and droplet deposition are
expressed as

Cfg ¼ q00
HPH

hfg
; ð16Þ

and

Cd ¼ W Pf ;d: ð17Þ
where PH, Pf,d and W are the 3-sided (channel bottom wall and two
sidewalls) heated perimeter, interfacial perimeter, and droplet
deposition rate, respectively, and heat flux q00

H is determined by
dividing total electrical power input, Q, by heated area of channels
(i.e., excluding top insulated area), q00

H ¼ Q= NchPHLchð Þ. Given the
assumption that liquid droplets in the mixture core are assumed
uniformly distributed in the core, and to avoid incorporating all
complexities of the deposition process [64–67], the deposition rate,
is assumed to depend solely on liquid droplet concentration rate,
W ¼ k C, where k is the deposition mass transfer coefficient, and
C ¼ _me= _memf þ _mgmg

� �
. Previous investigators [59,60,64,66]

employed empirical correlations to determine coefficient k using a
formulation by Paleev and Filippovich [68] (some aided by flow
regime maps [69]) in which local quality, e, of entrained droplets
is determined from ‘experimental film thickness’, dexp, obtained
from the measured heat transfer coefficient, hexp, according to the
relation

hexp ¼ kfR dexp
0

Wchþ2Hchð Þ
2 Wch�2yð Þþ2 Hch�2yð Þ dy

: ð18Þ

Initial numerical results using the present annular flow model sans
consideration of liquid droplet entrainment showed that velocity
profile across the liquid film increases linearly from zero at the wall
to velocity ui at the liquid-vapor interface. The linear approximation
is deemed quite reasonable given the small film thickness rendering
the film flow both laminar and driven entirely by interfacial shear.
With this linear profile, average velocity of the liquid film, �uf , is one
half that of the interface, �uf ¼ 1=2ui. Assuming the liquid droplets
are entrained into the mixture core at the interfacial velocity, ui,
the average film velocity is calculated according to

�uf ¼ 1� xeð ÞGAch

qf Adexp þ 2Aentrained

� � ; ð19Þ

where Adexp and Aentrained are the liquid film flow area and liquid flow
area resulting from the entrainment, both based on dexp.

Adexp ¼ WchHch � Wch � 2dexp
� �

Hch � 2dexp
� � ð20Þ

and

Aentrained ¼ Wch � 2dexp
� �

Hch � 2dexp
� �

� Wch � 2de¼0ð Þ Hch � 2de¼0ð Þ; ð21Þ
where de=0 is the liquid film thickness calculated without the liquid
droplet entrainment. The local quality of entrained liquid droplets
at any axial location z based on dexp is expressed as

ez;exp ¼ _me;z

_m
¼ 2 1� xeð ÞAentrained

Adexp þ 2Aentrained

� � ; ð22Þ

which is used for calculating local value for coefficient k along the
channel [70],
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k ¼ �GAch
ez;exp � e0
zexp � z0

� �
1

Pd;expC

� �
; ð23Þ

which can be expressed as

Cd ¼ �GAch
ez;exp � e0
zexp � z0

: ð24Þ

where e0, ez,exp, z0, and zexp are initial entrainment quality, local liq-
uid droplet quality, distance from inlet to onset of annular flow, and
distance from inlet to local entrainment position, respectively.
Whalley [65] recommended relation e0 ¼ 0:99Fe0 ¼ 0:99 1� x0ð Þ
for initial approximation of e0 to calculate k, but the value for e0
in the present study is determined by empirical correlation fitted
against experimental results.

The new relation for k is developed by correlating experimental
data from the present study using least-squares’ method relative to
boiling number, Bo, as shown in Fig. 4,

k
�uc

¼ 1:916Bo
C
qH

� ��0:563

; ð25Þ

where �uc , qH, and xc are mean core velocity, core homogeneous mix-
ture density, and effective quality of vapor in the core, which are
defined, respectively, as

�uc ¼
_me þ _mg

qHAc
; ð26Þ

qH ¼ 1
xcvg þ 1� xcð Þv f

; ð27Þ

and

xc ¼
_mg

_mg þ _me
; ð28Þ

and Ac is cross-sectional area of the core, Ac ¼ Wch � 2dð Þ Hch � 2dð Þ.
Qu and Mudawar [59] and Kim and Mudawar [60] used Taitel

and Dukler’s [69] adiabatic flow regime map for horizontal
macro-channels to determine the quality corresponding to onset
of annular flow, x0, in mini/micro-channels. They assumed the
onset of annular flow is determined by the boundary between bub-
bly and annular flow regimes, and used the Lockhart-Martinelli
[55] parameter to predict this quality. However, the present model
employs the boundary between slug and transition flow regimes as
onset of annular flow, based on a recent flow regime map devel-
oped by the present authors for flow boiling in square micro-
channel heat sinks [37],
Fig. 4. Variation of dimensionless deposition mass transfer coefficient with
dimensionless droplet concentration in the core.
x0 ¼ 1þ lg

lf

 !1=9
vg

v f

� �5=9
2
4

3
5

�1

: ð29Þ

The above equation predicts x0 values from 0.157 to 0.162, which
are slightly higher than those based on macro-channel maps,
0.151–0.156 [59] and 0.144–0.148 [60]. Fig. 5 shows a schematic
of initial droplet entrainment resulting from liquid shattering in
the channel, along with a series of high speed video images cap-
tured at the moment of shattering at z = 333.76 mm for
G = 94.9 kg/m2s and q00

B = 12,109W/m2. The entrained droplets are
shown traveling along the mixture core at relatively high speed.
As indicated in Table 2, the present study is focused entirely on sub-
cooled inlet conditions. Therefore, the present model addresses only
the annular region, and data for the upstream flow regimes are
excluded from analysis.

For initial entrained liquid droplet quality, e0, Whalley et al.
[65] suggested the relation e0 = 0.99Fe,0, where Fe;0 ¼
_me;0= _mf ;0 þ _me;0

� �
, based on a rather arbitrary initial annular flow

vapor quality of x0 = 0.01. While this approach and initial vapor
quality value provided reasonable predictions of experimental
data by Qu and Mudawar [59] for flow boiling in rectangular
micro-channel heat sinks, Qu and Mudawar opted for their own
correlation for initial entrained droplet quality, which was based
on liquid-only Weber number, Wefo ¼ G2Dhv f =r, while Kim and
Mudawar [60] correlated initial entrained droplet quality to both
Capillary number, Ca ¼ lf G=qfr ¼ Wefo=Refo, and reduced pres-
sure, PR ¼ p=pcrit .

In the present study, a new correlation is proposed for initial
entrained liquid droplet quality, which is based on ability to pre-
dict the present heat transfer coefficient data with the lowest mean
absolute error (MAE). This quality is correlated iteratively with
respect to boiling number, Bo, based on 69 experimental data sets,

e0 ¼ 0:785þ 199:34Bo1:123; ð30Þ
as shown in Fig. 6.

3.2.1.2. Momentum conservation. Momentum conservation is
applied to two different control volumes of axial lengthDz, the first
extending from within the annular liquid film to the interface,
Fig. 7(a), and the second from within the core to the interface,
Fig. 7(b). Fig. 7(a) depicts momentum and force components asso-
ciated with the former control volume. This control volume is
bound by perimeter Pf,y, measured within the liquid film at dis-
tance y perpendicular to the channel wall, and inner perimeter,
Pf,d, corresponding to the interface. Momentum interactions and
force components acting on the liquid control volume are balanced
according to following equation, assuming deposition and evapo-
ration take place at mixture core mean velocity, �uc , and interfacial
velocity, ui, respectively,

CfguiDz� Cd�ucDz ¼ pAf ;� � pþ dp
dz

Dz
� �

Af ;� � sf Pf ;yDz

þ siPf ;dDz; ð31Þ
where Af ;� is flow area of the liquid control volume, which is defined

in Table 3. The liquid film’s acceleration, @=@z
R d
y qf u

2
f Pf ;ydy

� �
, and

pressure force associated with axial changes in flow area,
p dAf ;�=dz
� �

Dz, are ignored because of their comparatively small
magnitude. Rearranging Eq. (31) yields the following relation for
shear stress across the liquid film,

sf ¼ 1
Pf ;y

�dp
dz

� �
Af ;� þ siPf ;d þ Cd�uc � Cfgui

� �� 	
: ð32Þ
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rapid nucleation
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Liquid shattering/entrainment and droplet deposition 
in annular flow regime: 
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Fig. 5. Schematic of flow regime changes along the channel and droplet entrainment by liquid shattering in middle of channel, and series of high speed video images showing
liquid slug breakup and droplet entrainment corresponding to transition from slug to annular flow. The time interval between consecutive images is 0.625 ms.
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It is assumed the liquid film flow is laminar (common to most
micro-channel flows), and the shear stress is related to velocity gra-
dient within the film according to

sf ¼ lf
duf

dy
: ð33Þ

Equating Eqs. (32) and (33) provides the following relation for liq-
uid film velocity profile,

uf ðyÞ ¼ d
lf

�dp
dz

� �Z y=d

0

Af ;�
Pf ;y

d
y
d

� �
þ d
lf

siPf ;d þCd�uc �Cfgui
� �Z y=d

0

1
Pf ;y

y
d

� �
;

ð34Þ
which, by setting y = d, can be used to derive a relation for interfa-
cial velocity,

ui ¼
� dp

dz

� �R 1
0

Af ;�
Pf ;y

d y
d

� �þ siPf ;d þ Cd�uc
� �R 1

0
1

Pf ;y
d y

d

� �
lf

d þ Cfg
R 1
0

1
Pf ;y

d y
d

� � : ð35Þ

Eq. (34) can be coupled with mass conservation, Eq. (15), to yield an
expression for the pressure gradient,

�dp
dz

¼
lf _mf

qf d
2 � siPf ;d þ Cd�uc � Cfgui

� � R 1
0 Pf ;y

R y=d
0

1
Pf ;y

d y
d

� �h i
d y

d

� �
R 1
0 Pf ;y

R y=d
0

Af ;�
Pf ;y

d y
d

� �h i
d y

d

� � : ð36Þ
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Fig. 6. Variation of optimal initial entrainment quality with boiling number.
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The double integration terms in the numerator and denominator of
Eq. (36) can be expanded for an arbitrary function F(y) according to
the relationZ 1

0
Pf ;y

Z y=d

0
FðyÞd y

d

� �� 	
d

y
d

� �
¼ 2 Hch þWchð Þ

Z 1

0

Z y=d

0
FðyÞd y

d

� �� 	
d

y
d

� �

� 4d
Z 1

0
1� y

d

� �2� �
FðyÞd y

d

� �� 	
;

ð37Þ
which yieldsZ 1

0
Pf ;y

Z y=d

0

1
Pf ;y

d
y
d

� �� 	
d

y
d

� �
¼ 2 Hch þWchð Þ

Z 1

0

Z y=d

0

1
Pf ;y

d
y
d

� �� 	
d

y
d

� �

� 4d
Z 1

0
1� y

d

� �2� �
1
Pf ;y

d
y
d

� �� 	
ð38Þ
Fig. 7. (a) Momentum and force components associated with liquid film control volum
control volume.
andZ 1

0
Pf ;y

Z y=d

0

Af ;�
Pf ;y

d
y
d

� �� 	
d

y
d

� �
¼ 2 Hch þWchð Þ

Z 1

0

Z y=d

0

Af ;�
Pf ;y

d
y
d

� �� 	
d

y
d

� �

� 4d
Z 1

0
1� y

d

� �2� �
Af ;�
Pf ;y

d
y
d

� �� 	
:

ð39Þ
The next step in the model development is to apply momentum
conservation to the mixture core control volume shown schemati-
cally in Fig. 7(b),

d
R y
d qHu

2
HPH;ydy

� �
dz

Dzþ Cd�ucDz� CfguiDz

¼ � d pAH;�
� �
dz

Dz� siPf ;dDzþ sHPH;yDz

þ pþ 1
2

dp
dz

� �
Dz

� �
dAH;�
dz

Dz: ð40Þ

where PH,y and AH,⁄ are, respectively, the flow area and inner
perimeter of the vapor core control volume, which are defined in
Table 3. Re-arranging Eq. (40), neglecting (Dz)2 term, yields the fol-
lowing relation for shear stress across the core,

sH yð Þ ¼ 1
PH;y

AH;�
dp
dz

� �
þ Cd�uc �Cfgui þ siPf ;d

� �þ d
dz

Z y

d
qHu

2
HPH;ydy

� �� 	
:

ð41Þ
Notice that, unlike the annular laminar liquid film, the core can
acquire high axial velocity and is mostly turbulent. Therefore, shear
stress across the core should also be expressed as

sH yð Þ ¼ lH 1þ em
mH

� �
duH

dy
; ð42Þ

where em is the eddy momentum diffusivity and mH the kinematic
viscosity of the mixture, the latter is obtained using the following
expression by Beattie and Walley [49],
e. (b) Momentum and force components associated with two-phase mixture core



Table 3
Geometrical parameters employed in the model’s control volumes.

Core flow area, Ac Ac ¼ Wch � 2dð Þ Hch � 2dð Þ
Channel cross-sectional

area, Ach

Ach ¼ WchHch

Flow area of liquid
control volume, Af,*

Af ;� ¼ Wch � 2yð Þ Hch � 2yð Þ � Wch � 2dð Þ Hch � 2dð Þ

Flow area of mixture
core control volume,
AH,*

AH;� ¼ Wch � 2dð Þ Hch � 2dð Þ � Wch � 2yð Þ Hch � 2yð Þ

Effective vapor core
hydraulic diameter,
Dh,c

Dh;c ¼ 4Ac
Pf ;d

Frictional perimeter, PF PF ¼ 2 Wch þ Hchð Þ
Local perimeter in

liquid film, Pf,y
Pf ;y ¼ 2 Hch � 2yð Þ þ 2 Wch � 2yð Þ

Interfacial perimeter, Pf,d Pf ;d ¼ 2 Hch � 2dð Þ þ 2 Wch � 2dð Þ
Local perimeter in

mixture core, PH,y
PH;y ¼ 2 Hch � 2yð Þ þ 2 Wch � 2yð Þ

Interfacial perimeter for
core

PH;d ¼ 2 Hch � 2dð Þ þ 2 Wch � 2dð Þ ¼ Pf ;d

Heated perimeter, PH PH ¼ Wch þ 2Hch

Aspect ratio, b b ¼ Wch
Hch

; b 6 1

Vapor core aspect ratio,
bc

bc ¼ Wch�2dð Þ
Hch�2dð Þ
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mH ¼ 1
qH

xlg þ 1�xð Þ 1þ 2:5xð Þlf

h i
ð43Þ

where

x ¼ xcvg

v f þ xcv fg
: ð44Þ

It should be noted that the expression by Beattie and Walley has
been shown in a previous study by the authors [43] to provide good
predictions of pressure drop when incorporated with the Homoge-
neous Equilibrium Model (HEM). Combining Eqs. (41) and (42) and
integrating with respect to y, yield the following expression for
velocity profile for the mixture core,

uHðyÞ ¼ 1
lH

dp
dz

� �Z y

d

AH;�
PH;y

1þ em
vH

� ��1

dy

"

þ Cd�uc � Cfgui þ siPf ;d

� � Z y

d

1
PH;y

� �
1þ em

vH

� ��1

dy

þ
Z y

d

1
PH;y

1þ em
vH

� ��1 d
dz

Z y

d
qHu

2
HPH;ydy

� �
dy

#
þ ui: ð45Þ

To simplify analysis, the mixture momentum term
R y
d qHu

2
HPH;ydy is

approximated using a turbulent 1/7th power law velocity profile,

uHðyÞ ¼ umax
y� d

Hch=2ð Þ � d

� �1=7

þ ui; ð46Þ

which has been proven both experimentally and empirically to pro-
vide accurate approximations for turbulent pipe flows. The highest
velocity, umax, at the center of the core, is calculated by applying
mass conservation to the mixture core,Z H2=2

d
qHuHPH;ydy: ð47Þ

Noting that Wch = Hch for the present square micro-channels, Eq.
(47) yields

umax ¼ 15
49

_mH

qH

� �
1

Hch=2ð Þ � dð Þ2
� 60
49

ui

" #
; ð48Þ

where _mH ¼ _mg þ _me:
The mixture momentum term
R y
d qHu

2
HPH;ydy can now be

expressed asZ y

d
qHu

2
HPH;ydy ¼ 4qH

u2
H;maxHch

Hch=2� dð Þ2=7
� 7
9

y� dð Þ9=7 þ 2uH;maxuiHch

Hch=2� dð Þ1=7
"

� 7
8

y� dð Þ8=7 þ u2
i Hch y� dð Þ

	

� 8qH

u2
H;max

Hch=2� dð Þ2=7
� y� dð Þ9=7 9

7 yþ d
� �

2
7 þ 1
� �

2
7 þ 2
� � þ 2uH;maxui

Hch=2� dð Þ1=7
"

� y� dð Þ8=7 8
7 yþ d
� �

1
7 þ 1
� �

1
7 þ 2
� � þ 1

2
y2 � d2
� �

u2
i

#
: ð49Þ

Setting y = H/2 and re-arranging Eq. (41) yield a relation for the
interfacial shear stress obtained by momentum balance,

si;mb ¼ 1
Pf ;d

Ac � dp
dz

� �
� d
dz

Z H=2

d
qHu

2
HPH;ydy

� �
� Cduc þCfgui

� 	
;

ð50Þ
Wallis [71] recommended the following relation for interfacial
shear in the presence of interfacial evaporation,

si;Wallis ¼ 1
2
f iqH �uc � uið Þ2 � �uc � uið ÞCfg

2Pf ;d
; ð51Þ

which shows strong dependence on velocity difference between the
mixture core and interface. The interfacial friction factor, fi, in Eq.
(51) is determined from empirical correlations for laminar flow
[72],

f i ¼
24
Rec

1� 1:3553bc þ 1:9467b2
c � 1:7012b3

c þ 0:9564b4
c � 0:2537b5

c

� �
for Rec < 2000; ð52Þ

and turbulent flow [73],

f i ¼ 0:079Re�0:25
c for 2000 6 Rec < 20;000; ð53aÞ

and

f i ¼ 0:046Re�0:2
c for Rec P 20;000; ð53bÞ

where Rec, Dh,c, and bc are the mixture core’s effective Reynolds
number, hydraulic diameter and aspect ratio, which are defined,
respectively, as

Rec ¼ qH �uc � uið ÞDh;c

lH
; ð54Þ

Dh;c ¼ 4Ac

Pf ;d
; ð55Þ

and

bc ¼
Wch � 2dð Þ
Hch � 2dð Þ : ð56Þ
3.2.2. Mixture core turbulence model
Applying linear approximation to shear stress across the mix-

ture core, where sH = si at the interface, and sH = 0 at the centerline,
gives

sH
si

¼ 1� yþ

dþH

� �
; ð57Þ

where

yþ ¼ yu�

mH
ð58Þ



Fig. 8. Comparison of predicted and experimental core mass flow rates using
mixing length damping coefficients a = 26 and b = 28.18.
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and

u� ¼ si
qH

� �0:5

: ð59Þ

Note that the dimensionless mixture core span, dþH , ranges from
du�=mH to Hch=2ð Þu�=mH . Eq. (57) can also be expressed as

sH
si

¼ 1þ em
mH

� �
duþ

dyþ
; ð60Þ

where

uþ ¼ u
u� : ð61Þ

An expression for eddy diffusivity is derived using an approach pro-
posed by Kays [74] and Kays and Crawford [75]. Using Prandtl’s
mixing length theory, eddy momentum diffusivity, em=mH , is
expressed as the product of mixing length, lþ, and nondimensional
velocity gradient, duþ

=dyþ,

em
mH

¼ lþ2 du
þ

dyþ
: ð62Þ

Using the Van Driest function to account for turbulence damping at
the interface, the mixing length is expressed as

lþ ¼ K yþD ¼ K yþ 1� exp �
ffiffiffiffiffiffi
sH
si

r
yþ

Aþ

� �� 	
; ð63Þ

where K = 0.4 is von-Karman’s constant, and the damping coeffi-
cient, Aþ, is determined from experimental data [74,75],

Aþ ¼ a 1þ blHq
�0:5
H s�1:5

i
dp
dz

� ��1

: ð64Þ

In the present study, the constant coefficients a and b in Eq. (64) are
determined by aiming for minimum mean absolute error (MAE)
when comparing predicted and experimental values of mass flow
rate of mixture core, using Eq. (10) for mg,exp and Eq. (22) for me,exp,
where

MAE ð%Þ ¼ 1
N

X _mH;pred � _mH;exp

�� ��
_mH;exp

� 100
� 	

; ð65Þ

_mH;pred ¼
Z Hch=2

y
qHuHPH;ydy; ð66Þ

and

_mH;exp ¼ _mg;exp þ _me;exp: ð67Þ
Fig. 8 shows the values a = 26 and b = 28.18 yield the smallest MAE
of 12.9%.

Substituting Eqs. (60) and (63) into (62) yields the following
relation for eddy diffusivity,

em
vH

¼ �1
2
þ 1
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 K yþð Þ2 1� exp �

ffiffiffiffiffiffi
sH
si

r
yþ

Aþ

� �� 	2
1� yþ

dþH

� �s
: ð68Þ

Various relations for em=mH have been suggested in prior studies
[60,76,77] to capture the interfacial damping of turbulence. A recent
study by Kim and Mudawar [60] showed better predictions are
achieved by reducing the influence of surface tension at the inter-
face by eliminating the term 1� yþ=dþH

� �
from Eq. (68), which

results in the final form used in the present model,

em
vH

¼ �1
2
þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 K yþð Þ2 1� exp �

ffiffiffiffiffiffi
sH
si

r
yþ

Aþ

� �� 	2s
: ð69Þ
3.2.3. Determination of heat transfer coefficient
For the laminar liquid film, temperature at distance of y from

the heating wall can be calculated from heat flux, q00, across the liq-
uid film [77],

q00

q00
H
¼ 1

Prf
dTþ

dyþ
; ð70Þ

where q00
H is the heat flux along the heated perimeter of the chan-

nel, and dimensionless temperature and q00=q00
H are defined, respec-

tively, by

Tþ ¼ qf cp;f u
�
w Tw � Tð Þ
q00
H

ð71Þ

and

q00

q00
H

¼ Wch þ 2Hchð Þ
2 Wch � 2yð Þ þ 2 Hch � 2yð Þ ; ð72Þ

where

u�
w ¼ sw

qf

 !0:5

ð73Þ

and

yþ ¼ yu�
w

mf
: ð74Þ

The local two-phase heat transfer coefficient, htp, is then calculated
using the relation

htp ¼ q00
H

Tw � Tsat
¼ qf cp;f u

�
w

Tþ
d

¼ qf cp;f u
�
wR dþ

0 Prf q00
q00
H
dyþ

¼ kfR d
0

Wchþ2Hchð Þ
2 Wch�2yð Þþ2 Hch�2yð Þdy

:

ð75Þ
3.3. Solution procedure

In the absence of an analytical scheme for evaluating the third
term inside the bracket in Eq. (45),Z d

0

1
y

Z y

o
FðyÞdydy; ð76Þ
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a numerical iterative finite difference scheme is adopted to solve
the model equations.

The length of channel is divided into small Dz segments, and
the model calculations are performed from the axial location
Fig. 9. Solution procedure f
corresponding to onset of annular flow to the end of the chan-
nel or until saturated flow is sustained. Fig. 9 provides the
detailed calculation procedure, which consists of the following
steps:
or annular flow model.
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(1) Mass flow rate, _m, hydraulic diameter, Dh, inlet pressure, pin;

and heat flux,q00
H , are provided as input parameters, and Eqs.

(29) and (30) are used to calculate vapor quality, x0, and
entrained droplet quality, e0, respectively, at the onset of
annular flow.

(2) For initial iteration in the axial direction, dð Þ11, dp=dzð Þ11, and
si;wallis
� �1

1 are set to zero at the axial location corresponding

to onset of annular flow. Here, i and j in dð Þ ji represent spatial
index and iteration number, respectively.

(3) The value of dð Þ jiþ1 is assumed for the next Dz location in the

range of 1� að Þ dð Þi 6 dð Þ jiþ1 6 1þ að Þ dð Þi, with a ranging
from 0.2 to 0.5, as axial iteration and refinement in d estima-
tion progress.
Fig. 10. Calculated annular flow results for G = 208.8 kg/m2s and q00
B = 26,237 W/m2: (a

velocity for mixture core. (b) Velocity profile compared with 1/7th power mixture core pr
for four axial locations.
(4) Wall shear stress, swð Þ jiþ1, is calculated using the interfacial

shear stress relation by Wallis, si;wallis

� � j
iþ1, using Eq. (51).

Then, interfacial velocity, uið Þ jiþ1, pressure gradi-

ent, dp=dzð Þ jiþ1, and interfacial shear stress by momentum

balance, si;mb
� � j

iþ1, are calculated using Eqs. (35), (36), and
(50), respectively.

(5) Convergence is checked by comparing si;wallis
� � j

iþ1 and

si;mb

� � j
iþ1. If the two values are not equal, a new value for d,

using a small increment Dd, is used to re-calculate values
in step (4). Steps (3) to (5) are repeated until a value for d
is found that renders the two shear stresses equal at location
iþ 1ð Þ.
) Velocity profile at z = 591.0 mm compared to 1/7th power profile and constant
ofile for four axial locations. (c) Eddy momentum diffusivity profile for mixture core
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(6) Calculated film thickness, dð Þ jiþ1, is checked for convergence
by comparing its value with that from the previous step,

dð Þj�1
iþ1, at five locations downstream from the onset of annu-

lar flow. Film thickness for locations farther downstream are
calculated without this film thickness convergence test.

(7) Calculated dð Þ jiþ1 and dp=dzð Þ jiþ1 are used for the next step in
axial iterations.

(8) Values for dð Þ jiþ1; uið Þ jiþ1; dp=dzð Þ jiþ1; sið Þ jiþ1; swð Þ jiþ1 are updated
at locations ið Þ and iþ 1ð Þ, and steps (3) to (8) are repeated
until the end of the channel or as far as saturated flow is
sustained.

(9) Mixture core eddy momentum diffusivity, em=mH , and heat
transfer coefficient, htp, are determined using Eqs. (69) and
(75), respectively, over the entire axial calculation domain.
Fig. 11. Axial profile variations for (a) mixture viscosity, lH, (b) lH(1 + em/mH), and (
q00
B = 26,237 W/m2.
4. Model predictions and assessment

4.1. Velocity and eddy diffusivity profiles

Fig. 10(a) shows velocity profiles for the liquid film and mixture
core calculated using Eqs. (34) and (45), respectively, at
z = 591.0 mm for G = 208.8 kg/m2s and q00

B = 26,237W/m2. Also
shown for comparison are 1/7th power core mixture velocity,
u1/7th, and flat core velocity, �uc . The calculate mixture core velocity,
uH, increases appreciably near the interface then more gradually,
before reaching zero slope at the centerline, compared to an unre-
alistic pointed profile for u1/7th at the centerline. Most notable is
large velocity difference between the liquid film and mixture core,
which is manifest in high interfacial shear. The magnified velocity
plot in Fig. 10(a) shows the flow changing from laminar in liquid
c) mixture core shear stress, sH, at four axial locations for G = 208.8 kg/m2s and
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film to turbulent in the mixture core. The annular liquid film thick-
ness, d, for this case is calculated as 20.6 lm.

Fig. 10(b) shows calculated velocity profiles, uf and uH, along
with u1/7th at four axial locations. Notice that the uH profile is flatter
upstream, and centerline differences between uH and u1/7th increase
along the channel. Fig. 10(c) shows eddy momentum diffusivity of
the mixture core, em/mH, increases in magnitude along the channel,
which is the outcome of increased flow rate and therefore greater
turbulence in the mixture core. Effects of interfacial damping,
which causes the core’s eddy momentum diffusivity to drop to zero
at the interface, are clearer for the upstream case, z = 217.9 mm.

It is important to note that axial variation of mixture viscosity,
lH, has significant impact on velocity profile of the mixture core,
uH. Fig. 11(a) shows, for G = 208.8 kg/m2s and q00

B = 26,237W/m2,
lH decreases appreciably upstream, in the low xc region, and more
mildly downstream, in the high xc region. This implies the impact
of declining lH on uH is more significant upstream because of
Fig. 12. Effects of heat flux and mass velocity on (a) velocity pr
higher shear offering greater resistance to velocity profile changes.
Fig. 11(b) shows combined viscosity in the Boussinesq approxi-
mated form, lH(1 + em/mH), decreases along the channel, a trend
opposite to that for em/mH captured in Fig. 10(c). The impact of
the variation in Fig. 11(b) on duH/dy is reflected in the relation

duH

dy
¼ sH yð Þ
lH 1þ em

mH

� � ; ð77Þ

where sH is the mixture core shear stress. Fig. 11(c) shows varia-
tions of sH profile along the channel. Notice that shear stress across
the film, sf , decreases from sw at the wall to si at the interface, and
shear stress across the core, sH , from si to zero along the centerline,
as shown in the inset in Fig. 11(c). For the downstream location,
z = 565.4 mm, small lH causes the velocity profile to undergo more
appreciable changes across the core, Fig. 10(b), compared to
upstream locations. Smaller value of sH upstream also contributes
ofile, and (b) eddy momentum diffusivity at z = 434.3 mm.
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to flatter profile across the core. Calculation of core shear stress, sH ,
becomes unstable in the vicinity of the centerline because of a sin-
gularity in the term 1=PH;y ¼ 1= 2 Hch � 2yð Þ þ 2 Wch � 2yð Þ½ � for
y = Hch/2 =Wch/2 in Eq. (41), which results in large deviations in
the magnitude of sH corresponding to even small changes in the
value calculated from terms inside the bracket of Eq. (41).

Fig. 12(a) and (b) show, for z = 434.3 mm, the influences of heat
flux and mass velocity on velocity profile and eddy momentum dif-
fusivity profile, respectively. Fig. 12(a) shows, for G = 208.8 kg/m2s,
appreciable core fluid acceleration resulting from increasing heat
Fig. 13. Predicted variations of (a) quality versus axial distance, (b) liquid film thickness v
and mixture core velocities versus quality, and (e) comparison of predicted and measure
shown are G = 208.8 kg/m2s and ① q00

B = 10,091 W/m2, ② q00
B = 14,128 W/m2, ③ q00

B = 18,1
flux, whose magnitude is reflected in that of mixture quality. The
same figure shows, for q00

B = 14,128W/m2, similar acceleration
resulting from increasing mass velocity. Fig. 12(b) shows, for
G = 208.8 kg/m2s, appreciable increase in eddy diffusivity with
increasing heat flux. This increase is the outcome of increasing
mixing length, lþ ¼ KyþD, resulting from increased si and
decreased lH, according to Eqs. (58) and (59). Fig. 12(b) also shows,
for q00

B = 14,128W/m2, that eddy diffusivity changes only slightly
with increasing G, as the increase in em/mH with increasing G is off-
set by increasing lH.
ersus quality, (c) interfacial and wall shear stresses versus quality, and (d) interfacial
d local two-phase heat transfer coefficients versus quality. Conditions for the cases
64 W/m2, ④ q00

B = 22,201 W/m2, and ⑤ q00
B = 26,237 W/m2.
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4.2. Variations of other flow parameters

Fig. 13(a)–(e) show predicted variations of several key parame-
ters with increasing q00

B for a fixed mass velocity of G = 208.8 kg/
m2s; Fig. 13(e) also compares predicted and measured values of
two-phase heat transfer coefficient. Fig. 13(a) shows location of
onset of annular flow is shifted farther upstream with increasing
q00
B. Fig. 13(a) also shows linear variation of vapor quality, xe, along

the channel, which also increases with increasing q00
B. In the same

figure, entrained droplet quality, e, decreases along the channel,
and deposition rate, represented by the slope of e relative to z,
Fig. 14. Predicted variations of (a) quality versus axial distance, (b) liquid film thickness v
and mixture core velocities versus quality, and (e) comparison of predicted and measure
shown are q00

B = 14,128 W/m2 and ① G = 113.88 kg/m2s, ② G = 132.86 kg/m2s, ③ G = 151
increases with increasing q00
B. The film quality, f, increases along

the channel when deposition rate is greater than evaporation rate,
and decreases in the downstream region where evaporation rate
becomes stronger. Fig. 13(b) shows annular film thickness follows
the trend of f along the channel, with initial thinning following the
onset of annular flow, followed by film thickening because of dro-
plet deposition, before thinning again due to stronger evaporation
downstream. Fig. 13(c) shows both interfacial shear stress, si, and
wall shear stress, sw, increase monotonically along the channel.
Increased magnitude of �dp=dzð Þ with increasing q00

B accounts for
the small albeit increasing difference between sw and si. Notice
ersus quality, (c) interfacial and wall shear stresses versus quality, and (d) interfacial
d local two-phase heat transfer coefficients versus quality. Conditions for the cases
.85 kg/m2s, ④ G = 170.83 kg/m2s, ⑤ G = 189.81 kg/m2s, and ⑥ G = 208.79 kg/m2s.



Fig. 15. Comparison of annular flow model predictions with experimental data for
(a) pressure drop and (b) local heat transfer coefficient for pre-dryout annular flow.
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that, at the onset of annular flow, sw and si both decrease with
increasing q00

B because of larger cross-sectional area, Ac, larger
perimeter, Pf,d, and higher �dp=dzð Þ as reflected by Eq. (32).
Fig. 13(d) shows both interfacial velocity, ui, and mean core veloc-
ity, �uc , increase with increasing quality because of the axial
decrease in core density, qH, but the increase in ui subsides down-
stream where evaporation becomes more dominant than deposi-
tion rate, which also increases core cross sectional area, Ac. In the
same figure, ui in the upstream region is shown decreasing with
increasing q00

B because of smaller liquid film thickness, d, and larger
cross-sectional, Ac. Fig. 13(e) shows the model provides good pre-
dictions of local two-phase heat transfer coefficient, htp, along the
flow direction for the different values of q00

B tested. Notice also that
predictions are better able to capture the measured trend in the
upstream region where nucleate boiling is dominant.

Fig. 14(a)–(e) show predicted variations of several key parame-
ters with increasing G for a fixed heat flux of q00

B = 14,128W/m2;
Fig. 14(e) also compares predicted and measured values of the
two-phase heat transfer coefficient. Fig. 14(a) shows location of
onset of annular flow is shifted downstream with increasing G.
Entrained droplet quality, e, decreases along the channel as depo-
sition rate, Cd, which is represented by the slope of e relative to
z, increases with decreasing G. Fig. 14(b) shows the variation of d
with xe is strongly demarcated by the transition from laminar to
turbulent flow, as the interfacial friction factor, fi, in si,wallis

increases once mixture core Reynolds number surpasses
Rec = 2000. Notice the thinning in d with increasing G, which is
the direct result of increased interfacial shear with increasing G.
Fig. 14(c) shows sw and si increase almost linearly along the chan-
nel as well as with increasing G. Fig. 14(d) shows �uc and ui also
increase along the channel because of decreasing qH, but the
increase in ui abates downstream and even decreases for the low-
est mass velocity as evaporation becomes more dominant than
deposition rate. Fig. 14(e) shows the model provides good predic-
tions of htp along the flow direction for the different values of G
tested.

4.3. Overall assessment of the model predictions

The model predictions are compared to experimental data and
assessed using mean absolute error, which is defined for pressure
drop across the test module and local two-phase heat transfer coef-
ficient, respectively, as

MAEð%Þ ¼ 1
N

X Dppred � Dpexp

�� ��
Dpexp

� 100

" #
ð78aÞ

and

MAEð%Þ ¼ 1
N

X hpred � hexp

�� ��
hexp

� 100
� 	

: ð78bÞ

In comparing predicted to measured pressure drop, total
pressuredrop,Dp, is calculatedas the sumof components represent-
ing inlet contraction,Dpc, upstreamsingle-phase liquid region,Dpsf,f,
saturatedboiling regionpreceding the onset of annular flow,Dptp,cor,
saturated annular flow region,Dptp,ann, and exit expansion, Dpe,

Dp ¼ Dpc þ Dpsp;f þ Dptp;cor þ Dptp;ann

� �þ Dpe; ð79Þ
where Dptp,cor is comprised of a frictional component, Dptp,F, and
accelerational component, Dptp,A,

Dptp;cor ¼ Dptp;F þ Dptp;A

� �
: ð80Þ

Notice that the present model concerns only the saturated annular
flow region. The saturated two-phase pressure drop for the region
preceding the onset of annular flow is calculated using Eq. (80),
based on empirical correlations by Qu [58] for frictional pressure
drop multiplier, /2

f , in

dp
dz

� �
F
¼ dp

dz

� �
f
/2

f ; ð81Þ

and with the accelerational pressure drop, Dptp;A, based on a void
fraction relation by Zivi [78],

a ¼ 1þ qg

qf

 !2=3
1� xe
xe

� �2
4

3
5

�1

: ð82Þ

Pressure drop for the saturated annular flow region is calculated
using the present model according to

Dptp;ann ¼ p0;ann þ
XN
i¼1

dp=dzð ÞiDz; ð83Þ

where p0;ann is pressure at the onset of annular flow calculated from
pressure drops for the upstream regions.
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Fig. 15(a) shows the model provides very good predictions of
pressure drop, evidenced by a MAE for 69 data points of 16.22%,
with h = 97.10% and n = 100.00% of the data falling within 30%
and 50% of the data, respectively.

Fig. 15(b) shows the annular flow model is equally successful at
predicting local heat transfer coefficient, with a MAE for 388 pre-
dryout data points of 8.35%, and with h = 98.45% and n = 99.74%
of the data predicted within 30% and 50% of the data, respectively.

Despite good predictive capability against the present data, the
model can benefit from further improvement in ability to tackle
different fluids and broad ranges of inlet pressure, mass velocity,
heat flux, aspect ratio, and length-to-diameter ratio. Reliance on
broader parameter ranges can also facilitate development of more
accurate relations for initial entrainment, e0, and deposition coeffi-
cient, k. Future experimental work must also include direct mea-
surement of droplet entrainment mass flow rate, _me, (see [68]) to
enable accurate determination of local droplet quality, ez, which
would ultimately lead to better theoretical determination of film
thickness. Modeling of annular liquid film would also benefit from
direct measurements using high speed video [79] and thickness
probes [80]. But perhaps most beneficial for development of annu-
lar flow models is detailed PIV measurement [81] of both velocity
and turbulence in the core.
5. Conclusions

This study investigated pressured drop and heat transfer char-
acteristics for saturated flow boiling in micro-channel heat sinks
specific to the annular flow regime. The control volume method
was employed to construct a theoretical model for annular flow,
including new relations for liquid droplet entrainment and deposi-
tion. Unlike prior annular flow models, the present model includes
detailed assessment of turbulence effects in the vapor core,
enabling the development of detailed cross-sectional profiles for
momentum diffusivity, velocity, and shear stress. Predictive accu-
racy of the model was assessed against experimental data for
R134a using a 609.6-mm long and 203.2-mm wide micro-
channel heat sink containing 100 of 1 � 1-mm2 flow channels. Fol-
lowings are key conclusions drawn from the study.

1. New empirical relations were developed for initial droplet
entrainment at the onset of annular flow, as well as gradual dro-
plet deposition along the channels.

2. A detailedmodel of the vapor core was provided which accounts
for entrained liquid droplets, core mixture density and viscosity,
and variations of eddy momentum diffusivity both across and
along the channels. The eddy diffusivity profiles account for
damping of turbulence along the liquid vapor interface.

3. The model shows good accuracy against 69 experimental pres-
sure drop data points, with MAE of 16.22%, and 97.10% and
100.0% of the data predicted within 30% and 50%, respectively.

4. The model also shows good accuracy against 388 data points for
local two-phase heat transfer coefficient, evidenced by a MAE of
8.35%, and with 98.45% and 99.74% of the data predicted within
30% and 50%, respectively.
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