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Two-phase micro-channel heat sinks are known to exhibit several anomalies that are far less prevalent in
macro-channels. High pressure drop in micro-channels is associated with appreciable compressibility,
caused by strong variations of specific volumes of vapor and liquid with pressure, and flashing, which is
the result of strong variations of enthalpies of vapor and liquid with pressure, and appreciable compressibil-
ity and flashing contribute to a high likelihood of two-phase choking. Another concern is two-phase flow
instabilities, which are often associated with intense pressure oscillations. These instabilities are rooted in
both two-phase compressibility and the use of parallel flow channels. A third concern is how choking and
instabilities influence critical heat flux (CHF), including the possibility of triggering premature CHF. This
study will review critical flow models and examine any relationship among choking, instabilities, premature
CHF and CHF in micro-channel heat sinks. Different critical flow models are first assessed against published
data for flow through pipes, short tube orifices, and short nozzles. The same models are then compared to
previous experimental premature CHF and CHF data for micro-channel heat sinks. It is shown both can be
associated with choking at low pressures, especially in heat sinks with very small hydraulic diameters.
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Nomenclature

A flow area
Bo Boiling number, q00H/Ghfg

Ca Capillary number, Ca ¼ ðlf GÞ=ðqf rÞ
cp specific heat at constant pressure
D tube diameter
Dh hydraulic diameter
G mass velocity
g gravitational acceleration
Gc critical (choking) mass velocity
h enthalpy
hfg latent heat of vaporization
L heated length of channel
P pressure
Pc pressure at critical cross-section
Pcrit critical pressure (22.06 MPa for water)
PF wetted perimeter of channel
PH heated perimeter of channel
PR reduced pressure, PR = P/Pcrit

q00base heat flux averaged over base of heat sink
q00CHF critical heat flux
q00H effective heat flux averaged over heated perimeter of

channel
q00m averaged heat flux in experimental data
q00P�CHF premature critical heat flux
Refo liquid-only Reynolds number, Refo = GDh/lf

s entropy
sfg entropy difference between saturated vapor and satu-

rated liquid
Sr slip ratio, Sr = ug/uf

T temperature
t time
u mean velocity
ui interfacial velocity
v specific volume

vfg specific volume difference between saturated vapor and
saturated liquid

W mass flow rate
Wefo liquid-only Weber number, Wefo ¼ ðG2DhÞ=ðqf rÞ
WeL Weber number based on channel’s heated length,

WeL ¼ ðG2LÞ=ðqf rÞ
x flow quality
xdi dryout incipience quality
xe thermodynamic equilibrium quality
Xtt Lockhart–Martinelli parameter based on turbulent liq-

uid–turbulent vapor flow
z stream-wise coordinate

Greek symbols
a void fraction
b volumetric thermal expansion coefficient
Cfg evaporation mass transfer rate per unit channel length
l dynamic viscosity
q density
q0 momentum density
�q mixture density
r surface tension
s shear stress
sF shear stress over wetted perimeter of channel
h channel inclination angle

Subscripts
f saturated liquid
g saturated vapor
i interfacial
in channel inlet
sub subcooling
0 stagnation
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1. Introduction

1.1. Two-phase choking for different flow configurations

Choked flow is encountered in many flow devices such as throt-
tling valves and nozzles, and systems such as nuclear reactors. Also
referred to as critical flow, choked flow is commonly encountered
when decreasing downstream pressure. Initially, this decrease
causes an increase in the flow rate, and choking is achieved when
further reduction of the downstream pressure no longer affects the
flow rate. Critical flow is, therefore, an important design parameter
dictating the maximum flow rate for a device or system.

Because of high pressure drop, critical flow is often associated
with phase change, which explains the emphasis many research-
ers have placed on two-phase critical flow for many decades.
Many of these studies concern choking in a pipe [1–6], where
maximum flow rate is measured in response to a sudden crack
or high pressure drop from a pipe; the vast majority of these
studies concern safe design of nuclear reactor thermal–hydraulics
systems. Other studies on two-phase critical flow include short
tube orifices [7,8], orifices [7,9,10], short nozzles [7,11], diverging
nozzles [12], and converging–diverging nozzles [7,13]. The flow
is choked at the critical cross-section, which is usually the min-
imum downstream cross-section as shown in Fig. 1. For example,
the critical cross-section in an orifice, nozzle, or converging–di-
verging nozzle is the throat, while it is the pipe exit for a straight
pipe.
1.2. Two-phase choking in micro-channels

Two-phase flow in micro-channel heat sinks has recently
received significant attention for high-flux applications. Small
diameter in these devices is key to achieving high heat transfer
coefficients. However, small diameter can greatly increase pressure
drop, which raises the likelihood of choking. The risk of choking in
micro-channel heat sinks was first addressed by Bowers and
Mudawar [14–16], who compared both experimentally and analyt-
ically the performances of two different multi-channel heat sinks
using R113 as working fluid. One heat sink contained circular
micro-channels with Dh = 0.51 mm and the other mini-channels
with Dh = 2.50 mm; the two heat sinks featured fairly equal total
wetted areas. Fig. 2 compares the variations of pressure drop
across the two heat sinks with base heat flux. The pressure drop
is both relatively small and fairly constant for both heat sinks at
low heat fluxes. But once boiling is initiated in the channels, pres-
sure drop escalates rapidly in the micro-channel heat sink with
increasing heat flux, compared to a much milder increase in the
mini-channel heat sink. Bowers and Mudawar explained these
trends by property variations along the channel. High pressure
drop in micro-channel heat sinks is associated with appreciable
compressibility, caused by strong variations of specific volumes
of vapor and liquid with pressure, and flashing, which is the result
of strong variations of enthalpies of vapor and liquid with pressure.
Additionally, high compressibility and flashing contribute to a high
likelihood of two-phase choking.
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Fig. 1. Two-phase critical flow through (a) a pipe extending from a reservoir, (b) short tube orifice, (c) orifice, (d) short nozzle, (e) diverging nozzle, and (f) converging–
diverging nozzle.
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Fig. 2. Comparison of pressure drop characteristics for R113 in micro-channel and
mini-channel heat sinks with identical inlet conditions. (Adapted from [14]).
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Overall, choking is far more important to two-phase than sin-
gle-phase systems, for it is associated with a relatively high critical
flow velocity (equal to sonic velocity) for single-phase flow, com-
pared to a much lower velocity for two-phase flow [14–18].
Therefore, choking can constitute a serious limit to the cooling per-
formance of two-phase micro-channel heat sinks.
1.3. Pressure drop instabilities and premature Critical Heat Flux (CHF)
in parallel micro-channels

Aside from inducing the afore-mentioned strong compressibil-
ity and flashing effects, vapor formation along micro-channels also
induces complex flow instabilities. While flow instabilities are a
common concern in all types of two-phase systems [19,20], they
are especially problematic for micro-channels heat sinks. For insta-
bilities in these devices are both more complex and sometimes
associated with intense pressure variations. These instabilities
are rooted in both two-phase compressibility and use of multiple
parallel flow channels. Two types of flow instabilities have been
identified in micro-channel heat sinks [21]: (1) severe pressure
drop oscillation and (2) mild parallel channel instability. The first
is the result of communication of compressible volume in the heat
sink with that in the rest of the flow loop. As illustrated in Fig. 3(a),
the severe pressure oscillation is associated with the spatial
boundary between the single-phase liquid and two-phase regions
in all channels of the heat sink oscillating back and forth in unison
between the inlet and outlet, resulting in large amplitude pressure
variations. An effective means to mitigating the severe pressure
drop oscillation is to install throttling valves both upstream and
downstream of the heat sink in order to dampen the communica-
tion of compressibility effects between the heat sink and rest of the
flow loop. With effective throttling, only the second mild parallel
channel instability is encountered. This instability takes the form
of random fluctuations of the boiling boundary between the paral-
lel micro-channels as illustrated in Fig. 3(b). Because of the rela-
tively small amplitude of pressure fluctuations, this instability is
mild enough to be tolerated during normal cooling system
operation.

A key contributor to flow instabilities in micro-channel heat
sinks is high heat flux. Fig. 4 shows an extreme form of severe pres-
sure oscillation at high heat flux in a micro-channel heat sink using
HFE-7100 as working fluid [22]. Oscillation of the boiling boundary
in this case is strong enough to force vapor backwards into the inlet
plenum, inducing Critical Heat Flux (CHF) prematurely in the
upstream region of the heat sink.
1.4. Departure from Nucleate Boiling (DNB), dryout and dryout
incipience in micro-channels

Critical heat flux is arguably the most important heat transfer
limit for heat-flux controlled heat transfer devices, including
micro-channel heat sinks. It is generally associated with an appre-
ciable reduction in the local heat transfer coefficient due to inter-
ruption of liquid access to the heated wall. CHF occurrence is
accompanied by a sudden appreciable rise in the wall temperature,
which, depending on the cooling fluid and operating conditions,
may result in catastrophic failure of the cooling device.

Two different CHF mechanisms have been encountered in
micro-channel heat sinks: Departure from Nucleate Boiling (DNB)
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buildup in upstream plenum, (2) growth of vapor mass, (3) complete blockage of inlet plenum by vapor mass, and (4) purging of vapor mass along micro-channels. (Adapted
from [22]).
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and dryout. Fig. 5(a) illustrates DNB occurrence in a micro-channel
heat sink with Dh = 334.1 lm when using HFE-7100 as working
fluid [22]. In this case, bubbles quickly coalesce into a continuous
vapor blanket along the channel wall, even while liquid is quite
abundant in the core. The thermally insulating blanket prevents
any further contact of liquid with the channel wall, triggering a
sudden unsteady rise in the heat sink temperature. DNB is more
commonly encountered at high mass velocities and high inlet sub-
coolings, especially in heat sinks with small length-to-diameter
ratios [22]. On the other hand, dryout is generally encountered at
low mass velocities, saturated or slightly subcooled inlet condi-
tions, and large length-to-diameter ratios. This form of CHF occurs
in the annular regime as the liquid film is fully consumed by evap-
oration, exposing the wall to the vapor core.
Another important cooling limit is dryout incipience, which
constitutes a precursor to dryout. Dryout incipience is encountered
when local portions of the annular liquid film begin to dry out. This
is shown in Fig. 5(b) for flow boiling of R134a in a heat sink con-
taining rectangular micro-channels [23,24].
1.5. Objectives of study

While critical flow is important to all types of two-phase sys-
tems, it is of special concern for devices containing small channels.
Both critical flow and instabilities (especially severe pressure oscil-
lation) in two-phase micro-channel heat sinks are associated with
compressibility effects. Furthermore, premature CHF appears to be
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associated with difficulty passing liquid through the parallel
micro-channels, and may therefore be associated with critical flow.

This study will review critical flow models and examine any
relationships among critical flow, instabilities, premature CHF
and CHF in micro-channel heat sinks. Specific objectives of the
study are to:

(1) Provide a comprehensive review of two-phase critical flow
models.

(2) Assess the predictive accuracy of two-phase critical flow
models against published data for flow through pipes, short
tube orifices, and short nozzles.

(3) Assess the relationship among two-phase critical flow, CHF,
premature CHF, and dryout incipience for micro-channel
heat sinks.

2. Two-phase critical flow models based on Separated Flow
Model (SFM)

The Separated Flow Model (SFM) differs from the simpler
Homogenous Flow Model (HEM) discussed in the next section pri-
marily in its flexibility in representing the two phases with their
individual properties and velocities. The simplest of separated flow
models, the so-called Slip Flow Model, assumes one-dimensional
flow with uniform velocity within each phase, while allowing for
differences between the phase velocities. As discussed below, this
model has been used to derive several competing relations for two-
phase critical flow. Following are key assumptions of the steady
Slip Flow Model:

(1) Vapor and liquid phases are separated from one another and
occupy identifiable portions of the flow area.

(2) Velocity profile is uniform across each phase.
(3) Vapor–liquid interface is smooth.
(4) Pressure is uniform across the channel’s cross-sectional area

(i.e., Pg = Pf = P).
(5) Thermophysical properties of the individual phases are

based on local saturation pressure.
(a)

Fig. 5. CHF mechanisms in micro-channel heat sinks. (a) DNB for HFE-7100 in heat sink
from [22]). (b) Dryout incipience for R134a in heat sink with Dh = 348.9 lm for x = 0.68,
(6) Thermodynamic equilibrium is maintained along the chan-
nel, i.e., x = xe in the two-phase region (0 6 xe 6 1).

Fig. 6 illustrates momentum and force components for two-
phase flow in a channel based on the Slip Flow Model.
Momentum conservation for the vapor and liquid layers in a chan-
nel differential control volume of length Dz is given, respectively,
as

d
dz
ðqgu2

g AgÞ � Cfgui ¼ �aA
dP
dz
� sFg PFg � siPi � qggaAsinh ð1Þ

and

d
dz
ðqf u2

f Af Þ þCfg ui ¼�ð1�aÞA dP
dz
� sFf

PFf
þ siPi �qf gð1�aÞAsinh;

ð2Þ

where Cfg , ui, sFg, sFf, si, PFg, PFf, and Pi are, respectively, the rate of
mass transfer due to evaporation along the vapor–liquid interface,
interfacial axial velocity, shear stress between the vapor layer and
the wall, shear stress between the liquid layer and the wall, interfa-
cial shear stress, portion of channel’s perimeter covered with vapor,
portion of channel’s perimeter covered with liquid, and interfacial
perimeter. Introducing the definitions for flow quality, x = Wg/W,
and void fraction, a = Ag/A, reduces the axial momentum terms for
the vapor and liquid layers, respectively, to the following.

qgu2
g Ag ¼

x2W2

qgaA
¼ x2G2A

qga
; ð3Þ

and

qf u2
f Af ¼

ð1� xÞ2W2

qf ð1� aÞA ¼
ð1� xÞ2G2A
qf ð1� aÞ : ð4Þ

Substituting Eq. (3) into Eq. (1), and Eq. (4) into Eq. (2), and add-
ing resulting relations yields

G2 d
dz

x2A
qga
þ ð1� xÞ2A

qf ð1� aÞ

" #
¼ � A

dP
dz
� ðsFg PFg þ sFf

PFf
Þ

� ½qgaþ qf ð1� aÞ�gAsinh: ð5Þ
Liquid film Vapor core

Dryout incipience

(b) 

with Dh = 334.1 lm for Tin = 0 �C, G = 1341 kg/m2 s and q00base = 325.8 W/cm2 (adapted
G = 128 kg/m2 s and q00base = 31.6 W/cm2 (adapted from [23,24]).
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Fig. 6. (a) Momentum components for combined two-phase flow and for individual layers. (b) Force components for individual layers.
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For a constant flow area, Eq. (5) can be simplified into

G2 d
dz

1
q0

� �
¼ � dP

dz
� sFPF

A
� �qg sinh; ð6Þ

where

sFPF ¼ sFg PFg þ sFf
PFf
; ð7Þ

and the momentum density, q0, and mixture density, �q, are defined,
respectively, as

1
q0
¼ x2

qga
þ ð1� xÞ2

qf ð1� aÞ ; ð8Þ

and

�q ¼ qgaþ qf ð1� aÞ: ð9Þ

Based on assumption (5), the convective term in Eq. (6) can be
expressed as

d
dz

1
q0

� �
¼ d

dP
1
q0

� �� �
dP
dz
: ð10Þ

Substituting Eq. (10) into Eq. (6) yields

� dP
dz
¼

sF PF
A þ �qg sinh

1þ G2 d
dP

1
q0

� �h i : ð11Þ

Following Fauske’s [2] assumption that the pressure gradient
has a finite maximum value at the choking point, maximum pres-
sure gradient is achieved by setting the denominator of Eq. (11)
equal to zero, which yields the following relation for critical mass
velocity
Gc ¼ � d
dP

1
q0

� �� ��1=2

¼ � d
dP

mgx2

a
þ mf ð1� xÞ2

ð1� aÞ

" #( )�1=2

: ð12Þ

Differentiating terms in Eq. (12) yields

d
dP

mgx2

a
þ mf ð1� xÞ2

ð1� aÞ

" #
¼ x2

a
dmg

dP
þ 2mgx

a
dx
dP
� mgx2

a2

da
dP

þ ð1� xÞ2

ð1� aÞ
dmf

dP
� 2mf ð1� xÞ
ð1� aÞ

dx
dP

þ mf ð1� xÞ2

ð1� aÞ2
da
dP

: ð13Þ

Then, the critical mass velocity is given by

Gc ¼ � x2

a
dmg

dP
þ ð1� xÞ2

ð1� aÞ
dmf

dP
þ 2mgx

a
� 2mf ð1� xÞ
ð1� aÞ

� �
dx
dP

"(

� mgx2

a2 �
mf ð1� xÞ2

ð1� aÞ2

 !
da
dP

#)�1=2

: ð14Þ

The derivatives dvg/dP and dvf/dP in Eq. (14) can be easily eval-
uated from saturated property tables. The derivative dx/dP, which
is related to interfacial mass transfer between the phases, can be
evaluated under assumptions of isenthalpic or isentropic flow, or
based on thermodynamic relations as will be discussed later. The
derivative of void fraction with respect to pressure, da/dP, can be
evaluated using the void fraction relation of Baroczy [25],

a ¼ 1þ 1� x
x

� �0:74 mf

mg

� �0:65 lf

lg

 !0:13
2
4

3
5
�1

: ð15Þ



Table 1
Slip ratio relations.

Author/model Slip ratio (Sr = ug/uf)

Fauske [2] ðmg=mf Þ1=2

Moody [27], Zivi [28] ðmg=mf Þ1=3

Homogeneous Equilibrium Model 1
Homogeneous Frozen Model 1
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From Eq. (15), the derivative of a with respect to pressure can be
expressed as

da
dP
¼ da

dx
dx
dP
þ da

dmf

dmf

dP
þ da

dmg

dmg

dP
þ da

dlf

dlf

dP
þ da

dlg

dlg

dP
; ð16Þ

where the derivatives dlg/dP and dlf/dP can be calculated from sat-
urated property tables.

The void fraction relation can also be correlated using the
Lockhart–Martinelli parameter [26]. Wallis [18] formulated the
relation

a ¼ ð1þ X0:8
tt Þ

�0:378
; ð17Þ

by fitting void fraction data, where the Lockhart–Martinelli param-
eter is based on the combination of turbulent liquid and turbulent
vapor flows,

Xtt ¼
1
x
� 1

� �0:9 mf

mg

� �0:5 lf

lg

 !0:1

: ð18Þ

The derivative of Eq. (17) with respect to pressure can be expressed
as

da
dP
¼ da

dXtt

dXtt

dx
dx
dP
þ dXtt

dmf

dmf

dP
þ dXtt

dmg

dmg

dP
þ dXtt

dlf

dlf

dP
þ dXtt

dlg

dlg

dP

 !
:

ð19Þ

The void fraction in Eq. (12) can be related to the slip ratio, Sr,
which is defined as the ratio of vapor velocity to liquid velocity,
Sr = ug/uf. Using the definition of flow quality,

x ¼Wg

W
¼

qgugAg

qgugAg þ qf uf Af
¼ 1

1þ qf

qg

uf

ug

Af

Ag

¼ 1
1þ qf

qg

1
Sr

1�a
a

� 	 ; ð20Þ

yields the following relation for void fraction as a function of slip
ratio, specific volume ratio, and flow quality,

a ¼ 1
1þ Sr

mf

mg

1�x
x

� 	 : ð21Þ

Substituting Eq. (21) into Eq. (8) yields

1
q0
¼ mgx2 þ mf Srxð1� xÞ þ mgð1� xÞx

Sr
þ mf ð1� xÞ2: ð22Þ

Differentiating Eq. (22) with respect to pressure yields

d
dP

1
q0

� �
¼ x2 dmg

dP
þ 2mgx

dx
dP
þ Srxð1� xÞdmf

dP
þ mf xð1� xÞdSr

dP

þ mf Srð1� 2xÞ dx
dP
þ ð1� xÞx

Sr

dmg

dP
� mgð1� xÞx

S2
r

dSr

dP

þ mgð1� 2xÞ
Sr

dx
dP
þ ð1� xÞ2 dmf

dP
� 2mf ð1� xÞ dx

dP
: ð23Þ

Then, from Eq. (12), the critical mass velocity is given by

Gc ¼ � x2 þ xð1� xÞ
Sr

� �
dmg

dP
þ ðð1� xÞ2 þ Srxð1� xÞÞdmf

dP

�


þ 2mgxþ mgð1� 2xÞ
Sr

þ mf Srð1� 2xÞ � 2mf ð1� xÞ
� �

dx
dP

þxð1� xÞ mf �
mg

S2
r

 !
dSr

dP

#)�1=2

: ð24Þ

Fauske [2] and Moody [27] developed theoretical annular two-
phase flow models to predict the critical flow rate. In both models,
the slip ratio was expressed as a function of specific volume ratio.

Fauske obtained Sr ¼ ðmg=mf Þ1=2 by minimizing momentum density
given by Eq. (22) in the critical cross-section, i.e., by setting
dð1=q0Þ
dSr

¼ xð1� xÞ mf �
mg

S2
r

 !
¼ 0: ð25Þ

On the other hand, Moody obtained Sr ¼ ðmg=mf Þ1=3 by maximizing
two-phase flow rate as will be discussed later. The slip ratio of
Moody is identical to that of Zivi [28], who minimized kinetic
energy flux in the critical cross-section.

The slip ratio relations used in this study are summarized in
Table 1. With either the Fauske or Moody formulations, the deriva-
tive of slip ratio with respect to pressure can be expressed as

dSr

dP
¼ dSr

dmf

dmf

dP
þ dSr

dmg

dmg

dP
: ð26Þ
2.1. Fauske’s relation for critical mass velocity

Substituting Fauske’s [2] slip ratio relation, Sr ¼ ðmg=mf Þ1=2, into
Eq. (24) gives [2]

Gc ¼ � x2þxð1�xÞ
Sr

� �
dmg

dP
þ ð1�xÞ2þSrxð1�xÞ
� �dmf

dP

�


þ 2mgxþmgð1�2xÞ
Sr

þmf Srð1�2xÞ�2mf ð1�xÞ
� �

dx
dP

���1=2

: ð27Þ

Since dvf/dP� dvg/dP for relatively low pressures (up to 400
psia for steam-water), and dx/dP = 0 for two-phase flow without
mass transfer (e.g., air–water flow), Eq. (27) can be simplified for
low pressure adiabatic flow as

Gc ¼ � x2 þ xð1� xÞ
Sr

� �
dmg

dP


 ��1=2

: ð28Þ
2.2. Moody’s relation for critical mass velocity

Based on the assumption of isentropic two-phase annular flow
through a nozzle, Moody [27] developed a simplified Slip Flow
Model, where the liquid and vapor velocities are expressed, respec-
tively, as

uf ¼
Gð1� xÞ
qf ð1� aÞ ; ð29Þ

and

ug ¼
Gx
qga

: ð30Þ

For isentropic flow, the stagnation entropy is constant and given by

s0 ¼ sf þ xsfg ; ð31Þ

and the energy equation for adiabatic and frictionless flow (i.e.,
isentropic flow) is given by

h0 ¼ x hg þ
u2

g

2

 !
þ ð1� xÞ hf þ

u2
f

2

 !
: ð32Þ

Combining the relations of phase velocities, Eqs. (29) and (30), stag-
nation properties, Eqs. (31) and (32), and void fraction, Eq. (21),
yields the following relation for mass velocity,
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G ¼
2 h0 � hf �

hfg

sfg
ðs0 � sf Þ

h i
Srðsg�s0Þmf

sfg
þ ðs0�sf Þmg

sfg

h i2 s0�sf

sfg
þ sg�s0

S2
r sfg

� �
8>><
>>:

9>>=
>>;

1=2

: ð33Þ

Since Eq. (33) is a function of pressure and slip ratio, this equation
must satisfy the following relations at maximum flow condition,

@G
@Sr

����
P

¼ 0: ð34Þ

and

@G
@P

����
Sr

¼ 0: ð35Þ

The following relation for slip ratio at the maximum flow condition
is obtained using Eq. (34),

Sr ¼
mg

mf

� �1=3

: ð36Þ

Then, the critical mass velocity can be obtained iteratively using
Eqs. (33) and (35).

Moody [27] derived the following relation for critical mass
velocity in terms of local static properties using Eqs. (33)–(35),

Gc ¼ � 2ðmf þ xmfgÞ
aðadþ 2beÞ

� �1=2

: ð37Þ

where

a ¼ Srmf þ xðmg � Srmf Þ; ð38aÞ

b ¼ 1
S2

r

þ x 1� 1
S2

r

 !
; ð38bÞ

d ¼ 1
S2

r sfg

dsg

dP
� 1

sfg

dsf

dP
� 1

S4
r sfg

d
dP
ðsfgS2

r Þ
" #

þ x
1

S4
r sfg

d
dP
ðsfgS2

r Þ �
1
sfg

dsfg

dP

" #
; ð38cÞ

and

e ¼ sfg
d

dP
Srmf

sfg

� �
þ Srmf

sfg

dsg

dP
� mg

sfg

dsf

dP

� �

þ x sfg
d

dP
mg

sfg

� �
� sfg

d
dP

Srmf

sfg

� �� �
; ð38dÞ

and the slip ratio is determined by Eq. (36).

3. Two-phase critical flow models based on Homogeneous
Equilibrium Model (HEM)

The Homogeneous Equilibrium Model (HEM) treats a two-
phase mixture as a pseudo fluid possessing properties that are uni-
form across the flow area. The model also assumes equal phase
velocities and uniform velocity across the flow area. Since Sr = 1,
Eq. (21) yields the following relation for void fraction,

a ¼ 1
1þ mf

mg

1�x
x

� 	 : ð39Þ

Substituting Eq. (39) into Eq. (8) yields

1
q0
¼ xmg þ mf ð1� xÞ: ð40Þ
Differentiating Eq. (40) with respect to pressure and substitut-
ing into Eq. (12) yields the following relation for HEM critical mass
velocity,

Gc ¼ � x
dmg

dP
þ ð1� xÞdmf

dP
þ ðmg � mf Þ

dx
dP

� �
 ��0:5

: ð41Þ
3.1. Critical mass velocity for non-flashing two-phase flow

When interfacial mass transfer is negligible (i.e., dx/dP = 0), Eq.
(41) can be reduced to the following relation for the
Homogeneous Frozen (non-flashing) Model critical mass velocity,

Gc ¼ � x
dmg

dP
þ ð1� xÞdmf

dP

� �
 ��0:5

: ð42Þ

Eq. (42) was derived by Wallis [18] for homogeneous flow with neg-
ligible flashing.

The derivative of quality with respect to pressure, dx/dP, can be
calculated using isenthalpic or isentropic assumptions, or by using
thermodynamic relations.

3.2. Critical mass velocity for isenthalpic two-phase flow

For an isenthalpic process, enthalpy is constant, and

dh ¼ dðhf þ xhfgÞ ¼ 0: ð43Þ

dx
dP
¼ � 1

hfg

dhf

dP
þ x

dhfg

dP

� �
; ð44Þ

which, when combined with Eq. (41), yields the following relation
for critical mass velocity [29],

Gc ¼ � x
dmg

dP
þ ð1� xÞdmf

dP
� mfg

hfg

dhf

dP
þ x

dhfg

dP

� �� �
 ��0:5

: ð45Þ
3.3. Critical mass velocity for isentropic two-phase flow

For an isentropic process, the entropy is constant, and

ds ¼ dðsf þ xsfgÞ ¼ 0: ð46Þ

Rearranging Eq. (46) yields the variation of dx/dP along an isen-
tropic path,

dx
dP
¼ � 1

sfg

dsf

dP
þ x

dsfg

dP

� �
: ð47Þ

Combining Eqs. (41) and (47) yields the following relation for
critical mass velocity [29],

Gc ¼ � x
dmg

dP
þ ð1� xÞdmf

dP
� mfg

sfg

dsf

dP
þ x

dsfg

dP

� �� �
 ��0:5

: ð48Þ
3.4. Determination of critical mass velocity for isentropic two-phase
flow using thermodynamic relations

For an isentropic process, the thermodynamic relation
Tds ¼ dh� mdP is reduced to

dh� mdP ¼ dðhf þ xhfgÞ � ðmf þ xmfgÞdP ¼ 0: ð49Þ

Considering enthalpy as a function of temperature and pressure, the
enthalpy changes for vapor and liquid can be expressed, respec-
tively, as

dhg ¼ cp;gdT; ð50Þ
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and dhf ¼ cp;f dT þ mf ð1� bTÞdP; ð51Þ

where b is the volumetric thermal expansion coefficient defined as

b ¼ 1
mf

@mf

@T

����
P

: ð52Þ

Notice that the pressure change term in Eq. (50) is neglected
because it is much smaller than the temperature change term.

Using the Clapeyron equation,
Table 2
Two-phase critical flow models.

Model Equation

Slip Flow
Models

SFM
Baroczy Gc ¼ � x2

a
dmg

dP þ
ð1�xÞ2
ð1�aÞ

dmf

dP þ
2mg x
a �

2mf ð1�xÞ
ð1�aÞ

� �
dx
dP �

mg x2

a2 �
m

�hn
SFM Wallis

Gc ¼ � x2

a
dmg

dP þ
ð1�xÞ2
ð1�aÞ

dmf

dP þ
2mg x
a �

2mf ð1�xÞ
ð1�aÞ

� �
dx
dP �

mg x2

a2 �
m

�hn
SFM
Moody (a)

Gc ¼ � x2 þ xð1�xÞ
Sr

� �
dmg

dP þ ðð1� xÞ2 þ Srxð1� xÞÞ dm
dP

hn
where Sr ¼ ðmg=mf Þ1=3

SFM Fauske
[2]

Gc ¼ � ðx2 þ xð1�xÞ
Sr
Þ dmg

dP þ ðð1� xÞ2 þ Srxð1� xÞÞ dmf

dP þ
�hn

SFM Fauske
simple [2]

Gc ¼ � x2 þ xð1�xÞ
Sr

h i
dmg

dP

n o�1=2

SFM
Moody (b)
[27]

Gc ¼ � 2ðmfþxmfg Þ
aðadþ2beÞ

h i1=2
where a, b, d, and e are given by

Homogeneous
Equilibrium
Models

HEM
isenthalpic
[29]

Gc ¼ � x dmg

dP þ ð1� xÞ dmf

dP �
mfg

hfg

dhf

dP þ x dhfg

dP

� �h in o�0:5

HEM
isentropic
(a) [29]

Gc ¼ � x dmg

dP þ ð1� xÞ dmf

dP �
mfg

sfg

dsf

dP þ x dsfg

dP

� �h in o�0:5

HEM
isentropic
(b)

Gc ¼ � x dmg

dP þ ð1� xÞ dmf

dP þ ðmg � mf Þ dx
dP

h in o�0:5
where dx

dP

Homogeneous
Frozen
Model

HFM [18]
Gc ¼ � x dmg

dP þ ð1� xÞ dmf

dP

h in o�0:5
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Fig. 7. Comparison of predictions of two-phase critical flow models with experimental
Pc = 2137–2489 kPa and (b) Pc = 1207–1496 kPa.
dT
dP
¼ Tmfg

hfg
; ð53Þ

and combining Eqs. (49)–(53) yields

dx
dP
¼ mf þ xmfg

hfg
� xcp;g

Tmfg

h2
fg

� ð1� xÞ
hfg

cp;f
Tmfg

hfg
þ mf ð1� bTÞ

� �
: ð54Þ

Then, combining Eqs. (41) and (54) yields following relation for
critical mass velocity,
f ð1�xÞ2

ð1�aÞ2

�
da
dP

io�1=2
where a ¼ 1þ 1�x

x

� 	0:74 mf

mg

� �0:65 lf

lg

� �0:13
� ��1

f ð1�xÞ2

ð1�aÞ2

�
da
dP

io�1=2
where a ¼ ð1þ X0:8

tt Þ
�0:378

f þ 2mgxþ mg ð1�2xÞ
Sr
þ mf Srð1� 2xÞ � 2mf ð1� xÞ

� �
dx
dPþ xð1� xÞ mf �

mg

S2
r

� �
dSr
dP

io�1=2

2mgxþ mg ð1�2xÞ
Sr

þ mf Srð1� 2xÞ � 2mf ð1� xÞ
�

dx
dP

io�1=2
where Sr ¼ ðmg=mf Þ1=2

Eqs. (38a), (38b), (38c) and (38d), respectively

¼ mfþxmfg

hfg
� xcp;g

Tmfg

h2
fg
� ð1�xÞ

hfg
cp;f

Tmfg

hfg
þ mf ð1� bTÞ

h i
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critical flow data of Fauske [2] through a pipe with a diameter of 3.175 mm for (a)



Gc ¼ � x
dmg

dP
þ ð1� xÞdmf

dP
þ mg � mf

� 	 mf þ xmfg

hfg
� xcp;g

Tmfg

h2
fg

� ð1� xÞ
hfg

cp;f
Tmfg

hfg
þ mf ð1� bTÞ

� � !" #( )�0:5

: ð55Þ
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4. Comparison of two-phase critical flow model predictions
with experimental critical flow data

Summarized in Table 2 are the two-phase critical flow models
presented in the previous sections, which can be grouped into
three categories: Slip Flow Models (SFMs), Homogeneous
Equilibrium Models (HEMs), and a Homogeneous Frozen Model
(HFM). Figs. 7–9 compare two-phase critical flow model predic-
tions with experimental critical flow data for a 3.175-mm diameter
pipe [2], short tube orifices with diameters of 1.33 and 1.34 mm
(a)
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Kim & O’Neal (1995), R134a, Short tube orifice, D = 1.33, 1.34 mm
: Experimental data, Pc = 834-890 kPa
: Critical flow model, Pc = 862 kPa
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Fig. 8. Comparison of predictions of two-phase critical flow models with experimental c
and 1.34 mm for (a) Pc = 834–890 kPa and (b) Pc = 570–603 kPa.
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: Experimental data, Pc = 689 kPa
: Critical flow model, Pc = 689 kPa
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Fig. 9. Comparison of predictions of two-phase critical flow models with experimental cr
for (a) Pc = 689 kPa and (b) Pc = 207 kPa.
[8], and a short nozzle with a throat diameter of 5.4 mm [11],
respectively. Notice that Pc is the pressure at the critical cross-sec-
tion, and an average of experimental Pc values is used in predic-
tions of the critical flow models.

For pipe flow, the HFM shows good predictions for the low qual-
ity region (x < 0.1) for high and low pressures, Fig. 7(a) and (b),
respectively. Excepting the SFM Fauske simple model, the SFMs
show good prediction for the high quality region (x > 0.1). The
effect of using different relations to evaluate dx/dp in Eq. (41) is
investigated by comparing predictions using Eqs. (44), (47) and
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: Experimental data, Pc = 570-603 kPa
: Critical flow model, Pc = 586 kPa
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(54), corresponding to HEM Isenthalpic, HEM Isentropic (a), and
HEM Isentropic (b), respectively. Fig. 7(a) and (b) show all of the
HEMs underpredict the experimental data, and different relations
for dx/dp have minimal influence on the critical mass velocity.

Fig. 8(a) and (b) compare two-phase critical flow model predic-
tions with experimental critical flow data for short tube orifices [8]
for high and low pressures, respectively. The experimental data are
highly underpredicted by all HEMs, and highly overpredicted by
the SFM Fauske simple. In addition, the low quality region
(x < 0.1) is underpredicted by most SFMs. Overall, the HFM pro-
vides good predictions for both high and low pressures,
Fig. 8(a) and (b), respectively.

Fig. 9(a) and (b) compare two-phase critical flow model predic-
tions with experimental critical flow data for air–water in a short
nozzle [11] at high and low pressures, respectively. In the absence
of mass transfer for air–water flow, dx/dP = 0, therefore only the
SFM Fauske simple and HFM are examined. The HFM shows good
predictions for both high and low pressures, while the SFM
Fauske simple highly overpredicts the data for both pressure
ranges.
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Fig. 10. Comparison of predictions of two-phase critical flow models and Kim and M
premature CHF data in micro-channel heat sinks of (a) Qu and Mudawar [30], (b) Kos�ar
Overall, Figs. 7–9 show that HFM provides the best overall pre-
dictive accuracy for the three different flow configurations and dif-
ferent fluids despite its simplicity compared to all other two-phase
critical flow models.

5. Comparison of two-phase critical flow model predictions
with premature CHF data for micro-channel heat sinks

Fig. 10 compares two-phase critical flow model predictions to
experimental mass velocities and qualities corresponding to pre-
mature CHF in micro-channel heat sinks by Qu and Mudawar
[30] (water, rectangular channels), Fig. 10(a), Kos�ar et al. [31]
(water, rectangular channels), Fig. 10(b), and Wang et al. [32]
(water, trapezoidal channels), Fig. 10(c). It should be noted that,
in the studies by Kos�ar et al. and Wang et al., severe pressure oscil-
lation as well as vapor flow reversal into the inlet plenum were
observed in the parallel micro-channels, and this behavior was ter-
med by the original authors as Onset of Unstable Boiling (OUB) and
unsteady flow boiling, respectively. In all three cases shown in
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Table 3
Universal dryout incipience quality correlation for saturated boiling mini/micro-
channel flows [24].

xdi ¼ 1:4We0:03
fo P0:08

R � 15:0 Bo PH
PF

� �0:15
Ca0:35ðqg

qf
Þ0:06

where Wefo ¼ G2Dh
qf r

,

PR ¼ P
Pcrit

, Bo ¼ q0H
G hfg

, Ca ¼ lf G
qf r
¼ Wefo

Refo
,

q0H: effective heat flux averaged over heated perimeter of channel,
PH: heated perimeter of channel, PF: wetted perimeter of channel
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Fig. 10(a)–(c), all critical flow models are shown overpredicting the
experimental premature CHF data, i.e., premature CHF occurs at
mass velocities that are lower than the predicted critical mass
velocities. Premature CHF is therefore not the result of two-phase
choking.

The same figures compare premature CHF occurrence to that of
dryout incipience, which is predicted by the universal dryout incip-
ience quality correlation [24] for saturated flow boiling in mini/mi-
cro-channels. Table 3 provides a summary of this correlation based
on a combination of dimensionless parameters, which include
Weber number, Wefo, reduced pressure, PR (=P/Pcrit), Boiling num-
ber, Bo, ratio of the flow channel’s heated to wetted perimeters,
PH/PF, Capillary number, Ca, and density ratio, qf/qg. Fig. 10(a)–(c)
show premature CHF occurs at qualities that are smaller than pre-
dicted by the dryout incipience quality correlation.
6. Comparison of two-phase critical flow model predictions
with CHF data for micro-channel heat sinks

Fig. 11 compares predictions of the two-phase critical flow
models with experimental mass velocities and qualities corre-
sponding to CHF in micro-channel heat sinks by Agostini et al.
[33], Fig. 11(a), and Kuo and Peles [34], Fig. 11(b), where CHF cor-
responds to complete dryout of the annular liquid film. The CHF
data of Agostini et al. are overpredicted by all the critical flow mod-
els, and those of Kuo and Peles overpredicted by the HFM and
SFMs. Notice that some of the CHF data of Kuo and Peles in the
(a)
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Fig. 11. Comparison of predictions of two-phase critical flow models and Kim and Mudaw
in micro-channel heat sinks of (a) Agostini et al. [33] and (b) Kuo and Peles [34].
low quality region are underpredicted by the HEMs. However, this
result is inconsequential, given that the HEMs underpredict all crit-
ical flow data as presented in Figs. 7–9. Fig. 11(a) and (b) also show
locations of dryout incipience according to the universal dryout
incipience quality correlation [24]. As expected, all the CHF data
are located in the post-dryout incipience region that exceeds the
quality corresponding dryout incipience.

Fig. 12 compares predictions of the two-phase critical flow
models with experimental mass velocities and qualities corre-
sponding to CHF in micro-channel heat sinks at subatmospheric
pressures by Kuo and Peles [35]. The micro-channels featured
20-lm wide inlet restrictors and a 400-lm long orifice at the
micro-channel inlets to suppress severe pressure oscillation and
parallel channel instability that might induce premature CHF.
Based on flow visualization studies, Kuo and Peles concluded that
CHF was associated with dryout of the annular liquid film at the
micro-channel exits. Additionally, they attributed a significant
reduction of CHF at very low pressures to compressibility, choking
and rarefaction that become increasingly important at low pres-
sures. Fig. 12 shows that as the pressure decreases, the experimen-
tal CHF data become underpredicted by the two-phase critical flow
models. This is particular the case for 20 kPa, Fig. 12(c), where most
of the CHF data are located above the choking line.

In order to examine the relationships among critical flow, pre-
mature CHF and CHF in micro-channels, predictions of previous
premature CHF and CHF correlations, which are summarized in
Table 4, are compared to those of the Homogeneous Frozen
Model (HFM) for critical flow. First, dryout incipience is predicted
according to the universal dryout incipience quality correlation
[24]. The critical mass velocity for premature CHF is predicted by
the premature CHF correlation [30] in the pre-dryout incipience
region, and CHF by the CHF correlations for water [36] and refrig-
erants [37] in the post-dryout incipience region. Notice that the
premature CHF correlation [30] is based on water data in a rectan-
gular micro-channel heat sink, and the CHF correlation, which was
derived from water data [36], has been shown in [37] to yield good
predictions of data for R236fa in a rectangular micro-channel heat
sink [33]. For water, Fig. 13(a) shows the critical mass velocity cor-
responding to premature CHF increases with decreasing system
pressure, and exceeds the choking line predicted by the HFM for
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Fig. 12. Comparison of predictions of two-phase critical flow models with experimental CHF data in micro-channel heat sink with inlet restrictors of Kuo and Peles [35] for (a)
Pc = 62 kPa, (b) Pc = 40 kPa and (c) Pc = 20 kPa.

Table 4
Premature CHF and CHF correlations.

Authors Equationa Remarks

Qu and Mudawar
[30]

q0P�CHF ¼ 33:43Ghfg
qg

qf

� �1:11
We�0:21

L
L

Dh

� ��0:36

where WeL ¼ G2 L
qf r

Premature CHF correlation, Dh = 341 lm for water (three-sided heated), D = 2.54 mm,
510 lm for R113

Sudo et al. [36]
q0CHF ¼ 0:005G0:611hfg qgðqf � qgÞg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

ðqf�qg Þg

q� �0:1945 CHF correlation, two-sided heated rectangular channel with gaps of 2.25, 2.80 mm for water

Wojtan et al. [37]
q0CHF ¼ 0:437Ghfg

qg

qf

� �0:073
We�0:24

L
L

Dh

� ��0:72 CHF correlation, D = 509, 790 lm for R134a, R245fa

a Heated equivalent diameter was used instead of Dh in [30], and D was used instead of Dh in [37].
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Pc = 70 kPa. Fig. 13(b) shows the critical mass velocity for R236fa
corresponding to CHF exceeds the choking line for the lowest pres-
sure, Pc = 50 kPa. Also for R236fa, Fig. 13(c) shows the critical mass
velocity corresponding to CHF exceeds the choking line for the
lowest diameter of Dh = 200 lm. These results prove that prema-
ture CHF and CHF can be associated with choking both at low
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Fig. 13. Comparison of predictions of Homogeneous Frozen Model (HFM) for critical flow [18] with those of correlations for premature CHF [30] and CHF [36,37] for (a)
micro-channel water flow at different pressures, (b) micro-channel R236fa flow at different pressures, and (c) micro-channel R236fa flow for different channel diameters.
Dryout incipience is predicted by the universal dryout incipience quality correlation [24] for saturated flow boiling in mini/micro-channels.
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pressures and in very small channels. These findings support the
hypothesis proposed by Bowers and Mudawar [14–16] concerning
the likelihood of choking in micro-channel heat sinks.

The results presented in Figs. 7–13 point to important flow and
heat transfer limits for saturated flow boiling in micro-channel
heat sinks, which are qualitatively summarized in Fig. 14.
Premature CHF and CHF generally fall below the choking line,
but begin to exceed the choking line with decreasing pressure or
decreasing channel diameter. Fig. 14 also shows premature CHF
and CHF are segregated by the dryout incipience quality.



Fig. 14. Qualitative representation of flow and heat transfer limits for saturated
flow boiling in micro-channel heat sinks.
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7. Conclusions

This study reviewed two-phase critical flow models, which are
grouped into Slip Flow Models (SFMs), Homogeneous Equilibrium
Models (HEMs), and Homogeneous Frozen Model (HFM). Also dis-
cussed is the relationship between choking, premature CHF, and
CHF for saturate flow boiling in micro-channel heat sinks. Key find-
ings from the study are as follows:

1. Two-phase critical flow models are compared to previous
experimental choking data for flow data through a pipe, short
tube orifices, and a short nozzle. Most SFMs show good predic-
tions in the high quality region, while the HFM shows good pre-
dictions in the low quality region and both low and high
pressures.

2. Two-phase critical flow models are also compared to previous
experimental premature CHF and CHF data for micro-channel
heat sinks. Premature CHF and CHF generally fall below the
choking line, but begin to exceed the choking line and are there-
fore associated with choking with decreasing pressure or
decreasing channel diameter.

3. Premature CHF and CHF are segregated by dryout incipience
quality. Premature CHF occurs at quality values below this limit,
and CHF above this limit.
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