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Abstract

This paper is Part II of a two-part study devoted to measurement and prediction of the saturated flow boiling heat

transfer coefficient in water-cooled micro-channel heat sinks. Part I discussed the experimental findings from the study,

and identified unique aspects of flow boiling in micro-channels such as abrupt transition to the annular flow regime near

the point of zero thermodynamic equilibrium quality, and the decrease in heat transfer coefficient with increasing

quality. The operating conditions of water-cooled micro-channels fell outside the recommended range for most prior

empirical correlations. In this paper, an annular flow model is developed to predict the saturated flow boiling heat

transfer coefficient. Features unique to two-phase micro-channel flow, such as laminar liquid and vapor flow, smooth

interface, and strong droplet entrainment and deposition effects, are identified and incorporated into the model. The

model correctly captures the unique overall trend of decreasing heat transfer coefficient with increasing vapor quality in

the low vapor quality region of micro-channels. Good agreement is achieved between the model predictions and heat

transfer coefficient data over broad ranges of flow rate and heat flux.

� 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

Accurate prediction of the flow boiling heat transfer

coefficient in micro-channel heat sinks has recently

emerged as a critical design need for a number of cut-

ting-edge technologies. Many of these technologies share

a common requirement of intense heat removal from

very small areas, often with very stringent constraints on

the volume available for packaging cooling hardware,

including coolant inventory. Thermal design engineers

commonly resort to using any number of empirical heat

transfer correlations that have been developed over

nearly five decades for mostly nuclear, conventional

power generation and petroleum industries.

Empirical correlations are a convenient means for

determining the flow boiling heat transfer coefficient

using an explicit function of measurable parameters.

Like most two-phase flow correlations, heat transfer

correlations are developed from experimental databases

that are either measured by the author(s) of a correla-

tion, compiled from the literature, or both. In either

case, a correlation is valid only for the specific flow

configuration and operating conditions the database is

based upon. Caution must therefore be exercised when

applying a correlation to conditions beyond those for

which it was originally developed, and it is often nec-

essary to carry out a careful assessment of the correla-

tion beforehand to explore its suitability to new flow

configurations or operating conditions. Failure to con-

duct such an assessment is a primary cause of uncer-

tainty in designing new systems, which can lead to

catastrophic design failure.

Those concerns are particularly important to the

topic of this study, since technical know-how of two-

phase micro-channel heat sinks is still in its infancy.

High-flux heat sinks possess several unique features

not commonly found in conventional systems. These
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include: (1) very small hydraulic diameter, (2) narrow

rectangular flow path, and (3) three-sided rather than

uniform circumferential heating. Furthermore, the few

published studies on two-phase micro-channel heat sinks

employed mostly refrigerant liquids, while many of the

emerging high-flux devices are demanding the use of

water because of its superior cooling performance.

Part I of the present study [1] provided new ex-

perimental results for a water-cooled two-phase micro-

channel heat sink, which were complemented by

assessment of the suitability of eleven empirical heat

transfer correlations to predicting the saturated flow

boiling heat transfer coefficient. Six of those correlations

were intended for macro systems and showed systematic

departure from the micro-channel trends. The remaining

five correlations were developed specifically for mini/

micro-channels, and those too showed systematic error

in predicting both the trends and magnitude of the heat

transfer coefficient. Two key reasons for this departure

with the mini/micro-channel correlations are the circular

Nomenclature

Ac vapor core cross-sectional area

Ach channel cross-sectional area

Bo boiling number

C liquid droplet concentration

D deposition rate

dh hydraulic diameter of micro-channel

dh;c hydraulic diameter of vapor core

e liquid droplet quality

f liquid film quality

Fe fraction of liquid entrained as droplets

fi interfacial friction factor

G mass velocity

h enthalpy

Hch height of micro-channel

hf enthalpy of saturated liquid

hfg latent heat of vaporization

htp saturated two-phase heat transfer coefficient

jg superficial vapor velocity

k deposition mass transfer coefficient

kf thermal conductivity of water

_mm mass flow rate

_mmEf liquid droplet mass flow rate

_mmFf liquid film mass flow rate

_mmg vapor mass flow rate

MAE mean absolute error

N number of micro-channels in heat sink

P pressure

Pc vapor core perimeter

Pch channel perimeter

q00eff heat flux based on heat sink top planform

area

Rec effective vapor core Reynolds number

Recg vapor core Reynolds number based on va-

por phase only

ReFf liquid film Reynolds number

S slip ratio

T temperature

Tin inlet temperature

uc mean vapor core velocity

uf local velocity in liquid film

uFf mean liquid film velocity

ui interfacial velocity

v specific volume

W width of heat sink top planform area

Wch width of micro-channel

We Weber number

x vapor quality

xc effective vapor quality in vapor core

xe thermodynamic equilibrium quality

Xvv Martinelli parameter based on laminar liq-

uid–laminar vapor flow

y distance perpendicular to channel wall

z stream-wise distance

Greek symbols

bc aspect ratio of vapor core

Cd deposition mass transfer rate per unit

channel length

Cfg evaporation mass transfer rate per unit

channel length

d liquid film thickness

l viscosity

q density

qH homogeneous density of vapor core

r surface tension

si interfacial shear stress

s local shear stress

Subscripts

0 onset of annular flow

c vapor core

E liquid droplet

exp experimental data

f liquid phase

F liquid film

g vapor phase

i liquid film interface

pred predicted

tp two-phase

tci thermocouple (i ¼ 1–4)

2774 W. Qu, I. Mudawar / International Journal of Heat and Mass Transfer 46 (2003) 2773–2784



tube geometry often used in those studies, and reliance

on mostly refrigerants to correlate experimental data. As

indicated in Part I, refrigerants feature small bubble

departure diameter, allowing nucleate boiling to prevail

over an appreciable portion of the saturated flow re-

gion of a mini/micro-channel. Greater surface tension

and contact angle result in much larger vapor bub-

bles in water compared to most common refrigerants,

which, for a micro-channel, lead to abrupt transition to

the annular flow regime close the point of zero ther-

modynamic equilibrium quality. Thus, new predictive

tools are now needed to tackle the design and perfor-

mance assessment of water-cooled micro-channel heat

sinks.

Where possible, theoretical flow-pattern-based mod-

els are the preferred alternative to empirical heat transfer

correlations. For flow boiling in channels, the liquid and

vapor phases can assume one of several flow patterns

such as bubbly, slug, and annular. The prevailing pat-

tern is of paramount importance to the mechanism of

heat transfer to the coolant and, therefore, has a strong

bearing on the magnitude of the heat transfer coefficient.

Numerous studies have been conducted in pursuit of

theoretical two-phase flow models that incorporate the

characteristics of the dominant flow pattern. Such flow-

pattern-based models provide a more realistic descrip-

tion of the various transport processes in the two-phase

region, from which important hydrodynamic and ther-

mal parameters such as pressure gradient and the heat

transfer coefficient may be derived. Compared to em-

pirical correlations, a flow-pattern-based model is more

physically sound and therefore may have a broader

application range. It is the specific purpose of this paper

to explore the application of this alternative approach to

predicting the saturated flow boiling heat transfer coef-

ficient in water-cooled micro-channel heat sinks.

Flow visualization studies have been performed on

water flow boiling in the present micro-channel heat

sink, and results were reported in a separate paper by the

authors [2]. These studies indicate the dominant flow

pattern under high-heat-flux conditions is annular flow

with a large amount of liquid droplets entrained in the

vapor core. This conclusion is supported by several

previous visualization studies as well [3,4]. The annular

flow pattern is therefore adopted in this paper as a basis

for constructing the two-phase flow model.

Annular two-phase flow models have been success-

fully employed for prediction of the heat transfer coef-

ficient, pressure drop, and critical heat flux in numerous

applications involving macro-scale boiling and two-

phase flow. The general characteristics of annular

two-phase flow have been discussed by Hewitt and Hall-

Taylor [5] and Hewitt [6]. While annular flow models

have not been applied to two-phase micro-channel heat

sinks, a few investigators have successfully implemented

such models in somewhat related applications such as

narrow channels with serrated fins [7] and small chan-

nels with offset strip fins [8,9].

This paper is Part II of a two-part study devoted to

the understanding and modeling the saturated flow

boiling heat transfer coefficient in a water-cooled two-

phase micro-channel heat sink. Part I of this study [1]

discussed the experimental methods used and key trends

of the heat transfer coefficient with mass velocity and

thermodynamic equilibrium quality. Also included in

Part I was the aforementioned assessment of previous

empirical correlations. This paper focuses on con-

structing an annular two-phase flow model specifically

tailored to micro-channels, which can improve the ac-

curacy of predicting both the overall parametric trends

and magnitude of the saturated boiling heat transfer

coefficient. The unique features of micro-channel flow

boiling discussed in Part I are carefully identified and

incorporated into the model. General hydrodynamic

characteristics of the micro-channel annular flow are

first discussed, followed by application of conservation

equations to the regions occupied by each phase. Solving

these equations is shown to capture the detailed fluid

flow and thermal characteristics of the micro-channel,

from which the heat transfer coefficient is evaluated.

This paper is concluded with an assessment of the

model�s predictive capability using the experimental re-

sults from Part I.

2. Annular flow model

Fig. 1(a) illustrates the general hydrodynamic char-

acteristics of annular flow in a two-phase micro-channel

heat sink. The vapor phase flows along the center of the

channel as a continuous vapor core. The liquid phase is

Fig. 1. (a) Schematic of annular flow pattern in micro-channel

heat sink, and (b) idealized annular flow region.
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comprised of two portions: a thin annular film along

the channel wall, and droplets that are entrained in the

vapor core. Mass is continuously exchanged between the

liquid film and vapor core along the direction of fluid

flow.

Several simplifying assumptions are adopted in the

model development, which can be summarized as fol-

lows:

0(1) The two-phase flow is steady.

0(2) The vapor quality in the annular flow region is

equal to the thermodynamic equilibrium quality.

0(3) Pressure is uniform across the micro-channel cross-

sectional area.

0(4) The vapor core is comprised of a homogeneous

mixture of vapor and entrained droplets. The tem-

perature of the two-phase mixture within the vapor

core is equal to the saturation temperature based

on local pressure.

0(5) Evaporation occurs only at the interface between

the liquid film and vapor core, and the interface

temperature is equal to the saturation temperature

based on local pressure. Evaporation of liquid

droplets in the vapor core is neglected because of

both the relative remoteness of the droplets from

the heated wall and very short residence time of

droplets in a micro-channel heat sink.

0(6) The thickness of the annular liquid film is uniform

along the channel circumference, and small com-

pared to the hydraulic diameter.

0(7) Fluid flow in both the liquid film and vapor core is

laminar. This assumption, which will be verified

later in this paper, is based on the characteristics

of low coolant flow rate and small channel size in-

herent to micro-channel heat sinks.

0(8) The interface between the liquid film and vapor

core is fairly smooth due to the relatively strong

influence of surface tension in small channels. It

is also postulated any interfacial instabilities, in-

cluding both small wavelength ripples and large

wavelength disturbance waves at the liquid film in-

terface are suppressed.

0(9) Entrainment of liquid droplets into the vapor core

takes place entirely at the onset of annular flow re-

gime development. Droplet entrainment due to

break-up of disturbance waves at the liquid film in-

terface is insignificant with a smooth interface.

(10) There is continuous deposition of droplets from the

vapor core to the liquid film interface along the

stream-wise direction. Droplet deposition rate per

unit area is assumed uniform along the channel pe-

rimeter.

A single micro-channel is examined in the model

development. Symmetry allows results for this repre-

sentative channel to be easily extended to the entire

micro-channel heat sink. Adoption of the aforemen-

tioned approximations leads to the simplified geometri-

cal representation of the annular flow pattern illustrated

in Fig. 1(b). Cfg and Cd in this figure are the rates of mass

transfer by evaporation and deposition, respectively, per

unit channel length.

The liquid film mass flow rate, _mmFf , liquid film

thickness, d, pressure gradient, �ðdP=dzÞ, and interfacial

shear stress, si, constitute the four primary parameters

for the annular two-phase flow model. Other hydrody-

namic and thermal parameters, including the heat

transfer coefficient, can be evaluated from those primary

parameters. Equations relating the primary parame-

ters are established by application of fundamental con-

servation equations to both the liquid film and vapor

core.

2.1. Model construction

2.1.1. Mass conservation

The total mass flow rate, _mm, in the micro-channel is

the sum of flow rates of the liquid film, _mmFf , liquid

droplets, _mmEf , and vapor core, _mmg

_mm ¼ _mmFf þ _mmEf þ _mmg: ð1Þ

The ratio of each portion to the total mass flow rate is

defined as liquid film quality, f , liquid droplet quality, e,
and vapor quality, x, respectively

f ¼ _mmFf

_mm
; ð2Þ

e ¼ _mmEf

_mm
; ð3Þ

and

x ¼ _mmg

_mm
: ð4Þ

From Eq. (1),

f þ eþ x ¼ 1: ð5Þ

From assumption (2), the vapor quality can be evaluated

from

x ¼ xe; ð6Þ

where xe ¼
h� hf
hfg

: ð7Þ

Two other parameters important in the model develop-

ment are defined as

xc ¼
_mmg

_mmEf þ _mmg

; ð8Þ

and

Fe ¼
_mmEf

_mmFf þ _mmEf

; ð9Þ
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where xc is the effective vapor quality in the vapor core,

and Fe the fraction of liquid flow rate entrained as

droplets in the vapor core.

Taking into account the transfer of mass between the

liquid film and vapor core, the following mass conser-

vation equations can be established,

d _mmFf

dz
¼ �Cfg þ Cd; ð10Þ

d _mmEf

dz
¼ �Cd; ð11Þ

and

d _mmg

dz
¼ Cfg: ð12Þ

The rate of mass transfer due to evaporation can be

related to the effective heat flux by the relation

Cfg ¼
q00effW
Nhfg

: ð13Þ

The rate of mass transfer due to deposition can be ex-

pressed as

Cd ¼ DPc; ð14Þ

where Pc is the perimeter of the vapor core,

Pc ¼ 2½ðWch � 2dÞ þ ðHch � 2dÞ�; ð15Þ

and D the deposition rate based on circumferential area

of the vapor core. In the literature, droplet deposition

from the vapor core to the annular liquid film is con-

sidered a mass transfer process driven by concentration

difference [10–12]. The following equation is therefore

employed to evaluate the deposition rate D,

D ¼ kC; ð16Þ

where C is the liquid droplet concentration in the vapor

core,

C ¼ _mmEf

_mmgvg þ _mmEfvf
; ð17Þ

and k the deposition mass transfer coefficient. Due to the

complexity of this process, researchers have relied on

empirical methods to determine the deposition mass

transfer coefficient [10–12]. Results are often unsatis-

factory, evidenced by large discrepancies between model

predictions of the heat transfer coefficient and experi-

mental data. Complicating the task of estimating k is the
reliance of most available correlations on adiabatic air–

water two-phase flow experiments in large tubes, which

may not be suitable for the present micro-channel flow

boiling configuration. To overcome this difficulty, a new

correlation is proposed in the present study to facilitate

close agreement between the present model predictions

and experimental results. The new correlation is ex-

pressed as

k
jg

¼ 47:8Bo
C
qg

 !�0:147

; ð18Þ

where Bo is the boiling number based on mean heat flux

along the heated perimeter,

Bo ¼ q00effW
NðWch þ 2HchÞGhfg

ð19Þ

and jg the vapor superficial velocity given by

jg ¼
_mmg

qgAch

: ð20Þ

The functional form of Eq. (18) is based on a correlation

originally proposed by Paleev and Filippovich [10] that

was modified here by introduction of the boiling number

to account for flow boiling effects.

Once Cfg and Cd are specified, Eqs. (10)–(12) may be

integrated along the stream-wise direction to obtain lo-

cal values for _mmFf , _mmEf , and _mmg, given appropriate

boundary conditions. The boundary conditions for Eqs.

(10)–(12) involve location of the onset of annular flow

and the initial mass flow rate of each portion of the

micro-channel mass flow rate at that location. In the

present study, the criterion for transition to annular flow

in horizontal tubes proposed by Taitel and Duckler

[13,14] is used to determine the location of the onset of

annular flow. This criterion uses a constant value for the

Martinelli parameter at the transition point.

Xvv0 ¼ 1:6; ð21Þ

where the Martinelli parameter for the combination of

laminar liquid and laminar vapor flow is given by

Xvv ¼
lf

lg

1� x
x

vf
vg

 !1=2

: ð22Þ

Eqs. (21) and (22) yield a vapor quality x0 at the onset of
annular flow ranging from 0.006 to 0.0064, depending

on the fluid properties for a particular test.

Literature review reveals determination of an initial

mass flow rate for each portion of the mass flow rate at

the onset of annular flow is somewhat arbitrary. A

common practice is to assume a value for the fraction of

entrained liquid for a given vapor quality. For instance,

Whalley et al. [15] set an initial value for the fraction of

liquid entrained as droplets in the vapor core, Fe0, of 0.99
for a vapor quality of x0 ¼ 0:01. Recently, Barbosa et al.

[16] proposed an alternative correlation in which Fe0 is

a linear function of the square of hydraulic diameter.

Their correlation, which is based on macro-channels,
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was deemed unsuitable for very small hydraulic diame-

ters since it predicts unrealistically small values for Fe0.
Initial numerical results using the present model

proved the value proposed by Whalley et al. [15] is an

acceptable approximation, but had to be modified to

account for the effects of the mass velocity. In addition,

surface tension force is believed to play an important

role in the initial entrainment process in a micro-chan-

nel. Both effects were incorporated in the following ex-

pression for initial liquid entrainment quality,

e0 ¼ 0:951� 0:15
ffiffiffiffiffiffiffiffiffi
Wef0

p
; ð23Þ

where Wef0 is the Weber number defined as

Wef0 ¼
G2dhvf

r
: ð24Þ

2.1.2. Momentum conservation in liquid film

Momentum conservation is applied to the liquid film

using the control volume shown in Fig. 2(a) and (b). The

control volume has the shape of a rectangular ring with

a length Dz in the stream-wise direction. The inner

boundary of the control volume extends to the interface

between the liquid film and vapor core, and the outer

boundary is located within the liquid film a distance y
from the channel wall.

Fig. 2(a) illustrates the momentum exchange along

the liquid film interface, neglecting any minor momen-

tum changes due to acceleration of the liquid film. The

net momentum in the z direction is the difference be-

tween evaporation and deposition effects, Cfgui Dz�
Cduc Dz, where ui is the interfacial velocity, and uc the

mean velocity of the vapor core.

To simplify the model development, the interfacial

velocity ui is set equal to twice the mean liquid film ve-

locity uFf ,

ui ¼ 2uFf ; ð25Þ

where uFf is given by

uFf ¼
_mmFf

qfðAch � AcÞ
; ð26Þ

Ach and Ac being the cross-sectional areas of the channel

and vapor core, respectively.

Ach ¼ WchHch ð27Þ

and

Ac ¼ ðWch � 2dÞðHch � 2dÞ: ð28Þ

The approximation given in Eq. (25), which is justified

mainly by the small thickness of the liquid film, will be

verified later in this paper.

Based on the homogeneous flow assumption for the

vapor core, the mean velocity of the vapor core can be

evaluated from

uc ¼
_mmEf þ _mmg

qHAc

; ð29Þ

where qH is the homogeneous density of the vapor core,

qH ¼ 1

xcvg þ ð1� xcÞvf
; ð30Þ

accounting for the entrained droplets.

Forces acting on the same control volume in the

stream-wise direction are illustrated in Fig. 2(b). As-

suming a small film thickness, the sum of forces in the z
direction can be expressed as

P ðd � yÞPch � P
�

þ dp
dz

Dz
�
ðd � yÞPch � sPch Dz

þ siPch Dz:

The first and second terms in this equation represent the

pressure forces, while the third and fourth terms are the

shear force in the liquid film and interfacial shear force,

respectively.
Fig. 2. (a) Momentum interactions and (b) forces acting on

liquid film control volume.
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Momentum conservation requires the sum of all

forces acting on the control volume in the z direction

equal the net momentum.

s ¼ ðd � yÞ
�
� dp

dz

�
þ si �

1

Pch
ðCfgui � CducÞ: ð31Þ

Shear stress in the laminar liquid film is related to the

local velocity gradient by

s ¼ lf

duf
dy

: ð32Þ

Substituting Eq. (32) into (31) gives

duf
dz

¼ 1

lf

ðd � yÞ
�
� dp

dz

�
þ 1

lf

si �
1

lfPch
ðCfgui � CducÞ:

ð33Þ

The local velocity in the liquid film can be obtained by

integrating Eq. (33), incorporating the non-slip condi-

tion of uf ¼ 0 at y ¼ 0

uf ¼
1

lf

dy
�

� y2

2

��
� dp

dz

�
þ y

lf

si �
y

lfPch
ðCfgui � CducÞ:

ð34Þ

The liquid film mass flow rate can be determined by

integrating the velocity profile across the film thickness

_mmFf ¼ qfPch

Z d

0

uf dy: ð35Þ

Substituting Eq. (34) into Eq. (35) and integrating yield

_mmFf ¼
Pchqfd

3

3lf

�
� dp

dz

�
þ Pchqfd

2

2lf

si �
qfd

2

2lf

ðCfgui � CducÞ:

ð36Þ

Eq. (36) can be re-arranged to obtain the following re-

lation for pressure gradient for the liquid film,�
� dp

dz

�
¼ 3lf

Pchqfd
3
_mmFf �

3

2d
si þ

3

2dPch
ðCfgui � CducÞ:

ð37Þ

2.1.3. Momentum conservation in vapor core

Fig. 3(a) and (b) show a control volume of length of

Dz encompassing the homogeneous vapor core and ex-

tending to the liquid film interface. As illustrated in Fig.

3(a), the net momentum for this control volume can be

expressed as

qHu
2
cAc

�
þ d

dz
ðqHu

2
cAcÞDz

	
� qHu

2
cAc þ Cduc Dz�Cfgui Dz:

The first two terms represent the momentum change due

to core acceleration, while the third and fourth terms

account for droplet deposition and interfacial evapora-

tion, respectively.

Fig. 3(b) shows forces acting on the same control

volume in the stream-wise direction produce a net force

PAc � PAc

�
þ dðPAcÞ

dz
Dz
	
� siPc Dz:

The first two terms in this expression account for pres-

sure forces, and the third the interfacial shear force.

Equating the net momentum in the z direction to the

net force yields the following equation,

si ¼
1

Pc
Ac

��
� dP

dz

�
� P

dAc

dz

	
� 1

Pc

d

dz
ðqHu

2
cAcÞ

þ 1

Pc
ðCfgui � CducÞ: ð38Þ

2.1.4. Interfacial shear stress

An interfacial friction factor is defined as

fi ¼
si

1
2
qHðuc � uiÞ2

; ð39Þ

Following the assumptions of laminar vapor core and

smooth liquid film interface, a relation proposed by

Shah and London [17] is used to evaluate fi,

fiRec ¼ 24 1



� 1:3553bc þ 1:9467b2
c � 1:7012b3

c

þ 0:9564b4
c � 0:2537b5

c

�
; ð40Þ

Fig. 3. (a) Momentum interactions and (b) forces acting on

vapor core control volume.
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where bc is the aspect ratio of the vapor core,

bc ¼
Wch � 2d
Hch � 2d

; ð41Þ

Rec the effective vapor core Reynolds number,

Rec ¼
qHðuc � uiÞdh;c

lg

; ð42Þ

and dh;c the hydraulic diameter of the vapor core,

dh;c ¼
4Ac

Pc
: ð43Þ

Mass transfer at the interface due to evaporation may

have a significant influence on the interfacial friction.

This is incorporated in the model by modifying inter-

facial shear stress using a treatment by Wallis [18],

si ¼ fi
1

2
qHðuc

�
� uiÞ2

	
� Cfg

2Pc
ðuc � uiÞ: ð44Þ

2.1.5. Solution procedure

The model development so far has resulted in a suf-

ficient number of equations to determine local values for

all four primary parameters of the annular flow, _mmFf , d,
�ðdP=dzÞ, and si. Unfortunately, these parameters are

interrelated, rendering the equations too complex to be

solved analytically. A numerical code is therefore de-

veloped to solve these equations using the following

procedure:

(1) Eq. (21) is first used to determine the location of the

onset (upstream point) of annular flow. The annular

flow region in the micro-channel is then identified as

the length from that location to the exit. A grid sys-

tem containing a sufficiently large number of nodes

is adopted for the annular flow region. The initial

mass flow rates of the liquid film, liquid droplets,

and vapor at the onset of annular flow are evaluated

using Eqs. (2)–(5), (21) and (23). The solution is ini-

tiated from the node next to the upstream boundary

node and proceeds downstream.

(2) At each node, an initial guess is made for liquid film

thickness, d. All other geometrical parameters in the

annular flow region can be evaluated using the ten-

tative d value.

(3) Eqs. (13) and (14) are used to evaluate Cfg and Cd.

Local mass flow rates for all portions of the flow

rate, _mmFf , _mmEf , and _mmg are then evaluated from

Eqs. (10)–(12).

(4) The interfacial shear stress si is evaluated from Eq.

(44). All other variables in Eq. (44) are evaluated

using geometrical parameters determined from step

(2) and the mass flow rates from step (3).

(5) The pressure gradient �ðdP=dzÞ is evaluated by sub-

stituting _mmFf determined from step (3) and si from
step (4) into the right-hand-side of Eq. (37).

(6) The left-hand-side of Eq. (38) is set equal to si eval-
uated from step (4), and the right-hand-side using

�ðdP=dzÞ evaluated from step (5).

(7) The solution seeks to balance both sides of Eq. (38).

If this criterion is not satisfied, a new value of d is

assumed and steps (2)–(6) repeated. When both sides

of Eq. (38) are finally in balance, the values of the

primary parameters obtained in the last iteration

are adopted for that nodal location.

(8) The code then repeats the same numerical procedure

for the next downstream node in pursuit of a bal-

ance for Eq. (38) at this new node. This procedure

is then repeated by marching downstream until the

last node in the annular flow region is reached.

3. Model predictions and assessment

Base on the assumption of a laminar liquid film, the

local heat transfer coefficient in the annular flow region

can be evaluated from the simple relation

htp ¼
kf
d
: ð45Þ

In addition to the laminar flow assumption, Eq. (45)

implies heat input to the liquid film from the channel

wall is transferred entirely to the vapor core through

evaporation at the interface. Comprehensive discussion

on the validity of Eq. (45) in evaluating the heat transfer

coefficient in laminar annular flow has been provided by

Hewitt and Hall-Taylor [5], and Collier and Thome [14].

Fig. 4 compares the model predictions and measured

saturated flow boiling heat transfer coefficient, htp, at ztc4
as a function of thermodynamic equilibrium quality, xe,
for Tin ¼ 60 �C and G ¼ 255 kg/m2 s, where ztc4 is the

stream-wise location of the fourth heat sink thermo-

couple and Tin the inlet temperature, respectively. All

details of the experimental apparatus and methods used

to measure htp are provided in Part I of this study [1],

and will not be presented here for brevity. Unlike all

prior empirical correlations (see Figs. 7 and 9 in [1]), Fig.

4 shows the present model correctly captures the overall

trend of decreasing htp with increasing xe in the saturated

boiling region.

The overall predictive capability of the present model

is illustrated in Fig. 5, which compares the model pre-

dictions with all saturated boiling data from part I. All

data are located within a 	40% error band with a mean

absolute error (MAE) of 13.3%. By comparison, the

smallest MAE from the eleven empirical correlations

examined in Part I is 19.3%, and none of these correla-

tion could capture the correct trend of htp with xe.
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Having confirmed the overall accuracy and effec-

tiveness of the model, it is useful to explore some im-

portant trends of key parameters of the annular flow as

well as justify some of the assumptions outlined at the

beginning of the model development.

Fig. 6(a) and (b) show the variation of liquid film

quality, f , liquid droplet quality, e, and vapor quality, x,
along the stream-wise direction for Tin ¼ 60 �C and

G ¼ 255 kg/m2 s at q00eff ¼ 63 and 129 W/cm2, respec-

tively. The vapor quality, x, increases monotonically due

to evaporation resulting from uniform heat input along

the flow direction. On the other hand, liquid droplet

quality e decreases due to the deposition process and

lack of droplet entrainment. At the higher heat flux, e
decreases to a very small value in the downstream por-

tion of the annular flow region. This implies most liquid

droplets that were entrained at the onset of annular flow

have already been deposited to the liquid film, and the

vapor core is comprised of virtually pure vapor down-

stream. In addition, the liquid film quality, f , increases
monotonically in the stream-wise direction at the lower

heat flux, indicating deposition is dominant throughout

the annular flow region. At the high heat flux, however,

f increases at first, and then begins to decrease. This

shows deposition is dominant upstream only, and

evaporation becomes dominant downstream after most

entrained droplets had been deposited to the liquid

film.

In the model development, Eq. (25) assumed an in-

terfacial velocity, ui, twice that of the mean liquid film

velocity, uFf . As indicated previously, this is only an

approximation intended to simplify implementation of

the numerical solution since the exact value of ui can be

evaluated from Eq. (34).

Fig. 4. Comparison of model predictions and saturated flow

boiling heat transfer coefficient data at ztc4 for Tin ¼ 60 �C and

G ¼ 255 kg/m2 s.

Fig. 5. Comparison of model predictions with all saturated

flow boiling heat transfer coefficient data.

Fig. 6. Variation of liquid film quality, liquid droplet quality,

and vapor quality along stream-wise direction for (a) q00eff ¼ 63

W/cm2 and (b) q00eff ¼ 129 W/cm2.
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ui ¼
1

lf

d2

2

� ���
� dP

dz

�

þ d
lf

si þ
d

lfPch
Cduc

	�
1

�
þ dCfg

lfPch

�
: ð46Þ

Fig. 7(a) and (b) show the variation of ui along the

stream-wise direction for Tin ¼ 60 �C, G ¼ 255 kg/m2 s at

q00eff ¼ 63 and 129 W/cm2, respectively. Close agreement

between the two methods for both heat flux conditions

are proof of the validity of the approximation given by

Eq. (25).

The distributions of mean liquid film velocity, uFf ,
and mean vapor core velocity, uc, along the stream-wise

direction are shown in Fig. 8(a) and (b) for q00eff ¼ 63 and

129 W/cm2, respectively. uFf increases monotonically at

the lower heat flux due to entrainment effects. At the

high heat flux, however, uFf increases at first, where Fig.
6(a) earlier showed appreciable droplet entrainment,

then tapers off to a fairly constant value downstream,

where entrainment is negligible. On the other hand, uc
increases monotonically in the flow direction for both

heat-flux values due to vapor acceleration that accom-

panies the interfacial evaporation.

Fig. 9 shows the variation of slip ratio

S ¼ uc
uFf

ð47Þ

for the same conditions as Fig. 8(a) and (b). Both flux

cases show a monotonic increase in the z direction, but
the combination of higher heat flux and small channel

size is shown producing relatively large S values, espe-

cially at 129 W/cm2.

The distributions of liquid film Reynolds number,

ReFf , and vapor core Reynolds number, Recg, based on

vapor phase alone are shown in Fig. 10(a) and (b), re-

spectively, where

ReFf ¼
4qfuFfd

lf

ð48ÞFig. 7. Variation of interfacial velocity along stream-wise di-

rection for (a) q00eff ¼ 63 W/cm2 and (b) q00eff ¼ 129 W/cm2.

Fig. 8. Variation of (a) mean liquid film velocity and (b) mean

vapor core velocity along stream-wise direction.
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and

Recg ¼
qgucdh;c

lg

: ð49Þ

The relative low values of both ReFf and Recg throughout
the annular flow region validate the laminar flow as-

sumptions of the present model.

Finally, Fig. 11(a) and (b) show the variations of film

thickness, d, and heat transfer coefficient, htp, respec-

tively. At the lower heat flux, d increases monotonically

due to the aforementioned dominance of droplet depo-

sition effects. At the high heat flux, d increases at first

due to strong droplet deposition effects, and then begins

to decrease slightly because of the large shear force

produced by the high velocity vapor core in the evapo-

ration-dominant region. An opposite trend is shown in

Fig. 11(b) for htp, which is simply proportional to 1=d.
The effect of entrainment in particular explains the

general trend of decreasing htp with increasing xe

Fig. 9. Variation of slip ratio along stream-wise direction.

Fig. 10. Variation of (a) liquid film Reynolds number and (b)

vapor core Reynolds number along stream-wise direction.

Fig. 11. Variation of (a) liquid film thickness and (b) saturated

two-phase heat transfer coefficient along stream-wise direction.
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observed in several micro-channel flow boiling studies as

discussed in Part I of this study [1].

4. Conclusions

This paper is Part II of a two-part study devoted to

flow boiling heat transfer in a water-cooled micro-

channel heat sink. An annular two-phase flow model is

developed to predict the saturated flow boiling heat

transfer coefficient. Key findings from the study are as

follows:

(1) A new model is developed based on the annular flow

pattern identified as the dominant two-phase flow

pattern in micro-channel heat sinks. Features unique

to two-phase micro-channel flow, such as laminar

liquid and vapor flow, smooth interface, and strong

droplet entrainment and deposition phenomena, are

identified and incorporated into the model. Since no

entrainment or deposition correlations are available

in the literature for micro-channels, new relations

are recommended for both effects.

(2) The new model is capable of providing a detailed

and physically sound description of the various

transport processes occurring in two-phase micro-

channel heat sinks. Unlike empirical correlation,

the annular flow model is better able at depicting in-

terfacial interactions between the phases and there-

fore has both fundamental appeal and broader

application range.

(3) The new model correctly captures the unique overall

trend of decreasing heat transfer coefficient with in-

creasing vapor quality in the low vapor quality re-

gion of micro-channels.

(4) Good agreement is achieved between the model pre-

dictions and saturated flow boiling heat transfer co-

efficient data over broad ranges of flow rate and heat

flux. AMAE of 13.3% demonstrates the effectiveness

of this model as a design tool for water-cooled two-

phase micro-channel heat sinks.

(5) As the model incorporates empirical elements

that are specifically tailored to the unique features

of water flow boiling in micro-channels, this model

is not recommended for macro-channel flow and

its application to conditions beyond those tested in

the present study should be subject to further valida-

tion.
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