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1 Theory Question

In Lecture 20, we showed that the image of the Absolute Conic Ω∞ is given by ω = K−TK−1.
As you know, the Absolute Conic resides in the plane π∞ at infinity. Does the derivation we went
through in Lecture 20 mean that you can actually see ω in a camera image? Give reasons for both
‘yes’ and ‘no’ answers. Also, explain in your own words the role played by this result in camera
calibration.

Answer: No, we cannot see the image of Absolute Conic ω. Because the pixels on the conic ω
satisfy xTωx = 0, and ω = K−TK−1 is positive definite (xTωx > 0), which means these pixels
are imaginary. In camera calibration, the pattern plane samples the Absolute Conic at two circular
points. The image of these two circular points must be on the conic ω. By obtaining at least three
pairs of circular points by posing the pattern at different positions, the intrinsic parameters K can
be estimated.

2 Camera Calibration - Zhang’s Algorithm

2.1 Corner Detection

2.1.1 Canny Edge Detector

For this homework, I use the off-the-shelf Canny edge detector function cv2.Canny from OpenCV.
The two threshold parameters are set to 400 and 300 respectively.

2.1.2 Hough Transform

For this homework, I use the open-source implementation of the Hough line transform cv2.HoughLines

function from OpenCV. The threshold parameter is set to 50.

However, multiple lines will be generated for one true line. To improve the accuracy of the corner
detection, the redundant lines must be eliminated. First, we need to separate vertical lines and
horizontal lines. For the pattern we used in this homework, there are 8 true vertical lines and 10
true horizontal lines. Then we need to group vertical lines and horizontal lines separately. The
critical step is to find a metric of lines by which they are grouped together. The metric I used is r
(the distance from the line to origin) for horizontal lines and |r| for vertical lines. Once the lines
are gouped up, the final step is to generate an “average” line for each group of lines (Note: vertical
lines and horizontal lines use different average function).

2.1.3 Establish Corner Correspondences

The previous step will generate exact 8 vertical lines and 10 horizontal lines. The corners are the
intersection of these lines and thus 80 corners will be found. The world coordinates corresponding
to these corners are generated by assuming 1) the calibration pattern is in the Z = 0 plane of the
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world frame 2) the world coordinate of the first corner is (0,0) and 3) the distance between two
contiguous corners is 10.

2.2 Camera Calibration

The pipeline of Zhang’s Camera Calibration Algorithm involves three stages to extract camera
parameters step by step: the intrinsic parameter, the extrinsic parameter, and the radial distortion
parameter. We will use Levenberg-Marquadt(LM) non-linear optimization to refine the camera
parameters.

2.2.1 Estimate the Intrinsic Parameters

By assuming the calibration pattern is in the Z = 0 plane of the world frame, the relationship
between the homogeneous representation of a pixel coordinates x = (x, y, w)T and the homogeneous
representation of the corresponding world coordinates x = (x, y, z,w) is

x = K[R|t]

2664
x
y
0
w

3775 = HxM

where K is the camera intrinsic parameter, R is the world-to-camera rotation matrix, t is the
world-to-camera translation vector, H is the homography estimated by corner correspondences
from previous step, and xM = [x, y,w]T .

From the theory question, we know that the image of the Absolute Conic Ω∞ is given by ω =
K−TK−1. And the two circular points on the image conic ω gives us two equations(

hT
1 ωh1 = hT

2 ωh2

hT
1 ωh2 = 0

Since ω is always a 3× 3 symmetric matrix, there are only 6 unknowns in ω. Therefore the above
two equation can be expressed as (

vT
12b = 0

(v11 − v22)
Tb = 0

where

vij =

26666664

hi1hj1
hi1hj2 + hi2hj1

hi2hj2
hi3hj1 + hi1hj3
hi3hj2 + hi2hj3

hi3hj3

37777775 b =

26666664

ω11

ω12

ω22

ω13

ω23

ω33

37777775
Each position of the camera gives us 2 equations represented by V b = 0. Using Vi to represent
the 2 × 6 matrix V for the ith camera position, we can stack up all the resulting equations as264V1

...
Vn

375 b = 0. These can be solved by using linear least-squares method.
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Now we have the image ω of the Absolute Conic, next we want to find the camera intrinsic matrix

K =

24αx s x0
0 αy y0
0 0 1

35 and we know ω = K−TK−1. The problem to solve this equation is that we

cannot set element-by-element equalities between the matrices on the two sides because the entity
on the left is homogeneous whereas the entity on the right is inhomogeneous.

Zhang’s Algorithm addresses this issue by implicitly introducing a new variable λ as shown by the
following solution for the intrinsic parameters

x0 =
ω12ω13 − ω11ω23

ω11ω22 − ω2
12

λ = ω33 −
ω2
13 + x0(ω12ω13 − ω11ω23)

ω11

αx =

r
λ

ω11

αy =

s
λω11

ω11ω22 − ω2
12

s = −ω12α
2
xαy

λ

y0 =
sx0
αy

− ω13α
2
x

λ

2.2.2 Calculate the Extrinsic Parameters

As shown previously, the relationship between the homograhpy H and the extrinsic parameters
is K−1

�
h1 h2 h3

�
=
�
r1 r2 t

�
. Again, the left is homogeneous and the right must consider

to be homogeneous. Therefore, the scale factor ξ = 1
||K−1h1|| should be added. Then the actual

formulas we use for R and t become: 8>>>><>>>>:
r1 = ξK−1h1

r2 = ξK−1h2

r3 = r1 × r2

t = ξK−1h3

Condition the Rotation Matrix
To make the rotation matrix orthonormal, we need to solve the following optimization problem

minR||R−Q||2F subject to RTR = I

where Q represents the computed rotation matrix and R represents the best orthonormal approx-
imation. The solution to this optimization problem is R = UV T where U and V T are the SVD
components.

The rotation matrix R has 9 elements but only 3 DoF. In any optimization algorithm, the number
of variables used to represent any entity must strictly equal the DoF of the entity. Therefore, we
need a 3-parameter representation of a rotation matrix R, which is Rodrigues Representation - a

3



three element vector w =

24wx

wy

wz

35, the direction of the axis of the rotation is encoded in the unit

vector w
||w|| and the angle φ of clockwise rotation around this axis by the magnitude φ = ||w||.

To construct the vector w for a given R, we use

φ = cos−1 trace(R)− 1

2

w =
φ

2sinφ

24r32 − r23
r13 − r31
r21 − r12

35
To construct the R matrix for a given vector w, we use

R = I3×3 +
sinφ

φ
[w]X +

1− cosφ

φ2
[w]2X

where

φ = ||w|| [w]X =

24 0 −wz wy

wz 0 −wz

−wy wx 0

35
2.2.3* Incorporate Radial Distortion (Extra Credits)

To calibrate a camera with radial distortion, we first project a world coordinate into the image plane
using the pinhole model and the tentative set of calibration parameters and denote the projected
position of a pixel as (x̂, ŷ). Let (x̂rat, ŷrat) be the pixel coordinates that would be predicted if the
radial distortion is included

x̂rat = x̂+ (x̂− x0)[k1r
2 + k2r

4]

ŷrat = ŷ + (ŷ − y0)[k1r
2 + k2r

4]

where r2 = (x̂ − x0)
2 + (ŷ − y0)

2 and (x0, y0) are the principal point on the image. We will
concatenate two new parameters k1 and k2 to the minimization variable p (discussed in the next
section).

2.2.4 Refine the Calibration Parameters

The camera calibration parameters (intrinsic matrix K, extrinsic matrix [R|t], and radial distortion
parameters k1 and k2) up to this point is still not optimal. To get a sense of how accurate the
calculated calibration parameters are, we reprojet a set of salient points from the calibration pattern
into the image planes for each of the camera positions. The Euclidean distance between the
projected pixels and where they actually occur in the image gives us a meaningful metric. The
aggregated distances for all salient points and for all the camera positions could be used as cost
function for nonlinear least-squares minimization, which is expressed as

d2geom = ||X − f(p)||2 =
X
i

X
j

||xij − x̂ij ||2 =
X
i

X
j

||xij −K
�
ri,1 ri,2 ti

�
xM,j ||2

where p = (K,wi, ti|i=1,2,...) without considering radial distortion or p = (K,wi, ti|i=1,2,..., k1, k2)
with radial distortion.
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3 Results

3.1 Given Dataset

Corner Detection

(a) Canny edge detection (b) Hough transform

(c) Filtered lines (d) Corners and labels

Figure 1: Corner detection steps for picture 1.
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(a) Canny edge detection (b) Hough transform

(c) Filtered lines (d) Corners and labels

Figure 2: Corner detection steps for picture 8.

Camera Calibration

Before LM, The intrinsic matrix K is

K =

24717.5 0.5909 237.4
0 714.2 317.8
0 0 1

35
The rotation and translation parameters of the view 1 is

[R1|t1] =

24 0.762 −0.206 0.614 6.71
0.230 0.972 0.040 −78.0
−0.605 0.111 0.788 227.0

35
The rotation and translation parameters of the view 8 is

[R8|t8] =

24 0.929 0.026 0.369 −11.0
−0.208 0.862 0.462 −66.6
−0.306 −0.506 0.806 241.4

35
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After LM, The intrinsic matrix K is

K =

24722.4 1.74 321.5
0 719.7 238.3
0 0 1

35
The rotation and translation parameters of the view 1 is

[R1|t1] =

24 0.787 −0.181 0.590 −19.0
0.199 0.980 0.035 −50.3
−0.584 0.090 0.806 218.7

35
The rotation and translation parameters of the view 8 is

[R8|t8] =

24 0.920 0.061 0.387 −37.6
−0.252 0.849 0.465 −38.0
−0.300 −0.525 0.796 233.0

35
Considering radial distortion, the radial distortion parameters

k =
�
−2.966× 10−7 1.948× 10−12

�
Before LM After LM Consider Radial Distortion*

Error Mean (view 1) 12.767 0.869 0.821

Error Variance (view1) 39.887 0.173 0.161

Error Mean (view 8) 12.302 0.764 0.769

Error Variance (view8) 84.553 0.134 0.126

Table 1: Reductions in reprojection errors
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(a) Before LM (view 1) (b) After LM (view 1)

(c) Considering radial distortion (view 1)

(d) Before LM (view 8) (e) After LM (view 8)

(f) Considering radial distortion (view 8)

Figure 3: Reprojected green coners and original yellow corners.
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