
ECE 661: Homework 8
Yechen Liu
Fall 2022

1 Theory Question

In Lecture 20, we showed that the image of the Absolute Conic Ω∞ is given by ω = K−TK−1.
As you know, the Absolute Conic resides in the plane π∞ at infinity. Does the derivation we went
through in Lecture 20 mean that you can actually see ω in a camera image? Give reasons for both
‘yes’ and ‘no’ answers. Also, explain in your own words the role played by this result in camera
calibration.

Answer: No, we cannot see the image of Absolute Conic ω. Because the pixels on the conic ω
satisfy xTωx = 0, and ω = K−TK−1 is positive definite (xTωx > 0), which means these pixels
are imaginary. In camera calibration, the pattern plane samples the Absolute Conic at two circular
points. The image of these two circular points must be on the conic ω. By obtaining at least three
pairs of circular points by posing the pattern at different positions, the intrinsic parameters K can
be estimated.

2 Camera Calibration - Zhang’s Algorithm

2.1 Corner Detection

2.1.1 Canny Edge Detector

For this homework, I use the off-the-shelf Canny edge detector function cv2.Canny from OpenCV.
The two threshold parameters are set to 400 and 300 respectively.

2.1.2 Hough Transform

For this homework, I use the open-source implementation of the Hough line transform cv2.HoughLines

function from OpenCV. The threshold parameter is set to 50.

However, multiple lines will be generated for one true line. To improve the accuracy of the corner
detection, the redundant lines must be eliminated. First, we need to separate vertical lines and
horizontal lines. For the pattern we used in this homework, there are 8 true vertical lines and 10
true horizontal lines. Then we need to group vertical lines and horizontal lines separately. The
critical step is to find a metric of lines by which they are grouped together. The metric I used is r
(the distance from the line to origin) for horizontal lines and |r| for vertical lines. Once the lines
are gouped up, the final step is to generate an “average” line for each group of lines (Note: vertical
lines and horizontal lines use different average function).

2.1.3 Establish Corner Correspondences

The previous step will generate exact 8 vertical lines and 10 horizontal lines. The corners are the
intersection of these lines and thus 80 corners will be found. The world coordinates corresponding
to these corners are generated by assuming 1) the calibration pattern is in the Z = 0 plane of the

1



world frame 2) the world coordinate of the first corner is (0,0) and 3) the distance between two
contiguous corners is 10.

2.2 Camera Calibration

The pipeline of Zhang’s Camera Calibration Algorithm involves three stages to extract camera
parameters step by step: the intrinsic parameter, the extrinsic parameter, and the radial distortion
parameter. We will use Levenberg-Marquadt(LM) non-linear optimization to refine the camera
parameters.

2.2.1 Estimate the Intrinsic Parameters

By assuming the calibration pattern is in the Z = 0 plane of the world frame, the relationship
between the homogeneous representation of a pixel coordinates x = (x, y, w)T and the homogeneous
representation of the corresponding world coordinates x = (x, y, z,w) is

x = K[R|t]


x
y
0
w

 = HxM

where K is the camera intrinsic parameter, R is the world-to-camera rotation matrix, t is the
world-to-camera translation vector, H is the homography estimated by corner correspondences
from previous step, and xM = [x, y,w]T .

From the theory question, we know that the image of the Absolute Conic Ω∞ is given by ω =
K−TK−1. And the two circular points on the image conic ω gives us two equations{

hT
1 ωh1 = hT

2 ωh2

hT
1 ωh2 = 0

Since ω is always a 3× 3 symmetric matrix, there are only 6 unknowns in ω. Therefore the above
two equation can be expressed as {

vT
12b = 0

(v11 − v22)
Tb = 0

where

vij =



hi1hj1
hi1hj2 + hi2hj1

hi2hj2
hi3hj1 + hi1hj3
hi3hj2 + hi2hj3

hi3hj3

 b =



ω11

ω12

ω22

ω13

ω23

ω33


Each position of the camera gives us 2 equations represented by V b = 0. Using Vi to represent
the 2 × 6 matrix V for the ith camera position, we can stack up all the resulting equations asV1

...
Vn

 b = 0. These can be solved by using linear least-squares method.

2



Now we have the image ω of the Absolute Conic, next we want to find the camera intrinsic matrix

K =

αx s x0
0 αy y0
0 0 1

 and we know ω = K−TK−1. The problem to solve this equation is that we

cannot set element-by-element equalities between the matrices on the two sides because the entity
on the left is homogeneous whereas the entity on the right is inhomogeneous.

Zhang’s Algorithm addresses this issue by implicitly introducing a new variable λ as shown by the
following solution for the intrinsic parameters

x0 =
ω12ω13 − ω11ω23

ω11ω22 − ω2
12

λ = ω33 −
ω2
13 + x0(ω12ω13 − ω11ω23)

ω11

αx =

√
λ

ω11

αy =

√
λω11

ω11ω22 − ω2
12

s = −ω12α
2
xαy

λ

y0 =
sx0
αy

− ω13α
2
x

λ

2.2.2 Calculate the Extrinsic Parameters

As shown previously, the relationship between the homograhpy H and the extrinsic parameters
is K−1

[
h1 h2 h3

]
=

[
r1 r2 t

]
. Again, the left is homogeneous and the right must consider

to be homogeneous. Therefore, the scale factor ξ = 1
||K−1h1|| should be added. Then the actual

formulas we use for R and t become: 
r1 = ξK−1h1

r2 = ξK−1h2

r3 = r1 × r2

t = ξK−1h3

Condition the Rotation Matrix
To make the rotation matrix orthonormal, we need to solve the following optimization problem

minR||R−Q||2F subject to RTR = I

where Q represents the computed rotation matrix and R represents the best orthonormal approx-
imation. The solution to this optimization problem is R = UV T where U and V T are the SVD
components.

The rotation matrix R has 9 elements but only 3 DoF. In any optimization algorithm, the number
of variables used to represent any entity must strictly equal the DoF of the entity. Therefore, we
need a 3-parameter representation of a rotation matrix R, which is Rodrigues Representation - a
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three element vector w =

wx

wy

wz

, the direction of the axis of the rotation is encoded in the unit

vector w
||w|| and the angle φ of clockwise rotation around this axis by the magnitude φ = ||w||.

To construct the vector w for a given R, we use

φ = cos−1 trace(R)− 1

2

w =
φ

2sinφ

r32 − r23
r13 − r31
r21 − r12


To construct the R matrix for a given vector w, we use

R = I3×3 +
sinφ

φ
[w]X +

1− cosφ

φ2
[w]2X

where

φ = ||w|| [w]X =

 0 −wz wy

wz 0 −wz

−wy wx 0


2.2.3* Incorporate Radial Distortion (Extra Credits)

To calibrate a camera with radial distortion, we first project a world coordinate into the image plane
using the pinhole model and the tentative set of calibration parameters and denote the projected
position of a pixel as (x̂, ŷ). Let (x̂rat, ŷrat) be the pixel coordinates that would be predicted if the
radial distortion is included

x̂rat = x̂+ (x̂− x0)[k1r
2 + k2r

4]

ŷrat = ŷ + (ŷ − y0)[k1r
2 + k2r

4]

where r2 = (x̂ − x0)
2 + (ŷ − y0)

2 and (x0, y0) are the principal point on the image. We will
concatenate two new parameters k1 and k2 to the minimization variable p (discussed in the next
section).

2.2.4 Refine the Calibration Parameters

The camera calibration parameters (intrinsic matrix K, extrinsic matrix [R|t], and radial distortion
parameters k1 and k2) up to this point is still not optimal. To get a sense of how accurate the
calculated calibration parameters are, we reprojet a set of salient points from the calibration pattern
into the image planes for each of the camera positions. The Euclidean distance between the
projected pixels and where they actually occur in the image gives us a meaningful metric. The
aggregated distances for all salient points and for all the camera positions could be used as cost
function for nonlinear least-squares minimization, which is expressed as

d2geom = ||X − f(p)||2 =
∑
i

∑
j

||xij − x̂ij ||2 =
∑
i

∑
j

||xij −K
[
ri,1 ri,2 ti

]
xM,j ||2

where p = (K,wi, ti|i=1,2,...) without considering radial distortion or p = (K,wi, ti|i=1,2,..., k1, k2)
with radial distortion.
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3 Results

3.1 Given Dataset

Corner Detection

(a) Canny edge detection (b) Hough transform

(c) Filtered lines (d) Corners and labels

Figure 1: Corner detection steps for picture 1.
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(a) Canny edge detection (b) Hough transform

(c) Filtered lines (d) Corners and labels

Figure 2: Corner detection steps for picture 8.

Camera Calibration

Before LM, The intrinsic matrix K is

K =

717.5 0.5909 237.4
0 714.2 317.8
0 0 1


The rotation and translation parameters of the view 1 is

[R1|t1] =

 0.762 −0.206 0.614 6.71
0.230 0.972 0.040 −78.0
−0.605 0.111 0.788 227.0


The rotation and translation parameters of the view 8 is

[R8|t8] =

 0.929 0.026 0.369 −11.0
−0.208 0.862 0.462 −66.6
−0.306 −0.506 0.806 241.4


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After LM, The intrinsic matrix K is

K =

722.4 1.74 321.5
0 719.7 238.3
0 0 1


The rotation and translation parameters of the view 1 is

[R1|t1] =

 0.787 −0.181 0.590 −19.0
0.199 0.980 0.035 −50.3
−0.584 0.090 0.806 218.7


The rotation and translation parameters of the view 8 is

[R8|t8] =

 0.920 0.061 0.387 −37.6
−0.252 0.849 0.465 −38.0
−0.300 −0.525 0.796 233.0


Considering radial distortion, the radial distortion parameters

k =
[
−2.966× 10−7 1.948× 10−12

]
Before LM After LM Consider Radial Distortion*

Error Mean (view 1) 12.767 0.869 0.821

Error Variance (view1) 39.887 0.173 0.161

Error Mean (view 8) 12.302 0.764 0.769

Error Variance (view8) 84.553 0.134 0.126

Table 1: Reductions in reprojection errors
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(a) Before LM (view 1) (b) After LM (view 1)

(c) Considering radial distortion (view 1)

(d) Before LM (view 8) (e) After LM (view 8)

(f) Considering radial distortion (view 8)

Figure 3: Reprojected green coners and original yellow corners.
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3.2 My Dataset

Ground-Truth Parameters

Camera focal length (Distance from COP to image plane): 5.1 mm.
Distance from image plane to ‘Fixed Image’ in view 1: 30.5 cm.
Physical/Digital length of the pattern: 2.4 cm / 10
Digital distance from COP to ‘Fixed Image’ in view 1 should be: (30.5 + 0.51)/(2.4/10) = 129.2

Corner Detection

(a) Canny edge detection (b) Hough transform

(c) Filtered lines (d) Corners and labels

Figure 4: Corner detection steps for picture 1.
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(a) Canny edge detection (b) Hough transform

(c) Filtered lines (d) Corners and labels

Figure 5: Corner detection steps for picture 8.

Camera Calibration

Before LM, The intrinsic matrix K is

K =

3125.6 −7.021 1501.5
0 3129.6 2057.0
0 0 1


The rotation and translation parameters of the view 1 is

[R1|t1] =

 0.9999 −0.0126 0.0012 −15.2
−0.0124 0.9977 −0.0671 −66.7
−0.0021 0.0671 0.9977 130.2


The rotation matrix is very close to Identity matrix, which means nearly no rotation. And the
Z-coordinate is 130.2, which is very close to 129.2.

The rotation and translation parameters of the view 8 is

[R8|t8] =

 0.994 0.023 −0.110 −13.6
−0.014 0.997 0.082 −84.1
0.112 −0.080 0.991 153.8


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After LM, The intrinsic matrix K is

K =

3133.2 −7.394 2053.4
0 3135.1 1511.1
0 0 1


The rotation and translation parameters of the view 1 is

[R1|t1] =

 0.99998 −0.00659 0.00015 −38.2
−0.00659 0.99776 −0.06656 −44.3
−0.00028 0.06656 0.99778 130.4


The rotation matrix is more close to Identity matrix. And the Z-coordinate is 130.4, which is a
still close to 129.2.

The rotation and translation parameters of the view 8 is

[R8|t8] =

 0.993 0.021 −0.119 −41.2
−0.011 0.996 0.084 −58.3
−0.120 −0.082 0.989 156.9


Considering radial distortion, the radial distortion parameters

k =
[
1.112× 10−8 −4.204× 10−15

]
Before LM After LM Consider Radial Distortion*

Error Mean (view 1) 11.535 2.991 2.799

Error Variance (view1) 49.212 9.073 8.439

Error Mean (view 8) 22.613 3.071 2.829

Error Variance (view8) 93.981 1.751 1.851

Table 2: Reductions in reprojection errors
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(a) Before LM (view 1) (b) After LM (view 1)

(c) Considering radial distortion (view 1)

(d) Before LM (view 8) (e) After LM (view 8)

(f) Considering radial distortion (view 8)

Figure 6: Reprojected green coners and original yellow corners.
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Source Code

1 #!/ usr /bin /env python
2 # coding : utf−8
3

4 # In [ 2 0 2 ] :
5

6

7 import matp lo t l i b . pyplot as p l t
8 import matp lo t l i b . image as mpimg
9 import numpy as np

10 import math
11 import cv2
12 from sc ipy . opt imize import l e a s t s q u a r e s
13 import os
14 from sc ipy . s t a t s import gmean
15

16

17 # In [ 2 5 1 ] :
18

19

20 de f f i n d i n t e r s e c t i o n ( h l ine , v l i n e ) :
21 hpt1 = [ h l i n e [ 0 ] [ 0 ] , h l i n e [ 0 ] [ 1 ] , 1 ]
22 hpt2 = [ h l i n e [ 1 ] [ 0 ] , h l i n e [ 1 ] [ 1 ] , 1 ]
23 vpt1 = [ v l i n e [ 0 ] [ 0 ] , v l i n e [ 0 ] [ 1 ] , 1 ]
24 vpt2 = [ v l i n e [ 1 ] [ 0 ] , v l i n e [ 1 ] [ 1 ] , 1 ]
25

26 homo hline = np . c r o s s ( hpt1 , hpt2 )
27 homo vl ine = np . c r o s s ( vpt1 , vpt2 )
28 i n t e r p o i n t = np . c r o s s ( homo hline , homo vl ine )
29 re turn ( i n t ( i n t e r p o i n t [ 0 ] / i n t e r p o i n t [ 2 ] ) , i n t ( i n t e r p o i n t [ 1 ] / i n t e r p o i n t [ 2 ] ) )
30

31 de f p r e p r o c e s s t o g e t p o i n t s ( img path , save img=False , output name=None , canny t1
=400 , canny t2=300 , hough=50) :

32 img = cv2 . imread ( img path )
33 i f save img :
34 cdst = np . copy ( img )
35 cdst2 = np . copy ( img )
36 cdst3 = np . copy ( img )
37

38 img = cv2 . cvtColor ( img , cv2 .COLORRGB2GRAY)
39 edges = cv2 . Canny( img , canny t1 , canny t2 )
40 i f save img :
41 cv2 . imwrite ( ’HW8−F i l e s /Result2 / ’ + output name + ’ edges . jpg ’ , edges )
42

43 l i n e s = cv2 . HoughLines ( edges , 1 , np . p i / 180 , hough , None , 0 , 0)
44 v e r t i c a l l i n e s = [ ]
45 h o r i z o n t a l l i n e s = [ ]
46

47 i f l i n e s i s not None :
48 f o r i in range (0 , l en ( l i n e s ) ) :
49 rho = l i n e s [ i ] [ 0 ] [ 0 ]
50 theta = l i n e s [ i ] [ 0 ] [ 1 ]
51 i f ( rho > 0 and theta < np . p i /4) or ( rho < 0 and theta > 3∗np . p i /4) :
52 v e r t i c a l l i n e s . append ( tup l e ( ( np . abs ( l i n e s [ i ] [ 0 ] [ 0 ] ) , l i n e s [ i ] [ 0 ] [ 1 ] ,

np . s i gn ( rho ) ) ) )
53 #v e r t i c a l l i n e s . append ( ( l i n e s [ i ] [ 0 ] [ 0 ] , l i n e s [ i ] [ 0 ] [ 1 ] ) )
54 e l s e :
55 #ho r i z o n t a l l i n e s . append ( tup l e ( ( np . abs ( l i n e s [ i ] [ 0 ] [ 0 ] ) , l i n e s [ i

13



] [ 0 ] [ 1 ] , np . s i gn ( rho ) ) ) )
56 h o r i z o n t a l l i n e s . append ( ( l i n e s [ i ] [ 0 ] [ 0 ] , l i n e s [ i ] [ 0 ] [ 1 ] ) )
57 a = math . cos ( theta )
58 b = math . s i n ( theta )
59 x0 = a ∗ rho
60 y0 = b ∗ rho
61 pt1 = ( i n t ( x0 + 5000∗(−b) ) , i n t ( y0 + 5000∗( a ) ) )
62 pt2 = ( i n t ( x0 − 5000∗(−b) ) , i n t ( y0 − 5000∗( a ) ) )
63 i f save img :
64 cv2 . l i n e ( cdst , pt1 , pt2 , (255 ,255 ,255) , 10 , cv2 . LINE AA)
65

66 vdtype = [ ( ’ rho ’ , np . f l o a t 3 2 ) , ( ’ theta ’ , np . f l o a t 3 2 ) , ( ’ s i gn ’ , np . i n t ) ]
67 hdtype = [ ( ’ rho ’ , np . f l o a t 3 2 ) , ( ’ theta ’ , np . f l o a t 3 2 ) ]
68 h o r i z o n t a l l i n e s = np . array ( h o r i z o n t a l l i n e s , dtype=hdtype )
69 h o r i z o n t a l l i n e s = np . s o r t ( h o r i z o n t a l l i n e s , order=’ rho ’ )
70 v e r t i c a l l i n e s = np . array ( v e r t i c a l l i n e s , dtype=vdtype )
71 v e r t i c a l l i n e s = np . s o r t ( v e r t i c a l l i n e s , order=’ rho ’ )
72

73 # Determine the th r e sho ld o f two l i n e s belong to the same group
74 d i s t ance = [ h o r i z o n t a l l i n e s [ i +1][0]− h o r i z o n t a l l i n e s [ i ] [ 0 ] f o r i in range (

l en ( h o r i z o n t a l l i n e s )−1) ]
75 ho r i z o n t a l t h r e s h o l d = np . s o r t ( d i s t ance ) [−9]
76 d i s t ance = [ v e r t i c a l l i n e s [ i +1][0]− v e r t i c a l l i n e s [ i ] [ 0 ] f o r i in range ( l en (

v e r t i c a l l i n e s )−1) ]
77 v e r t i c a l t h r e s h o l d = np . s o r t ( d i s t anc e ) [−7]
78

79 # Aggregate the l i n e s to groups
80 prev i ou s rho = h o r i z o n t a l l i n e s [ 0 ] [ 0 ]
81 r e a l h l i n e s = [ ]
82 a g g r e g a t e d l i n e s = [ ]
83 f o r l i n e in h o r i z o n t a l l i n e s :
84 rho = l i n e [ 0 ]
85 theta = l i n e [ 1 ]
86 #s ign = l i n e [ 2 ]
87 i f rho − prev i ou s rho >= ho r i z on t a l t h r e s h o l d :
88 a s s e r t ( l en ( a g g r e g a t e d l i n e s ) > 0)
89 r e a l h l i n e s . append ( a g g r e g a t e d l i n e s )
90 a g g r e g a t e d l i n e s = [ ]
91 #agg r e g a t e d l i n e s . append ( ( rho , theta , s i gn ) )
92 a g g r e g a t e d l i n e s . append ( ( rho , theta ) )
93 prev i ou s rho = rho
94 r e a l h l i n e s . append ( a g g r e g a t e d l i n e s )
95

96 prev i ou s rho = v e r t i c a l l i n e s [ 0 ] [ 0 ]
97 r e a l v l i n e s = [ ]
98 a g g r e g a t e d l i n e s = [ ]
99 f o r l i n e in v e r t i c a l l i n e s :

100 rho = l i n e [ 0 ]
101 theta = l i n e [ 1 ]
102 theta = l i n e [ 1 ]
103 s i gn = l i n e [ 2 ]
104 i f rho − prev i ou s rho >= ve r t i c a l t h r e s h o l d :
105 a s s e r t ( l en ( a g g r e g a t e d l i n e s ) > 0)
106 r e a l v l i n e s . append ( a g g r e g a t e d l i n e s )
107 a g g r e g a t e d l i n e s = [ ]
108 a g g r e g a t e d l i n e s . append ( ( rho , theta , s i gn ) )
109 #agg r e g a t e d l i n e s . append ( ( rho , theta ) )
110 prev i ou s rho = rho
111 r e a l v l i n e s . append ( a g g r e g a t e d l i n e s )
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112

113 v l i n e s = [ ]
114 h l i n e s = [ ]
115 f o r i , l i n e s t y p e in enumerate ( [ r e a l h l i n e s , r e a l v l i n e s ] ) :
116 i f i == 0 :
117 a s s e r t ( l en ( l i n e s t y p e ) == 10)
118 e l s e :
119 a s s e r t ( l en ( l i n e s t y p e ) == 8)
120 f o r l i n e s in l i n e s t y p e :
121 i f i == 0 :
122 l i n e s = [ [ l i n e [ 0 ] , l i n e [ 1 ] ] i f l i n e [0]>0 e l s e
123 [− l i n e [ 0 ] , l i n e [ 1 ] − np . p i ] f o r l i n e in l i n e s ]
124 i f i == 1 :
125 l i n e s = [ [ l i n e [ 0 ] , l i n e [ 1 ] ] i f l i n e [2]==1 e l s e
126 [ l i n e [ 0 ] , l i n e [ 1 ] − np . p i ] f o r l i n e in l i n e s ]
127 #avg l i n e = np . median ( l i n e s , ax i s=0)
128 avg rho = gmean(np . array ( l i n e s ) [ : , 0 ] )
129 avg theta = np .mean(np . array ( l i n e s ) [ : , 1 ] )
130 i f avg theta < 0 :
131 avg rho = − avg rho
132 avg theta = np . p i + avg theta
133 a = math . cos ( avg theta )
134 b = math . s i n ( avg theta )
135 x0 = a ∗ avg rho
136 y0 = b ∗ avg rho
137 pt1 = ( i n t ( x0 + 5000∗(−b) ) , i n t ( y0 + 5000∗( a ) ) )
138 pt2 = ( i n t ( x0 − 5000∗(−b) ) , i n t ( y0 − 5000∗( a ) ) )
139 i f i == 0 :
140 h l i n e s . append ( [ pt1 , pt2 ] )
141 e l s e :
142 v l i n e s . append ( [ pt1 , pt2 ] )
143 i f save img :
144 cv2 . l i n e ( cdst2 , pt1 , pt2 , (255∗ i ,0 ,255∗(1− i ) ) , 3 , cv2 . LINE AA)
145

146 i n t e r s e c p o i n t s = [ ]
147 i = 0
148 f o r h l i n e in h l i n e s :
149 f o r v l i n e in v l i n e s :
150 point = f i n d i n t e r s e c t i o n ( h l ine , v l i n e )
151 i n t e r s e c p o i n t s . append ( po int )
152 i f save img :
153 cv2 . c i r c l e ( cdst3 , point , r ad iu s =10, c o l o r =(153 , 255 , 255) , t h i c kne s s

=−1)
154 out = cv2 . putText ( cdst3 , s t r ( i ) , point , cv2 .FONT HERSHEY SIMPLEX, 2 ,

(153 , 255 , 255) , 2 , cv2 . LINE AA)
155 i += 1
156 i f save img :
157 cv2 . imwrite ( ’HW8−F i l e s /Result2 / ’ + output name + ’ l i n e s . jpg ’ , cds t )
158 cv2 . imwrite ( ’HW8−F i l e s /Result2 / ’ + output name + ’ r e f i n e d l i n e s . jpg ’ , cdst2

)
159 cv2 . imwrite ( ’HW8−F i l e s /Result2 / ’ + output name + ’ po i n t s . jpg ’ , cdst3 )
160 re turn i n t e r s e c p o i n t s
161

162

163 # In [ 2 5 0 ] :
164

165

166 view 1 = p r e p r o c e s s t o g e t p o i n t s ( ’HW8−F i l e s /Dataset1 /Pic 1 . jpg ’ , save img=True ,
output name=’ p i c 1 ’ )
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167

168

169 # In [ 3 ] :
170

171

172 de f ge t wor ld coord ( g r i d s i z e , h , w) :
173 x = np . l i n s p a c e (0 , g r i d s i z e ∗(w−1) , w)
174 y = np . l i n s p a c e (0 , g r i d s i z e ∗(h−1) , h )
175 xv , yv = np . meshgrid (x , y )
176 re turn np . concatenate ( [ xv . reshape ((−1 , 1) ) , yv . reshape ((−1 ,1) ) ] , a x i s=1)
177

178 world coord = get wor ld coord (10 , 10 , 8)
179

180

181 # In [ 2 1 2 ] :
182

183

184 de f l i n e a r l e a s t s q u a r e s (A) :
185 u , s , vh = np . l i n a l g . svd (np . matmul (np . t ranspose (A) , A) )
186 re turn vh [−1]
187

188 de f f ind homography ( domain points , r ange po in t s ) :
189 A = [ ]
190

191 f o r i in range ( l en ( r ange po in t s ) ) :
192 x = domain points [ i ] [ 0 ]
193 y = domain points [ i ] [ 1 ]
194 x prime = range po in t s [ i ] [ 0 ]
195 y prime = range po in t s [ i ] [ 1 ]
196 A. append ( [ 0 , 0 , 0 , −x , −y , −1, y prime ∗x , y prime ∗y , y prime ] )
197 A. append ( [ x , y , 1 , 0 , 0 , 0 , −x prime ∗x , −x prime ∗y , −x prime ] )
198

199 H = l i n e a r l e a s t s q u a r e s (np . array (A) )
200 re turn np . reshape (H, (3 , 3 ) )
201

202 de f p r ep r o c e s s t o g e t Hs ( dataset path , p r e f i x=’ P ic ’ , save img=False , canny t1=400 ,
canny t2=300 , hough=50) :

203 Hs = [ ]
204 a l l i n t e r s e c p o i n t s = [ ]
205 pr in t ( l en ( os . l i s t d i r ( datase t path ) ) )
206 f o r i in range ( l en ( os . l i s t d i r ( datase t path ) ) ) :
207 img path = os . path . j o i n ( dataset path , p r e f i x+s t r ( i +1)+’ . jpg ’ )
208 pr in t ( img path )
209 i f img path == ’HW8−F i l e s /Dataset2 /IMG 20 . jpg ’ :
210 canny t1 = 300
211 canny t2 = 500
212 i n t e r s e c p o i n t s = p r e p r o c e s s t o g e t p o i n t s ( img path , save img=save img ,

output name=p r e f i x+s t r ( i +1) ,
213 canny t1=canny t1 , canny t2=

canny t2 , hough=hough )
214 a l l i n t e r s e c p o i n t s . append ( i n t e r s e c p o i n t s )
215 H = find homography ( world coord , i n t e r s e c p o i n t s )
216 Hs . append (H)
217 re turn Hs , a l l i n t e r s e c p o i n t s
218

219

220 # In [ 2 1 4 ] :
221

222
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223 Hs , a l l i n t e r s e c p o i n t s = p r ep r o c e s s t o g e t Hs ( ’HW8−F i l e s /Dataset1 / ’ )
224

225

226 # In [ 2 1 5 ] :
227

228

229 de f f ind omega (Hs) :
230 V = [ ]
231 f o r H in Hs :
232 h11 , h12 , h13 = (H[ 0 , 0 ] , H[ 1 , 0 ] , H[ 2 , 0 ] )
233 h21 , h22 , h23 = (H[ 0 , 1 ] , H[ 1 , 1 ] , H[ 2 , 1 ] )
234 V. append ( [ h11∗h21 , h11∗h22 + h12∗h21 , h12∗h22 , h13∗h21 +

h11∗h23 , h13∗h22 + h12∗h23 , h13∗h23 ] )
235 V. append ( [ h11∗∗2 − h21 ∗∗2 , 2∗h11∗h12 − 2∗h21∗h22 , h12∗∗2 − h22 ∗∗2 ,

2∗h11∗h13 − 2∗h21∗h23 , 2∗h12∗h13 − 2∗h22∗h23 , h13∗∗2 − h23 ∗∗2 ] )
236

237 b = l i n e a r l e a s t s q u a r e s (np . array (V) )
238 omega = [ [ b [ 0 ] , b [ 1 ] , b [ 3 ] ] ,
239 [ b [ 1 ] , b [ 2 ] , b [ 4 ] ] ,
240 [ b [ 3 ] , b [ 4 ] , b [ 5 ] ] ]
241 re turn np . array ( omega )
242

243

244 # In [ 2 1 6 ] :
245

246

247 omega = find omega (Hs)
248

249

250 # In [ 2 1 7 ] :
251

252

253 de f f ind K (omega ) :
254 x0 = (omega [ 0 , 1 ] ∗ omega [ 0 , 2 ] − omega [ 0 , 0 ] ∗ omega [ 1 , 2 ] ) / ( omega [ 0 , 0 ] ∗ omega

[ 1 , 1 ] − omega [ 0 , 1 ] ∗ ∗ 2 )
255 lamda = omega [ 2 , 2 ] − ( omega [ 0 , 2 ]∗∗2 + x0 ∗ ( omega [ 0 , 1 ] ∗ omega [ 0 , 2 ] − omega [ 0 , 0 ]

∗ omega [ 1 , 2 ] ) ) / omega [ 0 , 0 ]
256 alpha x = np . sq r t ( lamda / omega [ 0 , 0 ] )
257 alpha y = np . sq r t ( lamda ∗ omega [ 0 , 0 ] / ( omega [ 0 , 0 ] ∗ omega [ 1 , 1 ] − omega [ 0 , 1 ] ∗ ∗ 2 )

)
258 s = −omega [ 0 , 1 ] ∗ alpha x ∗∗2 ∗ alpha y / lamda
259 y0 = s ∗ x0 / alpha y − omega [ 0 , 2 ] ∗ alpha x ∗∗2 / lamda
260 K = [ [ alpha x , s , x0 ] ,
261 [ 0 , alpha y , y0 ] ,
262 [ 0 , 0 , 1 ] ]
263 re turn np . array (K)
264

265

266 # In [ 2 1 8 ] :
267

268

269 K = find K (omega )
270 pr in t (K)
271

272

273 # In [ 2 1 9 ] :
274

275

276 de f f i n d e x t r i n s i c p a r ame t e r (Hs , K) :
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277 Rs = [ ]
278 t s = [ ]
279 f o r H in Hs :
280 r1 = np . dot (np . l i n a l g . inv (K) , H[ : , 0 ] )
281 s c a l i n g = 1 / np . l i n a l g . norm( r1 )
282 r1 = s c a l i n g ∗ r1
283 r2 = s c a l i n g ∗ np . dot (np . l i n a l g . inv (K) , H[ : , 1 ] )
284 t = s c a l i n g ∗ np . dot (np . l i n a l g . inv (K) , H[ : , 2 ] )
285 r3 = np . c r o s s ( r1 , r2 )
286 R = np . column stack ( ( r1 , r2 , r3 ) )
287 u , s , vh = np . l i n a l g . svd (R)
288 condit ioned R = np . matmul (u , vh )
289 Rs . append ( condit ioned R )
290 t s . append ( t )
291 re turn Rs , t s
292

293

294 # In [ 2 2 0 ] :
295

296

297 Rs , t s = f i n d e x t r i n s i c p a r ame t e r (Hs , K)
298 pr in t (Rs [ 7 ] , t s [ 7 ] )
299

300

301 # In [ 2 2 1 ] :
302

303

304 Rs , t s = f i n d e x t r i n s i c p a r ame t e r (Hs , K)
305 pr in t (Rs [ 0 ] , t s [ 0 ] )
306

307

308 # In [ 2 2 2 ] :
309

310

311 de f apply homography (H, domain points ) :
312 homo domain points = np . concatenate ( ( domain points , np . ones ( ( l en ( domain points ) ,

1) ) ) , ax i s=1)
313 r ange po in t s = np . matmul (H, homo domain points .T) .T
314 re turn range po in t s [ : , : 2 ] / np . expand dims ( range po in t s [ : , 2 ] , a x i s=1)
315

316 de f camera parameters (K, Rs , ts , r a d i o d i s t o r t i o n=False ) :
317 params = [K[ 0 , 0 ] , K[ 0 , 1 ] , K[ 0 , 2 ] , K[ 1 , 1 ] , K[ 1 , 2 ] ]
318 f o r R, t in z ip (Rs , t s ) :
319 phi = np . a r c co s ( ( np . t r a c e (R) − 1) /2)
320 w = phi / (2 ∗ np . s i n ( phi ) ) ∗ np . array ( [R[ 2 , 1 ] − R[ 1 , 2 ] , R[ 0 , 2 ] − R[ 2 , 0 ] , R

[ 1 , 0 ] − R[ 0 , 1 ] ] )
321 params = np . append ( params , np . append (w, t ) )
322 i f r a d i o d i s t o r t i o n :
323 params = np . append ( params , [ 0 , 0 ] )
324 re turn params
325

326 de f r econs t ruc t R ( params ) :
327 Rs = [ ]
328 t s = [ ]
329 K = np . array ( [ [ params [ 0 ] , params [ 1 ] , params [ 2 ] ] ,
330 [ 0 , params [ 3 ] , params [ 4 ] ] ,
331 [ 0 , 0 , 1 ] ] )
332 f o r i in range (5 , 6∗ ( ( l en ( params )−5)//6) , 6) :
333 w = params [ i : i +3]
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334 t = params [ i +3: i +6]
335 phi = np . l i n a l g . norm(w)
336 w matrix = np . array ( [ [ 0 , −w[ 2 ] , w [ 1 ] ] ,
337 [w [ 2 ] , 0 , −w[ 0 ] ] ,
338 [−w[ 1 ] , w[ 0 ] , 0 ] ] )
339 R = np . eye (3 ) + np . s i n ( phi ) / phi ∗ w matrix + (1−np . cos ( phi ) ) /( phi ∗∗2) ∗ np .

matmul ( w matrix , w matrix )
340 Rs . append (R)
341 t s . append ( t )
342 re turn K, Rs , t s
343

344 de f r emove r ad i o d i s t o r t i on ( p ro j e c t ed po in t s , k1 , k2 , x0 , y0 ) :
345 x = pr o j e c t e d po i n t s [ : , 0 ]
346 y = pr o j e c t e d po i n t s [ : , 1 ]
347 r2 = (x−x0 ) ∗∗2 + (y−y0 ) ∗∗2
348 x rad = x + (x−x0 ) ∗( k1∗ r2 + k2∗ r2 ∗∗2)
349 y rad = y + (y−y0 ) ∗( k1∗ r2 + k2∗ r2 ∗∗2)
350 re turn np . column stack ( ( x rad , y rad ) )
351

352

353 # In [ 2 2 3 ] :
354

355

356 params = camera parameters (K, Rs , t s )
357

358

359 # In [ 2 2 4 ] :
360

361

362 de f c o s t f u n c t i o n ( params , a l l i n t e r s e c p o i n t s , world coord , r a d i o d i s t o r t i o n=False ) :
363 i f r a d i o d i s t o r t i o n :
364 K, Rs , t s = recons t ruc t R ( params [ : −2 ] )
365 k1 = params [−2]
366 k2 = params [−1]
367 x0 = params [ 2 ]
368 y0 = params [ 4 ]
369 e l s e :
370 K, Rs , t s = recons t ruc t R ( params )
371

372 a l l p r o j e c t e d p o i n t s = [ ]
373 f o r R, t in z ip (Rs , t s ) :
374 H = np . matmul (K, np . column stack ( (R[ : , 0 ] , R [ : , 1 ] , t ) ) )
375 p r o j e c t e d po i n t s = apply homography (H, wor ld coord )
376 i f r a d i o d i s t o r t i o n :
377 p r o j e c t e d po i n t s = r emove r ad i o d i s t o r t i on ( p ro j e c t ed po in t s , k1 , k2 , x0 ,

y0 )
378 a l l p r o j e c t e d p o i n t s . append ( p r o j e c t e d po i n t s )
379

380 a l l p r o j e c t e d p o i n t s = np . concatenate ( a l l p r o j e c t e d p o i n t s , ax i s=0)
381 a l l i n t e r s e c p o i n t s = np . concatenate ( a l l i n t e r s e c p o i n t s , ax i s=0)
382 d i f f = a l l i n t e r s e c p o i n t s − a l l p r o j e c t e d p o i n t s
383 re turn d i f f . f l a t t e n ( )
384

385

386 # In [ 2 2 5 ] :
387

388

389 r e s l s q = l e a s t s q u a r e s ( c o s t f unc t i on , params , method=’ lm ’ , args=[
a l l i n t e r s e c p o i n t s , wor ld coord ] )
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390

391

392 # In [ 2 2 6 ] :
393

394

395 K ref ined , Rs re f ined , t s r e f i n e d = recons t ruc t R ( r e s l s q . x )
396

397

398 # In [ 2 2 9 ] :
399

400

401 pr in t ( K re f ined )
402 pr in t ( Rs r e f i n ed [ 0 ] , t s r e f i n e d [ 0 ] )
403

404

405 # In [ 2 2 7 ] :
406

407

408 pr in t ( Rs r e f i n ed [ 7 ] , t s r e f i n e d [ 7 ] )
409

410

411 # In [ 1 7 ] :
412

413

414 de f e r r o r pe r image ( d i f f ) :
415 dx = d i f f [ : , 0 ]
416 dy = d i f f [ : , 1 ]
417 d i s t ance = np . sq r t ( dx∗∗2 + dy∗∗2)
418 mean = np .mean( d i s t ance )
419 var = np . var ( d i s t ance )
420 re turn mean , var
421

422

423 # In [ 2 6 8 ] :
424

425

426 de f r e p r o j e c t i o n ( world coord , params , a l l i n t e r s e c p o i n t s , r a d i o d i s t o r t i o n=False ,
427 img idx=−1, save img=False , output name=None ) :
428 i f r a d i o d i s t o r t i o n :
429 K, Rs , t s = recons t ruc t R ( params [ : −2 ] )
430 k1 = params [−2]
431 k2 = params [−1]
432 x0 = params [ 2 ]
433 y0 = params [ 4 ]
434 e l s e :
435 K, Rs , t s = recons t ruc t R ( params )
436

437 a l l p r o j e c t e d p o i n t s = [ ]
438 K, Rs , t s = recons t ruc t R ( params )
439 f o r R, t in z ip (Rs , t s ) :
440 H = np . matmul (K, np . column stack ( (R[ : , 0 ] , R [ : , 1 ] , t ) ) )
441 p r o j e c t e d po i n t s = apply homography (H, wor ld coord )
442 i f r a d i o d i s t o r t i o n :
443 p r o j e c t e d po i n t s = r emove r ad i o d i s t o r t i on ( p ro j e c t ed po in t s , k1 , k2 , x0 ,

y0 )
444 a l l p r o j e c t e d p o i n t s . append ( p r o j e c t e d po i n t s )
445

446 i f img idx >= 0 :
447 d i f f = a l l i n t e r s e c p o i n t s [ img idx ] − a l l p r o j e c t e d p o i n t s [ img idx ]
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448 mean , var = e r ro r pe r image ( d i f f )
449 i f save img :
450 img path = ’HW8−F i l e s /Result2 /IMG ’+s t r ( img idx+1)+’ po i n t s . jpg ’
451 img = cv2 . imread ( img path )
452

453 f o r po int in a l l p r o j e c t e d p o i n t s [ img idx ] :
454 cv2 . c i r c l e ( img , ( i n t ( po int [ 0 ] ) , i n t ( po int [ 1 ] ) ) , r ad iu s =10, c o l o r

=(51 , 255 , 51) , t h i c kne s s=−1)
455 cv2 . imwrite ( ’HW8−F i l e s /Result2 /IMG ’ + s t r ( img idx+1) +’ ’+output name+’

r e p r o j e c t . jpg ’ , img )
456 re turn mean , var
457

458

459 # In [ 2 6 9 ] :
460

461

462 mean , var = r ep r o j e c t i o n ( world coord , params , a l l i n t e r s e c p o i n t s , img idx=0,
save img=True , output name=’ i n i t ’ )

463 pr in t (mean , var )
464

465

466 # In [ 2 7 0 ] :
467

468

469 mean , var = r ep r o j e c t i o n ( world coord , r e s l s q . x , a l l i n t e r s e c p o i n t s , img idx=0,
save img=True , output name=’ r e f i n e d ’ )

470 pr in t (mean , var )
471

472

473 # In [ 2 7 1 ] :
474

475

476 mean , var = r ep r o j e c t i o n ( world coord , params , a l l i n t e r s e c p o i n t s , img idx=7,
save img=True , output name=’ i n i t ’ )

477 pr in t (mean , var )
478

479

480 # In [ 2 7 2 ] :
481

482

483 mean , var = r ep r o j e c t i o n ( world coord , r e s l s q . x , a l l i n t e r s e c p o i n t s , img idx=7,
save img=True , output name=’ r e f i n e d ’ )

484 pr in t (mean , var )
485

486

487 # In [ 2 7 3 ] :
488

489

490 params rd = camera parameters (K, Rs , ts , r a d i o d i s t o r t i o n=True )
491 r e s l s q r d = l e a s t s q u a r e s ( c o s t f unc t i on , params rd , method=’ lm ’ , args=[

a l l i n t e r s e c p o i n t s , world coord , True ] )
492

493

494 # In [ 2 7 4 ] :
495

496

497 pr in t ( r e s l s q r d . x [ −2 : ] )
498

499
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500 # In [ 2 7 5 ] :
501

502

503 mean , var = r ep r o j e c t i o n ( world coord , r e s l s q r d . x , a l l i n t e r s e c p o i n t s ,
r a d i o d i s t o r t i o n=True , img idx=0, save img=True , output name=’ r a d i o d i s ’ )

504 pr in t (mean , var )
505

506

507 # In [ 2 7 6 ] :
508

509

510 mean , var = r ep r o j e c t i o n ( world coord , r e s l s q r d . x , a l l i n t e r s e c p o i n t s ,
r a d i o d i s t o r t i o n=True , img idx=7, save img=True , output name=’ r a d i o d i s ’ )

511 pr in t (mean , var )
512

513

514 # In [ 2 5 2 ] :
515

516

517 Hs , a l l i n t e r s e c p o i n t s = p r ep r o c e s s t o g e t Hs ( ’HW8−F i l e s /Dataset2 / ’ , p r e f i x=’IMG ’ ,
save img=True ,

518 canny t1=370 , canny t2=690 , hough
=100)

519

520

521 # In [ 2 5 3 ] :
522

523

524 omega = find omega (Hs)
525 K = find K (omega )
526 pr in t (K)
527 Rs , t s = f i n d e x t r i n s i c p a r ame t e r (Hs , K)
528 pr in t (Rs [ 0 ] , t s [ 0 ] )
529 pr in t (Rs [ 7 ] , t s [ 7 ] )
530

531

532 # In [ 2 5 5 ] :
533

534

535 params = camera parameters (K, Rs , t s )
536 r e s l s q = l e a s t s q u a r e s ( c o s t f unc t i on , params , method=’ lm ’ , args=[

a l l i n t e r s e c p o i n t s , wor ld coord ] )
537 K ref ined , Rs re f ined , t s r e f i n e d = recons t ruc t R ( r e s l s q . x )
538

539

540 # In [ 2 5 6 ] :
541

542

543 pr in t ( K re f ined )
544 pr in t ( Rs r e f i n ed [ 0 ] , t s r e f i n e d [ 0 ] )
545

546

547 # In [ 2 5 7 ] :
548

549

550 pr in t ( Rs r e f i n ed [ 7 ] , t s r e f i n e d [ 7 ] )
551

552

553 # In [ 2 6 0 ] :
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554

555

556 mean , var = r ep r o j e c t i o n ( world coord , params , a l l i n t e r s e c p o i n t s , img idx=0,
save img=True , output name=’ i n i t ’ )

557 pr in t (mean , var )
558

559

560 # In [ 2 6 1 ] :
561

562

563 mean , var = r ep r o j e c t i o n ( world coord , r e s l s q . x , a l l i n t e r s e c p o i n t s , img idx=0,
save img=True , output name=’ r e f i n e d ’ )

564 pr in t (mean , var )
565

566

567 # In [ 2 6 2 ] :
568

569

570 mean , var = r ep r o j e c t i o n ( world coord , params , a l l i n t e r s e c p o i n t s , img idx=7,
save img=True , output name=’ i n i t ’ )

571 pr in t (mean , var )
572

573

574 # In [ 2 6 3 ] :
575

576

577 mean , var = r ep r o j e c t i o n ( world coord , r e s l s q . x , a l l i n t e r s e c p o i n t s , img idx=7,
save img=True , output name=’ r e f i n e d ’ )

578 pr in t (mean , var )
579

580

581 # In [ 2 6 4 ] :
582

583

584 params rd = camera parameters (K, Rs , ts , r a d i o d i s t o r t i o n=True )
585 r e s l s q r d = l e a s t s q u a r e s ( c o s t f unc t i on , params rd , method=’ lm ’ , args=[

a l l i n t e r s e c p o i n t s , world coord , True ] )
586

587

588 # In [ 2 6 5 ] :
589

590

591 pr in t ( r e s l s q r d . x [ −2 : ] )
592

593

594 # In [ 2 6 6 ] :
595

596

597 mean , var = r ep r o j e c t i o n ( world coord , r e s l s q r d . x , a l l i n t e r s e c p o i n t s ,
r a d i o d i s t o r t i o n=True , img idx=0, save img=True , output name=’ r a d i o d i s ’ )

598 pr in t (mean , var )
599

600

601 # In [ 2 6 7 ] :
602

603

604 mean , var = r ep r o j e c t i o n ( world coord , r e s l s q r d . x , a l l i n t e r s e c p o i n t s ,
r a d i o d i s t o r t i o n=True , img idx=7, save img=True , output name=’ r a d i o d i s ’ )

605 pr in t (mean , var )
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