
ECE 661: Homework 5
Zilin Xu, xu1553@purdue.edu

(Fall 2022)

This homework is to implement a fully automated approach for robust homography estimation
and refine using Non-linear Least-Square Minimization, which is LM for this homework to get the
accurate solution. We first use SIFT implementation for edge detection and use RANSC for inlier
and outlier detection. After that, we use Linear-Least-Square to estimate the homography and use
LM to refine the result. After the process, we use accurate homography to capture a panoramic
view without manual annotations. The result shows both in the given images and my own images.

1 Theory Question

Q: Conceptually speaking, how do we differentiate between the inliers and the outliers when using
RANSAC for solving the homography estimation problem using the interest points extracted from
two different photos of the same scene?
A: As using RANSAC for outlier rejection, we first have three mainly used parameters. δ is the
presetting threshold for constructing the inlier set.N is the number of trails for RANSAC. M is the
minimum size of the inlier set to be acceptable. Basically, we already have the interest points pairs
between two images after edge detection. We first set a minimum number of pairs of n pairs in
each trail of RANSAC, and inside each trail, we calculate the homography using randomly selected
n pairs. After getting the tomography, we transform all the interest points from the domain image
to the coordinate image. After that, we calculate the distance between the transformed points and
the points in the coordinate range. If the distance is smaller than the threshold δ, we recognized
this point is in the inlier set, and count the total number of the points within the inlier set. If the
total number bigger than M, then we say the result is satisfied the RANSAC, and all the points
inside the inlier set are inliers, the rest of the points in the interest points are outliers.
Q: As you will see in Lecture 13, the Gradient-Descent (GD) is a reliable method for minimizing
a cost function, but it can be excruciatingly slow. At the other extreme, we have the much faster
Gauss-Newton (GN) method but it can be numerically unstable. Explain in your own words how
the Levenberg-Marquardt (LM) algorithm combines the best of GD and GN to give us a method
that is reasonably fast and numerically stable at the same time.
A: As GD is a stable and reliable method for minimizing the cost function, also known as the
geometrical error. But when the solution approaches the real solution, the step size will become
extremely small, which causes the computational time much larger, and extremely slow. GN is a
good method to speed up the process of minimizing the cost function, but it has some numerical
problems as the jacobian matrix is not at full rank when the initial tomography computes the
points too far from the real position.

Levenberg-Marquardt has a strategy that can switch between GD and GN, which is using a
similar strategy as GD when the current homography is far from the real solution and using GN
when the current homography is near the real solution. The solution of LM has the form of

δp = (JT
f Jf + µI)−1 JT

f ϵ(H)

If can easily say that the product transformed the jacobian matrix and the jacobian matrix J
T
f Jf is

a diagonal matrix both in GD and GN. we set a damping factor µ to switch between GD and GN.
When µ is larger than J

T
f Jf , the strategy is worked as a GD. When µ is much smaller than J

T
f Jf ,
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the strategy is worked as a GN. The tuning for µ from each iteration is dependent on the ratio of
the actual change in the cost function to the change in the cost function predicted by current µ.
This can calculate the µ in the next iteration based on the current error.

2 Random Sampling Consensus Algorithm

Before using RANSAC, we already have two data sets containing the points pairing between a pair
of images as interest points. The parameters using the list below and the usage of each parameter
are announced after the value. The construction for RANSAC is noticed in the theoretical question
part.

• σ = 1. Where σ is used to calculate the Gaussian of the noise-induced displacement of the
true location of a pixel.

• δ = 3 × σ = 3. Where δ is used as a decision threshold to construct the inlier set. When
the distance between the estimated point and the real position is smaller than δ, the point is
considered as an inlier.

• n = 6. Where n is the number of correspondence points used to randomly pick from the
interest points set for calculating homography.

• ϵ = 0.35 which is the assumption before the RANSAC that the percent of correspondence
that is incorrectly matching.

• P = 0.99. Where P is the probability at least one of the N trails will be free of outliers in the
calculation of homography.

• N is the number of the trails for RANSAC. It is calculated by using the P and ϵ and n with
the equation:

N =
ln(1 − p)

ln (1 − (1 − ϵ)n)

• M is the minimum value of the size of the inlier set to be acceptable. It is calculated by using
the equation M = (1 − ϵ) ⋅ ntotal where ntotal is the total number of interest points.

The algorithm is constructed by calculating the number of inliers in each trail until the number is
bigger than M or the iteration is reached N times.

3 Linear Least Squares Minimization

It is hard to find accurate homography by only using four points, which is the minimum point to
calculate homography. LLS is allowed to use all the inlier points to calculate the homography with
higher accuracy. There are two approaches, one is Homogeneous, and the other is Inhomogeneous.
From here we are using the Homogeneous approach since it is more easier to implement.

Establish the equation for calculated using LLS is pretty similar, just the matrix A will not
work as the square matrix. By using the equation for representation the transofmed homogeneous
points are list as below:

x
′
= h11x + h12y + h13 − h31xx

′
− h32yx

′

y
′
= h21x + h22y + h23 − h31xy

′
− h32yy

′

2



And with all m points in the inlier set from RANSAC, the matrix will become:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x
′
1

y
′
1

x
′
2

y
′
2

⋮
x
′
m−1

y
′
m−1

x
′
m

y
′
m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1 y1 1 0 0 0 −x1x
′
1 −y1x

′
1

0 0 0 x1 y1 1 −x1y
′
1 −y1y

′
1

x2 y2 1 0 0 0 −x2x
′
2 −y2x

′
2

0 0 0 x2 y2 1 −x2y
′
2 −y2y

′
2

⋮
xm−1 ym−1 1 0 0 0 −xm−1x

′
m−1 −ym−1x

′
m−1

0 0 0 xm−1 ym−1 1 −xm−1y
′
m−1 −ym−1y

′
m−1

xm ym 1 0 0 0 −xmx
′
m −ymx

′
m

0 0 0 xm ym 1 −xmy
′
m −ymy

′
m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

h11
h12
h13
h21
h22
h23
h31
h32

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

which is the form of:
b = Ah

Where A is the matrix with the shape of m by n and b is the matrix with the shape m by 1. since
m is larger than n, the matrix is singular with over-determined. By using LLR we need to find
the matrix A

T
A which is non-singular that can calculate the inverse of this matrix. This method

is called Sudo-inverse, noted as A
+
. Then we can calculate the inverse of this matrix and find the

value of h. Then the equation can be written as:

h = (AT
A)−1AT

b = A
+
b

By then we will have a matrix H from LLS.

4 Levenberg-Marquardt Algorithm for Homography Refinement

The LM method theoretically minimizes the cost function C(p) as mentioned in the theoretical
question part. where C(p) is:

C(p) = ∥X − f (p)∥2

From here, X is all the points in the coordinate range and f (p) is the points calculated with
homography from the domain range. The parameter p in the function is the 9 elements from
homography. X will have the form with m points from inlier:

X =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

x
′
1

y
′
1

x
′
2

y
′
2

⋮
x
′
m

y
′
m

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

Also, we calculate the Jacobian with the form of:

Jf =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∂f1

∂p1

∂f1

∂p2
. . .

∂f1

∂pn
∂f2

∂p1

∂f2

∂p2
. . .

∂f2

∂pn

⋮ ⋮ ⋮
∂fm

∂p1

∂fm

∂p2
. . .

∂fm

∂pn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠
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To calculate the Jacobian matrix, we need first to have the form of function f. The function of f
with a point at (xi, yi) can be written as:

f
i
1 =

h11xi + h12yi + h13
h31xi + h32yi + h33

f
i
2 =

h21xi + h22yi + h23
h31xi + h32yi + h33

Also with the homography matrix H:

H =

⎛
⎜⎜
⎝

h11 h12 h13
h21 h22 h23
h31 h32 h33

⎞
⎟⎟
⎠

where every two lines in the Jacobian matrix corresponds to the point (xi, yi) can be written as:

FirstLine =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

xi

h31xi+h32yi+h33yi

h31xi+h32yi+h33
1

h31xi+h32yi+h33

0
0
0

−xi(h11xi+h12yi+h13)
(h31xi+h32yi+h33)2

−yi(h11xi+h12yi+h13)
(h31xi+h32yi+h33)2
−(h11xi+h12yi+h13)
(h31xi+h32yi+h33)2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.T

SecondLine =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
0
0
xi

h31xi+h32yi+h33yi

h31xi+h32yi+h33
1

h31xi+h32yi+h33
−xi(h21xi+h22yi+h23)
(h31xi+h32yi+h33)2

−yi(h21xi+h22yi+h23)
(h31xi+h32yi+h33)2
−(h21xi+h22yi+h23)
(h31xi+h32yi+h33)2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.T

The total Jacobian is a matrix containing all m points. After this strategy has been established,
the process for LM is processed as below: I am running a few minutes late; my previous meeting
is running over.

1. Initial the data for µ0 = τ ⋅max {diag (JT

f⃗
Jf⃗ )} where τ = 0.5 is a presetting number.

2. Use the µk = µ0 to start the iteration with a setting iteration number Ktotal. For each loop,

use equation δ⃗p = (JT

f⃗
Jf⃗ + µI)

−1
Jf⃗ ϵ⃗ (p⃗k) to calculate the current p and pk+1 =

−→pk +
−→
δp.

3. After have a new homography as pk+1 we can calculate a new cost function C(pk+1) and use

this to calculate ρ
LM

=
C(p⃗k)−C(p⃗k+1)

δ⃗T
p JT

f⃗
ϵ⃗(p⃗k)+δ⃗T

p µkIδ⃗p
which used to calculate the next µ.
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4. By calculateµk+1 = µK ⋅ max {1
3
, 1 − (2ρLM − 1)3} and use this µk+1 value to calculate next

iteration.

5. At the end of each iteration, by setting a very small threshold, and if max {δp} < threshold,
stop the iteration and return current homography.

From this homework, we are implementing our own LM algorithm and have a relatively good result.
The code is attached below and also inside .py file.

5 Get the Panoramic

To get the Panoramic, we first get the mid image, here as image 3. Then we calculate each image
with respect to image 3, which means mapping other images to the image 3 coordinates. Then we
make a large mask image by using the largest and smallest value when mapping images to image 3.
Then we used the mapped value for each surround image as input to mapping on the large mask
image to get the Panoramic. The result is shown below.

6 Results

We first list all the parameters using at the given image and our own image. The result is shown
in Table 1.

Parameter Value for Given Image Value for Own Image
For SIFT

Choose Points number 800 400
For RASSAC

n 8 6
σ 1 1
δ 3 3
ϵ 0.35 0.45
p 0.99 0.99

For LM
ThresholdLM 1e − 23 1e − 13

τ 0.5 0.5

Table 1: Parameter Used In Algorithms

Also, the geometric error calculated from all the inliers in different figures is shown in Table2.

Geometric Error with LLS and LM Given Image Own Image
Image1 and Image2 372.39, 372.22 477.29, 477.27

Image2 and Image3 616.01, 615.19 262.09, 261.94

Image3 and Image4 654.96, 654.51 332.45, 332.23

Image4 and Image5 530.45, 529.78 671.33, 671.30

Table 2: Geometric Error Before and After LM
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As the results are shown below. We first list the result after SIFT for edge detection by
drawing the first 300 correspondence points between each neighbor figure. We then list the result
after using RANSAC for outlier rejection. We draw the lines for inlier and outlier. The red lines in
the images are represented as inliers, and the blue lines in the images are represented as outliers.
We can see the RANSAC reject outlier good that all the obvious outliers are detected. Then the
result by using with and without LM to refine the homography is listed. We can see the result is
not much different with and without LM, this may be because the inlier dataset is much better
than expected and the homography from LLS is already good enough with not much error. This
can also be found by checking the geometric error before and after LM. This also shows the power
of RANSAC with LLS that have some robustness to match different points.
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6.1 Given Image

6.1.1 Original Image

Figure 1: input image (a)
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Figure 2: input image (b)
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Figure 3: input image (c)
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Figure 4: input image (d)
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Figure 5: input image (e)
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6.1.2 SIFT output

Figure 6: SIFT Output for Image 1 and Image 2 for first 300 points

Figure 7: SIFT Output for Image 2 and Image 3 for first 300 points
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