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Abstract

Subcutaneous delivery of therapeutic monoclonal antibodies (mAbs) has re-
cently attracted exceptional interests in the pharmaceutical industry. The me-
chanical response of the tissue during the injection and the drug distribution
after the injection are yet to be understood. We are motivated to study the
subcutaneous injection using a nonlinear poro-elastic model with a viscoelastic
constitutive law of the solid. The model is first validated against experimental
data of relaxation tests. Then the poro-viscoelastic model is applied to sub-
cutaneous injection, and is compared against a poro-hyperelastic model. The
pressure at the injection site, which serves as an indicator of possible fracture
initiation, differs significantly by taking into account the viscosity of the solid.

Keywords: subcutaneous injection, nonlinear poro-elasticity, viscoelasticity,
relaxation test, finite element method

1. Introduction

In this work, we study the numerical modeling of subcutaneous administra-
tion of monoclonal antibodies (mAbs). Therapeutic mAbs are protein-based
drugs which have gained increasing attraction in the pharmaceutical industry
[15]. Subcutaneous injection of mAbs is more favorable than other methods
of administration, such as intravenous administration, among the patients and
caregivers because it allows self-administration which reduces the expenses of
healthcare [25, 30]. However, compared to intravenous administration, the short
comings of the subcutaneous delivery include lower bioavalibility [41], which is
the amount of drug entering the systemic circulation, and less deliverable vol-
ume [30, 48]. The study of subcutaneous injection of mAbs helps us understand
the drug distribution in the subcutaneous tissue after administration and op-
timize delivery strategies. To accomplish that, we investigate the mechanical
response, viscoelastic response more specifically, of the tissue after drug delivery
using a poro-viscoelastic model.
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Poro-elasticity has been commonly used to model hydrated biological tissues
[36, 50], such as subcutaneous tissue [33, 34, 42], brain [11, 20, 21, 44], bone
[22, 45], and cartilage [19, 28]. Biphasic poro-elastic models [17, 26] assume
the tissue is composed of two phases, solid and fluid. The solid phase deforms
while the fluid phase is free to move in the tissue under loading conditions, such
as compression, tension, shear, and injection. For small deformation, Biot’s
consolidation theory [4, 5, 6] is recovered from the linear poro-elastic model.
The linear model is applied to subcutaneous injection in [34], but it is found
in [33] that the large deformation of tissue subjected to subcutaneous injection
invalidates the linear model, and it is necessary to use the nonlinear poro-elastic
model to study subcutaneous delivery of mAbs for the standard flow rates (∼
0.5 mL/s). In addition, adipose tissues have exhibited viscoelastic behaviour in
many experimental works [10, 39, 51, 52]. In light of these studies, we adopt
the nonlinear poro-elastic model, used in [33], along with the viscoelastic con-
stitutive law of the solid, calibrated in [10], to study the poro-elastic response
of the tissue due to subcutaneous injection of mAbs.

The first motivation of this work is to validate the poro-viscoelastic model
using relaxation tests reported in [10]. By simulating the relaxation test and
comparing the Cauchy stress of the simulation results against experimental data,
we show that the simulation results of the poro-viscoelastic model are in good
agreement with the experimental records. Hence, this model is able to char-
acterize the viscoelastic behaviour of the subcutaneous tissue. Then, the sec-
ond motivation is to apply the poro-viscoelastic model to study subcutaneous
injection. Using constitutive parameters identified from the relaxation tests,
we compare numerical solutions of the poro-viscoelastic model with the poro-
hyperelastic model, adopted in [33], and find that the pressure profiles at the
injection site differ significantly for the two models.

This paper is organized as follows. In section 2, we present the model equa-
tions used in this work, including the nonlinear poro-elastic model, and the
viscoelastic constitutive law of the solid. Section 3 briefly discusses the numer-
ical methods. Then, the poro-viscoelastic model is validated using a relaxation
test in section 4, and is applied to study subcutaneous injection in section 5.
Finally, conclusions are summarised in section 6.

2. Model equations

We assume the injected fluid, containing a nonreactive drug (mAbs), is a
Newtonian fluid, and shares the same physical properties, i.e., density and vis-
cosity, as the interstitial fluid. The subcutaneous tissue is modeled as a biphasic
material. In this section, we follow the notation of [11, 17, 18, 27] and introduce
the nonlinear poro-elastic model and the viscoelastic constitutive relation of the
solid.

2.1. Preliminary

We introduce first some notations, that are used throughout the paper, and
the kinematics, which is also shown in fig. 1. Let Ωt ⊂ Rd, where d = 3 is the
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Figure 1: Schematic description of kinematics

spatial dimension, be an open, bounded, and continuously deforming domain
with Lipschitz boundary ∂Ωt, for all t ∈ (0, T ], where T > 0. Ωt is also called
the current or deformed configuration. Following the Theory of Porous Media
[11, 14, 17, 35], a spatial point x ∈ Ωt is occupied by two phases, fluid (f) and
solid (s), simultaneously, i.e., x = xα, for α = s, f . We assume the tissue is
fully saturated for all t ∈ (0, T ], such that∑

α=s,f

φα(x, t) = 1, in Ωt, (1)

where φα(x, t) is the volume fraction, defined as the volume of phase α over the
total volume at x in the current configuration.

At t = 0, Ω0 is referred to as the initial or undeformed configuration. The
point x in the current configuration, Ωt, is then mapped back to the initial
configuration, Ω0, at Xf and Xs for the fluid and solid phase, respectively. In
general, Xs 6= Xf . The displacement field is thus defined by

uα = xα −Xα. (2)

The deformation gradient tensor is given by

Fα =
∂xα
∂Xα

, (3)

where we have abused the notation xα and used it to denote the mapping from
Ω0 to Ωt. Assuming Fα is invertible for all xα ∈ Ωt and t ∈ (0, T ], we remark
that the deformation gradient can also be written as

F−1
α = I −∇uα, (4)

where I is the d × d identity matrix, and ∇ indicates taking partial derivative
with respect to x in the current configuration, Ωt.

3



2.2. Nonlinear poro-elastic model

The nonlinear poro-elastic model has been used in [11, 17, 33] and we sum-
marize the governing equations, namely, the conservation of mass and momen-
tum equations, here for completeness. Assuming both fluid and solid phases
are incompressible, we have the governing equations of a biphasic tissue as, for
t ∈ (0, T ], 

∇ · σpor = 0, in Ωt,

1

Js
J̇s +∇ ·w = q̂f , in Ωt,

(5)

where ˙(•) indicates taking the material time derivative of (•), q̂f is the fluid
injection rate, σpor is the effective Cauchy stress of the tissue, given by,

σpor = σsE − pI, (6)

with σsE and p being the Cauchy stress of the solid phase and the pore pressure
respectively, Js = det(Fs) is the Jacobian determinant of the solid, and w is
the Darcy velocity of the fluid,

w = − k
µf

(∇p− ρfg). (7)

In eq. (7), k is the permeability tensor, µf is the fluid viscosity, ρf is the fluid
density, and g is the body force due to gravity. It is worth noting that we have
neglected the acceleration terms and body force in the equation of conservation
of momentum, and have assumed the constitutive relation of the fluid flow
follows Darcy’s law. The fluid-solid friction can be quantified using the porous
dissipation [11]

Dv = µf
(
k−1w

)
·w. (8)

We assume the tissue is homogeneous and isotropic, then the permeability
tensor becomes k = kI, where k is the scalar permeability. The deformation of
the tissue alters the pore structure of the porous medium, and the permeability
changes as a consequence. To model such alternation of the permeability due
to tissue deformation, we choose the normalized Kozeny-Carman formula, given
by

k(φf ) = k0

(1− φ2
f,0)2

φ3
f,0

φ3
f

(1− φf )2
, (9)

where φf,0 = φf (x, 0) is the initial porosity, and k0 = k(φf,0) is the initial
permeability. We remark that the volume fraction of the fluid (φf ) in the
current configuration can be found through the saturation constraint eq. (1)
and the Jacobian determinant,

Jsφs = φs,0, (10)
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where φs,0 is the initial volume fraction of the solid.

2.3. Viscoelasticity

In this subsection, our effort is resorted to find the Cauchy stress of the
solid phase, σsE in eq. (6), using the constitutive law of a viscoelastic material.
Following the framework of [11], we start with the strain-energy function of a
viscoelastic solid, given as

Ψs = Ψeq + Ψneq, (11)

where Ψneq characterizes the non-equilibrium state, such as the behaviour of
relaxation and creep of the solid, and Ψeq represents the equilibrium state of
the solid and can be further split into two parts,

Ψeq = U(Js) + Ψ∞iso, (12)

where U(Js) and Ψ∞iso describe the volumetric and isochoric elastic responses
of the solid, respectively, as t → ∞. From eq. (11), the second Piola-Kirchhoff
stress, SE , can be obtained by

SE = 2
∂Ψs

∂Cs
= 2

∂Ψeq

∂Cs
+ 2

∂Ψneq

∂Cs
= Seq + Sneq, (13)

where Cs = F Ts Fs is the right Cauchy-Green deformation tensor, Sneq is the
non-equilibrium part of SE and is given as

Sneq = 2
∂Ψneq

∂Cs
, (14)

and Seq is the equilibrium part of the second Piola-Kirchhoff stress and is defined
by

Seq = 2
∂Ψeq

∂Cs
= 2

∂U(Js)

∂Cs
+ 2

∂Ψ∞iso
∂Cs

= S∞vol + S∞iso, (15)

where S∞vol and S∞iso are the volumetric and isochoric contributions to Seq, re-
spectively.

We adopt the extensional function given in [18] for the volumetric elastic
response of the solid U(Js),

Up(Js) := λ(1− φs,0)2

[
Js − 1

1− φs,0
− ln

(
Js − φs,0
1− φs,0

)]
, (16)

where λ is the first Lamé constant. For hyperelastic and viscoelastic materials
without fluid, another choice of the strain energy function is given by

Uv(Js) :=
κ

4

(
J2
s − 1− 2 lnJs

)
, (17)

where κ is the bulk modulus of the material. Because eq. (17) does not take
into account the pores, we use eq. (16) for the poro-elastic models in this work.
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Then, the volumetric contribution to the equilibrium second Piola-Kirchhoff
stress Seq, eq. (15), is obtained by

S∞vol = 2
∂U(Js)

∂Cs
= Js

dU(Js)

dJs
C−1
s . (18)

For the isochoric elastic response of the tissue, we use the Ogden strain-energy
function [38], which is adopted to model soft tissues in [8, 10, 11, 13, 39, 51, 53],

Ψ∞iso =

3∑
i=1

µi
αi

[
λ
αi

1 + λ
αi

2 + λ
αi

3 − 3
]
, (19)

where µi and αi are positive constitutive parameters that are identified in exper-
iments, λa, for a = 1, 2, 3, is the isochoric principal stretch, which is defined by
λa = λaJ

−1/3
s , where λa is called the principal stretch and is obtained through,

Cs =

3∑
a=1

λ2
aN̂a ⊗ N̂a. (20)

where N̂a is the normalized eigenvector of Cs, and λ2
a is the corresponding

eigenvalue. The shear modulus can be obtained by

µ =
1

2

3∑
i=1

µiαi. (21)

The isochoric contribution to the equilibrium second Piola-Kirchhoff stress Seq,
eq. (15), is obtained by

S∞iso = 2
∂Ψ∞iso
∂Cs

=

3∑
a=1

Siso,aN̂a ⊗ N̂a, (22)

where Siso,a is given by

Siso,a =
1

λa

∂Ψ∞iso
∂λa

=
1

λ2
a

3∑
i=1

µi

[
λ
αi

a −
1

3

(
λ
αi

1 + λ
αi

2 + λ
αi

3

)]
. (23)

The non-equilibrium part of the strain-energy function Ψneq extends the
strain-energy function to the viscoelastic regime, and is responsible for the vis-
coelastic behaviour of the solid. The viscoelastic model is discussed in detail in
[27], we present it here for completeness. Assuming the non-equilibrium state
is only isochoric, we use the following form of the non-equilibrium part of the
strain-energy function

Ψneq =

m∑
j=1

Υj

(
Cs,Γj

)
, (24)
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where Υj , j = 1, . . . ,m, are the so-called configurational free energy of the

viscoelastic solid, m is the number of free energy terms used, Cs = F
T

s F s is

the modified right Cauchy-Green tensor with F s = J
−1/3
s Fs being the modified

deformation gradient tensor, and Γj is the strain-like internal variable. The
viscoelastic behaviour of the tissue is modeled using m viscoelastic processes
with corresponding relaxation time τj > 0, for j = 1, . . . ,m. Recall eq. (14), we
have the non-equilibrium second Piola-Kirchhoff stress as

Sneq = 2
∂Ψneq

∂Cs
=

m∑
j=1

Qj , (25)

where Qj is the isochoric non-equilibrium stress, given by

Qj = 2
∂Υj

(
Cs,Γj

)
∂Cs

. (26)

In order to satisfy the non-negative constraint of the internal dissipation, Dint,
given as

Dint = −
m∑
j=1

2
∂Υj

(
Cs,Γj

)
∂Γj

:
1

2
Γ̇j ≥ 0, (27)

we choose the following equation of evolution

Q̇j +
Qj

τj
= Ṡiso,j , for t ∈ (0, T ] and j = 1, . . . ,m, (28)

where
Siso,j = β∞j S

∞
iso, (29)

for β∞j > 0 being the dimensionless strain-energy factor. We assume the ref-
erence configuration is stress-free, namely, Qj |t=0 = 0. Hence, the dissipation
due to the viscosity of the solid can be obtained by [27]

Dv =

m∑
j=1

1

ηj
Qj : Qj (30)

where ηj = τjβ
∞
j E, and E is the Young’s modulus of the material.

Finally, by collecting the equilibrium and non-equilibrium parts, eqs. (18),
(22) and (25), of the second Piola-Kirchhoff stress, SE , and pushing it forward
to the current configuration, we arrive at the Cauchy stress tensor of the solid
phase,

σsE =
1

Js
FsSEF

T
s . (31)

Combing the nonlinear poro-elastic model, introduced in section 2.2, with the
viscoelastic constitutive law of the solid, discussed in this section, we arrive at
the poro-viscoelastic model.
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2.4. Hyperelasticity

If the non-equilibrium contribution of the strain-energy function (Ψneq) is
not considered, we arrive at the hyperelastic model which is used to model a
wide range of biological tissues, such as, brain tissue [56], cervical tissue [9],
subcutaneous tissue [13, 53]. The strain-energy function of the solid reduces to

Ψs = Ψeq. (32)

As a consequence, the second Piola-Kirchhoff stress becomes

SE = 2
∂Ψs

∂Cs
= 2

∂Ψeq

∂Cs
= Seq. (33)

By assuming Ψs is the same as eq. (12), we obtain SE by gathering eqs. (18)
and (22), and have the Cauchy stress tensor σsE using the push-forward transfor-
mation, eq. (31). We remark that for the rest of the paper, we call the nonlinear
poro-elastic model, as in section 2.2, along with the hyperelastic constitutive re-
lation of the solid as the poro-hyperelastic model.

3. Numerical methods

In this section, we discuss briefly the computational procedure, such as,
time integration, algorithm for the equation of evolution eq. (28), and spatial
discretization used in this work. The numerical procedure is implemented using
the open source finite element library deal.II [1, 3] and its community [11,
46, 47]. We adopt an iterative procedure namely, the fixed-stress split, to solve
the nonlinear poro-elastic model, eq. (5) with appropriate boundary conditions.
The fixed-stress iterative scheme for nonlinear poro-elastic models is proposed
in [33] and details can be found therein.

3.1. Time integration

We use the implicit Euler scheme for time integration. Because Lagrangian
mesh (introduced in section 3.3) is used, the material time derivative in the
second line of eq. (5) can be approximated as

J̇s ≈
Jns − Jn−1

s

∆t
, (34)

where we have denoted by ∆t = tn − tn−1 the uniform time increment between
time tn and tn−1, for n ≥ 1, and the superscripts (•)n and (•)n−1 indicate the
respective values at these time instances.

3.2. Equation of evolution

In order to find the non-equilibrium stress Qj , we need to solve equation of
evolution, eq. (28). The analytical solution of eq. (28) can be obtained as

Qj = e−t/τjQ0+

j +

∫ t

0+

e−(t−s)/τj Ṡiso,j(s)ds. (35)
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A time integration algorithm proposed in [27] is adopted to computeQj . Rewrit-
ing the non-equilibrium stress at time tn, we have

Qn
j = e−t

n/τjQ0+

j +

∫ tn−1

0+

e−(tn−s)/τj Ṡiso,j(s)ds

+

∫ tn

tn−1

e−(tn−s)/τj Ṡiso,j(s)ds

= e−∆t/τj

[
e−t

n−1/τjQ0+

j +

∫ tn−1

0+

e−(tn−1−s)/τj Ṡiso,j(s)ds

]

+ e−∆t/(2τj)

∫ tn

tn−1

Ṡiso,j(s)ds

= e2ξjQn−1
j + eξjβ∞j

[
(S∞iso)

n − (S∞iso)
n−1
]

= eξjβ∞j (S∞iso)
n

+ eξj
[
eξjQn−1

j − β∞j (S∞iso)
n−1
]
,

(36)

where from the first to the second line, we have used the mid-point rule for the
third term on the right hand side, from the second to the third line, we have used
eq. (29) and introduced ξj = −∆t/(2τj). We remark that the second term on
the last line of eq. (36) can be treated as the history term of the non-equilibrium
stress.

3.3. Spatial discretization

Let Th be a conforming, shape-regular, quasi-uniform triangulation of the
initial configuration Ω0, consisting of polyhedrons in 3D. The finite element
space for us is denoted as

Vh :=
{
v ∈

[
H1(Ω0)

]d
: v|Ωe

∈ [P1(Ωe)]
d
,∀Ωe ∈ Th,v|Γus

D
= 0

}
, (37)

where H1 is the standard Sobolev space, P1 denotes linear polynomials, and
Γus

D ⊂ ∂Ω0 is the Dirichlet boundary of us. The discrete space for p is

Qh :=
{
θ ∈ H1(Ω0) : θ|Ωe ∈ P1(Ωe),∀Ωe ∈ Th, θ|Γp

D
= 0
}
, (38)

where ΓpD ⊂ ∂Ω0 is the Dirichlet boundary of p. Then, we obtain the fully
discrete form of eq. (5): find uns,h ∈ Vh, pnh ∈ Qh, such that∫

Ωt

σpor(uns,h, p
n
h) : ∇vhdΩt = 0, ∀vh ∈ Vh,∫

Ωt

Jns − Jn−1
s

Jns ∆t
θhdΩt −

∫
Ωt

wn · ∇θhdΩt =

∫
Ωt

q̂fθhdΩt, ∀θh ∈ Qh.

(39)

A fixed-stress split iterative scheme [33] with a tolerance of 5.0×10−6 is used to
solve eq. (39). Such that the Conjugate Gradient solver with algebraic multigrid
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preconditioner can be applied to the second equation of eq. (39), Newton’s
method is used to the first equation of (39). The tolerance of the nonlinear
solver is taken to be 1.0× 10−10.

4. Model validation using relaxation test

In this section, we simulate the relaxation experiments published in [10]
using the poro-viscoelastic model introduced in section 2. The experimental
procedure is discussed in detail in [10], and constitutive parameters in eqs. (19)
and (29) of the viscoelastic model are identified and they are independent of the
strain rate.

4.1. Computational modeling of the relaxation test

In the experiments, all samples are of cylindrical shape with a diameter (Dia)
of 19 mm but the height (H) varies from 5 to 10 mm. One specimen of the
human adipose tissue is shown in figs. 2a and 2c. Due to symmetry, we model
only a quarter of the cylindrical specimen and its computational model and
mesh are shown in figs. 2b and 2d. The specimen is under unconfined uniaxial
compression. The top surface of the specimen is subjected to a displacement
loading (Ux) in the x direction. The loading condition is shown in fig. 3 with
a strain rate of 60% s−1 and a final strain level of 40%. When the specimen
has reached the targeted strain level (40%), the final strain is maintained for
15 minutes which is the relaxation process. The fluid is free to flow from the
side of the cylinder but no flow is allowed from the top or bottom surface. The
boundary conditions are summarized as follows,

p = 0, σporn = 0, on
√
y2 + z2 = Dia/2,

∇p · n = 0, us · n = Ux(t), (σporn) · t = 0, on x = H,

∇p · n = 0, σporn = 0, on x = 0,

∇p · n = 0, us · n = 0, (σporn) · t = 0, on y = 0,

∇p · n = 0, us · n = 0, (σporn) · t = 0, on z = 0,

(40)

where n and t are the unit normal and tangential vectors of the face, respec-
tively, and Ux(t) is shown in fig. 3.

A fixed mesh shown in figs. 2b and 2d is used for the simulation and the
time step is ∆t = 0.005 s. We remark that here and for the rest of the work,
gravity is neglected, and we assume the fluid viscosity (µf = 1 cP) is constant.
The constitutive model parameters of the viscoelastic model are taken from [10,
table 5] and presented in table 1. It is worth mentioning that as described
in [10], 5-term (m = 5 as in eq. (24)) non-equilibrium forces are used and for
each βi, i = 1, . . . , 5, the corresponding time constants τi are: τ1 = 0.01 s,
τ2 = 0.1 s, τ3 = 1 s, τ4 = 10 s, and τ5 = 100 s. The permeability of the
adipose tissue reported in experiments differ in several orders of magnitude
(100− 0.01 D) [12, 24, 32, 43, 54]; so does the porosity, which ranges from 0.01
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(a) Top view of the cylindrical specimen

Dia

x

z

y

R

(b) Top view of the cylindrical model

(c) Lateral view of the cylindrical specimen

H
0

x

z

R

(d) Lateral view of the cylindrical model

Figure 2: One cylindrical specimen of the human adipose tissue (a and c, taken from [10])
and its computational model (b and d). The diameter (Dia in b) of the specimens is 19 mm,
and the height is H (in d), where H is between 5 and 10 mm. In b, the x-axis is pointing out
of the paper plane.

0 2 4 6 8
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-40%

-30%
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U
x
(t
)
(H
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Ux(t) (H)

t = 2/3 s

Figure 3: Displacement loading (strain rate: 60 % s−1, strain level: 40 %) on the top surface
of the specimen. The dark shaded area represents the loading ramp, and the light shaded area
indicates the relaxation process.
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to 0.23 [12, 54]. In light of these uncertainties, we choose the rest of the poro-
elastic model parameters as follows: the specimen height H = 8 mm, the initial
porosity φf,0 = 0.1, the initial permeability k0 = 1 D (D is the Darcy unit of
permeability), and the Poisson ratio ν = 0.49.

Table 1: Parameters identified in [10, Table 5] for the viscoelastic model with a strain rate
of 60% s−1 and a strain level of 40%. One-term Ogden strain-energy function is used for the
isochoric part of the equilibrium contribution, so α2 = α3 = 1, and µ2 = µ3 = 0. µ1 has a
unit of kPa and the rest of the parameters are dimensionless.

µ1 (kPa) α1 β∞1 β∞2 β∞3 β∞4 β∞5

0.119 8.252 67.712 12.734 3.837 1.957 1.940

4.2. Numerical simulation of the relaxation test

The Cauchy stress on the top surface of the specimen, denoted as T , can be
obtained using

T =
1

|St|

∫
St

σpor · ndSt, (41)

where St is the top surface (x = H) of the specimen, and |St| is the measure
(area) of the surface at time t. The x component, denoted as Tx, of the Cauchy
stress, T , is recorded and used to fit the viscoelastic model parameters in [10].
One set of the experimental data from [9] is presented in fig. 4. We use four
models, i.e., hyperelastic, viscoelastic, poro-hyperelastic and poro-viscoelastic
models, to simulate the relaxation test. Numerical results of Tx are shown in
fig. 4.

Remark 4.1. For the hyperelastic and viscoelastic models, we assume the dis-
placement loading on the top surface of the specimen is quasi-static. Then we
solve only the conservation of momentum without fluid pressure:

∇ · σsE = 0. (42)

Moreover, in the experiments [10], the adipose tissue is assumed to be incom-
pressible, namely, ν = 0.5. In fig. 4, we assume the tissue is nearly incompress-
ible for the hyperelastic and viscoelastic models, and choose ν = 0.4995. The
slight compressibility is characterized using Uv defined in eq. (17) for all the sim-
ulations of the hyperelastic and viscoelastic models in this work. The boundary
conditions of the hyperelastic and viscoelastic models are the same as eq. (40)
without the pressure terms. The implementation of the nearly incompressible
hyperelastic and viscoelastic models is nontrivial and beyond the scope of this
work. We refer to [29, 40] for more details.

Figure 4 indicates that the general trends of the Cauchy stress on the top
surface of the specimen from the simulation using the viscoelastic and poro-
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t (s)

−15
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0

T
x
(k
P
a) Hyperelasticity

Poro-hyperelasticity

One experiment

Viscoelasticity

Poro-viscoelasticity

t = 2/3 s

Figure 4: Cauchy stress recorded on the top surface of the specimen. The black solid line is
one of the experimental records from [10]. For the hyperelastic and viscoelastic models, Uv in
eq. (17) is adopted and ν = 0.4995. For the poro-hyperelastic and poro-viscoelastic models,
Up in eq. (16) is adopted and ν = 0.49. The dark shaded area represents the loading ramp,
and the light shaded area indicates the relaxation process.

viscoelastic models agree with the experimental data. Namely, during the load-
ing ramp, the Cauchy stress (|Tx|) increases with the displacement load; when
the specimen is subjected to a constant displacement load at the top surface,
the relaxation process starts and the Cauchy stress (|Tx|) decreases. The vis-
coelastic models are suitable to describe the relaxation behaviour of the adipose
tissue. However, the hyperelastic and poro-hyperelastic models predict constant
stress during the relaxation process and thus are not able to characterize the
relaxation behaviour of the adipose tissue.

We remark that the experimental data presented in fig. 4 is one of 45 exper-
iments of the same strain rate. Parameters in table 1 used for the viscoelastic
model are the median values reported in fig. 4. It is expected that the stress
values are different between the set of the experimental data and numerical sim-
ulations using the viscoelastic and poro-viscoelastic models. In terms of model
assumptions, the viscoelastic model with ν = 0.4995 is the closest match to the
experiments and thus is considered the reference results.

We next justify the choice of the Poisson ratio and the volumetric strain
energy function. The viscoelastic model (Uv is the strain energy function) with
ν = 0.4995 and 0.49, and the poro-viscoelastic model (ν = 0.49) with Uv and
Up are considered. The Cauchy stress on the top surface of the specimen, the
viscous dissipation defined in eq. (30) and the radial expansion (z component
of the displacement, uz) at R in fig. 2 are shown in figs. 5, 6a and 6b, respec-
tively. Figure 5 shows that the Cauchy stress are similar for the two models
(viscoelasticity and poro-viscoelasticity). However, as shown in fig. 6a, the vis-
cous dissipation of the viscoelastic model is smaller for a slightly smaller Pois-
son ratio. For the same Poisson ratio (ν = 0.49), the viscous dissipation of the
poro-viscoelastic model is smaller than that of the viscoelastic model. Figure 6b
indicates that if the fluid is not considered (the viscoelastic model), a smaller
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Poisson ratio results in less radial expansion of the tissue. For the same Pois-
son ratio (ν = 0.49), the poro-viscoelastic model predicts slightly larger radial
expansion. In addition, the difference of the numerical solution using the two
volumetric strain energy functions (Us and Up) in the poro-viscoelastic model
is negligible.

Finally, the energy dissipation due to the viscous and porous effects of the
poro-viscoelastic model for three permeability values, k0 = 0.5, 1, and 2 D are
investigated in fig. 7. The porous dissipation shown in fig. 7b is much smaller
than the viscous dissipation presented in fig. 7a. We conclude that the viscous
effect is the dominating dissipation mechanism in the relaxation test and the
porous effect is less significant.

5. Application to subcutaneous injection

In this section, we are motivated to study subcutaneous injection of mAbs
using the poro-viscoelastic model with constitutive parameters validated in the
previous section. We first briefly introduce the computational framework devel-
oped in [33]. Then we compare the numerical simulations of the poro-viscoelastic
and poro-hyperelastic models using the constitutive parameters from table 1 as
the viscoelastic model parameters are independent of the strain rate [10].

5.1. Computational modeling of subcutaneous injection

We briefly discuss the computational modeling of the subcutaneous tissue
and injection here for completeness. We model the tissue as a three-dimensional
rectangular prism, and the injection as a volumetric source located on the cen-
terline of the tissue about 4 mm underneath the skin surface. Due to symme-
try, simulations are conducted on a quarter of the prism, and the computation
domain is of dimension 100 × 100 × 100 mm3 as shown in fig. 8. The mesh is
adaptively refined (6 levels) near the injection site and does not change through-
out the simulation. The size of the smallest element is 0.156253 mm3 so that
it represents the inner diameter of the needle used for subcutaneous injection
(0.15 - 0.25 mm) [55]. The boundary conditions are summarized in eq. (43).

∇p · n = 0, us · n = 0, (σporn) · t = 0, on x = 0,

p = 0, σporn = 0, on x = 0.1 m,

∇p · n = 0, us · n = 0, (σporn) · t = 0, on y = 0,

p = 0, σporn = 0, on y = 0.1 m,

p = 0, us = 0, on z = 0,

∇p · n = 0, σporn = 0, on z = 0.1 m.

(43)

The injection term q̂f in eq. (5) is defined in the current configuration, which
makes it difficult to track the injected volume. We redefine the injection in the
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A
B
C

Figure 8: (Left) Computational model (Ω0) of a quarter of the tissue. B (red circle), (0, 0,
0.096), is the injection point, A (blue square), (0, 0, 0.1), and C (green triangle), (0, 0, 0.085),
are observation points. (Right) Zoom-in of the refinement region (shown in dark red region
on the left) near the injection site, B.

reference configuration using the pull-back operation, as follows∫ T

0

∫
Ωt

q̂f (x, t)dΩtdt = χΩB
e

∫ T

0

Qf (t)dt, (44)

where χΩB
e

is the indicator function over ΩB
e ∈ Th, which is the element in the

triangulation such that B ∈ ΩB
e (B is shown on the left of fig. 8), and Qf (t) is

shown in fig. 9. The total injected drug is 1.98 mL (0.495 mL for the quarter
domain) over a duration of 5 s with an average injection rate of 0.4 mL/s.
In practice, self-administration of mAbs (1 - 2 mL) completes within seconds
[2, 7, 31, 37, 48], thus the injection rate we have used is clinically relevant.

5.2. Comparison between the poro-viscoelastic and poro-hyperelastic models

We apply both the poro-viscoelastic and poro-hyperelastic models to study
the subcutaneous injection. For the viscoelastic relation, we use the constitutive
parameters presented in table 1. For the hyperelastic model, we also extract
the constitutive parameters from table 1 but use only the one-term Ogden hy-
perelastic model parameters. Then the Lamé constants are obtained through
λ = 2µν/(1 − 2ν), where µ is obtained using eq. (21). In addition, we choose
the Poisson ratio ν = 0.49, initial permeability k0 = 5 D , and initial porosity
φf,0 = 0.1.

The comparisons of the pore pressure at the injection site B and observa-
tion point C, vertical displacement at the skin surface A, and the Jacobian
determinant in the L∞ norm of the tissue using the poro-viscoelastic and poro-
hyperelastic models are presented in fig. 10. The location of the observation
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Figure 10: Comparison of the pressure, displacement, and the Jacobian determinant for the
poro-viscoelastic (poro-visco in the legend) and poro-hyperelastic (poro-hyper in the legend)
models. The location of the A, B and C are denoted in fig. 8.
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sites are shown in fig. 8.
The pressure profiles at the injection site differ significantly during the in-

jection process, see fig. 10a. The pressure at the injection site increases to
significant values at the beginning of the injection for both models. As more
fluid is injected, the pressure decreases for the poro-viscoelastic model, while
that of the poro-hyperelastic model stays flat. At the end of the injection,
both models predict a large pressure drop at the injection site, and the pressure
predictions of the two models overlap beyond the end of the injection.

As shown in figs. 10b and 10c, the pressure profiles at C and the vertical
displacement profiles at A of the two models are similar. The trends of the
maximum Jacobian determinant presented in fig. 10d are in good agreement
for the two models, even though the poro-hyperelastic model predicts larger
deformation than the poro-viscoelastic model. Results in fig. 10d confirm that
the tissue deformation, due to subcutaneous injection, is so large that the use
of the nonlinear poro-elastic model is necessary.
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Figure 11: The scaled energy dissipation of the poro-viscoelastic model.

The viscous and porous dissipation are scaled by different constants and
presented in fig. 11. Contrary to the relaxation test in section 4, the viscous
dissipation is much smaller than the porous dissipation for the subcutaneous
injection. At the beginning and the end of the injection when the injection rate
changes, the viscous dissipation increases sharply.

We conclude that the viscosity effect of the solid is important in predicting
the pressure at the injection site, while the Ogden hyperelastic model is enough
to characterize the tissue deformation away from the injection site.

The pressure at the injection site is an important measurement in the injec-
tion physiology, and one that has received significant attention in experimental
studies [16], because the pore pressure is critical in determining if fractures will
be initiated in the tissue due to injection [12]. We remark that the general
trend of the pressure profile at the injection site (fig. 10a) resembles the experi-
mental data presented in [16, fig.4a], but differs from others, such as [16, fig.4b
and 4c]. This may be due to the difference of the instant injection rates between
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the simulation and the experiments. The time evolution of the injection rates
in [16] is unknown and is difficult to measure. The reported flow rates in [16]
are average values. To improve the simulation, it is necessary to use realistic
instant injection rate.

6. Conclusion

In this work, we have used a poro-viscoelastic model to study the injection of
mAbs into subcutaneous tissue. First, we validated the model by simulating the
relaxation test conducted in [10]. The constitutive parameters of the viscoelastic
model are taken from the experiments. Numerical results using the hyperelastic,
viscoelastic, poro-hyperelastic and poro-viscoelastic models are compared with
one set of the experiments and against each other. The Cauchy stresses obtained
from the viscoelastic and poro-viscoelastic models are similar and are in good
agreement with experimental data. Moreover, the viscous dissipation is much
larger than the porous dissipation of the relaxation test. The hyperelastic and
poro-hyperelastic models are not suitable to describe the relaxation behaviour
of the adipose tissue.

Next, we applied the poro-viscoelastic model to study the subcutaneous
injection utilizing the computational framework developed in [33]. By compar-
ing simulation results of the poro-viscoelastic model with the poro-hyperelastic
model adopted in [33], we found that the pressure profiles at the injection site
differ significantly for the two models during the injection process. The pressure
at the injection site is of great significance because it can indicate if fractures
will be initiated in the tissue. After an initial rise, the pressure at the injection
site of the poro-viscoelastic model declines, while that of the poro-hyperelastic
model stays flat. At locations away from the injection site, the pressure and ver-
tical displacement profiles obtained using the two models are similar. In terms
of energy dissipation of the subcutaneous injection, the porous dissipation plays
the dominant role. We came to the conclusion that the viscosity effect of the
solid is important in predicting the pressure at the injection site, while the hy-
perelastic model is enough to capture the behaviour of the subcutaneous tissue
away from the injection site.

This is the fourth work of modeling subcutaneous injection using poro-
elasticity and there are many challenging problems unsolved. The time evo-
lution of the injection rate adopted here is only a simple characterization of the
subcutaneous injection. A detailed study of the injection rate is suggested so as
to improve the simulations. Permeability values reported in experiments differ
in several orders of magnitude [12, 24, 32, 43, 54]. In this and previous works
[33], the minimum initial permeability (k0) studied is 0.5 D. This is due to the
limitation that further reducing the permeability results in negative Jacobian
determinant which violates the constitutive relation of the solid. Changing the
solid constitutive law from hyperelasticity to viscoelasticity does not overcome
such limitation, so it is worthwhile to use other variable permeability models
[49], and to study possible fractures initiated due to injection [12]. Moreover,
the computational cost is demanding for nonlinear poro-elastic models. Large
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deformation only takes place near the injection site and linear poro-elastic model
is still valid away from the injection site [33]. One way to make computations
more efficient is to couple linear and nonlinear poro-elasticity together using
domain decomposition [23].
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