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Abstract

Subcutaneous injection for self-administration of biotherapeutics, such as monoclonal antibodies, has emerged as a fast-
rowing field in the pharmaceutical industry. Effective drug delivery in the subcutaneous tissue critically depends on the
oupled mechanical and transport processes occurring in the tissue during and after the injection. The details of these processes,
owever, remain poorly understood; and this explains the growing interest in computational approaches. Notably, there are very
ew computational studies on subcutaneous injection into three-dimensional porous media that account for tissue deformability.
ere, we leverage a poroelastic model to analyze the response of subcutaneous tissue under the flow of a pressurized fluid.
e propose a computational method based on Isogeometric Analysis that exploits the global continuity of splines. Our model

hows the importance of considering tissue deformation and permeability changes in order to obtain more realistic results in
erms of fluid pressure and velocity, during and after the injection.
c 2020 Elsevier B.V. All rights reserved.

eywords: Subcutaneous injection; Poroelasticity; Isogeometric analysis

1. Introduction

Biologics are becoming one of the most critical areas in the pharmaceutical industry. From rheumatoid arthritis
o diabetes and cancers, these biotherapeutics have improved treatments of many diseases. Monoclonal Antibodies
mAbs) are the fastest-growing category of protein-based drugs [1]. mAbs are antibodies synthesized from cloned
mmune cells. mAbs are large molecules (150 kDa) that require parenteral administration, that is, delivery from
outes outside of the digestive system. mAbs are usually administered through intravenous or subcutaneous routes.
ubcutaneous administration is attracting great interest because it is facilitating self-administration. Subcutaneous
elivery reduces the total cost of treatment, the risk of systemic infection, and is generally preferred by patients and
aregivers [2–4]. An essential disadvantage of subcutaneous administration with respect to intravenous infusion is
hat it results in lower bioavailability.1 The most commonly used mAbs show a bioavailability of ∼60%–80% when

injected subcutaneously, which imposes a significant economic penalty given the high cost of these therapeutic
compounds. The low bioavailability of mAbs can be explained by the complex transport process that they undergo.
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1 Bioavailability is the fraction of the administered drug that reaches the systemic circulation.
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mAbs are too large for direct capillary uptake. They leave the injection site via the lymphatic system, and travel
through it until reaching the systemic circulation. mAbs can be degraded at the injection site, or any point through
the lymphatic system, including lymph nodes. The inhibitive mechanisms for mAbs transport remain unknown, but
the current hypothesis suggests that interstitial transport may be the initial critical step in the process. Interstitial
transport may also limit injectable drug volumes to ∼2 mL [5,6]. The volume limitation is a significant barrier
nd has slowed down, for example, the advance of subcutaneous administration of mAbs in cancer therapy [7,8].
ne solution to the volume limitation is to make highly concentrated protein solutions, but that increases the drug’s
iscosity [9]. An increase in the drug’s viscosity further limits transport in the interstitium and increases the stress
evels undergone by the drug, augmenting the risk of protein unfolding or denaturation. Higher viscosity also creates
hallenges with the delivery. Forward processing of drug substance into drug product can also be challenging for
igh viscosity.

Our lack of understanding of the governing mechanisms limiting interstitial transport has triggered a growing
nterest in computational research on subcutaneous injection biomechanics [10,11]. With the notable exception
f some semi-analytical axisymmetric solutions [12,13] and simplified one-dimensional models [11], the existing
iterature has focused on spherically-symmetric flow on a rigid porous medium [10]. Also, previous work on
ubcutaneous injection modeling has considered linear models with constant properties. Here, we leverage three-
imensional poroelastic models to study the tissue deformation and pressure buildup after subcutaneous injection,
hich are critical to reduction in injection site reactions such as edema. The pressure in the interstitium is also a

ritical regulator of the drug uptake. We use a linear model based on Biot’s poroelasticity and a nonlinear model that
ccounts for changes in the permeability produced by tissue deformation. Our computational methodology is based
n high-order isogeometric analysis, which has been shown to improve the stability of equal-order formulations
imultaneously permitting larger time steps [14]. Isogeometric Analysis has also shown promise for poroelasticity
n collocation formulations [15].

We use our simulations to assess the influence of tissue deformation on the overall poroelastic response. We
ompare the dynamics of subcutaneous injection on a rigid porous medium and a poroelastic medium with constant
ermeability, to understand how the deformable solid skeleton affects the fluid pressure and velocity. This analysis is
erformed for different injection depths, permeability, and stiffness properties. We also compare results for constant
ermeability with results for deformation-dependent permeability. We show that tissue deformation and permeability
hanges play a critical role in the fluid pressure distribution, velocity, and therefore, in the way the drug is delivered.
otential extensions of this research may include coupling our computational model with Physiologically Based
harmacokinetic (PBPK) models [16] or with models of microvascular flow and lymphatic drainage [17,18].

. Poroelastic model

Our model problem to study pressure buildup during subcutaneous injection is conceptually described in Fig. 1.
e consider a piece of tissue (Fig. 1A) that goes from the skin surface to the muscle with the subcutaneous space in

etween. The subcutaneous tissue is the innermost layer of skin. It is primarily composed of large cells (adipocytes)
hat are kept in place by a fibrous network of septae primarily made of collagen. This network is continuous from
he subcutaneous space to the dermis. The subcutaneous tissue hosts nerves as well as blood and lymphatic vessels.
ig. 1B shows a histological section of porcine tissue. The staining clearly shows the different layers of the tissue.
lthough intramuscular injections are also often used (e.g., inactivated vaccines containing an adjuvant), we will

ocus on subcutaneous injection, which is the most common administration method for mAbs.

.1. Governing equations

The transport and mechanical processes occurring during subcutaneous injection are very complex and involve at
east multiphase and multicomponent flows in a deformable and heterogeneous porous medium. The drug is usually
highly viscous solution, but the syringe also contains a non-negligible (up to ∼10% of the volume) amount of air.
e do not model how the needle penetrates the skin [19], but only how the drug that enters the tissue during the

njection produces interstitial flow and tissue deformation. Our primary interest here is to understand how the tissue
eformation modifies the pressure buildup produced by the injection. To study this problem in isolation, we will

ocus on single-phase flow. We will also assume uniform mechanical properties of the tissue across the different
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Fig. 1. (A) Schematic representation of an injection in the subcutaneous space. The simplified anatomic illustration shows the different
ayers of the tissue, including the epidermis, dermis, subcutaneous tissue, and muscle. (B) Histological section of porcine tissue showing the
ifferent layers through staining.

ayers, but we will account for the constraining effect of the muscle layer using adequate boundary conditions. Our
odel is based on Biot’s poroelasticity [20,21], which is governed by the equations

α
∂ϵv

∂t
+

1
M

∂p
∂t

= ∇ ·

(
κ(φ)
η

∇ p
)

+ q (1)

∇ · σ = α∇ p (2)

here α is the Biot coefficient, t is time, M is the Biot modulus, p is the pore pressure, κ is the permeability of the
orous medium, which is assumed to be a function of the porosity φ, η is the fluid dynamic viscosity, q is a source

term proportional to the mass added by the injection, and σ is the effective stress tensor. We will assume that the
porous medium is a linear elastic material, undergoing small deformations. Thus, the effective stress tensor, σ , is
a linear function of the infinitesimal strains given by σ = λ tr(ϵ)I + 2µϵ where λ and µ are the Lame constants,

is the infinitesimal strain tensor, ϵ =
1
2 (∇u + ∇

T u), and u is the displacement field. In Eq. (1), ϵv = tr(ϵ) is the
volumetric strain.

2.2. Dependence of the permeability on porosity

The rearrangement of the solid skeleton and the fluid phase produced by deformation leads to porosity changes.
Even small porosity changes can significantly modify the permeability of the tissue [22]. There has been debate on
how porosity changes with deformation [23], but when the deformation occurs with small volume changes in the
solid particles (e.g., α ≈ 1, which is a good approximation for subcutaneous tissue), then

(1 − φ)J = 1 − φ0 (3)

here J = det(I +∇u) is the Jacobian of the motion, and φ0 is the initial porosity; see [24]. Therefore, the porosity
an be expressed in terms of the deformation gradient as

φ = 1 −
1 − φ0

det (I + ∇u)
(4)

We adopt the Kozeny–Carman equation to account for the local permeability changes,

κ(φ) = κ0
(1 − φ0)

2

φ3
0

φ3

(1 − φ)2 (5)

where κ0 = κ(φ0) is the permeability of the undeformed porous medium. We chose the Kozeny–Carman equation
because it is suitable for a wide range of materials [25,26] and it does not depend on physical properties that would

be difficult to quantify in a macroscopic model of biological tissue, like the pore or grain size.

3
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Fig. 2. Functions q t (A) and qs (B) used to define the source term that models the injection. In panel A the gray shadow area denotes the
njection time interval, where ti is the time at which the injection ends. In panel B, IP represents the location of the injection point and Ri
s the needle radius. For simplicity we plotted the function in 1D.

.3. Injection characterization

We assume that the injection starts at t = 0. We model the injection using a time and space dependent function
(x, t) that we express as q(x, t) = q0qs

D(x)q t
D(t). Here, q t

D(t) = H(ti − t) where H is the Heaviside function and
i the time at which the injection ends. We take qs

D(x) = H(Ri − d(x)) where d(x) is the distance from x to the
njection point and Ri is the needle radius. The scalar parameter q0 is determined using the condition∫

∞

0

∫
Ω

q(x, t)dΩdt = Vi (6)

here Ω represents a sufficiently large portion of tissue containing the injection point, and Vi is the volume of drug
njected. Eq. (6), which leads to

q0 =
Vi

ti

1
4
3π R3

i

(7)

ensures that the mass of fluid added to the tissue during injection equals the mass of drug in the injection under
the assumption that drug and interstitial fluid have the same density.

To accelerate the convergence of our Newton–Raphson iterative algorithm (see Section 3), we replaced the
discontinuous functions qs

D and q t
D by smooth approximations based on hyperbolic tangent functions such that

q. (6) remains accurately satisfied. In particular, we used

q t (t) =
1
2
αT [tanh(β(t − tsh)) − tanh(β(t − ti ))] (8)

qs(x) =
1
2

[1 − tanh (Λ(d(x) − Ri ))] (9)

where αT = 10/9, β = 7 s−1, tsh = 0.5 s, Λ = 5000 mm−1. Note that q t (0) = 0, but the function grows quickly
o reach a plateau and then gradually drops to zero at t = ti . The functions q t and qs are depicted in Fig. 2. The
njection can also be modeled by modifying the geometry of the computational domain to account for the presence
f the needle and using suitable boundary conditions. We found that our approach based on a source term in Eq. (1)
s simpler and produces very similar results.

.4. Model parameters

The characterization of the poromechanical properties of subcutaneous tissue is still in early development. A
eview of the existing literature reveals a significant variability in some of the poromechanical properties. To manage
he uncertainty on the parameters, we performed simulations over a range of values for the tissue’s properties with
he most significant variability.
4
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Table 1
Values of the model parameters.

Description Reference value (range) Source

M Bulk modulus of fluid–solid mixture 0.034 MPa (0.03–0.12) [11]
α Biot coefficient 1 (0.95–1) [40,41]
η Fluid viscosity 10−3 Pa s Water viscosity
K Hydraulic conductivity 100 mm2/(MPa s) (50–1000) [11,28–30]
κ0 Permeability of the undeformed medium 10−13 m2 (10−15–10−13) [11]
φ0 Porosity of the undeformed medium 0.01 (0.01–0.05) [11]
E Young’s modulus of the tissue 10 kPa (10–80) [33–36]
ν Poisson’s ratio 0.45 (0.42–0.49) [37,38]

One of the critical parameters for the fluid flow is the hydraulic conductivity of the undeformed porous medium,
.e., K = κ0/η. While most previous work has assumed that the viscosity of the interstitial fluid η can be
pproximated by the viscosity of water, there are numerous studies reporting values of κ0 for biological tissue;
anging from 10−17 m2 for vascularized tumors [27,28], to 10−11 m2 for subcutaneous tissue [11]. Intermediate
alues were reported in [29] (10−13 m2) also for the subcutaneous space, and in [30] (10−12 m2) for brain tissue.
he low values of the permeability for subcutaneous tissue make the computations more challenging. To analyze the

nfluence of the permeability on the poroelastic response, we will consider three different values: κ0 = 5 × 10−14,
10−13, and 10−12 m2. For a fluid with the same viscosity as water, this leads to K = 50, 100, and 1000 mm2

MPa−1 s−1.
The mechanical properties of biological tissues vary significantly depending on the physiological conditions

of the individual. We also observed variability on measurements of the tissue Young’s modulus (E) depending
on the experimental method. The Young’s modulus of biological tissue is usually determined by indentation or
tensile test. In general, the estimates based on indentation measurements are much smaller than those based on
tensile tests. An excellent example of this discrepancy can be found in [31] — for human skin, 0.085 MPa using
indentation and 30 MPa using tensile test; and for soft muscle, 0.007 MPa by indentation and 480 MPa utilizing
tensile test. Subcutaneous tissue is softer than muscle and skin. Measurements of the Young’s modulus of fat tissue
also show significant variability, ranging from 0.12 to 80 kPa [32–36]. Due to the uncertainty on the Young’s
modulus we performed our simulations using three different values, namely, E = 10, 35, and 80 kPa. To select these
representative values we relied more heavily on indentation measurements at the forearm because they seem more
repeatable. Experimental measurements of the tissue Poisson’s ratio (ν) show less variability [32,37,38]. The values
used in the literature are usually in the range of 0.42 < ν < 0.49, which is consistent with the quasi-incompressible
response of biological tissue.

The constants α and M characterize the coupled behavior of the solid and fluid constituents. The admissible
values for α range from φ to 1; see [39]. For rock-like materials α ≈ φ, while for biological tissues α ≈ 1 [40,41].
The Biot modulus of human subcutaneous tissue has been recently measured experimentally with values in the
range 30–120 kPa [11]. Table 1 summarizes the reference values and ranges of all the model parameters. Unless
otherwise specified, we will use the reference values in the simulations.

The injection is characterized by its volume Vi , delivery time ti , and the needle radius Ri . Unless otherwise
stated, we will use Ri = 0.1 mm, Vi = 2 mL, and ti = 5 s, which is representative of a high flow-rate subcutaneous
injection of mAbs [7,42,43]. The very high flow rates and very large injection volumes that we study here are
unique to subcutaneous injection of mAbs and give rise to significant computational challenges, including strong
coupling between flow and mechanics, large fluid velocities and potentially large solid deformations.

3. Numerical method

The spatial discretization of the governing equations is performed using isogeometric analysis (IGA) [44]. IGA
is a generalization of the finite-element method that uses non-uniform rational B-splines (NURBS) to define the
discrete spaces. A significant advantage of IGA with respect to finite element analysis is that the basis functions
can be constructed with controllable continuity across the element boundaries, even on mapped geometries. The
higher-order global continuity of the basis functions has been shown to produce higher accuracy than classical
C0-continuous finite elements for the same number of degrees of freedom [45,46]; and has been widely used to solve
5
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partial differential equations with high-order spatial derivatives [47–49]. Another advantage of using basis functions
with global continuity is the possibility of using geometrically flexible collocation methods [50] which can be made
as accurate as the Galerkin method with a proper choice of the collocation points [51]. Higher-order global continuity
has also proven effective in alleviating locking problems in incompressible elasticity [52–54] or inf–sup instabilities
in linear poroelasticity [14,15]. As shown in [55], for some parameter ranges, displacement–pressure (u − p)
finite element formulations of the poroelasticity equations need to satisfy Ladyzhenskaya–Babuška–Brezzi (LBB)
conditions similar to those required for u − p formulations of incompressible elasticity. For the LBB conditions
o be satisfied, the pressure field p needs to be approximated with a lower-dimensional discrete space than the
isplacement field u, although formulations that violate the LBB conditions are standard [56–58]. In particular,
qual-order interpolations using higher-order splines of maximum continuity have proven very effective [14]. Here,
e will use C2-continuous cubic splines for u and p. Consistently with [14], we found that, although the algorithm
oes not provide a fundamental solution to the inf–sup stability problem, it provides oscillation-free solutions in a
arge parametric range.

.1. Weak form

The strong form of our hydraulic–mechanical coupled model defined by Eqs. (1), (2), (4) and (5) is now cast in
eak form and discretized using the Galerkin approach. For the pressure field, we will work with either free-flux
r zero-valued Dirichlet boundary conditions. For the displacement field, we assume either zero-valued Dirichlet
oundary conditions or traction-free conditions. With these boundary conditions, all boundary integrals will vanish
n the weak form. Let us define the functional space V ⊂ H1, where H1 is the Sobolev space of square-integrable
unctions with square-integrable first derivatives in the domain Ω . To perform space discretization we introduce
he finite-dimensional space Vh

⊂ V , where Vh
= span {NA}A=1,...,n f and n f is the number of functions on the

asis. The space of weighting functions will also be Vh , giving rise to a Galerkin formulation. We define discrete
pproximations to the problem’s solution denoted by ph and uh

=
{
uh

i

}
i=1,2,3. Their corresponding weighting

unctions are rh and wh
=

{
wh

i

}
i=1,2,3. Then, the variational formulation of Eqs. (1)–(2) over the finite-dimensional

pace Vh can be stated as follows: find ph, uh
i ∈ Vh

⊂ V such that ∀rh, wh
i ∈ Vh

⊂ V∫
Ω

rh 1
M

∂ph

∂t
dΩ +

∫
Ω

αrh ∂
(
∇ · uh

)
∂t

dΩ +

∫
Ω

κ
(
φ(uh)

)
η

∇rh
· ∇ phdΩ −

∫
Ω

rhqdΩ = 0 (10)∫
Ω

2µ∇
Swh

: ∇
S uhdΩ +

∫
Ω

λ∇ · wh
∇ · uhdΩ −

∫
Ω

α∇ · wh phdΩ = 0 (11)

where ∇
S denotes the symmetrization of the gradient operator. The solutions ph and uh are defined as

ph(x, t) =

n f∑
A=1

pA (t) NA (x) ; uh(x, t) =

n f∑
A=1

uA (t) NA (x) (12)

where the coefficients pA and uA are the so-called control variables in the context of IGA. The weight functions
h and wh are defined analogously.

3.2. Time integration

A somewhat counterintuitive feature of the poroelasticity equations is that they exhibit oscillatory numerical
solutions when the time step is smaller than a critical value. Ref. [59] shows that the stability condition for a 1D
problem using linear finite elements and the generalized trapezoidal method [60] is

∆t ≥
h2

6θαK M
(13)

where h is the mesh size and θ ∈ (0, 1] is a parameter of the generalized trapezoidal method. For θ = 0, 1/2
and 1, the generalized trapezoidal rule becomes, respectively, the forward Euler method, the midpoint rule and the
backward Euler method. Although the stability condition given by Eq. (13) was derived under restrictive assumptions

it has been widely used in multidimensional problems with higher-order elements. Recent work [14,61] shows that

6
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Fig. 3. Computational domain, mesh and points at which we report data. The mesh is refined in the vicinity of the injection point to resolve
he large pressure gradients produced by the injection.

f (13) is violated, the use of maximum-continuity isogeometric elements significantly reduces the oscillations for
lassical C0-continuous finite elements.

We performed time integration using the generalized-α method [62,63]. As shown in [62], this algorithm
allows to control high-frequency dissipation maintaining second-order accuracy and A-stability. The high frequency
dissipation is controlled using the parameter ρ∞, which represents the spectral radius of the amplification matrix as
∆t → ∞. In our calculations, we took ρ∞ = 1/2. The generalized-α algorithm does not belong to the generalized
trapezoidal family of methods, but we assumed that θ = 2/3 is an acceptable value to estimate the critical time step.

ecause of the additional stability provided by the use of isogeometric elements, we expect that Eq. (13) represents
conservative estimate of the critical time step. This expectation was consistent with our oscillation-free results.
The system of algebraic equations that we obtain after space and time discretization is nonlinear due to the

ependence of the permeability on the displacement field; see Eqs. (4)–(5). We linearized the algebraic equations
sing the Newton–Raphson method. To linearize κ

(
φ(uh)

)
we used a consistent linearization that follows from

Eqs. (4)–(5) and the chain rule. We solved the problem monolithically. For an in-depth comparison of monolithic
and staggered schemes, see [64]. For most simulations in the paper, the problem is linear and the Newton–Raphson
algorithm converges in one iteration if the tolerance of the linear solver is set sufficiently low. When the permeability
depends on porosity the problem becomes nonlinear and we need to perform multiple Newton–Raphson iterations.
Most of the time steps required 4 iterations. The resulting linear systems were solved using the GMRES algorithm
with a diagonal preconditioner [65].

4. Numerical results

We study the injection process on a tissue of size 160 mm × 160 mm × 100 mm. Using the symmetry of the
solution, we perform computations on the box Ω = (0, 80) × (0, 80) × (0, 100), where the units are in mm; see
Fig. 3. The planes x = 0 and y = 0 are symmetry planes and we use standard symmetry boundary conditions
for the displacement field and the pressure. On the other two vertical planes (x = 80 mm and y = 80 mm), we
impose traction-free boundary conditions for the displacement field. For the pressure boundary conditions on the
x = 80 mm and y = 80 mm planes, we study two scenarios: (1) Undrained, i.e., flux-free boundary conditions, and
(2) Drained, i.e., zero-pressure boundary conditions. On the top boundary, which represents the skin, we impose
traction-free and flux-free boundary conditions. On the bottom boundary, we use zero-displacements and flux-free
boundary conditions for the pressure. The injection point is located 4 mm below the skin surface, at the point
(0,0,96) mm. An injection depth of 4 mm would typically place the needle tip in the subcutaneous space for an

average human tissue sample from the thigh or the abdomen. However, due to the significant variability in the

7
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Fig. 4. Numerical solution for the fluid pressure (A) and velocity (B) over time at a point located 10 mm below the injection point for
different hydraulic conductivity K (mm2 MPa−1 s−1) values, and different boundary conditions. Exact solution to Eqs. (15)–(16) in 3D [see
Eq. (20)] for the fluid pressure (C) and velocity (D) over time at a point 10 mm away from the injection point, also for different values of
K . The gray shadow area denotes the injection time interval in all plots.

thickness of the tissue layers, we also performed simulations with injections at a 10 mm depth. These calculations
(data not shown) were qualitatively similar to the results presented in the paper.

Unless otherwise specified, for all the simulations shown in the paper we used the mesh depicted in Fig. 3. The
mesh is finest at the injection point. The total number of elements is 453,024. We used C2-continuous cubic basis
unctions for the displacements and pressure. Our code was developed using PetIGA [66], a library that adds spline
nd integration of forms capabilities to the linear algebra package PETSc [67].

.1. Injection on a rigid porous medium

To establish a reference point and evaluate the impact of tissue deformation on the dynamics of pressure buildup
uring the injection, we present here numerical simulations on a rigid porous medium, which have been often used
n the literature to study subcutaneous injection [10]. To better understand the effect of boundary conditions and our
trategy to model the injection (see Section 2.3), we also compare our simulations on rigid porous media with exact
olutions on an infinite three-dimensional domain in which the injection is modeled using a Dirac delta distribution.
or a rigid porous medium, the governing equations are

1
M

∂p
∂t

= ∇ · (K∇ p) + q (14)

here M = φ/K f . Here, K f , the bulk modulus of the fluid was estimated as follows: Drugs based on mAbs
re frequently injected in the subcutaneous tissue using an autoinjector. The syringe of the autoinjector contains a
iquid solution with the drug (∼90% of the volume) and air (∼10% of the injection volume). There is no data on
ow air affects the bulk modulus of the drug solution, but there is abundant experimental data showing that even
mall air volume fractions can reduce the bulk modulus of air–water mixtures well below that of air itself [68–70].
n the absence of better data, we estimated K f using the experimental data for an air–water mixture with a 10%
olume fraction of air, which results in K f ≈ 1.7 MPa. For the computational results, q is defined as described in
Section 2.3. Fig. 4A shows the time evolution of the fluid pressure at a point located 10 mm below the injection

8
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point (see Fig. 3) using our numerical algorithm. The plot shows the solution for the two boundary conditions
studied (drained and undrained) and illustrates that the pressure dynamics strongly depends on boundary conditions
for a rigid porous medium. Under drained conditions, the pressure quickly develops a plateau and drops to zero
immediately after the injection ends. Assuming undrained boundary conditions, the pressure grows closely matching
a ∼ t1/2 scaling and then drops to a level that depends on the injection volume and the domain size. The data also
show that, for a given time, the pressure grows when the permeability decreases as expected. Fig. 4B shows the
time evolution of the fluid velocity at the same point, which is insensitive to the boundary conditions and the
permeability.

We now compare the numerical solutions using the approach described in Section 2.3 to model the injection
Fig. 4A and B) with the exact solution to the problem utilizing a Dirac delta distribution, that is,

1
M

∂pe
ds

∂t
= ∇ · (K∇ pe

ds
) + qe

ds
δds (x − xi )H(ti − t); x ∈ Rds , t > 0 (15)

pe
ds

(x, 0) = 0; x ∈ Rds (16)

n Eq. (15), δds represents the Dirac delta in ds spatial dimensions, xi is the injection point and qe
ds

, which has
nits of Lengthds /Time, is a measure of the injection flow rate. In 3D (ds = 3), qe

ds
can be directly obtained as

e
ds

= Vi/ti , but in lower-dimensional spaces qe
ds

cannot be estimated from the physical parameters that define the
njection. Using Fourier transforms, we obtained the exact solution to Eqs. (15)–(16) in ds spatial dimensions as

pe
ds

(x, t) = qe
ds

M
∫ t

0

H(ti − τ )

[4π K M(t − τ )]ds/2 exp
(

−
d2(x)

4K M(t − τ )

)
dτ (17)

here d(x) is the distance from the injection point to x. The expression in Eq. (17) can be written as a simple
losed-form solution in a 1D (ds = 1) or 3D (ds = 3) space, but it is more complicated in 2D (ds = 2). Interestingly,
oth the pressure and velocity blow up at the injection point for ds > 1. For ds = 1, velocity and pressure remain
nite at the injection point, but the velocity is discontinuous. Because velocity and pressure blow up at the injection
oint for ds > 1 and qe

ds
cannot be estimated from the physical parameters when ds = 1, we conclude that the model

15)–(16) is inadequate for quantitative predictions of pressure and velocity, at least close to the injection point.
n 3D, the solution (17) is spherically symmetric. Therefore, it is identical to one obtained using expressions in
pherical coordinates and assuming constant solution along the angular coordinates. Note that to obtain the solution
n spherical coordinates, we would need to use curvilinear coordinates not only for the differential operators but
lso for the Dirac delta. Therefore, the spherically symmetric solution also blows up at the injection point. The
ingularity at the injection point for ds > 1 suggests that modeling the injection using Dirac delta distributions
s inadequate and highlights the importance of our strategy for modeling the injection (see Section 2.3) in the
omputational approach.

In 1D, the exact solution in Eq. (17) can be expressed as

pe
1(x, t) =

qe
1

√
M

√
π K

{
√

t exp
(

−(x − xi )2

4K Mt

)
−

√
max(0, t − ti ) exp

(
−(x − xi )2

4K M max(0, t − ti )

)}
+

qe
1

2K

{
(x − xi ) erf

(
x − xi

2
√

K Mt

)
− (x − xi ) erf

(
x − xi

2
√

K M max(0, t − ti )

)}
(18)

where erf denotes the error function defined as

erf(x) =
1

√
π

∫
+x

−x
exp(−s2)ds. (19)

Eq. (18) shows that the pressure at the injection point in 1D exhibits a perfect scaling ∼t1/2 during the injection
hase (0 < t < ti ). That scaling law is lost as we move away from the injection point, but it remains fairly accurate
R2

= 0.9931) at x = 10 mm (data not shown). Thus, the 1D solution and our 3D numerical solutions for undrained
oundary conditions (see Fig. 4A) show a similar scaling of pressure with respect to time. This can be understood
oting that the 1D solution satisfies the undrained boundary conditions in y and z directions.

In 3D, Eq. (17) can be written as

pe
3(x, t) =

qe
3 1

[
erf

(
d(x)

√

)
− erf

(
d(x)

√

)]
(20)
4π K d(x) 2 K M max(t − ti ) 2 K Mt
9
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Fig. 5. Time evolution of the fluid pressure (A), velocity (B) and vertical displacement of the solid matrix (C) for the poroelastic medium
with constant permeability for different values of the hydraulic conductivity K (mm2 MPa−1 s−1) and Young’s modulus E (kPa). The gray
shadow area denotes the injection time interval in all plots.

Fig. 4C shows the time evolution of the fluid pressure at a point 10 mm away from the injection point using
Eq. (20). Qualitatively, the solution is similar to the numerical solution with a distributed source term and drained
boundary conditions (Fig. 4A, dashed line) except at the times when the injection starts and ends. We attribute
these differences to the use of q t [see Eq. (8)] as an approximation to H(ti − t). Another similitude between the
pressure plots in Fig. 4C and the undrained solutions in Fig. 4A is that the maximum pressure shows a scaling
∼ K −1. Comparing again Figs. 4A and 4C we observe that the quantitative values of the pressure 10 mm below
the injection are in the same order of magnitude. However, they would become very different as we approach the
injection point due to the singularity of the exact solution with a Dirac delta source. The velocity predicted by the
exact solution (Fig. 4D), which can be calculated by taking the spatial derivative of Eq. (20) and using Darcy’s
law, is also qualitatively similar with the exception that the plateau develops faster and drops more quickly after
the injection ends because the source term used in the computations changes gradually rather than infinitely fast
(exact solution).

4.2. Injection on a poroelastic medium

Considering the tissue deformability produces very significant changes in the time evolution of pressure and
fluid velocity. One crucial difference with respect to the simulations on a rigid porous medium is that the drained
and undrained boundary conditions produce indistinguishable results. Thus, we will show results for the drained
boundary conditions only. In this section, we will neglect the dependence of the permeability on the porosity and
use a constant value of K .

Fig. 5 shows the time evolution of the fluid pressure, fluid velocity, and vertical displacement of the solid. The
pressure and velocity are measured 10 mm below the injection point, while the displacement data is taken at the
skin surface on top of the injection point (see Fig. 3). The simulations are performed for E = 10, 35 and 80 kPa;
and K = 50, 100 and 1000 mm2 MPa−1 s−1. Fig. 5A shows that the time evolution of the pressure is very different

from that of a rigid porous medium. First, the maximum pressure is at least one order of magnitude lower in the
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Fig. 6. Snapshots of the spatial distribution of fluid pressure and velocity for constant permeability taking E = 10 kPa and K = 1000 mm2

Pa−1 s−1. The rest of the parameters take the reference values. We also show the maximum vertical displacement at each time. The white
ashed line depicts the position of the upper surface at t = 0 s. A deformation scale factor of 5 has been applied to all the figures.

oroelastic case. Second, the pressure changes in response to the injection are slower in the poroelastic medium —
he pressure grows more slowly after the injection initiation and it also drops more slowly after the injection ends.
or a given hydraulic conductivity, the peak pressure increases as the tissue stiffness grows. As expected, for a given
oung’s modulus, the peak pressure is lower and occurs earlier for larger values of the hydraulic conductivity.

Fig. 5B shows the time evolution of the fluid velocity. Using the peak values as our metric, the difference between
he results of the poroelastic model and the results of the rigid model are much smaller for the velocity than they
ere for the pressure. An important difference between the rigid and the poroelastic models, however, is that the

volution of the velocity depends significantly on the hydraulic conductivity for the poroelastic model. For a given
ydraulic conductivity the data show that the peak velocity decreases as the solid becomes softer. However, the
elocity decay after the injection is slower in softer tissues.

The time evolution of displacements is shown in Fig. 5C. For a constant value of K , the peak displacements
scale approximately linearly with the Young’s modulus. For the largest values of the hydraulic conductivity, the
displacement almost saturates to a plateau within the injection time, while for the lowest values there is significant
growth of the displacement throughout the entire injection time interval.

We study the spatial distribution of pressure and velocity in Fig. 6. The colormaps are in logarithmic scales to
reflect the entire range of pressure and velocity, which grow very quickly as we approach the injection point.
The maximum pressure reached at the injection point is ∼0.53 MPa. This is in contrast with the unbounded
value predicted by the exact solution for rigid porous media based on Dirac delta distributions and highlights the
importance of modeling the injection as a distributed source and considering tissue deformation. The maximum
pressure at the injection point is indeed a quantity of interest because it could control, for example, the probability
of hydraulic fracture in the tissue.

The bottom row of Fig. 6 shows the velocity distribution calculated as v = −K∇ p. Because we used globally
C2-continuous elements to approximate the pressure field, the velocity is smooth, which is an important advantage
of isogeometric analysis for this problem. The maximum velocity in the simulation is 3.1004 m/s. If we divide the
volume flow rate by the relevant area we obtain a theoretical velocity at the needle of 3.1831 m/s. We consider
our numerical result very accurate, given that the numerical velocity was obtained from the pressure using the

gradient filter in Paraview instead of taking the derivatives with the spline basis functions. The accuracy of the

11
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Fig. 7. Cutlines of the numerical solution for the fluid pressure (A) and vertical displacement (B) along a line parallel to the z-axis that
goes through the injection point at different times for a constant hydraulic conductivity of K = 1000 mm2 MPa−1 s−1. The injection point
is located at z = 96.

Fig. 8. (A) Effect of flow rate upon the time evolution of pressure 10 mm below the injection point. (B) Time evolution of the pressure in
the spatial region occupied by the needle tip. The black line shows the spatial average and the red shade the range of pressure values in
the spatial region of interest. The flow rate is 360 mL/h and the needle radius is Ri = 0.13 mm.

elocity becomes even more apparent by examining the large pressure gradients that occur close to the injection
oint. Fig. 7A shows cutlines of the pressure field at different times along a line parallel to the z-axis that goes
hrough the injection point. The gradients are localized close to the injection point (z = 96) and can be more clearly
bserved in the inset. Fig. 7B shows that the displacements in z direction along the same cutline also exhibit very
arge gradients. In all cases, the numerical solution is oscillation-free highlighting the accuracy and robustness of
2 cubic splines.

Fig. 8 studies the effect of the volume flow rate on the pressure dynamics. Panel A shows the time evolution of
he pressure 10 mm below the injection point. The variations in volume flow rate in Fig. 8A were modeled changing
he injection volume and the delivery time, but the needle radius was kept constant at Ri = 0.1 mm. Fig. 8B shows
he time evolution of the average (black line) pressure as well as its region occupied by the needle tip for a flow
ate of 360 mL/h and a needle radius of Ri = 0.13 mm. The time evolution of pressure at the injection point is
ery different from that 10 mm below the injection. The peak pressure is achieved right after the injection begins.
he pressure drop after the injection is also much faster at the injection point. Although we made no attempt to
atch the very little experimental data available in the literature (due to the uncertainty in the tissue parameters) we

ound that our predicted peak pressure is in reasonably good agreement with the experimental data reported in [42]

or the same injection conditions (∼60 kPa).
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Fig. 9. Time evolution of the fluid pressure, velocity (A), solid vertical displacement and hydraulic conductivity (B) for a poroelastic medium
with variable permeability (solid line), and a poroelastic medium with constant hydraulic conductivity values of K = 100 (dashed line) and
K = 1000 mm2 MPa−1 s−1 (dotted line). The time course of pressure, velocity and hydraulic conductivity are measured 10 mm below the
injection point. The vertical displacements correspond to the upper surface on top of the injection point.

In summary, our simulations in poroelastic media indicate that neglecting tissue deformation leads to significant
overestimations of the fluid pressure and velocity during the injection and significant underestimations of the
fluid velocity after the injection ends. Although the pressure decay after the injection is slower when the tissue
deformation is considered, it is still very fast compared with the time scale of drug uptake (∼5 days). Because
high interstitial pressure is an important driving force for drug uptake, it is tempting to assume that the hydraulic
conductivity of the tissue is lower, but this would lead to unrealistically high pressures at the injection point.
Thus, we speculate that there may be additional physical mechanisms that promote a slower pressure decay while
maintaining an average hydraulic conductivity that is compatible with experimental data. One such mechanism is
the porosity-dependent hydraulic conductivity formulation described in Section 2.2. We study this mechanism in
the next section.

4.3. Variable porosity and permeability

We perform only one simulation for E = 10 kPa and κ0 = 10−13 m2. For a fluid with the same viscosity as
water, this leads to an initial hydraulic conductivity of κ0/η = 100 mm2 MPa−1 s−1. Because the simulations were
exhibiting inf–sup instabilities near the injection point, we used a finer mesh for this case. This new mesh has a
total of 1,317,260 elements, and it is also finest at the injection point.

In Fig. 9 we plot the time evolution of fluid pressure, velocity and hydraulic conductivity 10 mm below the
injection point, as well as the vertical displacement of the upper surface (see Fig. 3). Fig. 9A shows that for constant
permeability with K = 100 mm2 MPa−1 s−1, the pressure grows slowly after the injection and decays very slowly
after the injection. In this scenario, there would be a driving force for drug uptake for a long time after the injection.
However, the pressure at the injection point for constant permeability with K = 100 mm2 MPa−1 s−1 is ∼5 MPa
(data not shown), which seems unrealistic given the stiffness of the tissue — for comparison purposes the maximum
pressure at the injection point is ∼0.5 MPa for constant permeability with K = 1000 mm2 MPa−1 s−1 (see Fig. 6)
and ∼0.005 MPa for non-constant permeability (see Fig. 11). As shown in Fig. 9, for the case with non-constant
permeability the pressure 10 mm below the injection point at t=20 s is larger than with constant permeability
and K = 1000 mm2 MPa−1 s−1, even if the peak pressure is two orders of magnitude lower for non-constant
permeability. Therefore, it would be interesting to perform a computation with variable permeability and a smaller
value of the initial conductivity κ0/η. This would lead to an even slower pressure decay after the injection and a
larger pressure at the injection point, closer to the realistic value ∼0.5 MPa shown in Fig. 6. However, this remains
as an open problem — we have been unable to get oscillation-free solutions for such a problem due to the inf–sup
instabilities.

Fig. 9A also shows the time evolution of fluid velocity. For a given Young’s modulus of E = 10 kPa, the
peak velocity in the medium with variable permeability is 5 times higher than that of the medium with a constant
hydraulic conductivity of K = 100 mm2 MPa−1 s−1, and 1.3 times higher than that of the medium with a constant
13
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Fig. 10. Cutlines of the numerical solution for the fluid pressure (A) and vertical displacement (B) along a line parallel to the z-axis that
goes through the injection point at different times for the poroelastic medium with variable permeability. The injection point is located at
z = 96.

hydraulic conductivity of K = 1000 mm2 MPa−1 s−1. The velocity decay after the injection is stopped is also faster
in the medium with variable permeability — at t = 20 s the velocity in the medium with variable permeability is

00 times lower than that of the medium with a constant hydraulic conductivity of K = 100 mm2 MPa−1 s−1.
Fig. 9B shows the time evolution of vertical displacements and hydraulic conductivity. The displacement data is

iven at the same point as before (see Fig. 3), and the hydraulic conductivity is reported 10 mm below the injection
oint. For a given Young’s modulus of E = 10 kPa, the maximum displacement in the poroelastic medium with
ariable permeability is 15 times lower than that of the poroelastic medium with a constant hydraulic conductivity
f K = 100 mm2 MPa−1 s−1. The hydraulic conductivity 10 mm below the injection point grows fast from K = 100
o K = 7000 mm2 MPa−1 s−1 in just 5 s. After the end of the injection the decay is also fast, dropping to 700 mm2

Pa−1 s−1 at t = 20 s. The large values of K in the vicinity of the injection point highlight again the interest of
erforming simulations with non-constant permeability and lower values of κ0/η.

Now we focus on the cutlines of the pressure and displacement fields shown in Fig. 10. The numerical results
btained at the injection point for the poroelastic medium with variable permeability are very different from those
f the poroelastic medium with constant permeability; see Fig. 7. First, the pressure decreases more slowly as we
ove away from the injection point in the medium with variable permeability than in the medium with constant

ermeability and K = 1000 mm2 MPa−1 s−1. Second, the pressure at the injection point is two orders of magnitude
ower than that of the poroelastic medium with a constant hydraulic conductivity of K = 1000 mm2 MPa−1 s−1,
nd three orders of magnitude lower than that of the medium with a constant hydraulic conductivity of K = 100
m2 MPa−1 s−1 (data not shown). This further highlights the idea that using a low but constant permeability to

low down the pressure decay is not a feasible mechanism because it would lead to unrealistically high pressures at
he injection point. Fig. 10B shows that the displacements in z direction along the same cutline also exhibit smaller
radients in the medium with variable permeability. In the medium with constant K we observe a sudden increment
f the displacements at z = 96. In the medium with variable permeability this increment starts between z = 74 and

z = 85, and it is more gradual.
Fig. 11 shows the spatial distribution of fluid pressure, velocity and porosity at different times. The changes

enerated by the variable permeability law lead to a different pressure decay as we move away from the injection
oint, and also different bleb shapes on the upper surface. The bumps on the skin surface of the simulations with
ariable permeability are smaller but remain longer in time. The maximum velocity in the simulation is 3.16 m/s,
hich is very similar to the maximum velocity values obtained for the media with constant permeability. The

aximum porosity value reached at the injection point is ∼0.14.
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Fig. 11. Snapshots of the spatial distribution of fluid pressure, velocity and porosity for variable permeability taking E = 10 kPa and
κ0 = 10−13 m2. We also show the maximum vertical displacement at each time. The white dashed line depicts the position of the upper
surface at t = 0 s. The colormaps are in logarithmic scales to reflect the entire range of pressure and velocity. A deformation scale factor
of 5 has been applied to all the figures.

5. Conclusion

The transport and mechanical processes that occur after subcutaneous administration of mAbs are coupled,
complex, and remain poorly understood. We have leveraged a three-dimensional poroelastic model to study the tissue
deformation and pressure buildup during and after subcutaneous injection. Our model also accounts for permeability
changes due to deformation, using a porosity dependent permeability function based on a Kozeny–Carman law. The
proposed computational method is based on higher-order globally smooth splines, which have shown to outperform
classical C0-continuous finite elements [14].

To emphasize the importance of poroelasticity effects in subcutaneous injection dynamics, we compare and
contrast a rigid porous medium, in which tissue deformation is neglected, a poroelastic medium with constant
permeability, and a poroelastic medium with variable porosity and permeability. Our simulations show that tissue
deformation plays a critical role in the pressure dynamics, the velocity distribution and, thus, in the way the drug
is delivered.

Future efforts will focus on incorporating nonlinear elasticity and the multilayer structure of the tissue in the
mechanical model [71]. The transport comportment of the model could be extended, accounting for the viscosity

contrast of the drug and the interstitial fluid and incorporating the lymphatic uptake.
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