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Understanding how non-condensable gases modify cavitation mass
transfer through the van der Waals theory of capillarity
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Cavitation of a pure fluid continues to be a challenging problem in fluid dynamics. However, most cavitating fluids
contain small amounts of non-condensable gases that can change the dynamics of the process significantly. While the
effect of non-condensable gases on the surface and bulk properties of the fluid have been studied in detail, its impact on
liquid-vapor mass transfer has remained elusive. Here, we provide mechanistic insight into this process using theory
and simulations. Our results point to a dual role of non-condensable gases on liquid-vapor mass transfer. While the
presence of non-condensable gases always reduces hydrodynamic cavitation, it also leads to a mass transfer mechanism
that we call mixing cavitation. We show that mixing cavitation may increase or reduce mass transfer under different
physical conditions and can dominate hydrodynamic cavitation. This study opens possibilities to better understand

cavitation inception.

Cavitation is a liquid-vapor phase transformation driven by
depressurization. Understanding cavitation is of great inter-
est not only in physics, but also in engineering!, biology>>
and medicine*. Although the study of cavitation of a pris-
tine fluid is essential, the cavitating fluid usually contains non-
condensable gases (NCG). The NCG can be present in disso-
lution or in the form of nanometer-sized nuclei that are be-
lieved to remain stable for long times>®. While the presence
of NCG in water has been used to reconcile theoretical’ and
experimental® estimates of the tensile strength of water, the
mechanisms whereby NCG modify the rate of liquid-vapor
mass transfer when the phase-transforming fluid cavitates re-
main poorly understood. This knowledge gap can be partially
attributed to our limited ability to experimentally measure the
concentration of NCG in the phase-transforming fluid”. Pre-
cise measurements of NCG concentration are difficult in the
liquid phase of the phase-transforming fluid, but even more
challenging in its vapor phase.

Here, we show through theory and simulations that NCG
modify liquid-vapor mass transfer by two mechanisms: The
first one always results in a lower rate of mass transfer from
liquid to vapor and is explained by a NCG-induced reduction
of hydrodynamic cavitation. The second one, however, may
increase or reduce mass transfer, and depends primarily on
the mixing dynamics of the NCG with the phase-transforming
fluid. We call this mechanism mixing cavitation. We find
that mixing cavitation can be the primary contributor to mass
transfer in the presence of gas nuclei.

Our model is based on the phase-field theory. This ap-
proach allows us to model cavitation without any pre-defined
phase-change criterion and quantitatively agrees with bench-
marks and experiments in single-component liquid-vapor
phase transformations'?. The phase-field method, thus, pro-
vides a unique opportunity to fundamentally understand the
role of NCG on cavitation. We derive our model from a free-
energy functional. For isothermal conditions, the free-energy
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density of a fluid mixture with density p, and NCG concen-
tration c, takes on the form,

1 A 2, PE o
Pulp,c)=Tv(p)+37B(p,c) + 5 [Vp[+=—=[Vel~. (1)

The free energy Wy extends the local free energy of a single-
component compressible fluid Wy !! adding the mixing en-
ergy of NCG with the two phases of water (B/M;) and square
gradient terms that represent interfacial energies'>. The in-
terfacial energies lead to surface tensions at the liquid-vapor
and liquid-NCG interface, whose values scale with A and €,
respectively'2. The function Wy may be convex or noncon-
vex; and this leads to equations of state like Peng-Robinson'?
or van der Waals'* for pristine fluids. When Wy is convex, so-
lutions with uniform density are stable. When Wy is noncon-
vex, the flow spontaneously separates into lower-density (the
vapor phase) and larger-density (the liquid phase) regions. Va-
por and liquid are separated by a diffuse interface which reg-
ularizes the equations such that they remain well posed even
in the spinodal region of the phase diagram'.

An important feature of the mixing dynamics of this prob-
lem is that NCG are much more miscible with the vapor phase
of water than with its liquid phase. In our model, the function
B(p,c) =g(p)fi(c)+[1—g(p)|fi(c) controls the NCG mis-
cibility with the liquid and vapor phases of water. The equi-
librium concentrations of NCG in the liquid and vapor water
phases (namely, cleq and ¢}?, where cleq << ¢7) are obtained
from the functions f; and f,, which represent mixing energies
of NCG with liquid water and water vapor, respectively!®!7.
The function g(p) = (py — p)/(pv — p;) provides an interpo-
lation between the liquid and the vapor phases of water!?.
The quantities p, and p; represent approximations to Maxwell
states — equilibrium densities for the vapor and liquid phases
at a given temperature, which can be obtained through varia-
tional calculus; for details see supplement. The balance laws
for isothermal conditions represent conservation of mass and
linear momentum of the mixture, and conservation of mass of
NCG, that is,

p+pV-v=0, pov=V.o, pc+V-3=0 (2)
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where v is the velocity field and a dot indicates material
derivative. The Cauchy stress tensor o and the NCG mass
flux j follow from the application of the Coleman-Noll pro-
cedure with minimal assumptions, which ensures that the free
energy in Eq. (1) decreases with time for any arbitrary pro-
cess that satisfies the balance laws. The NCG mass flux and
the Cauchy stress tensor take on the form!?

R [% (La_’f_ﬁv.(pvc))]; 3)
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Here, x and M, are NCG diffusion constants. M, is related
to the rate of diffusion of NCG driven by the miscibility con-
trast of NCG between the liquid and vapor phases such that a
smaller value of M; implies higher rate of build up of NCG in
vaporous regions. I is the identity tensor, ft and n = —2u/3
are the viscosity coefficients related by the Stokes’ hypothe-
sis; see!® for a detailed analysis of the influence of bulk vis-
cosity on the damping rate and the resonance frequencies of a
bubble. The pressure is given by

1 0B
p=pw&—w—ﬁs(8—p%), ©)

the tensor ¢, = —AVp @ Vp + l(%Wp\z +pV2p)I is the
Korteweg stress which accounts for the stresses developed at
the liquid-vapor interface, and . = —p&?>Ve ® Vc represents
the interfacial stress at the water-NCG interface.

To fully specify the model we have to give expressions for
Yy and the functions fj, f, that define B. We take

—Ropin (L) _ 9Py, (P=b1 VD)
¥ (p) = Rép < ) ek <pfh(1+ﬁ)>
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where 0 is the temperature, R is the gas constant and a, b are
two additional parameters. Using Eq. (5) and the definition
of Wy, we obtain Peng-Robinson’s equation of state'> when
NCG are not considered (B = 0), thus, the parameters a and
b can be obtained from the critical properties of the fluid'?.
We define the functions f; and f, in B, leveraging Wilson’s
classical work!®, thus,

Jiv(e) = fia(e) = clnfe+ oy (1= )] = (1= c) In[1 —c + Byc]

where fig(c) = cln(c) + (1 — ¢)In(1 — ¢) represents the mix-
ing energy of ideal gases and the remaining terms account for
the non-ideal gas effects and the different miscibility of NCG
in the liquid and vapor phases of water; oy, and f;, are di-
mensionless parameters of the model that determine the equi-
librium concentrations of NCG in the liquid and vapor phases
of water.

The model predicts phase transformations without pre-
assumptions on the underlying mechanisms, and we are able
to match the results of cavitation benchmarks in the absence
of NCG as shown in the supplement. More importantly, the
model offers a path to understand the role of NCG dynamics
in mass transfer. By introducing the vapor volume fraction
o= (1—-c)(p;—p)/(p;— pv) and using conservation of mass
of the mixture (p + pV - v = 0) and conservation of NCG mass
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FIG. 1. (A) Fluid density (solid black line), NCG concentration
(dashed green line) and fluid velocity (color scale) in the tube. (B)
Hydrodynamic (red line) and mixing (green line) components of
cavitation superimposed to density field (color scale). The black
dashed line represents hydrodynamic cavitation in the absence of
NCG. We use the parameters g = 1.15 x 1073 kgm~'s~!, A =
1.6 x 1071 m7kg='s72, & = 1.38 x 107 m?/s, M, = 0.083 s”m/kg,
k=23x10"* kg s/m®, oy = B, = 1, @ = By = 10, b = 1047.75
kg/m?® and a = 544.011 m kg~ 's~2. The mesh is composed of 2048
quadratic elements.

(pc+V-j =0), we derive an equation for the time evolution
of the vapor volume fraction

—+V-(av) = 1—¢)V-v+|=———)V-
g TV e = o eVt g g ) VI

Eq. (6) provides a mechanistic understanding of the role of
NCG on liquid-vapor mass transfer. It shows that the rate of
change of the vapor volume fraction in the presence of NCG
is obtained adding two contributions. We call the first one,
(I —¢)V - v, hydrodynamic cavitation; and the second one,
(p~' —p; ")V 4, mixing cavitation. Eq. (6) also allows us to
compare mass transfer in a mixture of a phase-transforming
fluid and NCG with mass transfer in a single-component fluid
(c =V -7 =0). The presence of NCG alters mass transfer by
two mechanisms: First, the factor (1 — ¢) reduces the mass
transfer produced by hydrodynamic cavitation. Second, mix-
ing cavitation can reduce or increase mass transfer depending
on local rate of change of NCG concentration.

To quantify and further understand the role of hydrody-
namic and mixing cavitation, we run simulations on a one-
dimensional tube of length 1 mm, initially filled with liquid
water (p = 1000 kg/m?) at temperature 292 K. We take both
liquid-vapor and liquid-gas surface tension equal to 0.075
N/m, which gives us A = 1.6 x 107" m’kg~'s=2 and & =
1.38 x 10~* m?/s. The parameter k = 2.3 x 10~* kg s/m® was
chosen using experimental values for gas diffusivity for recti-
fied diffusion of gases'®, and we take M, = 0.083 s>’m/kg. The
liquid is escaping from the tube on both sides with a velocity
of 100 m/s. The simulations were performed using isogeomet-
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ric analysis??, for more details see supplement. In this simula-
tion, rapid outflow of the fluid from both sides produces an ex-
pansion at the center, thereby causing conversion from liquid
to vapor. This problem has been widely studied for single-
component cavitation and the literature results®?! quantita-
tively coincide with our model results when NCG is not con-
sidered (¢ = 0 in all equations); see supplement. To under-
stand the impact of NCG on mass transfer, we perform a sim-
ulation in which the fluid contains uniformly dissolved NCG
with concentration equal to 3% of the saturation NCG concen-
tration in the liquid phase of water, that is c(x,0) = 0.03¢}”.

Fig. 1(A) shows the fluid density, NCG concentration and
velocity distributions in the tube. Because of conversion from
liquid to vapor, the density inside the cavity becomes equal to
the vapor density p, and remains fairly constant in time. This
lower-density region expands with time. There is diffusion
of NCG from the liquid into the vaporous cavity, owing to
the higher miscibility of NCG with the vapor phase of water.
This rate of diffusion is primarily controlled by the diffusion
parameter M, and a decrease in M, would increase the rate
of influx of NCG. The local rate of increase of NCG concen-
tration inside the cavity remains fairly constant in time and
increases as we approach the center of the tube. Fig. 1(B)
shows the hydrodynamic and mixing components of liquid-
vapor mass transfer in the tube. Hydrodynamic cavitation
plays a dominant role in this case, as the opening of the cavity
is facilitated by a strongly divergent velocity field. The value
the hydrodynamic cavitation is zero outside the cavity, and in-
creases steeply at the cavity wall. The NCG accumulates at
the center of the cavity, as seen in Fig. 1(A), and its presence
reduces the value of hydrodynamic cavitation, owing to the
factor (1 —¢) in Eq. (6). The role of mixing cavitation is to
oppose liquid-vapor conversion in this case, as evidenced by
its negative value inside the cavity. This is because of influx of
NCG from the liquid into the vapor cavity. The extent of op-
position to liquid-vapor conversion increases even more if the
value of M, is smaller. We can also see that the value of hydro-
dynamic cavitation diminishes as time evolves because V - v
decreases as the cavity expands. The magnitude of mixing
cavitation, however, is primarily governed by the local rate of
increase in NCG concentration dc/dt which remains almost
constant throughout the simulation.

Our simulation in the 1D tube suggests that the presence
of NCG only produces small changes in the cavitation rate.
Also, the presence of NCG always reduces mass transfer from
liquid to vapor in the 1D tube. We hypothesize, however, that
mixing cavitation can increase the mass transfer rate and dom-
inate hydrodynamic cavitation when the fluid has gas nuclei.
We test this hypothesis by simulating vortex-induced cavita-
tion in the presence of a small gas nucleus. We generate a va-
por bubble using a Gaussian vortex with large circulation?2*,
Under the assumption of single-component flow (¢ = 0), our
model matched experimental results as shown in the sup-
plement, but here we are interested in quantifying hydro-
dynamic and mixing cavitation in the presence of gas nu-
clei. We run simulations on a square box of side length 1
um at temperature 292 K. We take both liquid-vapor and
liquid-gas surface tension equal to 0.075 N/m, which gives
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FIG. 2. Density (top row), NCG concentration (middle row) and ve-
locity streamlines (bottom row) at £/7, = 0 (left column), 0.1706
(central column) and 0.3412 (right column). Here, T, = 277 /Vmax
is the vortex time scale?, where vmax is the maximum tangential
velocity. We used the parameters g = 1.15 x 1073 kgm~'s~!,
A =0.16x 10712 m’kg~'s72, £ = 1.55 x 1075 m%/s, M = 0.083
s?m/kg, k = 2.3 x 107* skg/m?, o = B, = 1, o = B = 10°,
b=1047.75 kg/m® and a = 544.011 m kg ~'s~2. The mesh is com-
posed of 4096 x4096 quadratic elements.

us A = 1.6 x 1071 m7kg's72 and € = 1.55 x 107> m?/s.
We take! k& = 2.3 x 107 skg/m® and M, = 0.083 s>m/kg.
At the center of the box, there is a gas nucleus with of radius
10 nm; which has a density of 2 kg/m3, and NCG concentra-
tion equal to saturation concentration in the vapor phase, i.e.,
3 =0.9025. The rest of the box is filled with liquid water
(p = 1000 kg/m?), with a uniform mass fraction of dissolved
NCG (¢ = ¢;? = 0.0975). The initial (+ = 0) vortex?® is given
by the polar velocity field v, = 0, vy (r) = %(l - eV(’/’f)z),
where (r,@) are polar coordinates. The total circulation of
the initial vortex is [p = 4.71 x 107> m?/s, its core radius
re = 10 nm and y = 1.255. The strong rotation of the vortex
creates a core of low pressure around the vortex centerline,
which induces phase transformation from liquid to vapor. Fig.
2 shows the time evolution of density and concentration of
NCG. The left column shows the initial conditions of the sim-
ulation. The central panel shows an initial decrease in density
in the region around the gas nucleus. The nucleus is initially
saturated with gas, which produces diffusion of NCG from the
nucleus into a surrounding region with density lower than lig-
uid density but higher than vapor density. There is, therefore,
a decrease in the concentration of NCG at the center, as seen
in the central panel. The rate of decrease of concentration of
NCG decreases with decrease in the diffusion constants k and
M. With the passage of time, we observe further lowering of
the density in the region adjacent to the gas nucleus until the
density becomes equal to vapor density. At this point, NCG
starts to diffuse from the surrounding liquid into the expand-
ing bubble. Also, we can observe an increase in density in
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FIG. 3. Density (black), hydrodynamic (red) and mixing
(green) mass transfer rates at 7/7, = 8.5301x 1074 (panel A) and
0.1706x10~" (panel B), along y = 0.5 um. (C) Early time evolu-
tion of the magnitude of total mass transfer due to hydrodynamic
(red) and mixing (green) cavitation from 7/7, = 0 to 0.08. The ini-
tial liquid-to-vapor phase change inside the bubble is dominated by
mixing cavitation, but the hydrodynamic component prevails later in
the process.

the region around this expanding bubble. At equilibrium, a
NCG-vapor bubble of constant radius is formed.

Fig. 3 shows the magnitude of hydrodynamic and mixing
cavitation at early times in the simulation. Fig. 3(A) shows
that at the earliest stages of the process, the rate of conver-
sion from liquid to vapor inside the bubble is mostly governed
by the mixing component of cavitation, which is more than
two orders of magnitude larger than hydrodynamic cavita-
tion. At this time, there is diffusion of NCG from the nucleus
into the surrounding region of comparatively higher density.
This leads to a positive value of the mixing cavitation term,
which in this case facilitates cavitation as hypothesized. As
time evolves, however, the magnitude of mixing cavitation in-
side the bubble keeps decreasing, and hydrodynamic cavita-
tion plays a more prominent role; see Fig. 3(B). This is due
to a decrease in the rate of NCG diffusion from the bubble to
the surrounding liquid. Fig. 3(C) shows the time evolution
of the cumulative (spatial integral) contribution of hydrody-
namic and mixing cavitation to the liquid-to-vapor (positive)
mass transfer. The streamline plots in Fig. 2 also illustrate
well the growth of hydrodynamic cavitation. Initially, the ve-
locity field is divergence free. The divergent pattern in the
streamlines that develops thereafter points to a non-solenoidal
velocity field that induces phase change via hydrodynamic
cavitation; see Eq. (6). The divergence of the velocity keeps
growing with time, thereby increasing the contribution of hy-
drodynamic cavitation to the total rate of mass transfer. These
flow patterns can be used to determine regions of the fluid
where phase change is likely to occur.

In conclusion, we have presented a unique combination of
theory and simulations to provide mechanistic insight into
how the presence of NCG modifies liquid-vapor mass transfer
in cavitating fluids. Our results show that NCG always re-
duce hydrodynamic cavitation, but also give rise to what we
call mixing cavitation, which may increase or reduce liquid-
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vapor mass transfer. Although our model and computations
focus on idealized situations and more experimental evidence
is warranted, this study may open a theoretical way to better
understand cavitation in situations where NCG are likely to
play an essential role. Prime examples of these situations are
cavitation in micro-scale systems, sonoluminescence and cav-
itation inception. Future efforts could focus on extending our
deterministic model to thermally activated processes.

See the supplementary material for the details of equilib-
rium solutions of the model, derivation of surface tension at
the liquid-vapor and liquid-gas interface, details of our numer-
ical scheme and validation cases for pure phase-transforming
fluids without NCGs.
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